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Abstract

Future 5G cellular and Wi-Fi networks will be denser and handle more wireless
traffic than today’s networks. Cooperative strategies will be fundamental in
realizing the resulting wide range of service requirements in these dynamic
networks. Relays are one such solution to improve both rate and reliability.
How and when to utilize a relay will depend on the channel conditions, or link
state, as well as message priority.
Link-state based decode-forward relaying is considered in the basic and the
two-way relay channels. A composite relaying scheme combines coherent block
Markov coding and non-coherent independent coding. The developed novel
approach optimizes the composite scheme by analyzing the dual variable space
to identify link-state regimes in which a particular combination of transmission
techniques is optimal. The results expose an interesting trend: when the userto-relay link is marginally stronger than the direct link, independent coding is
optimal and the relay conserves power. For the two-way relay channel, these
link-state regime results are also influenced by user priority.
Next, this thesis examines relaying to guarantee message priority performance in terms of reliability. Each user is assumed to have a high and a low
priority message. Using partial decode-forward relaying, it is optimal in certain link states to send the high priority message over both the relay and direct

ii
links, and send the low priority message over the direct link only - a strategy
called differentiated relaying. Results demonstrate that differentiated relaying
can guarantee higher reliability performance for the high priority messages.
Lastly, this thesis considers link adaptation in fading channels. In fast fading, nodes employ long-term channel state information (CSI) and the outage
probability is evaluated in closed form. In slow fading, nodes adapt the scheme
to the fading link state to increase throughput and conserve relay power using
practical CSI, in which nodes have perfect receive and long-term transmit CSI.
A proposed maximum entropy quantization method to quantize and feed back
the link state achieves near ideal performance at much reduced complexity.
These link-state and priority based schemes directly support the application of relaying in future wireless networks.
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Chapter 1
Introduction
Motivated by the scarcity of spectrum and increasing demands on wireless
networks, cooperative communications is a quickly growing area of research
for improving wireless performance [1–3]. Cooperative communications refers
to the scenario that at least one node is willing to assist in the point-topoint communication between active nodes. The three-terminal relay channel
examined in this thesis is a fundamental cooperative channel model. In the
basic relay channel, a relay with no information of its own to send assists
the transmission between a source and a destination. Extending this idea to
bidirectional communication, in the two-way relay channel (TWRC) the relay
helps exchange information for two active users. The basic relay channel model
and the TWRC model are shown in Fig. 1.1.
In this thesis, we assume direct links between users in addition to user-to-
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Figure 1.1: a) Basic relay channel model; b) Two-way relay channel model.
relay links, an appropriate model for wireless communication but not necessarily the most traditional version of relaying. The earliest and most straightforward form of user-cooperation is multi-hop relaying, which is a series of
point-to-point links from the source to the destination with one or more relays
[4]. The concept of multi-hop relaying can be traced back to antiquity and
was employed in early wired networks, such as the telegraph. Although multihop relaying is certainly applicable in wireless networks [5, 6], relay techniques
that utilize the direct link can improve performance beyond what is achievable
with multi-hop relaying [7]. Due to the broadcast nature of wireless communications, the destination may receive the source’s signal in addition to the
signal from the relay. With two independent paths for the signal to traverse,
reliability, throughput, and power efficiency all benefit from the direct link [8,
9].
The relay channel with the direct link is especially relevant in future wire-
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less networks. With forecasts of over 27 billion devices connected wirelessly by
2022 and global mobile traffic anticipated to grow between thirty and eighty
times by 2025, this immense amount of wireless traffic requires a paradigm
shift [10–12]. Relays offer one such solution for handling the traffic generated
in these dense networks. A relay, either a dedicated node or a spontaneous
idle user, helps to offload mobile traffic from the backhaul network and extends
the coverage of high data rates [13]. As nodes are so close together in dense
networks, the direct link between the source and the destination will likely be
a viable communication link. Further, with an abundance of wireless devices,
it is likely that one would be idle to help relay data for nearby transmitting
nodes. Although only a building block for these complicated dense networks, a
thorough study of the basic relay channel and the TWRC helps to demonstrate
their potential for improving future wireless networks.
In this thesis, we take a significant step toward improving performance in
the basic relay channel and the TWRC. The decision of whether to utilize
a relay and how to best use that relay will depend on several environmentspecific parameters. The channels between nodes, or link-state, will drastically
influence whether it is advantageous to utilize the relay and should give some
clues as to how to best use the relay. Further, the data to be sent and the
priority associated with each message will affect how these messages are sent
through the network. Therefore, in this thesis, we examine link-state and
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priority based relaying.

1.1

Motivation

Relay assisted communication helps improve performance of wireless communication in both infrastructureless (ad hoc) and infrastructure-aided (cellular)
networks [14, 15]. Instead of the traditional use of relays to extend coverage,
the current trend of network densification makes relaying a promising technique for enhancing transmission rate and power efficiency [16, 17]. Without
fixed infrastructure, nodes of an ad hoc network must relay messages to improve the performance [18]. In addition to improving throughput at the cell
edge in future cellular networks, such as LTE-A and 5G systems, nodes acting
as relays promise considerable gain for system capacity [8, 19].
Both the basic relay channel and TWRC can readily be applied as a component in a larger wireless network. In an ad hoc setting, relaying can be applied
synonymously among all users [20, 21]. A third user can act as a relay for two
active users, such as in emergency message dissemination in vehicular ad hoc
networks. For example, a vehicle traveling in the front transmits directly to
nearby vehicles about an accident up ahead or important traffic conditions,
which is relayed to other vehicles behind for fast information dissemination
and response, as shown in Fig. 1.2.
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Figure 1.2: Example application of the two-way relay channel model.

Relays have application in numerous 5G cellular technologies including
wireless backhaul, device-to-device (D2D) communication, and millimeter wave
communication [22, 23]. Although wired backhaul links give greater reliability
and bandwidth, wireless backhaul links are advantageous in terms of connectivity, rapid deployment, flexibility, and cost efficiency [23, 24]. Further
wireless backhaul links will be crucial for nomadic cells, such as for users in
vehicles or in a high-speed train [25]. Relays are fundamental in deploying
these wireless backhaul links and could cooperate with either the base station
or mobile station for downlink or uplink communication, respectively. In addition to wireless backhaul, D2D communication is widely advocated for 5G
networks in order to handle local communication more efficiently [26]. Relaying complements D2D communications as active users could utilize nearby
idle nodes via D2D links to improve transmission rates and spectral efficiency
[27]. Another highly anticipated technological addition to 5G, millimeter wave
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communication, would greatly benefit from relays. The bandwidth available
in the millimeter wave band comes at a cost of reduced coverage and increased
indoor/outdoor isolation. Therefore relays could increase both coverage and
capacity at these higher frequencies [28].
In almost all of the aforementioned applications of relaying, the link state
is highly dynamic. In this thesis we define link state as the channel conditions
between the active nodes and the relay. As nodes move or other objects in
the environment move, the link state changes. Even if nodes are perfectly
stationary, the wireless channel quality will vary over time due to small scale
fading. In certain link states, one relaying technique may outperform another.
Hence it is of interest to design a relaying technique that adapts to the changing
link state.
In addition to dynamically adapting to the link state, an employed relaying
technique should adjust based on the priority of the message being sent. By
2022 it is forecasted that mobile monthly traffic will exceed 65 ExaBytes worldwide [10]. This traffic will be comprised of video, software downloads, web
browsing, social networking, and audio amongst other applications. With the
coexistence of numerous distinct applications, the current trend of increased
wireless heterogenity will lead to a diverse set of requirements [10]. To meet
these varied requirements, such as throughput, reliability, and latency, message priorities will likely exist in future wireless systems [29]. Message priority
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is typically considered in the Media Access Control (MAC) layer, but enabling
message priorities in the physical layer is an alternative approach. Relaying is
one potential solution to guarantee message priority in the physical layer by
exploiting the resources of another node.
Message priorities are envisioned for numerous wireless applications in
which greater importance is assigned to certain transmitted data. For example, in future vehicular networks, message priorities are essential for effective
data broadcasting in applications ranging from crash notifications and hazardous road condition reports (high priority messages) to various convenience
and commercial applications (low priority messages) [30]. Priority will be assigned to messages using protocols such as WiFi, Bluetooth, IEEE 802.15 in
order to distinguish their importance in numerous IoT applications including
healthcare, agriculture, and smart home [31].
Although the relaying techniques presented in this thesis could be applied
to fixed relays, many of the future applications discussed above involve mobile
relays. Fixed relays generally have reliable access to the power grid. Mobile
relays, however, are dependent on stored energy. Given that wireless transmit
power is often limited, it is of interest to design a relaying scheme that uses
the minimum transmit power but still achieves the maximum possible rate. In
this thesis we reexamine the basic relay channel and the TWRC with regard
to relay power consumption.
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Minimizing relay transmit power allows the relay to operate longer and
improves the overall network performance. With less required relay transmit
power, the relay consumes less of its own resources to help another node,
thus increasing the incentives for an idle node to utilize its own resources
to relay the information of other nodes. Relays can also enable reductions of
network energy consumption without complicated infrastructure modifications
due to the reduced transmission distances [32]. Further, by transmitting below
full power, the relay creates less interference to other nodes in the network,
resulting in better network performance.

1.2

Related Literature

The relay channel with a direct link was first considered by van der Meulen
in 1971 [33]. El Gamal significantly improved the upper and lower bounds for
relay channel capacity in a milestone paper published in 1979 [34]. Relatively
little new research emerged on the relay channel in the next few decades, perhaps due to the technological challenges of implementing user-cooperation [4].
In the early 2000’s a few landmark papers helped revive research in the relay
channel [35, 36]. However despite the abundance of literature, the capacity of
the relay channel still remains unknown.
Fundamental relay strategies include amplify-forward (AF) [35], compress-
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forward (CF), and decode-forward (DF) [34, 36]. AF is a low complexity
strategy in which the noise along with the received signal is amplified and
retransmitted. An AF relay, also known as a repeater, is generally employed
when complexity and/or latency must be minimized [37]. In CF, the received
signal is quantized at the relay to alleviate the effects of noise. If the relay
cannot decode the message sent by the source, CF allows the relay to still assist
in the communication between the source and the destination by compressing
and forwarding its observation [38]. In DF, the effects of the noise are removed
completely at the relay by decoding the message, either fully or partially, before
re-encoding it to transmit to the destination. In partial DF, the relay only
decodes part of the message and there is message splitting at the sources [34,
39]. AF, CF, and DF can be applied in both the basic relay channel and the
TWRC [40–45].
Originally introduced in wired networks, network coding has recently drawn
significant research attention for wireless networks and can be applied to the
TWRC [46]. Network coding allows the relay to generate packets containing received data from multiple sources, embracing the broadcast nature of
wireless communications and more efficiently utilizing the spectrum [47, 48].
While network coding is generally performed by combining decoded packets,
it can also be achieved with amplified or compressed packets [49, 50]. Network
coding is advocated for in cooperative D2D communications as a promising
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means to improve throughput [51], reduce delay, and increase energy efficiency
[52].
Numerous network coding schemes have been developed for the TWRC
with and without the direct link [46, 48, 53–55]. Compute-forward relaying is one category of network coding that can be applied to two-way relaying in which the relay decodes linear functions of transmitted messages
[56]. Compute-forward can be utilized in the TWRC because the relay receives messages from multiple nodes simultaneously. DF is shown to outperform compute-forward at high and low SNR but lags with moderate SNR. A
scheme that combines DF and compute-forward can strictly outperform each
separate scheme [57]. Excluding publications from our research group, to our
knowledge at the time of publication, network coding has not been adapted
for application in the basic relay channel.

Decode-Forward Relaying
In this thesis, we focus on the DF relaying strategy. Next we contrast full
and partial decode-forward relaying and introduce several variations of the
DF relaying strategy.
The comparison of full and partial decode-forward relaying has been examined in numerous wireless scenarios [40, 58–61]. Compared to full DF, pDF
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requires more involved signal processing due to the message splitting and superposition coding structure at the source, and more complicated decoding
at the destination. However, pDF relaying is advantageous in some channels
and scenarios. Partial decode-forward is optimal for both the semideterministic basic relay channel and the basic relay channel with orthogonal sender
components [39, 62]. Although pDF does not improve upon full DF in the full
duplex single-antenna basic relay channel [58], under certain link conditions
pDF strictly outperforms DF in the TWRC [40, 63]. Further pDF lends itself
nicely to applications in which some information needs privacy and should only
be decoded at the destination instead of at both the relay and the destination
[60]. For clarity in the remainder of this thesis, DF will indicate that the relay
fully decodes the sources’ messages while pDF will indicate that the relay may
only partially decode the sources’ messages.
Several techniques of the DF relaying strategy for the TWRC are studied
in literature [44, 64]. The original DF technique is based on block Markov
superposition coding, which outperforms direct transmission when the user-torelay link is stronger than the direct link in Gaussian noise [44]. An alternative
DF technique is based on random binning instead of block Markovity, in which
the relay broadcasts the bin index of the decoded message pair [64]. With
random binning, the signal from the relay encodes information from both
sources, similar to network coding. In this thesis, we refer to this random
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binning DF technique as independent coding.
Use of independent coding impacts the power allocation at the source and
relay differently than block Markov coding. Block Markov coding requires
power splitting at the source between old and new messages. When relay
transmit power is a design constraint, the energy efficiency of block Markov
coding is shown to be greater than that of AF given that the relay is not very
close to the destination [65]. In contrast, independent coding allows full source
power to be devoted to the current message; further, independent coding is
straightforward to implement as source-relay phase coherency is not required.
We will demonstrate in this thesis that with independent coding, the relay can
conserve power while still achieving the maximum DF rate.
This relay power savings has been recognized in the basic relay channel in
half-duplex mode when minimizing the source transmit power under a transmission rate constraint, leading to a power optimal scheme that may not consume full power at the relay [66, Proposition 7]. Although this work finds
different cases of optimal power allocation in closed form, it did not identify
the link conditions for these different cases and for relay power savings to be
optimal. In this thesis, we analytically identify the link-state conditions under
which the relay conserves power but still achieves the maximum rate.
Based on the above techniques for two-way DF relaying, several schemes
have applied these techniques, either individually or in combination, to spe-
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cific channels or scenarios [40, 46, 64, 67–69]. Three network coding based DF
protocols are analyzed to determine fundamental bounds on the performance
of coded bidirectional communications [67]. A distributed linear-dispersion
space-time coding for two-way wireless relay networks is used to extract diversity from the channel, independent of the link state [68]. An opportunistic
two-way relaying scheme based on joint network coding and opportunistic relaying is found to achieve better performance than fully distributed space-time
two-way relaying [69].

Link-State Based Relaying
For the basic relay channel, several DF schemes dynamically adapt based on
link state [70–74]. Depending on link strengths, the relay may or may not
be utilized [70]. In another work, the time that the relay waits to decode
the source’s message depends on the instantaneous source-to-relay channel
realization [71]. Alternatively, the decoded rate can be adapted to the actual
link state by encoding the transmitted signal in levels decodable according to
channel quality [72]. In a link adaptive DF OFDM scheme, the relay adapts the
power level of each sub-carrier according to the fading channel [73]. Another
relaying scheme, link-adaptive regenerative relaying, is similar to DF relaying
with a channel-adaptive power allocation based on instantaneous CSI [74].
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However in this work only the relay’s power allocation is dependent on link
state and the source and relay communicate in orthogonal channels.
Most of the existing works on DF for the TWRC are based on a variation
of network coding at the relay. Few works consider the use of traditional block
Markov relaying that requires coherent transmission between the source and
relay. Furthermore, although there are a variety of DF relay techniques, it is
generally unclear which technique has the best performance. One technique
may outperform another only if certain conditions on the link state are met.
In order to understand the performance impact of different transmission techniques, analyzing a composite scheme that combines these techniques is an
appropriate approach. This type of analysis can reveal conditions on the link
state such that a technique, or a combination of techniques, is superior.
Along these lines, some composite schemes are studied in order to examine the interaction of different techniques [75, 76]. Two variations of DF, one
with joint modulation, the other with network-superposition coding, are independently studied in the sum rate maximization problem [75]. Under a QoS
constraint, the optimal resource allocation in terms of time and power at the
relay are derived for fixed link states. A cooperative scheme combining DF and
network coding for the Rayleigh fading TWRC without the direct link achieves
spatial diversity [76]. Although it is mentioned that performance depends on
the link state, this point is not thoroughly explored.
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Priority Based Relaying
Message priorities can be guaranteed in terms of reliability, delay, or rate.
Reliability message priority can be realized in OFDM systems with a channelaware priority transmission scheme, in which higher prioritized data is sent on
OFDM subchannels with lower average bit error rate [77]. Delay priority can
be guaranteed if high priority messages are decoded before other messages,
known as priority encoded transmission [78]. Several works have modified priority encoded transmission at the source for network coded systems [79, 80].
However these works do not consider noise, which is unrealistic for wireless
communications. In the MAC layer, delay priority can be enabled by differentiating the contention window, the inter-frame spacing, or the maximum
backoff stage [81, 82]. Alternatively, a message could have rate priority if it
requires a higher throughput than other messages [83].
While these three different message priorities are not necessarily exclusive,
they are often considered individually. In Chapter 4 of this thesis, we focus on
message priority in terms of reliability in the physical layer. This reliability
priority can also be transformed to rate priority at a fixed reliability level, as
will be shown numerically.
Another method to realize priority in a wireless network is user priority.
This is a coarser prioritization method than the message priority discussed
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above. Instead of associating each message with a designated priority level,
user priority implies that all messages from a user are prioritized at the same
level. This user priority could be fixed or dynamically change in time [84].
Similar to message priority, user priority can be guaranteed in terms of reliability, delay, or rate [85–87]. Cognitive radio is one ubiquitous example of
implicit user priority [88]. Secondary (low priority) users only access the spectrum if the licensed (high priority) users are idle, or if the secondary users
will only cause limited interference. Cognitive radio is considered with several
variations of the relaying [89, 90]. In this thesis, we consider user rate priority
in the TWRC.

1.3

A Path to Feasibility

Numerous related works spanning several decades in network information theory literature assume full duplex communication and coherent transmission
[34, 36, 91]. Both techniques have the potential to drastically increase capacity, but are difficult to implement in practice. Full duplex, in which a device
transmits and receives at the same time and frequency, theoretically doubles
the spectral efficiency. Coherent transmission enabled by distributed transmit
beamforming results in up to a N 2 -fold gain in received power, which can be
transformed to an increased range, rate, or power efficiency. Motivated by the
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increasing demand for spectrum, researchers have recently demonstrated feasibility for both full duplex and coherent transmission in real wireless systems.
In this section, we briefly review the state-of-the-art for both full duplex and
distributed transmit beamforming. These are two major enabling technologies
for the relaying schemes examined in this thesis, but it should be emphasized
that the applications of these technologies are far more extensive than the
relay channel alone.

Full Duplex
Full duplex communication has emerged as a realizable wireless technique to
improve spectral efficiency [92–96]. Previously, the effects of self-interference
could not be canceled at the hardware level and had to be dealt with at
the signal processing level [97, 98]. Due to improved analog and digital selfinterference cancellation techniques, recent research has demonstrated the feasibility of full duplex radios [99, 100]. With just a single antenna, a full duplex
WiFi system can deliver a median throughput gain of 87%, coming very close
to achieving the theoretical rate doubling that has motivated the development
of full duplex radios [96]. Further, in the same work, researchers demonstrate a novel self-interference cancellation circuit and algorithm that provides
the required 110dB of cancellation to reduce all self-interference to the noise
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floor, independent of the transmit power. Another full duplex system with
a dual-polarization antenna and a real-time digital self-interference canceler
was shown to achieve 1.9 times higher throughput than a half-duplex system
[101]. Due to these recent developments, full duplex transmission is a promising technology to integrate into next generation relays [102]. In this thesis, we
assume full duplex communication.
Despite the abundance of literature on full duplex radios, to the best of
our knowledge, no good model currently exists for full duplex residual selfinterference. With imperfect self-interference cancellation, it was shown using
stochastic geometry that there is a break-even point in which half-duplex performs as well as full duplex [103]. This break-even point depends on the
amount of self-interference cancellation, the link distance, and the path loss.
Interestingly, the residual self-interference determines the maximal link distance within which full duplex is beneficial compared to half-duplex. Note
that in their analysis, only the power of the residual self-interference is considered instead of a statistical model. In this work, we assume short link
distances between nodes (less than 100m) such that full duplex will result in
higher throughput than half-duplex. In the same way that MMSE error is independent from the estimated signal, we assume that the residual interference is
independent of the transmit signal and thus can be modeled as another source
of noise at the receive antennas. To incorporate the residual self-interference,
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it is equivalent to increase the noise power or decrease the transmit power.
Another reason for studying full duplex systems is that results from a full
duplex scheme provide the basis for adapting to a half-duplex scheme. By
studying the full duplex implementation, we can focus on the transmission
scheme design, including the transmit signal and decoding techniques, and
the subsequent link-state regime analysis, without additional complexities of
half duplex, such as extra parameters of time or frequency slots in half-duplex
implementation. These constraints can later be incorporated based on the full
duplex design.

Distributed Transmit Beamforming
Coherent transmission, in which two or more nodes coordinate their phases
such that their signals add constructively at the intended receiver, is enabled
with distributed transmit beamforming. In the past decade, this technology
has evolved from wired demonstrations to a fully wireless reality [104–107].
Challenges to distributed transmit beamforming include transmitting the same
message, transmitting at the same time, synchronizing carrier frequencies, and
synchronizing carrier phases [108]. With block Markov coding, the first challenge, transmitting the same message, would not be problematic. Likewise, a
timing synchronization error, which can cause intersymbol interference, is gen-
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erally not the bottleneck in implementing distributed transmit beamforming
[108]. Synchronizing the phases, which requires first synchronizing the carrier
frequency, then correcting for the phase offset, calls for more consideration.
Numerous methods exist for synchronizing the carrier frequencies and phases
of distributed transmit beamformers [109–112]. Because each transmitter has
its own local oscillator, each has its own local notion of time. Local oscillators
are described by their nominal frequency and accuracy [113]. Manufacturing
tolerances of reasonably priced local oscillators result in carrier frequencies
that could differ by hundreds of Hertz. Although GPS may give nodes an
estimate of their position, inaccuracies are generally much greater than a carrier wavelength, rendering them impractical for phase precompensation [114].
The most common carrier frequency synchronization method is a master-slave
architecture in which the ”slaves” use phase-locked loops to latch onto the
reference carrier from a ”master” node, where the master could be the destination or another beamformer [112]. Due to random unpredictable phase
drift over time and temperature sensitivity of the local oscillators, once the
carrier frequency is synchronized, a phase offset must be periodically corrected
among beamformers. Many techniques to do this have been proposed in literature and implemented in demonstrations [104–112, 114, 115]. One-bit closed
loop feedback is one of the more popular phase correction techniques due to
its simplicity and robustness [110]. More recent works combine carrier and
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phase synchronization using an extended Kalman filter [106, 111].
One component of the composite DF relaying scheme presented in this thesis, block Markov coding, requires the source and relay to transmit coherently.
Therefore, in this thesis we assume coherent transmission is possible and abstract away from the details of implementation. A hardware realization of the
link-state and priority based relaying schemes presented in this thesis would
require both full duplex and coherent transmission. At the time of publication,
no such prototype with both technologies exists in literature. However because
both have been demonstrated independently, it is only a matter of time before schemes such as the ones presented in this thesis can be implemented in
practice.

1.4

Thesis Contributions

This section summarizes the major contributions of this thesis. It studies linkstate and priority based DF relaying, and examines performance in terms of
rate and reliability. The contribution of this thesis can be divided into five
parts: link-state based one-way and two-way relaying rate-optimal for fixed
channels; relay power conservation inherent to the link-state based relaying
schemes; user rate priority in two-way link-state based relaying; message reliability priority with partial decode-forward two-way relaying; and link adap-
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tation to describe how to tailor these relaying schemes to fading channels.

Link-State Based Relaying
In both the basic relay channel and the TWRC, we present a composite DF
scheme, comprised of both coherent block Markov coding and non-coherent
independent coding, designed to be rate-optimal for fixed channels. To accomplish this, we deduce the analytical link-state conditions, the relation among
the link gains, which must be satisfied for a particular combination of techniques in the considered composite scheme to yield the largest rate (for the
basic relay channel) or rate region (for the TWRC).
By re-examining the basic relay channel from this link-state perspective,
we gain new insight to this well-studied channel. Contrary to the established
belief that block Markov coding is always the rate-optimal DF strategy in the
basic relay channel, under certain channel conditions (a link-state regime),
independent coding achieves the same transmission rate without requiring coherent channel phase information. This independent coding link-state regime
occurs when the source-to-relay link is marginally stronger than the direct
link. If the source-to-relay link is weaker than the direct link, consistent with
previous results, it is not optimal to utilize the relay. If the source-to-relay
link is much stronger than the direct link, then coherent block Markov coding
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outperforms non-coherent independent coding.
In the TWRC, the optimal coding strategy for a user generally progresses
from direct transmission to independent coding to either block Markov coding
or both techniques as the user-to-relay link strength increases. This trend is
consistent with the results for the basic relay channel. However with two-way
link-state based relaying, in certain link-state regimes independent coding at
the relay yields better performance than block Markov coding, contradicting
the common belief that coherent cooperation between the source and relay is
always best. In some link-state regimes, both techniques are required for rateoptimal performance. Therefore, the link-state based composite DF scheme for
the TWRC can achieve a larger rate region than either block Markov coding
or independent coding alone.
To determine the link-state regimes for composite two-way relaying, we develop a novel approach by analyzing an optimization problem that maximizes
the weighted sum rate of two users for a given set of link states. Our goal
is not to solve for the optimal power allocation, but to derive the analytical
link-state conditions for certain sets of optimal solutions, characterized by the
presence or absence of a coding technique. We approach this problem by examining the dual variables space to distinguish different cases in which primal
rate constraints are tight. Analyzing these cases together with the geometry
of rate constraints, we identify various link-state regimes in analytical, closed
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form. The optimal power allocation factors within these regimes are then deduced analytically where feasible and numerically otherwise. Despite the fact
that optimal resource allocation has been studied extensively, our approach
of using optimization to identify the link-state regimes via the dual variable
space is new, and to our knowledge, has not been used in the literature.
This dual space approach to determining the link-state regimes is also
applied to the basic relay channel. For the basic relay channel, we maximize the
source’s rate for a given set of link states. Because the optimization problem
is simpler for the basic relay channel, we obtain a closed form optimal power
allocation, a result that was not possible for link-state based relaying in the
TWRC. Therefore for link-state based relaying in the basic relay channel, we
not only know which coding technique is rate-optimal for a given link state,
we also know the optimal power allocation in closed form.

Relay Power Savings
As a consequence of this link-state analysis, we identify net relay power savings
for composite DF relaying in both the basic relay channel and the TWRC.
Our results reveal that in link-state regimes in which the relay performs only
independent coding, it does not need to use full power to achieve the best
possible rate (region). The relay instead uses just enough power to forward
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the decoded message(s). In the basic relay channel, although independent
coding does not result in a higher achievable rate than block Markov coding, by
employing independent coding when the source-to-relay link is just marginally
stronger than the direct link, the relay conserves power and does not transmit
coherently with the source. In the TWRC, these advantages apply, along with
the additional benefit of increased rate with independent coding.
The independent coding link-state regime in which the relay conserves
power always occurs in a fading environment for any distance configuration
of nodes with some probability. We compute these probabilities for both the
basic relay channel and the TWRC, showing that regimes in which the relay
conserves power have a significant probability of occurrence. For the basic
relay channel, the expected relay power savings with both perfect CSI and
practical CSI1 assumptions are derived in closed form. For the TWRC, we
formulate the expected relay power savings over all fading states assuming
perfect CSI.
Through simulation, we expose a novel trade-off between consumed relay
power and rate gain for relay placement. For the basic relay channel, the relay
conserves the most power when closer to the destination, but achieves the
most rate gain when closer to the source. Extending this to the TWRC, the
1
With perfect CSI, nodes are assumed to have instantaneous CSI of the transmit and
receive links. With practical CSI, nodes have long-term CSI of the transmit link and perfect
CSI of the receive link. These are discussed further at the end of this section.
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most rate gain is achieved when the relay is close to either source. However,
when the relay is not in the immediate proximity of either user, such as when
it forms an equilateral triangle with both users, the relay can conserve power
while still helping the two users achieve the best possible DF transmission
rates. Expending more relay power when independent coding is rate-optimal
does not increase the achievable rate.

User Rate Priority Relaying
The link-state analysis for the TWRC demonstrates that user rate priority
directly affects the resulting link-state regimes. A user is prioritized if its rate
is weighted more in the sum rate maximization problem. Both whether a user
utilizes the relay and the employed transmission technique(s) depend on this
user priority.
To determine which user(s) utilize the relay in the link-state based composite scheme for the TWRC, more analysis is necessary than the dual space
approach outlined above. That approach applies when both users actively utilize the relay, which we term the two-way relaying (TWR) scheme. However,
if a user-to-relay channel is weak, it is often not rate-optimal for the relay
to decode the signal of that user and the user should simply perform direct
transmission. This direct transmission will result in interference for the signal
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from the other user at the relay. As such, we term this channel the basic relay
channel with interference (RCI). By comparing the maximum rate attainable
with TWR to that of the RCI, we can determine which users actively utilize
the relay in these special link regimes where a user-to-relay link is weaker than
or just marginally stronger than the direct link. The resulting scheme that
indicates which users utilizes the relay and the employed technique in each
link-state regime is referred to as the combined TWRC (C-TWRC).
In the resulting C-TWRC link-state regimes, it is clear that user priority
plays a significant role in whether a user utilizes the relay when its sourceto-relay link is weak compared to the direct link. User priority also impacts
the employed technique: independent coding, block Markov coding, or both
techniques. The coding for the higher priority user depends only on its own
one-way relay channel link strength. Conversely, the coding for the lower prioritized user depends both on its own one-way relay channel and the higher
prioritized user’s coding. We analytically quantify this priority-based dependence through the link-state regimes.

Message Reliability Priority Relaying
The next contribution is a message priority based partial decode-forward
(pDF) relaying strategy for the TWRC with a direct link. In previous work, a
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pDF scheme that combines coherent block Markov coding with non-coherent
independent coding is optimized to be rate-optimal for fixed links [63]. In this
thesis, we adapt this scheme for message prioritization in fading channels. We
consider two schemes that realize message priority and specifically examine
their reliability performance as well as link adaptation. In the more general
scheme, BI-pDF, the relay performs coherent block Markov coding and/or
non-coherent independent coding depending on the link state; in a simpler
scheme, I-pDF, the relay only performs independent coding.
We assume that each source has a high priority message and a low priority
message, where the high priority message must be received with comparably
greater reliability than the low priority message. The considered pDF schemes
allow message priorities to be distinguished at the physical layer where both
messages are sent at the same time and frequency. There are three distinct
options for sending the high and low priority messages in a relaying setting:
1) both messages are sent directly to the destination without the help of the
relay; 2) both messages are sent together over the relayed and direct links as
in full decode-forward relaying; 3) the high priority message is sent over both
the direct and relayed links while the low priority message is only sent directly.
This third option, which we term differentiated relaying, distinguishes message
priority by how the messages are sent through the relay. As such, the mapping
of message priority to physical layer relaying depends on the link conditions.
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The primary goal is to ensure that the reliability of the high priority message is greater than or at least the same as that of the low priority message.
This is accomplished with the signal superposition structure in the transmit
signal design and the link-state based differentiated relaying. To analyze the
reliability of this priority-based pDF strategy, we define two distinct notions of
outage. First, we consider the perspective of a particular user and define the
per user outage as the outage probability for that user’s messages. Second, we
consider the perspective of the network provider and define the system outage, ensuring that all users decode messages at the same priority level with
a certain probability. We formulate these outage probabilities for the general
BI-pDF scheme in which the relay can use both block Markov and independent
coding.
BI-pDF is the more general scheme considered as the relay performs block
Markov coding, independent coding, or a combination of both. Although
the rate with block Markov coding improves upon the rate with independent
coding alone, block Markov coding requires phase channel state information
for the forward links at both the source and relay. As discussed in the previous
section, distributed transmit beamforming has been demonstrated in practice
but significantly complicates the implementation. Further, we show that if a
user performs block Markov coding then differentiated relaying is not optimal
for that user. For these reasons, we analyze a more practically feasible scheme,
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I-pDF, in which the relay performs only non-coherent independent coding.
Not only does differentiated relaying allow us to distinguish message priorities at the physical layer, it also is rate-optimal under certain link conditions.
We demonstrate numerically that the probability of differentiated relaying in
a slow fading environment is high in many relay locations, highlighting the
importance of this technique. In fast fading, we demonstrate the increased
reliability of the high priority message when differentiated relaying is optimal
for the long-term channel statistics.

Relaying Technique Link Adaptation
Next, we investigate the implications of these link-state regimes in terms of
link adaptation in fading. Although the relaying schemes discussed above are
derived for fixed links, we are interested in characterizing performance in a
fading environment. In fading, the rate-optimal link-state regime will change
over time. However the employed coding technique will depend on how quickly
the link state changes and the CSI available to each node. We consider a
block fading channel model and consider how to adapt the considered relaying
schemes to changing link states in both fast and slow fading.
For composite DF link-state based relaying in the TWRC, we consider link
adaptation in fast fading. In fast fading, adapting the employed technique to
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the changing link state is not feasible. In this case, we use long-term channel
statistics to determine the employed technique and apply this to every fading
realization. Using long-term CSI, results show that relayed transmission still
achieves a significant rate gain over direct transmission.
For composite DF link-state based relaying in the basic relay channel, we
consider link adaptation based on a novel form of CSI. First we consider which
components of CSI are necessary at the source and relay to adapt to instantaneous fading. In the literature, different forms of CSI have been studied,
including perfect CSI, long-term CSI, or partial CSI as some estimate in between [116–118]. However, there has not been much study on different types
of CSI in the full duplex relay channel. As the relay receives on one link
and transmits on another simultaneously, there are more CSI options such as
long-term CSI of the transmit link with perfect CSI of the receive link. In this
thesis, we examine the performance of this more viable, alternative form of CSI
which we term practical CSI. Practical CSI requires substantially less overhead
than perfect CSI and still achieves significant rate gain over long-term CSI or
direct transmission. Practical CSI is most applicable in slow fading in which
the perfect receive CSI is applicable in the next time block.
Link adaptation for message priority based pDF two-way relaying is considered in both slow and fast fading channels. In slow fading, the link state
varies slowly enough such that the employed technique may be adapted based
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on the link state. This link adaptation results in increased throughput and
relay power savings. For fast fading, nodes are unable to adapt the employed
technique to each fade; hence we use long-term channel statistics to determine
the employed technique and apply this technique to every fading realization.
We then evaluate I-pDF outage probabilities in fast fading analytically where
feasible and numerically otherwise.
In slow fading, nodes adapt the relayed transmission scheme to the instantaneous link gains in order to obtain the best rate performance. To determine
the employed technique in slow fading, certain components of CSI must be
quantized and fed back to the transmitters. To accomplish this, we develop
a maximum entropy (ME) quantization method to feed back the link magnitudes such that the transmitters are able to perform link adaptation. With
just one bit of ME quantization feedback, rate performance of the composite
DF scheme is better than that of long-term CSI. With four quantization bits,
performance is close to that of perfect CSI. We further evaluate the sensitivity of the ME quantizer to errors in the estimated channel distribution and
outdated CSI.

1.5

Thesis Outline

This thesis consists of five chapters briefly outlined as follows.
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In Chapter 2 we examine a composite DF relaying scheme for the basic
relay channel. First we present the basic relay channel model and transmission
scheme consisting of coherent block Markov coding and non-coherent independent coding. We then optimize this composite DF relaying scheme based on
the link state assuming fixed links. Next we compare this composite DF relaying scheme both to traditional DF (block Markov) relaying and to other
fundamental relaying strategies. With composite DF relaying, under certain
link conditions the relay conserves power while still achieving the maximum
rate. We then adapt this composite DF relaying scheme to fading links assuming various models of channel state information (CSI), including perfect
CSI and practical CSI. Lastly, we examine the expected relay power savings
under these various CSI assumptions.
Chapter 3 extends the composite DF relaying scheme for the basic relay
channel of Chapter 2 to the TWRC, in which two sources communicate bidirectionally with the help of a relay. First we describe the two-way relay channel
model. Next we present two composite DF transmission schemes consisting of
block Markov coding and independent coding. In the first scheme, both users
actively use the relay; in the second scheme, only one user utilizes the relay
while the other performs direct transmission. Next we present an approach
for optimizing the composite DF rate region based on the link state. From
this approach, we derive the link-state regimes, or conditions on the link gains
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in which a combination of coding techniques is optimal. Finally we examine
relay power consumption and link adaptation necessary for application in a
fading environment.
Chapter 4 expands upon the composite DF two-way relaying scheme of
Chapter 3 to guarantee message priority in terms of reliability. First we present
a pDF priority based transmission scheme using differentiated relaying. The
relay performs both block Markov coding and independent coding, and backward decoding is performed at both users. We then formulate the outage
probability of this full scheme for each user’s messages and also for the overall
system. Then simplifying the scheme to a more practical strategy involving
only independent relaying, we analyze in detail the performance of this scheme
over both slow and fast fading channels. For slow fading, the scheme adapts to
the fading link state to increase message throughput and conserve relay power.
For fast fading, we evaluate the outage probabilities of prioritized messages in
closed form.
Chapter 5 proposes the maximum entropy (ME) quantization method to
feed back the link magnitudes such that the transmitters are able to perform
link adaptation. First, the ME algorithm is described. Then it is applied to the
composite DF scheme for the basic relay channel in order to adapt to changing
link states in slow fading. Lastly, we numerically evaluate the sensitivity of
the ME quantizer to errors in the estimated channel distribution and examine
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the impact of outdated CSI using the Jakes’ autocorrelation model.
The final chapter, Chapter 6, concludes the thesis by summarizing the
main results and highlights the impact of this thesis, both in research and
in practice. Future research avenues that extend the work of this thesis are
presented for the interested reader.

1.6

List of Publications

The results of this thesis have been reported in the following publications. In
these publications, my contributions include the theoretical analysis, numerical
and simulation results, and paper preparation. Professor Vu’s contributions
include guidance, supervision, and paper development. Professor Vu proposed
the research topic of link-state and priority based relaying to extend work of
previous students with funding support from the Office of Naval Research.
The subtopics within these papers developed from discussion in weekly meetings between Professor Vu and I. From the idea of link adaptation, I proposed
the idea for maximum entropy quantization; Professor Vu approved this idea
and provided me with suggestions to improve the work. As a portion of this
work is an extension of work by Dr. Ahmad Abu Al Haija, a former doctoral
student of Professor Vu, Dr. Haija also offered guidance and coauthored some
of the publications.

CHAPTER 1. INTRODUCTION

36

Journal Papers
1. L. Pinals and M. Vu, ”Maximum Entropy Quantization for Link-State
Adaptation” in preparation for submission to IEEE Transactions on
Communications.
Novelty: Maximum Entropy quantization for link adaptation in the basic relay channel; analytical probability of error with incorrect parameter
estimation; numerical impact of outdated CSI.
2. L. Pinals, A. Abu Al Haija, and M. Vu, ”Differentiated Decode-Forward
Relaying for Prioritized Messages” in final preparation for submission to
IEEE Transactions on Communications.
Novelty: Relaying scheme to guarantee message priority performance in
terms of reliability; application in slow and fast fading.
3. L. Pinals and M. Vu, ”Link-State Optimized Decode-Forward Transmission for Two-Way Relaying,” IEEE Transactions on Communications,
vol. 64, no. 5, pp. 1844-1860, May 2016.
Novelty: Optimization of composite DF two-way relaying for fixed links
and link adaptation in fading.
4. L. Pinals, A. Abu Al Haija, and M. Vu, ”Link Regime and Power Savings

CHAPTER 1. INTRODUCTION

37

of Decode-Forward Relaying in Fading Channels,” IEEE Transactions on
Communications, vol. 64, no. 3, pp. 931-946, March 2016.
Novelty: Optimization of composite DF relaying in the basic relay channel for fixed links and link adaptation with practical CSI.
Conference Papers
1. L. Pinals, A. Abu Al Haija, and M. Vu, ”Message Priority in Two-Way
Decode-Forward Relaying,” IEEE Conf. on Global Commun. (Globecom), Washington, D.C., Dec. 2016.
Novelty: Outage probability formulation of message priority based pDF
two-way relaying with block Markov and independent coding.
2. L. Pinals and M. Vu, ”Relay Power Savings Through Independent Coding,” IEEE Conf. on Global Commun. (Globecom), San Diego, Dec.
2015.
Novelty: Analysis of relay power savings with composite DF relaying for
the basic relay channel.
3. A. Abu Al Haija, L. Pinals, and M. Vu, ”Outage Analysis and Power
Savings for Independent and Coherent Decode-Forward Relaying,” IEEE
Conf. on Global Commun. (Globecom), San Diego, Dec. 2015.
Novelty: Analytical probability expressions for each link-state regime of
composite DF relaying.

CHAPTER 1. INTRODUCTION

38

4. L. Pinals and M. Vu, ”Maximum Entropy Quantization for Link-State
Adaptation in Two-Way Relaying,” IEEE Military Commun. Conf.
(MILCOM), Tampa, Oct. 2015.
Novelty: Maximum entropy quantization method to quantize link state;
applied to composite DF two-way relaying for link adaptation.
5. L. Pinals and M. Vu, ”Adaptation of Decode-Forward Two-Way Relaying
to Fading Links: a Rate and Power Analysis,” IEEE International Conf.
on Commun. (ICC), London, June 2015.
Novelty: Adaptation of composite DF two-way relaying to fading links.
6. L. Pinals and M. Vu, ”Link State Based Decode-Forward Schemes for
Two-Way Relaying,” International Workshop on Emerging Technologies
for 5G Wireless Cellular Networks (Wi5G) in the IEEE Conf. on Global
Commun. (Globecom), Austin, Dec. 2014.
Novelty: Analytical link-state regimes and associated link-optimal relaying technique for composite DF two-way relaying.
Patents
1. ”Maximum Entropy Quantization of Link State”, Lisa Pinals, Mai Vu,
US Patent application, Serial number 15/185,147, filed June 17, 2016.
Novelty: Maximum entropy codebook design to quantize link state for
link adaptation.

39

Chapter 2
Link-State Based
Decode-Forward Relaying
Relay aided communication has shown to be beneficial to wireless networks
by improving throughput and coverage [8, 27]. The relay channel has many
applications in both cellular and ad hoc networks, especially due to network
densification. For example, consider the cellular network in Fig. 2.1 with
two macrocells and a femtocell. This heterogeneous network contains several
example applications of the relay channel enabled by the proximity of users. In
addition to the regular use of relay stations such as RS1 to facilitate the downlink communication between BS3 and UE4 , several other more spontaneous
relaying scenarios can be envisioned. An idle user, UE1 , acts as a relay for
the up-link communication between UE2 and BS1 by utilizing a D2D link as
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Figure 2.1: Examples of application of the relay channel in a cellular network.

in [119]. A macro user, UE3 , can relay through a nearby femto base station,
BS2 , to improve its up-link throughput to BS1 . In these examples, the relayed
communications can leverage both the relay link and the direct link to increase
the transmission rate beyond what is achievable with the direct link alone.
Fundamental relay strategies including amplify-forward, decode-forward
and compress-forward are applied to the basic relay channel in various settings [41–43, 45]. Because these strategies are so widely used, it is important
to understand the performance limits and compare both across strategies and
within a strategy by considering variations on the same strategy. In this
chapter, we re-examine the basic relay channel with the decode-forward (DF)
strategy. Contrary to the long-standing assumption that block Markov coding
is the rate-optimal DF strategy, under certain link states, independent signaling between the source and relay achieves the same transmission rate without
requiring coherent channel phase information. Furthermore, this independent
signaling regime allows the relay to conserve power. As such, in this chapter
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we design a composite DF relaying strategy for the basic relay channel that
achieves the same rate as block Markov DF but with less required relay power.
This chapter is organized as follows. In Section 2.1 we introduce the full
duplex Gaussian basic relay channel. Next in Section 2.2, we present the composite DF scheme comprised of both block Markov coding and independent
coding and show its transmit signal design, decoding, and achievable rate.
Then, in Section 2.3 we investigate which coding techniques are necessary for
a given link state by maximizing the source’s rate subject to power and decoding constraints. By examining the dual space of this maximization problem,
we identify link-state regimes in which a particular transmission technique is
optimal and derive the closed form optimal power allocation. Next we compare
this composite DF scheme to traditional block Markov coding, as well as to
other relaying strategies including AF and CF. In Section 2.4 we consider the
implications of these link-state regimes in terms of link adaptation in fading.
Although the composite DF scheme is derived for fixed links, we are interested
in characterizing performance in a fading environment. We examine this link
adaptation in fading under both perfect channel state information (CSI) and
practical CSI in which nodes have perfect receive and long-term transmit CSI.
In Section 2.5 it is demonstrated analytically that the independent coding (relay power saving) link-state regime has a significant probability of occurrence
for most node-distance configurations in fading. The expected relay power sav-
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ings with both perfect CSI and practical CSI assumptions are derived in closed
form. Through simulation, we expose a novel trade-off between consumed relay power and rate gain for relay placement. Specifically, the relay conserves
the most power when closer to the destination but achieves the most rate gain
when closer to the source. Finally, Section 2.6 summarizes the chapter.

2.1

Channel Model

Fig. 2.2 illustrates the one-way full duplex relay channel model in which
the source communicates with the destination with the help of a relay. The
discrete-time channel model is given as follows:
Yr = hrs Xs + Zr

(2.1)

Yd = hds Xs + hdr Xr + Zd ,
where Zr , Zd ∼ CN (0,1), are independent complex Gaussian noises with zero
mean and unit variance. Yr and Yd are the signals received by the relay and
destination respectively and Xs and Xr are the signals transmitted from the
source and relay respectively. The source (relay) input power is constrained
to be at most Ps (Pr ).
The link gain coefficients are assumed to be affected by complex value
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Figure 2.2: Basic relay channel model.

Rayleigh fading as follows:
κ/2

hi = h̃i /(di ) = gijθi ,
κ/2

gi = |h̃i |/di ,

(2.2)

where i ∈ {rs, ds, dr}

where h̃i is the small scale fading component distributed according to CN (0, 1).
The large scale fading component follows a path loss model in which di is the
distance between two nodes and κ is the attenuation factor. Let gi and θi be
the amplitude and the phase of a link coefficient respectively, then gi follows
a Rayleigh distribution while θi has uniform distribution between [0, 2π]. The
distances among nodes are assumed to be sufficiently large compared to the
wavelength such that all links are independent.
The channel gain coefficients are typically complex value. However the
phases of these channel coefficients are assumed to be known at the respective
transmitters so that coherent transmission is possible, and the full channel
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coefficients are known at the corresponding receivers. The phase knowledge
that allows coherent transmission is a standard assumption in coherent relaying literature [34, 120, 121]. As such, the achievable rate depends only on
the amplitude of the link coefficients, denoted by g∗ . Next, we describe the
transmission scheme employed with this channel model.

2.2

Transmission Scheme for the Basic Relay
Channel

Consider a composite scheme that contains both coherent block Markov coding and independent network coding. These two distinct signal structures have
different impacts on the transmit power and achievable rate. Here we introduce the composite scheme that contains both components and subsequently
examine the necessity of each technique.

Transmit Signal Design
In each transmission block i, the source encodes new information (mi ) by superposing it onto the old information (mi−1 ) as in block Markov coding. The
source transmits the signal that conveys this superposed codeword for mi and
mi−1 . Next, the relay decodes mi and then performs both block Markov cod-
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ing and independent coding. Specifically, the relay generates a new codeword
for the decoded message mi independently from the source codeword and superposes this onto the source codeword for mi . It transmits the signal of this
superposed codeword (for mi ) in block i + 1. The destination employs backward decoding: in block i, it decodes mi−1 given that it knows mi from the
decoding in block i + 1.
Using Gaussian signaling, the source and relay construct their respective
transmit signals Xs and Xr in block i as follows:
p
βs Us (mi ),

Xs,i =

√

Xr,i =

p
p
ks αs Ws (mi−1 ) + βr Ur (mi−1 ),

αs Ws (mi−1 ) +

(2.3)

where Ws , Us and Ur are i.i.d Gaussian signals N (0, 1). Note the superposition signal structure in which Us and Ur are superposed on Ws at the source
and relay respectively. Here, βs and βr are the transmission powers allocated
for signals Us and Ur , respectively; αs and ks αs are the transmission powers
allocated for signal Ws by the source and relay, respectively. ks is a scaling
factor that relates the power allocated to transmit the same message at the
source and relay in the block Markov signal structure. These power allocation
parameters satisfy the following power constraints:
αs + βs ≤ Ps ,
ks αs + βr ≤ Pr .

(2.4)
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where Ps and Pr are the maximum transmit powers of the source and relay
respectively.
When αs 6= 0, the source sends not only the new messages in each block,
but also repeats the message of the previous block. This retransmission due to
block Markov coding creates a coherency between the signal transmitted from
the source and the relay that ultimately results in a beamforming gain but
requires power splitting at the source. In addition to block Markov coding,
the relay also creates a new signal Ur that independently encodes the message.
This independent coding allows the source to devote full power to the new
message of that block. Thus the two techniques have different implications on
the power allocation at the source which ultimately affects the achievable rate
depending on the link state.

Decoding
At the relay, decoding is simple and is similar to the single user case. The
received signal in each block at the relay is
p
√
Yr = grs ( αs Ws + βs Us ) + Zr .

(2.5)

In block i, the relay already knows signal Ws (which carries mi−1 ), and is interested in decoding Us (which carries mi ), which it can perform after extracting
known Ws .
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In this section, the destination employs backward decoding to analyze the
composite scheme but there are other alternative decoding techniques such as
forward sliding window decoding. Sliding window decoding achieves the same
transmission rate as backward decoding for the basic relay channel considered,
but has different implications on outage as well as decoding delay. Backward
decoding makes reliability the simplest to analyze as outage events are contained in a single transmission block, but is not as practical to implement
because decoding can only begin after the last block is received, resulting in
a large delay. Sliding window decoding reduces the delay to just one block by
using the received signals in two consecutive blocks to decode, but complicates
the outage analysis if the channel changes over these two blocks. The outage
of this composite scheme is evaluated in [122].1
Backward decoding is performed at the destination starting at the last
block, in which the destination decodes just the previous block’s information.
The received signal in each block at the destination is
p
p
p
√
Yd = gds ( αs Ws + βs Us ) + gdr ( ks αs Ws + βr Ur ) + Zd .

(2.6)

Assuming that the destination has correctly decoded mi , then in block i, the
destination knows Us and can decode mi−1 by joint decoding [7, p. 391-393].
1

The outage analysis is not included in this thesis as this was work done by the second
author, Ahmad Abu Al Haija.
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Achievable Rate
The above scheme results in the following achievable rate:
Theorem 1. Using the composite DF transmission scheme, the following rate
is achievable for the Gaussian relay channel.

2
R ≤ C grs
βs = Jr ,
R≤C



2
gds
(αs

+ βs ) +

(2.7)
2
gdr


p
(αs ks + βr ) + 2gds gdr ks αs = Jd ,

with C(x) = log(x + 1), g∗ as amplitudes of link coefficients, and power allocation factors satisfying (2.4).
Proof. Directly obtained from evaluating the mutual information rate expressions in [7, p. 390-393, Theorem 16.2] with the transmit signal structures as in
(2.3). Jr results from decoding at the relay using the received signal in (2.5)
and Jd results from decoding at the destination using the received signal in
(2.6). See Appendix A.1 for more details.

2.3

Link-State Based Transmission Rate
Optimization

The composite scheme described in the previous section includes both coherent block Markov coding and independent coding at the relay. These two
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distinct signal structures have different impacts on the transmit power allocation and achievable rate. Here we analyze this general scheme to determine
which parts of the signal are necessary for a given channel configuration. The
goal of this section is to solve for the optimal power allocation for a given
link-state. In doing so, we determine link-state regimes that describe which
transmission technique is necessary for a given channel configuration. We
also discuss the implications of the established link-state regimes and compare
these new link-state regimes with the classical link-state regimes based solely
on block Markov coding. Further, we numerically contrast the performance
of this composite DF relaying scheme to other fundamental relaying strategies
including compress-forward and amplify-forward relaying.

Problem Formulation and Approach
We first formulate the source’s rate optimization problem that integrates the
power allocation factors for both the block Markov coding and independent
coding techniques subject to the rate and power constraints as
max R
subject to R ≤ min [Jr , Jd ],
αs + βs ≤ Ps ,
ks αs + βr ≤ Pr ,

(2.8)
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αs , ks , βs , βr ≥ 0.
The approach in Chapter 3 is applied by first analyzing the optimization
problem from the dual variable space, then examining the primal rate constraints. Specifically, we question if the optimal Lagrangian dual variables
are zero or strictly positive and identify valid combination of these optimal
dual variables. Analysis of these valid dual variable combinations leads to the
establishment link-state regimes in the composite DF relaying scheme.
Optimization problem (2.8) is convex and the optimal power allocation
parameters can be fully deduced from the KKT conditions for a given set of
link states. The Lagrangian is written as:
L , − R − λa (Jr − R) − λb (Jd − R) − λc (Ps − αs − βs )
− λd (Pr − ks αs − βr ) − λe αs − λf βr ,

(2.9)

where λi , i ∈ {a, b, ..., f } are the dual variables associated with the corresponding rate and power constraints. Note that all dual variables are non-negative;
that is λi ≥ 0 ∀i.
From (2.7) the associated dual variables with each rate constraint (λa , λb )
can be either strictly positive if the corresponding rate constraint is tight, or
equal to zero if the constraint is loose. As such, there are four combinations
of optimal dual variables. However, λa = λb = 0 can immediately be eliminated
because at least one rate constraint must be tight. As such, there are three
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potential combinations of rate constraints: 1) λa > 0, λb = 0; 2) λa = 0,
λb > 0; and 3) λa > 0, λb > 0. However, case 2 implies that R = Jd < Jr for
all values of αs . When αs = Ps though, Jr = 0, which implies that Jd < 0,
which is impossible. Therefore, case 2 is invalid. In Appendix A.3, cases 1 and
3 are analyzed. Next we summarize the results obtained from this analysis.

Link-State Regimes and Optimal Power Allocation
First we introduce an important lemma concerning the power usage of the
source and relay:
Lemma 1. Given any set of link states, the source will always use full power
with composite DF relaying. The relay will use full power if the source performs
block Markov coding. If the source does not perform block Markov coding, then
the relay need not use full power.
Proof. See Appendix A.2.
The proof to Lemma 1 follows from the idea that when the source performs
block Markov coding, it is always beneficial to increase the power of the block
Markov component at both the source and relay. Next, Appendix A.3 contains
further evaluation of the two valid cases above. This analysis determines the
optimal transmission technique based on the link-state and the optimal power
allocation within each link-state regime.

CHAPTER 2. LINK-STATE BASED DECODE-FORWARD RELAYING52
Next we describe the analytical link-state regimes and the associated optimized DF transmission technique for each regime. For a particular set of
channel gains, the associated link-state regime indicates which technique results in the best achievable rate.
Theorem 2. In the Gaussian relay channel the following coding techniques
are optimal in the defined link-state regimes:
2
2
R0 : grs
∈ [0, gds
],
2
2
2
R1 : grs
∈ (gds
, gds
+
2
2
R2 : grs
∈ (gds
+

Direct Transmission
Pr 2
g ]
Ps dr

(2.10)

Independent Coding,

Pr 2
g , ∞)
Ps dr

Block Markov Coding

Proof. See Appendix A.3.
For the relay channel, we can find the optimal power allocation in closed
form as shown in the following theorem.
Theorem 3. The optimal power allocation within each link-state regime is as
follows. Note that βs = Ps − αs since the source uses full power (Lemma 1).
R0 : αs = ks = βr = 0
R1 : αs = ks = 0, βr =

(2.11a)
2
2
grs
− gds
Ps
2
gdr

R2 : βr = 0, αs = ξ, ks =
where

Pr
αs

(2.11b)
(2.11c)
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"

#2
p
√
2 2
2 (g 2 P + g 2 P − g 2 P )
gdr Pr − grs
−gds gdr Pr + gds
s
s
r
rs
ds
dr
ξ=
2
grs
Proof. See Appendix A.3.
Fig. 2.3 provides an example of these link-state regimes on a 2D plane.
’BM’ indicates block Markov coding is optimal; ’IND’ indicates that independent coding is optimal; ’DT’ indicates that direct transmission is optimal. The
distance between the source and destination is fixed at 20 meters while the
relay location varies over the entire plane. A path loss exponent of 3.6 without
any small scale fading is assumed. For DF strategies, when the source-to-relay
channel is strongest, coherent block Markov coding is optimal. When the relay is further away from the source, the source-to-relay channel is not quite
as strong and independent coding is optimal. If the relay is very far from
the source and the source-to-relay channel is weaker than the direct link, it is
optimal to not utilize the relay.

Comparison of New and Classical Link-State Regimes
Prior to the link-state regime analysis presented in this work, it was believed
that block Markov coding was the optimal DF relaying strategy whenever the
source-to-relay link was stronger than the direct link [7]. This belief results
in the classical link-state regimes consisting of only two link-state regimes:
direct transmission and block Markov coding. As demonstrated in this paper,
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Figure 2.3: Optimal transmission as a function of distance in meters (κ = 3.6).

a different set of link-state regimes contains three regimes with the addition
of the independent coding regime between the direct transmission and block
Markov link-state regimes as illustrated in Fig. 2.4. Even though the two sets
of link-state regimes result in the same achievable rate, they have significantly
different implications in terms of relay power consumption. Link-state regimes
R0 and R2 are the same in the classical version as in the new version. The
relay power savings are obtained in the new link-state regime R1 through
independent coding.
Power savings are achievable in link-state regime R1 because in this linkstate regime, the relay performs only independent coding (Theorem 2). Without the block Markov signal component, αs = ks = 0 and the expended power
at the relay is equivalent to βr =

2 −g 2
grs
ds
Ps
2
gdr

from (2.11b). For the ranges of
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Figure 2.4: Link-state regimes: new versus classical

source-to-relay link gains within R1, the required relay transmit power is always less than the maximum Pr , except at the upper boundary of the regime
when βr = Pr . Thus regime R1 allows the relay to conserve power while still
achieving the maximum possible rate. Even though this power savings applies
only in one regime, the probability of link-state regime R1 is non-negligible in
fading as will be demonstrated in Section 2.5. This in turn leads to significant
power savings in most fading channel environments.
In link-state regime R1, the source-to-relay link magnitude is less than the
combination of the source-to-destination and relay-to-destination link magnitudes as shown in Theorem 2. As such, any information that the relay can
decode from the source can also be decoded at the destination by combining
the incoming links from the source and relay. Thus it is optimal for the source
to utilize full power for the new message and not to repeat the message of the
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Figure 2.5: Comparison of relaying strategies (κ = 3.6, SNR= 5dB).

previous block, as in coherent block Markov coding. In this case, the relay
needs to expend just enough power to send the new message over the relayto-destination link. Consuming more power than βr in link-state regime R1 is
wasteful as it does not improve the rate.

Comparison of Fundamental Relaying Strategies
Next we contrast the achievable rate of composite DF relaying to other fundamental relaying strategies, including the traditional block-Markov based DF,
amplify-forward (AF), compress-forward (CF), and the cut-set bound. We do
not include compute-forward in this comparison as compute-forward applies
to a multi-source channel [56]. CF outperforms AF but is significantly more
complex to implement [7]. The CF strategy is known to outperform traditional
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block-Markov DF when the relay is close to the destination, but is inferior to
DF when the SNR of the source-to-relay link exceeds a certain threshold [123].
In Fig. 2.5 we compare the achievable rates of AF, CF, block-Markov
DF, composite DF relaying, and the cut-set bound. The simulation setup
is the same as that of Fig. 2.3, where the relay location varies along the line
connecting the source and destination. The regions in which the composite DF
relay performs block Markov coding (white) or independent coding (green) are
marked on the figure. The composite DF relaying scheme in this paper achieves
the same rate as that of traditional DF relaying, but results in power savings at
the relay in link-state regime R1, indicated in light green. As established, when
the relay is close to the source, DF outperforms CF; when the relay is close to
the destination, CF begins to outperform DF. Note however, that there exists
a range of relay locations in which the relay is closer to the destination and
independent DF relaying still outperforms CF relaying, while saving significant
relay power. In Fig. 2.5, this range applies from approximately 10 meters to
12.5 meters. This result highlights the novelty of the composite DF relaying
scheme: the performance of independent DF with reduced relay power can
match that of block-Markov DF and outperform that of CF, even when the
relay is closer to the destination than to the source.
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2.4

Link Adaptation in a Fading
Environment

The link-state regimes are directly useful in a fading environment in order
to perform link adaptation. We utilize the link regime results of the previous
section in order to perform link adaptation of the composite scheme in a fading
environment. Such adaptation requires various components of CSI at all nodes.
Receiver CSI is a standard assumption and can be obtained directly by channel
estimation. Transmitter CSI can be obtained via feedback from other nodes
or via reciprocity. One particular node’s knowledge of the link gains between
the other two nodes would have to come from feedback. Here we discuss what
CSI is necessary to implement the presented composite scheme. Specifically,
we examine link adaptation based on perfect receive and long-term transmit
CSI, a practical form of CSI, to reduce channel acquisition overhead.

Required CSI to Adapt to Instantaneous Fading
Certain components of CSI are required at the source and relay to compute
both the appropriate link-state regime and the corresponding power allocation
factors. Note that the link-state regimes in Theorem 2 can also be represented
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in terms of the received SNRs as
R0 : γs ≤ γo ,

R1 : γo < γs ≤ γd , R2 : γs > γd ,

2
where γs = grs
Ps ,

2
γo = gds
Ps ,

(2.12)

2
γd = γo + gdr
Pr .

Here γs is the instantaneous received SNR at the relay, γo represents the received SNR at the destination if the source uses direct transmission, and γd
represents the received SNR at the destination when the relay is fully utilized
in the independent mode.
To determine the appropriate link-state regime, the source and relay need
information about the SNRs in (2.12). Simply to determine whether the relay
is utilized, the relative magnitude between the direct link and the source-torelay link must be known by the source and relay. If the source-to-relay link
is stronger than the direct link, then the relative magnitude among γs and γd
must be known to discern between regimes R1 and R2. Thus to determine
which link-state regime is applicable, the source and relay must know the
relative order among γo , γd , and γs .
To determine the power allocation within a link-state regime, different CSI
is necessary depending on the link-state regime. First we rewrite the optimal
power allocation in (2.11) in terms of the defined SNRs as:
R1 : αs = ks = 0, βr =
R2 : βr = 0,

ks =

Pr
,
αs

γs − γo
Pr .
γd − γo

(2.13a)
(2.13b)

CHAPTER 2. LINK-STATE BASED DECODE-FORWARD RELAYING60
" p
#2
p
− γo γd − γo2 + γo (γd − γo ) − γs (γd − γs )
αs =
Ps .
γs
Once the link-state regime is accurately determined, the source needs no further CSI in link-state regimes R0 and R1 because βs = Ps in both regimes.
In link-state regime R2, the source needs CSI for the three SNRs, γo , γd , and
γs , in (2.12) in order to compute αs .
For the relay to determine the power allocation, the SNRs in (2.12) must
be known only in one link-state regime. In R0 and R2, the relay does not
need any CSI because in R0 the relay is not utilized and in R2, the relay
allocates full power to the block Markov component. However, in regime R1,
the relay needs knowledge of all three SNRs in (2.12) in order to compute
βr . We assume the relay always has perfect CSI for γs due to receiver channel
estimation, but in R1 γo and γd must be fed back to the relay. Thus, each node
only needs knowledge of the SNRs in one link-state regime for the composite
scheme to adapt to instantaneous fading.

Adaptation With Practical CSI and Perfect CSI
The perfect CSI model implies that each node has perfect instantaneous CSI
of all links. Obtaining perfect instantaneous CSI in a fading environment is
challenging and unrealistic in fast fading, in which the system may be unable
to adjust to rapid channel variations. Here we also investigate other CSI
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models. The long-term CSI model implies that each node only knows the
average gain of all links, including the incoming links, forward links, and other
non-local links. We also consider a more realistic model called practical CSI,
in which nodes have perfect receive CSI of incoming links, long-term transmit
CSI of the forward links, and long-term CSI for all other non-local links. Even
though this practical CSI appears intuitive and seems to be used frequently
in the literature, it is used mostly in the context of a single transmitter single
receiver link. The use of a relay which both receives at and transmits from
the same node creates a finer distinction among these different CSI models:
long-term, practical, and perfect CSI.
Under the practical CSI model, the relay knows the instantaneous receive
SNR, γs , through receiver channel estimation of the incoming link, but only
knows the average γ¯d and γ¯o on the outgoing link and the non-local link. The
source only knows the average γ¯s , γ¯d , and γ¯o . The relay uses the accurate
instantaneous information about γs only in its power allocation but not in
the link-state regime identification. With practical CSI, the link-state regime
is identified based only on the long-term channel statistics even though the
relay has more accurate information about γs . This is because the source and
relay must agree in their choice of link-state regime. However, in link-state
regime R1, the relay does use the instantaneous receive SNR γs in computing
βr . This power allocation (βr ) at the relay is the only difference between the
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practical CSI and long-term CSI models. With the perfect CSI model, the
source and relay both have perfect instantaneous knowledge of γo , γd , and
γs , and the link-state regime and power allocation are adapted to each fading
channel realization.
Power allocation parameters in each link regime with long-term CSI (βr,lt , αs,lt ),
practical CSI (βr,prac , αs,prac ), and perfect CSI (βr,perf , αs,perf ) in (2.11) can be
rewritten as:
R1 :βr,lt =

γ¯s − γ¯o
Pr ,
γ¯d − γ¯o

βr,prac =

(2.14)

γs − γ¯o
Pr ,
γ¯d − γ¯o

γs − γo
βr,perf =
Pr
γd − γo
#2
" p
p
− γ¯o γ¯d − γ¯o 2 + γ¯o (γ¯d − γ¯o ) − γ¯s (γ¯d − γ¯s )
Ps
R2 : αs,lt =
γ¯s
αs,prac = αs,lt
" p
#2
p
− γo γd − γo2 + γo (γd − γo ) − γs (γd − γs )
αs,perf =
Ps .
γs
Performance of composite DF relaying varies with different CSI models.
With the perfect CSI model, the composite DF scheme will always outperform
direct transmission because the relay is only used when the relaying rate is
higher than the direct transmission rate. The same cannot always be said
with long-term or practical CSI, however. For a small fraction of node-distance
configurations, there are some nuances in the rate equations. Define the direct
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2
Ps ). As the source uses full power (Lemma
transmission rate as Jo = log(1 + gds

1), Jd ≥ Jo . However, consider the case that the source performs block Markov
coding (βs < Ps ). In this case, even though gds < grs , E [R = min (Jr , Jd )] is
not necessarily greater than E [Jo ] as Jr could be less than Jo , causing the
average relaying rate to fall below the average direct transmission rate. We
note that these events are rare and only happen in a select few node-distance
configurations, as illustrated in the next section. Even though there is a slight
loss in transmission rate, the affected regions and the rate loss are insignificant
such that the advantages of such simpler and more realistic models as practical
and long-term CSI prevail.

Performance Comparison for Various CSI Models
For the numerical results in this chapter, define the average received SNR at
the destination for the signal from the source as follows:
SNR = 10 log (P/(dκds )) .

(2.15)

We set both the source and relay power equal to P and path loss exponent
equivalent to 3.6 where applicable. In spatial simulations, the source is fixed at
[0,0] and destination at [20,0] (the same simulation setup as for Fig. 2.3) and
the relay location is varied over the whole plane using resolution of 1/2 meter.
At each relay location, 105 Rayleigh fading channels are generated using the
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Figure 2.6: Percentage rate gain of composite DF relaying with various models
of CSI: a) practical CSI over long-term CSI; b) perfect CSI over practical
CSI; c) practical CSI over direct transmission; d) practical CSI over direct
transmission with ellipsoidal numerical threshold (κ = 3.6, SNR= 5dB)

inter-node distances for that particular relay location.
First we apply the link-state regimes to perform link adaptation. In Fig.
2.6, we compare the rates achievable with the various models of CSI (longterm CSI, practical CSI, and perfect CSI). Power allocation parameters are
computed as in (2.14) and the rate under each CSI model is averaged over all
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channel fading realizations.
Fig. 2.6 demonstrates the usefulness of practical CSI. Recall that the difference between practical CSI and long-term CSI is that with practical CSI, the
relay utilizes a more up-to-date value of βr due to instantaneous receive SNR
γs . Compared to long-term CSI in Fig. 2.6a, practical CSI offers significant
rate gain in the independent coding link-state regime when the relay is closer
to the destination. Fig. 2.6b depicts the rate gain of perfect CSI over practical
CSI. These rate gains are not substantial when the relay is between the source
and destination, demonstrating that practical CSI is a viable alternative to
perfect CSI in a fading environment.
In Fig. 2.6c, it is evident that using practical CSI with the composite
scheme substantially outperforms direct transmission when the relay is between the source and destination. In these relay locations, employing the
composite scheme with practical CSI results in up to 120% rate gain over direct transmission, a significant gain. In some relay locations when the relay
is farther away from the destination than from the source, however, composite DF is outperformed by direct transmission as discussed in the previous
subsection; these areas are in grey and white in Fig. 2.6c.
The probability of direct transmission outperforming composite DF could
be computed analytically, which would provide an exact rule for when to use
the relay. However, because the affected region and the rate loss are both
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relatively small, the impact of an exact analysis would be marginal. Instead
we apply a simplified numerical rule. Based on the results in Fig. 2.6c, the
relay should be utilized if it falls within an ellipse with focal points (2,8) and
(2,-8), or if the relay-to-destination distance is less than the source-to-relay
distance. This geometry can be found numerically for each given source-todestination distance and path loss combination and accessed via a lookup
table.

2.5

Relay Power Savings

In this section, we analyze the relay power savings in Rayleigh fading channels.
In a fading environment, the power saving link-state regime, R1, can occur
with some probability for any node distance configuration. As a first step,
we first derive the probability of each link-state regime. Then with the closed
form probability of each link-state regime, we analyze power savings at the
relay given different CSI assumptions. Specifically, we consider perfect CSI
and practical CSI scenarios and analytically derive the average relay power
savings in each case.
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Probability of Each Link-State Regime
We first analytically derive the probability of each link-state regime for a given
distance configuration among the source, destination, and relay. From (2.2),
note that gi2 = |h̃|2 /dκi where h̃ is a Rayleigh fading component. Thus the
squared amplitude of each link coefficient is an exponential random variable
2
denoted as gij2 ∼ exp (λij ). Note that for gdr
, we actually look at the dis2 Pr
tribution of gdr
as this is the term that appears in the link-state regime
Ps

boundaries in Theorem 2. Define the exponential parameters:
λrs = dκrs ,

λds = dκds ,

λdr = dκdr ,

λ̃dr =

Ps κ
d .
Pr dr

(2.16)

Lemma 2. For parameters in (2.16), the probability of each link-state regime
(Theorem 2) in Rayleigh fading is as follows:
λrs
,
λds + λrs
λrs λds

,
Pr[R1] =
(λrs + λds ) λrs + λ̃dr
Pr[R0] =

Pr[R2] =
Proof. See Appendix A.4.

(2.17)

λds λ̃dr

.
(λrs + λds ) λrs + λ̃dr

By employing Lemma 2 and simply knowing the distances between nodes,
path loss exponent, and node transmit power constraints in a Rayleigh fading
environment, the probability of each link-state regime can be calculated ana-
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lytically. This closed form probability of each link-state regime will later help
in computing the expected relay power savings.

Required Relay Power
As shown in Section 2.3, in link-state regime R1, the relay need not use full
power in order for the source to achieve the maximum rate. Specifically the
relay power savings in R1 with perfect CSI and practical CSI respectively are
Sperf (R1) = Pr − βr,perf ,

(2.18)

Sprac (R1) = Pr − βr,prac ,
with βr,perf and βr,prac as defined in (2.14). Even though relay power savings are
identified only for link-state regime R1, this regime occurs with non-negligible
probability in a fading channel as demonstrated in Lemma 2. This power savings is a novel result and fits with the projected theme of green communications
in future wireless networks [124].
For each distance configuration in a Rayleigh fading environment, there
is a probability for the link-state to be in regime R1 where the relay need
not use full power. Link-state regime R1 is significantly probable when the
long-term channel statistics correspond to regime R1 as in Fig. 2.3. This
provides ample opportunity for power savings at the relay. For the locations
where the relay does not save much power but is still between the source and
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destination, especially when the relay is closer to the source, there is a more
significant rate gain instead of relay power savings. Hence there exists a tradeoff between relay power savings and rate gain, which will be further explored
numerically at the end of this subsection.

Average Relay Power Savings in a Fading Environment
Next we compute the expected value of the relay power savings for a given
distance configuration under the two different CSI assumptions discussed in
Section 2.4. Specifically, the expected value of the relay power savings with
perfect CSI and practical CSI are presented in closed form in the following
theorem.
Theorem 4. The expected relay power savings of composite DF relaying when
both the source and relay have perfect CSI of γo , γs , γd are
i
i
h h
rs
λds λdr Ps ln (λdr ) − ln ( PPrs λrs + λdr ) + Pr λλdr
.
E[Sperf ] =
λrs (λrs + λds )

(2.19)

With practical CSI (perfect receive and long-term transmit CSI), the expected
relay power savings are

E[Sprac ] =




 Pr −


 0

Proof. See Appendix A.5.

λds λdr −λrs λdr
Ps
λrs λds

if γ̄o < γ̄s ≤ γ̄d
else

(2.20)
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With perfect CSI, these relay power savings can be realized whenever the instantaneous link states satisfy the link conditions for R1. Conversely, with
practical CSI, the link-state regime depends only on the average link amplitudes because the source and relay must agree in their choice of link-state
regime. Therefore, with practical CSI, the relay saves power only when the
average link states satisfy the condition for link-state regime R1 (i.e.

if

γ̄o < γ̄s ≤ γ̄d ). Assuming either perfect or practical CSI, with only knowledge of the distance configuration and path loss exponents, the mean relay
power savings in a Rayleigh fading environment can be computed in closed
form.
The relationship between the two expected power savings under perfect CSI
and practical CSI in Theorem 4 is not explicit. The expected power savings
with practical CSI can be larger than that of perfect CSI because with practical
CSI, there is a trade-off between power savings and rate. Specifically, with
practical CSI, the achievable rate is generally smaller than that with perfect
CSI. For example, consider a node-distance configuration in which link-state
regime R1 is appropriate using practical CSI. In this case, the relay always
conserves power as the link is assumed to be in link-state regime R1. However,
the rate in the practical CSI case would not be as high as that of perfect CSI
because the power allocation is not adapted to each particular fade. Therefore,
in this case, rate is sacrificed for relay power savings. This trade-off between
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Figure 2.7: Comparison of relay power savings with practical and perfect CSI
(κ = 3.6, SNR= 5dB).

rate and power savings using practical CSI will be numerically illustrated at
the end of this subsection.

Numerical Results
By simulating the expected relay power savings under both the perfect CSI and
practical CSI assumptions, we verify the analysis in Theorem 4 and numerically
evaluate the power savings in a plane.

Verification of Analytical Relay Power Savings
First, we validate the expected relay power savings with perfect CSI and practical CSI in Theorem 4. In Fig. 2.7, the source is fixed at [0,0] and destination
at [20,0] while the relay location varies along the X axis. Note that this figure
corresponds to the relay moving between the source and destination on line
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y = 0 in Fig. 2.8. For each fading channel in the perfect CSI case, the appropriate link-state regime is determined based on Theorem 2 and the relay
power savings are computed as in (2.18) for link-state regime R1 (recall in R2
the relay uses full power). In the practical CSI case, the link-state regime is
determined based on the average links but the power consumed at the relay
depends on the instantaneous receive SNR, γs , due to receiver channel estimation at the relay. It is evident in Fig. 2.7 that the simulation verifies Theorem
4 for both CSI assumptions. As the relay approaches either the destination or
−20m, with practical CSI the relay conserves most of its power because the
difference between the instantaneous grs link amplitude and the average gds
link amplitude is small.
Under both the perfect and practical CSI assumptions, the relay conserves
power when it is between the source and destination. These savings occur
at more relay locations for the perfect CSI case because with perfect CSI,
link-state regime R1 occurs with a non-zero probability in many inter-node
distance configurations. However with practical CSI, relay power savings only
occur when the node distances correspond directly to link-state regime R1 via
path loss only. Because of this, the practical CSI relay savings abruptly drops
off while the perfect CSI relay savings changes more gradually as the relay
location varies.
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Figure 2.8: Percentage of relay power savings (κ = 3.6; SNR= 5dB) a) with
perfect CSI b) with practical CSI.
Relay Power Savings in a Plane
Next we simulate the relay power savings in two dimensions with both perfect
and practical CSI in Fig. 2.8. In Fig. 2.8a, we assume the source and relay
have perfect CSI and the power savings are computed for each relay location
by averaging over all sample channels. In Fig. 2.8b, we assume the source
and relay only have practical CSI and the average channel proportional to the
distance is used to both compute the link-state regime and power allocation
parameters (with the exception of βr,prac from (2.14) in link-state regime R1).
Thus the power savings are computed as in (2.18) at each relay location.
A significant result from Fig. 2.8a in which the source and relay have
perfect CSI is the vast proportion of space that the relay can conserve power
and still achieve the maximum DF rate. As expected, the relay saves the most
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power (over 60%) in regions in which, without fading, the relay performs only
independent coding. This is evident by comparing Fig. 2.8 with Fig. 2.3.
When link-state regime R1 is more probable, the relay is able to conserve
more power.
We next compare the power savings at the relay under the two different
CSI assumptions in Fig. 2.8. It is evident that relay power savings are possible
in many more locations if perfect CSI is available. Specifically, if perfect CSI is
available and the relay is within approximately 10 meters (half the source-todestination distance) in any direction of the destination, relay power savings of
over 25% are attainable. Notably, even if the source-to-relay distance is larger
than the source-to-destination distance, the relay can conserve power because
of fading. Conversely, if practical CSI is available, the relay only conserves
power if it is within 10 meters of the destination and is between the source and
destination. Thus, in the practical CSI case, the relay only conserves power if
the source-to-relay distance is less than the source-to-destination distance.

Power Savings, Rate Gain Trade-off for Relay
Placement
Here we illustrate the trade-off between rate gain and relay power savings for
relay placement with perfect CSI or practical CSI. This trade-off is evident by
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Figure 2.9: Rate versus power savings comparison between block Markov DF
relaying and composite DF relaying using (i) perfect CSI and (ii) practical CSI
(κ = 3.6, SNR= 5dB)

comparing Fig. 2.6c with Fig. 2.8b and in Fig. 2.9. The most rate gain is
obtained when the relay is closer to the source and the most power savings
are realized when the relay is closer to the destination. Specifically if the relay
is between the source and destination but closer to the source, employing the
composite scheme with practical CSI results in up to 120% rate gain over direct
transmission in Fig. 2.6c, a significant gain. When the relay is closer to the
destination, rate gain is reduced but there are greater relay power savings, as
shown in Fig. 2.9. As the relay approaches the destination, the average relayto-destination link amplitude is very large due to the proximity of relay and
destination; thus βr,prac approaches zero and the relay power savings approach
100% in the limit.
On the other hand, with perfect CSI shown in Fig. 2.8a, the link-state
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regime choice changes based on the instantaneous link states and as the relay
approaches the destination, the relay is not always utilized because sometimes
the source-to-relay link amplitude grs will be less than that of the direct link,
gds . Therefore, the power savings are not quite as large with perfect CSI as
with practical CSI but perfect CSI achieves a slightly higher rate than that of
practical CSI. However, it only requires forfeiting a small amount of rate gain
to realize these substantial power savings when moving from perfect CSI to
practical CSI.
In Fig. 2.9, we compare the rate and power savings between the composite
scheme and traditional block Markov DF relaying. As expected, with perfect
CSI (top figure) the rate of the composite scheme is exactly the same as that
of block-Markov DF relaying. With practical CSI (bottom figure), the rate of
block Markov DF relaying is only slightly higher than that of the composite
scheme in link-state regime R1, and is identical in all other cases. Notably,
however, the amount of power savings by the composite scheme is substantial
under both CSI cases. A relay employing block Markov coding always uses full
power, whereas a relay employing the composite scheme always saves power
under independent coding. Independent coding is also simple to implement
practically because there is no requirement of source-relay phase coherency.
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2.6

Summary

In this chapter, we analyze a composite DF scheme for the relay channel consisting of coherent block Markov coding and non-coherent independent coding.
By maximizing the achievable rate, we identify link-state regimes in which a
particular transmission technique is optimal. We demonstrate that when the
source-to-relay link is marginally stronger than the direct link, independent
coding achieves the maximum DF rate.
Although composite DF relaying achieves the same rate as traditional block
Markov DF in the basic relay channel, there are two significant advantages of
composite DF relaying resulting from this independent signaling link-state
regime. First, coherent transmission is unnecessary in the independent coding
link-state regime, simplifying the implementation as the source and relay do
not act as distributed transmit beamformers. Second, the relay conserves
power and therefore creates less interference to other nodes in the network.
The application of these link-state regimes for link adaptation in fading is
analyzed under different CSI assumptions including perfect CSI and practical
CSI. With practical CSI, nodes have perfect receive CSI but long-term transmit
CSI. The expected relay power savings are computed in closed form for both
perfect CSI and practical CSI assumptions. With any CSI model, there is
an implicit relay power savings versus rate trade-off for relay placement. The
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relay conserves the most power when it is closer to the destination, but there
is a more significant rate gain when the relay is closer to the source.

79

Chapter 3
Two-Way Decode-Forward
Relaying Based on Link State
In Chapter 2 we considered a composite DF scheme for the basic relay channel in which information is sent from the source to the destination with the
assistance of a relay. Next we consider a scenario in which two nodes have
information to send each other simultaneously, and a nearby node with no information of its own to send assists in this bidirectional communication. This
two-way relay channel (TWRC) model is a direct extension of the basic relay channel considered in the previous chapter. In this chapter, we optimize
the composite DF relaying scheme to the link state of the TWRC. Similar to
the results for the basic relay channel, under certain link conditions the relay
conserves power while still achieving the maximum DF rate. However as the
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Figure 3.1: Example femtocaching application of the TWRC model.

channel is more complicated, the results are also more nuanced for composite
DF relaying in the TWRC. Specifically because there are two users communicating bidirectionally, user priority has significant effect on the link-state
regimes for composite DF relaying in the TWRC.
In future cellular systems, two-way relaying can leverage device-to-device
(D2D) communication to improve transmission rates, especially with network
densification [125]. For example, two-way relaying is used in a femto and
device caching application as shown in Fig. 3.1. To alleviate limited backhaul
capacity and potential congestion, caching at femto base stations and nearby
devices is utilized to improve video viewing and exchange [126]. Here, user
equipment 1 (UE1 ) requests a video, such as a trending news story, that femto
base station BS1 has already cached. Due to the proximity of users, UE2 acts
as a relay between UE1 and BS1 for faster video exchange using a D2D link
between the two UEs. Alternatively, femto base station BS1 can act as a relay
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between the two UEs if the video is cached at a UE instead. Two-way relaying
in these scenarios helps to speed up the transmission data rate considerably.
The chapter is organized as follows. Section 3.1 introduces the full duplex
Gaussian TWRC. In Section 3.2 we present the composite DF scheme comprised of both block Markov coding and independent coding for the case that
both users utilize the relay, a scheme called two-way relaying (TWR). In Section 3.3 we consider composite DF relaying for the case that one user actively
utilizes the relay while the other sends information directly. This scheme is
referred to as the relay channel with interference (RCI) because the user communicating directly acts as interference at the relay. In Section 3.4, we describe
the link-state based duality approach used to optimize the rate region. Next in
Section 3.5, we present the resulting link-state regimes for the separate TWR
and RCI schemes. The RCI and TWR rate regions are then compared to determine which users utilize the relay, resulting in a scheme combining TWR
and RCI, called combined TWRC (C-TWRC). In this section, we also explore
how user priority impacts the link-state regime results. Section 3.6 examines
the relay power consumption and the link adaptation necessary for application
in a fading environment. Finally, Section 3.7 concludes the chapter.
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Figure 3.2: Two-way relay channel model

3.1

Channel Model

In this paper, we consider a full duplex two-way relay channel (TWRC) which
can be modeled as
Y1 = h12 X2 + h1r Xr + Z1 ,

(3.1)

Y2 = h21 X1 + h2r Xr + Z2 ,
Yr = hr1 X1 + hr2 X2 + Zr ,
where Z1 , Z2 , Zr ∼ CN (0,1), are independent complex Gaussian noises with
zero mean and unit variance; (X1 ,Y1 ), (X2 ,Y2 ), (Xr ,Yr ) are the transmitted
and received signals at user 1, 2, and the relay respectively (see Figure 3.2).
The average input power constraints for user 1, user 2 and the relay are P1 , P2 ,
and PR . Note that this model is the most general version of the TWRC in
which links are not assumed to be reciprocal and the direct link is present.
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The link gain coefficients are assumed to be complex value Rayleigh fading.
As such, the link from node k to node i is described as
hik =



−κ
dik 2



h̃,

with gik = |hik |

(3.2)

where κ is the path loss exponent and h̃ = h̃R + j h̃I , with h̃R , h̃I ∼ N (0, 21 )
as independent Gaussian random variables with zero mean and variance 12 .
In (3.2), dik refers to the distance in meters between nodes i and k. The
amplitude of the link coefficients is denoted by gik = |hik |.
The presented composite scheme can be applied in both a frequencydivision duplexed system (FDD) and a time-division duplexed system (TDD).
An FDD system, such as our current cellular network, does not have reciprocal channels. However, TDD systems, such as Bluetooth, do have reciprocal
channels in a slowly fading environment. To make our analysis more general,
we assume that the transmission from user 1 to user 2 can occur at a different
frequency than that from user 2 to user 1. As such, hr1 , h2r , and h21 correspond to path loss parameter κ1 and hr2 , h1r , and h12 correspond to κ2 . To
analyze a TDD system, set κ1 equal to κ2 .
Next we present two relaying schemes that can be applied to this channel
model. The first, two-way relaying (TWR), requires that both users actively
utilize the relay. The second, the basic relay channel with interference (RCI),
involves only one user actively utilizing the relay while the other performs
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direct transmission. The RCI can be relevant when a user-to-relay link is
weaker or just marginally stronger than its respective direct link, in which case
the relay should decode only the signal of the other user. By comparing the
achievable rates of these two schemes as done in Section 3.5, we can determine
when it is rate-optimal for a user to utilize the relay.

3.2

Two-Way Relaying Transmission Scheme
(TWR)

We first describe a composite scheme based on DF relaying in which both
users actively utilize the relay as proposed in [63]. The relay has the option of
transmitting using three distinctive techniques: independent coding, a signal
structure that enables block Markov coding at the sources, or a combination
of these two approaches. Both sources may perform block Markov coding or
independent coding depending on the signal structure at the relay. Here we
describe the composite scheme consisting of all of these techniques.

Transmit signal design
Denote the new message user 1 and user 2 send in block i as m1,i and m2,i
respectively. The relay partitions the set of all messages of the previous block
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{m1,i−1 , m2,i−1 } equally and uniformly into a number of bins and indexes these
bins by li−1 . The users and the relay then construct the transmit signals in
block i as follows:
p
β1 U1 (m1,i ),

X1 =

√

α1 W1 (m1,i−1 ) +

X2 =

√

α2 W2 (m2,i−1 ) +

Xr =

p
p
p
k1 α1 W1 (m1,i−1 ) + k2 α2 W2 (m2,i−1 ) + β3 Ur (li−1 ),

(3.3)

p
β2 U2 (m2,i ),

where W1 , W2 , U1 , U2 , Ur are independent Gaussian signals with zero mean
and unit variance that encode the respective messages and bin index. Power
allocation factors α1 , α2 , β1 , β2 , β3 are non-negative and satisfy
α 1 + β 1 ≤ P1 ,

(3.4)

α 2 + β 2 ≤ P2 ,
k1 α1 + k2 α2 + β3 ≤ PR ,
where k1 , k2 are scaling factors that relate the power allocated to transmit the
same message at each source and relay in the block Markov signal structure.
Therefore, in each transmission block when αi 6= 0, i ∈ {1, 2}, both users
send not only the new messages of that block, but also repeat the message of
the previous block. This retransmission due to block Markov coding creates a
coherency between the signal transmitted from each source and the relay that
ultimately results in a beamforming gain. However, the relay must split its
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power between W1 and W2 for the retransmission, each of which carries only
a single message. In addition to the block Markovity functionality, the relay
also creates a new signal Ur that independently encodes both messages via
binning. Using independent coding, one bin index is able to solely represent
one message pair (m1,i−1 , m2,i−1 ) as in network coding.

Decoding
At the relay, decoding is simple and is similar to the multiple access channel
(MAC). The received signal in each block at the relay is
p
p
√
√
Yr = gr1 ( α1 W1 + β1 U1 ) + gr2 ( α2 W2 + β2 U2 ) + Zr .

(3.5)

In block i, the relay already knows signals W1 , W2 (which carry m1,i−1 , m2,i−1 )
and is interested in decoding U1 and U2 (which carry m1,i , m2,i ). The optimal
maximum aposteriori probability (MAP) decoding rule for the relay is
(m̃1,i , m̃2,i ) = arg max P (U1,i , U2,i |Yr,i , W1,i , W2,i ).

(3.6)

Sliding window decoding is performed at each user based on signals received
in two consecutive blocks. This is a forward decoding technique in which the
received signals in several consecutive blocks are simultaneously utilized (as
in a moving/sliding window) to decode a message that spans these blocks [7,
pp. 462-464]. To decode new information sent in block i, a user will utilize
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received signals in blocks i and i + 1, which results in a one-block decoding
delay. The received signal in each block for user 2 is
p
√
Y2 = g21 ( α1 W1 + β1 U1 )
+ g2r (

p
p
p
k1 α1 W1 + k2 α2 W2 + β3 Ur ) + Z2 .

(3.7)

Assuming that user 2 has correctly decoded m1,i−1 , then in block i, user 2
knows W1 , W2 , and Ur and can subtract them from Y2,i . In block i + 1, user
2 only knows W2 , and can directly subtract it from Y2,i+1 .
We write this joint decoding simultaneously over two blocks using the optimal maximum aposteriori probability decoding rule at user 2 as follows:
m̂1,i = arg max P (U1,i |Y2,i , W1,i , W2,i , Ur,i )
· P (W1,i+1 , Ur,i+1 |Y2,i+1 , W2,i+1 , m2,i ).

(3.8)

It is important to emphasize that the decoding rule in (3.8) applies across
two blocks simultaneously, such that the decoded message pair maximizes the
product of the decoding probabilities in these blocks. Specifically, the first
term in (3.8) is obtained from Ye2,i after removing the known W1,i , W2,i , and

Ur,i as:

Ye2,i = g21

p
β1 U1,i + Z2,i .

(3.9)

Likewise, the second term of (3.8) is obtained from Ye2,i+1 after removing the
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known signal W2,i+1 :
√
Ye2,i+1 = (g21 α1 + g2r

p
p
k1 α1 )W1,i+1 + g2r β3 Ur,i+1 + Ze2,i+1 ,

(3.10)

√
where Ze2,i+1 = g21 β1 U1,i+1 + Z2,i+1 since the interference is treated as noise
in this block. By applying sliding window decoding across the signals in (3.9)

and (3.10), we obtain the maximum achievable rate at Y2 as J2 in Theorem 5.

Achievable Rate Region
The described composite scheme is novel in the sense that it performs better
than just simple time sharing between the two techniques and achieves rate
points strictly outside the time sharing region, as will be verified in Section 3.5.
With the above transmit signals and decoding rule, we obtain the following
achievable rate region:
Theorem 5. [63] Using the proposed composite DF scheme, the following rate
region is achievable for the Gaussian TWR:
R1 ≤ min{J1 , J2 }, R2 ≤ min{J3 , J4 }, R1 + R2 ≤ J5 ,
2
where J1 = C(gr1
β1 ),

2
J3 = C(gr2
β2 ),

2
J2 = C(g21
(α1 + β1 ) + 2g21 g2r
2
J4 = C(g12
(α2 + β2 ) + 2g12 g1r

(3.11)

2
2
J5 = C(gr1
β1 + gr2
β2 ),

p
2
2
k1 α1 + g2r
k1 α1 + g2r
β3 ),

p
2
2
k2 α2 + g1r
k2 α2 + g1r
β3 ),
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with C(x) = log(x + 1), g∗ as amplitudes of link coefficients, and power allocation factors satisfying (3.4).
Proof. For full proof, see [63].
Intuitively, rate constraints J1 , J3 , and J5 come directly from decoding the
messages at the relay as in (3.6), the same as in a multiple access channel. J2
comes from sliding-window decoding at user 2 as described in (3.8), in which
we leverage simultaneous decoding over two blocks to achieve a higher rate
than separate decoding in each block. J4 is derived similarly to J2 , but for
user 1. As such, the rate of each user is constrained by the smaller of the two
rates achievable by decoding either at the receiving user or at the relay.

3.3

Rate Region of the Basic Relay Channel
with Interference (RCI)

We next describe the related DF scheme in which only one user actively utilizes
the relay while the other performs direct transmission. The direct transmission
results in interference at the relay and hence changes the performance of the
relayed user compared to when there is no concurrent transmission. Below we
state the achievable rate of this scheme for the case that user 2 uses the relay
and user 1 performs direct transmission.
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Theorem 6. When only user 2 utilizes the relay with composite DF relaying
and user 1 performs direct transmission, the following rate region is achievable
for the Gaussian relay channel:
R1 ≤ K3 , R2 ≤ min{K1 , K2 },
(3.12)

 2
gr2 β2
,
where K1 = C
2
P1
1 + gr1


p
2
2
2
K2 = C g12
(α2 + β2 ) + 2g12 g1r k2 α2 + g1r
k2 α2 + g1r
β3 ,

2
K3 = C g21
P1 ,

with C(x) = log(x + 1), g∗ as amplitudes of link coefficients, and power allocation factors satisfying α2 + β2 ≤ P2 and k2 α2 + β3 ≤ PR .
Proof. Similar to that of Theorem 1 in Appendix A.1 with additional interference at the relay by considering the direct transmission from user 1 to user 2.
For full details see Appendix B.1.
Note that the rate regions in (3.11) and (3.12) only depend on the channel
gain amplitudes but not their phases. These regions are obtained assuming
that full channel coefficients are known at the corresponding receivers. When
block Markov coding is performed, we also assume channel phase knowledge
at the corresponding transmitters, which allows coherent source-relay transmission and is a standard assumption in coherent relaying literature [34, 120,
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121]. Next we perform link-state analysis to identify link regimes in which
each coding technique, block Markov or independent coding, is necessary.

3.4

Link-State Based Rate Region
Optimization

In the proposed schemes, the relay can perform independent coding, block
Markov coding, or a combination of the two. Sources can transmit with or
without block Markov coding. These two distinct signal structures have different impacts on the transmit power and achievable rate regions. We are
therefore interested in understanding the channel configuration, specifically
the relation among link gain coefficients, such that both coding structures are
necessary, or only one is sufficient to achieve the largest rate region. Further,
we are interested in understanding the link conditions under which it is optimal for both users to utilize the relay (TWR), for only one user to utilize the
relay (RCI), or for neither user to utilize the relay. It turns out that the channel configuration can be classified in a certain link-state regime, which defines
a relative range among all link gain coefficients. The specific link-state regime
reveals which users should utilize the relay and which relaying technique, or
combination, is optimal.
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The goal of this section is to investigate how the link state affects which
transmission technique should be chosen in order to produce the largest rate
region. To achieve this goal, we use tools from optimization to examine the
largest achievable rate region for TWR and RCI. For TWR, the largest achievable rate region is obtained by maximizing the weighted sum rate of the two
users. This weight also governs the implicit user priority in the composite
scheme, which in turn impacts the resulting link-state regimes. We then compare the largest TWR achievable rate region with those of the RCI to determine which users should utilize the relay. Next we formulate the optimization
problem and outline the approach taken to deduce the link regimes.

Problem Formulation
Two-way Composite Relaying
Here we construct the TWR weighted sum rate optimization problem that integrates user priority and the power allocation factors for both the block Markov
coding and independent coding techniques subject to the rate and power constraints. From rate constraints in (3.11), and for some priority weighting factor
µ ∈ [0, 1], an optimization problem to maximize the rate region boundary is
max µR1 + (1 − µ)R2
subject to R1 ≤ min{J1 , J2 },

(3.13)
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R2 ≤ min{J3 , J4 },
R1 + R2 ≤ J5 ,
α1 + β1 ≤ P1 ,
α2 + β2 ≤ P2 ,
k1 α1 + k2 α2 + β3 ≤ PR ,
α1 , α2 , β1 , β2 , β3 , k1 , k2 ≥ 0.
For each set of power allocation parameters, a different pentagonal (or degenerate rectangular) rate region of (3.11) is obtained as illustrated in Fig.
3.3. Typically, only the outermost points from any pentagon will be on the
boundary of the overall rate region for a given set of link states. This could be
either of the two corner points (points A and B in Fig. 3.3) of the pentagon.
The optimization of these two corner points is achieved via optimization problem (3.13), which yields the optimal power allocation for a value of µ ∈ [0, 1].
If µ ∈ (1/2, 1], the rate of user 1 will be prioritized over that of user 2, and
the lower corner point of the rate region will appear on the boundary of the
overall rate region, and vice versa for µ ∈ [0, 1/2). In the case of a pentagon
where µ ∈ ( 21 , 1], R1 is defined as the minimum of rate constraints J1 and J2 .
Meanwhile, R2 is determined by the sum rate constraint, J5 . By varying µ
from 0 to 1, we trace out the entire boundary of the rate region. Since the two
cases are reciprocal, we focus on the case in which user 1 is prioritized.
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Figure 3.3: Achievable rate region for the Gaussian TWR for a fixed power
allocation.
Basic Relay Channel with Interference
The rate optimization problem for the RCI can be similarly constructed. If
only one user utilizes the relay, the objective function maximizes only the
rate of that user as the other user simply performs direct transmission. This
optimization problem based on rate constraints in (3.12) is written as
max R2

(3.14)

subject to R2 ≤ min{K1 , K2 },
α2 + β2 ≤ P2 ,
k2 α2 + β3 ≤ PR ,
α2 , β2 , β3 , k2 ≥ 0.
2
where R1 = log2 (1 + g21
P1 ). Note our goal here is not to solve the optimization

problems (3.13) and (3.14), but to analyze them to identify the link-state
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regimes. Next we outline the approaches for doing this.

Approaches
We define link-state regimes as a classification of the channel configuration such
that a particular technique, or combination of techniques, is rate-optimal. By
employing this link-state regime analysis, if certain conditions on the link-state
are met, it is apparent which technique(s) will be optimal. To the best of our
knowledge, this work is the first to consider this link-state regime analysis.

Approach to Analyzing the TWR
In order to analyze optimization problem (3.13) and deduce the link-state
regimes, we develop a new approach. We first analyze the optimization problem from the dual variable space, then examine the primal rate constraints.
Specifically, we consider the KKT conditions and question if the optimal Lagrangian dual variables are zero or strictly positive to identify valid combination of these optimal dual variables.
We break the approach into two components: non-functional specific and
functional specific analyses. For the non-functional specific analysis, invalid
combinations of optimal dual variables are eliminated without knowledge of
the rate constraining functions. The non-functional specific analysis is based
purely on the number of users participating and the type of constraint (sum
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or individual). For the functional-specific analysis, we eliminate more invalid
combinations of optimal dual variables based on the rate constraining functions themselves. Thus, the functional-specific analysis depends on the specific
transmission techniques used in a particular scheme.
Using both the non-functional and functional specific analysis, valid combinations of optimal dual variables are identified. Each combination of optimal dual variables indicates whether the primal constraints are tight or loose.
Based on the tightness and the rate constraining functions, the optimal power
allocation parameters are zero or non-zero, indicating if a particular technique
is used. Next, the details of the non-functional and functional specific analysis
are explored.
Non-functional Specific Analysis: Optimization problem (3.13) is
convex and the optimal power allocation parameters can be fully deduced
from the KKT conditions for a given set of link states. The Lagrangian is
written as:
L , − µR1 − (1 − µ)R2 − λa (J1 − R1 ) − λb (J2 − R1 ) − λc (J3 − R2 )
− λd (J4 − R2 ) − λe (J5 − R1 − R2 ) − λf (P1 − α1 − β1 )
− λg (P2 − α2 − β2 ) − λh (PR − k1 α1 − k2 α2 − β3 ) − λi α1
− λj β1 − λk α2 − λl β2 − λm β3 ,

(3.15)

where λi , i ∈ {a, b, c, ..., m} are the dual variables associated with the corre-
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sponding rate and power constraints. Note that all dual variables are nonnegative; that is λi ≥ 0 ∀i.
In this section we only analyze the TWR scheme, meaning that both users
utilize the relay. From (3.11), there are five rate constraints and the associated dual variables (λa , λb , λc , λd , λe ) can each be either strictly positive if the
corresponding rate constraint is tight, or equal to zero if the corresponding
rate constraint is loose. Therefore, there are 25 = 32 combinations of optimal
dual variables in total. However, we immediately know that for the rate of
each user, at least one constraint must be tight. The possible constraints for
R1 are J1 , J2 , and J5 , while the possible constraints for R2 are J3 , J4 , and
J5 . One constraint from each of these groups must be tight. Further, if one
user’s rate is constrained by the sum rate constraint, J5 , then the other must
have a different constraint that is tight because we are maximizing a corner
of the pentagon (or degenerate rectangular) rate region. Accordingly, we can
immediately eliminate eight invalid cases: 8, 16, 24, 26, 28, 30, 31, 32 in Fig.
3.4.
Next, if R1 is constrained by J1 , R2 cannot be constrained by J3 because
then the sum rate constraint will be violated since J5 < J1 + J3 . Thus, λa
and λc cannot be simultaneously greater than zero. Therefore, if λa > 0, then
λc = 0, and conversely if λc > 0, then λa = 0. With this in mind, we can
eliminate eight more cases when both λa and λc are strictly greater than zero.
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Figure 3.4: Cases of dual variables and reasons for elimination.

These cases include cases 1, 2, 3, 4, 9, 10, 11, 12 in Fig. 3.4.
The sixteen remaining cases cover µ ∈ [0, 1] in which seven have reciprocals
when the user priority is switched (cases 17, 18, 19, 20, 25, 27, 29 in Fig.
3.4). Therefore, we only need to focus on the nine cases corresponding to
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µ ∈ ( 12 , 1] in which the rate of user 1 is prioritized. Thus, without knowing the
rate constraining functions specific to this transmission scheme, a majority of
invalid combinations of rate constraints are eliminated. Next we use functional
specific analysis to eliminate all other invalid cases.
Functional Specific Analysis: Now we look at the specific function
of the rate constraints to eliminate more cases. Out of these remaining nine
cases, we can eliminate three more where λc = 0, λd > 0, and λe = 0. This
condition implies that the only tight constraint for user 2 is J4 , and both J3
and J5 are loose. Thus we must have J4 < J3 for all values of α2 . Otherwise,
if J4 = J3 for some α2? , then that α2? is the optimal point making both J3 and
J4 tight. When α2 = P2 though, J3 = 0, which implies that J4 < 0, which is
impossible. Thus, these cases (6, 14, 22) are invalid.
Further we can eliminate the case λa = 0, λb > 0; λc , λd = 0; λe > 0 (case
23 in Fig. 3.4). This implies that J2? < J1? . Since J1 is decreasing in α1 while
J2 is increasing in α1 , either J2 < J1 for all α1 or J2? occurs at an intersection
with a function other than J1 . This function can only be J5 − R2 (follows from
the sum rate constraint). However, this implies that R2 must equal J3 or J4 ,
but because λc = λd = 0, neither holds and this case is invalid.
Valid Combinations of Dual Variables: Based on the above analysis,
we identify five remaining cases as valid in which user one is prioritized (µ ∈
( 21 , 1]):
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1. λa > 0, λb = 0
a) λc , λd = 0; λe > 0
b) λc = 0; λd , λe > 0
2. λa = 0, λb > 0
a) λc = 0; λd , λe > 0
3. λa > 0, λb > 0
a) λc , λd = 0; λe > 0
b) λc = 0; λd , λe > 0
Based on the dual variables in each case and the rate constraints in (3.11), a
number of equalities and inequalities among the rate expressions are inferred.
Then conditions on the link state are deduced such that each equality and
inequality holds for a solution within the range of the power constraints at
each node. These inequalities and equalities provide bounding information on
the link-state regime for the case under investigation. The equalities along with
the KKT conditions provide the necessary equations to solve for the optimal
power allocation parameters. The detailed analysis is available in Appendix
B.2.
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Approach to Analyzing the RCI
The approach to analyzing optimization problem (3.14) is similar to the basic
relay channel in Chapter 2. We also analyze the optimization problem from the
dual variable space, then examine the primal rate constraints. Optimization
problem (3.14) is simple enough that both the optimal power allocation parameters and link regime boundaries can be fully deduced in closed form from
the KKT conditions for a given set of link states. The only difference between
the RCI and the basic relay channel comes from the interference term at the
2
relay, specifically the (1 + gr1
P1 ) term in K1 of (3.12). This term merely shifts

the link-state regime boundaries and the optimal value of the power allocation
parameters.

3.5

Link-State Regimes and Impact of User
Priority

In this section, we describe the analytical link-state regimes and the associated optimized DF transmission technique(s) for each regime resulting from
the analysis in the previous section. For a particular set of channel gains,
the associated link-state regime will indicate which users utilize the relay and
which relaying technique(s) result in the best achievable rate region. We also
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discuss the implications of the link-state regimes both in terms of the optimized transmission technique and the impact of user priority. Based on this
discussion, we identify performance trends evident from the link-state analysis.

Individual Scheme Link-State Regimes
We first present the link regimes separately for the TWR scheme and the RCI.
We then compare these regimes to determine which yields a higher rate region
for a particular set of link gains. The combined link-state regimes indicate
which users utilize the relay and which transmission technique(s) result in the
best achievable rate region, which we term the combined TWRC (C-TWRC)
region.
Definition 1. For the link gain from user 1 to the relay, gr1 , we define the
following regimes:
2
2
Z1a : gr1
∈ [0, g21
],
2
2
2
Z1b : gr1
∈ (g21
, g21
+
2
2
+
Z2 : gr1
∈ (g21

(3.16)
PR 2
g ],
P1 2r

PR 2
g , ∞).
P1 2r

For gr2 , we define link-state regimes as follows:
2
2
2
Q1a : 0 ≤ gr2
≤ g12
(1 + gr1
P1 ),
2
2
2
Q1b : gr2
> g12
(1 + gr1
P1 ),
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PR 2
g ),
P2 1r
PR 2
2
2
2
2
> (g21
P1 + g2r
PR + 1)(g12
+
Q2 : gr2
g ),
P2 1r
PR 2
2
2
2
gr2
≤ (gr1
P1 + 1)(g12
+
g ),
P2 1r
PR 2
2
2
2
g ).
Q3 : gr2
> (gr1
P1 + 1)(g12
+
P2 1r
2
2
2
2
gr2
≤ (g21
P1 + g2r
PR + 1)(g12
+

Further we define Z1 = Z1a ∪ Z1b and Q1 = Q1a ∪ Q1b .
Theorem 7 summarizes the results for the TWR weighted sum rate optimization problem in (3.13). In this scheme, both users always actively use the
relay in all link conditions.
Theorem 7. If user 1 is prioritized (1/2 < µ ≤ 1) Table 3.1 shows the optimal
techniques for both users for the TWR scheme in a given link-state regime as
in Def. 1.
Proof. See Appendix B.2.
2
2
gr1
↓ gr2
→ Q1

Z1
Z2

Q2

Q3

U1: Ind

U1: Ind

U2: Ind

U2: BM

U1: BM

U1: Both

U2: Ind

U2: Both

Table 3.1: TWR Optimal Technique By Link Regime, µ ∈ (1/2, 1]
Where U1 is user 1, U2: user 2, ’Ind’: independent coding only, ’BM’: block
Markov coding only, ’Both’: BM and Ind.
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The solution to the RCI rate optimization problem in (3.14) is summarized
in Table 3.2. This table is a variation of the results in Theorem 2 by taking
into account the interference at the relay from the other user. To derive Table
3.2, use the same proof for Theorem 2 in Appendix A.3 but replace Jr with
K1 and Jd with K2 , where K1 , K2 are defined in (3.12).

2
→
gr2

Q1a

Q1b ∪ Q2

Q3

U1: DT

U1: DT

U1: DT

U2: DT

U2: Ind

U2: BM

Table 3.2: RCI Optimal Technique By Link Regime
(where ’DT’ is direct transmission)

Determining Which Users Utilize the Relay
To determine which users utilize the relay, in each regime we compare the rate
region of the TWR scheme in Table 3.1 with that of the RCI in Table 3.2.
This comparison is done by essentially overlaying the tables and comparing
the rate region in each regime. As the boundaries of the overlayed tables do
not line up, the resulting combination contains more regimes.
More specifically, if both rate regions under investigation are rectangular or
pentagonal, then simply comparing the corner points will indicate if timesharing is necessary. In the case that a rate region boundary is curved where the
optimal power allocation parameters depend on the value of µ, the weighted
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sum rates of both schemes must be compared to determine if timesharing is
necessary.

Combined TWRC (C-TWRC) Link-State Regimes
Theorem 8 below describes the resulting link-state regimes that indicate both
the optimal transmission strategy and which users utilize the relay.
Theorem 8. If user 1 is prioritized, i.e. µ ∈ ( 12 , 1], Table 3.3 shows the optimized techniques for both users for the combined TWRC (C-TWRC) scheme
in a given link-state regime (Def. 1).
Proof. See Appendix B.3.
2
2
gr1
↓ gr2
→ Q1a

Z1a

Q2

Q3

U1: DT U1: DT

U1: DT

U2: DT U2: Ind

U2: BM

***

U1: Ind

U1: Ind+

U2: Ind

U2: BM

Z1b
***
Z2

Q1b

U1: BM

U1: Both

U2: Ind

U2: Both

Table 3.3: C-TWRC Optimal Technique By Link Regime, µ ∈ (1/2, 1]
’***’: Timeshare TWR and RCI for user 1; ’+’: Time share with (DT,BM) if
µ < 1.

Remark 1. For µ ∈ [0, 12 ), we obtain a transposed Table 3.3 with the techniques for user 1 and user 2 reversed.
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Comparing the rate regions of the TWR scheme and the RCI for user 2
yields interesting results as the columns line up and the row splits further
2
∈ Z1a , the RCI for user
within link regime Z1 into Z1a and Z1b . When gr1
2
∈ Z1b , TWR is optimal. There is one excep2 is rate optimal, while for gr1

tion, however, in regime (Z1b , Q3) it may be necessary to time share between
TWR (Ind, BM) and RCI (DT, BM) when µ < 1. The same comparison for
the RCI for user 1 yields quite a different result because user 1 is prioritized
(the impact of user priorities is discussed in more detail in Section 3.5). The
impact of increasing user 2’s user-to-relay link is more nuanced than increas2
ing user 1s user-to-relay link. Specifically, when gr2
∈ Q1a , it is optimal to

time share between TWR and RCI for user 1. Time-sharing in these regimes,
however, complicates practical implementation and based on numerical results in Section 3.5, brings limited rate gain. Therefore subsequently, we do
not use time-sharing and revert back to the RCI for regimes Q1a and to TWR
(Z1b , Q3).
Fig. 3.5a provides an example of these link-state regimes on a 2D plane
without time sharing. The distance between two users is fixed at 20 meters
while the relay location varies over the entire plane. A TDD system is assumed
with channels inversely related to distance, a path loss exponent of 3.2, P1 =
P2 = PR = 1, and user 1 prioritized (labels correspond to Table 3.3). Figure 3.5b
provides the corresponding rate gain over direct transmission, with significant
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Figure 3.5: a) Optimal transmission as a function of distance for a TDD
system. b) Percent rate gain over direct transmission
gains in certain regions especially when the relay is in-between the two users.

Optimal Technique as a Function of the Link-State
Regime
Results in Table 3.3 demonstrate that when the user-to-relay link is just
marginally stronger than the direct link, independent coding is employed to
provide a network coding gain without splitting power at the relay for each
user’s message. As the user-to-relay link gain increases, block Markov coding
is also used. Since the link is strong enough, the gain from coherent beamforming (block Markov coding) outplays the loss from splitting power at the
sources between old and new messages. From Theorem 8 and the transmit
signal design, it follows that if either user performs independent coding, then
β3 depends on the rate constraints of that user. Further, αi is nonzero if user
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i performs block Markov coding.
From Table 3.3, we see that as the user-to-relay link sufficiently improves,
it is optimal to allocate some power to the block Markov component of our
2
2
are strong, specifically in (Z2, Q2) and (Z2,
and gr2
scheme. When both gr1

Q3), both users employ both block Markov coding and independent coding. In
these regions, both components of the composite scheme are necessary in order
to achieve the largest rate region as demonstrated later in Figure 3.6. Calculating the power allocation factors α1 , α2 , k1 , k2 , β1 , β2 , and β3 in these regimes
is nontrivial and must be found by solving several simultaneous equations.
This theme of moving from direct transmission to independent coding to
block Markov coding or both techniques as the user-to-relay link state improves is illustrated in Fig. 3.5a. When the relay is between the two users, the
relay performs independent coding for both users. The trend of moving from
independent coding to block Markov coding as the channel improves is exemplified by the gold and white regions in which one user performs independent
coding and the other performs block Markov coding.
Using the same parameters as Fig. 3.5a, Fig. 3.5b reveals the substantial
rate gains realized by employing the composite DF scheme instead of direct
transmission. By knowing the optimal combination of coding techniques to
employ based on the link state, rate gains over 700% are possible. Rate gains
over 200% are obtained when relay is approximately between the two users, a

CHAPTER 3. TWO-WAY DECODE-FORWARD RELAYING BASED ON
LINK STATE
109
substantial improvement over direct transmission. Even though the switching
between schemes is distinct as in Fig. 3.5a, the rate gain is a continuous
function of distance as seen in Fig. 3.5b.

Impact of User Priority
Next we look at trends in Table 3.3 in terms of user priority as the user-to-relay
link states improve. Table 3.3 is derived assuming that user 1 is prioritized
over user 2 as µ ∈ ( 12 , 1]. As such, Table 3.3 is not symmetric with respect to
user 1 and user 2.
First, while the higher prioritized user’s link-state regime boundaries depend only on the links of its own one-way relay channel, the lower prioritized
user’s link-state regime boundaries are highly dependent on the link states and
transmit power of the higher prioritized user. That is, the link-state regime
classification of gr1 depends only on g21 , g2r , P1 , and PR , the parameters of
user 1’s one-way relay channel. Note that the transmission scheme for user 1
depends only on the classification of gr1 , the row of Table 3.3. However, the
same classification of gr2 as observed in the column boundaries of Table 3.3
not only depends on the parameters of the one-way relay channel from user
2, but also on user 1’s one-way relay channel link gains and power. Fittingly,
these column boundaries only affect the optimal coding technique for user 2.
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User priority is also evident when comparing the first column of Table
3.3 with the first row. When the higher prioritized user’s source-to-relay link
is weaker than the direct link (gr1 < g21 ), the first row of Table 3.3, it is
optimal for user 1 to perform direct transmission. However, when the lower
prioritized user’s source-to-relay link is weaker than its direct link (gr2 < g12 ),
it is not always optimal for user 2 to perform direct transmission. If gr2 < g12 ,
then user 2’s rate is maximized with direct transmission. By time sharing
with TWR, the rate of user 2 is actually decreased while the rate of user 1
increases. Therefore, in the case of the first column of Table 3.3, µ is both
a priority weighting factor as well as a time sharing random variable. Which
transmission technique to employ and whether both users or only the higher
prioritized user utilizes the relay heavily depends on this priority weighting
and time sharing random variable.

Numerical Results
Here we present numerical results to verify Theorem 8. The simulation plots
the rate region in Theorems 5 and 6 by varying each power parameter subject
to the power constraints in (3.4) by step sizes of 0.05 where P1 = P2 = PR = 1.
At each step, rate expressions in (3.11) and (3.12) are calculated and the
resulting (R1,R2) point obtained. The convex hull of all computed (R1,R2)
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Figure 3.6: Rate region for link-state regimes, a) (Z1b , Q1a ) and b) (Z2, Q3)
points is taken to obtain the rate region.
Fig. 3.6(a) shows the time sharing between TWR and user 1’s RCI for
link-state regime (Z1b , Q1a ) in Table 3.3. Specifically, the rate-maximizing
scheme is time sharing between the solutions of (3.13) and (3.14). Contrary to
the common belief that block Markov coding is always superior to independent
coding, as demonstrated for user 1 in Fig. 3.6(a), there are link regimes in
which independent coding outperforms block Markov coding. Thus, in some
cases, it is optimal for the source and relay to not coherently cooperate but to
send independent signals, as in independent coding.
Fig. 3.6(b) shows a nontrivial case in which both users perform both techniques in (Z2, Q3), which corresponds to case 2(a). Based on these numerical
results, the composite scheme significantly outperforms each separate coding
scheme. Fig 3.6(b) also illustrates how using both block Markov coding and
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independent coding outperforms naive time sharing between user 1 performing block Markov coding with user 2 performing independent coding and vice
versa. Thus, to obtain the largest rate region, both components are necessary.
Figures 3.6a and 3.6b illustrate interesting and opposite effects of time
sharing: in one, time-sharing is necessary to achieve the largest rate region,
while in the other, time-sharing is insufficient. As the illustrated gains from
time sharing in this case are marginal and time sharing is only required for a
small range of link values, to simplify both the analysis and implementation of
the C-TWRC scheme, in the rest of the numerical results, we choose to ignore
the time sharing between TWR and RCI.
The composite scheme optimized from a link-state perspective not only
reveals which coding scheme is optimal in all link-state regimes, but also
demonstrates significant improvement in (Z2, Q2) and (Z2, Q3) when both independent coding and block Markov coding are necessary to obtain the largest
achievable rate. This optimized scheme achieves a strictly better rate region
than either block Markov DF, independent DF or simple time sharing between
the two schemes.
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3.6

Relay Power Savings and Link
Adaptation in a Fading Environment

As an unexpected consequence of the link-state regime analysis, we demonstrate that the relay does not always need to use full power in order to maximize the rate region. For fixed links, the analysis shows that certain link-state
regimes provide substantial relay power savings. In a fading environment, each
link-state regime can occur with some probability even for a fixed node distance configuration. Thus for a given a distance configuration, the link state
could be in any of the regimes in Table 3.3 with a certain probability due to
fading.
In this section, we first examine the relay power consumption for the identified link-state regimes, then analytically derive the probability of each linkstate regime in Rayleigh fading channels, and establish the expected relay
power savings in fading. Further we utilize the link-state regime results in
order to perform link adaptation of the composite scheme in a fading environment. Specifically, we examine link adaptation based only on long-term CSI
to reduce channel acquisition overhead. Note that for this section, we omit
time sharing between schemes as discussed in Section 3.5.
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Required Relay Power
Based on the link-state regime analysis, it was found that both users always
use full power but the relay need not always use full power. The relay power
depends on the specific transmission techniques employed in each link-state
regime as stated in Lemma 3 and Theorem 9.
Lemma 3. Given any set of link states, both users will always use full power.
The relay will use full power if either user performs block Markov coding. If
neither user performs block Markov coding, then the relay need not use full
power.
Proof. See Appendix B.4.
The proof to Lemma 3 follows from the idea that when a user performs
block Markov coding, it is always beneficial to increase the power of the block
Markov component at both the user and relay. The details are shown in
Appendix B.4. We establish the exact power needed at the relay when neither
user performs block Markov coding in Theorem 9.
Theorem 9. A) When both users perform only independent coding with user
i prioritized over user k, the optimal relay power is
β3,TWR = max




2
2
2
2
2
gri
− gki
grk
− gik
(1 + gri
Pi )
Pk ,
Pi .
2
2
2
gir
(gri
Pi + 1)
gkr

(3.17)
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This relay power applies in link-state regimes (Z1b ,Q1b ) and (Z1b ,Q2).
B) When user i performs only independent coding and user k performs direct
transmission, the optimal relay power is
β3,i = min




2
2
2
gri
− gki
(1 + grk
Pk )
Pi , PR .
2
2
Pk + 1)
(grk
gkr

(3.18)

This result applies in link-state regimes (Z1a ,Q1b ), (Z1a ,Q2) and the corresponding regimes in the transposed table when user 2 is prioritized.
Proof. See Appendix B.5.
From Theorem 9, we see that when the relay performs only independent
coding, the relay power is a direct function of the link state and the power
of the user for which the relay performs independent coding. This power
savings is a novel result that follows directly from analyzing the composite
scheme from a link-state perspective. By transmitting below full power, the
relay creates less interference to other nodes when integrating the TWRC in
a network, resulting in better overall network performance. Further, if the
relay is battery operated, this power savings results in a longer battery life.
Conserving power would also increase the incentives for an idle node to utilize
its own resources to relay the information of other active nodes. This power
conservation is especially significant when the relay is located between the two
users. Numerical results for these relay power savings are presented at the end
of this section.

CHAPTER 3. TWO-WAY DECODE-FORWARD RELAYING BASED ON
LINK STATE
116

Probability of Each Link-State Regime
Even though the relay conserves power in only some of the link-state regimes
in Table 3.3, these regimes occur with non-negligible probability in a fading
channel. In this section, we derive the probability of these relay power saving
link-state regimes for a given distance configuration among the two users and
relay.
2
From (3.2), gik
= |h̃|2 /dκik where h̃ is a Rayleigh fading component. Thus

the squared amplitude of each link coefficient is an exponential random variable
2
2
2
, we look at the distribution
and g1r
denoted as gik
∼ exp (λik ). Note that for g2r
2 PR
2 PR
of g2r
and g1r
respectively, as these are the terms that appear in the linkP1
P2

state regime boundaries in Def. 1. Define the exponential parameters:
λr1 = dκ1r1 , λr2 = dκ2r2 , λ21 = dκ121 , λ12 = dκ122 ,
λ2r =

(3.19)

P2 κ2
P1 κ1
d2r , λ1r =
d .
PR
PR 1r

Theorem 10. For parameters in (3.19) and non-reciprocal links, the probability of each link-state regime in Rayleigh fading as in Def. 1 is as follows:
λr1
,
λ21 + λr1
λr1 λ21
Pr[Z1b ] =
,
(λr1 + λ21 ) (λr1 + λ2r )

Pr[Z1a ] =

Pr[Z2] =

λ21 λ2r
,
(λr1 + λ21 ) (λr1 + λ2r )

Pr[Q1a ] = 1 +

λ12 νr1 c1
e Ei(−c1 ),
λr2

(3.20)
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λ12 λ1r ν21 ν2r c7
− Pr[Q1a ],
λr2 (λ1r − λ12 ) (ν2r − ν21 )


λ12 λ1r νr1
c6
c1
Pr[Q2] = 1 +
[e Ei(−c1 ) − e Ei(−c6 )] − Pr[Q1b ] − Pr[Q1a ],
λr2 (λ1r − λ12 )

Pr[Q1b ] = 1 +

Pr[Q3] = 1 − Pr[Q2] − Pr[Q1b ] − Pr[Q1a ],
dκr11
dκ1
dκ1
, ν21 = 12 , ν2r = 2r ,
P1
P1
PR



λ12
, c2 = ν21 1 +
c1 = νr1 1 +
λr2



λ12
, c5 = ν2r 1 +
c4 = ν2r 1 +
λr2

with νr1 =



λ1r
, c3 = ν21 1 +
,
λr2



λ1r
λ1r
, c6 = νr1 1 +
,
λr2
λr2
λ12
λr2



c7 = ec2 Ei(−c2 ) − ec3 Ei(−c3 ) − ec4 Ei(−c4 ) + ec5 Ei(−c5 ).
Proof. See Appendix B.6.
By employing Theorem 10 and simply knowing the distances between
nodes, path loss exponents, and node transmit power constraints in a Rayleigh
fading environment, the probability of each link-state regime can be calculated
analytically.
The relay conserves power in link regimes (Z1a , Q1b ), (Z1a , Q2), (Z1b , Q1b ),
(Z1b , Q2) and potentially in the time-sharing link-state regimes (Z1b , Q1a )
and (Z2, Q1a ). In Theorem 10 we compute the probability of a single row or
column of Table 3.3. The probability of a certain combination of techniques being optimal for the link conditions (for example (DT,Ind) in link-state regime
(Z1a , Q1b ∪ Q2)) is approximated by multiplying the probability of the corre-
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sponding row and column: Pr(Z1a , Q1b ∪ Q2) ≈ Pr(Z1a )Pr(Q1b ∪ Q2). An
example of this approximation is shown in the Numerical Results at the end of
this section. Analytically computing the probability of a combination of techniques must be done numerically because the lower prioritized user’s link-state
regime boundaries depend upon the higher prioritized user’s user-to-relay link.

Average Relay Power Savings in a Fading Environment
For each distance configuration in a Rayleigh fading environment, there is a
significant probability for the fading link state to be in one of the relay power
saving regimes. Here we extend the results of the previous section to compute
the expected relay power savings.
This relay power savings is achieved when the relay performs only independent coding for user 2 (regimes (Z1a , Q1b ), (Z1a , Q2)), only independent
coding for user 1 (column Q1a and the dual rows to Q1b and Q2), and only in2
2
are
dependent coding for both users ((Z1b , Q1b ), (Z1b , Q2)). Both gr1
and gr2

bounded in these regions according to Def. 1. Also, assume P1 = P2 = PR = 1
in this section for conciseness. As such, we write the expected value of the
relay power savings as follows.
E[powerSavings] =

Z

0

∞

Z

0

∞

Z

2
2
2
2
where dg2 = dg12
dg21
dg2r
dg1r

0

∞

Z

0

∞

"

#

hT W R (·) + hu1 (·) + hu2 (·) dg2 (3.21)
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Z g21
2 +g 2 Z (g 2 +g 2 )(1+g 2 )
2r
12
1r
r1
2
2
hT W R (·) =
(1 − β3,TWR ) f (∗)dgr2
dgr1
hu1 (·) =
hu2 (·) =

Z

2
g21

2 (1+g 2 )
g12
r1

2 +g 2 )(1+g 2 )
(g21
2r
r2

2 (1+g 2 )
g21
r2

Z

0

2
g21

Z

Z

2 (1+g 2 )
g12
r1

0

2 +g 2 )(1+g 2 )
(g12
r1
1r

2 (1+g 2 )
g12
r1

2
2
(1 − β3,1 ) f (∗)dgr2
dgr1

2
2
(1 − β3,2 ) f (∗)dgr2
dgr1

f (∗) = λr1 λ21 λ2r λr2 λ12 λ1r e[−λr1 gr1 −λ21 g21 −λ2r g2r −λr2 gr2 −λ12 g12 −λ1r g1r ] ,
2

2

2

2

2

2

and β3,TWR , β3,i , are as defined in (3.17) and (3.18) respectively. Thus with
only knowledge of the distance configuration and path loss exponents, the
mean relay power savings in a Rayleigh fading environment can be computed.

Link Adaptation
The link-state regimes are also directly useful in a fading environment in order
to perform link adaptation. Such link adaptation requires various components
of CSI at all nodes. Receiver CSI is a standard assumption and can be obtained
directly by adapting estimation algorithms, such as those in [127]. Transmitter
CSI can be obtained via the reciprocity between forward and reverse channels
in TDD systems, or via feedback in a FDD system [108]. One particular node’s
knowledge of the link gains between the other two nodes would have to come
from feedback.
Obtaining perfect instantaneous CSI in a fading environment is challenging
and unrealistic in fast fading in which the system is unable to adjust to rapid
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channel variations. Knowledge of the long-term CSI is both more straightforward to obtain and more stable. By using long-term CSI, the link-state regime
for the average channel is identified only based on the inter-node distances and
path loss parameters. Then the optimal power allocation is determined for this
average channel based on Theorem 9 and numerical power computation and
applied to all fading channel realizations. For the perfect CSI case, the linkstate regime and power allocation are recalculated for each fading channel
realization. Thus perfect CSI provides the highest data rate but requires significantly more channel measurement updates than long-term CSI. To trade
off between these two extremes, in Chapter 5 we propose a maximum entropy
quantization technique which achieves a gradual transition from simply using
long-term CSI to using perfect CSI by increasing the number of quantization
bits.

Numerical Results
Probability of Link-State Regimes in Fading Channels
First we demonstrate that a given node distance configuration will have a
non-negligible probability of link-state regimes that enable relay power savings in fading, even though applying the composite DF scheme to the same
distance configuration without fading requires full relay power. Specifically,
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we assume a distance configuration and path loss as in the caption of Fig.
3.7, typical of a femtocell deployment in 5G cellular systems. Using these
parameters, the probability of each link-state regime in Def. 1 is both calculated analytically using (3.20) and simulated using 105 independently generated Rayleigh fading channels. The percentages in parenthesis in Fig. 3.7
correspond to the theoretical probabilities from Theorem 10 using the approximation Pr(Zi , Qk ) ≈ Pr(Zi )Pr(Qk ), while the others correspond to simulation,
and the format corresponds to that of Table 3.3. This figure demonstrates that
simulation closely matches the analytical result in Theorem 10, verifying the
approximation.
In a non-fading scenario, the distance configuration used for Fig. 3.7 would
correspond to link-state regime (Z2, Q1b ), in which user 1 performs block
Markov coding while user 2 performs independent coding. However, as shown
in Fig. 3.7, when the composite scheme is applied in fading, there is a nonnegligible probability of many other link-state regimes. Although link-state
regime (Z2, Q1b ) is the most likely in Fig. 3.7, there is only a 22.38% chance
of this regime. Most of the time, the link state will be in regimes other than
(Z2, Q1b ) when applied in fading.
Link regimes in which the relay performs only independent coding and
conserves power have a significant probability of occurrence. Specifically in
Fig. 3.7, the relay has a 7.48% chance of performing independent coding for
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Figure 3.8: Average percentage of relay power savings in a fading TDD system (κ1 = κ2 = 3.2)

each user respectively and a 15.97% chance of performing independent coding
for both. In total, there is a 30.93% chance that the link state is in a regime
in which power savings are realizable. This figure is substantial for a node
distance configuration which, without fading, would otherwise be in a nonpower saving regime. Thus, by applying this composite scheme in fading,
power savings are realizable in many node distance configurations. The relay
power savings are discussed next.

Relay Power Savings
By simulating the expected relay power savings, we quantify the power savings
and also illustrate a trade-off between rate gain and relay power savings. We
simulate power savings at the relay by varying the relay location while fixing
the two user locations in Fig. 3.8 using the same simulation setup as for
Fig. 3.5. Using resolution of

1
2

meter, at each relay location, 104 Rayleigh
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fading channels are generated using the inter-node distances for that particular
relay location. For each fading channel, the appropriate link-state regime is
determined based on Theorem 8 and the required relay power is computed as
in Theorem 9. By averaging over the 104 fading channels, the average power
savings are computed for each relay location.
A significant result from this simulation is the vast proportion of space
that the relay can conserve power. As expected, the relay saves the most
power (up to 18%) in regions in which, without fading, the relay performs
only independent coding. However the area in which the relay saves at least
10% of its power is considerable, which is significant considering that this
power savings follows directly from optimizing the composite DF scheme from
a link-state perspective.
Fig. 3.8 also exposes a trade-off between power and rate when this composite scheme is employed in a fading environment. When a user-to-relay channel
is strong, the relay has an incentive to use most of its power to help the user
achieve a high rate. However, when the relay is not in the immediate proximity
of either user, the relay can conserve power while still helping the two users to
achieve the best possible DF transmission rates. Spending more relay power
in that situation does not increase the rates.
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Long Term versus Perfect CSI
Next, we simulate the throughput when nodes only have knowledge of the
long-term CSI in a Rayleigh fading environment and compare this to the ideal
case of perfect CSI. To simulate the throughput, we choose the node distance
configuration as in the caption of Fig. 3.9. The power allocation parameters for the long-term CSI sum rate are computed according to the link-state
κ/2

regimes determined from Theorem 8 for the non-fading case: |gik | = 1/dik .
Conversely, the power allocation parameters for the perfect CSI sum rate are
numerically computed for each fading channel realization. The SNR in Fig. 3.9
is varied from -5dB to 20dB in intervals of 5dB where SN R = 10 log (P |g21 |2 );
P1 = P2 = PR = P . For each SNR value, 104 independent Rayleigh fading
channels are generated and both the long-term CSI sum rate and the perfect
CSI sum rate are averaged over these fading realizations.
As depicted in Fig. 3.9, the difference in throughput associated with knowledge of only long-term CSI versus perfect CSI is small. Thus if nodes do not
have the capability to learn the link states as they change in fading, the loss in
rate performance compared to that of perfect CSI is minimal. Further, with
only knowledge of the long-term CSI, throughput performance is significantly
greater than direct transmission.
Next, we return to the TDD simulation setup in Fig. 3 to simulate the
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rate gain of the composite scheme using only long-term CSI in a Rayleigh
fading environment compared to direct transmission. Comparing Fig. 3.10
with Fig. 3.5b, we observe a similar pattern in rate gain when applying the
composite scheme with and without fading. The rate gain increases as the
relay approaches the midpoint between the two users. However, the shapes of
the gain regions in Fig. 3.5b and Fig. 3.10 differ slightly due to fading.

3.7

Summary

In this chapter, we expand upon the link-state regime based approach introduced in the previous chapter to optimize a composite DF scheme for the
TWRC. In addition to finding the rate-optimal DF transmission scheme based
on link state, we also must question which user(s) utilize the relay and consider
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user priority. A user is prioritized if its rate is weighted more in the sum rate
maximization problem.
By considering a scheme comprised of both independent coding and block
Markov coding, we analytically determine link-state regimes that describe
which particular combination of these transmission techniques is optimal. We
compare the maximum rate attainable with two-way composite relaying to
that of the basic relay channel with interference to determine which users actively utilize the relay. User priority is found to have a direct impact on the
link-state regime results. We show that independent coding is optimal when
the user-to-relay link is slightly stronger than the direct link, and allows the
relay to conserve power. However, in the presence of a stronger user-to-relay
link, additional block Markov coding is necessary to maximize transmission
rates. In Rayleigh fading we reveal that relay power savings are attainable in
most node distance configurations by computing the probability of the independent coding link-state regimes in closed form. The link-state regime results
are further applied to perform link adaptation in fading with just long-term
CSI, showing a significant throughput gain over direct transmission.
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Chapter 4
Priority Based Two-Way
Relaying
In Chapter 3 we considered a link-state based composite DF scheme for the
TWRC in which the relay decodes each user’s full message. In this chapter,
we extend this scheme to guarantee message priority performance in terms of
reliability. We consider the TWRC channel model in which each user has a high
priority message and a low priority message, where the high priority message is
required to have greater reliability. To accomplish this message prioritization,
we employ a more general version of DF, partial decode-forward (pDF), in
which the relay only decodes a portion of each source’s message. With pDF
relaying, in certain link states it is optimal to send the high priority message
over both the relay and direct links, and send the low priority message over
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the direct link only - a strategy called differentiated relaying (DR). With DR,
this pDF relaying scheme is designed to ensure higher reliability performance
for the high priority messages.
To deliver message priority, relaying has a direct application in WiFi networks due to overcrowding and a limited number of usable channels [128].
Consider a WiFi network with an intelligent relaying extender as shown in
Fig. 4.1. This network supports both the relay links through the extender, as
well as the direct link. Videos watched by the end user generate high priority messages while routine back-ups generate low priority messages that could
be sent with lower reliability than the high priority messages. Depending on
the relative link strengths between the relay links and the direct link, high
and low priority messages may be sent differently through this TWRC, as in
differentiated relaying.
The chapter is organized as follows. Section 4.1 provides the transmissionblock dependent TWRC model. Section 4.2 presents the priority-based transmission scheme using differentiated relaying. With this general pDF scheme
comprised of block Markov coding and independent coding, called BI-pDF,
prioritized messages are mapped into relayed messages. Section 4.3 formulates
the outage for BI-pDF from the perspective of a user and from the perspective of the overall system. Then we reduce the scheme to a more practical
strategy involving only independent relaying, called I-pDF, and analyze the
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Figure 4.1: Priority-based relaying application.

performance over both slow and fast fading channels in Section 4.4. In slow
fading, it’s possible for the scheme to adapt to the fading link state to increase
throughput and conserve relay power. In fast fading, the employed scheme is
dependent on long-term CSI and we evaluate the outage probability in closed
form. Section 4.5 presents numerical results and Section 4.6 concludes the
chapter.

4.1

Channel Model

Similar to the channel model in Chapter 3, in this chapter we consider a fullduplex TWRC. The TWRC as in Fig. 4.2 can be modeled per transmission
block as
(k)

= h12 X2 + h1r Xr(k) + Z1 ,

(k)

= h21 X1 + h2r Xr(k) + Z2 ,

Y1
Y2

(k)

(k)

(k)

(k)

(k)

(k)

(k)

(k)

(4.1)
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Figure 4.2: Two-way relay channel model with differentiated relaying.

(k)

(k)

(k)

(k)

Yr(k) = hr1 X1 + hr2 X2 + Zr(k) ,
where Z1 , Z2 , Zr ∼ CN (0,1), are independent complex Gaussian noises; (X1 ,Y1 ),
(X2 ,Y2 ), (Xr ,Yr ) are the transmitted and received signals at user 1, 2, and the
relay respectively; and the superscript (k) indicates the transmission block.
The input power constraints for user 1, user 2 and the relay are P1 , P2 , and
PR , respectively.
The link coefficients are assumed to be complex value Rayleigh fading, with
the link from node j to i described as
 κ
−
(k)
(k)
(k)
hij = dij 2 h̃(k) , with gij = |hij |,
(k)

(k)

(4.2)
(k)

(k)

where κ is the path loss exponent and h̃(k) = h̃R + j h̃I , h̃R , h̃I ∼ N (0, 12 ),
are independent Gaussian random variables. In (4.2), dij refers to the distance
in meters between nodes i and j. The amplitude of the link coefficients is
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(k)

(k)

denoted by gij = |hij |. Here we consider block fading channels: the link
gain coefficients stay constant for a transmission block (k) but change from
one transmission block to the next. Slow fading then implies that the link
coefficients stay relatively unchanged for several consecutive blocks such that
link adaptation is possible, whereas fast fading implies link coefficients vary
significantly in neighboring blocks such that updates from the current block
are not applicable for future blocks.
This channel model can be applied in both a frequency-division duplexed
system (FDD) and a time-division duplexed system (TDD). To make the analysis more comprehensive we assume that the transmission from user 1 to user
2 can occur at a frequency different than that from user 2 to user 1. As such,
(k)

(k)

(k)

(k)

(k)

hr1 , h2r , and h21 correspond to path loss parameter κ1 and hr2 , h1r , and
(k)

h12 correspond to κ2 . To analyze a TDD system with reciprocal channels, set
κ1 = κ2 .

4.2

Priority-Based Transmission Scheme
Using Differentiated Relaying

In this section, we present the priority-based pDF relaying scheme that can be
applied to the channel model described in the previous section. This transmis-
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Figure 4.3: Mapping priority to how messages are sent through the TWRC.

sion scheme is similar to that of [63] but here we focus on priority and employ
backward decoding. Further, in previous work the achievable rate region assumes fixed channels. We generalize this to fading channels by considering the
transmission-block dependence of mutual information terms in the achievable
rate region.

Mapping Prioritized Messages into Relaying Messages
In the composite pDF relaying scheme in [63], the relay has the option of
transmitting using block Markov coding (BM), independent coding (IND), or
a combination of both. Because of these three distinctive components (BM,
IND, and pDF), we term this relaying scheme BI-pDF. A simplified scheme
with just pDF and independent coding is referred to as I-pDF.
For all schemes considered, each user has two messages: a high priority
message and a low priority message. Three scenarios for transmission exist:
both messages may be sent concurrently via the relay and direct link, both may
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be sent directly without the help of the relay, or the high priority message may
be sent both via the relay and the direct link while the low priority message is
only sent directly. The last option, known as differentiated relaying (DR), is
shown in Fig. 4.2. The link state will determine which scenario is activated at a
particular instant, as discussed later in Section 4.4. In order to distinguish the
concept of message priority from the action of relaying a message, we denote
mH (mL ) as the high (low) priority message, and use mC for the message sent
via both the relay and direct link, mI for the message sent over the direct
link only. Then the options for mapping the high and low priority messages
to how the messages are sent through the relay are enumerated in Fig. 4.3.
Next, using the notation of mC and mI , we describe the BI-pDF transmission
scheme, which can easily be simplified to the I-pDF scheme.

BI-pDF Transmit Signal Design
Denote the new message user 1 and user 2 wish to send in block k as m1,k =
(m1C,k , m1I,k ) and m2,k = (m2C,k , m2I,k ) respectively, where m1C,k , m2C,k are
the message portions (i.e. collaborative messages) sent through both the relayed and direct links while m1I,k , m2I,k are the message portions (i.e. individual messages) sent directly without the help of the relay.
Each user first encodes its own collaborative message by superposing this
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codeword onto the codeword for its collaborative message of the previous block,
indexed k − 1, a method known as block Markov coding; each user then superposes the codeword for its individual message onto the codeword for its
collaborative message of the current block. The relay only decodes the collaborative message of each user and generates a codeword for the bin index (lk−1 )
of the decoded message pair. Then, the relay superposes this codeword onto
the two codewords for the two collaborative messages. The relay transmits
this signal containing both the two decoded collaborative messages and their
bin index in the next block.1
The users and relay then construct the transmit signals in block k as follows:
(k)

√

α1 W1 (m1C,k−1 ) +

X2 =

(k)

√

α2 W2 (m2C,k−1 ) +

Xr(k) =

p

X1 =

p
√
β1 U1 (m1C,k ) + γ1 Q1 (m1I,k ),

(4.3)

p
√
β2 U2 (m2C,k ) + γ2 Q2 (m2I,k ),

k1 α1 W1 (m1C,k−1 ) +

p
p
k2 α2 W2 (m2C,k−1 ) + β3 Ur (lk−1 ),

where W1 , W2 , U1 , U2 , Ur , Q1 , Q2 are independent Gaussian signals with zero
mean and unit variance that encode the respective messages and bin index.
Power allocation factors α1 , α2 , β1 , β2 , β3 , γ1 , γ2 and scaling factors k1 , k2 are
non-negative and satisfy
α1 + β1 + γ1 ≤ P1 ,
1

(4.4)

For more details on this transmission scheme, see [63] where the common (private)
message in that work is equivalent to the collaborative (individual) message in this work.
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α2 + β2 + γ2 ≤ P2 ,
k1 α1 + k2 α2 + β3 ≤ Pr .
In each transmission block, both users send not only the new messages of
that block, but also repeat the collaborative message of the previous block
(block Markov coding); the amount of power dedicated to repeating the collaborative message of the previous block is denoted by α1 for user 1, and α2 for
user 2. For user 1, the power allocated to the collaborative (individual) message of the current block is denoted by β1 (γ1 ). Therefore, due to the transmit
signal design, in block k, user 1 generates a superposition codeword of the
following order: W1 → U1 → Q1 for m1C,k−1 , m1C,k , and m1I,k respectively.
The relay also transmits the same block Markov signals W1 , W2 transmitted
by the sources, creating a coherency between the signal transmitted from each
source and the relay that ultimately results in a beamforming gain. In addition
to echoing the block Markov signals, the relay also creates a new signal Ur that
independently encodes both collaborative messages via binning.

Backward Decoding
At the relay, decoding of the current collaborative messages is similar to the
multiple access channel (MAC). The destination (use S2 as an example) employs backward decoding [7] in block k, it decodes m1I,k and m1C,k−1 given
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that it knows m1C,k from the decoding in block k + 1. This is illustrated in
Table 4.1 below.
Decoding associated with block:
Relay
Destination

k+1
m1C,k+1 , m2C,k+1
m1C,k , m1I,k+1

k
m1C,k , m2C,k
m1C,k−1 , m1I,k

k-1
m1C,k−1 , m2C,k−1
m1C,k−2 , m1I,k−1

Table 4.1: Backward Decoding at the Relay and Destination for BI-pDF relaying

The destination can also employ forward sliding window decoding over two
consecutive blocks and achieve the same rate [63]. However, sliding window
decoding complicates the outage analysis and we thus assume backward decoding in the outage formulation in Section 4.3.

Achievable Rate Region
In stating the achievable rate region, we assume necessary channel coefficients
are known at each receiver in each block. Further, because we later analyze the
outage of this priority-based pDF scheme which requires careful consideration
of the block indices, we must also consider the per-block dependence of the
achievable rate region. This type of block fading channel analysis is considered
for the basic relay channel in [129], but to our knowledge has not been considered for the TWRC. Because of the direct link and the block Markov coding
component, the achievable rate depends on the link gains of multiple transmis-
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sion blocks. Therefore we show the block dependence in the achievable rate in
order to correctly formulate the outage in Section 4.3.
With the above transmit signals and backward decoding, we obtain the
following theorem on the achievable rate. For clarity of notation, we drop the
superscript k on link gains within the capacity expressions but emphasize that
the link amplitudes change with each block.
Theorem 11. Using BI-pDF relaying, the following rate region is achievable
for the Gaussian TWRC for messages in block k (m1C,k , m1I,k , m2C,k , m2I,k ):
R1,I ≤ Ck

2
g21
γ1

R2,I ≤ Ck

2
g12
γ2





R1,C + R2,C ≤ Ck

=

(k)
I4 ,

=

(k)
I6 ,



R1,C ≤ Ck
R2,C ≤ Ck

2
2
β2
β1 + gr2
gr1
2
2
gr1 γ1 + gr2 γ2 + 1
(k)

(k+1)

},

(k)

(k+1)

},

R1,C + R1,I ≤ min{I5 , I5
R2,C + R2,I ≤ min{I7 , I7







2
β1
gr1
2
2
gr1 γ1 + gr2
γ2 + 1
2
gr2
β2
2
2
gr1 γ1 + gr2
γ2 + 1




(k)

= I1 ,

(4.5)

(k)

= I2 ,

(k)

= I3 ,



p
(k)
2
2
β3 ,
with I5 = Ck α1 (g21 + g2r k1 )2 + g21
(β1 + γ1 ) + g2r


p
(k)
2
2
I7 = Ck α2 (g12 + g1r k2 )2 + g12
(β2 + γ2 ) + g1r
β3 ,

where g∗ denote amplitudes of link coefficients, power allocation factors satisfying (4.4) in each transmission block, and Ck (x(k) ) = log(x(k) + 1) where x(k)
is a function of link amplitudes and power allocation factors associated with
block k.
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Proof. Rate constraints I1 , I2 and I3 follow from the decoding at the relay as in
a multiple access channel. Rate constraints I4 and I6 follow from the decoding
of individual messages at each user. Most notable are rate constraints I5
and I7 which come from the decoding of both collaborative and individual
messages at each user and apply across two blocks. This is because the correct
decoding of both m1C,k and m1I,k requires m1C,k−1 to be decoded correctly
due to superposition. Then rate constraints I5 and I7 must be satisfied in two
blocks, as illustrated by the decoding order in Table 4.1. See Appendix C.1
for details.
In previous analysis of a full DF scheme consisting of block Markov coding
and independent coding without message splitting, we compared the achievable
rate regions between the case that both users utilize the relay and the case
that only one user utilizes the relay (Chapter 3). With partial DF, however,
this comparison is unnecessary as the rate region described by (4.5) includes
the case that both, only one, or neither user utilizes the relay by adjusting
the proportion of collaborative and individual messages. For example, user i
does not utilize the relay, then full power is allocated to its individual message
(γi = Pi , i ∈ {1, 2}).
We now introduce an important lemma demonstrating that both users
always use full power but the relay need not always use full power. The relay
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power depends on the link state as later shown in Theorem 15.
Lemma 4. Given any set of link conditions, both users will always use full
power. The relay will use full power if either user performs block Markov
coding.
Proof. See Appendix C.2.
The proof to Lemma 4 follows from the idea that when a user performs
block Markov coding, it is always beneficial to increase the power of the block
Markov component at both the user and relay. Without block Markov coding,
the relay only needs to use enough power to forward a message independently
of the source on the relay-destination link, leading to potential relay power
savings, as shown in Section 4.4.
Next we present an important result for the BI-pDF scheme: block Markov
coding and differentiated relaying are not simultaneously rate-optimal for a
user employing BI-pDF.
Theorem 12. Using BI-pDF relaying, if it is rate-optimal for a user to perform block Markov coding then it is optimal for that user to send its full messages via both the relay and the direct link, i.e. differentiated relaying (DR)
for that user is not rate-optimal with block Markov coding in the Gaussian
TWRC.
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Proof. See Appendix C.3.
The proof to Theorem 12 follows from considering the rate constraints in
(4.5) and showing that if block Markov coding is optimal for a user, then it
is not rate-optimal to allocate power to that user’s individual message. Note
that there are cases of the BI-pDF scheme in which it is rate-optimal for one
user to perform block Markov coding and for the other user to perform DR.
For BI-pDF, DR can be optimal when one source-to-relay link is weaker than
its respective direct link and the other source-to-relay link is stronger than its
respective direct link. The link-state regime in which the full scheme with all
three coding techniques, block Markov coding, independent coding, and partial
relaying, outperforms any subsets of these coding techniques is non-trivial to
find in closed form. Further, based on examining numerous simulation results,
these cases are rare in practice and only occur when links are non-reciprocal,
i.e. in an FDD system or a TDD system with fast fading. Although rare, an
example of this scenario is shown in the numerical results (Fig. 4.4 in Section
4.5).
For these reasons and also the fact that BM coding requires channel phase
knowledge at the transmitters, which can be difficult to obtain in practice,
we also consider a more feasible scheme, I-pDF, in which the relay performs
only non-coherent independent coding. In many cases, the performance of a
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reduced scheme, such as I-pDF or a scheme with just block Markov coding and
independent coding (but without partial relaying) as in Chapter 3, achieves
the same performance as BI-pDF. With I-pDF, link-state regimes in which
DR is rate-optimal are analytically found in closed form for fixed links [63].
In Section 4.4, we examine how these link-state regime results are adapted to
fading channels.

4.3

BI-pDF Outage Formulation

We next analyze BI-pDF in terms of reliability for the collaborative and individual messages. The collaborative message, routed through both the relay
and the direct link, is guaranteed to have higher reliability than the individual
one under the correct link-state regime, as has been observed for the classical
one-way relay channel [60]. Therefore, the high priority message is also guaranteed to have either equivalent or greater reliability than the low priority
message due to the mapping in Fig. 4.3. We mathematically formulate this
reliability for the TWRC in terms of message outage probability, taking into
account possible outage events at all nodes. Because of the superposition signal structure, an outage for the collaborative message also leads to an outage
for the individual message, but the opposite need not hold.
It is interesting to note that by routing the collaborative message through
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the relay in addition to the direct link, even though there is opportunity for an
extra outage event at the relay, the total probability of outage for the collaborative message is improved by using the relay under favorable link conditions.
The relayed transmission helps boost the received SNR of the collaborative
message at the destination, thus improving reliability performance.
In this section, we define two distinct notions of outage. The first is from
a user’s perspective in which we only analyze the outage of the collaborative
and individual messages of that user, which we define as the per user outage.
Second, we consider the outage from the perspective of the network provider
in which we analyze the outage of the collaborative and individual messages
of both users, which we define as the system outage.

Per User Outage
Here we formulate the outage for the collaborative and individual message of
just one user. The per user outage is formulated following a similar approach as
in the one-way relay channel [60, Section IV.A] but with one notable exception.
Successful decoding of user 1’s messages implies that both the relay and user
2 must decode m1C successfully. Further, if the relay performs independent
coding for both users, the relay also must decode m2C correctly in order to pick
the correct bin index for independent coding. As such, in the case that the

CHAPTER 4. PRIORITY BASED TWO-WAY RELAYING

143

relay performs independent coding for both users, both collaborative messages
must be decoded correctly at the relay even though the per user outage only
concerns the outage of one user’s collaborative message.
Based on the superposition coding order described in Section 4.2, an outage
in one layer of the codeword will propagate to the upper layer only. Therefore,
with backward decoding, an outage for m1C,k in block k+1 will propagate to
m1I,k decoded in block k (see Table 4.1) since Q1 is superposed on U1 , but not
to m1C,k−1 .
To concisely formulate the outage, we first define notation:
• Pui
c,n is the outage probability for user i’s collaborative message at node
n, where n is either the relay (’r’) or the destination (’d’).
• Pui
b,d is the probability of outage for user i’s messages at the destination
(user j), which occurs when either the collaborative or individual message
is in error.
• RC,R is the channel supported rate region at the relay for both collaborative messages (m1C,k , m2C,k ). The probability that (R1,C , R2,C ) falls
within the achievable rate region is
(k)

(k)

(k)

Pr [(R1,C , R2,C ) ∈ RC,R ] = Pr[R1,C ≤ I1 , R2,C ≤ I2 , R1,C +R2,C ≤ I3 ].
(4.6)
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1
• RBM
C,R is the channel supported rate region at the relay for one collabo-

rative message m1C,k assuming the relay performs BM only. In this case,
the probability that R1,C falls within the achievable rate is


(k)
(k)
BM 1
Pr (R1,C , R2,C ) ∈ RC,R
= Pr[R1,C ≤ I1 , R1,C +R2,C ≤ I3 ].

(4.7)

For a given target rate pair (R1,C , R1,I ), the per user outage probability for
user 1 (P1u ) is stated in the following lemma.
Lemma 5. The per user outage probability for user 1 in BI-pDF relaying is
P1u = Puc,r + Puc,r Pu1
b,d ,

(4.8)

where Puc,r = 1 − Puc,r and




1−Pr [(R1,C , R2,C ) ∈ RC,R ] , Psc,r , if the relay performs only IND or both IND and BM
u
Pc,r=





1
u1
1−Pr (R1,C , R2,C ) ∈ RBM
C,R , Pc,r , if the relay performs only BM
(k+1)

Pu1
b,d = Pr[R1,C +R1,I > I5

(k+1)

]+Pr[R1,C +R1,I ≤ I5

]



(k)
(k)
(k)
× Pr[R1,C +R1,I > I5 ] + Pr[R1,I > I4 , R1,C +R1,I ≤ I5 ] .
Proof. Puc,r is the probability of outage at the relay. For the per-user outage,
the outage formulation depends on the type of coding employed at the relay.
First consider the case that the relay performs independent coding, as in
IND only or both IND and BM. Then as discussed at the beginning of this
subsection, user 2’s collaborative message must be decoded correctly at the
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relay in order for user 1’s collaborative message to have the correct bin index.
(k)

(k)

(k)

In this case, all three relay rate constraints (I1 , I2 , I3 ) must be satisfied
as both collaborative messages (m1C,k , m2C,k ) must be successfully decoded.
Therefore Puc,r = 1 − Pr [(R1,C , R2,C ) ∈ RC,R ], where Pr [(R1,C , R2,C ) ∈ RC,R ]
is defined in (4.6), and is obtained in a similar way to the individual outage
probability of the MAC derived in [130].
Next consider the case that the relay only performs BM only. Then the
decoding of one user’s collaborative message does not depend upon the successful decoding of the other user’s collaborative message. For example, consider user 1’s collaborative message. Then m1C,k can be decoded successfully even if m2C,k is in error at the relay. Therefore relay rate constraint
(k)

I2

does not have to be satisfied in this case and the outage at the relay is





1
BM 1
Puc,r = 1 − Pr (R1,C , R2,C ) ∈ RBM
is defined
C,R , where Pr (R1,C , R2,C ) ∈ RC,R
in (4.7).

If there is no outage at the relay, an outage still might occur at the destination (user 2 in this case). It’s straightforward to show that
(k+1)

1 − Pu1
b,d = Pr[R1,C +R1,I ≤ I5

(k)

(k)

]Pr[R1,I ≤ I4 , R1,C +R1,I ≤ I5 ],

(4.9)

which are the necessary conditions based on Theorem 11 in order for user 2
to successfully decode m1C,k and m1I,k , which occurs across two blocks k + 1
and k.
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System Outage
Here we formulate the outage from a system perspective, in which outage for
collaborative messages is termed collaborative system outage (Ps,C ), and for
individual messages as the individual system outage (Ps,I ). Collaborative (individual) system outage is caused if either collaborative (individual) message
is in outage. For a given target rate pairs (R1,C +R1,I , R2,C +R2,I ) the system
outage probabilities are stated in the following two lemmas.
Lemma 6. The system outage probability for collaborative messages in BIpDF relaying is
Ps,C = 1 − Pr [(R1,C,R2,C ∈ RC,R )] 1−Pu1
c,d
(k+1)

where Pu1
c,d = Pr[R1,C + R1,I > I5

],




1−Pu2
c,d ,

(4.10)
(k+1)

Pu2
c,d = Pr[R2,C + R2,I > I7

].

Proof. Outage for either users’ collaborative message will result in collaborative system outage. As such, both collaborative messages must be decoded
successfully at the relay. Therefore, unlike the per-user outage in Lemma 5, the
outage formulation does not depend upon which type of coding is employed and
all relay rate constraints (I1 , I2 , I3 ) must be satisfied, i.e. (R1,C , R2,C ∈ RC,R )
in (4.6), otherwise collaborative system outage will occur.
(k+1)

An outage occurs for m1C,k at user 2 (S2 ) if R1,C + R1,I > I5

; similarly,

(k+1)

]. The correct

an outage occurs for m2C,k at user 1 (S1 ) if [R2,C + R2,I > I7
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decoding of the collaborative messages occurs when there is no outage at any
node (R, S1 , S2 ). Then,
1 − Ps,C = Pr[no outage (m1C,k , m2C,k ) at R]Pr[no outage (m1C,k ) at S2 ]
× Pr[no outage (m2C,k ) at S1 ]
= Pr [(R1,C , R2,C ∈ RC,R )] 1 − Pu1
c,d

(4.11)



1 − Pu2
c,d ,

which results in the formulation of Ps,C in the Lemma.
Next we formulate the system outage for the individual messages which
is slightly more complicated than the collaborative system outage due to the
signal superposition structure.
Lemma 7. The system outage probability for individual messages in BI-pDF
relaying is
Ps,I = Psc,r +Pr [(R1,C , R2,C

∈ RC,R )]



Pu1
b,d

+

u2
Pu1
b,d Pb,d



,

(4.12)

u2
u1
where Psc,r , Pu1
b,d are defined in Lemma 5, Pb,d can be defined similarly to Pb,d ,

and
(k+1)

Pu1
b,d = Pr[R1,C +R1,I ≤ I5

(k)

(k)

]Pr[R1,I ≤ I4 , R1,C +R1,I ≤ I5 ].

(4.13)

Proof. For both individual messages to be successfully decoded, both collaborative messages also must be successfully decoded due to the signal superposition structure. As such the reasoning in the proof of Lemma 6 holds: both
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collaborative messages must be decoded successfully at the relay, i.e. all relay rate constraints (I1 , I2 , I3 ) must be satisfied. Therefore there is no outage
at the relay if (R1,C , R2,C ∈ RC,R ) as in (4.6). The correct decoding of the
individual messages occurs when there is no outage at any node: (R, S1 , S2 ).
Then,
1 − Ps,I = Pr[no outage(m1C , m2C ) at R]Pr[no outage (m1C , m1I ) at S2 ]
× Pr[no outage(m2C , m2I ) at S1 ],
= Pr [(R1,C , R2,C ∈ RC,R )] 1 − Pu1
b,d


u1 u2
+
P
P
= 1 − Psc,r − Psc,r Pu1
b,d
b,d b,d ,



(4.14)


1 − Pu2
b,d ,

which results in the formulation of Ps,I in the Lemma.
The per-user outage and system outages may simplify depending on the
specific combination of coding techniques employed, as demonstrated in Section 4.4.

4.4

I-pDF: A Practical Decode-Forward
Relaying Scheme

In this section we consider a subset scheme of BI-pDF, called I-pDF, in which
the relay only performs independent coding. I-pDF achieves message priority
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as each source maps a high and a low priority message to a collaborative
and an individual message as in Fig. 4.3 based on available link information,
where the reliability of the high priority message is greater than that of the
low priority message. This simplified scheme without block Markov coding
was first considered in [63] but here we elaborate on the use of this scheme in
block fading.

I-pDF Link-State Based Transmission Strategies
Although the BI-pDF scheme is inclusive of I-pDF and therefore may have a
greater rate region under certain link states, there are significant advantages
to choosing the I-pDF scheme. Theorem 12 states that BM and DR are not
simultaneously optimal in BI-pDF. As such, a reduced scheme that includes
either BM or DR is more useful. Further I-pDF is more practical to implement
thanks to reduced channel state information (CSI) overhead.
In comparison to block Markov-based relaying schemes, I-pDF is an advantageous choice because it greatly simplifies the overhead required. Block
Markov coding requires phase CSI at the transmitters (CSIT) in order for
the source and relay’s signal to coherently combine at the destination. Also
known as distributed transmit beamforming, this phase coherency is possible
but requires substantial coordination among the nodes [108]. Although recent
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demonstrations validate the feasibility of distributed transmit beamforming,
in practice it significantly complicates the overhead required as the source and
relay’s carrier frequencies must be tightly synchronized and a phase offset must
be accounted for [106, 111]. Further, to our knowledge full duplex and distributed transmit beamforming have not been demonstrated simultaneously.
Therefore, a scheme that does not require phase CSIT, such as I-pDF, greatly
facilitates implementation. For these reasons, we consider the I-pDF prioritybased relaying scheme in detail. Since there is no need for phase CSIT in
I-pDF, CSI refers to the link amplitudes only.
To apply the I-pDF scheme with known fixed channels, the optimal transmission strategies based on the link amplitudes has been established in closed
form in [63] and is re-stated in Theorem 13 below for completeness as we will
build on this theorem in later parts.
Theorem 13. [63] The independent partial DF (I-pDF) scheme can be optimally divided into several operating regimes depending on the link states as
follows.
A) One user message splits (DR) and the other user performs either DT or
IND
A1 :

2
g21

A2 :

2
g12

<

2
gr1

<

2
gr2

<
<





2
g21
2
g12

+

2 Pr
g2r
P1

+

2 Pr
g1r
P2




2
1 + gr2
P2
2
1 + gr1
P1




2
2
and gr2
< g12
2
2
and gr1
< g21
.

(4.15)
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B) One user performs IND and the other user performs DT
B1 :

2
gr1

B2 :

2
gr2

>
>





2
g21
2
g12

+

2 Pr
g2r
P1

+

2 Pr
g1r
P2




2
1 + gr2
P2
2
P1
1 + gr1




2
2
and gr2
< g12

(4.16)

2
2
< g21
.
and gr1

C) Timeshare between both users performing IND and both users performing
DT



2
2
2
2
2
2
2
2
gr1
> g21
, gr2
> g12
, and C gr1
P1 + gr2
P2 < C g21
P1 + C g12
P2 (4.17)
D) Both users perform IND when



2
2
2
2
2
2
2
2
gr1
> g21
, gr2
> g12
, and C gr1
P1 + gr2
P2 ≥ C g21
P1 + C g12
P2 (4.18)
E) Both users perform DT without using the relay when
2
2
2
2
gr1
≤ g21
and gr2
≤ g12
.

(4.19)

Relationships among the link amplitudes (gr1 , gr2 , g21 , g12 , g1r , g2r ) indicate
the applicable link-state regime. Each link-state regime is associated with a
specific transmission strategy, which is rate-optimal for I-pDF under the channel conditions. Table II summarizes the optimal link-state regime and the
corresponding I-pDF transmission strategy, which can be independent coding (’IND’), direct transmission (’DT’) or differentiated relaying (’DR’). With
IND, both the high and low priority messages are sent as the collaborative
message; with DT, both messages are sent directly to the destination; and
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with DR the high priority message is sent over both the relayed and direct
links while the low priority message is only sent directly.
When applying the I-pDF scheme in a fading channel, we need to adapt
the two users’ transmission strategies based on available channel or link state
information. Theorem 13 provides the optimal strategies under known link
conditions. However, since the instantaneous link state may not be known
perfectly in a fading channel, we decouple the link-state regime from the employed coding strategy. For example, in link-state regime A1.i, it is optimal
to use Strategy I, in which user 1 performs IND while user 2 performs DR.
However, the two users may apply Strategy I in other link regimes if the link
state is not known.

Link-State Regime[63]

A1.i

A1.ii

A2.i

A2.ii

B1

B2

C

D

E

User 1

IND

DT

DR

DR

IND

DT

DR

IND

DT

User 2

DR

DR

IND

DT

DT

IND

DR

IND

DT

Strategy

I

II

III

IV

V

VI

VII

VIII

IX

Table 4.2: Possible Employed Strategies in the I-pDF Scheme

In fading, the two users and relay will choose to employ one of the strategies
listed in Table 4.2. Next we describe how this strategy is chosen in slow and
fast block fading channels, which significantly depends on CSI available to
each node.
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I-pDF Link Adaptation in Slow Fading
In slow fading, there is opportunity for the employed strategy to adapt to the
link state in each time block. This link adaptation is feasible if the CSI fed
back from the previous time block applies to the next time block, or reciprocity
holds over two consecutive blocks.
In the idealistic case, each node has perfect CSI of all link amplitudes in
each time block. With perfect CSI, in each time block the employed strategy
directly corresponds to the optimal strategy based on the link-state regime
stated in Theorem 13. In a more realistic scenario, nodes will choose a strategy
based on imperfect CSI. In each time block, each node would measure it’s
receive channels, quantize these link amplitude, and feed this CSI back to other
nodes. One method for quantizing the link amplitudes is maximum entropy
quantization (Chapter 5). By measuring and quantizing the link amplitudes,
the employed strategy adapts to the link state but with some error as link
amplitudes are quantized to just a few bits. To simplify the analysis, for the
remainder of this section we consider I-pDF in slow fading with perfect CSI.

Probability of Each Link-State Regime
In each time block, the strategy employed with perfect CSI is the optimal
coding strategy listed in Table 4.2. For fixed distances among nodes, because
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of fading, each strategy has a certain probability of optimality for the link
conditions. For each distance configuration of nodes, we are specifically interested in the likelihood of DR. This occurs in link regimes A1.i, A1.ii, A2.i,
and A2.ii. Here we analytically derive the probability of each link-state regime
for a given distance configuration in Rayleigh fading, based on the inter-node
distance, path loss exponent, and transmit powers.
(k)
From the fading channel model, (gij )2 = |h˜(k) |2 /dκij where h˜(k) is a Rayleigh

fading component, κ is the path loss exponent, and dij is the distance between
nodes i and j. Thus the squared amplitude of each link coefficient (multiplied by a node transmit power) is an exponential random variable denoted as
gij2 Pj ∼ exp (νij ). Define the exponential parameters:
νr1 =

dκr11
dκ2
dκ1
dκ2
dκ1
, νr2 = r2 , ν21 = 12 , ν12 = 12 , ν2r = r2 .
P1
P2
P1
P2
Pr

(4.20)
(k)

Theorem 14. For parameters in (4.20) and non-reciprocal channels (gij 6=
(k)

gji ), the probability of each link-state regime (Theorem 13) in Rayleigh fading
is as follows:
A) The probability of link-state regime A1, where (A1=A1.i ∪ A1.ii) is
Pr[A1] =

i
νr2 ν21 ν2r h
νr2 ν21
Ei(−c1 )ec1 − Ei(−c3 )ec3 +
νr1 (ν2r − ν21 )
(ν21 + νr1 ) (ν12 + νr2 )

B) Pr[B1] =
C) Pr[C] =

νr2 ν21 ν2r
νr1 (ν21 −ν2r )

ν21 ν12
νr1 −νr2

h
i
Ei(−c1 )ec1 − Ei(−c3 )ec3

h
c1
1)
− νr2 e νEi(−c
+
r1

νr1 ec2 Ei(−c2 )
νr2

+

νr1 −νr2
(νr1 +ν21 )(νr2 +ν12 )

i
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h

c1
1)
− νr2 e νEi(−c
r1

D) Pr [D] =

ν21 ν12
νr2 −νr1

E) Pr [E] =

νr1 νr2
(ν21 +νr1 )(ν12 +νr2 )

+

νr1 ec2 Ei(−c2 )
νr2
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i

(νr1 + ν21 ) (νr2 + ν12 )
(νr1 + ν21 ) (νr2 + ν12 )
, c2 =
,
νr1
νr2
(νr1 + ν2r ) (νr2 + ν12 )
c3 =
.
νr1

where c1 =

The probability of link regimes A2 and B2 (Eq. (15b) and (17b) respectively in
[63]), is the same as the probability for regimes A1 and B1 but switching the
indices 1→ 2 and 2→ 1.
Proof. See Appendix C.4.
Note that Theorem 14 only requires the knowledge of long-term channel statistics; in Rayleigh fading the probability of DR is computed in closed form.

Minimum Required Relay Power
If the employed strategy is optimal for the link state in each time block, the relay does not necessarily have to use full power in order to achieve the maximum
rate. This result is similar to that for the full DF scheme consisting of block
Markov and independent coding but no partial relaying (Chapter 3). Here
we provide the analytical expression for the minimum relay power required to
achieve the maximum I-pDF rate.
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Theorem 15. The minimum required relay power, β3 , to achieve the maximum I-pDF rate in each link-state regime is as follows:
A1.i) β3 = min

A1.ii) β3 =

(

max



(

2 −g 2 1+g 2 γ
gr1
21
r2 2
2 1+g 2 γ
g2r
r2 2

(

)

)

P1 ,

2 1+g 2 γ −g 2 1+g 2 P +g 2 γ
gr2
( 12 2 ) 12 ( r1 1 r2 2 )
2 1+g 2 P +g 2 γ
g1r
( r1 1 r2 2 )

(

2 (P −γ )−g 2 P 1+g 2 P +g 2 γ
gr2
2
2
12 2
r1 1
r2 2
2 1+g 2 P +g 2 γ
g1r
1
2
r1
r2

(

)

)



, Pr

)

(P2 − γ2 )

For A2.i and A2.ii, switch the indices ( 1→ 2 and 2→ 1) for A1.i and A1.ii
respectively.
B1 and B2) β3 = Pr
C and D) β3 = min

(

max



2 −g 2 1+g 2 P
2 −g 2
gr2
gr1
12 (
r1 1 )
21
P
,
P2
2
1
2 1+g 2 P
g2r
g1r
( r1 1 )



, Pr

)

for user 1

prioritized; for user 2 prioritized switch the indices.
E) β3 = 0 as the relay is not utilized
Proof. Relay power savings occur when neither I5 nor I7 in (4.5) are tight. See
Appendix C.5 for full details.
In Theorem 15, the required relay power is a function of the link state.
Using more power than β3 in Theorem 15 does not increase the rate. If the
relay is battery operated, using only the minimum required relay power instead
of full power will prolong the battery life. Also when integrating the I-pDF
scheme into a more complicated system of many nodes, the relay will create
less interference to other nodes in the network.
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I-pDF Reliability Performance in Fast Fading
In fast fading, CSI feedback from a particular time block does not accurately
predict the channel in the next time block. In this case, nodes will send a
fixed rate using a fixed strategy instead of adapting to the link state as in slow
fading. The fixed strategy is selected by choosing the optimal strategy based
on the long-term, or average, channel statistics. This long-term CSI depends
on the inter-node distances and path loss exponent in Rayleigh fading.
The optimal coding strategy for the long-term channel statistics is, in general, not optimal in each time block. Therefore, outage may occur in certain
time blocks that the channel cannot support the fixed rate. In this section, we
examine the reliability performance for the I-pDF scheme in fast fading. Without block Markov coding, the superposition signal structure is less complex
and the outage simplifies accordingly. We first briefly describe how the outage
formulation for BI-pDF (Section 4.3) changes with I-pDF, then we evaluate
the outage in closed form when possible and numerically otherwise.
Without block Markov coding, user 1 simply superposes m1I,k on m1C,k .
Because source 2 still decodes m1I,k and m1C,k−1 together (associated with
block k in Table 4.1), it simplifies the outage formulation for I-pDF to consider
the achievable rate region in terms of these messages2 . Then the achievable
2

Then with the I-pDF scheme, per-user outage for user 1 occurs in block k if either
m1C,k−1 or m1I,k is in outage.
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(k)

rate region for I-pDF reduces to R1,C + R1,I ≤ I5
(k)

(k+1)

min{I5 , I5

instead of R1,C + R1,I ≤

} as in (4.5), similar for I7 . Therefore, Pu1
b,d in Lemma 5 can be

written as follows.
(k)

(k)

(k)

Pu1
b,d = Pr[R1,C +R1,I > I5 ] + Pr[R1,I > I4 , R1,C +R1,I ≤ I5 ].

(4.21)

Assuming a certain strategy as listed in Table 4.2, a fixed target rate, and
the Rayleigh distribution of the channel amplitudes, in the next theorem we
ui
analytically compute Puc,r , Pui
b,d , and Pc,d , the necessary variables to calculate

the per-user and system outages for the I-pDF scheme.
Theorem 16. Assuming target rates R1 = R1,C + R1,I and R2 = R2,C + R2,I ,
where Ri,C =

βi
R,
Pi i

and Ri,I =

γi
R,
Pi i

i ∈ {1, 2}3 , the outage probability for

each strategy in Table 4.2 for the I-pDF relaying scheme can be evaluated as
follows
u1
u2
u2
Strategy I: Pu1
b,d = Pc,d = c4 , Pb,d = c6 + c8 , Pc,d = c6 ,

Puc,r is not available in closed form. For a numerical example see Appendix
C.6.
u1
u2
u2
Strategy II: Pu1
b,d = c5 , Pc,d = 0, Pb,d = c6 + c8 , Pc,d = c6 ,
λr2 (2R2C −1)
R2C
R2C
ν
P
−γ
2
)
r1 ( 2
2
Puc,r = 1 − λ 2R2C −1 +ν P −γ 2R2C e (P2 −γ2 2 ) .
) r1 ( 2 2
)
r2 (
3

γi is the proportion of power allocated to the individual message while βi is the proportion of power allocated to the collaborative message of the current block as in (4.3).
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Strategy V:
u1
u2
u2
u
Pu1
b,d = Pc,d = c4 , Pb,d = c7 , Pc,d = 0, Pc,r = 1 −

R1
νr2
e−νr1 (2 −1) .
νr1 (2R1 −1)+νr2

Strategy VII: Timeshare the results for strategies VIII and IX.
Strategy VIII:

u2
u2
u1
Pu1
b,d = Pc,d = c4 , Pb,d = Pc,d = c6 ,

R1
R1 +R2 −2R1
) − νr2 eνr2 (1−2R2 )−νr1 (2R1 +R2 −2R2 ) .
r1
Puc,r = 1 − νr1ν−ν
eνr1 (1−2 )−νr2 (2
νr2 −νr1
r2

u2
u1
u2
u
Strategy IX: Pu1
b,d = c5 , Pb,d = c7 , Pc,d = Pc,d = Pc,r = 0,

ν21 1−e

λ
− 2r (2R1 −1)
β3

where c4 =

−

λ2r
β3



R
1−e−ν21 (2 1 −1)

λ
ν21 − β2r
3

ν12 1−e

λ
− 1r (2R2 −1)
β3

c6 =
c8 =

!

!
−

λ1r
β3



R2 −1)

1−e−ν12 (2

λ1r
β3
λ
+ P12
2

−

e

λ12
P2

R1

− 1)

R2

− 1)

,



λ
ν12 − β1r
3

λ1r
β3

, c5 = 1 − e−ν21 (2

, c7 = 1 − e−ν12 (2

,

(2R2 −1) − e− λγ122 (2R2I −1) ,

λ2r = dκ2r1 , λr2 = dκ2r2 , λ1r = dκ1r2 .
and νr1 , νr2 , νr1 , ν21 , ν12 are as defined in (4.20).
For strategies III, IV, and VI switch the indices (1 → 2) and (2 → 1) of
strategies I, II, and V respectively.
Proof. See Appendix C.6.
ui
Puc,r , Pui
b,d , and Pc,d in Theorem 16 can be plugged in to calculate the I-pDF

per-user and system outages (Lemma 5, Lemma 6, and Lemma 7) in closed
form.
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Figure 4.4: Rate region for BI-pDF (P1 = P2 = 1, g12 = 1.5, g1r = 0.4, g21 =
0.7, g2r = 0.4, gr1 = 1.0, gr2 = 0.64).

4.5

Numerical Results

In this section, we present numerical results to verify the analysis in Sections
4.2 - 4.4. To demonstrate our results for a wide range of applications, we perform simulations for both slow and fast fading environments. In all numerical
results, we define the average received SNR at source 2 for the signal from
source 1 as follows:
SNR = 10 log (P/dκ211 ) , where P1 = P2 = Pr = P.

(4.22)

Advantages of Priority-Based Differentiated Relaying in
BI-pDF and I-pDF
Here we numerically examine the advantages of differentiated relaying (DR)
in achieving a larger rate region in both BI-pDF and I-pDF schemes. For
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Figure 4.5: Rate region for I-pDF (P1 = P2 = 10, g12 = 0.3, g1r = 0.2, g21 =
0.3, g2r = 0.9, gr1 = 1.0, gr2 = 0.2).

BI-pDF, Theorem 12 states that if a user performs BM, then DR for that
user is not rate-optimal. However, in some special cases if a user performs
BM then DR may be optimal for the other user. Therefore BI-pDF does
achieve rates beyond what is achievable with only a subset of these coding
techniques, i.e. either I-pDF or just BM and IND (as in Chapter 3). The
rate region in Fig. 4.4 demonstrates an example of a case in which BI-pDF
achieves a greater rate region than any subset of these techniques. To achieve
the largest rate region in Fig. 4.4, user 1 performs BM while user 2 performs
DR with IND. As discussed in Section 4.2, cases such as this in which all three
techniques (BM,IND,DR) are necessary to achieve the largest rate region are
rare in practice and as evidenced by the example in Fig. 4.4, the rate gains
are not large considering the amount of complexity required for a scheme with
three techniques instead of two.
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Figure 4.6: Differentiated Relaying based on different types of available CSI
in an FDD system (κ1 = 3.6, κ2 = 2.4, SN R = 5dB) a) Link-state regime
determined by long-term CSI in fast fading; b) Probability of DR being optimal
in slow fading for user 2.
In Fig. 4.5, we plot a rate region to highlight the importance of DR in the
I-pDF scheme presented in Section 4.4. As illustrated in this figure, I-pDF
achieves a significantly greater rate region than IND or direct transmission
alone, or timesharing between IND and direct transmission. These considerable rate gains illustrate the importance of priority-based differentiated relaying.

Adaptation of I-pDF Differentiated Relaying in Slow
and Fast Fading
As demonstrated by the link regimes for I-pDF in Table 4.2, it is not always
optimal for a user to perform DR. Here we examine when it is optimal to
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perform DR in fast and slow fading.
Given long-term CSI in fast fading, the optimal coding strategy based on
the link-state regimes is plotted on a 2D plane in Fig. 4.6a. The distance
between two users is fixed at an example 20 meters while the relay location
varies over the entire plane. An FDD system is assumed with channels inversely related to distance. When a source-to-relay link is weaker than its
respective direct link, it is rate-optimal for either 1) one user to perform DT
while the other performs IND, or 2) for one user to perform DR. Note that
in the FDD case of Fig. 4.6a, the area that user 2 performs DR (denoted by
light green) is much larger than the area that user 1 performs DR (dark green)
due to the path loss difference. Specifically, the higher path loss κ1 causes a
greater area for user 2 to perform DR. As demonstrated by Fig. 4.6a, DR is
applicable for significant regions of relay locations around the sources based
on long-term CSI in fast fading.
Next we examine the probability of DR in slow fading where nodes adapt
the transmission strategy to the link state. For each relay location on the 2D
plane, in Fig. 4.6b we plot the probability of link regime A1 (A1 = A1.i∪A1.ii)
in which DR is optimal for user 2 (Theorem 14). Note that the area in which
regime A1 is most probable in slow fading corresponds to the area in which
A1 is optimal in fast fading in Fig. 4.6a. Based on Fig. 4.6b, if the strategy
is adapted to the fading state, the probability of DR can be as high as 45% in
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certain regions, demonstrating the importance of DR in slow fading.

Reliability Performance of I-pDF Differentiated
Relaying in Fast Fading
Next we examine the reliability performance of DR in the I-pDF scheme by
numerically evaluating the system outage in fast fading. In Fig. 4.7, we plot
probabilities of the collaborative system outage, individual system outage,
direct transmission outage, and outage using only independent coding. The
total target rate for each user is 0.5 bps/Hz. Rayleigh fading is assumed with
106 channel realizations for each SNR value. At every SNR value, the power
allocation rate-optimal for the average channel statistics (long-term CSI) is
applied to each fading channel.
Figure 4.7a illustrates a case for the superior reliability performance of DR
in the I-pDF scheme. At each plotted SNR value, the high priority message is
received with greater reliability than the low priority message in DR, and also
is more reliable than both messages routed through the relay (independent
coding) or direct transmission. This better reliability for the high priority
message is also true for the inter-node distance configuration as in the caption
of Fig. 4.7b. Surprisingly the low priority message is received with greater
reliability than that of direct transmission and independent coding for the
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inter-node distance configuration of Fig. 4.7a. This is not always the case as
evidenced by Fig. 4.7b.
As shown in Fig. 4.7b, the order between the reliability of the low priority
message and the independent coding message depends on the SNR and internode distance configuration. At low SNR, the reliability of the low priority
message with DR is greater than that of routing both messages through the
relay; however at high SNR, independent coding achieves better reliability. At
all SNR values in Fig. 4.7b, the reliability of the low priority message outperforms direct transmission. The reliability of the high priority message levels
out at high SNRs due to the denominator in I1 , I2 , and I3 in (4.5). Because the
low priority message acts as interference at the relay, the collaborative system
outage probability with DR will eventually level out at high SNR. Fig. 4.7
illustrates that when DR is rate-optimal, the I-pDF scheme guarantees better
reliability for the high priority message.
Reliability priority can also be transformed to rate priority at the same
reliability level. Given the inter-node distances, path loss, and SNR as in
the caption of Fig. 4.8, the optimal coding strategy based on the long-term
CSI is for user 1 to perform DR while user 2 performs IND. Fig. 4.8 shows
the achievable rate for user 1’s collaborative and individual messages at each
outage probability, which correspond to the high and low priority message
respectively because user 1 performs DR. As shown in this figure, the achiev-
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Figure 4.7: System outage comparison for various schemes in fast fading; a)
κ = 4, dr1 = 4, d21 = 20, dr2 = 22, b) κ = 4, dr1 = 5.5, d21 = 20, dr2 = 20.5.
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Figure 4.8: Achievable rate for high priority and low priority messages of user
1 assuming a given outage probability, with link optimal power allocation (user
1: DR, user 2 IND); SNR= 10dB, κ = 3, dr1 = 20.6, d21 = 20, dr2 = 10.2.

able rate for the high priority message is always greater than that of the low
priority message. Therefore, with DR the high priority message enjoys significantly larger data rates at the same guaranteed reliability performance or vice
versa: the high priority message experiences significantly higher reliability at
the same transmission rate.
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Summary

In this chapter, we examine the use of relaying to guarantee message priority performance in terms of reliability. Differentiated relaying in which only
the high priority message is decoded by the relay is optimal in certain link
states. We formulate the outage probabilities of low and high priority messages in a more general scheme, BI-pDF, comprised of both block Markov
coding and independent coding. We also consider in detail a sub-scheme, IpDF, in which the relay only performs independent coding due to the reduced
CSI requirement. In slow fading, I-pDF link adaptation allows nodes to increase throughput and conserve relay power. For fast fading, we evaluate the
outage probabilities of I-pDF in closed form. With differentiated relaying we
guarantee higher reliability performance for higher prioritized messages, which
can be transformed to rate priority at a fixed reliability level. This demonstrated benefit of differentiated relaying helps in realizing message priority in
future cellular and wireless ad hoc networks.
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Chapter 5
Maximum Entropy Link-State
Quantization
In Chapters 2 and 3, we considered link-state based DF relaying strategies
with various types of channel state information (CSI), including perfect CSI,
long-term CSI, and practical CSI. Perfect CSI indicates that nodes have the
knowledge to adapt the scheme to each fade, but is an unrealistic assumption
for practical wireless systems. Long-term CSI implies that nodes only know
the average channel, and is applicable in fast fading when nodes are unable to
adjust to each fading state. Practical CSI, in which nodes have perfect receive
CSI but long-term transmit CSI, generally improves performance beyond that
of long-term CSI. In this chapter, we consider another form of CSI, quantized
CSI, in which nodes only have quantized knowledge of the link state.
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Given that links between users fade randomly, the transmission scheme
must be adapted to the link state in order to obtain the best rate performance.
As perfect CSI is an impractical assumption, we investigate link adaptation
with quantized CSI. To employ the composite relaying schemes discussed in
this thesis, certain components of CSI must be quantized and fed back to the
transmitters. Quantization is a well studied topic in data compression [131,
132] and has been applied in communication, for example via codebook design
for limited feedback [133].
Traditionally, scalar quantizers are designed to be optimal in the sense
that they minimize the expected distortion, such as the Lloyd-Max algorithm
[131, 132]. Another approach to designing a quantizer is to maximize the
entropy of the codebook to ensure that each quantized value is used equally
frequently [134]. For a fixed set and large number of quantized values, a
codebook which maximizes the entropy also minimizes the expected distortion
[135, 136]. However, if only a small number of bits are used in quantizing data,
then the two design criterion result in different quantizers.
A quantizer that utilizes this entropy maximizing design criteria but assumes an unknown underlying probability density function (PDF) is proposed
in the context of neural networks [137]. Because the underlying PDF is unknown, training data is required in designing this quantizer, which only begins after all training data is available. Further, even the fast version of this
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algorithm takes thousands of steps to converge (approximately 40,000 for a
Gaussian PDF). For these reasons, the quantizer proposed in [137] is unrealistic for applications with real-time changes to the PDF, such as wireless
communications.
Here we develop a maximum entropy (ME) quantization technique for data
with a known probability distribution and apply it to link-state based composite DF relaying for the basic relay channel (Chapter 2) to quantize link
magnitudes. It should be emphasized that ME quantization may be applied
to quantize the link state for the relaying schemes presented in Chapters 3 and
4 for the TWRC, or any other wireless scheme that requires link state quantization. To our knowledge, no previous works utilize this entropy maximizing
design criterion for describing the link state.

5.1

Entropy-Maximizing Quantization
Method

We first present the maximum entropy (ME) quantization technique that seeks
to maximize the entropy of each codebook entry as opposed to the more traditional approach of minimizing distortion. This ME quantization technique
can be applied in any setting in which the underlying distribution of the data
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is known or can be estimated. Therefore, this ME quantization technique is
widely applicable in many different problems in which data must be quantized.
Although this ME quantizer and the quantizer in [137] both maximize the entropy, they are applied in different contexts. Our proposed ME quantizer is
based on a known PDF of the data, whereas the quantizer in [137] needs to
learn the underlying PDF while performing the quantization. The proposed
ME quantizer can quickly adapt to a changing PDF model because it does not
require iterations to find the partition and quantized values.
We first describe the general ME quantization method, then later apply this
method to quantize the magnitude of a Rayleigh fading channel. By doing this,
information about the channel magnitude can be fed back to the transmitter
to achieve higher data rates. Therefore, we describe the ME quantization
algorithm in terms of a wireless communication problem, but we emphasize
that this method has wide application in other disciplines.
The entropy-maximizing quantization function is straightforward to implement and is based on a codebook that each node independently constructs
with only knowledge of the underlying distribution of the data. For example,
if the data follows an exponential distribution, then each node must only know
the corresponding parameter λ to update the codebook.
Suppose data x with a known distribution function must be quantized using

b bits resulting in n = 2b quantized values. The 2b −1 partition values are
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determined by the quantile function, Q(p) for this known distribution, where
p is varied in integer multiples of

1
2b



, from

1
2b



to 1 −

1
2b


.

Because the partition is determined by the inverse CDF, by design, each
quantized value is equiprobable. Hence the quantizer output entropy is maximized. The quantized value is the conditional expected value given a particular
bin q:
x̂ = E [x|x in bin q] = 2

b

Z

Q(

q
2b

)

Q( q−1
b )

xpX (x)dx.

(5.1)

2

This quantization method is simple to implement and in general outperforms
uniform quantization because it takes the specific distribution of the link into
account. Note that if the quantile function is not available, the partition and
quantized values can be determined numerically.
This quantization technique is preferable to the Lloyd-Max quantizer for
real-time applications because Lloyd-Max is an iterative technique that is significantly more complex to implement. For constant probability distributions,
it was demonstrated that O(n2 ) iterations are asymptotically required to reduce the error by an order of magnitude [138]. Further, the speed and the
optimality of convergence of the Lloyd-Max algorithm are heavily dependent
on the initial choice of the partition [139, 140]. The ME quantizer presented
in this paper avoids these issues of slow convergence as no iterations are required, making the ME quantization linear in n (O(n)). The performance of
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this quantization method and comparison with Lloyd-Max will be investigated
in Section 5.3.

5.2

Link Adaptation using ME Quantization

In this section, we utilize the link-state regime results in Section 2.3 in order to
perform link adaptation of the composite relaying scheme in a Rayleigh fading
environment. We first re-examine the fading channel model. Note that the
required link-state information for adaptation in fading is presented in Section
2.4. Next we discuss the acquisition of instantaneous CSI through ME quantization. Then we consider the impact of outdated CSI on the performance of
ME quantization by considering the Jakes’ autocorrelation model.

Fading Channel Model
Given the link-state analysis in Section 2.3, we apply the composite relaying
scheme in a fading environment in which links vary over time. For readability,
the basic relay channel is reproduced in Fig. 5.1.1 As such, the link gain coefficients are assumed to be complex value Rayleigh fading coefficients, described
as
hik =
1



−κ
dik 2



h̃,

(5.2)

Note that this is the same fading channel model as presented in Section 2.1, but we
restate it here for chapter readability.
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Figure 5.1: Basic relay channel model.

(from node k to i) where κ is the path loss exponent and h̃ = h̃R + j h̃I ,
h̃R , h̃I ∼ N (0, 21 ) are independent Gaussian random variables with zero mean
and variance 21 . In (5.2), dik refers to the distance in meters between nodes i
2
and k. From (5.2), gik
= |h̃|2 /dκik . Then the squared amplitude of each link
2
coefficient is an exponential random variable denoted as gik
∼ exp (λik ).

Link Adaptation with Quantization
To obtain the necessary link amplitude CSI, ME quantization is applied to
reduce the amount of feedback. This quantized feedback is required at the
source and the relay to determine both the link-state regime and the power
allocation as discussed in Section 2.4. As a representative case, the source has
no CSI about the link between the relay and the destination. This information must be quantized and fed back to accurately implement the composite
relaying scheme. In this chapter, we assume that the source and relay are able
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to transmit coherently via distributed transmit beamforming, as discussed in
Section 1.3. For example, one-bit closed loop feedback may be utilized to synchronize the phase while ME quantization is used to quantize link amplitudes.
Thus here, feedback refers only to the amplitude of the link gains. Next, we
investigate how to quantize the link amplitudes to feed back.
The distribution of a Rayleigh fading link amplitude can be determined
based on the distance between two nodes and path loss. It is assumed that
the source and relay know the number of bits used for the link magnitude
quantization, the inter-node distances, and the path loss. These values do
not change as often as the link gains due to small scale fading and could be
updated less frequently. Further, it is assumed that nodes know the transmit
powers of other nodes. If the transmit power is variable, we assume that it
takes on one of m levels. The power level can then be appended to the feedback
quantization of the link magnitude.
To apply the ME quantization method, the source and relay both construct a codebook based on the quantile function for the distribution of each
2
link magnitude gik
. Specifically, the magnitude squared of each link state is

exponentially distributed, with the PDF known a priori and parameter λik .
The source and relay independently construct codebooks for each relevant link
state with only knowledge of the inter-node distance and path loss. Suppose
2
the source quantizes gik
(exponential with parameter λik ) using b bits. The
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2b −1 partition values are determined by the quantile function for the expo-

nential random variable:

Q(p, λ) = −ln(1 − p)/λ,
where p is varied in integer multiples of

1
2b

(5.3)


, from

1
2b



to 1 −

1
2b



. Recall

from Section 5.1 that each quantized value is equiprobable. Then the quantized
value is the conditional expected value given that the magnitude squared is in
bin q:
b
2
d
(g
ik ) = 2

Z

Q(

q
,λ
2b

)

Q( q−1
b ,λ)

λx exp(−λx)dx,

(5.4)

2

where the lower bound of integration in (5.4) is zero for the first bin and the
upper bound of integration is infinity for the 2b

th

bin.

2
As a representative case, assume the destination measures gdr
and wants

to quantize the link state to one of four values (b = 2). Note that the destina2
tion will actually measure the received signal power gdr
Pr but because node

transmit powers are assumed to be either known a priori or broadcasted, the
2
destination can divide to obtain gdr
. The three partition values (x1 , x2 , x3 )

are determined from (5.3) by letting p equal 41 , 12 , and

3
4

respectively. Suppose

2
2
gdr
< x1 , then gdr
will be quantized according to the first bin and the destination
2
broadcasts that gdr
is in bin number 1. Because the source and the relay have

knowledge of the inter-node distance and the path loss exponent, they can construct the codebook for gdr . Thus, when the source and the relay realize that
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gdr is in bin 1, they will assume that ĝdr

q
R Q( 1 ,λdr )
= 2b 0 4
λdr x exp(−λdr x)dx.

Other link-states are similarly quantized and fed back by the node with receiver CSI for that link state.

Probability of Error with Incorrect Parameter
Estimation
In this section, we analytically consider the probability of incorrectly quantizing a link magnitude using the ME quantizer. Here we assume that the actual
channel and the estimated channel both experience Rayleigh fading. In the
Numerical Results Section 5.3, we consider the case that the actual channel
experiences Rician fading while the estimated channel experiences Rayleigh
fading.
Recall that the partition is determined according to the quantile function,
or inverse CDF. For an exponential random variable, as is the case for the
squared link magnitude in Rayleigh fading, the partition is determined by
Q(p, λ) =

−ln(1−p)
λ

where p is varied in multiples of

1
2b



from

1
2b



to 1 −

1
2b



,

and λ = dκ , where d is the inter-node distance and κ is the path loss exponent. If the path loss exponent and/or the inter-node distance are estimated
incorrectly, the partition will shift. Then some link amplitudes will be incorrectly quantized. In this section, we analytically compute the probability of
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this incorrect quantization.
First we compute the probability of incorrectly quantizing a link amplitude
assuming both an incorrectly estimated path loss exponent and an incorrectly
estimated inter-node distance. If received signal strength (RSS) is utilized to
estimate inter-node distance, the accuracy of this estimate is highly dependent
on the knowledge of the path loss exponent [141]. Several methods exist for
jointly estimating the path loss exponent and the inter-node distance [141,
142]. As demonstrated by one work, an incorrectly estimated path loss exponent has dramatic impact on the accuracy of the inter-node distance estimate
[143]. For this reason, we first consider the impact of incorrectly estimating both the path loss exponent and the inter-node distance in the following
theorem.
Theorem 17. The probability of incorrectly quantizing a link amplitude with
ME quantization in Rayleigh fading with a presumed Rayleigh fading channel
model is as follows.
Perror = sgn (∆)

X
p

1 − exp

where p is varied in integer multiples of



λ

λ̂

1

2b



ln (1 − p) − p ,
from

1
2b



to 1 −

(5.5)
1
2b



, and the

actual exponential parameter λ is equivalent to the estimated parameter λ̂ with
some error ∆:
λ = λ̂ + ∆.

(5.6)
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Proof. First consider the case that ∆ > 0. Then each actual partition value
will be less than the estimated partition value and the probability that the
link amplitude is incorrectly classified Perror is


X  −ln (1 − p) 
−ln (1 − p)
Perror =
F
−F
,
λ
λ̂
p


X
λ
=
1 − exp
ln (1 − p) − p,
λ̂
p

(5.7)

where F (x) = 1 − exp(−λx) is the CDF of the exponential random variable.
By considering the case that ∆ < 0, the probability of error is as in (5.5).
Based on Theorem 17, we next compute the probability of incorrectly quantizing a link amplitude with ME quantization assuming only one incorrect assumption: either an incorrectly estimated path loss exponent (Corollary 1) or
an incorrectly estimated inter-node distance (Corollary 2).
Corollary 1. The probability of incorrectly quantizing a link amplitude with
ME quantization in Rayleigh fading with an incorrectly presumed path loss
exponent is as follows.
Perror = sgn(∆)

X
p




1 − exp d∆ ln (1 − p) − p ,

where p is varied in integer multiples of

1
2b



from

1
2b



to 1 −

(5.8)
1
2b



, and the

actual path loss exponent κ is equivalent to the estimated path loss exponent κ̂
with some error ∆:
κ = κ̂ + ∆.

(5.9)
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Proof. Follows from the proof of Theorem 17, where the estimated inter-node
distance is equivalent to the actual inter-node distance.
Corollary 1 is especially relevant for stationary nodes in which the internode distance remains constant over time but the channel environment may
change, for example due to shadowing. Next we consider the opposite effect
in which the channel environment is fairly stable but the inter-node distance
may be estimated incorrectly, perhaps due to mobile nodes or frequent relay
selection changes.
Corollary 2. The probability of incorrectly quantizing a link amplitude with
ME quantization in Rayleigh fading with an incorrectly presumed inter-node
distance is as follows.
Perror



X
= sgn (∆)
1 − exp ln (1 − p)
p

where p is varied in integer multiples of

1
2b



d
d−∆

from

κ 

1
2b





−p ,

to 1 −

1
2b

(5.10)


, and the

actual distance d is equivalent to the estimated inter-node distance dˆ with some
error ∆:
d = dˆ + ∆.

(5.11)

Proof. Follows from the proof of Theorem 17, where the estimated path loss
exponent is equivalent to the actual path loss exponent.
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Impact of Outdated CSI
If ME quantization is employed in a real wireless system, feedback delay will
affect the quality of the quantized link state information. This delay is due
to the time it takes for the receiver to measure the link amplitude, quantize
it, and feed it back to the transmitter. By the time the transmitter reacts
to this quantized CSI, the link amplitude may be significantly different than
from the moment it was measured by the receiver. Here we consider the effect
of applying ME quantization with this outdated CSI.
To examine the impact of outdated CSI with ME quantization, we analyze performance using the Jakes’ channel model [144]. The well-known Jakes’
model assumes uniformly isotropic distributed scatterers. By assuming that
the random phases of signals with the same Doppler frequency, but from different scatterrers are equivalent, Jakes developed an efficient channel simulator
[145]. With the Jakes’ model, denote the outdated link gain by ĥik ; this is the
link state information that is used to determine both the link-state regime and
power allocation in each transmission block for composite DF relaying.
Next we describe the outdated CSI that the transmitter has for the forward
link as follows [146].
ĥik = ρhik +

p


1 − ρ2 wik ,

(5.12)

where wik is a circularly symmetric complex Gaussian random variable with
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the same variance as hik , and ρ is the correlation coefficient between ĥik and
hik described as follows.
ρ = J0 (2πfd ∆T ) ,

(5.13)

where J0 (·) is the zeroth order Bessel Function of the first kind, fd is the
maximum Doppler shift for link hik , and ∆T is the time delay between channel
estimation and transmission. The correlation coefficient ρ is dependent upon
the ratio of ∆T to the coherence time [147]. Specifically, ρ is approximately
0.5 for a feedback delay equivalent to the coherence time. In the next section,
we numerically evaluate the performance of ME quantization using this model
for outdated CSI.

5.3

Numerical Results

In this section, we present numerical results to analyze the performance of the
ME quantizer with composite DF relaying in a Rayleigh fading environment.
First, we compare the performance of ME quantization to Lloyd-Max quantization and uniform quantization. Next, we examine the rate performance of
the ME quantizer in comparison to that of long-term CSI and perfect CSI, and
consider the impact of increasing relay power beyond the minimum required
to achieve the maximum DF rate. We then test the sensitivity of the ME
quantizer to errors in the estimated channel PDF in terms of both the path
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loss exponent estimate and the actual distribution model. In these simulations, we assume that the channel changes relatively slowly compared to the
frame rate such that the CSI fed back from the receiver to transmitter perfectly describes the link state in the next transmission block. We then relax
this assumption to numerically examine the impact of outdated CSI using the
Jakes’ autocorrelation model.
In these simulations, the SNR is defined as follows:
SNR = 10 log (P/(dκds )) .

(5.14)

The source and relay transmit power are set to P in (5.14). Using this transmit
power and quantized link-states, the appropriate link regime, power allocation,
and resulting sum rate are computed for 105 independent Rayleigh fading
channel realizations.

Comparison of ME with Lloyd-Max and Uniform
Quantization
We first compare the performance of ME quantization with uniform quantization and Lloyd-Max for quantizing the link states in Rayleigh fading. In Fig.
5.2, the number of bits used for the quantization of each link-state is varied
from 1 to 4 at a fixed SNR (7dB). The link is quantized using ME quantization, the Lloyd-Max algorithm via the built-in Matlab function, and uniform
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Figure 5.2: Comparison of ME, Lloyd-Max, and Uniform Quantization (7dB
SNR, κ = 3.5, drs = 8m, ddr = 12m, dds = 20m).

quantization. For uniform quantization, the lower bound is set as 0 and the
upper bound is set as four standard deviations (a loading factor of 4 is consistent with literature [148]), where the standard deviation is determined by the
inter-node distance and path loss exponent. Note that the same independent
channels are re-used for fair comparison.
The simulation results in Fig. 5.2 demonstrate that ME quantization outperforms both uniform quantization and Lloyd-Max quantization when more
than one bit is used to describe each link. Lloyd-Max does outperform ME with
one bit of quantization assuming the inter-node distance configuration as in
the caption of Fig. 5.2. The threshold where ME begins to outperform LloydMax depends on the number of quantization bits, the SNR, and the inter-node
distance configuration. However, even when Lloyd-Max slightly outperforms
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ME, the two are comparable. This result is particularly significant because ME
quantization is considerably more straightforward to implement than LloydMax quantization. As Lloyd-Max is an iterative algorithm, it is not practical
to implement in real-time applications such as quantizing the instantaneous
fading link state. However, ME quantization provides a straightforward and
accurate means to quantize link-states that could be implemented in real time.
Uniform quantization also has this benefit, but as demonstrated by Fig. 5.2,
ME outperforms uniform quantization.
By varying the number of bits required for quantization, the most gain is
obtained by using 4 bits. However, it is evident from Fig. 5.2 that there are
diminishing returns when quantizing with more than 3 bits. If only 1 or 2 bits
are used for the quantization, the mean sum rate with ME quantization is still
greater than that of long-term CSI.

Transmission Rate with ME Quantized CSI
Next we compare the performance of the ME quantization with that of perfect
CSI and long-term CSI. The power allocation parameters for the sum rates in
Fig. 5.3 are computed based on the quantized instantaneous Rayleigh fading
link states. The long-term CSI case, perfect CSI case, and direct transmission
sum rates are also plotted for comparison. With long-term CSI, the average
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Figure 5.3: Mean Sum Rate using ME Quantization of CSI (κ = 3.5, drs =
8m, ddr = 12m, dds = 20m).

channel based only on the distance configuration and path loss is used in determining the link-state regime and power allocation. Then this power allocation
for the average channel is applied to all fading channel realizations. For the
perfect CSI case, the link-state regime and power allocation are recalculated
for each fading channel realization.
Results in Fig. 5.3 illustrate that the entropy-maximizing quantization
technique is a highly effective method for adapting the composite DF scheme
to the instantaneous Rayleigh fading channel. The quantization with increasing number of bits provides a gradual transition from simply using long-term
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Figure 5.4: Rate versus power savings comparison between various relay power
models using one bit ME Quantization (κ = 3, drs = 8m, ddr = 12m, dds =
20m).

CSI to using perfect CSI, which is unrealistic for practical wireless systems.
However, by quantizing with just 4 bits, the performance is close to that of
the perfect CSI case as also observed in Fig. 5.2.
Next we examine the power savings and rate gain trade-off for relay placement as in Section 2.5 with ME quantized link amplitudes. As discussed in
Section 2.5, if the relay only performs independent coding, the relay may conserve power but still achieve the maximum DF rate. Recall that this minimum
required relay transmit power to achieve the maximum DF rate is computed
using the link amplitudes. However the relay transmit power determined using
quantized link gains may be lower than that required by the unquantized link
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gains due to quantization error, ultimately resulting in a lower rate.
Here we numerically investigate the effect of using quantized links to compute the relay transmit power, and implement a straightforward method to
mitigate the resulting rate reduction. In Fig 5.4, we revisit the simulation
setup of Fig. 2.9 in which the relay moves between the source and destination. At each half meter, we compute the average achievable rate and relay
power savings for 105 channel realizations using one bit ME quantization for
the link gains. Specifically, we consider three different scenarios: 1) the relay
transmits with the minimum required relay power to achieve the maximum
rate (βr,min ), where βr,min is computed using the quantized link gains; 2) the
relay transmits with the minimum required power, rounded up to the next
level (βr,bump ); and 3) the relay uses full power. For option two, we set eight
’levels’ of relay transmit power and the relay computes βr,min then rounds up
to the nearest level, resulting in βr,bump .
As demonstrated by Fig 5.4, when the relay transmits with more power,
the achievable rate increases. With full relay transmit power, the achievable
rate is the largest, but there are zero relay power savings. With the minimum
power, βr,min , the relay conserves the most power, but the achievable rate is
lower than that of full power. By transmitting with a slightly greater relay
transmit power than βr,min , i.e. βr,bump , the relay still conserves a significant
amount of power but increases the achievable rate to almost that of full relay
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transmit power. It should be noted that if the relay is close to the source, than
these three options have almost equivalent performance because the source and
relay generally perform block Markov coding, in which the relay utilizes full
power. If the relay is closer to the destination, then the relay transmit power
determined by quantized link gains significantly influences the achievable rate.

Sensitivity of ME Quantization
In this section, we evaluate the sensitivity of the ME quantizer first with
respect to small errors in the estimated path loss exponent which affects the
accuracy of the channel PDF; then with various degrees of mismatch between
the presumed channel fading distribution and the actual fading distribution;
and finally with outdated CSI.
First, we consider composite DF relaying with Rayleigh fading as in Fig.
5.5 where the actual path loss exponent is κ = 3 but the ME quantizer believes
the channel fades according to a different path loss (varied from 2 to 4). By
changing the perceived value of the path loss exponent, the ME quantizer
assumes the channel data follows a slightly different PDF. This type of error
in the estimated PDF could also be caused by errors in the perceived inter-node
distance or shadowing. As demonstrated in Fig. 5.5, performance of the ME
quantizer degrades gracefully as the perceived path loss exponent deviates
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Figure 5.5: Sensitivity of the ME quantizer to different assumed path loss
exponent (κ = 3, SNR= 5dB, drs = 8m, ddr = 12m, dds = 20m).

further from the actual value. Note that the guessed path loss exponent is
slightly biased in this application; the achievable rate is better for a lower
guessed path loss exponent than a higher one.
Next, we evaluate the performance of the ME quantizer with a mismatch
between the presumed channel fading distribution and the actual channel fading distribution. Specifically, we assume an additional line-of-sight component
(LOS) to the actual channel. The actual channel fading follows a Rician distribution with a varied K factor. However, the ME quantizer (and long-term
CSI) believes the channel fades according to a Rayleigh distribution with no
LOS component. As demonstrated in Fig. 5.6, the performance appears to
be barely affected by the additional LOS component for the test range of K.
The average sum rates with quantization using the inaccurate channel PDF
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Figure 5.6: Sensitivity of the ME quantizer to mismatch between actual
(Rician) and presumed (Rayleigh) channel fading distribution (κ = 3.2,
SNR= 5dB, drs = 8m, ddr = 12m, dds = 20m).

are within a small margin from the sum rate with perfect CSI which assumes
the correct PDF. Even with mismatch in the channel PDF, the sum rate with
quantization increases with K as expected. When K is above 2, performance
with long-term CSI begins to outperform 1-bit ME quantization as the PDF
error increases. Besides this exception, the ME quantizer is very robust to incorrect estimations of the LOS component. This figure further demonstrates
that long-term CSI is insensitive to errors in the PDF, as long-term CSI only
requires the average channel amplitude which is the same regardless of the
underlying PDF.
Lastly, we evaluate the performance of the ME quantizer with outdated
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Figure 5.7: Sensitivity of the ME quantizer to outdated CSI using the Jakes’
autocorrelation model (κ = 3.2, SNR= 10dB, drs = 5m, ddr = 17m, dds = 20m).

CSI based on the Jakes’ channel model described in the previous section. In
Fig. 5.7, the correlation coefficient is varied from 0.6 to 1 in increments of
0.01. For each correlation coefficient, 105 link states are independently generated, where the source and relay use outdated CSI as in (5.12) to compute
both the link-state regime and power allocation. With a high correlation coefficient, the achievable rate increases with the number of ME quantization
bits. Interestingly, with a lower correlation coefficient, the achievable rate using fewer quantization bits is greater than that of more quantization bits. ME
quantization with just one bit outperforms long-term CSI when the correlation
coefficient is greater than 0.65. As demonstrated by Fig. 5.7, ME quantization
with 1 to 4 bits is robust to errors in estimating the link gains due to outdated
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CSI.

5.4

Summary

In this chapter, we present a maximum entropy (ME) quantization technique
which is applicable when the underlying distribution of the data is known and
is designed such that each quantized value is equally likely. We apply this ME
technique to the composite DF relaying scheme in Chapter 2 in order to quantize the magnitudes of Rayleigh fading links to feed back to the transmitters
for link adaptation. ME quantization is demonstrated to outperform uniform
quantization and Lloyd-Max quantization with more than 1 quantization bit.
Further, ME is preferable to Lloyd-Max in a changing link-state environment
as ME does not require iterations to determine the partition. We demonstrate
that ME quantization is viable with only 1 to 4 bits feedback, and is robust to
small errors in estimations of the path loss exponent and the LOS component
of the fading channel. Further, ME performs well with outdated CSI using the
Jakes’ channel model. Although we present ME quantization in the context
of a relaying scheme, it is useful for any real-time quantization application.

194

Chapter 6
Conclusion and Future Work
In this thesis, we study link-state and priority based DF relaying with the
direct link. By adapting to the channel conditions, or link-state, composite
DF relaying significantly improves the achievable rate, even with only partial
relay transmit power under certain link conditions. Further, in the TWRC,
this link-state based scheme can be extended to realize message priority in
terms of reliability performance. This chapter outlines the main results and
conclusions of this thesis and proposes future research directions to further
explore the subject.

Conclusion
We develop a novel link-state regime based approach in optimizing a composite DF relaying scheme consisting of non-coherent independent coding and
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coherent block Markov coding. This optimization approach is applied in both
the basic relay channel and the TWRC. In both channels, as the user-to-relay
link strength improves, the optimal scheme generally progresses from direct
transmission to independent coding to block Markov coding (in the basic relay channel) or both block Markov coding and independent coding (in the
TWRC). In the TWRC, user priority influences whether the relay is utilized
for a certain prioritized user and how the relay is utilized for that user.
There are several advantages to incorporating independent coding in the
composite DF relaying scheme for both the basic relay channel and the TWRC.
If the relay only performs independent coding, then the overhead required to
implement the scheme is drastically reduced as the source and relay no longer
have to transmit coherently. Further, if the relay only performs independent
coding, then just partial relay transmit power is required to achieve the maximum DF rate. Although the rate with independent coding does not exceed
that of block Markov coding in the basic relay channel, in the TWRC the
achievable rate region using the composite scheme is greater than that of block
Markov coding alone.
By extending the composite two-way relaying scheme to a partial decodeforward scheme, we guarantee message priority performance in terms of reliability. Depending on the link conditions, the high priority and low priority
messages may be sent differently through the TWRC. With differentiated re-
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laying, the high priority message is sent over both the relay and direct links,
and the low priority message is only sent over the direct link. Our results
demonstrate that differentiated relaying can be designed to guarantee higher
reliability performance for the high priority messages.
The relaying schemes discussed in this thesis are rate-optimal for the linkstate of the system. However due to fading, wireless channels are constantly
changing. Therefore the employed relaying technique may either adapt with
the changing link state or remain fixed through many fades. The link adaptation (or lack thereof) depends on the CSI available to each node and how
quickly the link state changes. Long-term CSI may be employed if the link
state fluctuates faster than nodes can adapt. The concept of practical CSI is
a step closer toward link adaptation as the relay utilizes instantaneous receive
CSI. If the link state is changing at a rate that allows the scheme to adapt,
ME quantization is proposed as a method to quantize and feed back link state
information. ME quantization allows nodes to estimate the forward links and
appropriately adjust the composite DF relaying scheme to each fade.
Although the results in this thesis are for the self-contained basic relay
channel and TWRC, it is anticipated that the main findings will generalize
to larger networks. In a network setting, the issue of relay selection must be
addressed in order to identify either a fixed relay with the resources to cooperate, or an idle node that could act as a relay. It is expected that if this
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relay is close to the source, then it is most likely advantageous for the relay and
source to coherently cooperate as distributed transmit beamformers, like block
Markov coding. If the relay is far from the source, then distributed transmit
beamforming is most likely not advantageous and nodes should perform noncoherent cooperation, like independent coding. This finding complements the
amount of overhead required to implement distributed transmit beamforming. It is simpler to coordinate distributed transmit beamformers if the links
connecting them are strong, which should be the case for geographically close
nodes.
The message priority based relaying scheme considered in this thesis should
also generalize to larger networks. Extending the results of Chapter 4, it is
expected that strong links will be able to support transmitting messages of
many priority levels. However, if the inter-node link quality is weak, then
the higher prioritized messages should be sent to cooperating nodes while
the lower prioritized messages should be sent either directly or through fewer
cooperating nodes. For this idea to work in practice, the concept of relating
message priority level with the number of cooperating nodes must be reconciled
with realistic privacy and security concerns.
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Future Work
As cooperative relaying has garnered a renewed amount of research attention in
the past decade especially due to network densification, more research avenues
can be paved to further develop the field. A few possible extensions of the
work presented in this thesis are proposed next.
• Extension to MIMO: Optimizing the link-state and priority based relaying schemes for multiple-input multiple-output (MIMO) nodes is a
fundamental extension of the single antenna relaying schemes presented
in this thesis. This is especially relevant for 5G cellular networks as
both user equipments and base stations will likely have multiple antennas [149]. Combining MIMO and cooperative relaying will further
increase rate and reliability.
• Channel Correlation in Time: To better adapt the relaying schemes
presented in this thesis to changing channel conditions, temporal channel
correlation should be taken into account. In Chapter 5, we considered the
performance of ME quantization with outdated CSI based on the Jakes’
autocorrelation channel model. However, performance of link adaptation
with quantized CSI could be improved if the scheme adapted based on
the predicted link-state in the next time block. A method to predict
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channel gains based on Kalman filtering could be combined with link
quantization to improve performance [150].
• Blind Channel Estimation: To more quickly adapt to changing link
states, blind channel estimation can be employed as an alternative to
the standard pilot-aided channel estimation for obtaining receive CSI
[151]. Blind channel estimation has been investigated in the context of
learning receive CSI in an OFDM system. However, to the best of our
knowledge at the time of publication, blind channel estimation has not
been employed with quantized and fed back link amplitude CSI. This
would be a novel and useful extension of ME quantization for more efficient link adaptation.
• Network-Wide Performance: In this thesis, interference is not considered in the channel model as we focus on the fundamental performance
of DF relaying. When deployed in a larger setting, such as in an ad
hoc or cellular network, the received signals at the relay and destination
will be perturbed by interference in addition to noise. While interference reduces the achievable rate and outage performance, we expect that
composite DF relaying will keep outperforming the existing DF schemes
in the presence of interference. Interference modeling is an ongoing area
of investigation in our Tufts LiNKs research group [152]. Combining the
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link-state and priority based relaying schemes with interference modeling based on stochastic geometry would be an interesting and practical
extension of the work.

201

Appendix A
Proofs of Chapter 2

A.1

Proof of Theorem 1

Using the notation of this thesis, the decode-forward lower bound of the discrete memoryless relay channel in [7, p. 390-393, Theorem 16.2] is written as
follows
C ≥ max min{I(Us , Ws , Xr ; Yd ), I(Us ; Yr |Xr , Ws )}.
(xs ,xr )

(A.1)

Evaluate the first term of (A.1) as
I(Us , Ws , Xr ; Yd ) = h(Yd ) − h(Yd |Us , Ws , Xr ),
(A.2)


2
 √
p
2
2
≤ log 2πe 1 + gds αs + gdr ks αs + gdr βr + gds βs − log 2πe,


= log 1 +

2
gds

(αs + βs ) +

2
gdr


p
(αs ks + βr ) + 2gds gdr ks αs .
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Evaluate the second term of (A.1) as
I(Us ; Yr |Xr , Ws ) = h(Yr |Xr , Ws ) − h(Yr |Xr , Ws , Us ),

(A.3)


2
βs − log 2πe,
≤ log 2πe 1 + grs

2
= log 1 + grs
βs .

These are the exact expressions for Jd and Jr respectively in Theorem 1.

A.2

Proof of Lemma 1

Suppose βr is fixed and choose a power allocation such that αs + βs < Ps .
From the constraints in (2.4) and rate expressions in (2.7), then αs and βs can
always be increased slightly while keeping ks αs the same. This increases both
Jr and Jd , which increases the rate without violating the power constraint at
the relay. Therefore, to obtain the highest rate, αs + βs = Ps and the source
always uses full power.
Next, let αs > 0 so that the source performs block Markov coding. Then if
ks αs + βr < Pr , αs can be decreased slightly and ks increased such that both
Jr and Jd increase, which means the rate also increases. Therefore, the relay
uses full power (ks αs + βr = Pr ) when αs > 0.
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Proof of Theorem 2 and Theorem 3

The complementary slackness conditions for (2.9) are written as follows
∇L = λ?a (Jr − R? ) = λ?b (Jd − R? ) = λ?c (Ps − αs? − βs? )

(A.4)

= λ?d (Pr − ks? αs? − βr? ) = λe αs∗ = λf βr∗ = 0,
where all the primal and dual variables are non-negative and the derivatives
are written as
∇R L = −1 + λa + λb = 0,

(A.5)

√
2
2gds gdr ks + gdr
ks
√
∇αs L = −λb 2
+ λc + λd ks − λe = 0,
2
2
gds Ps + 2gds gdr ks αs + gdr
ks αs + gdr
βr + 1
∇βs L = −λa

2
grs
+ λc = 0,
2 β +1
grs
s

∇ks L = −λb

2
gds gdr ks−0.5 αs + gdr
αs
√
+ λd αs = 0,
2
2
2
gds Ps + 2gds gdr ks αs + gdr ks αs + gdr
βr + 1

∇βr L = −λb

2
gds
Ps + 2gds gdr

√

2
gdr
+ λd − λf = 0.
2
2
ks αs + gdr
ks αs + gdr
βr + 1

Case 1: λa > 0, λb = 0
In this case, the derivative of the Lagrangian with respect to αs reduces to
∇αs L = λc + λd ks − λe = 0.

(A.6)

Since the source transmits with full power (Lemma 1), λc > 0, then λe must
also be strictly positive. By complementary slackness, the minimum must
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occur when αs = 0, implying that the source performs independent coding in
this case.
Furthermore, note that Jr and Jd are decreasing and increasing functions
in αs respectively, and both are positive. If the minimum occurs when αs = 0,
then this implies max Jr ≤ min Jd . Based on (2.7), this is equivalent to:
αs

αs

2
2
2
grs
Ps ≤ gds
Ps + gdr
βr .

(A.7)

Since βr ∈ [0, Pr ], this case applies for all links that satisfy:
2
2
grs
≤ gds
+

Pr 2
g .
Ps dr

(A.8)

Rearranging (A.7) gives a lower bound for βr :
2
2
− gds
grs
βr ≥
Ps .
2
gdr

(A.9)

βr is the minimum value that satisfies (A.9) as using a larger βr does not
increase transmission rate. This minimum value of βr also saves relay power.
Next compare the rate of independent coding with that of direct transmis2
2
2
sion, where the direct transmission rate is Jo = log (1 + gds
Ps ). If grs
≤ gds
2
2
then max Jr ≤ Jo . Therefore in the case that grs
≤ gds
, direct transmission is
βs

the optimal coding technique.

Case 3: λa > 0, λb > 0
For this case, R = Jr = Jd , which implies a crossing between Jr and Jd .
Consider crossings for αs > 0, since αs = 0 leads to the first case. By Lemma
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1, ks αs + βr = Pr and λd > 0. Moreover, αs > 0 implies the source performs
block Markov coding, which implies a nonzero ks .
Combining ∇ks L with ∇βr L in (A.5) yields
λb

gds gdr ks−0.5
√
− λf = 0.
2
2
2
βr + 1
gds
Ps + 2gds gdr ks αs + gdr
ks αs + gdr

(A.10)

Since λb > 0, then λf > 0 as well. Therefore, by complementary slackness, the
minimum must occur when βr = 0. This implies that the relay performs only
block Markov coding, with no independent coding.
λa > 0 and λb > 0 implies a crossing between Jr and Jd since both are
tight. Because Jr is decreasing and Jd is increasing in αs , it then must hold
that max Jr > min Jd . This condition is equivalent to:
αs

αs

2
2
grs
> gds
+

Pr 2
g .
Ps dr

(A.11)

In order to find the optimal value of αs , solve Jr = Jd (with βr = 0). Setting
Jr = Jd yields:
2
2
grs
βs = gds
Ps + 2gds gdr

p

2
ks αs .
ks αs + gdr

(A.12)

Since βr = 0, then ks αs = Pr . Using this fact and the source’s power constraint, (A.12) is a quadratic equation for
is the optimal value for αs as in (2.11c).

√

αs and the squared positive root
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A.4

Proof of Lemma 2

Pr[R0] follows by integrating over the joint PDF of two exponential random
2
2
for conciseness. Then X ∼ exp(λrs )
and Y = gds
variables. Define X = grs

and Y ∼ exp(λds ), where X and Y are independent. The probability of link
regime Pr[R0] can be written as follows.
Pr [X < Y ] =

Z

∞

0

=

Z

0

=

y

fXY (xy)dxdy,

(A.13)

0

∞

Z

Z
Z

y

fX (x)fY (y)dxdy,

0

∞

0

Z

y

λrs e−λrs x λds e−λds x dxdy,

0

which yields the probability of link-state regime R0 in (2.17).
2
To compute Pr[R1], define W = gds
+

Pr 2
g
Ps dr

for conciseness (note that X

and W are independent). From [153], the PDF of W is
fW (w) =
where λ̃dr =

Ps
λ .1
Pr dr

λds λ̃dr
(e−λds w − e−λ̃dr w ),
λ̃dr − λds

(A.14)

Z

(A.15)

Then

Pr [X < W ] =

∞

0

=

Z

0

1

Z

w

fXW (xw)dxdw,

0

∞

Z

0

w



fX (x)dx fW (w)dw.

Using the fact that if Y = cX where X is an exponential random variable with parameter λ Then Y is also an exponential random variable with parameter λc .
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Evaluating (A.15) yields the probability of link-state regime R1 in (2.17). The
probability of link-state regime R2 is obtained through the identity
1 = Pr [R0] + Pr [R1] + Pr [R2] .

A.5

(A.16)

Proof of Theorem 4

This relay power savings is achieved when the relay performs independent
2
coding for the source. The source-to-relay link grs
is bounded in these regions

according to Theorem 2. As such, write the expected value of the relay power
savings using perfect CSI as
E[Sperf ] =

Z

0

∞

Z

0

∞

Z

2 + Pr g 2
gds
dr
P
s

2
gds



2
2
− gds
grs
2
2
2
Pr −
Ps f (∗)dgrs
dgds
dgdr
, (A.17)
2
gdr

where
2
2
2
f (∗) = λrs λds λdr e[−λrs grs −λds gds −λdr gdr ] .

Note that the expected value of relay power savings with perfect CSI is written
in integral form in (A.17) because link-state regime R1 can occur in any nodedistance configuration with some probability as demonstrated by Lemma 2.
Evaluating (A.17) yields (2.19).
With practical CSI in R1, the relay uses instantaneous receive SNR γs to
compute βr (the relay does not have instantaneous CSI for γo or γd and hence
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uses the average channel statistics to calculate these). As such, the expected
relay power savings with practical CSI is

Eγs [Sprac ] =





 1−


 0

γs −γ̄o
γ̄d −γ̄o



Pr if γ̄o < γ̄s ≤ γ̄d

(A.18)

else

2
Ps is an exponential random variable scaled by a constant
Note that γo = gds

(Ps ). Therefore the mean of γo is equivalent to γ̄o =
2
2
gds
Ps +gdr
Pr . By the linearity of expected value, γ̄d =

Ps
.
λds
Ps
λds

From (2.12), γd =

+ λPdrr . Then evaluate

(A.18) as follows

 
γs − γ̄o
E[γs ] − γ̄o
Eγs
1−
Pr .
Pr = Pr −
γ̄d − γ̄o
γ̄d − γ̄o
Evaluating this yields the expression in (2.20).

(A.19)

209

Appendix B
Proofs of Chapter 3

B.1

Proof of Theorem 6

When only user 2 utilizes the relay with composite DF relaying and user 1
performs direct transmission, the users and the relay construct the transmit
signals in block i as follows
X1 =

p
P1 U1 (m1,i ),

(B.1)
p
β2 U2 (m2,i ),

X2 =

√

Xr =

p
p
k2 α2 W2 (m2,i−1 ) + β3 Ur (li−1 ).

α2 W2 (m2,i−1 ) +

The rate constraints for the user utilizing the relay (user 2 in this case) are
similar to that of Theorem 1 in Appendix A.1 but here we provide details for
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clarity. The signal received at each node is
Y1 = g12
Y2 = g21

√

α2 W2 +


p
p
p
β2 U2 + g1r ( k2 α2 W2 + β3 Ur ) + Z1 ,

(B.2)

p
p
p
P1 U1 + g2r ( k2 α2 W2 + β3 Ur ) + Z2 ,

p
p
√
Yr = gr1 ( P1 U1 ) + gr2 ( α2 W2 + β2 U2 ) + Zr .

Rate Constraints for the User Utilizing the Relay
Using the notation of Theorem 6, the decode-forward lower bound of the discrete memoryless relay channel in [7, p. 390-393, Theorem 16.2] can be written
as follows
C ≥ max min{I(U2 , W2 , Xr ; Y1 ), I(U2 ; Yr |Xr , W2 )}.
(x2 ,xr )

(B.3)

Evaluate the first term of (A.1) as follows
I(U2 , W2 , Xr ; Y1 ) = h(Y1 ) − h(Y1 |U2 , W2 , Xr ),

(B.4)



p
√
2
2
β3 + g12
β2 + 1 − log 2πe,
≤ log 2πe (g12 α2 + g1r k2 α2 )2 + g1r



p
√
2
2
= log 1 + (g12 α2 + g1r k2 α2 )2 + g1r
β3 + g12
β2 ,
which is constraint K2 in Theorem 6.
Evaluate the second term of (A.1) as follows.
I (U2 ; Yr |W2 , Xr ) = h(Yr |W2 , Xr ) − h(Yr |U2 , W2 , Xr ),

(B.5)



2
2
2
≤ log 2πe gr1
P1 + gr2
β2 + 1 − log 2πe 1 + gr1
P1 ,
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2
β2
gr2
= log 1 +
2
P1
1 + gr1



,

which is K1 in (3.12).

Rate Constraint for the User Performing Direct
Transmission
Source 2 knows W2 and can subtract this part from its received signal. Source
2 also knows Ur because Ur is a function of it’s own transmitted message,
m2 . Therefore, source 2 can also subtract Ur from its received signal. After
removing the known W2 and Ur , the received signal at source 2 is
Ye2 = g21

p
P1 U1 + Z2 ,

(B.6)

yielding rate constraint K3 in Theorem 6.

B.2

Proof of Theorem 7

Based on the Lagrangian in (3.15), the KKT conditions can then be written
as:
λ?a (J1 − R1? ) = λ?b (J2 − R1? ) = λ?c (J3 − R2? ) = 0,
λ?d (J4 − R2? ) = λ?e (J5 − R1? − R2? ) = λ?f (P1 − α1? − β1? ) = 0,
λ?g (P2 − α2? − β2? ) = λ?h (PR − k1 α1? − k2 α2? − β3? ) = 0,

(B.7)
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λi α1? = λj β1? = λk α2? = λl β2? = λm β3? = 0,
where all the primal and dual variables are non-negative. Note that λj , λl = 0
because sources send new information in each transmission block. The optimal
solutions must satisfy:
∇R1 L = −µ + λa + λb + λe = 0,

(B.8)

∇R2 L = −(1 − µ) + λc + λd + λe = 0,
√
2
2g21 g2r k1 + g2r
k1
√
+ λf + λh k1 − λi = 0,
∇α1 L = −λb 2
2
2
β3 + 1
g21 P1 + 2g21 g2r k1 α1 + g2r k1 α1 + g2r
2
2
gr1
gr1
+ λf = 0,
−
λ
e 2
2
2
β2 + 1
β1 + 1
gr1
gr1 β1 + gr2
√
2
2g12 g1r k2 + g1r
k2
√
∇α2 L = −λd 2
+ λg + λh k2 − λk = 0,
2
2
g12 P2 + 2g12 g1r k2 α2 + g1r k2 α2 + g1r
β3 + 1

∇β1 L = −λa

∇β2 L = −λc

2
2
gr2
gr2
−
λ
+ λg = 0,
e 2
2
2
gr2
β2 + 1
gr2 β2 + gr1
β1 + 1

∇k1 L = −λb

2
g21 g2r k1−0.5 α1 + g2r
α1
√
+ λh α1 = 0,
2
2
2
g21 P1 + 2g21 g2r k1 α1 + g2r k1 α1 + g2r
β3 + 1

∇k2 L = −λd

2
g12 g1r k2−0.5 α2 + g1r
α2
√
+ λh α2 = 0,
2
2
2
β3 + 1
g12 P2 + 2g12 g1r k2 α2 + g1r k2 α2 + g1r

∇β3 L = −λb
− λd

2
g21
P1 + 2g21 g2r

√

2
g2r
,
2
2
k1 α1 + g2r
k1 α1 + g2r
β3 + 1

2
g1r
√
+ λh − λm = 0,
2
2
2
g12
P2 + 2g12 g1r k2 α2 + g1r
k2 α2 + g1r
β3 + 1

where all λ• are non-negative.
We need to analyze the valid cases of optimal dual variables in (3.13).
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Case 1(a): Both Users Perform Only Independent
Coding
Refer to Appendix B.5.

Case 1(b): User 1: Independent Coding, User 2: Block
Markov Coding
Here we examine the case λa > 0; λb , λc = 0; λd , λe > 0 as illustrated in Fig.
B.1 where the achievable rate region is the shaded area 1. As such, R1? = J1
and R2? = J4 = J5 − J1 . Using these values, the derivative of the Lagrangian
with respect to α1 becomes:
∇α1 L = λf + λh k1 − λi = 0.

(B.9)

Since both users use full power (Lemma 3), λf > 0. From (B.9), λi is also
positive, implying α1? must be the minimum possible value. Therefore user 1
performs only independent coding.
By combining ∇β3 L and ∇k2 L with the appropriate dual variables for this
case, we see that

λm = λh 1 −

2
g1r
2
g12 g1r k2−0.5 + g1r



(B.10)

This value for λm is always positive implying that we must minimize β3 within
its valid range.
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Figure B.1: Case 1b rate region.

To establish the valid range for β3 , we examine the rate constraints for
user 1 who performs independent coding and therefore affects β3 . From the
optimal dual variables in this case, R1? = J1 ≤ J2 . Since α1? = 0, then β1? = P1 .
Then using (3.11), J1 ≤ J2 is equivalent to
2
2
2
gr1
≤ g21
+ g2r

β3
g2 − g2
, making β3 ≥ r1 2 21 P1 .
P1
g2r

(B.11)

Because β3 must be minimized, (B.11) is satisfied with equality. Note that in
case 1(b) with user 1 prioritized, the optimized weighted sum rate collapses
to one point (point A=B in Fig. B.1) corresponding to the value of β3 in
(B.11) being achieved with equality. To trace the entire rate region boundary,
however, the case that user 2 is prioritized must also be considered (Remark
1). With user 2 prioritized, the transmission scheme is also (IND,BM) but
corresponds to case 3(a), which gives a curved optimized boundary. Thus the
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entire rate region boundary for (IND,BM) is curved and the optimized power
allocation parameters depend on µ.
Here we obtain the value of β3 using only rate constraints of user 1, which
implies user 2 performs block Markov coding only. Since β3 ∈ [0, PR ], from
2
(B.11) we see that gr1
must be bounded from above as:

2
2
gr1
≤ g21
+

PR 2
g .
P1 2r

(B.12)

This bound gives the upper range for gr1 in this link-state regime.
To establish the range for gr2 and the optimal coding for user 2, we examine
the rate constraints for user 2. As λd > 0 and λe > 0, J4 = J5 − J1 . Simplify,
noting that k2 α2 + β3 = PR , we obtain:
2
gr2

√


2

PR
2g
g
k2 (P2 − β2 ) g1r
P
12
1r
2
2
2
+
1 + gr1
P1 .
= g12 +
β2
β2
β2

(B.13)

2
is greater than the minimum
Since this equation is satisfied with equality, gr2

and less than the maximum of (B.13) over the range of β2 . With β2 → 0, the
maximum is infinity and hence always satisfied. The minimum occurs when
2
β2 = P2 and we obtain a lower bound for gr2
:

2
2
gr2
≥ (g12
+

PR 2
2
g1r )(1 + gr1
P1 ).
P2

(B.14)

Then there are two unknowns (α2 , k2 ) and two equations: J4 = J5 − J1 and
k2 α2 + β3 = PR to solve for the missing power allocation parameters. In
summary, based on the link conditions in (B.12) and (B.14), this case applies
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Figure B.2: Case 2a rate region.

to link-state regime (Z1, Q3) in which user 1 performs only independent coding
while user 2 performs only block Markov coding.

Case 2(a): User 1: Both, User 2: Both
Here we examine the case λa = 0; λb > 0; λc = 0; λd , λe > 0 as illustrated in Fig. B.2 where the achievable rate region is the shaded area 1. As
such, R1? = J2 and R2? = J4 = J5 − J2 . Plugging the dual variables of this
case in to (B.8), there are nine equations and nine unknown dual variables:
λb , λd , λe , λf , λg , λh , λi , λk , λm .
This is the least concrete case in which no special or extreme values of the
power allocation are gained from analyzing the dual variable space. In this
case, all power allocation factors can be non-zero and hence in general both
users utilize both relaying techniques. The overall rate region will generally
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be curved, where each point along the curve is the corner point of a rate
region resulting from one power allocation, such as that of Fig. B.2. Each
of these corner point results from 1) both users performing both techniques,
2) both users performing block Markov coding, 3) one user performing block
Markov coding while the other performs independent coding, or 4) both users
performing independent coding. Using the KKT conditions, for each of these
four combinations of coding techniques there are enough equations to solve
for the unknown primal variables numerically as demonstrated next. Note
that both users use full power (Lemma 3) so once α1? , α2? are known, it is
straightforward to solve for β1? , β2? .
1. Both users perform both techniques
Unknown primal variables: α1? , α2? , k1? , k2? , β3? .
Since α1? > 0, α2? > 0, and β3? > 0, then λi = λk = λm = 0. Then from
(B.8) there are six unknown dual variables and nine equations. Therefore
there are three leftover equations used to solve for the unknown primal
variables. Because both users perform block Markov coding, the relay
uses full power (Lemma 3) and (α1? k1? + α2? k2? + β3? = PR ) is used to solve
for the unknown primal variables. The fifth equation to find the five
unknown primal variables is J4 = J5 − J2 .
2. Both users perform block Markov coding
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Unknown primal variables: α1? , α2? , k1? , k2? (β3? = 0).
Since α1? , α2? > 0, then λi , λk = 0 by complementary slackness. Therefore
there are two leftover equations from (B.8) to solve for the unknown primal variables. Additionally the relay’s power equation (valid by Lemma
3) and J4 = J5 −J2 are utilized to solve for the unknown primal variables.
3. User 1: independent coding; user 2: block Markov coding
Unknown primal variables: α2? , k2? , β3? (α1? = k1? = 0).
Because user 2 performs block Markov coding, α2? > 0 and by complementary slackness, λk = 0. Then from (B.8) there is one leftover equation to solve for the unknown primal variables. Since user 2 performs
block Markov coding, the relay’s power equation is valid by Lemma 3.
The third equation to solve for the three unknown primal variables is
J4 = J5 − J2 . The case that user 1 performs block Markov coding and
user 2 performs independent coding is solved similarly.
4. Both users perform independent coding
Unknown primal variable: β3? (α1? = α2? = k1? = k2? = 0).
Find β3? using J4 = J5 − J2 .
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Figure B.3: Case 3a rate region where either (Jc = J3 , Jd = J4 ) or (Jc = J4 , Jd =
J3 ).

Case 3(a): User 1: Block Markov Coding, User 2:
Independent Coding
Here we examine the case λa , λb > 0; λc = λd = 0; λe > 0 as illustrated in Fig.
B.3. The achievable rate region is the shaded area 1 and our focus is point B
because user 1 is prioritized. As such, R1? = J1 = J2 and R2? = J5 − J1 .
The analysis for this case is similar to that of case 1(b) with the notable
exception of deriving the upper boundary to this link regime. In this case
2
J1 = J2 , which we rearrange in terms of gr1
. Since this equation is satisfied
2
with equality, gr1
is greater than the minimum and less than the maximum

over the range of β1 . With β1 → 0, the maximum is infinity and hence always
satisfied. The minimum occurs when β1 = P1 and we obtain a lower bound
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2
as
for gr1

2
2
gr1
> g21
+

PR 2
g .
P1 2r

(B.15)

2
) yields a minimum
Solving for β1 in J1 = J2 (using the lower bound for gr1

value for β1 as follows
β1,min =

2
2
PR
P1 + g2r
g21
.
2
gr1

(B.16)

To trace out the entire rate region for this case, vary β1 from β1,min to P1 and
take the convex hull of these rate regions.
As in case 1(b), β3 must be minimized within its valid range. The applicable
inequality in this case, J5 − J1 < J4 , can be simplified to
β3 ≥

2
2
2
gr2
− g12
(1 + gr1
β1 )
P2 ,
2
2
g1r (gr1 β1 + 1)

(B.17)

which is satisfied with equality for each value of β1 ∈ [β1,min , P1 ] as β3 is
minimized. Eq. (B.17) can also be rearranged to give a bound on the link
regime as
2
2
gr2
≤ (g12
+

β3 2
2
g )(1 + gr1
β1 ).
P2 1r

(B.18)

2
To identify the upper boundary for gr2
in this regime, we need to maximize

the right hand side expression in (B.18). Noting that the maximum value of
β3 in (B.17) occurs when β1 is minimized as in (B.16), depending on the link
values, β3 could approach the maximum value of PR . Therefore the maximum
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Figure B.4: Case 3b rate region.

2
is obtained by substituting β3 = PR and β1,min into (B.18) to
range for gr2

obtain the upper regime boundary of Q1b as in Def. 1. In summary, this case
applies to link-state regime (Z2, Q1b ) in which user 1 performs block Markov
coding and user 2 performs independent coding.

Case 3(b): User 1: Both, User 2: Both
Here we examine the case λa , λb > 0; λc = λd = 0, λe > 0 as illustrated in Fig.
B.4 where the achievable rate region is the shaded area 1. Case 3(b) is very
similar to case 2(a) with the exception that J1 = J2 .
Plugging the dual variables of this case in to (B.8), there are nine equations
and ten unknown dual variables: λa , λb , λd , λe , λf , λg , λh , λi , λk , λm . Similar to
as in Case 2a, we detail how to solve for the unknown primal variables for each
combination of coding techniques Note that both users use full power (Lemma
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3) so once α1? , α2? are known, it is straightforward to solve for β1? , β2? .
1. Both users perform both techniques
Unknown primal variables: α1? , α2? , k1? , k2? , β3? .
Since α1? > 0, α2? > 0, and β3? > 0, then λi = λk = λm = 0. Then
from (B.8), there are seven unknown dual variables and nine equations.
Therefore there are two leftover equations used to solve for the unknown
primal variables. Because both users perform block Markov coding, the
relay uses full power (Lemma 3) and (α1? k1? + α2? k2? + β3? = PR ) is used
to solve for the unknown primal variables. J4 = J5 − J2 and J1 = J2 are
the fourth and fifth equations to solve for the unknown primal variables.
2. Both users perform block Markov coding
Unknown primal variables: α1? , α2? , k1? , k2? (β3? = 0).
Since α1? , α2? > 0, then λi , λk = 0 by complementary slackness. Then
there is one leftover equations from (B.8) to solve for the unknown primal
variables. Additionally the relay’s power equation (valid by Lemma 3),
J4 = J5 − J2 , and J1 = J2 are utilized to solve for the unknown primal
variables.
3. User 1: independent coding; user 2: block Markov coding
Unknown primal variables: α2? , k2? , β3? (α1? = k1? = 0).
Because user 2 performs block Markov coding, α2? > 0 and by comple-
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mentary slackness, λk = 0. From (B.8), there are nine unknown dual
variables and nine equations. Since user 2 performs block Markov coding, the relay’s power equation is valid by Lemma 3. J4 = J5 − J2 and
J1 = J2 are also used to solve for the three unknown primal variables.
The case that user 1 performs block Markov coding and user 2 performs
independent coding is solved similarly.
4. Both users perform independent coding
Unknown primal variable: β3? (α1? = α2? = k1? = k2? = 0).
Solve J1 = J2 for βˆ3 and solve J4 = J5 − J2 for β˜3 . Then
β3? = max{βˆ3 , β˜3 }.

B.3

Proof of Theorem 8

In this proof we compare the rate region of the TWR scheme (Table 3.1) with
that of the RCI, which consists of Table 3.2 and its transpose, for both cases
when either user 1 or user 2 performs direct transmission. This comparison
mainly concerns the regimes Z1 and Q1a in which at least one of the user-torelay links is weak compared to its respective direct link.
First, overlay the RCI for user 2 (user 1 performs direct transmission) with
the TWR Table 3.1. In this case, the columns line up and there are three
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cases:
2
2
2
1) gr2
≤ g12
1 + gr1
P1



compare (DT,DT) to (IND,IND)


2
2
2
≤
P1 < gr2
1 + gr1
2) g12
3)

2
gr2

>



2
g12

PR 2
+
g
P2 1r





2
+
g12

PR 2
g
P2 1r


2
1 + gr1
P1



2
P1
1 + gr1



compare (DT,IND) to (IND,IND)
compare (DT,BM) to (IND,BM)

Second, overlay the RCI for user 1 with the TWR Table 3.1. In this
2
2
P2 ) and
(1 + gr2
case, the rows do not line up because the order between g21
2
g21
+

PR 2
g
P1 2r

is unclear. For this comparison there are 5 cases:

n
o
PR 2
2
2
2
2
≤ min g21
+
1 + gr2
P2
compare (DT,DT) to (IND,IND)
4) gr1
g2r , g21
P1

PR 2
2
2
2
2
5) g21
+
g2r < gr1
≤ g21
1 + gr2
P2
compare (DT,DT) to (BM,IND)
P1

PR 2
2
2
2
2
g
compare (IND,DT) to (IND,IND)
6) g21
1 + gr2
P2 < gr1
≤ g21
+
P1 2r


n
 2 PR 2 o

PR 2
2
2
2
2
2
7) max g21 1+gr2 P2 , g21 + g2r < gr1 ≤ g21 + g2r 1+gr2
P2
P1
P1
compare (IND,DT) to (BM,IND)
8)



2
g21

PR 2
+
g
P1 2r




2
2
1 + gr2
P2 < gr1

compare (BM,DT) to (BM,IND)

To determine if time-sharing is necessary, we compare rate pairs on the boundaries of two rate regions, (R1TWR , R2TWR ) and (R1RCI , R2RCI ), which are solutions
to the optimization problems (3.13) and (3.14) respectively. For a given weight
µ and based on the optimal dual variables of each problem, these rates correspond to corner points of each rate region. In the next subsections we consider
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Figure B.5: Determining whether time-sharing is necessary for RCI and TWR.

each case in detail. Define the sum rates as RsTWR and RsRCI for the TWR and
RCI respectively.
The RCI rate region is rectangular while the rate region for TWR is a
pentagon (for a fixed µ). There are three different geometric scenarios 1) the
RCI rectangular rate region can be contained within the TWR pentagonal
rate region, 2) the TWR pentagon can be contained within the rectangle,
or 3) the RCI corner point can be outside the pentagon. This third option
illustrated in Fig. B.5 happens when RsRCI > RsTWR and R1RCI < R1TWR . In this
case, time-sharing between RCI and TWR is rate-optimal and the time shared
achievable rate region is encompassed by the green dashed line in Fig. B.5. If
the full achievable rate region for TWR is pentagonal, then this comparison
is straightforward. If the full TWR achievable rate region is curved, then this
comparison must be done for each µ ∈ [ 12 , 1].
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Compare TWR with RCI for User 2
2
2
2
1) gr2
≤ g12
(1 + gr1
P1 ) compare (DT,DT) to (IND,IND)

Here we compare the rate regions of (DT,DT) for RCI and (IND,IND) for
TWR.
2
R1RCI = log2 1 + g21
P1
2
R2RCI = log2 1 + g12
P2





2
2
2
2
RsRCI = log2 1+g21
P1 +g12
P2 +g21
P1 g12
P2




2
R1TWR = log2 1+gr1
P1


2
P2
gr2
TWR
R2
= log2 1 +
2
1 + gr1
P1
2
2
RsTWR = log2 1 + gr1
P1 + gr2
P2



2
2
First consider the case that gr1
≤ g21
. Then R1RCI ≥ R1TWR . Due to the
2
2
2
P1 )), then R2RCI ≥ R2TWR
(1 + gr1
≤ g12
link conditions in this subsection (gr2

and consequently RsRCI ≥ RsTWR . Therefore (DT,DT) is optimal in link-state
regime (Z1a , Q1a ).
2
2
2
2
2
2
P2 )}.1
+ PPR1 g2r
(1 + gr2
≤ min{g21
, g21
< gr1
Next consider the case that: g21

Then R1RCI < R1TWR . As described at the beginning of this proof, time-sharing
is optimal in this case if RsRCI > RsTWR . This occurs when
2
2
2
2
2
2
gr1
P1 + gr2
P2 < g21
P1 + g12
P2 + g21
P1 g12
P2 .

(B.19)

Therefore if the following link conditions are satisfied, then it is optimal to
2
2
2
2
> g21
+ PPR1 g2r
>
If gr1
then (IND,IND) is no longer optimal for TWR; if gr1

2
1 + gr2 P2 then (DT,DT) is no longer optimal for RCI.

1
2
g21
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time-share between (DT,DT) and (IND,IND).

2
2
2
gr2
≤ g12
1 + gr1
P1 ,

2
2
2
g21
< gr1
≤ min{g21
+

(B.20)

PR 2 2
2
g2r , g21 1 + gr2
P2 },
P1

2
2
2
2
2
2
P2 .
P1 g12
P2 + g21
P1 + g12
P2 < g21
P1 + gr2
gr1

This occurs in a subset of link-state regime (Z1b , Q1a ).

2
2
2
2
+
≤ g12
P1 ) < gr2
(1 + gr1
2) g12

to (IND,IND)

PR 2
g
P2 1r



2
P1 ) compare (DT,IND)
(1 + gr1

Here we compare the rate regions of (DT,IND) for RCI and (IND,IND) for
TWR.

2
R1RCI = log2 1 + g21
P1


2
P2
gr2
RCI
R2 = log2 1 +
2
1 + gr1
P1



2

P2
gr2
RCI
2
Rs = log2
1+
1 + g21 P1
2
1 + gr1
P1


2
R1TWR = log2 1 + gr1
P1


2
P2
gr2
TWR
R2
= log2 1 +
2
1 + gr1
P1
2
2
RsTWR = log2 1 + gr1
P1 + gr2
P2

2
2
First consider the case that gr1
≤ g21
. Then R1RCI ≥ R1TWR . Recall RsRCI =

R1RCI + R2RCI and RsTWR = R1TWR + R2TWR . Since R2RCI = R2TWR and R1RCI ≥
R1TWR , then RsRCI ≥ RsTWR . Therefore it is optimal to perform (DT,IND) in
link-state regimes (Z1a , Q1b ) and (Z1a , Q2).
2
2
2
Next consider the case that g21
< gr1
≤ g21
+

PR 2
g .
P1 1r

Then R1RCI < R1TWR .

Since R2RCI = R2TWR , it is optimal to perform (IND,IND) in link-state regimes
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(Z1b , Q1b ) and (Z1b , Q2).
3)

2
gr2

>



2
g12

+

PR 2
g
P2 1r



2
(1 + gr1
P1 ) compare (DT,BM) to (IND,BM)

Here we compare the rate regions of (DT,BM) for RCI and (IND,BM) for
TWR in link regime Q3.

2
R1RCI = log2 1+g21
P1 ,


2 ?
gr2
β2
RCI
R2 = log2 1+
,
2
1+gr1
P1


2
R1TWR = J1 = log2 1+gr1
P1 ,

R2TWR = J5 − J1 = J4 (β2?? ).

(B.21)

where β2? is the optimal β2 for RCI and β2?? is the optimal β2 for TWR for the
given value of µ. For RCI, the rate region is a rectangle for all µ, hence to
obtain β2? in R2RCI , solve K1 = K2 as:
2 ?
p
β2
gr2
2
2 ? ?
= g12
P2 + 2g12 g1r k2? α2? + g1r
k2 α2 .
2
1 + gr1 P1

(B.22)

For TWR, to find the optimal power allocation, note that R2TWR = J5 − J1 =


2 β ??
gr2
2
log2 1+ 1+g2 P1 . To gain insight, expand J5 − J1 = J4 as follows:
r1

2 ??
p
gr2
β2
2
2
=
g
P
+2g
g
k2?? α2?? +g1r
(k2?? α2?? +β3?? ) .
2
12
1r
12
2
1+gr1 P1

(B.23)

We need to look deeper into (B.22) and (B.23) to compare the optimal
power allocation values. In the case of RCI, PR = α2? k2? but in the case of
TWR, PR = α2?? k2?? +β3?? . As such, (B.23) can be rewritten as
2
p
p
gr2
(P2 −α2?? )
2
2
??
=
g
P
+2g
g
P
−β
α2?? +g1r
PR
2
12
1r
R
3
12
2
1+gr1
P1

(B.24)
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which is a quadratic equation in terms of

√

α2?? . The difference between (B.22)

and (B.24) is a decreased linear term in (B.24). Therefore, α2? ≤ α2?? , and
β2? ≥ β2?? for all values of µ.
2
2
. Then R1RCI ≥ R1TWR . Expand the
≤ g21
First consider the case that gr1

sum rates as follows:
RsRCI
RsTWR




2
1 + g21
P1
2
2 ?
= log 1 + g21 P1 + gr2 β2
,
2
1 + gr1
P1

2
2 ??
= log 1 + gr1
P1 + gr2
β2 .

(B.25)

2
2
RsRCI > RsTWR as gr1
≤ g21
and β2? ≥ β2?? for all values of µ. Therefore, in

link-state regime (Z1a , Q3), RCI dominates and (DT,BM) is rate optimal.
2
2
. Then R1RCI < R1TWR . Choose µ =
> g21
Next consider the case that gr1
2
2
and compare RsRCI and RsTWR with gr1
= g21
+  where 0 <  ≤

PR 2
g
P1 2r

1
2

to be

within the valid link regime. Then using straightforward manipulation, we can
show that RsRCI < RsTWR is not satisfied as  → 0. Therefore, the sum rate of
TWR in general does not include that of RCI and it may optimal to timeshare
between RCI and TWR in link-state regime (Z1b , Q3).

Compare TWR with RCI for User 1
2
2
4) gr1
≤ min{g21
+

(IND,IND)
See case 1) above.

PR 2
g , g2
P1 2r 21

2
(1 + gr2
P2 )} compare (DT,DT) to
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2
+
5) g21

PR 2
g
P1 2r

2
2
2
P2 ) compare (DT,DT) to (BM,IND)
(1 + gr2
≤ g21
< gr1

Here we compare the rate regions of (DT,DT) for RCI and (BM,IND) for TWR
2
R1RCI = log2 1 + g21
P1
2
R2RCI = log2 1 + g12
P2

RsRCI = log2




2
1+g12
P2



2
1+g21
P1




2 ??
R1TWR = log2 1 + gr1
β1


2
P2
gr2
TWR
R2
= log2 1 +
2 ??
β1
1 + gr1
2 ??
2
RsTWR = log2 1 + gr1
β1 + gr2
P2

As in case 3a of the TWR proof β1?? ≥ β1,min =

2 P +g 2 P
g21
1
2r R
.
2
gr1



Then R1RCI <

R1TWR for all µ.
2
2
2
P1 ).
(1 + gr1
> g12
Next compare R2RCI and R2TWR . First consider the case that gr2

Then R2RCI < R2TWR for all µ and consequently RsRCI < RsTWR for all µ. Therefore, time-sharing is not necessary and (BM,IND) is optimal for the applicable
2
2
2
P1 ) then time(1 + gr1
< g12
portion of link-state regime (Z2, Q1b ). If gr2

sharing may be optimal if the rectangular RCI rate region is not contained in
the convex hull of the pentagonal TWR rate regions obtained by varying β1??
from β1,min to P1 .

2
2
2
2
2
6) g21
(1 + gr2
P2 ) < gr1
≤ g21
+ PPR1 g2r
compare (IND,DT) to (IND,IND)

Here we compare the rate regions of (IND,DT) for RCI and (IND,IND) for
TWR.
R1RCI


= log2 1 +

2
gr1
P1
2
1 + gr2
P2



2
P1
R1TWR = log2 1 + gr1
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R2RCI
RsRCI

= log2 1 +
= log2



2
g12
P2

1+



2
g12
P2

R2TWR



1+

2
gr1
P1
2
P2
1 + gr2




= log2 1 +

2
P2
gr2
2
P1
1 + gr1



2
2
RsTWR = log2 1 + gr1
P1 + gr2
P2



It is straightforward to see that R1RCI < R1TWR .
2
2
2
P1 ). Then R2RCI < R2TWR and
(1 + gr1
> g12
First consider the case that gr2

consequently RsRCI < RsTWR . Therefore, (IND,IND) is optimal; this applies to
a portion of link-state regime (Z1b , Q1b ).
2
2
2
Next consider the case that gr2
≤ g12
(1 + gr1
P1 ) in link-state regime

(Z1b , Q1a ) and compare RsRCI and RsTWR . Using straightforward manipulation,
2
2
then RsRCI > RsTWR and time-sharing is rate-optimal. Conversely,
< g12
if gr2
2
2
if gr2
≥ g12
then RsRCI ≤ RsTWR and (IND,IND) is rate-optimal.

n
2
2
2
+
P2 ) , g21
(1 + gr2
7) max g21

PR 2
g
P1 2r

o


2
2
+
≤ g21
< gr1

compare (IND,DT) to (BM,IND)

PR 2
g
P1 2r



2
P2 )
(1 + gr2

Here we compare the rate regions of (IND,DT) for RCI and (BM,IND) for
TWR.
R1RCI
R2RCI


= log2 1 +
= log2

RsRCI = log2

2
gr1
P1
2
1 + gr2
P2

2
1 + g12
P2



2
1+g12
P2







2
gr1
P1
1+
2
1 + gr2
P2

2 ??
R1TWR = log2 1 + gr1
β1

R2TWR



= log2 1 +



2
gr2
P2
2 ??
1 + gr1 β1



2 ??
2
RsTWR = log2 1 + gr1
β1 + gr2
P2
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Because

β1??

≥ β1,min =

2 P +g 2 P
g21
1
2r R
,
2
gr1

and

R1RCI < R1TWR .

2
gr1

≤



2
g21

+

PR 2
g
P1 2r



2
(1 + gr2
P2 ), then

2
2
2
First consider the case that gr2
> g12
(1 + gr1
P1 ). Then R2RCI < R2TWR

for all µ and consequently RsRCI < RsTWR for all µ. Therefore, (BM,IND) is
optimal in a subset of link-state regime (Z2, Q1b ).
2
2
2
Next consider the case that gr2
< g12
(1 + gr1
P1 ) then time-sharing may be

optimal if the rectangular RCI rate region is not contained in the convex hull
of the pentagonal TWR rate regions obtained by varying β1?? from β1,min to
P1 .

2
8) g21
+

PR 2
g
P1 2r



2
2
(1 + gr2
P2 ) < gr1
compare (BM,DT) to (BM,IND)

In this case the comparison between (BM,DT) and (BM,IND) must be done
numerically to determine whether time-sharing is necessary.

B.4

Proof of Lemma 3

Suppose we fix β3 and choose a power allocation such that α1 + β1 < P1 . From
the constraints in (3.13) and rate expressions in (3.11), then we can always
increase α1 and β1 slightly while keeping k1 α1 the same. This increases both
J1 and J2 , which increases user 1’s rate without violating the power constraint
at the relay. The same holds for user 2 in regards to J3 and J4 . Therefore, to
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Figure B.6: Case 1a rate region, where either (Jc = J3 , Jd = J4 ) or (Jc = J4 , Jd =
J3 ).

obtain the largest rate region, α1 + β1 = P1 and α2 + β2 = P2 , i.e., both users
always use full power.
Next, let α1 > 0 so that user 1 performs block Markov coding (without
loss of generality, assume α2 = 0 for simplicity). Then if k1 α1 + β3 < PR , α1
can be decreased slightly and k1 increased such that both J1 and J2 increase,
which means user 1’s rate also increases. Therefore, the relay uses full power
(k1 α1 + k2 α2 + β3 = PR ) when any αi > 0.
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B.5

234

Proof of Theorem 9

TWR: Part A of Theorem 9
Case 1(a): User 1: Independent Coding, User 2: Independent Coding: Here
we examine the case λa > 0; λb , λc , λd = 0; λe > 0 as illustrated in Fig. B.6.
The achievable rate region is the shaded area 1 and our focus is point B because
user 1 is prioritized. The derivative of the Lagrangian with respect to α1 is
given in (B.9) and consequently user 1 performs independent coding. The
2
in (B.12) applies, as does β3 in (B.11). The derivative of the
bound for gr1

Lagrangian with respect to α2 is
∇α2 L = λg + λh k2 − λk = 0,

(B.26)

and by the same arguments, user 2 also performs independent coding. Since
J5 − J1 ≤ J4 ,
2
2
2
gr2
≤ (g12
+ g1r

β3
2
)(1 + gr1
P1 ).
P2

(B.27)

Solving (B.27) yields another expression for β3 . Thus β3 must satisfy both
(B.11) and (B.27), and to save power is the maximum of these two expressions:
β3 = max




2
2
2
2
2
gr1
gr2
− g21
− g12
(1 + gr1
P1 )
P1 ,
P2 ,
2
2
2
g2r
g1r
(gr1
P1 + 1)

(B.28)

Since λb = λd = 0 in this case, ∇β3 L can be simplified to λh = λm . Assume
that λm > 0 and λh > 0, where λh > 0 implies that the relay must use
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full power. By complementary slackness, since λm > 0 then we minimize β3
within its valid range and (B.28) is satisfied as an equality. However if (B.28)
is satisfied with equality then β3 < PR and λh = 0 resulting in a contradiction.
Therefore, the relay does not use full power in this case and λh = λm = 0.
To conserve relay power, we choose β3 as the lower bound in (B.28), resulting
in the required relay power in Theorem 9. Increasing β3 beyond this value
does not increase the achievable rate in this case. Based on link conditions
in (B.12), (B.27) this case applies in (Z1, Q1) and (Z1, Q2), and both users
perform only independent coding.

RCI: Part B of Theorem 9
The analysis for the RCI is similar to that of the basic relay channel: case 1 in
the proof of Theorem 3 (Appendix A.3) by replacing Jr with K1 and Jd with
K2 , where K1 , K2 are defined in (3.12). As such max K1 ≤ min K2 . Using
α2

α2

Lemma 3 this is equivalent to:
2
gr2
P2
2
2
≤ g12
P2 + g1r
β3 .
2
1 + gr1
P1

(B.29)

Rearranging (B.29) gives a lower bound for β3 :
β3 ≥

2
2
gr2
P2
g12
P2
−
.
2
2
2
g1r (1 + gr1 P1 )
g1r

(B.30)

β3 is the minimum value that satisfies (B.30) as using a larger β3 does not
increase transmission rate. This minimum value of β3 also saves relay power.
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B.6

Proof of Theorem 10

Probability of Link-State Regimes Z1a , Z1b , and Z2
2
2
= Y1 for clarity. X1 and Y1 are exponential random
= X1 and g21
Define gr1

variables with parameters as in (3.19). Pr[Z1a ] is computed by integrating
over the joint PDF of two exponentials as follows:
Pr [X1 ≤ Y1 ] =

Z

0

∞

Z

y1

fX1 Y1 (x1 , y1 )dx1 dy1 ,

(B.31)

0

where X1 and Y1 are independent.
2
2
+ PPR1 g2r
Next define W1 = g21
. Using the PDF of W1 as in [153] (fW1 (w1 ) =
λ21 λ2r
(e−λ21 w1
λ2r −λ21

− e−λ2r w1 )) and noting that X1 and W1 are independent, then

Pr[Z1b ] is computed as follows:
Pr [Y1 < X1 ≤ W1 ] =

Z

0

∞

Z

w1

0

fX1 W1 (x1 , w1 )dx1 dw1 − Pr [X1 ≤ Y1 ] . (B.32)

Pr[Z2] is computed as follows:
Pr[Z2] = 1 − Pr[Z1a ] − Pr[Z1b ].

(B.33)

Probability of Link-State Regimes Q1a , Q1b , and Q2
2
To compute Pr[Q1a ] first define V2 = 1 + gr1
P1 , as a shifted exponential with
2
2
parameter νr1 as defined in (3.20). For clarity, let gr2
= X2 and g12
= Y2 . By
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independence the joint PDF of V2 , Y2 is written as follows:
fY2 ,V2 (y2 , v2 ) = λ12 νr1 eνr1 e−λ12 y2 e−νr1 v2 .

(B.34)

Noting that X2 is independent from both V2 and Y2 , and using (B.34), compute
Pr[Q1a ] as follows:
Pr [X2 ≤ Y2 V2 ] =

Z

∞

1

Z

∞

0

Z



v2 y2

fX2 (x2 )dx2 fV2 ,Y2 (v2 , y2 )dy2 dv2 ,

0

(B.35)

which yields the expression for Pr[Q1a ] as in Theorem 10.
Pr[Q1b ] is written as follows:




PR 2
2
Pr[Q1b ] = Pr
≤
g12 + g1r
− Pr[Q1a ]. (B.36)
P2

i
h
PR 2
2
2
2
2
2
+
To compute Pr gr2 ≤ (g21 P1 + g2r PR + 1) g12 + P2 g1r , define W2 = g12

PR 2
g
P2 1r

2
gr2



2
2
g21
P1 +g2r
PR +1

2
2
PR + 1. Using [153], the PDFs of W2 and M2 are
P1 + g2r
and M2 = g21

written as follows:
λ12 λ1r
(e−λ12 w2 − e−λ1r w2 ),
λ1r − λ12
ν21 ν2r
fM2 (m2 ) =
(e−ν21 (m2 −1) − e−ν2r (m2 −1) ),
ν2r − ν21
fW2 (w2 ) =

(B.37)

where ν21 , ν2r are defined in (3.20). Assuming non-reciprocal links, X2 , M2 , W2
h
i

2
2
2
2
2
are all independent. Therefore compute Pr gr2
≤ (g21
P1 + g2r
PR + 1) g12
+ PPR2 g1r
as follows:

Pr [X2 ≤ M2 W2 ] =

Z ∞Z ∞Z
1

0

0

m2 w2



fX2 (x2 )dx2 fM2 ,W2 (m2 , w2 )dw2 dm2 .
(B.38)
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Using the above definitions of W2 and V2 , Pr[Q2] is evaluated as follows:
Pr[Q2] = Pr [X2 ≤ W2 V2 ] − Pr[Q1b ] − Pr[Q1a ],
(B.39)

Z ∞Z ∞Z v2 w2
fX2 (x2 )dx2 fV2 (v2 )fW2 (w2 )dw2 dv2 − Pr[Q1b ] − Pr[Q1a ].
=
1

0

0

By straight manipulation, this yields Pr[Q2] in (3.20).
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Appendix C
Proofs of Chapter 4

C.1

Proof of Theorem 11

Here we provide the proof of Theorem 11 through information theoretic analysis of a discrete memoryless channel specified by a collection of pmfs
p(y1 , y2 , yr |x1 , x2 , xr ), where xk , yk (k ∈ {1, 2, r}) and r indicates the relay
node, are the input and output signals of node k. We define a (2nR1 , 2nR2 , n, Pe )
code based on standard definitions as in [7]. The codebook generation is the
same as in [63, Appendix A], reproduced here for clarity, but here we employ
backward decoding instead of sliding window decoding.
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Codebook Generation
The codebook is generated according to the joint distribution
P = p(w1 )p(u1 |w1 )p(x1 |u1 , w1 )p(w2 )p(u2 |w2 )p(x2 |u2 , w2 )p(xr |w1 , w2 ). (C.1)
The messages of each user are encoded independently by superposition coding.
Divide the message at each user m1k , k ∈ [1 : b − 1], into two independent
messages m1C,k at rate R1,C and m1I,k at rate R1,I . Hence R1 = R1,C + R1,I .
Note that p(ur ) = p(xr |w1 , w2 ), p(q1 ) = p(x1 |u1 , w1 ) and p(q2 ) = p(x2 |u2 , w2 ).
For each block k ∈ [1 : b], randomly and independently generate 2nR1,C
codewords w1n (m1C,k−1 ), m1C,k−1 ∈ [1 : 2nR1,C ] ∼

Qn

i=1

PW1 (w1i ) that encode

m1C,k−1 . For each m1C,k−1 , randomly and conditionally independently generate 2nR1,C sequences (un1 (m1C,k |m1C,k−1 )) ∼

Qn

i=1

PU1 |W1 (u1i |w1i ) that encode

m1C,k . For each m1C,k , randomly and conditionally independently generate
2nR1,I, sequences
(xn1 (m1I,k |m1C,k , m1C,k−1 )), m1I,k ∈ [1 : 2nR1,I ] ∼

Qn

i=1

PX1 |U1 ,W1 (x1i |u1i , w1i )

that encode m1I,k . The encoding is similar for user 2’s messages.
The relay only encodes the cooperative messages of both users in the previous block by using both superposition coding and random binning. First,
equally and uniformly divide cooperative message pairs (m1C , m2C ) into 2nRr
bins and let L(m1C , m2C ) denote the bin index. Then superpose codewords
for bin indices on the codeword generated at each user for each coopera-
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tive message. Specifically, for each pair of previous cooperative messages
(m1C,k−1 , m2C,k−1 ) generate 2nRr sequences xnr (L(m1C,k−1 , m2C,k−1 )|m1C,k−1 , m2C,k−1 ) ∼
Qn

i=1

PXR |W1 ,W2 (xri |w1i , w2i ).

This defines the codebook

Ck = {xn1 (m1I,k |m1C,k , m1C,k−1 ), un1 (m1C,k |m1C,k−1 ), w1n (m1C,k−1 ), xn2 (m2I,k |m2C,k , m2C,k−1 ),
un2 (m2C,k |m2C,k−1 ), w2n (m2C,k−1 ), xnr (L(m1C,k−1 , m2C,k−1 )|m1C,k−1 , m2C,k−1 ) :
m1I,k ∈ [1 : 2nR1,I ], m1C,k , m1C,k−1 ∈ [1 : 2nR1,C ], m2I,k ∈ [1 : 2nR2,I ],
m2C,k , m2C,k−1 ∈ [1 : 2nR2,C ], Lk−1 ∈ [1 : 2nRr ]}, k ∈ [1 : b].

(C.2)

Decoding at the relay
Assume messages m̃1C,k−1 , m̃2C,k−1 were decoded correctly at the relay in block
k − 1. At the end of block k, the relay uses joint decoding to find the unique
(m̃1C,k , m̃2C,k ) such that1

n
n
n
w1,k
, w2,k
, xnr,k , un1,k (m̃1C,k |m1C,k−1 )un2,k (m̃2C,k |m2C,k−1 ), yr,k
∈ T(n) ,
(n)

otherwise it declares an error, where T

(C.3)

denotes the typical set. As in a

multiple access channel, the relay successfully decodes with vanishing error as
n → ∞ if
(k)

R1,C ≤ I (U1,k ; Yr,k |W1,k , W2,k , U2,k , Ur,k , Xr,k ) , I1 ;
1

For conciseness, denote the codeword block index by the subscript: un1,k is the codeword
of length n associated with block k.
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(k)

R2,C ≤ I (U2,k ; Yr,k |W1,k , W2,k , U1,k , Ur,k , Xr,k ) , I2 ;
(k)

R1,C + R2,C ≤ I (U1,k , U2,k ; Yr,k |W1,k , W2,k , Ur,k , Xr,k ) , I3 .

(C.4)

Decoding at each user
Each user uses backward decoding with joint decoding, which is performed
after all b blocks are received. Take user 2 for example. Assume that m1C,b =
m1I,b = 1 as an initial condition. From the signal received in block k, k ∈ [1, b],
where messages m1I,k+1 , ...m1I,b and m1C,k , ...m1C,b have already been decoded,
user 2 finds the unique message pair (m̂1I,k , m̂1C,k−1 ), such that
un1,k (m1C,k |m̂1C,k−1 ), xn1,k (m̂1I,k |m1C,k , m̂1C,k−1 ), xnr,k (L(m̂1C,k−1 , m2C,k−1 )|m̂1C,k−1 , m2C,k−1 ),

n
n
n
w1,k
(m̂1C,k−1 ), w2,k
, un2,k , xn2,k , y2,k
) ∈ T(n) ,

(C.5)

otherwise it declares an error.
Assume m1C,k = m1C,k−1 = m1I,k = 1. Define the following errors:
1. ˜(k−1) = {m̃1C,k−1 6= 1} from the decoding at the relay
2. (k) = {m̂1C,k 6= 1}

n
n
n
3. 1 (k−1) = { un1,k (1|1), x1,k (1|1, 1)xnr,k (L(1, ·)|1, ·), w1,k
(1), w2,k
, un2,k , xn2,k , y2,k
) ∈
/ T(n)
4. 2 (k−1) = { un1,k (1|m̂1C,k−1 ), x1,k (m1I,k |1, m̂1C,k−1 )xnr,k (L(m̂1C,k−1 , ·)|m̂1C,k−1 , ·),


n
n
n
(m̂1C,k−1 ), w2,k
, un2,k , xn2,k , y2,k
) ∈ T(n) for some m̂1C,k−1 6= 1, m1I,k }
w1,k


n
n
n
5. 3 (k−1) = { un1,k (1|1), xn1,k (m̂1I,k |1, 1), xnr,k (L(1, ·)|1, ·), w1,k
(1), w2,k
, un2,k , xn2,k , y2,k
) ∈ T(n)
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for some m̂1I,k 6= 1, m̂1C,k−1 = m̃1C,k−1 = 1}
P ((k−1)) = P {m̂1I,k 6= 1 ∪ m̂1C,k−1 6= 1)},

(C.6)

≤ P (˜(k−1) ∪ (k) ∪ 1 (k−1) ∪ 2 (k−1) ∪ 3 (k−1)) ,
≤ P (˜(k−1))+P ((k))+P (1 (k−1)∩˜c (k−1)∩c (k)) ,
+P (2 (k−1)∩c (k))+P (3 (k−1)∩c (k)) .
We will analyze each term of (C.6) in turn:
• P (˜(k−1)) → 0 as n → ∞ if R1,C < I1,k−1 from the relay encoding
• By independence of the codebooks and the law of large numbers,
P (1 (k−1) ∩ ˜c (k−1) ∩ c (k)) → 0 as n → ∞
• Consider P (2 (k−1) ∩ c (k)) which is written as:
P (2 (k−1) ∩ c (k)) =

X
=

X X

m̂1I,k m̂1C,k−1 6=1 

≤

≤

=

p(w1,k ,u1,k ,x1,k )p(w2,k ,u2,k ,x2,k )p(xr,k |w1,k ,w2,k )p(y2,k |w2,k ,u2,k , x2,k )

X X X

m̂1I,k m̂1C,k−1

X

X

(C.7)

2−n(H(W1,k ,U1,k ,X1,k )−) 2−n(H(W2,k ,U2,k ,X2,k )−) 2−n(H(Xr,k |W1,k ,W2,k )−)



· 2−n(H(Y2,k |W2,k ,U2,k ,X2,k )−)
2n(H(Xr,k ,U1,k ,W1,k ,X1,k ,Y2,k ,W2,k ,U2,k ,X2,k )+) 2−n(H(W1,k ,U1,k ,X1,k )−)

m̂1L,k m̂1H,k−1

X

X

· 2−n(H(W2,k ,U2,k ,X2,k )−) 2−n(H(Xr,k |W1,k ,W2,k )−) 2−n(H(Y2,k |W2,k ,U2,k ,X2,k )−)

m̂1L,k m̂1H,k−1

2n(H(Xr,k ,U1,k ,W1,k ,X1,k ,Y2,k |W2,k ,U2,k ,X2,k )+2) 2−n(H(W1,k ,U1,k ,X1,k )−)
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(a)

=

X

X

· 2−n(H(Xr,k |W1,k ,W2,k )−) 2−n(H(Y2,k |W2,k ,U2,k ,X2,k )−)
2n(H(Xr,k ,U1,k ,W1,k ,X1,k ,Y2,k |W2,k ,U2,k ,X2,k )+2)

m̂1L,k m̂1H,k−1

(b)

=

X

X

· 2−n(H(Xr,k ,W1,k ,U1,k ,X1,k |W2,k )−2) 2−n(H(Y2,k |W2,k ,U2,k ,X2,k )−)
2−n(I(Xr,k ,U1,k ,W1,k ,X1,k ;Y2,k |W2,k ,U2,k ,X2,k )−5)

m̂1L,k m̂1H,k−1

≤ 2nR1,C 2nR1,I 2−n(I(U1,k ,W1,k ,X1,k ,Xr,k ;Y2,k |W2,k ,U2,k ,X2,k )−δ()) ,
(n)

where  = (U1,k , W1,k , X1,k , Xr,k , W2,k , U2,k , X2,k , Y2,k ) ∈ T ; (a) is valid because H(Xr,k |W1,k , W2,k ) = H(Xr,k |W1,k , W2,k , U1,k , X1,k ) by independence; and
(b) is valid because
H(Xr,k , W1,k , U1,k , X1,k |W2,k ) = H(Xr,k , W1,k , U1,k , X1,k |W2,k , U2,k , X2,k ) . This
tends to 0 as n → ∞ if
R1,C + R1,I < I(W1,k , U1,k , X1,k , Xr,k ; Y2,k |W2,k , U2,k , X2,k ) − δ()

(C.8)

• Consider P (3 (k−1) ∩ c (k)) which is written as:
P (3 (k−1) ∩ c (k)) =
=

X X

m̂1I,k 6=1 

(C.9)

p(w1,k , u1,k , x1,k )p(w2,k , u2,k , x2,k )p(xr,k |w1,k , w2,k )
· p(y2,k |w2,k , u2,k , x2,k , w1,k , u1,k , xr,k )

≤

X X

2−n(H(W1,k ,U1,k ,X1,k )−) 2−n(H(X2,k ,U2,k ,W2,k )−) 2−n(H(Xr,k |W1,k ,W2,k )−)

m̂1I,k 6=1 

· 2−n(H(Y2,k |W2,k ,U2,k ,X2,k ,W1,k ,U1,k ,Xr,k )−)
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=

X X
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2−n(H(W1,k ,U1,k )+H(X1,k |U1,k ,W1,k )−) 2−n(H(X2,k ,U2,k ,W2,k )−)

m̂1I,k 6=1 

≤

X

· 2−n(H(Xr,k |W1,k ,W2,k )−) 2−n(H(Y2,k |W2,k ,U2,k ,X2,k ,W1,k ,U1,k ,Xr,k )−)
2n(H(U1,k ,X1,k ,W1,k ,Xr,k ,W2,k ,U2,k ,X2,k ,Y2,k )+) 2−n(H(W1,k ,U1,k )+H(X1,k |U1,k ,W1,k )−)

m̂1I,k 6=1

· 2−n(H(X2,k ,U2,k ,W2,k )−) 2−n(H(Xr,k |W1,k ,W2,k )−) 2−n(H(Y2,k |W2,k ,U2,k ,X2,k ,W1,k ,U1,k ,Xr,k )−)

=

X

2n(H(X1,k ,Xr,k ,W2,k ,U2,k ,X2,k ,Y2,k |U1,k ,W1,k )+) 2−n(H(X1,k |U1,k ,W1,k )−)

m̂1I,k 6=1

· 2−n(H(X2,k ,U2,k ,W2,k )−) 2−n(H(Xr,k |W1,k ,W2,k )−) 2−n(H(Y2,k |W2,k ,U2,k ,X2,k ,W1,k ,U1,k ,Xr,k )−)

(a)

=

X

2n(H(X1,k ,Xr,k ,Y2,k |U1,k ,W1,k ,W2,k ,U2,k ,X2,k )+2) 2−n(H(X1,k |U1,k ,W1,k )−)

m̂1I,k 6=1

· 2−n(H(Xr,k |W1,k ,W2,k )−) 2−n(H(Y2,k |W2,k ,U2,k ,X2,k ,W1,k ,U1,k ,Xr,k )−)

(b)

=

X

2n(H(X1,k ,Y2,k |U1,k ,W1,k ,W2,k ,U2,k ,X2,k ,Xr,k )+3) 2−n(H(X1,k |U1,k ,W1,k )−)

m̂1I,k 6=1

· 2−n(H(Y2,k |W2,k ,U2,k ,X2,k ,W1,k ,U1,k ,Xr,k )−)

(c)

=

X

2−n(I(X1,k ;Y2,k |W2,k ,U2,k ,X2,k ,W1,k ,U1,k ,Xr,k )−5)

m̂1I,k 6=1

≤ 2nR1,I 2−n(I(X1,k ;Y2,k |W1,k ,W2,k ,U1,k ,U2,k ,X2,k ,Xr,k )−δ()) ,
where (a) is valid because H(X2,k , U2,k , W2,k ) = H(X2,k , U2,k , W2,k |U1,k , W1,k )
by independence; (b) is valid because
H(Xr,k |W1,k , W2,k ) = H(Xr,k |W1,k , W2,k , U1,k , U2,k , X2,k ) by independence; and
(c) is valid because
H(X1,k |U1,k , W1,k ) = H(X1,k |U1,k , W1,k , U2,k , W2,k , X2,k , Xr,k ) by independence.
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This tends to 0 as n → ∞ if
R1,I < I(X1,k ; Y2,k |W1,k , W2,k , U1,k , U2,k , X2,k , Xr,k ) − δ()

(C.10)

• By induction P ((k)) → 0 as n → ∞ is satisfied if (C.8) is also satisfied in
block k + 1.
From the above error analysis, for the decoding of the message pair (m̂1I,k , m̂1C,k−1 )
to be successful with vanishing error
R1,I ≤ I(X1,k ; Y2,k |W1,k , W2,k , U1,k , U2,k , X2,k , Xr,k ) , I4,k ,

(C.11)

R1,I + R1,C ≤ min{I5,k , I5,k+1 },
where I5,k = I(W1,k , U1,k , X1,k , Xr,k ; Y2,k |W2,k , U2,k , X2,k ). The mutual information term I5 applies across two transmission blocks because of the superposition
coding structure: the correct decoding of m1C,k and m1I,k requires m1C,k−1 to
be decoded correctly. Similarly, for the decoding of the unique message pair
(m̂2I,k , m̂2C,k−1 ) to be successful with vanishing error,
R2,I ≤ I(X2,k ; Y1,k |W1,k , W2,k , U1,k , U2,k , X1,k , Xr,k ) , I6,k ,

(C.12)

R2,I + R2,C ≤ min{I7,k , I7,k+1 },
where I7,k = I(W2,k , U2,k , X2,k , Xr,k ; Y1,k |W1,k , U1,k , X1,k ).
Applying the signaling in (4.3) to the Gaussian channels in (4.1), we obtain
Theorem 11.
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C.2

247

Proof of Lemma 4

 2

√
2
First rewrite I5 as I5 = C g21
(α1 + β1 + γ1 ) + 2g21 g2r k1 α1 + g2r
(α1 k1 + β3 ) .

 2
√
2
(α2 k2 + β3 ) .
(α2 + β2 + γ2 ) + 2g12 g1r k2 α2 + g1r
Similarly, I7 = C g12

Both users always use full power
Suppose we fix β3 and γ1 and α1 + β1 + γ1 < P1 . From the constraints in
(4.5), then we can always increase α1 and β1 slightly to α10 and β10 respectively
while keeping k1 α1 the same as k1 is any non-negative constant. By increasing
β1 , I1 is increased. By increasing α1 , I5 is increased. To see this, assume
α10 = α1 ξ, where ξ is slightly greater than 1. The new k10 now must be

k1
ξ

so that α10 k10 = α1 k1 . Next consider how this affects I50 . The first term,
2
g21
(α10 + β10 + γ1 ), is clearly increased as α10 > α1 and β10 > β1 and γ1 is fixed.

Plugging in for the second term 2g21 g2r

p 0 0
√
k1 α1 = 2g21 g2r k1 ξα1 . Therefore

2
this second term is also increased as ξ > 1. The third term, g2r
(α1 k1 + β3 )

remains the same as α10 k10 = α1 k1 . Therefore, by increasing α1 and slightly
decreasing k1 such that the product α1 k1 remains the same, I5 is increased.
Because both I1 and I5 are increased, user 1’s overall rate is increased. The
same holds for user 2 in regards to I2 and I7 . Therefore, to obtain the largest
rate region, α1 + β1 + γ1 = P1 and α2 + β2 + γ2 = P2 , i.e. both users always
use full power.
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The relay will use full power if either user performs
block Markov coding
Because both users always use full power, rewrite I5 and I7 as
 2

√
2
I5 = C g21
P1 + 2g21 g2r k1 α1 + g2r
(α1 k1 + β3 ) .
 2

√
2
I7 = C g12
P2 + 2g12 g1r k2 α2 + g1r
(α2 k2 + β3 ) .

Let α1 > 0 so that user 1 performs block Markov coding (assume α2 = 0 for

 2
g (P1 −α1 −γ1 )
because
simplicity). First note that I1 can be written as C gr1
2 γ +g 2 γ +1
1
2
r1

r2

both users use full power. If k1 α1 + β3 < PR , then α1 can be decreased and k1
increased such that the product α1 k1 increases while

√
k1 α1 stays the same,

thus both I1 and I5 increase, causing user 1’s rate to also increase (for example,
pick a new α10 = tα1 and new k10 =

1
k,
t2 1

where 0 < t < 1 chosen to satisfy the

relay power constraint). Therefore, the relay uses full power (k1 α1 +k2 α2 +β3 =
PR ) when any αi > 0.

C.3

Proof of Theorem 12

The boundary of the rate region is comprised of pentagonal or rectangular
corner points for a particular set of power allocation factors, and of the timeshared region between these points. We show that the theorem holds for all
corner points that user 1 is prioritized (for user 2 prioritized, switch the roles of
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user 1 and user 2 in the following proof). Then it must hold for the timeshared
regions between these corner points.
We show that for each corner point if it is rate-optimal for the high priority
user to perform BM, then DR for that user is not optimal in the Gaussian relay
channel. If it is rate-optimal for the low priority user to perform BM, then
DR for the low priority user is also not optimal. The low priority user case
slightly differs from the higher prioritized user because the lower prioritized


g 2 β2
.
user is constrained by the sum rate constraint I3 − I1 = C g2 (γ1 +βr2
2
1 )+g γ2 +1
r1

r2

Because this holds for both users at each point along the rate region boundary,
the theorem in general is proved.

Higher Prioritized User:
First consider the higher prioritized user (user 1) while fixing the rate of the
lower prioritized user. At each corner point, the rate of user 1 is either constrained by (I1 + I4 ), I5 , or both (I1 + I4 ) and I5 . Each of these scenarios will
be considered. As user 1 is the higher prioritized user, the sum rate constraint
I3 can be ignored for now as I1 ≤ I3 .
Rewrite the rate constraints in terms of α1 and γ1 as user 1 will use full
power (Lemma 4).
R1,C + R1,I ≤ C



2
gr1
(P1 − α1 − γ1 )
2
2
gr1 γ1 + gr2
γ2 + 1




2
+ C g21
γ1 = I1 + I4 ,

(C.13)
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p
2
2
R1,C + R1,I ≤ C g21
P1 + 2g21 g2r k1 α1 + g2r
(α1 k1 + β3 ) = I5 .

From (C.13) it is straightforward to see that I5 is increasing in α1 . By taking
the derivative with respect to α1 , it is straightforward to see that (I1 + I4 ) is
decreasing in α1 . Three cases for user 1’s maximum total rate follow.
1) Constrained by (I1 + I4 ) alone:

As (I1 + I4 ) is decreasing in α1 , to

maximize the rate of user 1, α1? will be zero. Then user 1 does not perform
BM and this case is not necessary to analyze.
2) Constrained by I5 alone:

As written in (C.13), I5 has no dependence

on γ1 . However, use Lemma 4 (α1 + β1 + γ1 = P1 ) to rewrite I5 as

√
2
2
C g21
P1 +2g21 g2r k1 (P1 −β1 −γ1 )+g2r
((P1 −β1 −γ1 )k1 +β3 ) , and it is clear

that I5 is decreasing in γ1 . Therefore, in this case, the optimal γ1? will be zero.
3) Constrained by both I5 and (I1 + I4 ):

In this case I5 = I1 +I4 at the

optimal power allocation that maximizes the rate of user 1. Define G = I1 +I4 .
2
>
By evaluating the derivative of G with respect to γ1 it is evident that if gr1
2
2
2
2
2
g21
(gr2
γ2 + 1), then G is decreasing in γ1 . Otherwise if gr1
< g21
(gr2
γ2 + 1), G

is increasing in γ1 . Each case is considered next.
2
2
2
Case 1: gr1
> g21
(gr2
γ2+1). As both G and I5 are decreasing in γ1 , the optimal

γ1? is zero, provided that the following equation, obtained by rearranging G =
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I5 , has a valid solution for α1 :
2
2
2
gr1
P1 − g21
P1 +g2r
β3




h

p

i
2
2
2
2
+ 2g21 g2r k1 +k1 g2r
1+gr2
γ2 = α1 gr1
1+gr2
γ2

(C.14)

Because α1 ∈ [0, P1 ] and k1 ≥ 0, the left hand side of (C.14) must be greater


2
2
2
2 β3
γ2 + 1),
or equal to zero in order to have a solution. If gr1 ≥ g21 + g2r P1 (gr2

both sides of (C.14) are non-negative so there is a solution for α1 when γ1 = 0.
If
2
2
g21
(gr2
γ2

+ 1) <

2
gr1

<



2
g21

+

2
g2r

β3
P1



2
(gr2
γ2 + 1),

(C.15)

2
then (C.14) does not have a solution for α1 when γ1 = 0. When gr1
>


2 P
gr1
1
2
2
g21 (gr2 γ2 + 1), the maximum of G is log 1 + 1+g2 γ2 . However the minir2

2
2
mum value of I5 for a fixed β3 is I5 = log (1 + g21
P1 + g2r
β3 ). Because of

2
in (C.15), the maximum value of G is less than the
the upper bound on gr1

minimum value of I5 . Therefore under the link conditions in (C.15), the rate
of user 1 will be constrained by (I1 + I4 ) alone instead of both (I1 + I4 ) and
I5 , and therefore condition (C.14) does not apply in this case. Thus in this
case that the rate of user 1 is constrained by both (I1 + I4 ) and I5 such that
α1 ∈ [0, P1 ], implying BM coding, the optimal γ1? = 0 and DR is not optimal.
2
2
2
Case 2: gr1
≤ g21
(gr2
γ2 + 1). G is decreasing in α1 and increasing in γ1 .

Then the maximum of G occurs when γ1 is maximized. This maximum value
2
of G = log(1 + g21
P1 ) also happens to be the minimum of I5 . Then the only

252

APPENDIX C. PROOFS OF CHAPTER 4

2
P1 ). Therefore
overlap in the ranges of G and I5 is the one value log(1 + g21
2
G = I5 must equal log(1 + g21
P1 ). For this to be true γ1 = P1 and α1 = 0.

Then user 1 does not perform BM and this case is not necessary to analyze.

Lower Prioritized User
We next consider the theorem for the lower prioritized user (user 2). This case
differs from the higher prioritized user because in this case, the lower prioritized


2 β
gr2
2
user is constrained by the sum rate constraint I3 − I1 = C g2 (γ1 +β1 )+g2 γ2 +1 .
r1

r2

At each corner point, the rate of user 2 is either constrained by (I3 − I1 + I6 ),
I7 , or both (I3 − I1 + I6 ) and I7 . Each of these scenarios will be considered.

Rewrite the rate constraints in terms of α2 and γ2 as user 2 will use full
power (Lemma 4).

2

(P2 −α2 −γ2 )
gr2
2
+C
g
R2,C +R2,I ≤ C
γ
= I3 −I1 +I6 ,
2
12
2
2
(P1 −α1 )+gr2
gr1
γ2 +1


p
2
2
R2,C +R2,I ≤ C g12 P2 + 2g12 g1r k2 α2 + g1r (α2 k2 + β3 ) = I7 .


(C.16)

From (C.16), I7 is increasing in α2 . By taking the derivative with respect to
α2 , it is straightforward to see that (I3 − I1 + I6 ) is decreasing in α2 .
1) Constrained by I3 − I1 + I6 alone: As (I3 − I1 + I6 ) is decreasing in α2 ,
to maximize the rate of user 2, α2? will be zero. Then user 2 does not perform
BM and this case is not necessary to analyze.
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2) Constrained by I7 alone:
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As written in (C.16), I7 has no dependence

on γ2 . However, use Lemma 4 (α2 + β2 + γ2 = P2 ) to rewrite I7 as
I7 = C



2
g12
P2 +2g12 g1r


p
2
k2 (P2 −β2 −γ2 )+g1r ((P2 −β2 −γ2 )k2 +β3 ) , (C.17)

and it is clear that I7 is decreasing in γ2 . Therefore, in this case, the optimal
γ2? will be zero.
3) Constrained by both (I3 − I1 + I6 ) and I7 : In this case I7 = I3 − I1 + I6
at the optimal power allocation that maximizes the rate of user 2. Define
H = I3 − I1 + I6 . By evaluating the derivative of H with respect to γ2 it is
2
2
2
(P1 −α1 )+1), then H is decreasing in γ2 . Otherwise
(gr1
> g12
evident that if gr2
2
2
2
if gr2
< g12
(gr1
(P1 − α1 ) + 1), H is increasing in γ2 . Each case is considered

next.
2
2
2
(P1 − α1 ) + 1). As both H and I7 are decreasing in
(gr1
> g12
Case 1: gr2

γ2 , the optimal γ2? is zero, provided that the following equation, obtained by
rearranging H = I7 , has a valid solution for α2 :
h


p


i
2
2
2
2
2
2
2
gr2
P2 − g12
P2 +g1r
β3 1+gr1
(P1 −α1 ) = α2 gr2
+ 2g12 g1r k2 +k2 g1r
1+gr1
(P1 −α1 ) .
(C.18)

Because α2 ∈ [0, P2 ] and k2 ≥ 0, the left hand side of (C.18) must be greater or


2
2
2
2 β3
equal to zero in order to have a solution. If gr2 ≥ g12 +g1r P2 (1+gr1
(P1 −α1 )),

both sides of (C.18) are non-negative so there is a solution for α2 when γ2 = 0.
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If
2
2
g12
(gr1
(P1

− α1 ) + 1) <

2
gr2

<



2
g12

+

2
g1r

β3
P2




2
1 + gr1
(P1 − α1 ) ,

(C.19)

2
then (C.18) does not have a solution for α2 when γ2 = 0. When gr2
>


g2 P
2
2
(P1 − α1 ) + 1), the maximum of H is log 1 + 1+g2 r2(P12−α1 ) . However
(gr1
g12
r1

2
2
β3 ). Because
P2 + g1r
the minimum value of I7 for a fixed β3 is I7 = log (1 + g12

2
in (C.19), the maximum value of H is less than the
of the upper bound on gr2

minimum value of I7 . Therefore under the link conditions in (C.19) the rate of
user 2 will be constrained by (I3 − I1 + I6 ) alone instead of both (I3 − I1 + I6 )
and I7 , and therefore condition (C.18) does not apply in this case. Thus in
this case that the rate of user 2 is constrained by both (I3 − I1 + I6 ) and I7
such that α2 ∈ [0, P2 ], implying BM coding, the optimal γ2? = 0 and DR is not
optimal.
2
2
2
(P1 − α1 ) + 1). H is decreasing in α2 and increasing
(gr1
≤ g12
Case 2: gr2

in γ2 . Then the maximum of H occurs when γ2 is maximized. This maximum
2
value of H = log(1 + g12
P2 ) also happens to be the minimum of I7 . Then
2
the only overlap in the ranges of I7 and H is the one value log(1 + g12
P2 ).
2
Therefore I7 = H must equal log(1 + g12
P2 ). For this to be true γ2 = P2 and

α2 = 0. Then user 2 does not perform BM and this case is not necessary to
analyze.
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C.4

Proof of Theorem 14

2
2
2
2
For readability, let gr1
P1 = X, gr2
P2 = Y, g21
P1 = A, and g12
P2 = B. Then

X, Y, A, B are independent exponential random variables with parameters νr1 , νr2 , ν21 , ν12
(defined in 4.20), respectively.

Link Regime A
In this section we derive the probability of link regime RA1 in which user 2
performs DR (A1=A1.i ∪ A1.ii). The probability of this link regime is written
as follows:
Pr[A1] = Pr



2
gr1
<



2
2 PR
g21
+g2r
P1



2
1+gr2
P2

 2

2
2
2
−Pr gr1
≤ g21
& gr2
< g12
.



&

2
2
gr2
< g12


(C.20)

2
2
2
2
] is computed for link regime E below. To compute the
< g12
& gr2
≤ g21
Pr [gr1
2
2
PR . From [153] the pdf of W is as
first term of (C.20), let W = g21
P1 + g2r

follows:

ν21 ν2r
dκr21
−ν21 w
−ν2r w
e
−e
, where ν2r =
.
fW (w) =
ν2r − ν21
PR

(C.21)

W is independent from B as channels are assumed to be independent. Then
the first term of (C.20) is computed as follows:
Pr [X < W (1+Y ) & Y < B] =

(C.22)
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=

Z

Z

∞

0

0

=

Z

∞

Z

b

0

!

w(1+y)

!

fX (x)dx fY (y)dy fBW (bw)dwdb,

0

!
i
h
ν21 ν2r (νr2 +ν12 ) Ei(−c1 )ec1 −Ei(−c3 )ec3 +νr1 (ν2r −ν21 ) ,

νr2
νr1 (ν2r −ν21 ) (νr2 +ν12 )

where c1 , c3 are defined in Theorem 14. Plugging this in to (C.20) yields the
probability of link-state regime A1 in Theorem 14.

Link Regime B
The probability of link regime RB1 is written as follows:
Pr[B1] = Pr



2
2
gr2
< g12



−Pr



2
gr1
<



2
2 PR
g21
+g2r
P1



2
1+gr2
P2



&

2
2
gr2
< g12



.

(C.23)

The first term of (C.23) is computed in (C.26) and the second term is computed
in (C.22).

Link Regime C
The probability of link regime RC is written as follows:
 2



2
2
2
2
2
2
2
Pr[C] = Pr gr1
> g21
& gr2
> g12
& C gr1
P1 +gr2
P2 < C g21
P1 + C g12
P2 ,
= Pr [X > A & Y > B & X +Y < A+B +AB] ,
!
Z ∞ Z ∞ Z b(1+a) Z a+b+ab−y
=
fXY (xy)dx dy fAB (ab) da db,
0

=

Z

0

0

∞Z

0

b

∞

Z

b

a

b(1+a) Z

a

a+b+ab−y

!

(C.24)

fX (x)fY (y)dx dy fA (a)fB (b) da db,
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2
gr2
P2

2
2
2
2
2
2
gr1
P1 ! gr2 P2 " g21 P1 ! g12 P2 ! g21 P1 g12 P2

2
g12
P2

2
g21
P1

2
gr1
P1

Figure C.1: Area to Integrate for Link Regime C.

where C(∗) = log (1 + ∗). The bounds of integration in (C.24) are easily
found by plotting the constraints as in Fig. C.1. Evaluating (C.24) yields the
expression in Theorem 14.

Link Regime D
The probability of link regime D is computed using the probabilities of other
link regimes:
2
2
2
2
Pr[D] = Pr[gr1
P1 > g21
P1 & gr2
P2 > g12
P2




2
2
2
2
& C gr1
P1 +gr2
P2 ≥ C g21
P1 + C g12
P2 ],

= Pr [X ≥ A & Y ≥ B] − Pr [X > A & Y > B & X +Y < A+B +AB] ,
= 1 − Pr [X < A & Y < B] − Pr [RC] .

(C.25)
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2
2
2
2
P2 ] is computed for link regime E below and
P2 < g12
P1 & gr2
P1 < g21
Pr [gr1

Pr [RC] is computed in (C.24).

Link Regime E
From (B.31),
2
2
Pr[gr1
< g21
]=

νr1
,
ν21 + νr1

2
2
Pr[gr2
< g12
]=

νr2
.
ν12 + νr2

(C.26)

As these probabilities are independent, the probability of this link regime is
the product.

C.5

Proof of Theorem 15

The rate region for the I-pDF scheme is obtain from Theorem 11 by setting
α1 = α2 = 0 which reduces the rate constraints in 4.5 as follows:
R1 ≤ min{J1 , J4 },

R2 ≤ min{J2 , J5 },

R1 + R2 ≤ J3 ,

(C.27)

where
J1 = C
J2 = C
J3 = C



2
gr1
β1
2
2
1 + gr1 γ1 + gr2
γ2



2
2
gr1
β1 + gr2
β2
2
2
1 + gr1 γ1 + gr2
γ2



2
gr2
β2
2
2
1 + gr1 γ1 + gr2
γ2







2
2
2
(γ1 + β1 ) + g2r
β3 ,
+ C g21
γ1 , J4 = C g21


2
2
2
+ C g12
γ2 , J5 = C g12
(γ2 + β2 ) + g1r
β3 ,


2
2
+ C g21
γ1 + C g12
γ2 ,

β1 , β2 , γ1 , γ2 ≥ 0, β1 + γ1 = P1 , β2 + γ2 = P2 , and C(∗) = log(1 + ∗).

259

APPENDIX C. PROOFS OF CHAPTER 4

Link Regime A1
In this link regime, γ2 is varied from 0 to P2 and γ1 is either 0 or P1 depending
on the value of γ2 [63]. If γ2 >

2 −g 2
gr1
21
2 g2 ,
g21
r2

maximize J1 , γ1? = P1 . Otherwise, if γ2 <

then J1 is increasing in γ1 and to
2 −g 2
gr1
21
2 g2 ,
g21
r2

then J1 is decreasing in γ1

so to maximize J1 , γ1? = 0. Each of these cases will be considered.

Link Regime A1.i (γ2 <

2 −g 2
gr1
21
2 g2 )
g21
r2

In this case, γ1? = 0 and user 1 utilizes the relay. In this link-state regime, the
constraint J1 ≤ J4 must be satisfied. Solving this inequality for β3 yields
β3 ≥

2
2
2
γ2 )
(1 + gr2
− g21
gr1
P1 .
2
2
g2r (1 + gr2 γ2 )

(C.28)

In this link-state regime, the constraint J3 − J1 ≤ J5 also must be satisfied,
which leads to another constraint for β3 :
β3 ≥

2
2
2
2
gr2
(P2 − γ2 ) − g12
P2 (1 + gr1
P1 + gr2
γ2 )
.
2
2
2
g1r (1 + gr1 P1 + gr2 γ2 )

(C.29)

Both (C.28) and (C.29) must be satisfied so β3 is the maximum of these two
expressions.

Link Regime A1.ii (γ2 >

2 −g 2
gr1
21
2 g2 )
g21
r2

In this case, γ1? = P1 and user 1 does not utilize the relay. As such J4 won’t be
tight and can be ignored. The sum rate constraint also can be ignored because
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only one user utilizes the relay. Therefore, the only constraint that must be
satisfied for the relay to conserve power is J2 ≤ J5 , leading to a constraint on
β3 for user 2: β3 ≥

2 1+g 2 γ ? −g 2 1+g 2 P +g 2 γ ?
gr2
( 12 2 ) 12 ( r1 1 r2 2 )
2 1+g 2 P +g 2 γ ?
g1r
( r1 1 r2 2 )

(P2 − γ2? ).

Link Regime B1
In this link-state regime the following link condition must be satisfied:
2
gr1

>



2
g21

+

2 PR
g2r
P1




2
1 + gr2
P2 .

(C.30)

Under this link condition, J1 is decreasing in γ1 . Then to maximize J1 , γ1? = 0.
J4 is the same regardless of the power split between β1 and γ1 because user 1
uses full power (Lemma 4). In this link regime, user 2 performs direct transmission (γ2? = P2 ). Therefore because of the link condition in (C.30), J4 < J1 and
the rate of user 1 is constrained by J4 . To maximize J4 , the relay must use full


2 PR
2
2
2
power. Link regime B2 is derived similarly: if gr2 > g12 + g1r P2 (1 + gr1
P1 )
then J5 is tight and the relay must use full power to maximize J5 .

Link Regime C
In this link-state regime, the I-pDF scheme achieves exactly the IDF-DT timeshared region, i.e. the timeshared rate region of both users performing direct
transmission and both users performing independent coding. If both users
perform direct transmission, the required relay power is 0 because the relay
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is not utilized. If both users perform independent coding, γ1 = γ2 = 0 and
J1 ≤ J4 and J3 − J1 ≤ J5 , leading to two lower bounds on β3 : β3 ≥
and β3 ≥

2 −g 2 1+g 2 P
gr2
12 (
r1 1 )
2 1+g 2 P
g1r
( r1 1 )

2 −g 2
gr1
21
P1
2
g2r

P2 . β3 must satisfy both of these expressions and is

at most PR , which leads to the expression in Theorem 15.
If time sharing between both users performing direct transmission and
both users performing independent coding, (let λ describe the fraction of time
devoted to independent coding), then the required relay power is equivalent
to the expression in Theorem Theorem 15 multiplied by λ.

Link Regime D
See the proof to link regime C above.

Link Regime E
Both users perform direct transmission. As the relay is not utilized, the required relay power is 0.
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C.6

Proof of Theorem 16

Strategy IX:
u2
As both collaborative messages are ∅, Puc,r = Pu1
c,d = Pc,d = 0.

Pu1
b,d = Pr[R1,I

> log

2
1+g21
P1


2
] = Pr[g21
P1 < 2R1 −1] =

Z

2R1 −1

ν21 e−ν21 x dx,

0

(C.31)

which is equivalent to c5 in Theorem 16. Pu2
b,d is found similarly.

Strategy VIII:
u1
u2
u2
γ1 = γ2 = 0, then R1,I , R2,I = 0 and consequently Pu1
b,d = Pc,d and Pb,d = Pc,d .



2
2
Pu1
=
Pr
R
>
log
1+g
P
+g
β
,
1
1
3
c,d
21
2r

(C.32)


 2
2
= Pr g21
P1 +g2r
β3 < 2R1 −1 ,
Z 2R1 −1
fZ (z)dz,
=
0

2
2
where Z = g21
P1 +g2r
β3 , and the pdf of Z is similar to W in (C.21). Pu2
c,d is

computed similarly.
Next consider the outage at the relay, noting that Puc,r = 1−Pr[(R1,C ,R2,C ∈ RC,R )]:




2
2
2
2
P2 .
P1 , R2≤C gr2
P2 , R1 +R2 ≤ C gr1
P1 +gr2
Pr[(R1,C ,R2,C ∈ RC,R )]=Pr R1≤C gr1
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2 R1

2
gr2
P2

2 R2 − 1

2 R2 − 1

!"

#"

2
2
gr1
P1 + gr2
P2 ≥ 2R1 +R2 − 1

2

R1

−1

2
gr1
P1

Figure C.2: Region to integrate for (C.33)

2
2
Define gr1
P1 = X, gr2
P2 = Y for readability and utilize Fig. C.2 to find the

bounds of integration.
Pr [(R1,C , R2,C ∈ RC,R )] =

(C.33)

 2

2
2
2
= Pr gr1
P1 ≥ 2R1 −1 & gr2
P2 ≥ 2R2 −1 & gr1
P1 + gr2
P2 ≥ 2R1 +R2 −1 ,
Z ∞
Z ∞
=
fX (x)fY (y)dxdy,
2R1 (2R2 −1) 2R1 −1
Z 2R1 (2R2 −1) Z ∞
+
fX (x)fY (y)dxdy.
2R2 −1

2R1 +R2 −1−y

Strategy VII:
Timeshare the results for strategies VIII and IX.
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Strategy V:
u1
γ1 = 0 then R1,I = 0, and Pu1
b,d = Pc,d , which can be found as in (C.32). As user
u2
2’s collaborative message is ∅, Pu2
c,d = 0. Pb,d is found similarly to (C.31).

Next consider outage at the relay, noting that β1 = P1 , γ2 = P2 , and
Puc,r = 1 − Pr[(R1,C ,R2,C ∈ RC,R )]:


Pr [(R1,C , R2,C ∈ RC,R )] = Pr R1 ≤ C



2
gr1
P1
2
1+gr2 P2



,

(C.34)

 2


2
= 1−Pr gr1
P1 < 2R1 −1 1 + gr2
P2 .


2
2
P2 ). Then
P1 , and M = c9 (1 + gr2
For readability let c9 = 2R1 − 1 , X = gr1
fX (x) = νr1 e−νr1 x , fM (m) =

νr2 − νcr2 (m−c9 )
.
e 9
c9

(C.35)

as M is a shifted and scaled exponential. Because X and M are independent,
(C.34) becomes
1 − Pr [X < M ] = 1 −

Z

∞

c9

Z

m

fX (x)fM (m)dxdm.

(C.36)

0

Strategy II:
u1
u2
As user 1’s collaborative message is ∅, Pu1
c,d = 0. Pb,d is as in (C.31). Pc,d can

be found similarly to (C.32).


2
2
Pu2
b,d = Pr R2 > log 1 + g12 P2 + g1r β3

(C.37)




2
2
2
+ Pr R2 ≤ log 1 + g12
P2 + g1r
β3 & R2,I > log 1 + g12
γ2 ,
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=

Pu2
c,d




2
β3
2R2 − 1 − g1r
2R2,I − 1
2
+ Pr
≤ g12 <
,
P2
γ2

2
2
, noting that
and g1r
which is solved by integrating over the joint PDF of g12

they are independent.
Next consider outage at the relay, where γ1 = P1 .




Pr (R1,C , R2,C ∈ RC,R ) = Pr R2,C ≤ log 1 +
= Pr
= Pr





2R2,C

2
gr2
β2
2
2
γ2 + 1
gr1 P1 + gr2
 2


2
2
− 1 gr1
P1 + gr2
γ2 + 1 ≤ gr2
β2 ,



, (C.38)

 2


2
2R2,C − 1 gr1
P1 + 1 ≤ gr2
β2 − γ2 2R2,C − 1 ,

which is evaluated following the same procedure as in (C.34).

Strategy I:
u1
Since γ1 = 0, then R1,I = 0 and Pu1
b,d = Pc,d , which can be found as in (C.32).
u2
Pu2
c,d and Pb,d are the same as in Strategy II above. The outage at the relay

must be solved numerically as shown next (note R1 = R1,C in this case and is
used for conciseness). Further, recall Puc,r = 1 − Pr[(R1,C ,R2,C ∈ RC,R )].
Pr [(R1,C , R2,C ∈ RC,R )] =
(C.39)

 2

 2

 2

2
gr1 P1
gr2 β2
gr1 P1 +gr2
β2
= Pr R1 ≤ C
, R2,C ≤ C 2
, R1 +R2,C ≤ C
2
2
1+gr2
γ2
gr2 γ2 +1
gr2
γ2 +1
"


2
2
2
= Pr gr1
P1 − gr2
γ2 2R1 − 1 ≥ 2R1 − 1 & gr2
P2 − 2R2,C γ2 ≥ 2R2,C − 1 &


#

2
2
gr1
P1 + gr2
P2 − 2R1 +R2,C γ2 ≥ 2R1 +R2,C − 1
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2
2
must be integrated over an area,
and gr2
To solve this, the joint PDF of gr1

similar to (C.33). However, here the bounds of integration must be determined
based on the actual values of R1 , R2,C , γ2 , P1 , P2 . Here we choose an example
scenario as in the caption of Fig. C.3 to demonstrate how (C.39) is solved
numerically. The region to integrate the joint PDF is illustrated in Fig. C.3.
To leave this proof more general, we leave the following proofs in terms of
variables:
2
2
gr2
≤ m1 gr1
+ b1 ,

(C.40)

2
gr2
≥ b2 ,
2
2
gr2
≥ m3 gr1
+ b3 ,

where
m1 =

γ2

P1
R
(2 1 −

1)

,

b1 = −
b2 =

m3 =

−P1
,
P2 − 2R1 +R2,C γ2

b3 =

1
,
γ2

(C.41)

2R2,C − 1
,
(P2 − 2R2,C γ2 )

2R1 +R2,C − 1
.
P2 − 2R1 +R2,C γ2

The following analytical outage for Strategy I applies if b2 > 0, P2 −
2R1 +R2,C γ2 > 0, and if k1 < k2 , where k1 , k2 as defined by the intersections
of constraints as in Fig. C.3. If these constraints are not satisfied, then the
bounds of integration are different and must be found by plotting the three
constraints, following the same procedure as done in Fig. C.3. For this case
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P1
1
g2 −
γ2 (2R1 − 1) r1 γ2
2R2H − 1
2
gr2
≥
(P2 − 2R2H γ2 )
−P1
2R1 +R2H − 1
2
gr2
≥
g2 +
P2 − 2R1 +R2H γ2 r1 P2 − 2R1 +R2H γ2
2
gr2
≤

1.2
1

2
gr2

0.8
0.6
0.4
0.2
0

!

!"#

0.12 $# 0.14

0.16

0.18

!%#

0.2

0.22

0.24

2
gr1

Figure C.3: Region to integrate for one example of (C.39) in Strategy I where
P1 = P2 = 10, R1 = 1, R2,C = 0.9, γ2 = 1

2
2
= Y , and
= X, gr2
we compute Pr [(R1,C , R2,C ∈ RC,R )] as follows (where gr1

X, Y independent):
Pr [(R1,C , R2,C ∈ RC,R )] =

Z

k3Z m1 x+b1

k2

fXY (xy)dydx +

m3 x+b3

Z

∞Z m1 x+b1

k3

−λr1
e−λr2 b1 −k2 (λr2 m1 +λr1 ) + e−b2 λr2 −k3 λr1
λr2 m1 +λr1


λr1
−
e−λr2 b3 e−k3 (λr2 m3 +λr1 ) − e−k2 (λr2 m3 +λr1 ) .
λr2 m3 +λr1

fXY (xy)dydx,

b2

=

(C.42)
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