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Abstract

Graphs are frequently employed to model networks in social science, energy, com-

puter science, and biological applications. In many cases, these applications require

the solutions of large-scale linear systems of equations given by the graph Lapla-

cian matrices. In this thesis, we first discuss the fundamentals of graphs and linear

systems with graph Laplacians. We present two applications of the graph Lapla-

cian systems: a sophisticated metric on graphs, Diffusion State Distance (DSD), to

capture the complicated topological structure of high-dimensional graph data, and

a family of semi-supervised graph learning algorithms that propagate labels in such

a way as to be consistent with the graph structure. To solve the large-scale graph

Laplacian systems arising from these applications, we apply a robust iterative solver,

the algebraic multigrid method (AMG) that usually achieves optimal computational

complexity in solving such linear systems. We develop efficient, reliable, and com-

putable a posteriori error estimators to aid the AMG solvers. In earlier works, such

estimates were computed by solving a perturbed global optimization problem, which

could be computationally expensive. We propose a novel strategy to efficiently com-

pute these estimates by constructing a Helmholtz decomposition on the graph based

on a spanning tree and the corresponding cycle space. Lastly, we present numerical

experiment results for the two applications. We show that DSD distance extracts

useful neighborhood information in studying protein-protein interaction networks,

as evidenced by the improvements in kNN-based functional classification. For the

graph learning problem, we present the analysis of the behavior of Laplace learning,

Poisson learning, and p-Laplace learning algorithms in learning cases with a very

low label rate.
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Chapter 1

Preliminary and Background

The scientific study of graphs and networks, such as social networks, computer data

networks, and biological networks, is an interdisciplinary field that combines ideas

from mathematics, physics, biology, computer science, statistics, social networks,

and many other areas [18, 31, 70, 104]. By studying graphs as a data representation

of networks, we are able to capture the patterns of interactions within physical or

relationship systems, as well as quantify the importance of a particular individual

component in the network [104]. We use matrices such as graph Laplacians to

represent the graphs, and solving linear systems associated with these matrices helps

to answer a variety of research questions of interest.

In this section, We start with the preliminaries of graph Laplacian systems and

introduce a family of iterative solvers called algebraic multigrid (AMG). Section 1.1

presents the basics of graphs and related matrices. Section 1.2 includes the discussion

of large-scale linear systems of equations given by the graph Laplacian matrices, and

two applications that rely on the solutions to such systems. This leads to Section 1.3

to review the background of a robust iterative solver of linear systems called AMG.

Lastly, we discuss in Section 1.4 an outline of the rest of the thesis.

1.1 Graphs, Matrix Representations, and Operators

Consider an undirected weighted graph G = (V,E , ω), where V = {1,2,⋯, n} is the

vertex set, E = {e = {i, j}, i, j ∈ V, i > j} is the edge set, and ω = {ωe}e∈E is the set of

edge weights. Here, the weights are assumed to be positive, i.e., ωe > 0, and we take

all the edge weights to be 1 for unweighted graphs. We only consider undirected

graphs here and that is why we have fixed i > j for every e = {i, j} ∈ E . Thus

{1,2} cannot be an edge in our graph, while {2,1} could be in E . This notation also

assumes that there are no self-loops and multiple edges.
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Denote n = ∣V∣ and m = ∣E∣. The degree of a vertex i ∈ V is denoted as di,

which is the number of edges connected to i. The weighted degree is defined as

δ(i) ∶= ∑
j∈V,e={i,j}∈E

ωe.

Next, we introduce several matrices related to the graphs. The adjacency matrix

A ∈ Rn×n and the weighted degree matrix D ∈ Rn×n are defined as follows,

Aij =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

ωe, if e = {i, j} ∈ E,

0, otherwise.
Dij =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

δi, i = j,

0, i ≠ j.

(1.1)

Then the weighted graph Laplacian of G is defined as L ∶= D −A. See Figure 1.1

for an example of a weighted graph with 4 nodes and 5 edges, along with its graph

Laplacian matrix.

L =

⎛
⎜
⎜
⎜
⎝

4 −3 −1 0
−3 6 −1 −2
−1 −1 4 −2
0 −2 −2 4

⎞
⎟
⎟
⎟
⎠

Figure 1.1: Example of a weighted graph and its graph Laplacian matrix.

Alternatively, we can define the graph Laplacian as a bilinear form as follows.

Let V = Rn and W = Rm be the vertex space and edge space, respectively. The inner

products on vertex space and edge space are defined as:

(u,v) = v⊺u, ∀ u,v ∈ V ,

(τ ,ϕ) = ϕ⊺τ , ∀ τ ,ϕ ∈ W .

The weighted graph Laplacian matrix L ∈ Rn×n can be defined via the bilinear form:

(Lu,v) ∶= v⊺Lu = ∑
e={i,j}∈E

ωe(ui −uj)(vi − vj), ∀ u,v ∈ V .

The normalized graph Laplacian N is defined as:

N ∶=D−
1
2LD−

1
2 . (1.2)
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We note that L and N are both symmetric positive semi-definite (SPSD) matrices.

For connected graph, G, the graph Laplacian L has an eigenvalue of 0, and the

corresponding eigenvector is a constant vector 1 = [1,1,⋯,1]⊺. The 0 eigenvalue of

N has the corresponding eigenvector d defined as,

d ∶=
D

1
21

√
δtotal

, (1.3)

where the total weighted degree is δtotal ∶= ∑i∈V δ(i). The eigenvector d is normalized

such that ∥d∥2 = 1.

We associate with each graph, G = (V,E ,ω), the discrete gradient operator (or

edge-node incidence matrix), G ∈ Rm×n ∶ V → W , and the edge weight matrix,

K ∈ Rm×m ∶ W → W . They are defined as the following: for each edge e = {i, j} ∈ E ,

(Gv)e = vi − vj , ∀ v ∈ V ,

(Kτ )e = weτ e, ∀ τ ∈ W .

(1.5)

The adjoint of G, denoted by G⊺ ∶ W → V , is the discrete divergence operator (or

node-edge incidence matrix) on the graph,

(Gu,τ ) = (u,G⊺τ ), ∀ u ∈ V , ∀ τ ∈ W . (1.6)

By direct computation, the following identity holds true,

(Lu,v) = (KGu,Gv).

Thus, we can write,

L ∶=G⊺KG. (1.7)

Based on this definition of the graph Laplacian L, it is straightforward to verify that,

∥KGu −KGv∥2
K−1 = ∥u − v∥

2
L, ∀ u,v ∈ V ,
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where∥τ ∥2
K−1 = (τ ,τ )K−1 ∶= (K−1τ ,τ ), ∀ τ ∈ W , and ∥v∥2L = (v,v)L ∶= (Lv,v),

∀ v ∈ V .

1.2 Linear System of Graph Laplacians

In many cases, the applications involving graphs and networks require the solution of

large-scale linear systems of equations given by the graph Laplacian matrix [45,90,98,

114,131]. Such linear systems have also been the key to developing link-based ranking

algorithms for web searching queries [91,109,130] or recommendation systems [61,94].

Exploiting the properties of graph Laplacians to achieve dimension reduction in high

dimensional data representation, researchers have produced fruitful results in image

classification [64, 138], representation learning [67], and clustering [10, 106]. In the

numerical solutions of partial differential equations (PDEs), the stiffness matrices

arising from the finite-element or finite-difference method also take the form of graph

Laplacians as discussed in [135]. Therefore, it is important to develop efficient and

robust methods for solving graph Laplacian systems.

We give two concrete examples of the applications of graph Laplacian systems in

Section 1.2.1 and Section 1.2.2. We first introduce the background and motivation

of the applications, and show how solving the linear systems with graph Laplacians

is the key to tackling these two problems. The numerical results are demonstrated

in Chapter 3 and Chapter 4, respectively.

1.2.1 Diffusion State Distance in Bioinformatics

In this subsection, we introduce the Diffusion State Distance(DSD), a metric on the

graph that compares points using a data-driven diffusion process. DSD provides

a powerful tool for learning the underlying structure of high-dimensional data. We

show that computing this DSD metric is equivalent to solving a linear systemNx = b,

where N is the normalized graph Laplacian.

In humans, as well as several well-studied model organisms, biologists study dif-

ferent types of gene-gene or protein-protein association networks, where the vertices
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represent genes or proteins, and two proteins are connected by an edge based on dif-

ferent criteria depending on the network. For example, the classical protein-protein

interaction networks connect two proteins if there is experimental evidence that they

bind in the cell, with an edge weight that corresponds to either the confidence in the

experimental evidence, or the predicted strength of the interaction. Other networks

connect two genes if they are typically expressed in the same human tissues, or if

their genetic sequence is sufficiently similar. A classical and well-studied problem

in Bioinformatics involves leveraging neighborhood information in protein-protein

interaction (PPI) networks to predict protein functional labels. Some vertices are

partially labeled with one or more functional labels representing what is known

about their functional role in the cell. These functional labels are derived from some

biological ontology (most commonly GO, the Gene Ontology [46]). Protein-protein

association networks can assist in making predictions for functional roles of unknown

proteins, since proteins with similar functions should cluster (under the appropriate

metric) in the network.

The PPI networks, as well as social networks, are known as “small-world” net-

works [104]. These networks have small diameters, and most of the nodes in the

network are close to each other when measured with the shortest-path distance,

which is referred to as the “tie-in-proximity” phenomenon. The shortest-path dis-

tance between a pair of nodes is defined as the smallest number of edges connecting

two nodes. Besides the “tie-in-proximity” problem, the shortest path distance also

failed to capture some other underlying graph features. For example, the fact that

two nodes that have the shortest path distance equal to 2 can convey something

very different than two other nodes that share the same distance. While all being

distance two away from each other, two nodes with many low-degree common neigh-

bors should be thought of as “more similar” than nodes with few low-degree common

neighbors. At the same time, such nodes should also be thought of as “more similar”

than two nodes with high-degree common neighbors(known as the hub nodes). In

biological networks, the hub nodes tend to be involved in the general machinery of

the cell, as an example, chaperone proteins (proteins that help other proteins fold
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correctly) or proteins involved in translation [38], and are not typically functionally

related to their interaction neighbors.

Diffusion state distance (DSD) was first proposed in the context of PPI net-

works [38], and generalized to graphs with weighted edges in [36]. It is a finer-grained

distance metric designed to capture complex structures in a manner robust to high-

degree nodes that ruin the discriminative ability of the classical shortest path metrics

in small-world networks. [36,38] show that replacing the ordinary shortest-path dis-

tance with DSD lead to dramatic improvements when using network information to

predict protein functions. DSD is further developed based on the classical potential

theory for applications with general finite irreducible Markov chains [96]. [76, 77]

provides theoretical analysis for the convergence of DSD. Furthermore, [90] proposes

to accelerate the computation of DSD with unsmoothed aggregation algebraic multi-

grid, and formulates a faithful approximation of DSD by using random projections

based on the Johnson–Lindenstrauss lemma.

Once the DSD is obtained on the biological networks, we can make use of this

distance metric for many downstream graph learning tasks like function prediction

or link prediction in computational biology, which is elaborated on in Chapter 3.

1.2.1.1 Compute DSD

The graph-diffusion-based DSD is motivated by random walks on the graph. We

first define the one-step transition matrix P on the graph G. For simple connected

and undirected graph, P is defined as,

P ∶=D−1A =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

we

δ(i) , if e = {i, j} ∈ E ,

0, otherwise.
(1.8)

Note that P is row stochastic and irreducible. If P is also aperiodic, then P

admits a unique stationary distribution π ∈ Rn, defined as,

π = δ−1totalD1, (1.9)
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where π is the left eigenvector of P , i.e. π⊺P = π⊺. In addition, π is normalized as

π⊺1 = 1.

Given the transition matrix, P , we define DSD as in [38]. We associate each

vertex i with a vector hq
i ∈ R

n such that (hq
i )j represents the expected number of

times for a random walk to start from vertex i and visit vertex j within q steps. It

is easy to see that,

hq
i ∶= (I +P

⊺
+ (P ⊺)2 +⋯ + (P ⊺)q)ψi,

where I is the identity matrix and ψi is the i-th column of the identity matrix.

Then, the q-th step DSD between the vertex i and the vertex j is defined as

DSDq
(i, j) ∶= ∥hq

i −h
q
j∥p,

with ∥ ⋅ ∥p being the standard ℓp-norm. Then, the diffusion state distance is defined

by letting q →∞, if this limit exists,

DSD(i, j) ∶= lim
q→∞

DSDq
(i, j). (1.10)

The following convergence theorem has been shown in [38,90].

Theorem 1.2.1 (Convergence for DSD [38,90]) For a connected graph G whose

one-step transition matrix P is diagonalizable and ergodic as a Markov Chain, DSDq(i, j)

converges as q →∞,

DSD(i, j) ∶= lim
q→∞

DSDq
(i, j) = ∥(I −P ⊺ +W ⊺

)
−1
(ψi −ψj)∥p, (1.11)

where,

W ∶= 1π⊺, (1.12)

is the Perron projection of π defined in (1.9).
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The diffusion state X ∈ Rn×n is defined as,

X ∶= (I −P ⊺ +W ⊺
)
−1. (1.13)

In practice, to compute DSD between all the pairs of vertices, X is pre-computed

and stored. Then DSD between node i and node j is computed as DSD(i, j) = ∥xij∥p,

where xij = (I−P
⊺+W ⊺)−1(ψi−ψj). We note that the matrix I−P ⊺+W ⊺ is dense

even if the graph G itself is sparse, and as a result, in practice, aO(n3) computational

cost is usually required to invert for (I − P ⊺ +W ⊺)−1, which is computationally

expensive or even infeasible. Therefore, an alternative formulation of DSD is used

in the implementation to improve overall efficiency.

Theorem 1.2.2 ( [90]) For a simply connected undirected graph G with D,N ,P ,

and W defined by (1.1), (1.2), (1.8), and (1.12), we have,

(I −P ⊺ +W ⊺
)
−1
=D

1
2 (N †

+ dd⊺)D−
1
2 ,

where N † is the pseudoinverse of N .

With Theorem 1.2.2, we can compute the DSD by solving for the pseudoinverse of

N instead of inverting the dense matrix I −P ⊺ +W ⊺. Dealing with the normalized

graph Laplacian N is computationally easier since N is symmetric and positive

semi-definite. Moreover, N is sparse if the graph G is sparse. Efficient iterative

solvers, such as AMG, can be applied to solve for linear systems with N at a modest

computational cost. For sparse N , comparing to the original formulation to invert

I − P ⊺ +W ⊺ with O(n3) cost, the computational cost with the reformulation by

Theorem 1.2.2 is reduced to O(n) with AMG solvers. We will discuss the family of

AMG algorithms in detail in Section 1.3.

1.2.1.2 Approximate DSD with Random Projection

Note that the i-th column of the diffusion state X can be viewed as a new co-

ordinate presentation of the vertex i in Rn. When n is large, the coordinates of
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the new representation are still in high dimension. Therefore, we are motivated

to use dimension reduction to further reduce the computational cost, besides the

reformulation trick mentioned in Theorem 1.2.2. In [90], based on the well-known

Johnson-Lindenstrauss Lemma [1, 72], a random projection matrix Q ∈ Rs×n is ap-

plied to reduce the dimension of the data from n to s = O(logn), while "nearly"

preserve the pairwise DSD distance between nodes in the l2 norm with high probabil-

ity. This approach yields the approximate diffusion state X̃ ∶=QD
1
2N †D−

1
2 ∈ Rs×n.

Each column of X̃ represents the coordinates of each vertex in a vector space of

dimension s = O(logn) ≪ n.

Based on the approximate diffusion state X̃, the approximate DSD is defined as,

D̃SD(i, j) = ∥X̃(ψi −ψj)∥p. (1.14)

The following theorem states the quality of this approximation of DSD.

Theorem 1.2.3 ( [90]) Given ϵ, γ > 0, let s ≥ 4+2γ
ϵ2−ϵ3

logn. Then, with probability at

least 1 − n−γ, for all pair 0 ≤ i, j ≤ n,

√
1 − ϵDSD(i, j) ≤ D̃SD(i, j) ≤

√
1 + ϵDSD(i, j).

A different approximation of DSD was introduced in [48]. This spectral dimen-

sional reduction approach projects data into a small number of coordinates, such

that Euclidean distances in the embedded space approximate DSD in the original

space. As pointed out in [48], it allows for the fast, faithful computation of the DSD

by considering only the top eigenvectors of the underlying random walk. In addition,

it denoises the DSD by truncating the eigenexpansion and discarding high-frequency

eigenvectors that are typically corrupted by noise in the finite sample setting. Fi-

nally, it yields an interpretation of the DSD in terms of the principal eigenvectors of

the random walk graph Laplacian.
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1.2.2 Graph Learning Problem

Data analysis tasks, such as regression, classification, clustering, and visualization,

naturally arise in various application domains. The problem size of these tasks also

increases drastically as a result of the abundant availability of data sets. The study

of machine learning can be divided into three main sub-fields [4]:

• Unsupervised learning: The training set consists of unlabelled data fea-

tures, {x1, x2,⋯, xn}. Typical learning tasks include clustering (to find clusters

or groupings of input), outlier detection (to identify data that is different from

the other input), or dimension reduction.

• Supervised learning: The training set consists of a set of pairs of data

features, xi and their labels, yi, denoted as {(x1, y1), (x2, y2),⋯, (xn, yn)}. The

common goal of supervised learning is to predict the label, y, for a new input

feature, x.

• Reinforcement learning: The system repeatedly interacts with the envi-

ronment x by performing one, or a sequence of, actions, a, and receiving a

reward r. Reinforcement learning aims to learn the actions that maximize the

rewards.

In supervised learning, labeled data are used to train the regressor or classi-

fier. However, obtaining the labeled data is often difficult, expensive, or time-

consuming [142]. In many cases, a substantial effort from an experienced human

annotator or expert input is required (for example, writing a transcript of speech

utterance at the phonetic level for speech recognition or deciding whether a tu-

mor is malignant or not based on the biopsy result). In contrast, unlabeled data

can often be relatively easy to collect and comes in large quantities. Therefore,

semi-supervised learning is developed where the training set typically consists of a

relatively small labeled dataset {(x1, y1), (x2, y2),⋯, (xm, ym)} and a large unlabeled

dataset {xm+1, xm+2,⋯, xm+n}. Semi-supervised learning harnesses the additional in-

formation present in unlabeled data to improve the learning results that only make
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use of labeled data. For example, in a classification problem, the geometric or

topological properties of unlabelled data provide valuable insights about where to

place decision boundaries [60]. Semi-supervised learning achieves higher accuracy

in machine learning tasks with less annotating effort [142] and therefore becomes a

rapidly evolving field of both theoretic and practical interests. We refer to [121] for

a comprehensive review of graph-based semi-supervised learning.

In graph-based semi-supervised learning, one of the most widely used methods

is Laplace Learning proposed in 2003 in [143]. This is also known as label propa-

gation on a graph, where a source node’s label propagates to its neighboring nodes

based on their proximity. The success of Graph Laplacian regularization is achieved

because labels are propagated in such a way as to be consistent with the graph struc-

ture [136]. Other variants of Laplace learning and manifold learning were developed

afterward [12,132,139,142]. However, in scenarios where the semi-supervised graph

learning tasks have very low label rates, Laplace learning often fails to propagate

the label values well and tends to give very poor classification results [55, 100, 112].

Recent work has suggested different approaches to address this issue. Approaches

like higher order Laplacian regularization [141] and spectral cutoffs [11] are proved

to be useful. Another type of approach aims to re-weight the graph more heavily

near the labeled nodes to give them wider influence when the labeling rate is very

low. To do so, [119] proposed the Weighted Nonlocal Laplacian (WNLL) to amplify

the weights of edges incident from the labeled nodes that improved upon the Laplace

learning at moderately low label rates. Later, [35] presented the Properly Weighted

Laplacian to re-weight the graph such that the learning is well-posed at arbitrarily

low label rates.

In addition, [140] first generalized the graph Laplacian-based regularizers of [143]

to the graph p-Laplacian regularizers. Graph-based p-Laplacian regularization has

thereafter been applied for semi-supervised learning and image processing [56–58].

In [55] p-Laplace learning was applied to graph learning tasks with few labels. Several

follow-up works, [32, 33, 112, 120], studied its variations and the properties of p-

Laplace learning like the asymptotic behavior. Despite its improved performance
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in label propagation and classification, p-Laplace learning is more computationally

expensive, since its loss function is nonlinear. In section 1.2.2.2, we discuss an

efficient and scalable algorithm to solve the variational p-Laplace equations. In

a different effort to overcome the exact nature of the degeneracy that appeared

in Laplace learning, [34] proposed the innovative Poisson learning algorithm that

delivers good classification results even at extremely low label rates. We discuss the

details of Laplace learning, Poisson learning, and p-Laplace learning in the rest of

this section, and show that solving a linear or nonlinear graph Laplacian system

efficiently is the key to these graph learning algorithms.

The Graph-based Semi-supervised Learning Problem: On a connected,

undirected, and weighted graph, G = (V,E ,ω), let V = {x1, x2,⋯, xn+m} denote the

vertices of the graph, E the set of edges, and ω = {ωij}xi,xj∈V the set of non-negative

edge weights. Assume each node is embedded in Rn+m. Then, ωij measures how

similar vertices xi and xj are. When xi is similar to xj , ωij ≈ 1, while ω ≈ 0 when xi

and xj are dissimilar. A k-class classification, k ≥ 2, is the problem of classifying data

instances into one of the k different classes. We use the standard basis vector ei ∈ Rk

to represent the i-th class for a k-class classification problem. We assume the last

m nodes, xn+1, xn+2,⋯, xn+m are labelled by y1,y2,⋯,ym ∈ {e1,e2,⋯,ek}. These

labeled nodes form the observation set B = {xn+1, xn+2,⋯, xn+m} ⊂ V. A graph-based

semi-supervised learning algorithm seeks to extend the labels from the observation

set B to the rest of the vertices V/B in the graph in a meaningful way.

1.2.2.1 Laplace Learning and Poisson Learning

In 2003, Zhu et al. proposed the famous Laplace learning in [143] that extends the

labels by solving the following:

Lu(xi) = 0, if 1 ≤ i ≤ n,

u(xi) = yi−n, if n + 1 ≤ i ≤ n +m,
(1.16)



14

where L ∈ R(n+m)×(n+m) is the unnormalized graph Laplacian of G, u ∶ V ↦ Rk is the

labeling function, and u(⋅) = [u1(⋅), u2(⋅),⋯, uk(⋅)] ∈ R(n+m)×k. Then, the predicted

label ℓ(xi) for vertex xi is assigned as the largest component of u(xi),

ℓ(xi) = argmax
j∈{1,⋯,k}

{uj(xi)}. (1.17)

Graph Laplacian regularization enforces the learned labels to be consistent with

the graph structure. Since two nodes that are close to each other are more likely to

share the same labels, the learned labels should be smooth in the dense region of

the graph. [40] also suggests that this semi-supervised smoothness assumption helps

to moderate the a priori ill-posedness of the label-extending problem (there are in-

finitely many solutions to extend the labels). To enforce the smoothness assumption,

a common approach is to define a regularizer, J(u), to measure the smoothness of the

labeling function u. The regularizer, J(u), is minimized subject to either hard label

constraints, such that u(x) matches the known label of node x, or a soft penalty con-

straint. More details on the smoothness regularizers are discussed in section 1.2.2.2.

We note that the Laplace equation, (1.16), can be solved by repeatedly replacing

u(xi) with the weighted average of its neighbors [142], which can be treated as a

dynamical propagation of labels.

In the cases where the label rate is very low, Laplace learning generates solu-

tions that develop localized spikes near the labeled points and are almost constant

elsewhere, which fails to propagate the labels well. To address this issue, Calder et

al proposed in [34] to replace (1.16) by Poisson Learning. Let y = 1
m ∑

m
i=1 yi be the

average label vector, and define,

ψij =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

1, if i = j,

0, if i ≠ j.
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Poisson learning extends the labels by computing the solution of,

Lu(xi) =
m

∑
j=1

(yj − y)ψ(i−n)j , for i = 1,⋯, n +m,

n+m

∑
i=1

δiu(xi) = 0,

(1.19)

where δi = ∑n+m
j=1 ωij is the weighted degree of node xi. Once we learn the label

function u, the label decision is computed as in (1.17). In addition, the following

modified label decision can help to address the unbalanced label class sizes, or a

discrepancy between the balancing of training and testing dateset [34]:

ℓ(xi) = argmax
j∈{1,⋯,k}

{sjuj(xi)}. (1.20)

Here sj = bj/(y ⋅ ej) and bj is the fraction of data belonging to label class j.

As pointed out in [34], in Laplace learning, the labels are imposed as bound-

ary conditions in the Laplace equation (1.16), while in Poisson learning, the labels

appear as a source term in the graph Poisson equation. Laplace learning works

very efficiently in practice for graph-based semi-supervised learning problems with

a moderate amount of labeled data, and Poisson learning is more powerful at very

low label rates. We note that solving for either Laplace learning (1.16) or Poisson

learning (1.19) involves solving a linear system with the graph Laplacian. We also

refer to [34] for an iterative algorithm and implementation for Laplace and Poisson

learning.

1.2.2.2 p-Laplace Learning

In this section, we focus on the analysis and algorithms for p-Laplace learning. In

practice, when solving for the labeling function u ∶ V ↦ Rk, the equations are separa-

ble among the coordinates of Rk, and the problem reduces to solving for k functions

ui ∶ V ↦ R, one for each class i = 1,⋯, k, which is usually referred to as the “one-vs-

rest” approach in machine learning [60]. In this section, we follow the formulation

in [60] and, without loss of generality, focus on the case where k = 1 for the analysis
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for p-Laplace learning, and use the notation u for labeling function instead of u.

In addition, since our interest is in learning tasks with very few labels, we enforce

the hard constraint that requires the learned labels to match the known labels ex-

actly, but all the methods discussed in this section can be generalized directly, or

with slight modifications, to problems with soft constraints (measuring the difference

between learned labels and known labels with a penalty term).

We give a discussion on the standard Laplace operator before proceeding to the

property of p-Laplace operator. The standard graph Laplacian L = ∆G
2 (⋅) defined

in Equation (1.7) is a linear operator since G and K are linear. The operator

∆G
2 (⋅) ∶ V ↦ V is also self-adjoint, since for any v1,v2 ∈ V ,

(∆G
2 (v1),v2) = (G

⊺KGv1,v2) = (KGv1,Gv2) = (Gv1,KGv2)

= (v1,G
⊺KGv2) = (v1,∆

G
2 (v2)).

The regularier J2(u) for Laplace learning is defined as,

J2(u) ∶=
1

4

n+m

∑
i=1

n+m

∑
j=1

ωij(u(xi) − u(xj))
2
=
1

4
(u,∆G

2 (u)), (1.21)

for u = [u(x1), u(x2),⋯, u(xn+m)].

In Laplace learning, the learned labeling function u minimizes the functional

J2(⋅) and forces similar data points in the dense regions of the graph to have similar

labels. Such a function u is called graph harmonic and it solves the graph 2-Laplace

equation ∆G
2 u = 0, where,

∆G
2 u(xi) ∶=

n+m

∑
j=1

ωij(u(xi) − u(xj)).

Degeneracy: In the problems with very few labels, the sequence of learned

functions obtained by Laplace learning does not continuously attain the labeled data

in the continuum limit. In fact, the learned function becomes nearly constant except

for sharp spikes near the labeled data, see Figure 1.2 (a) from [60] for an illustration
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of the learned function by Laplace learning with 2 labeled and 105 unlabelled data

points. Switching to p-Laplace learning helps to alleviate this issue.

We now generalize the standard Laplace operator ∆G
2 (⋅) as the p-Laplace operator

∆G
p (⋅) ∶ V ↦ V. For any v ∈ V,

∆G
p (v) ∶=G

⊺K(∥Gv∥p−2Gv).

Note that we recover the standard graph Laplacians for p = 2. The p-Laplace op-

erator is nonlinear, that is, ∆G
p (av) ≠ a∆

G
p (v). Then the smoothness functional

corresponding to the ℓp-based Laplacian regularization is:

Jp(u) ∶=
1

2p

n+m

∑
i=1

n+m

∑
j=1

ωij ∣u(xi) − u(xj)∣
p
=

1

2p
(u,∆G

p (u)).

If p > 2, Jp(u) places an even heavier penalty on large gradients ∣u(xi) − u(xj)∣,

and as a result, discourages the solution from developing sharp spikes. The u that

minimizes Jp(⋅) satisfies the graph p-Laplace equation ∆G
p u = 0, where

∆G
p u(xi) ∶=

n+m

∑
j=1

ωij ∣u(xj) − u(xi)∣
p−2
(u(xj) − u(xi)). (1.22)

The ℓp-based Laplacian regularized learning problem is:

min
u∶V↦R

Jp(u),

subject to: u(x) = g(x) if x ∈ B.

The minimizer, u ∶ V ↦ R, of the above constraint minimization problem satisfies:

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

−∆G
p u(x) = 0 if x ∈ V/B,

u(x) = g(x) if x ∈ B.
(1.23)

As p increases, the learned function transitions more smoothly between labeled

and unlabeled points. Revisiting the example in Figure 1.2 from [60], we see that
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as p increases, the surface of the learned function becomes smoother, while for p = 2

the surface is nearly constant except the two spikes near the labeled nodes.

Figure 1.2: Learned functions based on p-Laplacian regularization using different p
value with two labeled and 105 unlabeled data points on [0,1]2. This example is
from [60].

To include more general learning scenarios, for a source function f ∶ V/B ↦ R,

we generalize the definition of Jp(u) subject to label constraints to be:

Jp(u) ∶=
1

2p

n+m

∑
i=1

n+m

∑
j=1

ωij ∣u(xi) − u(xj)∣
p
+

n

∑
i=1

f(xi)u(xi),

subject to: u(x) = g(x) if x ∈ B.

(1.24)

The unique minimizer u ∶ X ↦ R of (1.24) satisfies:

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

−∆G
p u(x) = f(x) if x ∈ V/B,

u(x) = g(x) if x ∈ B.
(1.25)

Newton’s Method for p-Laplace Learning

We would like to use Newton’s Method to minimize the objective function in

Equation (1.24) with the constraints, since Jp(⋅) is smooth and convex.

Denote ui = u(xi), fi = f(xi), for i = 1,⋯, n, and gj = g(xn+j), for j = 1,⋯,m.

We write the minimization problem subject to boundary constraints, encoding in

the known labels, as,
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Jp(u) =
1

2p

⎛

⎝

n+m

∑
i=1

n+m

∑
j=1

wij ∣ui − uj ∣
p⎞

⎠
−

n

∑
i=1

fiui

=
1

2p

⎛

⎝

n

∑
i=1

n

∑
j=1

wij ∣ui − uj ∣
p
+

n

∑
i=1

m

∑
j=1

wi,j+n∣ui − gj ∣
p
+

m

∑
i=1

n

∑
j=1

wi+n,j ∣gi − uj ∣
p
+

m

∑
i=1

m

∑
j=1

wi+n,j+n∣gi − gj ∣
p⎞

⎠
+

n

∑
i=1

fiui

=
1

p

⎛

⎝

n

∑
i=1

n

∑
j=i+1

wij ∣ui − uj ∣
p
+

n

∑
i=1

m

∑
j=1

wi,j+n∣ui − gj ∣
p⎞

⎠
+

n

∑
i=1

fiui + constant.

(1.26)

Now the minimization is computed with respect to the interior nodes uint = (u1,⋯, un) ∈

Rn. For the simplicity of notation, we still denote it as u = uint. To minimize

Jp(u) =
1

p

⎛

⎝

n

∑
i=1

n

∑
j=i+1

wij ∣ui − uj ∣
p
+

n

∑
i=1

m

∑
j=1

wi,j+n∣ui − gj ∣
p⎞

⎠
+

n

∑
i=1

fiui, (1.27)

the Newton’s iteration is written out explicitly as,

uk+1
= uk

− [∇
2Jp(u

k
)]
−1
∇Jp(u

k
),

where ∇2Jp(u) ∈ Rn×n is the Hessian matrix of Jp(⋅) evaluated at u, and ∇Jp(u) ∈ Rn

is the gradient matrix of Jp(⋅) evaluated at u.

We denote:

aij(u) = wij ∣ui − uj ∣
p−2, i = 1,⋯, n, j = 1,⋯, n,

bij(u) = wi,j+n∣ui − gj ∣
p−2, i = 1,⋯, n, j = 1,⋯,m,

di(u) =
n

∑
j=1

aij(u) +
n

∑
j=1

bij(u), i = 1,⋯, n,

A(u) ∈ Rn×n, [A(u)]i,j = aij ,

B(u) ∈ Rn×m, [B(u)]i,j = bij

D(u) = diag(di(u)) ∈ Rn×n, L(u) =D(u) −A(u) ∈ Rn×n,

f = (f1,⋯, fn) ∈ Rn, g = (g1,⋯, gm) ∈ Rm.

(1.29)
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Then, ∇2Jp(u) and ∇Jp(u) can be written as:

∇Jp(u) = L(u)u −B(u)g + f ,

∇
2Jp(u) = (p − 1)L(u).

Therefore, Newton’s iteration becomes:

uk+1
= uk

− [∇
2Jp(u

k
)]
−1
∇Jp(u

k
)

= uk
− [(p − 1)L(uk

)]
−1
(L(uk

)uk
−B(u)g + f)

=
p − 2

p − 1
uk
+

1

p − 1
L(uk

)
−1 [B(uk

)g − f]

(1.31)

We point out the need to invert a Graph Laplacian L(uk) in each Newton it-

eration, which is equivalent to solving a graph Laplacian system with the identity

matrix on the right-hand side. In the next section, we discuss ways to solve sys-

tems of equations with graph Laplacians efficiently. Also, in Chapter 4, we present

a nested iteration algorithm to take advantage of the multilevel scheme and further

reduce the computational cost of p-Laplace learning.

1.3 Solving Graph Laplacian Systems with Algebraic Multi-

grid

A system of linear equations with graph Laplacian L of a simple connected weighted

graph G = (V,E ,ω) takes the general form of,

Lx = f . (1.32)

Existing solvers of linear systems generally fall into two categories: direct methods

and iterative methods. The direct methods, prototyped by Gaussian elimination and

its variants (Cholesky, LU, QR, etc.), determine a solution exactly (up to machine

precision) in a finite number of steps if the system is invertible. See [52] for a survey
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of the theory and practice of direct methods for solving linear systems and least-

squares problems. We note that L is singular, and its null space is spanned by the

all-one vector 1. In this case, the iterative methods are more suitable and robust to

solve large-scale graph Laplacian linear systems.

Iterative methods, as represented by the Jacobi and Gauss–Seidel iterations,

begin with an initial guess and provide a sequence of successively improved approx-

imations to the exact solution. One fundamental family of iterative methods is the

Krylov subspace methods [5]. Some of the widely used Krylov subspace methods in-

clude the Generalized Minimal Residual Method (GMRES) [116] for non-symmetric

linear systems and the Conjugate Gradient method (CG) [117] for symmetric pos-

itive definite linear systems. We say that a computation is ill-conditioned or not

well-posed to solve Equation (1.32) if “small” changes in f cause “big” changes in the

solution x, and a condition number for L serves as a measure of ill-conditioning [71].

The condition number, κ(⋅), for a matrix L and a choice of matrix norm ∥ ⋅ ∥ is

defined to be,

κ(L) ∶= ∥L−1∥∥L∥.

When the condition number κ(L) is not too large, the system (1.32) is well-conditioned [71].

To further accelerate iterative methods when solving linear systems with large con-

dition numbers, preconditioners can be used. In Equation (1.32), if the conditioning

number κ(L) for L is large, we can precondition the system with a matrix M such

that the linear system,

MLx =Mf ,

is easier to solve. That is, the new system with ML should have a smaller condi-

tion number, which leads us to choose the M that approximates the inverse or the

Moore-Penrose pseudoinverse of L. See this survey [13] for more technical details on

preconditioning.

Algebraic multigrid (AMG) methods, originally proposed in [22], are often ap-

plied to solve linear systems (see also [134] and the references there for a recent
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survey on the AMG methods). In practice, AMG methods achieve optimal compu-

tational complexity for many applications, including solving the linear systems with

weighted graph Laplacians [17,24,50,78,81,92,103].

1.3.1 Algebraic Multigrid Method

A typical multigrid method traverses a hierarchy of spaces (grids) of different dimen-

sions (grid sizes) and solves the corresponding linear system at different resolutions.

Multilevel methods cleverly use solutions on coarser grids to improve the solution

on the fine grid and avoid the need to directly solve the system on the fine grid,

which is more computationally challenging. We outline an example of the two-level

method in Algorithm 1 below and refer the readers to [29] for a more comprehensive

introduction to the multigrid method.

In Algorithm 1, we solve the fine-level linear system Lx = f . Here, S is a relax-

ation method that is usually chosen to be the Jacobi or the Gauss-Seidel iteration.

We use R to denote the restriction operator that maps from the fine grid to the

coarse grid, while R⊺ is the prolongation operator that maps from the coarse to the

fine grid. The coarse matrix Lc =RLR
⊺.

Algorithm 1 A Two-level Scheme
1: Relaxation on fine grid: x = x +S(f −Lx).

2: Restrict residual to coarse grid: rc =R(f −Lx).

3: Compute coarse grid correction: ec = L−1c rc.

4: Prolongate correction to fine grid: x = x +R⊺ec.

5: Relaxation on fine grid: x = x +S(f −Lx).

An efficient AMG method should damp the algebraic high-frequency error using

relaxation/smoothers and eliminate the algebraically smooth error via a coarse space

(grid) correction [29]. The latter requires the “smooth” error obtained on the fine

grids to be accurately approximated on the coarse spaces. Many different coarsening

strategies have been developed based on good estimations of the error, for example,

classical AMG [22, 27], smoothed aggregation AMG [25, 26, 28], bootstrap AMG
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[20, 21], and unsmoothed aggregation AMG [23, 24, 78, 92, 102, 108, 126]. Thus, an

efficient, reliable, and computable estimate of the error a posteriori, during AMG

iterations, is needed for developing robust AMG methods.

1.4 Outline

Chapter 1 reviews the background of the graph representations, applications of graph

Laplacian systems in computational biology and machine learning problems, and

AMG algorithms to solve graph Laplacian systems. The rest of the thesis is organized

as follows. In Chapter 2, we derive and analyze a novel a posteriori error estimator

that is essential in the effectiveness of AMG methods. Chapter 3 and Chapter 4

present two applications that involve solving the linear systems of graph Laplacians.

In Chapter 3, we employ a graph diffusion based distance metric DSD to study

the intricate biological networks. A spectral dimension reduction technique is also

implemented to help reduce the computational complexity while approximating the

DSD with high fidelity. In Chapter 4, we analyze and compare several graph-learning

algorithms in different learning tasks.
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Chapter 2

Solving Graph Laplacians by Algebraic

Multigrid with a Posteriori Error

Estimates

In the previous chapter, we discussed how graphs and large linear systems with graph

Laplacians are used in a wide range of applications, and therefore, why it is important

to develop efficient and robust methods for solving graph Laplacian systems. In

practice, the AMG method achieves optimal computational complexity for many

applications, including solving linear systems with weighted graph Laplacians [17,

24, 50, 78, 81, 92, 103]. This chapter is dedicated to introducing a novel a posteriori

error estimator which aids AMG solver for linear systems with graph Laplacians.

Generally, a posteriori estimators provide a computable estimation for the true

error locally. Our approach borrows several ideas from the finite-element (FE) lit-

erature (equilibrated error estimators [2, 6, 74, 127] and functional a posteriori error

estimators [53,107,111,125]). In [135], the authors derived a posteriori error estima-

tor for solving graph Laplacian linear systems for the first time based on the func-

tional a posteriori error estimation framework. Such a technique was used to predict

the error of approximation from coarse grids for multilevel unsmoothed aggregation

AMG and the estimator is computed by solving a perturbed global optimization

problem (discussed in more detail in Section 2.1). Such an approach provides an

accurate error estimator. However, it could be computationally expensive, which

affects the effectiveness of the resulting adaptive AMG method. In this work, we

propose a novel a posteriori error estimator and an efficient algorithm to reduce the

computational cost, which could further be used to construct the efficient multilevel

hierarchy for adaptive AMG. Roughly speaking, this is achieved by taking advantage

of the Helmholtz decomposition [79] on the graph computationally, which splits the



25
error into a divergence-free component and a curl-free component. The rationale of

the proposed algorithm for computing the approximation to the true error has two

main steps:

1. Solve a linear system on a spanning tree (defined in Section 2.1) of the graph to

get the curl-free component, or equivalently, the grad component of the error.

2. Approximately solve a minimization problem in the cycle space to obtain the

div-free component of the Helmholtz decomposition of the error.

The first step can be done in linear time with Gaussian elimination using lexico-

graphical ordering as shown in [113, 128]. Solving exactly the minimization in the

cycle space of the graph, though, is computationally expensive as it is equivalent

to solving a constrained minimization problem, which is as difficult as the original

linear system (often even more difficult). Our algorithm solves the minimization ap-

proximately by applying several steps of a relaxation scheme, the one-level Schwarz

method [41, 124]. This crucial improvement reduces the computational cost and

gives an accurate a posteriori estimates of the true error in nearly optimal time

for sparse graphs, which is further verified by our numerical experiments. Clearly,

such an error estimator can be incorporated to construct multilevel hierarchies since

it provides accurate estimate of the true error, which is important for constructing

coarse levels adaptively. The corresponding adaptive coarsening scheme will preserve

the smooth error accurately on the coarse levels and ensure the robustness of the

resulting adaptive AMG method.

The rest of this chapter is organized as follows. In Section 2.1 we introduce the

essential concepts to follow the derivation of such an error estimates, along with some

previous results in [135]. The main algorithm to compute a posterior error estimates

is stated in Section 2.2. We present and analyze some numerical experiments in

Section 2.3. Finally, in Section 2.5 we summarize the main contribution and list

some future work.
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2.1 Background on a Posteriori Error Estimates

In this section, we define the necessary notations in addition to the ones defined in

Chapter 1, and recall some fundamental results for the computation of an a posteriori

error estimator for solving graph Laplacians as presented in [135].

2.1.1 Spanning Tree and Cycle Space on Graphs

In addition to the vertex space V and edge space W , another important space of a

graph G is the so-called cycle space (see [16] for more details), denoted by C , which

is defined as,

C ∶= {c ∈ W ∣ G⊺c = 0}. (2.1)

Each cycle on the graph G corresponds to an element c in the cycle space C . To be

more specific, if {i1, i2, . . . , ik, ik+1 = i1} is a cycle G, that is,

ij ∈ V, and {max{ij , ij+1},min{ij , ij+1}} ∈ E , j = 1, . . . , k,

we define the components of c ∈ C as follows:

(c)e = sign(ij − ij+1), if e = {max{ij , ij+1},min{ij , ij+1}} ,

with (c)e extended as zero for all edges that are not on the cycle. Besides its

definition (2.1), we can also characterize the cycle space C by its basis. As discussed

in [73], the cycle space of a connected simple graph has dimension m − n + 1 (by

simple graphs we mean the graphs that contains neither self-loops nor duplicate

edges). Note there is more than one way to find the basis of the cycle space (see

the survey paper [73]). For general graphs, a commonly used set of basis for the

cycle space is the basis of fundamental cycles. Such basis is not unique, but each

such basis is induced by a spanning tree. In a connected graph G, with n vertices, a

spanning tree is any subgraph of G that connects all the vertices and has no cycles

or, equivalently, has exactly (n − 1) edges. To construct the basis of fundamental



27

cycles corresponding to a spanning tree T = (V,ET , ωT ) of a graph G, we proceed as

follows. For each edge that does not belong to the tree, i.e., e = {i, j} ∈ E/ET , we can

find a cycle {i, j} ∪ p(i, j) where p(i, j) is the path from vertex i to vertex j on the

tree T . Since the spanning tree T has exactly (n − 1) edges, there are (m − n + 1)

such cycles. It can be shown that they are linearly independent [73] and, therefore,

form a basis for the cycle space C .

In 2.1, we give a simple example of the fundamental cycle basis. The tree in 2.1(b)

is a spanning tree of the graph in 2.1(a). First, the edge e2 is added back (see 2.1(c))

which results in the first cycle {2,1,3,2} consisting of edges e1, e2, and e3. The

vector representation of the cycle induced by adding back edge e2 is given by ce2 =

[1,−1,1,0,0]⊺. Similarly, by adding edge e5 back, we have the second cycle {2,3,4,2}

formed by edges e3, e4 and e5, which is represented by ce5 = [0,0,−1,−1,1]⊺. ce2 and

ce5 form a cycle basis.

(a) original graph (b) spanning tree (c) adding edge e2 to
get cycle 1.

(d) add edge e5 to get
cycle 2.

Figure 2.1: Fundamental cycle basis

2.1.2 Previous Results on A Posteriori Error Estimators

We are interested in solving the following linear system of graph Laplacians:

Lu = f , (2.2)

by some iterative methods. Equation (2.2) simulates a rich spectrum of weighted

graph Laplacians problems [70, 90, 98, 114]. For example, in computational physics,
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the solution u ∈ Rn models the potentials of an electrical flow where the resistance

of each edge on the graph (electrical circuit) is the reciprocal of the edge weight, and

f = [f1, f2,⋯, fn]
⊺ ∈ Rn denotes the current supplied to each node i.

After k iterations, we get an approximated solution uk. If we can somehow

construct the current error, ek = u − uk, then the true solution is easily obtained

by u = uk + ek. In practice, the true error ek is not computable because u is

unknown, so alternatively we seek to find ẽk, an accurate estimation of ek, and

use ẽk to improve the current approximation. Furthermore, an accurate estimation

of the error gives an insight into the performance of the iterative methods. For

example, in AMG methods, such an estimation approximates the so-called “smooth

error”, which is responsible for the slow convergence of the AMG methods, and can

be used to improve the AMG algorithm adaptively. This leads to adaptive AMG

methods [25, 27, 50, 95, 101], which have been actively researched over the past two

decades.

The a posteriori estimator presented here is motivated by the a posteriori error

estimator developed in [135]. Thus, we recall the main results and algorithms pre-

sented in [135] and start with the following fundamental lemma which relates the

error and computed approximate solution. The proof of the lemma is found in [135].

Lemma 2.1.1 [135, Lemma 3.2] Let u be the solution to Equation (2.2). Then for

arbitrary τ ∈ W , the following inequality holds for all v ∈ V :

∥u − v∥L ≤ ∥KGv − τ ∥K−1 +C−1p ∥G
⊺τ − f∥V . (2.3)

where Cp is Poincaré’s constant of the graph Laplacian L.

For a fixed v, denote the right-hand side of Equation (2.3) by:

η(τ ) = ∥KGv − τ ∥K−1 +C−1p ∥G
⊺τ − f∥V .

This naturally provides a posteriori error estimator for estimating the error u − v if

v is an approximate solution, i.e., v = uk. Moreover, by minimizing the right-hand
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side of Equation (2.3) with respect to τ , we can obtain an accurate estimator. To

solve the minimization problem efficiently, in [135], an upper bound E(β,τ ) of η(τ )

was introduced as follows,

η2(τ ) ≤ E(β,τ ),

where

E(β,τ ) ∶= (1 + β)∥KGv − τ ∥2
K−1 + (1 +

1

β
)C−1p ∥G

⊺τ − f∥2V .

And an accurate estimator can be obtained by computing minβ,τ E(β,τ ). In [135],

an alternating process is applied to minimize E(β,τ ) with respect to β (with the

techniques proposed in [82]) and τ iteratively, as summarized in Algorithm 2 (see [135]

for details):

Algorithm 2 Alternating Process for Solving minβ,τ E(β,τ )

1: procedure [β,τ ] =MinimizeBound(β0,τ 0)
2: for k = 1,2,⋯, max_iter do
3: compute τ k = argminτE(β

k−1,τ ).
4: compute βk = argminβE(β,τ

k).
5: end for
6: end procedure

Although the approach developed in [135] provides a reliable error estimator, the

corresponding computational cost might be expensive due to the iterative minimiza-

tion of E(β,τ ) in step 3 and 4 in Algorithm 2. One iteration of step 4 can be as

difficult as solving the original system, which makes this approach expensive com-

putationally. In order to improve the accuracy of the a posteriori error estimator,

and, more importantly, to improve the efficiency of computing it, we develop a novel

technique for estimating the error based on Equation (2.3), which we present next.

2.2 Efficient Algorithm for Computing A Posteriori Er-

ror Estimator

As we have pointed out earlier in this Chapter, the derivation of the a posteriori

error estimator is based on approximating the Helmholtz decomposition of the error.
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This provides a tighter error bound than the one proposed in [135] and can be

implemented efficiently.

2.2.1 Hypercircle Identity and Error Estimation on Graphs

Our design of an a posteriori error estimator is motivated by Equation (2.3). For a

given f ∈ V , we define the space W (f) = {τ ∈ W ∣G⊺τ = f}. If we choose τ ∈ W (f),

then the second term on the right-hand side of Equation (2.3) vanishes and we only

have the first term left. If we minimize this term with respect to τ ∈ W (f), we

can immediately get an accurate estimation. We summarize this in the following

theorem.

Theorem 2.2.1 Let u be the solution to Equation (2.2). Then for any v ∈ V , we

have,

∥u − v∥L = min
τ∈W (f)

∥KGv − τ ∥K−1 . (2.4)

To prove Theorem (2.2.1), we make use of the next lemma, also known as the

hypercyrcle identity (see [110]for its proof):

Lemma 2.2.2 Let u be the solution to (2.2). Then for any v ∈ V and any τ ∈ W (f)

the following identity holds:

∥u − v∥2L + ∥KGu − τ ∥
2
K−1 = ∥KGv − τ ∥

2
K−1 .

Now we are ready to prove Theorem 2.2.1.

Proof: (Theorem 2.2.1) We first show ∥u−v∥L ≤minτ∈W (f) ∥KGv−τ ∥K−1 . It follows

from Lemma 2.2.2 that,

∥u − v∥2L = ∥KGv − τ ∥
2
K−1 − ∥KGu − τ ∥

2
K−1 ≤ ∥KGv − τ ∥

2
K−1 .

Since the inequality holds for any τ ∈ W (f), we have:

∥u − v∥2L ≤ min
τ∈W (f)

∥KGv − τ ∥2
K−1 .
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To show the other direction, note that,

∥u − v∥2L = (L(u − v),u − v) = (G
⊺KG(u − v),u − v) = (KG(u − v),G(u − v))

= (KG(u − v),KG(u − v))K−1 = ∥KG(u − v)∥2
K−1 = ∥KGv −KGu∥

2
K−1

≥ min
τ∈W (f)

∥KGv − τ ∥2
K−1 .

This completes the proof. ◻

From Theorem 2.2.1, we observe that,

∥u − v∥L ≤ ∥KGv − τ ∥K−1 ,

for any τ ∈ W (f). This motivates us to define the following computable quantity,

ψ(τ ) ∶= ∥KGv − τ ∥K−1 , ∀τ ∈ W (f). (2.5)

If v is the approximate solution to Equation (2.2), ψ(τ ) gives an a posteriori estima-

tor for the true error u−v for any choice of τ ∈ W (f). If τ ∗ is the minimizer of the

right-hand side of Equation (2.4), then ψ(τ ∗) = ∥u−v∥L. Of course, computing the

minimizer τ ∗ exactly would be expensive. As an alternative, we propose a Schwarz

method for approximating τ ∗. As the numerical tests show, we obtain a reasonably

good approximation τ ∈ W (f), τ ≈ τ ∗.

2.2.2 Efficient Evaluation of the Error Estimator

Our approach is to solve the minimization problem,

min
τ∈W (f)

∥KGv − τ ∥K−1 , (2.6)

based on the Helmholtz decomposition of τ on the graph, i.e., τ = τ f + τ
∗
0 , where

τ f ∈ W (f) and τ ∗ ∈ C such that (τ f ,τ
∗
0) = 0. Here τ f is curl-free and τ ∗0 is

divergence-free. In particular, we first find a τ f ∈ W (f) by solving a graph Laplacian

on a spanning tree of the graph. Then, for a given τ f ∈ W (f), the minimization
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problem (2.6) becomes,

min
τ0∈C
∥KGv − τ f − τ 0∥K−1 .

Solving this constrained minimization problem exactly will give the exact minimizer

τ ∗0 and thus theoretically give the true error, which is an overkill in terms of finding

a posteriori error estimator. In practice, we only need to solve it approximately

since as long as τ ∈ W (f), ψ(τ ) will provide an upper bound of the error, which

can be used as an error estimator. Note that this approximation is (always) subject

to a trade-off: the error estimator will approximate the true error very accurately if

we solve the optimization problem at an unacceptable computation cost; or we can

approximate and obtain a not-so-tight error estimator at an optimal computational

cost.

2.2.2.1 Computing the Curl-free Component of the Error

In this subsection, we discuss how to compute τ f ∈ W (f) with optimal computa-

tional complexity for a given graph. For any τ f ∈ W (f), we have,

G⊺τ f = f . (2.7)

Since G⊺ is the discrete divergence operator on the graph, the solution to the above

equation is not unique and difficult to compute in general. However, we just need

to find one τ f . Here, based on a spanning tree T of the graph G, we present an

approach with optimal complexity, i.e., O(n) computational cost.

For a given spanning tree, T = (V,ET , ωT ), we look for a τ f satisfying Equa-

tion (2.7) but that only has nonzero entries on the edges that belong to the spanning

tree T . In this case, we rewrite Equation (2.7) as:

f =G⊺τ f = (G⊺T G⊺
G/T
)

⎛
⎜
⎜
⎝

τ f,T

0

⎞
⎟
⎟
⎠

, (2.8)

where G⊺T is the discrete divergence operator that acts on edges in the tree T , and
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G⊺
G/T

is the discrete divergence operator on edges that are only in the graph G but

not in the tree T . From Equation (2.8), we have,

G⊺T τ f,T = f . (2.9)

Therefore, once we solve Equation (2.9), we can assemble τ f by adding back the

edges that are in the graph G but not in the tree T . Note that Equation (2.9) is

defined only on the spanning tree T . We first solve,

LT x = f , (2.10)

LT being the graph Laplacian of the tree T . With the fact that LT = G⊺TKTGT ,

whereKT andGT are the discrete diagonal edge weight matrix and discrete gradient

operator on tree T , respectively, (2.10) is rewritten as follows,

G⊺TKTGT x = f . (2.11)

Comparing (2.9) and (2.11), we naturally have,

τ f,T ∶=KTGT x,

and thereafter assemble the full τ f = (τ f,T ,0)
⊺. The procedure for computing τ f is

summarized in Algorithm 3.

Algorithm 3 Computation of τ f

1: procedure [τ f ,T ] =Computeτ f (G, f)
2: Build the spanning tree T from G.
3: Solve LT x = f , where LT = g⊺TKTGT .
4: Compute τ f,T ←KTGT x.

5: Assemble τ f as τ f ← (
τ f,T

0
).

6: end procedure

Identifying a spanning tree via the classic Breadth First Search algorithm (BFS

tree) takes O(m+n) computational complexity for general graphs [47]. If we consider
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sparse graphs in which m = O(n) or O(n log n), this step costs at most O(n logn).

The main computational cost of Algorithm 3 comes from Step 3, i.e., solving the

linear system, Equation (2.10). As discussed in [113, 128], it takes linear time to

solve (2.10). Additionally, the matrix-vector multiplication in Step 4 has O(n) com-

plexity for sparse graphs. Therefore, the overall complexity of Algorithm 3 is at most

O(n logn).

2.2.2.2 Computing the the Div-free Component of the Error

For a given τ f , we need to solve the following constrained minimization problem,

τ ∗0 = argmin
τ0∈C

∥KGv − τ f − τ 0∥K−1 . (2.12)

The difficulty here is that we need to satisfy the constraint exactly when we

compute an approximate τ ∗0 to get the estimated value of the error. Our approach

is to explicitly build the (m − n + 1) basis, {ce}, of the cycle space C as discussed

in Section 2.1 and transform the constrained minimization problem (2.12) into an

unconstrained minimization problem. Denote by Ω the index set of the cycle basis.

Then for any τ 0 ∈ C , we write τ 0 as a linear combination of the cycle basis: τ 0 =

∑e∈Ω αec
e. Denote α ∈ Rm−n+1, (α)e = αe. Thus, the minimization problem, (2.12),

becomes,

min
τ0∈C
∥KGv − τ f − τ 0∥K−1 =min

α
ψ(α) = min

αe, e∈Ω
∥KGv − τ f − ∑

e∈Ω

αec
e
∥K−1 . (2.13)

This is an unconstrained least-squares problem and we can solve it with the usual

approaches. Moreover, the approximate solution is guaranteed to belong to the cycle

space. Solving (2.13) exactly eventually gives us the exact error, ∥u−v∥L. This step,

however, has a computational complexity comparable to solving the original problem

(2.2). Therefore, we solve it approximately via a few steps of a one-level overlapping

Schwarz method (see [41, 124]). To describe this method, we first decompose the
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cycle space, C , into the following subspaces:

C = C1 +C2 +⋯ +CJ . (2.14)

Note that Ci ∩ Cj is not necessarily empty. Then, each step of the Schwarz method

corresponds to a loop over all subspaces and solving the minimization problem (2.13)

in each of the subspace Ci. That is, for i = 1,2,⋯, J , compute:

min
∆τ∈Ci+1

∥KGv − τ f − (τ
i
0 +∆τ )∥K−1 , (2.15)

where τ i
0 is the approximation to τ ∗0 after solving (2.15) in the first i subspaces,

and τ ∗0 = argminτ0∈C ∥KGv − τ f − τ 0∥D−1 . The step of this relaxation method is

completed after the approximation in CJ is computed. The solution obtained by

iteratively solving equation (2.15) converges to the solution of the original minimiza-

tion problem (2.12) since this can be interpreted as a subspace optimization method

whose convergence property was discussed in [133].

To keep low computational cost in computing the error estimator, we only run

O(1) iterations of Schwarz method to approximately solve (2.15) for τ ∗0 . Later in

section 2.3 we show that the error estimator computed with such an approximation

is indeed accurate enough to capture the true error. The steps to compute τ ∗0 ∈ C

approximately are summarized in Algorithm 4, and we denote the approximation of

τ ∗0 by τ 0.

Algorithm 4 Computing an Approximation to τ ∗0
1: procedure τ 0 =Computeτ 0(G,T ,τ f )
2: Build the cycle basis {ce}
3: Given initial guess τ 0

0 = 0,
4: for i = 1,2,⋯, max_iter do
5: for k = 1,2,⋯, J do ▷ iterate over each subdomain
6: ∆τ ∗ = argminη∈Ck

∥KGv − τ f + τ
(i−1)J+k−1
0 + η∥K−1 .

7: τ
(i−1)J+k
0 = τ

(i−1)J+k−1
0 +∆τ .

8: end for
9: end for

10: return τ J ⋅max_iter
0 .

11: end procedure
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In Algorithm 4, the cost of one step of the Schwarz method depends on the

number of subspaces J and the cost of solving (2.15) in each subspace. Here, we

choose the following overlapping subspace decomposition: the i-the subspace is the

span of the basis for the cycles incident with the vertex i. Thus, we have J = n, and

Ci = span{c
j
∣ cycle j incidents with vertex i}, i = 1, . . . , J. (2.17)

Since there are n vertices, we have J = n subspaces. For sparse graphs using the spe-

cial data structure proposed in [75], the solution of the minimization problem (2.15)

on each subspace Ci is obtained with computational complexity at most O(log n).

This holds even in the rare cases when the dimension of Ci is large (e.g. ∼ n). As a

consequence, the overall computational cost of each iteration of Schwarz method is

O(n log n) for this choice of subspace decomposition (2.17), and this assures a low

computational cost in computing the proposed estimator.

2.2.2.3 An Algorithm for A Posteriori Error Estimation with Helmholtz

Decomposition

Now we are ready to present the overall Algorithm 5 to (approximately) solve the

minimization problem (2.13) and compute a posteriori error estimation for solving

the graph Laplacian (2.2).

Algorithm 5 Computtion of the error estimator minτ0∈C ∥KGv − τ f − τ 0∥K−1

1: procedure ψ =ErrorEstimates(G,v, f)

2: [τ f ,T ] = Compute τ f (G,f).

3: τ 0 = Compute τ 0(G,T ,τ f ).

4: ψ ← ∥KGv − τ f − τ 0∥K−1 . ▷ Compute the value of the estimator

5: return ψ.

6: end procedure

In Algorithm 5, Step 2 to compute τ f takesO(n log n) for any sparse graph. Step

3 to compute τ 0 has complexity O(n log n) for sparse graphs, since the minimization
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problem (2.13) is solved approximately with O(1) iterations of Schwarz method. As

a result, the overall computational complexity of Algorithm 5 is O(n log n) for sparse

graph G.

To make the a posteriori error estimator more useful, especially for developing

the adaptive AMG methods for solving graph Laplacians [83, 92, 135], we need to

localize the a posteriori error estimator. Since,

ψ2
(τ ) = ∥KGv − τ ∥2

K−1 = (KGv − τ )
TK−1(KGv − τ )

= ∑
e∈E

1

ωe
((KGv − τ )e)

2
,

we localize the error estimator on each edge e as follows,

ψe(τ ) = ω
− 1

2
e ∣(DGv − τ )e∣. (2.18)

We comment that the localized error estimators above are obtained for free in prac-

tice, since we have (KGv − τ )e available from the computation of the global error

estimator ψ(τ ) (see Step 4 in Algorithm 5).

This localized error estimator (2.18) then can be used to design adaptive AMG

methods. For example, it can be utilized in generating coarser aggregations that ap-

proximate the fine aggregates (vertices) accurately [135] or generate approximations

to the level sets of the error for the path cover adaptive AMG method [69].

2.3 Numerical Results

In this section, we present results of some numerical experiments demonstrating the

efficiency of the a posteriori error estimator.

2.3.1 Tests on 2D Uniform Grids

We first test the performance of the algorithm on the unweighted graph Laplacian L

of 2D uniform triangular grids, which corresponds to solving a Poisson equation on a

2D square domain with Neumann boundary condition. The uniform triangular grid
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with grid size h = 2−l, l = 5,6,7,8,9 is used, and we take u = sin(π2x) sin(
π
2y) as the

exact solution. We set the approximate solution, v = 0, and obtain the a posteriori

error estimator ψ(τ ) with Algorithm 5, in which the minimization problem (2.13)

is solved approximately with several iterations of the overlapping Schwarz method.

We use the face cycle bases that correspond to the small triangles in the grid (cycle

length is 3). With this choice of cycle basis, each of the decomposed subspaces

in (2.17) have dimension O(1) since there are at most six cycles incident from a

given vertex i. The low dimension of the subspaces assures that solving (2.15) costs

no more than O(1) computation and thus the computation cost of one iteration of

Schwarz method remains O(n).

In Table 2.1, we report the exact error and the a posteriori error estimator ψ(τ )

on graph Laplacian systems of different scales. Here, eff ∶=
ψ(τ )

∥u − v∥L
is also reported

to show the efficiency of the error estimator. From 2.1, we observe that the CPU

time for one iteration of the Schwarz method grows linearly as the size of graph

Laplacian systems increases. The error estimator ψ(τ ) gradually approaches the

true error ∥u − v∥L when we increase the steps of Schwarz iteration.

Table 2.1: Efficiency of the error estimator on graph Laplacian systems on uniform
triangular grids of different sizes. The value of the estimator ψ(τ ) is computed by
solving (2.13) approximately with 1, 3, and 5 iterations of the overlapping Schwarz
method. The CPU time (in seconds) is also shown in the table.

1 iter 3 iters 5 iters

∣V∣ ∥u − v∥L ψ(τ ) eff time ψ(τ ) eff time ψ(τ ) eff time

1089 1.73 2.25 1.30 0.03 1.99 1.15 0.04 1.91 1.10 0.06

4225 1.73 2.67 1.55 0.05 2.28 1.32 0.11 2.16 1.25 0.16

16641 1.73 3.36 1.95 0.14 2.76 1.60 0.37 2.56 1.48 0.62

66049 1.72 4.43 2.57 0.53 3.51 2.03 1.40 3.20 1.86 2.31

263169 1.72 6.01 3.49 1.92 4.66 2.71 5.64 4.19 2.43 9.53

More importantly, we would like to know whether the localized error estimator

(2.18) approximates the exact error on each edge accurately, since the localized
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estimation is the key to an effective coarsening scheme in adaptive AMG. Take L

as the weighted graph Laplacian of the uniform grid with grid size h = 2−5, u =

sin(π2x) sin(
π
2y), and v obtained by three iterations of the Gauss-Seidel method

with a random initial guess. We compute the error estimator using three iterations

of the Schwarz method to solve the minimization problem in Algorithm 5.

In Figure 2.2, we plot the difference between the exact error and the error es-

timator on each edge. On most of the edges the error estimator captures the true

error well since the difference ψ(τ ) − ∥u − v∥L is no larger than 0.02.

0 500 1000 1500 2000 2500 3000 3500
-0.06
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-0.03
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0.03

Figure 2.2: Difference between the true error ∥u−v∥L and error estimator ∥KGv −
τ ∥K−1 on each edge e.

2.3.2 Tests on “Real World” Graphs

In this section, we test the proposed error estimator on some “real-world” graphs

from the SuiteSparse Matrix Collection [51]. We pre-process the undirected graphs

by extracting the largest connected component of each graph and deleting self-loops.

For each of these graphs, if the original edge weight is negative, we take its absolute

value.

In Table 2.2, we summarize the basic information of the graphs and the perfor-

mance of the error estimator. In our setting, u is the exact solution for a problem

with arbitrarily chosen right-hand side f . The approximate solution, v, is obtained

as a result of three iterations of the Gauss-Seidel method with this right-hand side.

To compute the error estimator, we first use the breadth-first-search algorithm to
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Table 2.2: Efficiency of error estimator on graph Laplacian systems arising from
“real-world” applications. The value of the estimator ψ(τ ) is computed by solving
(2.13) approximately with 3 iterations of Schwarz method. The graph types tested
are unweighted (u) and weighted (w).

ID ∣V∣ ∣E∣ Problem Type Type ∥u − v∥L ψ(τ ) eff
8 292 958 Least Squares Problem u 1.74 1.75 1.00

1196 1879 5525 Circuit Simulation w 2.71 2.71 1.00
22 5300 8271 Power Network u 5.82 5.82 1.00

1614 2048 4034 Electromagnetic Problem w 0.47 0.50 1.07
33 1423 16342 Structural Problem w 14.5 19.7 1.36

791 8205 58681 Acoustic Problem w 23.8 37.7 1.58
2777 1857 13762 Social Network u 52.9 76.3 1.44
1533 2361 13828 Protein Network u 4.61 4.70 1.01

Figure 2.3: Representative degree distribution of networks studied in Table 2. left :
Network ID 33. middle: Network ID: 2777 (power law distribution). right: Network
ID 8 (normal distribution).
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find a spanning tree and then construct the spanning-tree-induced fundamental cycle

basis. Then, we apply three steps of Schwarz iterations to solve the minimization

problem in Algorithm 5 to compute the overall error estimator. In Figure 2.3 we

plot the degree distribution of selected networks. The differences in these degree

distributions suggest that these networks have distinctive structural and dynamical

properties. As we see from the results, for real-world graphs with different sizes,

structures, and density, the error estimators approximate the exact errors well in all

cases, which demonstrate the effectiveness of our proposed algorithm for computing

the a posterior error estimator.

2.3.3 Tests on Building Aggregations for AMG

Designing an effective coarsening scheme that projects the smooth error onto coarse

levels accurately is the key to the AMG methods. One example is the path cover

adaptive algebraic multigrid (PC-αAMG) proposed in [69] for solving weighted graph

Laplacian linear systems. Provided an accurate estimation of the current error, PC-

αAMG first forms vertex-disjoint path cover where paths approximate the level sets

of the smooth error, then aggregates vertices to form aggregations.

While an accurate error estimate makes PC-αAMG highly efficient, the step to

compute an estimation of the exact error in the original PC-αAMG appears to be

expensive in [69]. Our a posteriori error estimator offers an ideal replacement that

gives an accurate approximation in an efficient manner.

Here, we present the resulting path-cover aggregation obtained by using the

proposed a posteriori error estimator for solving the unweighted graph Laplacian

on the 2D uniform grid. We solve the corresponding linear system approximately

with several iterations of the relaxation scheme and curated the exact error of the

current solution (plotted in Figure 4(a)). Note that in practice this exact error is

not directly accessible, and we approximate it with the proposed a posteriori error

estimator, plotted in Figure 4(d). In Figures 4(b) and 4(e), we compare the path-

cover aggregation generated with the exact error and the a posteriori error estimator

(computed approximately with 3 iterations of the Schwarz method). The aggregation
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patterns are very similar.

To check whether the smooth error is transferred and represented accurately on

the coarse level, we restrict the smooth error to the coarse level and then prolongate

it back. We plot the differences between the smooth error and error after restriction

and prolongation in Figure 4(c) for the case where the coarse level is constructed

based on the exact smooth error, and in Figure 4(f) for the case where the coarse

level is constructed based on a posteriori error estimator, respectively. Although the

shapes of differences in the two cases are different, the magnitudes of both cases are

0.045, which indicates that the aggregation built with the error estimator is effective

in capturing the true smooth error.

(a) True error of the current
solution.

(b) Path cover aggrega-
tion based on the known
exact error.

(c) Difference between the
smooth error and the error af-
ter restriction and prolonga-
tion with aggregation based
on true error.

A posteriori error estimates
of the current solution.

(e) Path cover aggrega-
tion based on a posteriori
error estimator.

(f) Difference between the
smooth error and the error af-
ter restriction and prolonga-
tion with aggregation based
on error estimates.

Figure 4: Path cover aggregation generated with the exact error and a posteriori error
estimates, and the difference between the smooth error and the error after restriction
and prolongation. The aggregation based on the error estimator assembles the one
based on the exact error, but the formal one is computable at a modest cost.
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2.4 Alternative Formulation of Error Estimates

In [86, 87], the authors formulate a posteriori error estimators by relating to pre-

conditioning in subspace correction methods. While these previous works are es-

tablished within the field of Adaptive finite element methods (AFEMs), a natural

extension exists for our applications on graph Laplacian systems. A few other AFEM

error estimation techniques include but are not limited to, explicit residual estima-

tors [129], implicit estimators based on local problems [9, 39, 99], hierarchical basis

estimators [7, 8, 66], and equilibrated estimators [3, 19,93].

We are interested in solving the following linear system with iterative methods,

Lu = f ,

where L is the weighted graph Laplacian of G = (V,E , ω). Given the current iterative

solution v, we want to approximate the error ek = u−v. In particular, we will derive

a computable quantity ψ(v) to provide a lower bound of the error, i.e.,

∥u − v∥L ≥ ψ(v), ∀v ∈ V .

For any v ∈ V , we can define an energy,

J(v) =
1

2
∥v∥2A − (f ,v).

It is straight forward to verify that u = argminv∈V J(v).

Lemma 2.4.1 If u is the solution to Lx = f , then for any v ∈ V ,

∥u − v∥2L = 2(J(v) − J(u)).

Proof:

2(J(v) − J(u)) = ∥v∥2L − 2(f ,v) − ∥u∥
2
L + 2(f ,u)
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= ∥v∥2L − 2(Lu,v) − ∥u∥
2
L + 2(Lu,u) = ∥u − v∥

2
L. ◻

Lemma 2.4.2 If u is the solution to Lx = f , then for any fixed v ∈ V ,

∥u − v∥2L ≥ 2Rv(w) − ∥w∥
2
L, ∀w ∈ V , (2.19)

where Rv(w) = (f ,w) − (Lv,w).

Proof: Since u =minv∈V J(v), we have J(u) ≤ J(v+w) for anyw ∈ V , and therefore,

∥u − v∥2L = 2(J(v) − J(u)) ≥ 2(J(v) − J(v +w)), ∀w ∈ V .

Then,

2(J(v) − J(v +w)) = ∥v∥2L − 2(f ,v) − ∥v +w∥
2
L + 2(f ,v +w)

= ∥v∥2L − 2(f ,v) − ∥v∥
2
L − 2(Lv,w) − ∥w∥

2
L + 2(f ,v +w)

= 2(f ,w) − 2(Lv,w) − ∥w∥2L = 2Rv(w) − ∥w∥
2
L. ◻

We set the right-hand side of equation (2.19) to be the lower bound error esti-

mator, ψ(v) = 2Rv(w) − ∥w∥
2
L. To obtain a useful a posteriori error estimator, we

need to maximize ψ(v).

To show how well this error estimate approximates the exact error and the scala-

bility of the computation, we repeat the numerical experiments with the same setting

as in Section 2.3.1, with graph Laplacians of uniform triangular grids on a 2D square

domain [0,1]2. We take the exact solution, u, to be u ∼ Unif(0,1) and construct

the right-hand side f = Lu. The approximate solution v is obtained with several

iterations of the Gauss-Seidel method. We compute the error estimate ψ(v) with

the overlapping Schwarz method discussed in Section 2.2.2.2. Again, we choose the

subspace to be the span of the fundamental basis for the cycles incident with each

vertex, as defined in Equation (2.17). In Table 2.3, we report the exact error ∥u−v∥L

and the a posteriori error estimator on ψ(v) for graph Laplacian systems of different
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scales. Again, eff ∶=
ψ(τ )

∥u − v∥L
is reported to show the efficiency of the error estima-

tor. In Table 2.3, the error estimator approximates the exact error better when we

increase the steps of the Schwarz iteration. In addition, the CPU time for one iter-

ation of the Schwarz method grows linearly as the size of graph Laplacian systems

increases.

Table 2.3: Efficiency of the error estimator on graph Laplacian systems on uniform
triangle grids of different sizes. The value of the estimator ψ(v) is computed ap-
proximately with 1,3, and 5 iterations of the overlapping Schwarz method. The CPU
time (in seconds) is also shown in the table.

.

1 iter 3 iters 5 iters

∣V∣ ∥u − v∥A ψ(τ ) eff time ψ(τ ) eff time ψ(τ ) eff time

1089 5.70 5.29 0.93 0.02 5.66 0.99 0.07 5.69 1.00 0.12

4097 22.35 21.02 0.94 0.05 22.24 1 0.16 22.32 1.00 0.31

16641 2.28 1.45 0.64 0.29 2.76 0.91 0.52 2.19 0.96 1.54

66049 9.41 4.65 0.49 1.34 8.17 0.87 2.40 8.99 0.95 5.03

2.5 Conclusions

In this chapter, we proposed an a posteriori error estimator for solving linear systems

of graph Laplacians. A novel approach is devised to reduce the computational cost

of computing such an estimator in comparison to existing approaches. For sparse

graphs, this novel estimator can be calculated in nearly-linear time. Our approach

is based on the Helmholtz decomposition on the graphs. It includes solving a linear

system on a spanning tree and solving (approximately) a minimization problem in

the cycle space of the graph. We demonstrate how we can localize the error estimates

on graph edges and use them to build high-quality AMG aggregation. However, the

story is far from complete, and there is much room for exploring new techniques,

especially given the wealth of work in adaptive AMG methods.

One future direction is to evaluate, theoretically or empirically, how the efficiency

of our error estimators depends on the choice of spanning tree and the corresponding



46

cycle space basis [73] when we solve the graph Laplacians systems of graphs with

different dynamical or structural properties.
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Chapter 3

Application: Biological Protein-Protein

Interaction Network

In the next two chapters, we elaborate on the two examples mentioned in Chapter 1

to illustrate the wide range of applications that give rise to the linear systems with

graph Laplacians.

In this chapter, we present the application of graph Laplacian linear systems in

studying protein-protein interaction networks. Unsmoothed Aggregation Algebraic

Multigrid (UA-AMG) is used to efficiently compute the Diffusion State Distance

(DSD) distance that captures complex structures in a manner robust to high-degree

nodes in small-world biological networks. To further reduce the computational cost,

we develop a dimension-reduction framework for the DSD, in which the data is

projected into a small number of coordinates, such that Euclidean distances in the

embedded space approximate DSD in the original space. The proposed algorithms

are deployed for the analysis of real protein-protein interaction (PPI) networks with

tasks like function prediction and link prediction.

3.1 Spectral Analysis of Diffusion State Distances

To study the spectral property of the DSD, we first generalize its definition in

Chapter 1. Let ℓp(w) denote the space of p-integrable sequences with respect to

the weight, w. That is, for a fixed w = [w1,⋯,wn], x = [x1,⋯, xn] ∈ ℓp(w) if

[∑
n
i=1(xi)

pwi]
1
p < ∞. The classic ℓp space is just ℓp = ℓp(1). Then, the norm ∥x∥ℓp(w)

is defined as the ℓp norm of x with respect to the weight w,

∥x∥ℓp(w) = [
n

∑
i=1

(xi)
pwi]

1
p

.



48

For example, ∥x∥p = ∥x∥ℓp(1), and ∥x∥ℓ2(w) =
√
∑

n
i=1(xi)

2wi.

The q-step DSD between the vertex i and the vertex j defined in Equation (1.10)

is generalized as,

DSDq,p
w (i, j) ∶= ∥h

q
i −h

q
j∥ℓp(w),

and the DSD is generalized by letting q →∞, if this limit exists, i.e,

DSDp
w(i, j) ∶= lim

q→∞
DSDq,p

w (i, j). (3.1)

DSD can be defined in any ℓp space, p ≥ 1. In Section 3.1 we focus on the case

p = 2, in order to exploit the Hilbert space structure of ℓ2. It is easy to see that P is

diagonally conjugate to the symmetric matrix D
1
2PD−

1
2 =D−

1
2AD−

1
2 . A computa-

tion [44] reveals that P may be written as a sum of outer products P = ∑n
ℓ=1 λℓψ

⊺
ℓφℓ,

where (ψℓ)i = (ϕℓ)i/
√
πi, (φℓ)i = (ϕℓ)i

√
πi, for i = 1,⋯, n, and {(λℓ,ϕℓ)}

n
ℓ=1 are the

eigenvectors and eigenvalues of the symmetric matrix D
1
2PD−

1
2 . It follows that

P t = ∑
n
ℓ=1 λ

t
ℓψ
⊺
ℓφℓ.

In addition, since we are working with a simple graph, G, P = P ⊺. In particular,

{ϕℓ}
n
ℓ=1 and {φℓ}

n
ℓ=1 are orthonormal bases for ℓ2 and ℓ2(1/π), respectively. With

this decomposition, the DSD is re-formulated as follows.

Theorem 3.1.1 [48] The diffusion state distance with weight w = 1/π and p =

2 admits the decomposition DSD2
1/π(i, j) =

√
∑

n
ℓ=1(1 − λℓ)

−2((ψℓ)i − (ψℓ)j)
2, where

{(λℓ,ψℓ)}
n
ℓ=1 are the eigenvalues and right eigenvectors of P .

Proof: Decomposing DSD as a summation of P t, noting that ψ1 = 1, and summing

over t as above yields,

DSD2
1/π(i, j) = ∥h

∞
i −h

∞
j ∥ℓ2(1/π)

=∥
∞

∑
t=0

P t
i⋅ −P

t
j⋅∥

ℓ2(1/π)

=∥
∞

∑
t=0

n

∑
ℓ=1

λtℓ(ψℓ)iφℓ − λ
t
ℓ(ψℓ)jφℓ∥

ℓ2(1/π)
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=∥
∞

∑
t=0

n

∑
ℓ=2

λtℓ((ψℓ)i − (ψℓ)j)φℓ∥

ℓ2(1/π)

=∥
n

∑
ℓ=2

∞

∑
t=0

λtℓ((ψℓ)i − (ψℓ)j)φℓ∥

ℓ2(1/π)

=∥
n

∑
ℓ=2

1

1 − λℓ
((ψℓ)i − (ψℓ)j)φℓ∥

ℓ2(1/π)

Recalling that {φℓ}
n
ℓ=1 is an orthonormal basis for ℓ2(1/π), the result follows

from Parseval’s theorem. ◻

3.1.1 Diffusion State Distance and Dimension Reduction

Theorem 3.1.1 implies that the DSD is in fact the Euclidean distance in a new

coordinate basis, given by the transformation,

xi ↦ ((1 − λ2)
−1
(ψ2)i, (1 − λ3)

−1
(ψ3)i,⋯, (1 − λn)

−1
(ψn)i).

This representation naturally lends itself to dimension reduction in the following

sense. Suppose that for some M , 1/(1 − λM) ≫ 1/(1 − λM+1). Then the truncated

representation,

xi ↦ (
1

1 − λ2
(ψ2)i,

1

1 − λ3
(ψ3)i,⋯,

1

1 − λM
(ψM)i) (3.2)

, is faithful in the sense that the discarded coordinates are comparatively insignifi-

cant. Moreover, depending on the number of data points, the spectral decomposition

is unreliably noisy after some M ≪ n [63], in which case the truncation of the coor-

dinate change has the added benefit of denoising. This approach to computing the

DSD is an alternative to randomized approaches [90].

To understand the condition 1/(1 − λM) ≫ 1/(1 − λM+1), let λℓ = 1 − µℓ for

0 = µ1 ≤ µ2 ≤ ⋯ ≤ µn. Then the condition becomes 1
µM
≫ 1

µM+1
, which is a measure

of a gap in the near-reducibility of certain subsets of the underlying Markov transition

matrix [97]. Indeed, suppose that λM = 1 − e−q1 , λM+1 = 1 − e−q2 for q1 ≥ q2 ≥ 0. If

q1 = q2, then the corresponding eigenvectors ψM ,ψM+1 count equally in the DSD,
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since the weights 1/(1 − λℓ), ℓ =M,M + 1 are equal. On the other hand, if q1 ≫ q2,

then there is a large gap between µM and µM+1: µM/µM+1 = e−q1+q2 ≪ 1; in this

case, the DSD may be truncated after the M th eigenvector while preserving much of

the information present in the full DSD. We remark that using only a small number

of eigenvectors to compute data-dependent distances is common in the context of

spectral clustering [105,118].

3.1.2 Relationship Between Diffusion State Distances and Inverse

Laplacians

As shown in Chapter 1 Theorem 1.2.1, the DSD is closely related to the inverse of

a regularized Laplacian (I −P ⊺ +W ⊺)−1 [15, 38]. It is enlightening to consider the

Neumann series expansion, noting that λ1 = 1,ψ1 = 1,φ1 = π
⊺:

(I −P ⊺ +W ⊺
)
−1
=(I − (P ⊺ −π1⊺))

−1

=
∞

∑
t=0

(P ⊺ −π1⊺)t

=
∞

∑
t=0

((P ⊺)t −π1⊺)

=
∞

∑
t=0

((
n

∑
ℓ=1

λtℓφ
⊺
ℓψℓ) −π1

⊺
)

=
∞

∑
t=0

(
n

∑
ℓ=2

λtℓφ
⊺
ℓψℓ)

=
n

∑
ℓ=2

(
∞

∑
t=0

λtℓ)φ
⊺
ℓψℓ

=
n

∑
ℓ=2

1

1 − λℓ
φ⊺ℓψℓ.

Hence, DSDp
w(i, j) = ∥∑

n
ℓ=2

1
1−λℓ
(ψℓ(i) −ψℓ(j))φℓ(⋅)∥ℓp(w). Noting that {φℓ}

n
ℓ=1

is an orthonormal basis for ℓ2(1/π), we see that this expansion is of particular use

when w = 1/π, p = 2. We remark that the original formulation of DSD used the weight

w = 1, i.e. a constant weight. If the degrees of the underlying graph generating P

are nearly constant, then the difference between this original formulation and the
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DSD with weight 1/π is small. The more disparate the degree structure, the more

the 1/π factor in the proposed DSD will correct for this degree imbalance.

3.1.3 Computational Considerations

For a dense graph with n nodes, naive direct computation of all pairwise DSD is

O(n3), which is unacceptably inefficient for large datasets. Recall that the right

eigenvectors {ψℓ}
n
ℓ=1 of P are, after scaling by

√
π, eigenvectors of the symmetric

normalized LaplacianN = I−D−
1
2AD−

1
2 with corresponding eigenvalues µℓ = 1−λℓ.

We thus compute the DSD using N according to Algorithm 6.

In Algorithm 6, we first compute Y , which are the coordinates suggested in Sec-

tion 3.1.1. Moreover, we further apply the dimension reduction technique discussed

in Section 3.1.1, which implies that we only compute the first M eigenpairs and then

form a truncated version of Y . This is summarized in Algorithm 7.

Algorithm 6 Compute DSD
1: Compute the eigenpairs {(µℓ,ϕℓ)}

n
ℓ=1 of the symmetric normalized graph Lapla-

cian N .
2: Compute Y = ΣΦD−

1
2 , where Σ = diag(µ−12 , µ

−1
3 ,⋯, µ

−1
n ) and Φ =

(ϕ2,ϕ3,⋯,ϕn).
3: Compute DSD2

1/π(i, j) = ∥Y (∶, i) −Y (∶, j)∥2.

Algorithm 7 Compute approximate DSD

1: Compute the first M eigenpairs {(µℓ,ϕℓ)}
M
ℓ=1, of N .

2: Compute Ỹ = ΣMΦMD
− 1

2 , where ΣM = diag(µ−12 , µ
−1
3 ,⋯, µ

−1
M ), ΦM =

(ϕ2,ϕ3,⋯,ϕM).
3: Compute ̃DSD2

1/π(i, j) = ∥Ỹ (∶, i) − Ỹ (∶, j)∥2.

The main computational cost in both algorithms is the first step, i.e., computing

the eigenpairs of N . To do this, we use a preconditioned Krylov-based eigensolver,

such as the implementation in ARPACK [84]. The performance of such a Krylov-

based eigensolver depends on the choices of the preconditioner. Since we are working

with the normalized graph Laplacian, the algebraic multigrid method (AMG) is

used as a preconditioner [134]. More precisely, we use the aggregation-based AMG
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method, which is a suitable choice for solving graph Laplacian problems as shown

in [24, 69, 90, 92] due to its (nearly) optimal computational complexity in practice.

Indeed, in the case of dense graphs, Algorithm 7 has complexity O(n2), while in

the case of sparse graphs, complexity quasilinear in n can be achieved through fast

matrix-vector multipliers. In both cases, the complexity of Algorithm 7 is the same

as for computing the spectral embedding in classical spectral clustering [105].

3.2 Computational and Numerical Experiments on Bio-

logical Networks

In this section, we present how to use DSD for the analysis of real biological networks.

In order to demonstrate the denoising and the computational speed-ups, throughout

this section we consider DSD in ℓ2, particularly DSD2
1/π.

3.2.1 Information about the Data Sets

The DREAM Disease Module Identification Challenge [43] released a heterogeneous

collection of six different human protein-protein association networks with different

biological criteria for placing edges between different protein pairs, in order to bench-

mark different methods for unsupervised network clustering. Here we consider the

first two of these networks, DREAM1 and DREAM2.

DREAM1 is derived from STRING [122], which integrates known and predicted

protein-protein associations from various sources, including those aggregated from

databases that collect experimental evidence for protein-protein interactions, those

derived from co-expression, and others either inferred by literature annotation or

transferred from interactions of sequence-similar proteins in other species. DREAM1

includes all the different interaction types in STRING v.10.0 excluding the interac-

tions derived from text mining. Edge weights correspond to the STRING association

score (after removing evidence from text mining).

DREAM2 intends to represent a more classical protein-protein interaction net-

work, where the presence of an edge between proteins indicates that there is evidence
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Vertices Edges Average Degree
DREAM1 17,388 2,232,398 128.4
DREAM2 12,325 397,254 32.2

Table 3.1: Number of vertices, number of edges, and average degrees for the largest
connected components in the DREAM1 and DREAM2 networks.

that proteins physically bind in the cell. It is derived from the InWeb database [85],

where edges come from either humans or are supported by the presence of a corre-

sponding interaction in multiple different model organism databases (InWeb requires

each such interaction in four separate model organism databases before it includes

it in its network as also a human interaction edge with confidence). These networks

are dense and highly connected (see Table 3.1), though they can have some isolated

nodes. To ensure the assumption of irreducibility for convergence, we restrict to the

largest connected component of the network if it is not originally connected. The

edge weights reflect the confidence of the interaction (See Table 3.1).

To illustrate the value of DSD for the biological networks, as well as the virtue of

the DSD approximation via eigenvector truncation, we consider two classical prob-

lems in computational biology: link prediction and function prediction.

3.2.2 Link Prediction

Despite a large number of edges, it is assumed that many remaining true edges are

missing from the PPI networks, because some of the underlying interactions have not

yet been experimentally observed. The goal of link prediction is to estimate these

missing links, based on the already observed ones. A solution to the link prediction

problem is an ordered ranking of all possible pairs of vertices that are not directly

connected by an edge in the network. A classifier predicts the edges ranked above a

threshold to be “true edges” and below the threshold to be “non-edges” where varying

the threshold allows a tradeoff between true and false positive edge predictions.

Both the DREAM1 and the DREAM2 networks are very large and have dense,

highly connected cores. Because of these densely connected cores, the overwhelming

majority of missing links in the graphs are between nodes in the core region. As
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the core is highly connected, a simple heuristic measure of ranking the node pairs

based on the number of common neighbors will produce an excellent ranking when

applied to the entire network, since we expect every node pair in the core to have

some neighbors in common. However, we are often most interested in predicting

new interactions outside the common core. In order to avoid simply discovering the

common core, and also to work with smaller and more computationally tractable

examples, we consider the link prediction problem on sparser and smaller samples

of the DREAM1 and DREAM2 networks. More precisely, we randomly sample 400

nodes from the network, and consider the “full” network of their induced subgraph.

We then compute a “partial” network, consisting of the same subgraph of nodes

with 10% of the edges removed uniformly at random. While removing the edges, we

ensure graph connectedness using Algorithm 8.

Algorithm 8 Generate random connected subgraphs
1: Input a graph G = (V,E , ω) as a list of edges, with m = ∣E∣.
2: Randomly permute the edge indices {1, . . . ,m}.
3: Create a spanning tree from this ordered edge list, prioritizing the edges with

smaller assigned numbers.
4: Protecting the edges of the resulting tree, remove 0.10m of the edges from the

remaining graph uniformly at random.

We note that, starting from the smaller 400-node networks, the method of re-

moving some of the known links to be predicted is the same as the method employed

by [54]. In a real biological application, the 400 nodes would not be chosen at ran-

dom, but would rather be a set of genes used in a Y2H experiment [30], or known to

be associated with some disease. The retention of the spanning tree automatically

means we retain a connected network and are not trying to predict new edges to

isolated nodes, which is impossible for any PPI embedding method in the absence

of additional biological information beyond the input graph. This models the idea

that some “true" links are missing from the known network because experimental

evidence is incomplete.

Link prediction ranking methods are then compared against each other by start-

ing with the partial network, and assuming the missing edges from the full network
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Score Definition

Weighted Common Neighbor ∑
xk∈N(xi)∩N(xj)

(Aik +Ajk)

Jaccard’s Coefficient ∣N (xi) ∩N(xj)∣/∣N(xi) ∪N(xj)∣

Weighted Adamic-Adar Index ∑
xk∈N(xi)∩N(xj)

1/ log(1 + ∑
xℓ∈N(y)

Aℓk)

Table 3.2: Definitions of different heuristic method scores for two nodes xi, xj ∈X in
an undirected graph G = (V,E , ω) with neighbor sets N(xi) and N(xj) respectively.

are the true positive links, and all unobserved links from the full network are neg-

ative. In this sense, we understand the partial network as a training set, and the

goal is to predict the full network. DSD-based link prediction is done by ranking

every node pair in the graph in ascending order based on their DSD distances, with

the interpretation that the lower the DSD distance between two nodes in the graph,

the more likely the nodes are to have a link between them. The heuristic compari-

son methods considered—weighted common neighbor, Jaccard’s coefficient, and the

weighted Adamic-Adar index [89]—are local scoring methods, where the link scores

between two distinct nodes in the graph are computed based on their neighborhood

affinity. Since a larger score implies that the two nodes are closely associated in the

network, a link between them becomes more likely. By ranking all the edges in the

ascending order of the score and providing a threshold, we get a score-based method

that predicts the missing link in the graph. Table 3.2 shows how the heuristic scores

are computed for two arbitrary nodes xi, xj ∈X in a graph G = (V,E , ω).

Figures 3.1 and 3.2 are obtained by averaging the results generated from 100 iter-

ations of sampling uniformly at random subgraphs of 400 nodes from the DREAM1

and DREAM2 networks and generating training and test sets, as described in Algo-

rithm 8. DSD-based ranking is compared against the heuristic methods and diffusion

distances. By varying the threshold and mapping the true positive versus the false

positive rate of the various methods, we compute the F1 score. Similarly, we con-

struct the partial receiver operating characteristic (ROC) [59] and precision-recall

curves from the top 20000 ranked edges for the reduced graphs. The ROC plots show
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Figure 3.1: (a), (b), (c): Comparison of DSD to the different heuristic ranking
methods on 100 randomly sampled graphs from DREAM1, each having 400 nodes.
On all of the average F1, ROC and precision-recall curves, we see DSD outperforms
the heuristic methods. (d), (e), (f): Comparison of DSD to the approximate DSD
methods on 100 randomly sampled graphs from DREAM1, each having 400 nodes.
Limiting the number of eigenvectors used significantly decreased the run time while
not substantially degrading the empirical performance. Note: The shaded regions
demarcate plus and minus one standard deviation of the score.

that the top edges predicted by DSD-based ranking are more accurate, compared to

both the heuristic methods and the diffusion distance based methods for DREAM1.

In DREAM2, the heuristic methods slightly outperform the DSD method.

Figures 3.1 and 3.2 (g-i) show the results from using approximate DSD com-

putations in which the spectral decomposition is truncated to denoise and reduce

computational complexity; see (3.2). We find that approximate DSD is nearly com-

parable to exact DSD in performance in DREAM1; in DREAM2, it improves link

prediction performance. For both DREAM1 and DREAM2, approximate DSD sig-

nificantly decreases run time.
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Figure 3.2: (a), (b), (c): Comparison of DSD to the different heuristic ranking meth-
ods on 100 randomly sampled graphs from DREAM2, each having 400 nodes. On
all of the average F1, ROC and precision-recall curves, we see DSD is outperformed
by the heuristic methods. (d), (e), (f): Comparison of DSD to the approximate
DSD methods on 100 randomly sampled graphs from DREAM2, each having 400
nodes. Limiting the number of eigenvectors improves results while also lowering
computational complexity. Note: The shaded regions demarcate plus and minus
one standard deviation of the score.
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3.2.3 Function Prediction

Protein-protein association networks can assist in making predictions for functional

roles of unknown proteins, since proteins with similar functions should cluster (under

the appropriate metric) in the network. DSD was introduced in the context of

function prediction [38] and it was shown that predicting protein function based on

a majority vote of the most popular function among the k-nearest neighbors (kNN) of

a node in DSD distance performed well in a yeast protein-protein interaction network.

Here, we evaluate DSD for function prediction in the DREAM1 and DREAM2 human

networks. Function labels are taken from the popular Gene Ontology (GO) database

[46] (downloaded from FuncAssociate3.0 [14] on 02/12/19), where we restrict the GO

labels we consider in our cross-validation experiments to those that are neither too

general nor too specific. In particular, we consider all GO function labels from

the Biological Process hierarchy and Molecular Function hierarchy that annotate

between 100 and 500 proteins in the networks.

On the largest connected components of the biological networks, we use a five-

fold cross-validation to demonstrate the accuracy rate of function prediction of Gene

Ontology (GO) labels based on the DSD metric computed as in Algorithm 6. For

each node in the testing set, we generate its kNN based on the DSD metric, then

use majority voting weighted by 1
DSD2

1/π(xi, xj)
to predict its function; let η(x) denote

the predicted function of protein x. The functional label for x is marked correct if

η(x) is among the functional labels assigned to the node in the test set. We report

the percent of nodes assigned a correct functional label as the accuracy score. This

is summarized in Algorithm 9.

We investigate the accuracy and efficiency of function prediction on the same

networks with approximate DSD computed by Algorithm 7 and compare the numer-

ical result to the one computed with exact DSD, using k = 10 nearest neighbors. We

compute the approximate DSD using the MATLAB build-in eigensovler eigs, which
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Algorithm 9 Function prediction with majority voting
1: for every node x in the testing set do
2: Compute its DSD kNN (k = 10) neighbors {vi}ki=1 .
3: Each neighbor that is also in the training set votes for its GO function labels,

weighted by 1/D2
1/π(x, vi).

4: Use the most voted label as the predicted function label, denoted by η(x).
5: Mark the node correct if η(x) is one of the labels of x.
6: end for
7: Compute the accuracy score as the percentage of nodes that get a correct func-

tional label.

is based on ARPACK [84].

In Figure 3.3, the accuracy of function prediction of DREAM1 and DREAM2

networks based on approximated DSD with different numbers of eigenvectors is com-

pared to the accuracy result based on exact DSD (the red horizontal line). Function

prediction with the exact or approximated DSD metric demonstrates a substantial in-

crease in accuracy compared to the best-studied baseline method, majority vote [38],

where all direct neighbors in the original graph vote for their functional labels with

equal weight for each label (the grey horizontal line). Compared to the exact DSD

metric, the accuracy of the approximated DSD metric initially increases as we include

more eigenvectors, and it almost always outperforms exact DSD for both DREAM1

and DREAM2 networks, and also for labels in both the molecular function and bi-

ological process GO hierarchies. After that, the prediction accuracy decreases in all

cases when we include the high-frequency eigenvectors, which are possibly corrupted

by noise. We note that the approximate DSD methods we employ are not immune

to numerical error, which prevents the approximate DSD from perfectly converging

to the exact DSD when all the eigenvalues are used (see the numerical instability

at the far right of each of the graphs of Figure 3.3). These numerical errors in the

eigendecomposition depend on the machine epsilon, the condition number of P , the

magnitude of its eigenvalues, as well as the stopping criterion for the eigensolver,

and are most acute for the highest frequency eigenvectors. Thus when we truncate

the number of eigenvectors used to the lowest frequency eigenvectors, the numerical

instability is much less of a factor, and the same picture would likely be observed if
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Figure 3.3: Percentage of the accuracy of function prediction for DREAM1 and
DREAM2 networks using the GO Biological Process hierarchy and the Molecular
Function hierarchy labels by exact DSD and approximated DSD. The improved
function prediction results illustrate the efficiency in denoising the DSD metric by
using only the top eigenvectors. We note that both exact and approximate DSD-
based function prediction strongly outperform the baseline method.

Exact DSD Approximate DSD
DREAM1 17084.17 3090.918
DREAM2 2759.05 87.049

Table 3.3: CPU time in seconds used to compute exact DSD and approximate DSD
for each DREAM network. The approximate DSD for DREAM1 is computed with
the first 6000 eigenvectors and the one for DREAM2 uses the first 1000 eigenvectors.
The computation of the approximate DSD is much faster, since only a small number
of eigenvectors of P (or equivalently, of N) need to be computed.

we were computing exact DSD projected to the lower-dimensional eigenspace.

From Figure 3.3 the performance of function prediction peaks when we restrict to

the first 6000 eigenvectors to compute the approximate DSD for DREAM1 network

with labels in the Biological Process hierarchy, and there is a peak also at the first

6000 eigenvectors but a slightly higher second peak at around 12000 eigenvectors

for the Molecular Function hierarchy. For DREAM2, restricting to the first 1000

eigenvectors for both gives the best performance. With only these eigenvectors we

are able to compute an accurate low-dimensional embedding of the DSD metric,

reflected by the function prediction performance in Figure 3.3. We compare the

CPU time for both approaches in Table 3.3 and it is observed that computing the

exact DSD metric is much more computationally expensive.
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3.3 Conclusions and Future Directions

In this chapter, we exploit the spectral decompositions of the underlying random walk

of diffusion state distances to reduce computational complexity and denoise. Exper-

iments on synthetic and real data illustrate that the DSD is typically more effective

for link prediction and function prediction tasks, compared to classical graph-based

metrics and also to heuristic methods used for biological network analysis. More-

over, the spectral formulation of DSD is shown not only to improve efficiency, but

accuracy in link and function prediction by denoising.

From the computational biology perspective, random-walk based measures of

proximity have long been understood to illuminate relationships in the networks

that are studied [49]. DSD measures, in particular, have recently been increasingly

adopted in a variety of settings, from de-noising networks for the study of cancer

driver genes [68], to hierarchical clustering in the latest version of the STRING net-

work [123], as well as featuring prominently in the DREAM Disease Module challenge

itself as both a stand-alone method and as the basis of a novel consensus method to

integrate diverse clusterings [43]. In addition to inference based on single sources of

network data, as described in this chapter, how best to take advantage of multiplex

networks remains an active area of research [43,137]. It would also be interesting to

explore further the approximate DSD measures described in this chapter, and under-

stand how to automatically choose the right number of dimensions, based on simple

parameters of the network structure such as network density. Moreover, DSD-based

link prediction performs somewhat poorly on the DREAM2 network, compared to

its performance in link prediction on DREAM1, and its function prediction perfor-

mance. This is hypothesized to be due to the especially dense core of DREAM2.

Developing methods that interpolate between the heuristic methods (which perform

well on the dense core) and DSD-based methods (which perform well off the dense

core) is the topic of ongoing research [54].
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Chapter 4

Application: Graph Learning

In this chapter, we present the applications of graph Laplacian systems in a few

machine learning problems. In particular, as discussed in Section 1.2.2, we focus

on the analysis and algorithms of Laplace learning, Poisson learning, and p-Laplace

learning, and look into the learning cases with very low label rate. In Section 4.1

and 4.2 we provide several sets of experiments to illustrate the efficiency of these

graph learning algorithms under different scenarios, followed by the analysis of their

learning behaviors. We conclude the chapter and discuss the future work from both

the theoretical and the application aspects in Section 4.3.

4.1 Label Classification on Biology Networks

The set of six biological networks we experimented with is the ones used in [42], from

the STRING database v9.1 [62] without text-mining. These networks share a set of

nodes but each has its own set of edges and edge weights. The nodes correspond

to genes that appear in the union of all the networks. The edges correspond to a

different type of relationship between pairs of genes for each network. As pointed

out in [42], these relations range from experimental evidence of interaction or associ-

ation between two genes, to co-expression, among other things. Finally, the weights

indicate the confidence in the edges being correct. These six heterogeneous networks

contain over 6,400 genes with the number of edges varying from 1,361 to 314,013 for

yeast, and 18,362 genes with the number of edges varying from 3,717 to 1,544,348

for human.

We use the GO functional labels as described in Section 3.2.3. The GO functional

labels are grouped into three distinct functional hierarchies: Biological Process(BP),

Molecular Function(MF), and Cellular Component(CC), where we mimic the setup

in [42] to filter the GO terms to only retain those of intermediate specificity, labeling
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more than 10 and less than 301 genes among the nodes. This label set can be further

divided into levels of varying specificity, each containing labels that annotate 11-30,

31-100, and 101-300 genes, respectively [115], filtering on the Jaccard index to remove

too similar GO labels. We consider 9 different functional annotation experiments,

parameterized by one of the 3 hierarchies (BP, MF, and CC) times one of the three

levels of specificity of GO terms (11-30, 31-100, and 101-300).

In [42], the Mashup algorithm for function prediction by integrating information

across multiplex biological networks consists of the following three core steps:

1. Diffusion. On each network, a diffusion process is run which creates a Random-

Walk-with-Restart (RWR) matrix representation of the network.

2. Embedding. A shared embedding is created using the matrix representations

generated in the diffusion step. This is achieved via a singular value decomposi-

tion or dictionary learning techniques. Ultimately this gives a low-dimensional

vector representation of every node in the dataset.

3. Learning. Once every node in the dataset is represented by a vector, exist-

ing function prediction methods can be applied using the embedding and the

available annotations.

We note there are many ways of generating node embeddings on graphs, such as

Diffusion State Distance [37, 38], Node2vec [65], and spectral methods [88]. In [42]

a Random-Walk-with-Restart (RWR) based approach [80] is adopted. For each of

the network Gi, i = 1,⋯,6, with n nodes, for each vertex u ∈ Gi, Mashup iteratively

computes the t-step RWR distribution stu ∈ Rn as follows. With restart rate 0 ≤ α ≤ 1,

let s0u = eu,

st+1u = (1 − α)P istu + αeu, (4.1)

where P is the transition probability matrix defined in Equation (1.8), and eu ∈ Rn

is the vector with entry 1 at the u-th index and 0 elsewhere. Following [37, 38, 42],

the node embedding of u is the diffusion state s∞u , the stationary distribution at the

fixed point of the iteration (4.1). By stacking the diffusion states s∞u as columns, we
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obtain the diffusion state matrix Si, which is the RWR representation matrix used

in Mashup.

In Step 2, a low-dimensional embedding is learned to canonically represent the

topological patterns in the six individual networks. We can view the learned em-

bedding as a new graph, where each node is assigned a new coordinate represented

by its embedding vector. The weight of the edge connecting two nodes is assigned

to be the reciprocal of ℓ2 distance between the embedding vectors of the two nodes.

Therefore, the closer the two nodes are, the heavier the weight of the edge that

connects them. Then, we replace Step 3 by testing our graph learning algorithms

on this new embedding graph. In addition, to illustrate the merits of Poisson learn-

ing and p-Laplace learning in the learning tasks with few labels, we test with cases

where only 1,2,4,8, and 16 labeled nodes per class are used in the training, besides

the cases where we use all the available labels in the training set. In Table 4.1 and

Table 4.2, we present the accuracy of function label prediction carried by different

learning algorithms: majority voting with 10 nearest neighbors weighted by edge

weights, Laplace learning, Poisson learning, and p-Laplace learning with p = 4. The

predicted label of a node is marked correct if it matches the functional labels of that

node in the test set, and the accuracy score measures the percent of nodes that get

assigned a correct functional label.

Yeast BP 31-100
# of labeled nodes 1 2 4 8 16 all
Majority Voting 6.32% 9.68% 14.90% 22.73% 30.28% 51.37%

Laplace 4.73% 9.82% 18.04% 29.31% 36.48% 55.90%
Poisson 17.57% 22.31% 29.61% 37.65% 43.40% 54.78%

p-Laplace (p = 4) 13.08% 19.00% 26.38% 34.11% 40.99% 57.37%

Table 4.1: Function prediction performance on Yeast PPI network with different
graph learning algorithms in 5-fold cross-validation. GO labels from the BP hierarchy
with a term range of 31 − 100 are used.

In Table 4.1 and Table 4.2, we observe that in the tests with sparse labels,

Poisson learning outperforms the other learning algorithms, followed by p-Laplace

learning in the second place. The gap between the two winning algorithms and the
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Human MF 31-100
# of labeled nodes 1 2 4 8 16 all
Majority Voting 4.68% 6.69% 10.25% 18.07% 24.32% 40.22%

Laplace 3.04% 3.23% 7.45% 16.58% 24.95% 39.62%
Poisson 12.66% 16.18% 21.20% 26.77% 33.95% 46.61%

p-Laplace (p = 4) 10.27% 13.35% 16.23% 21.18% 29.47% 47.12%

Table 4.2: Function prediction performance on Human PPI network with different
graph learning algorithms in 5-fold cross-validation. GO labels from the MF hierar-
chy with a term range of 31 − 100 are used.

vanilla weighted majority voting or Laplace learning is larger when the labels are

extremely sparse (1 or 2 labels per class). When all labels in the training set are

used, p-Laplace learning surpasses Poisson learning. However, we must point out

that when p ≥ 3, the nonlinear p-Laplace learning is always computationally more

expensive than Poisson learning or standard Laplace learning. More discussion on

the computation of p-Laplace learning will be covered in Section 4.2.

In Section 1.2.1 and Chapter 3, we discussed how DSD can help us extract im-

portant data features in the biological graphs. Here, we test how DSD impacts these

downstream graph learning algorithms as well. In particular, since [34] proposed a

random-walk interpretation of Poisson and Laplace learning, we check whether these

graph learning algorithms can (partially) replace the DSD computation by extracting

latent network structure based on a variation of graph diffusion on these networks.

In Table 4.3 and Table 4.4, we examine how the different learning algorithms perform

on both the original biological networks and the diffused networks. That is, we first

experiment with biological graphs with their original edge weights that reflect the

confidence in the edges being correct, and then test with the edge weights assigned as

the reciprocal of the diffusion state distance between pairs of nodes. We benchmark

the performance of the graph learning algorithms with the weighted majority voting

(WMV) by 10 nearest neighbors. Again, besides using all the available labels in the

training set, we curate learning cases where only 1,2,4,8,, and 16 labeled nodes per

class are included, so that we can check the learning behavior on sparsely labeled

graphs. This time we test on a single biological network to avoid any confounding
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factors that might arise in a multi-network learning task. The following tests are

run on the co-expression network from [42], for both the Yeast and the Human PPI

network.

Yeast BP 11-30
# of labeled nodes 1 2 4 8 16 all
Original + WMV 2.51% 4.50% 7.19% 9.82% 12.71% 13.56%
Original + Laplace 7.30% 10.14% 12.56% 16.21% 18.82% 19.38%
Original + Poisson 9.50% 12.23% 14.77% 17.24% 15.34% 2.75%

DSD + WMV 4.07% 6.30% 9.55% 13.29% 17.10% 17.60%
DSD + Laplace 10.15% 12.44% 14.85% 19.18% 21.15% 23.09%
DSD + Poisson 10.64% 12.88% 14.93% 18.80% 20.00% 20.17%

Table 4.3: Function prediction performance of the graph learning algorithms on both
the original Yeast gene co-expression network and the diffused network with 5-fold
cross-validation. GO labels from the BP hierarchy with a term range of 11 − 30 are
used.

Human MF 11-30
# of labeled nodes 1 2 4 8 16 all
Original + WMV 1.12% 1.91% 3.28% 5.03% 6.76% 6.85%
Original + Laplace 2.29% 4.44% 7.87% 9.37% 11.52% 11.90%
Original + Poisson 5.51% 7.13% 9.32% 11.77% 10.04% 3.61%

DSD + WMV 1.82% 3.19% 5.76% 8.20% 12.04% 13.12%
DSD + Laplace 4.94% 7.18% 9.79% 12.02% 14.01% 15.09%
DSD + Poisson 6.52% 7.89% 9.50% 11.27% 13.88% 13.85%

Table 4.4: Function prediction performance of the graph learning algorithms on both
the original Human gene co-expression network and the diffused network with 5-fold
cross-validation. GO labels from the MF hierarchy with a term range of 11 − 30 are
used.

From Table 4.3 and Table 4.4, it is observed that in all cases the additional

step to compute DSD helps improve function prediction performance, which further

supports our belief in DSD to capture the complex structure in biological networks.

Poisson learning still outperforms Laplace learning and weighted majority voting in

the cases with very few labels, with or without the DSD computation. However, we

note the strange catastrophic performance of Poisson learning when applied directly

to the original network with all the training labels used, compared to the relatively

robust performance of Laplace Learning.
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4.2 Algorithms for p-Laplace Learning

As aforementioned in Section 1.2.2.2, we choose to compute p-Laplace learning with

Newton’s method. Finding a good initial guess point is very important for the

efficiency of Newton’s methods, since if we reach the quadratic convergence region,

Newton’s iteration should converge in only a few steps [71]. Here we discuss two

approaches in an effort to find good initial guesses; the first approach involves a

homotopy method in p, and the second one is a nested iteration approach.

4.2.1 Newton’s Method with Homotopy in p

Following the suggestion in [112], we can significantly speed up Newton’s method to

solve Equation (1.27) with a continuation in p. To be more specific, to compute the

solution Equation (1.27) with large p, we will compute the solution for an increasing

sequence of values of p starting at p = 2. In this way, each time we use the solution

from the previous value of p as the initial guess for the next minimization. This initial

guess falls in the quadratic convergence region if each increment in the sequence of

values of p is small enough. As a result, at each increment in p, the computation

only requires a modest number of Newton steps.

We test p-Laplace learning using Newton’s method with homotopy on the fol-

lowing graph learning problem. We use the weighted graph of 2D uniform triangluar

grids on [0,1] × [0,1], where the edge weights are randomly generated. The grid

graph is of size 30 × 30 with 900 nodes. We set u = sin(x) cos(y) and compute

the source term f(x) = −∆G
p u(x). Recall that in Equation (1.31), a graph Lapla-

cian needs to be inverted in each Newton iteration. Instead of using the conjugate

gradient method(CG), preconditioned with an Incomplete Cholesky factorization as

suggested in [112], we use an AMG solver to invert the graph Laplacian. We first

solve the minimization problem with p = 2, and use the solution of p = 2 as the initial

solution for the p = 3 problem. We take increasingly large steps in p and apply homo-

topy until p = 50 is reached. For each value of p, we solve the problem with Newton’s

method up to the tolerance ϵ = 10−7, where ϵ is the residual norm. In Figure 4.1 we
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Figure 4.1: Number of Newton steps used when we use homotopy in p.

show the number of Newton steps used before the tolerance is reached. We observe

that with homotopy, the new initial guess remains near the convergence regime and

Newton’s method converges every time. Note that when p increases from 2 to 20,

the numbers of Newton steps increase, since each sequential problem with higher p

is more nonlinear and more difficult to solve. Afterward, it takes significantly fewer

steps to converge at each increment. We numerically verified that, as p becomes

very large, the solutions to Equation (1.31) become close to each other, while the

solution tends to change more drastically when p values are small. There is much

room to explore this behavior theoretically in future works.

4.2.2 Nested Iteration for p-Laplace Learning

In this section, we discuss ways to solve systems of equations with graph Laplacians

efficiently by using a multilevel algorithm called nested iteration, so that most of

the work is done on coarse grids where computation is much cheaper. The general

idea of nested iteration goes as follows. First, we solve the p-Laplace learning on a

coarse version of the original graph/grids, where we linearize the problem, and solve

it with Newton’s method based on a random initial guess. When the Newton steps

converge and we solve the problem "well enough” on the coarse grid, we interpolate
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this solution to a finer graph as its initial guess. We then linearize and solve the

problem on the finer graph with Newton’s method again, and repeat the process

until we solve the original learning problem. We describe a two-level scheme here

and note that this can be generalized to a multi-level scheme easily.

Set the original graph G to be the fine level graph Gf = (Vf ,Ef ,ωf), and the

denote the coarse level graph as Gc = (Vc,Ec,ωc). The approximation to the solution

u from the fine and coarse grids are denoted as uf and uc, respectively. And the

minimization problems on fine and coarse grids are denoted as Jf
p (⋅) and Jc

p(⋅),

respectively. To define the coarse-level graph, we need to explicitly find Vc,Ec,ωc.

To obtain the vertex set Vc, we unsmoothed aggregation on the unlabeled (interior)

fine-level nodes and keep the labeled (boundary) nodes as they are. Denote the

number of aggregates formed during the unsmoothed aggregation by nc. Then, on

the coarse level there are nc unlabeled nodes and m labeled nodes, ∣Vc∣ = nc +m. we

use R to represent the restriction matrix that maps from the fine grid to the coarse

grid, R ∈ R∣Vc∣×∣Vf ∣. With an appropriate ordering of the coarse nodes, the restriction

operator is defined blockwise as,

R =

⎛
⎜
⎝

⎞
⎟
⎠

R11 0 Ð→ unlabeled nodes

0 R22 Ð→ labeled nodes

, whereR11 ∈ Rnc×n is the unsmoothed aggregation restriction operator of the labeled

nodes, and R22 ∈ Rm×m is the identity matrix. We find the set of edges, Ec, and set

of edge weights, ωc, on the coarse graph by computing the Laplacian of the coarse

graph. Following the definition (1.7), let Lf ∈ R∣Vf ∣×∣Vf ∣ denote the graph Laplacian

of Gf . Then, the Laplacian of the coarse graph, Lc ∈ R∣Vc∣×∣Vc∣, is defined by,

Lc =RLR
⊺.

After that, we can assemble Ec and ωc from Lc according to definition (1.7).
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The key to designing an efficient nested iteration scheme is to define the coarse-

level problem that gives rise to a good approximation of the original and the fine-level

solutions. On the fine level, the optimization problem is,

Jf
p (uf) = (uf ,∆

G
p (uf)) + (uf ,ff)

= (uf ,G
⊺K(∥Guf∥

p−2Guf)) + (uf ,ff).

(4.3)

We present two ways to define the coarse-level problem.

Algorithm 1: To define the coarse level problem, we first define coarse graph

operators Gc,Kc,Lc,Bc following the definitions in (1.5) and (1.29). Since the

unsmoothed aggregation coarsening tends to preserve the total connection between

aggregations as well as the graph structure of the fine graph, we are motivated to

define the coarse-level problem as a straightforward analogy of the fine-level problem,

min
uc

Jc1
p (uc) = (uc,∆

Gc
p (uc)) + (uc,f c)

= (uc,G
⊺
cKc(∥Gcuc∥

p−2Gcuc)) + (uc,f c).

(4.5)

Note that this coarse-level problem can be solved with Newton’s method, just

like how the minimization is solved on the fine grid. The Newton iteration is,

uk+1
c =

p − 2

p − 1
uk
c +

1

p − 1
Lc(u

k
c)
−1 [Bc(u

k
c)g − f]

Computational-wise, the inversion of the Laplacian matrix Lc(u
k
c), the bottle-

neck of the computational cost, is executed for each Newton iteration on the coarse

level first. We then prolongate this solution uc to the fine level, with the hope that

R⊺uc serves as a reasonably good initial guess for the fine-level problem. In this

way, we can perform fewer steps of Newton’s iteration on the fine level, where each

iteration is more computationally expensive.

However, the efficiency of this nested iteration algorithm is affected by the fact

that the coarse-level problem Jc1
p (⋅)may not approximate the fine-level problem Jf

p (⋅)

very well. Both minimization problems are defined as the sum of graph gradients
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weighted by edge weights, but the edge sets and edge weights are changed after the

coarsening. Therefore, we consider the second approach that computes the coarse-

level problem while factoring in the original set of edge and edge weights.

Algorithm 2: Alternatively, we can define a different coarse problem as,

min
uc

Jc2
p (R

⊺uc) = (R
⊺uc,∆

G
p (R

⊺uc) + (R
⊺uc,ff)

= (R⊺uc,G
⊺K(∥GR⊺uc∥

p−2GR⊺uc)) + (R
⊺uc,ff).

(4.7)

Note that this is essentially the fine-level minimization except the argument is

defined in the range of R⊺. Encoding the known labels and simplifying in the same

way as in equation (1.26), we end up working with minuc J
c2
p (R

⊺
11uc). Compute the

gradient ∇Jc2
p (R

⊺
11uc) ∈ Rnc and Hessian ∇2Jc2

p (R
⊺
11uc) ∈ Rnc×nc with respect to uc

to get,

∇Jc2
p (R

⊺
11uc) =R11L(R

⊺
11uc)R

⊺
11uc −R11B(R

⊺
11uc)gf +R11ff ,

∇
2Jc2

p (R
⊺
11uc) = (p − 1)R11L(R

⊺
11uc)R

⊺
11.

And the Newton iteration to update uc becomes:

uk+1
c = uk

c − [∇
2Jc2

p (R
⊺
11u

k
c)]
−1
∇Jc2

p (R
⊺
11u

k
c)

=
p − 2

p − 1
uk
c +

1

p − 1
[R11L(R

⊺
11u

k
c)R

⊺
11]
−1
R11 [B(R

⊺
11u

k
c)gf − ff ] .

(4.9)

We consider the following numerical example to demonstrate the potential of

Algorithm 2. We use the weighted graph of 2D uniform triangular grids on [0,1] ×

[0,1], and the edge weights are randomly generated. The uniform triangular grid of

size h = 2l, l = 4,5,6,7 is used. We set u = sin(πx2 ) cos(
πy
w ) and compute the source

term f(x) = −∆G
p u(x). The boundary nodes are set to be the ones with coordinates

x = 0, x = 1, y = 0, or y = 1. We report the behavior of the two-level nested iteration

in table 4.5. p = 10 for p-Laplace learning. We report the number of Newton steps

used on the coarse and fine grid until the residual norm reaches the tolerance of

ϵ = 10−7, as well as the value of the functional Jc2
p (⋅) and Jf

p (⋅) when the tolerance
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is reached. We include in the table the heuristic true value of the functional, Jf(u),

for comparison. The maximum Newton iterations run on each level is set to be 100.

Table 4.5: Efficiency of the nested iteration in solving p-Laplace learning on graphs
of uniform triangular grids with different sizes. The number of Newton iterations
and the converged functional values Jc2

p (⋅) and Jf
p (⋅) are reported in the table.

Nested Iteration

Coarse Level

Nested Iteration

Fine Level

Direct Compute

Fine Level

∣Vf ∣ ∣Vc∣ Jf(u) # Steps Jc2
p (⋅) # Steps Jf

p (⋅) # Steps Jf
p (⋅)

256 149 -129.82 77 -128.06 44 -129.82 75 -129.82

1024 532 -504.31 60 -502.04 50 504.31 96 -504.31

4096 2015 -2073.50 66 -2071.08 48 -2073.50 100 -2073.48

16384 7771 -8427.03 92 -8425.10 55 -8427.03 100 -8426.97

From table 4.5, we see that the number of Newton steps required to reach residual

error tolerance on the fine level with nested iteration is much smaller compared to

the number of Newton steps used when we start the computation directly on the

fine level with a random initial guess. We believe the work done on the coarse grid

gives a good approximation, and therefore, a good initial guess, of the solution on

the fine grid. When the tolerance is reached, Jc2
p (⋅) is always greater than Jf

p (⋅) due

to the discretization error.

In addition, by defining the coarse-level problem in this way, we essentially com-

pute the same functional Jp(⋅) (with respect to the original set of edges and edge

weights) but with an argument lying within the range of R⊺. We are able to track

the changes in the functional during the solving phase on both the coarse and fine

levels. We note that the functional Jf
p (R

⊺uk
c) decreases as we update of coarse solu-

tion uk
c . This guarantees consistency in solving this minimization problem, whereas

Algorithm 1 fails to provide such monotonicity in minimizing the functional.
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4.3 Conclusion and Future Work

In this chapter, we study the applications of several graph learning algorithms that

are mathematically equivalent to solving one or a sequence of graph Laplacian sys-

tems. We work with their applications on the biological networks, and explored

the learning cases where only a very limited number of nodes are labeled. We also

introduce the technique of Newton’s method with homotopy and nested iteration

to accelerate the computation of p-Laplace learning. Note that a common goal to

use either homotopy or nested iteration is to find a good initial guess for Newton’s

method. In addition, nested iteration reduces the computational cost by completing

most of the work on coarse grids where computation is relatively cheap. In future

works, we plan to first generalize the two-level algorithm into a multilevel nested

iteration, and examine how well this approach performs by checking how much work

is actually done by evaluating the total usage of work unit (WU), the cost of one

matrix-vector multiplication at the finest level.

One other future direction is to utilize the random-walk/diffusion interpreta-

tion of Laplace learning and Poisson learning discussed in [34], and develop a novel

diffusion-based metric that intrinsically encodes functional label information. We

believe that pushing the functional labels into the diffusion process will results in a

complete end-to-end utilization of all the information provided in the networks.
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