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Abstract

In this thesis, we study the asymptotic behavior of Linear Time-Varying
(LTV) systems that describe fusion in dynamic multi-agent networks. We
consider networks that consist of at least one anchor (node with known state)
and an arbitrary number of mobile agents that perform a distributed algorithm
to achieve a common goal. Due to mobility, the state-update at each agent
depends on the availability of neighbors. Agent mobility, thus, leads to an
LTV abstraction where the system matrices are random, and can be either
stochastic, if the neighborhood at the updating agent does not contain any
anchor, or, sub-stochastic, if the neighborhood contains anchors. We refer to
the general class of such time-varying fusion algorithms over mobile agents as
Distributed Dynamic Fusion (DDF). In this context, we study the conditions
required on the DDF system matrices such that the dynamic fusion forgets
the initial conditions and converges to (a linear combination of) the anchor
state(s). To this aim, we partition the sequence of system matrices into nonoverlapping slices, and by introducing the notion of unbounded connectivity,
we obtain stability conditions in terms of the slice lengths and some network
parameters. In particular, we show that the system is asymptotically stable
if the unbounded lengths of an infinite subset of slices grow slower than an
explicit exponential rate.
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We apply the DDF theory in the design and analysis of the following distributed algorithms: (i) dynamic leader-follower; and (ii) localization in dynamic multi-agent networks. We first consider dynamic leader-follower problem, where the goal for the entire network is to converge to the state of a
leader. We assume that at each iteration, one agent exchanges information
with nearby nodes and updates its state as a linear-convex combination of the
neighboring states. We develop the conditions under which the underlying
(sub-) stochastic LTV system converges to the leader state regardless of the
agents’ initial conditions. We then consider localization in mobile multi-agent
networks. We provide a distributed algorithm to localize an arbitrary number
of agents moving in a bounded region of interest. In the case of such mobile networks, the main challenge is that the agents may not be able to find
nearby agents to implement a distributed algorithm. We address this issue
by providing an opportunistic algorithm that only implements a linear-convex
location update when it lies inside the convex hull of nearby agents and does
not update otherwise. We abstract this algorithm as an LTV system, whose
system matrices may be stochastic, or sub-stochastic, intermittently, and provide sufficient conditions for the network to track the agents’ true locations.
By introducing the notion of virtual convex hull, we provide an alternative
localization algorithm that does not require an agent to lie inside the convex
of the neighbors at any given time. We investigate the effects of noise on both

iii
localization algorithms and provide modifications to counter the undesirable
effects of noise. Finally, we relate the dimension of motion in the network to
the number of anchors required, and show that a network of mobile agents
with full degrees of freedom in the motion can be localized precisely, as long
as there is at least one anchor in the network. To the best of our knowledge,
this is a unique property that distinguishes the proposed localization approach
in this thesis from the existing algorithms in the literature.
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Chapter 1
Introduction
Stability of linear time-varying (LTV) systems has been a topic of significant
interest in a wide range of disciplines including but not limited to modeling
and control of dynamical systems, [1–7]. Discrete-time, LTV dynamics can be
represented by the following model:

xk+1 = Pk xk + Bk uk ,

k ≥ 0,

(1.1)

where xk ∈ Rn is the state, Pk ’s and Bk ’s are the system and input matrices, uk ∈ Rs is the input vector, and k is the discrete-time index. In contrast
to the case when the system matrices are time-invariant, i.e., Pk = P, ∀k, as
in many studies related to the above examples, in this thesis we are motivated
by the scenarios where the system matrices are time-varying. In particular,
we are interested in LTV systems that capture the dynamics of a multi-agent
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network, where a collection of autonomous mobile agents act towards an objective while interacting in a shared environment via local communications
and without any local or central coordinator. In such scenarios, the dynamic
system matrices do not only model time-varying neighboring interactions, but
in addition, capture the mobility of the agents in the underlying network. We
refer to the general class of such time-varying fusion algorithms over mobile
agents as Distributed Dynamic Fusion (DDF). We assume that the network

Figure 1.1: DDF environment with 6 agents and 2 anchors.

consists of an arbitrary number of agents and at least one anchor (node with
known state). A simple DDF environment is illustrated in Fig. 1.1, in which
the agents and anchors are represented by black circles and red triangles, respectively, and red dashed circle represents the communication radius of an
agent. We assume that an agent can only communicate with its neighbors

CHAPTER 1. INTRODUCTION

3

(nodes within its communication radius).
In order to design, implement and analyze DDF algorithms we have to deal
with some challenges. First of all, since the motion of the agents is arbitrary,
the network configuration at any given time is not predictable. Also, it is possible that due to restricted mobility, many agents never directly communicate
with the anchors. For examples anchors, as the only reliable source of information in the network, and/or agents might be constrained to different rooms
inside a building, see Fig. 1.1. For similar reasons, at many time instances
agents may find no neighbor within their communication radii. Finally, the
dynamic neighborhood at each agent results into a (linear) time-varying system (if the updates are linear), whose stability (convergence) analysis is not
straightforward. In this context, we study the conditions required on the DDF
system matrices such that the dynamic fusion forgets the initial conditions and
converges to (a linear combination of) the anchor state(s). Convergence analysis of such dynamics is equivalent to studying the stability of the underlying
LTV system, Eq. (1.1).
For linear time-invariant (LTI) systems, a necessary and sufficient condition
for stability is that the spectral radius, i.e., the largest eigenvalue in magnitude,
of the system matrix is strictly less than one. In contrast, the DDF algorithms
over mobile agents result into a time-varying system, Eq. (1.1), where a system
matrix, Pk , at any time k is non-negative, and can be: (i) identity, if no agent
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is able to update its state; (ii) stochastic 1 , if the updating agent updates
its state as a weighted average of the states of the neighboring agents not
including an anchor, i.e., divides the total weight of 1 among the agents in
its neighborhood; or, (iii) sub-stochastic 1 , if the total weight of 1 is divided
among both agents and anchors. In such settings, it is straightforward to verify
that the resulting LTV system may be such that the spectral radius, ρ(Pk ),
of the system matrices follow ρ(Pk ) = 1, ∀k.
A theoretical approach to study the asymptotic stability of the LTV dynamics in Eq. (1.1) is to find the Joint Spectral Radius (JSR) of the associated
family of system matrices. Joint spectral radius is the generalization of the
classical notion of spectral radius in LTI systems. Although the JSR characterizes the stability of LTV systems, the problem of determining whether the
JSR of a set of matrices is less than one is undecidable, [8].
Motivated by DDF, in the first part of this thesis we provide an alternative
approach to study the asymptotic behavior of such dynamics, which does not
require the computation or approximation of the joint spectral radius. To this
aim, we partition the entire chain of system matrices into non-overlapping
slices. We define a slice, Mt , as a product of consecutive system matrices,
Pk ’s, such that: (i) each slice has a subunit infinity norm; and, (ii) the entire
set of system matrices is covered by non-overlapping slices. As we will show
1

Refer to Section 1.2 for the exact definition.
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𝐏𝐏𝑚𝑚𝑗𝑗−1+1 𝐏𝐏𝑚𝑚𝑗𝑗−1

⋮

Figure 1.2: Slices cover the entire set of system matrices.

in Chapter 2, a slice must be initiated by a sub-stochastic system matrix and
is terminated after all row sums become strictly less than one. An important
aspect of our analysis lies in the study of the slice lengths. We show that longer
slices may have an infinity norm that is closer to one as compared to shorter
slices. Clearly, if one can show that each slice norm is subunit (with a uniform
upper bound of < 1) then one further has to guarantee an infinite number of
such slices to ensure stability. The aforementioned argument naturally requires
slices of finite length, as finite slices covering infinite (system) matrices lead to
an infinite number of slices. Note that guaranteeing a sharp upper bound on
the length of every slice may not be possible for certain network configurations.
To address such configurations, we characterize the rate at which the slices
(not necessarily in an order) grow large such that the LTV stability is not
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disturbed and fusion is still achievable. We introduce the notion of unbounded
connectivity, and show that the time-intervals over which the the slices are
completed do not have to be bounded as long as they grow slower than an
explicit exponential rate.
In the second part of this thesis, we apply the theoretical results from the
first part in the design and analysis of the following DDF applications:
(i) dynamic leader-follower; and,
(ii) localization in dynamic networks.
We first consider dynamic leader-follower problem where the goal for the
entire network is to converge to the state of a leader or a linear combination
of leader states in case of multiple leaders. We assume that the agents move
randomly in a bounded region of interest and have a limited communication
range. We assume that only one agent at each iteration exchanges information
with nearby nodes and updates its state as a linear-convex combination of the
neighboring states.
It is well-known that under mild conditions on network connectivity the
agent (follower) states converge to the state of the leader (assuming only one
leader in the network). However, the neighboring interactions change over
time if the nodes are mobile. In the case of possibly random motion over
the network, an agent may not find neighbors at all times and no agent may
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communicate with a leader at any given time. This leads to different stateupdate scenarios, which can be abstracted as an LTV system. We develop
the conditions under which this LTV system converges to the leader state
regardless of the agents’ initial conditions. In order to develop the results for
(sub-) stochastic matrices, we use the notion of non-overlapping slices; one
complete slice implies information propagation from the leader to every other
agent in the network either directly, when an agent communicates with the
anchor, or indirectly, when an agent communicates with another agent that
has previously communicated with the anchor. Clearly, if this information
dissemination is completed in a bounded time, i.e., the slices have a uniform
bound on their lengths, then the information from the leader reaches the entire
network infinitely often and the asymptotic convergence follows. However, we
show that the dynamic leader-follower algorithm converges even when the slice
lengths are unbounded; what is required is that the slice lengths do not grow
larger at a rate faster than a certain exponential growth. In other words, the
information from the leader reaches the rest of the network in an unbounded
number of steps, the rate of which is explicitly characterized.
As another application of DDF, we then consider localization problem in
dynamic networks. Localization is a well-studied problem, which refers to a
collection of algorithms that estimate the location of static or mobile nodes in a
network. Relevant applications include traffic control, industrial automation,
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robotics, environment monitoring, 5th generation mobile networks, and the
Internet of Things (IoT) among others, [9–23]. The majority of localization
algorithms in mobile networks are Bayesian methods2 that use the recursive
Bayes’ rule to estimate the likelihood of an agent’s location. Due to the nonlinear nature of the involved conditional probabilities, the Bayesian solutions
are generally intractable and cannot be determined analytically. Solutions involving extended Kalman filters, [24–33], particle filters, and sequential Monte
Carlo methods, [34–45], have been proposed to address the associated nonlinearities and the intractable computation of the probability distributions.
However, these approaches end up being sub-optimal and highly susceptible
to the agents’ initial guesses of their locations, while requiring a relatively high
density of anchors to achieve accurate location estimates.
As an alternative to the traditional non-linear approaches, in this thesis,
we provide a distributed linear algorithm to solve localization in a network
of mobile agents in the absence of any prior estimates of the initial locations.
This linear framework is not to be interpreted as a linearization of an existing
nonlinear algorithm. Instead, the nonlinearity from range to location is embedded in an alternate representation provided by the barycentric coordinates.
We assume that the network consists of at least one (possibly mobile) anchor
2
We provide an overview of the predominant approaches for localization in mobile networks in Appendix A.
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whose location is known at all times, and each mobile agent in the network
can measure a noisy version of its motion and the distances to the neighboring
nodes (agents and/or anchors), when available. We develop a linear-convex
and distributed set of iterations, and show that they converge to the true locations regardless of the agents’ initial conditions. Our proposed localization
algorithm in Rm can be described as follows. At the beginning, all agents are

(a)

(b)

(c)

(d)

Figure 1.3: Update scenarios for localization in R2 .

assigned with arbitrary random estimates of their initial locations. To perform an update in Rm , agent i needs to lie inside the convex hull of m + 1
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neighboring nodes3 . Fig. 1.3 shows different update scenarios of the proposed
localization algorithm in R2 ; in Fig. 1.3 (a), the blue agent does not find any
neighbors within its communication radius and does not perform an update.
In Fig. 1.3 (b), the blue agent finds m + 1 = 3 neighbors that does not pass
the inclusion test. Hence, no update occurs at this time. On the other hand,
Fig. 1.3 (c) and (d) show two possible update scenarios, where the blue agent
updates its location estimate as a weighted sum of the states of its neighboring
agents, or a combination of the states of agents and anchors, respectively.
The convex set of neighbors keeps changing over time as the agents are
mobile. The dynamic neighborhood at each agent results into a linear timevarying system, which comprises of system matrices that may be (i) identity :
if no agent is able to perform an update; (ii) stochastic: if the updating agent
lies inside the convex hull of m + 1 other agents; or, (iii) sub-stochastic: if
the updating agent lies inside the convex hull of a combination of agents and
anchors. Establishing the asymptotic behavior of the resulting LTV system
is non-trivial. We apply results from the first part of the thesis to study
LTV convergence by partitioning the entire set of system matrices into slices
and relating the convergence rate to the slice lengths. In particular, we show
that agent location estimates are refined as the procedure continues and the
3
To this end, we utilize a simple inclusion test, described in the Appendix B.1, which
only requires the mutual distance information and allows an agent to check if it lies inside
the convex hull of a set of neighbors.
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algorithm converges if the slice lengths do not grow faster than a certain exponential rate. In the context of the proposed localization algorithm, one slice
can be cast as a time interval, over which the reliable location information
is propagated from the anchor(s) across the entire network. In other words,
an increase in the slice length captures a slow information propagation in the
network. In this regard, initiation of a slice corresponds to an update, in which
an agent receives the information directly from an anchor, and a slice is terminated after all agents receive the information from the anchors either directly
or indirectly. In this context, the aforementioned exponential rate corresponds
to a rate, at which the information propagation may deteriorate in the network
such that all agents asymptotically track their true locations.
We then extend the aforementioned localization algorithm by allowing the
agents to perform location updates without physically lying inside the convex
hull of their neighbors. We achieve the notion of a virtual convex hull, which
allows an agent to perform a location update without passing the inclusion
test at any given time. To this aim, we provide a geometric approach, which
allows each agent to: (i) continually update the distances to the locations
where it has exchanged information with the other nodes in the past; and (ii)
measure the distance between a neighbor and any such locations. Based on this
approach, we provide a linear algorithm to find the locations of an arbitrary
number of mobile agents when they follow some convexity in their deployment
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and motion in R2 . We abstract the corresponding localization algorithm as an
LTV system with (sub-) stochastic system matrices, and apply the results from
the first part of the thesis to provide sufficient conditions on the convergence
of the algorithm to the true agent locations.
Since the proposed localization schemes are based on the motion and the
distance measurements, we evaluate the performance of both algorithms when
these parameters are corrupted by noise, and provide modifications to counter
the undesirable effects of noise. Moreover, we investigate what role does motion
play in the behavior of the localization algorithms, and provide necessary
conditions in terms of the number of nodes and the dimensions of motion
required by our approach.
The results in this thesis have been published in the following peer-reviewed
journals and conferences, [46–54]. In the following, we enlist the main contributions of this thesis.

1.1

Contributions

We now summarize the main contributions of this thesis.
1. Stability of (sub-) stochastic LTV systems (Chapter 2): We
study asymptotic stability of linear time-varying systems with randomly
chosen, stochastic or sub-stochastic system matrices and provide an al-
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ternative analysis approach in contrast to the computation or approximation of the joint spectral radius. Motivated by applications in distributed
dynamic fusion, we impose some mild regularity conditions on the elements of time-varying system matrices, and provide sufficient conditions
under which the asymptotic stability of the underlying LTV system is
guaranteed. To this aim, we partition the sequence of system matrices
into non-overlapping slices, and by introducing the notion of unbounded
connectivity, we obtain stability conditions in terms of the slice lengths
and some network parameters. We use the infinity norm to characterize
the asymptotic stability and provide upper bounds on the infinity norm
of each slice as a function of its length. We show that asymptotic stability is guaranteed not only in the trivial cases where all (or an infinite
subset) of the slices have a bounded length, but also if there exists an
infinite subset of slices whose (unbounded) lengths do not grow faster
than a particular exponential growth.
2. Distributed dynamic leader-follower (Chapter 3): We study the
leader-follower problem in mobile multi-agent networks, when the nature
of communications within the network is random, i.e., no agent (follower)
may be able to communicate with the neighbors at all times and some
agents may not be able to communicate with the leader at any give time.
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We capture the mobility in the leader-follower algorithm by abstracting it
as an LTV system with randomly appearing stochastic or sub-stochastic
system matrices. In particular, a mobile agent, moving randomly in a
bounded region, updates its state when it finds neighbors; and does not
update when it is not in the communication range of any other node. In
this context, we develop certain regularity conditions on the system and
input matrices such that each follower converges to the leader state. In
contrast to the existing results, we show that a bounded length on the
slices, capturing the dissemination of information from the leader to the
followers, is not required; as long as the slice lengths are finite and do
not grow faster than a certain exponential rate. Although we focus on
the networks with only one leader, the results can be easily generalized
to any network with multiple leaders, where the followers converge to a
linear-convex combination of the leader states.
3. Distributed localization in dynamic networks (Chapter 4): We
develop a distributed algorithm to localize a network of agents that move
arbitrarily in a bounded region of interest. In the case of such mobile
networks, the main challenge is that the agents may not be able to find
nearby nodes to implement a distributed algorithm. We address this
issue by providing an opportunistic algorithm that only implements a
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location update when there are nearby agents and does not update otherwise. To localize a network of mobile agents in Rm , we provide a simple
linear-convex update, which is based on barycentric coordinates. In this
context, the main contribution of this work is to develop a linear framework for localization that enables us to circumvent the challenges posed
by the predominant nonlinear approaches to localization problem. This
linear framework is not to be interpreted as a linearization of an existing
nonlinear algorithm. Instead, the nonlinearity from range to location
is embedded in an alternate representation provided by the barycentric
coordinates. We abstract the corresponding localization algorithm as
an LTV system and show that it asymptotically converges to the true
locations of the agents. We first focus on the noiseless case, where the
distance and motion vectors are known (measured) perfectly, and provide sufficient conditions on the convergence of the algorithm. We then
evaluate the performance of the algorithm in the presence of noise and
provide modifications to counter the undesirable effects of noise.
4. Distributed localization via virtual convex hull (Chapter 5): We
provide an alternative distributed algorithm in R2 , when no agent may
ever lie inside an actual physical convex hull. We first provide a geometric framework, which allows an agent to keep track of the distances to

CHAPTER 1. INTRODUCTION

16

any previously visited nodes, and find the distance between a neighbor
and any virtual location where it has exchanged information with other
nodes in the past. Since agents are mobile, they may not be able to
find neighbors to perform distributed updates at any time. To avoid this
issue, we introduce the notion of a virtual convex hull, which forms the
basis of our second localization algorithm in mobile networks. We abstract the algorithm as an LTV system with (sub-) stochastic matrices,
and show that it converges to the true locations of agents under some
mild regularity conditions on update weights. We evaluate the performance of the algorithm in presence of noise and provide modifications
to the proposed algorithm to address noise on motion and on distance
measurements.
5. Localization in mobile networks using one anchor (Chapters 4
and 5): In contrast to the existing localization algorithms in the literature, we show that our algorithms precisely track a mobile network
as long as the network contains at least one anchor. We show that the
remaining degrees of freedom are, in fact, delivered by the motion.
In the next section, we provide some definitions and standard notations
that will be used in the rest of the thesis.
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Preliminaries and notations

We use the following notations in the rest of this thesis. We use lowercase bold
letters to denote vectors and uppercase bold letters to denote matrices. We
denote by xki , the i-th component of a vector x at time k. For a time-varying
matrix, Ak , we denote the (i, j)-th element of matrix at time k by Aij
k =
(Ak )i,j . The matrix, In , represents the n × n identity, and 1n and 0n are
the n-dimensional vector of all 1’s and 0’s. We denote the cardinality, i.e., the
number of elements in the set S, by |S|. We now make the following definitions
to clarify what we mean by (sub-) stochasticity throughout this thesis:
Definition 1. A non-negative, stochastic matrix is such that all of its row
sums are one.
Definition 2. A non-negative, sub-stochastic matrix is such that it has at
least one row that sums to strictly less than one and every other row sums to
at most one.
Note that in the related literature the above matrices may be referred to as row
stochastic and row sub-stochastic matrices, respectively. We finish this section
with the following definitions that will be used in the following chapters.
Definition 3. For an m × n matrix, A, the infinity norm, kAk∞ , is defined
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as the maximum of the absolute row sum of a matrix, i.e.,
kAk∞ = max

1≤i≤m

n
X

|(A)i,j |.

j=1

Definition 4. For a square matrix, A, the spectral radius, ρ(A), is defined as
the absolute value of the largest eigenvalue.
Definition 5. The LTV system represented in Eq. (1.1) is asymptotically stable (or convergent) if for any initial condition, x0 , limk→∞ xk is bounded and
convergent.
Definition 6. The LTV system represented in Eq. (1.1) is absolutely asymptotically stable (or zero-convergent) if for any initial condition, x0 , we have
lim xk = 0.

k→∞

1.3

Summary

In this chapter, we motivate distributed dynamic fusion as a general class of
time-varying fusion algorithms with random (sub-) stochastic system matrices,
and summarize the contributions made in this thesis.

19

Chapter 2
Asymptotic stability of (sub-)
stochastic LTV systems
In this chapter, we investigate the behavior of linear time-varying (LTV) systems with randomly appearing, (sub-) stochastic system matrices. Motivated
by dynamic fusion over mobile networks, we develop conditions on the system
matrices that lead to asymptotic stability of the underlying LTV system. By
partitioning the sequence of system matrices into slices, we obtain the stability conditions in terms of slice lengths and introduce the notion of unbounded
connectivity, i.e., we show that the time-intervals, over which the multi-agent
network is connected, do not have to be bounded as long as they do not grow
faster than a certain exponential rate. In the next chapters, we apply the
above analysis to derive the asymptotic behavior of a dynamic leader-follower
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algorithm and to study the convergence of two distributed algorithms for localization in mobile networks.

2.1

Introduction

Stability of linear time-varying systems has been a topic of significant interest
in a wide range of disciplines including but not limited to mathematical modeling and control of dynamical systems, [1–7]. Discrete-time, LTV dynamics
can be represented by the following model:

xk+1 = Pk xk + Bk uk ,

k ≥ 0,

(2.1)

in which xk is the state vector, uk is the input vector, and Pk and Bk
represent the system and input matrices, respectively.
We are interested in studying the asymptotic behavior of LTV systems that
describe fusion in, e.g., mobile multi-agent networks in the presence of anchors
that are nodes with known states. Due to mobility, the state-update at each
agent depends on the availability of neighbors. Agent mobility, thus, leads
to an LTV abstraction where the system matrices are random, and can be
either stochastic, if the neighborhood at the updating agent does not contain
any anchor, or, sub-stochastic, if the neighborhood contains anchors. We refer
to the general class of such algorithms over mobile agents as Distributed Dy-
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namic Fusion (DDF). Relevant examples include leader-follower, [55], sensor
localization, [56], and consensus-based control, [57].
In this context, we study the conditions required on the DDF system matrices such that the agents: (i) forget the initial conditions; and, (ii) converge
to some linear combination of the anchor states. If we ignore the latter for
the sake of discussion, the DDF problem is to ensure that the underlying LTV
system asymptotically converges to zero in the absence of anchors. Hence, we
first describe the conditions under which this stability is guaranteed. Adding
anchors, one has to additionally show that the convergence to (a function of)
the anchor states is possible.
For a linear time-invariant (LTI) system,
xk+1 = Pxk + Buk ,

k ≥ 0,

(2.2)

a necessary and sufficient condition for stability is that the spectral radius of
the system matrix is strictly less than one. A well-known result from matrix
theory is that if the (time-invariant) system matrix, P, is irreducible1 and substochastic, sometimes referred to as uniformly sub-stochastic, [58], the spectral
radius of P is subunit, and in Eq. (2.2),
lim xk → 0,

k→∞

in the absence of external inputs.
1

A square matrix is irreducible if and only if its associated digraph is strongly connected.

CHAPTER 2. ASYMPTOTIC STABILITY OF (SUB-) STOCHASTIC
LTV SYSTEMS
22
In contrast, the DDF algorithms over mobile agents result into a timevarying system, Eq. (2.1), where a system matrix, Pk , at any time k is nonnegative, and can be:
(i) identity , if no agent is able to update its state;
(ii) stochastic if the updating agent divides the total weight of 1 among
the agents in its neighborhood; or,
(iii) sub-stochastic, if the total weight of 1 is divided among both agents
and anchors.
In addition, it is straightforward to verify that in DDF algorithms, the resulting LTV system may be such that the spectral radius, ρ(Pk ), of the system
matrices follow
ρ(Pk ) = 1,

∀k.

This is the case, for example, when at each iteration some agents update with
their neighboring agents and the remaining agents stick to their past states.
Asymptotic stability for LTV systems may be characterized by the joint
spectral radius of the associated family of system matrices. Given a finite set
of matrices, M = {A1 , . . . , Am }, the joint spectral radius of the set M, was
introduced by Rota and Strang, [59], as a generalization of the classical notion
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of spectral radius, with the following definition:
1

ρ(M) := lim max kAk k ,
k→∞ A∈Mk

in which Mk is the set of all possible products of the length k ≥ 1, i.e.
Mk = {Ai1 Ai2 . . . Aik }.
Joint spectral radius (JSR) represents the maximum growth rate that can be
achieved by forming arbitrary long products of the matrices taken from the
set M. It turns out that the asymptotic stability of the LTV systems, with
system matrices taken from the set M, is guaranteed, [60], if and only if

ρ(M) < 1.

Although the JSR characterizes the stability of LTV systems, the problem of
determining ρ(M) ≤ 1 is undecidable, [8]. In [61], Tsitsiklis and Blondel prove
that, it is NP-hard to decide if all possible products of two given matrices
are stable. Naturally, much of the existing literature has focused on JSR
approximations, [8, 60–63].
To develop the asymptotic stability arguments, our approach does not require either the computation or an approximation of the joint spectral radius.
Instead, we partition the infinite set of (non-deterministic) system matrices
into non-overlapping slices–a slice is defined as the smallest product of (con-
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secutive) system matrices such that: (i) every row sum in a slice is strictly less
than one; and, (ii) the slices cover the entire sequence of system matrices.
Decentralized algorithms such as agreement and consensus are relevant
here, see, e.g., [64–70]; Ref. [64], for example, derives convergence to the anchor state, if there exists an infinite sequence of contiguous, non-empty, and
bounded time-intervals such that across each interval, each agent is connected
to the anchor. Ref. [65] extends [64] to directed graphs and shows that asymptotic consensus is achieved if there exist an infinite set of uniformly bounded
intervals within which the union of the graphs has a spanning tree. Ref. [66]
characterizes the limiting matrix for the product of stochastic matrices in terms
of the topology of the infinite flow graph. Ref. [67] considers a distributed feedback controller and shows that consensus can be achieved if there exists an infinite sequence of contiguous, nonempty, uniformly bounded time-intervals for
which the union of communication topologies has a spanning tree. Ref. [68],
on the other hand, provides a surplus-based averaging algorithm and shows
that a network of agents achieves uniform average consensus if and only if the
dynamic digraph is jointly strongly-connected in a periodic manner. Relevant
work also includes [69] that provides the conditions for asymptotic stability
and reachability of consensus in a discrete-time, switched system, where the
system matrices belong to a finite set that share the common eigenvector of
all constants. Finally, Ref. [70] considers consensus problem in the context
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of distributed optimization over connected graphs, where different agents of
the distributed implementation communicate to agree on the final solution,
and studies the rate at which an agreement can be achieved. Stability of LTV
systems is also studied for infinite products of matrices, see, e.g., [71–74].
The main contributions of the approach presented in this chapter are as
follows. First, the system matrices in our formulation do not belong to a finite
or a countable set. Second, we derive explicit bounds on the infinite-norm of
the aforementioned slices. Third, the system matrices can be either stochastic
or sub-stochastic, intermittently; thus, their product is no longer a group
under multiplication and requires careful weight design. A significant aspect
of our analysis lies in the study of the slice lengths. As guaranteeing a sharp
upper bound on the length of every slice may not be possible, we introduce the
notion of unbounded connectivity; we show that the time-intervals, over which
each agent is connected to the anchor, do not have to be bounded; as long
as they do not grow faster than an explicit exponential rate. The notion of
unbounded connectivity is in stark contrast to the literature described above
where sharp (time-interval) bounds are assumed. In other words, a longer slice
may capture a slow information propagation in the network; characterizing
the aforementioned growth is equivalent to deriving the rate at which the
information propagation may deteriorate in a network such that fusion is still
achievable.
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We now describe the rest of this chapter. We formulate the problem in
Section 2.2. We examine the infinite product of (sub-) stochastic matrices in
Section 2.3, and study the stability of (sub-) stochastic LTV systems in Section 2.4. Simulation results are provided in Section 2.5 and finally, Section 2.6
concludes this chapter.

2.2

Problem formulation

In this chapter, we study the asymptotic stability of the following linear timevarying dynamics:

xk+1 = Pk xk + Bk uk ,

k ≥ 0,

(2.3)

where xk ∈ Rn is the state vector, Pk ∈ Rn×n is the system matrix, Bk ∈ Rn×s
is the input matrix, uk ∈ Rs is the input vector, and k is the discrete-time
index. We consider Pk at each k to be either identity, stochastic or substochastic. We are interested in deriving the conditions on the corresponding
system matrices under which the LTV dynamics in Eq. (2.3) forget the initial
condition, x0 , and converge to some function of the input vector, uk . The
motivation behind this investigation can be cast in the following context.
Distributed Dynamic Fusion: Consider a network of n+s mobile nodes
moving arbitrarily in a bounded region. The network consists of n agents in
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the set Ω, whose states2 , xik ∈ R, i ∈ Ω, are updated as a function of the
neighbors’ states to obtain some relevant function of s anchors in the set κ,
whose states, ujk = uj ∈ R, j ∈ κ, are constant and do not change over
time, see, e.g., [55, 56, 75, 76]. Since the motion of each node is arbitrary, the
network configuration at any time k is unpredictable. Let Nki denote the set of
neighbors3 of agent i at time k, with Dki , {i} ∪ Nki . We assume that at each
time k, only one agent, say i, updates its state, xik . Since the underlying graph
is dynamic, the updating agent i implements one of the following updates:
(i) no update, if Nki = ∅, i.e., agent i has no neighbors at time k:
xik+1 = xik .

(2.4)

(ii) stochastic update, if Nki ∩ κ = ∅, i.e., agent i has no neighboring
anchor at time k:
xik+1 =

X

(Pk )i,l xlk ,

(2.5)

l∈Dkl

in which (Pk )i,l , the (i, l)-th element of system matrix at time k, is the
weight agent i assigns to the state of the l-th agent.
2

In general, the i-th state at time k can be either a scalar or a row vector. In the
remainder of this chapter, we consider scalar states.
3
Note that a neighbor is defined as any node that lies within the communication radius, r,
of an agent.
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(iii) sub-stochastic update, if Nki ∩ κ 6= ∅, i.e., agent i has at least one
anchor4 as a neighbor:
xik+1 =

X

X

(Pk )i,l xlk +

l∈Dkl ∩Ω

(Bk )i,j ujk ,

(2.6)

l∈Dkl ∩κ

in which (Bk )i,j , the (i, j)-th element of input matrix at time k, is the
weight agent i assigns to the state of the j-th anchor.
For every other agent, l 6= i, at time k we have
xlk+1 = xlk .

(2.7)

Note that the way the non-zero elements of Pk and Bk matrices, i.e., the
weights assigned to the states of the neighboring nodes at the time of communication, are chosen depends on the DDF algorithm and the corresponding
update equation. For example, in the context of localization such weights
come from the Barycentric coordinates, see Chapter 4 for more details.

Assumptions
We now enlist the assumptions:
A0: When the updating agent, i, has no neighboring anchor, we have
X

(Pk )i,l = 1,

(2.8)

l∈Dki ∩Ω

resulting in a stochastic Pk .
4

We assume that the agents can distinguish anchors from other agents at the time of
communication.
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A1: When the updating agent, i, has no anchor but at least one agent
as a neighbor, we assume
0 < β1 ≤ (Pk )i,l < 1,

∀l ∈ Dki , β1 ∈ R.

(2.9)

A2: When the updating agent updates with an anchor, we assume
X

(Pk )i,l ≤ β2 < 1, β2 ∈ R,

(2.10)

l∈Dki ∩Ω

resulting in a sub-stochastic system matrix, Pk .
Note that β1 and β2 are time-independent. Also note that the update over the
anchors, Nki ∩ κ, in Eq. (2.6), follows
∀j ∈ Nki ∩ κ.

0 < α ≤ (Bk )i,j ,

(2.11)

Also, if we have
X
X
(Pk )i,l +
(Bk )i,j = 1,
l

(2.12)

j

as in leader-follower, [55], or sensor localization, [56], Eq. (2.11) leads to
Eq. (2.10).
Which of the four updates in Eqs. (2.4)–(2.6) is applicable depends on being
able to satisfy the corresponding assumptions (A0–A2), in addition to the
neighborhood configuration. Indeed, letting Pk = (Pk )i,l , Bk = (Bk )i,j , and

>

>
xk = x1k , . . . , xnk , uk = u1k , . . . , usk ,

CHAPTER 2. ASYMPTOTIC STABILITY OF (SUB-) STOCHASTIC
LTV SYSTEMS
30
results into Eq. (2.3), where the matrices, Pk , are either identity, stochastic
or sub-stochastic, depending on the update. We now briefly explain the the
intuition behind the above assumptions. Eq. (2.10) provides an upper bound on
unreliability when there is a neighboring anchor, thus restricting the unreliable
information added by an agent. Eq. (2.11) provides a lower bound on reliability
ensuring that an anchor always contributes a certain amount of information.
When there is no neighboring anchor, Eq. (2.9) guarantees that the agents
retain the information they may have received from the anchor by putting a
non-zero self-weight.

2.3

Infinite product of (sub-) stochastic
matrices

In this section, we study the infinite product,

lim Pk Pk−1 . . . P0 ,

k→∞

where Pk is the system matrix at time k, as defined in Section 2.2. We
are interested in establishing the stability properties of this infinite product.
Studying the joint spectral radius is prone to many challenges as described in
Section 2.1; we use the infinity norm as defined in Chapter 1. The infinity norm
of Pk is 1 for all k since each system matrix has at most one sub-stochastic
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row. To establish a subunit infinity norm, we partition the entire chain of
system matrices into non-overlapping slices and show that each slice has an
infinity norm strictly less than one. Let one of the slices be denoted by M with
length |M| and, without loss of generality, index the matrices within M as

M = P|M| P|M|−1 P|M|−2 . . . P3 P2 P1 .

(2.13)

Slices are initiated by strictly sub-stochastic system matrices5 , and terminated

𝐏𝐏𝑚𝑚0 −1

𝐌𝐌0
𝐌𝐌1

𝐏𝐏𝑚𝑚1 −1

𝐌𝐌𝑗𝑗

𝐏𝐏𝑚𝑚𝑗𝑗 −1

⋯

⋯

⋯

⋮

⋮

𝐏𝐏1

𝐏𝐏0

𝐏𝐏𝑚𝑚0 +1

𝐏𝐏𝑚𝑚0

𝐏𝐏𝑚𝑚𝑗𝑗−1 +1

𝐏𝐏𝑚𝑚𝑗𝑗−1

Figure 2.1: Slice representation.

after all row sums are strictly less than one. Slice representation is depicted
in Fig. 2.1, where the rightmost system matrices (encircled in Fig. 2.1) of each
slice, i.e., P0 , Pm0 , . . . , Pmj−1 . . ., are sub-stochastic. The length of a slice is
5

In the context of DDF, sub-stochasticity of the i-th row in Pk corresponds to an update
at agent i that involves an anchor.
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defined as the number of matrices forming the slice, and using the indices in
Fig. 2.1, for the j-th slice length we have
|Mj | = mj − mj−1 ,

m−1 = 0.

Using slice notation, we introduce a new index, t, and study the infinite product of slices,
lim Mt Mt−1 . . . M0 ,

t→∞

instead of the product of Pk ’s.
We define an update in the i-th row of a system matrix, Pk , as a success
if it decreases the i-th row sum in Pk , which was previously stochastic. Each
success, thus, adds a new sub-stochastic row to a slice, and n such successful
updates are required to complete a slice. In this argument, we assume that a
row sum that becomes less than one remains less than one, which is not true,
in general, after successive multiplication with sub-stochastic matrices. Thus,
we will derive the explicit conditions under which the sub-stochasticity of a
row is preserved. Assuming only one update per iteration, we start with the
following lemma:
Lemma 1. For the infinity norm of a slice to be less than one, it has to contain
at least one sub-stochastic update.
Proof. Since any set of stochastic matrices form a group under multiplication [77], a slice without a sub-stochastic update will be a stochastic matrix
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whose infinity norm is 1.
Construction of a slice may be motivated as follows. Partition the rows
in an arbitrary Pk into two distinct sets: set I contains all sub-stochastic
rows, and the remaining (stochastic) rows form the other set, U. We initiate
each slice with the first success, |I| = 1, |U| = n − 1, and terminate it after
the n-th success, |I| = n, |U| = 0. Between the n-th success in the current
slice, say Mj , and the first success in the next slice, Mj+1 , all we can have
are stochastic matrices that must preserve the sub-stochasticity of each row.
These matrices belong to slice Mj . The next lemmas show how a stochastic row
becomes sub-stochastic in a slice, M, and how sub-stochasticity is preserved.
We index Pk ’s in a slice, M, by P|M| , . . . , P2 , P1 to simplify notation, and
define the product of all system matrices up to time k in a slice as

Jk = Pk Pk−1 . . . P2 P1 ,

0 < k ≤ |M|.

(2.14)

Lemma 2. Suppose the i-th row of Jk is stochastic at index k of a given
slice, M, and Pk+1 is the next system matrix. Row i in Jk+1 is sub-stochastic
with either: (i) a sub-stochastic update at the i-th row of Pk+1 ; or, (ii) a
stochastic update at the i-th row of Pk+1 , such that ∃j ∈ Ik , with (Pk+1 )i,j 6=
0, where Ik is the set of sub-stochastic rows in Jk .
Proof. For the sake of simplicity, let P , Pk+1 , J , Jk , in the following.
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Updating the i-th row at index k + 1 leads to


Pk+1

 I1:i−1


,P=
 (P)i,1 (P)i,2



...





,




(P)i,n
Ii+1:n

(2.15)

where I1:n is the n×n identity. Thus, Pk+1 in Eq. (2.15) is the same as identity
matrix, except at the i-th row, whose elements are (P)i,1 , (P)i,2 , . . . , (P)i,n .
The i-th row after this update is
(PJ)i,j =

n
X

(P)i,m (J)m,j ,

m=1

where (PJ)i,j is the (i, j)-th element of PJ, and the i-th row sum becomes
X

(PJ)i,j =

j

n
XX
j

=

(P)i,m (J)m,j ,

(2.16)

m=1

X


(P)i,1 (J)1,j + . . . + (P)i,n (J)n,j ,

j

= (P)i,1

X

(J)1,j + . . . + (P)i,n

j

X

(J)n,j .

j

| {z }
≤1

| {z }
≤1

Thus, we have
X

(PJ)i,j ≤ (P)i,1 + . . . + (P)i,n .

(2.17)

j

Let us first consider case (i), where the i-th row of P is sub-stochastic. From
Eq. (2.17) and Assumption A2, we have
X
j

(PJ)i,j ≤

n
X
j=1

(P)i,j ≤ β2 < 1.

(2.18)
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Therefore, the i-th row becomes sub-stochastic after a sub-stochastic update
at row i. We now consider case (ii) where the i-th row of P is stochastic, i.e.,
n
X

(P)i,m = 1.

m=1

In this case,

P

j (PJ)i,j

is a linear-convex combination of the row sums of J,

see Eq. (2.16), which is strictly less than one, if and only if J has at least one
sub-stochastic row, say m0 , such that (P)i,m0 6= 0, i.e.
X
j

Therefore,

P

X
(PJ)i,j = (P)i,m0 (J)m0 ,j +
(P)i,m (J)m,j .
| {z } | {z } m6=m0
| {z }
6=0

j (PJ)i,j

(2.19)

≤1

<1

< 1 and the lemma follows.

Lemma 3. With Assumptions A0-A2, a sub-stochastic row remains substochastic throughout a slice.
Proof. We use the notations of Lemma 2 on J, P, and Eq. (2.15), and rewrite
Eq. (2.16) as
X

(PJ)i,j =

j

n
XX
j

(P)i,m (J)m,j ,

m=1

!
=

X

(P)i,m

X

(J)m,j

m∈I

j

X

X
(P)i,m (J)m,j

m∈U

j

!
+

.

(2.20)

Let us consider the general case after the first success, where there exist r ≥ 1
sub-stochastic rows in J, i.e. |I| = r, and |U| = n − r. Without loss of

CHAPTER 2. ASYMPTOTIC STABILITY OF (SUB-) STOCHASTIC
LTV SYSTEMS
36
generality, suppose the r sub-stochastic rows of J lie in the first r rows. We
need to show that if the i-th row in J is sub-stochastic, i.e. i ≤ r, it remains
sub-stochastic after a multiplication by either a stochastic or a sub-stochastic
system matrix, P. Rewrite the i-th row sum as
X

(PJ)i,j = (P)i,1

j

X

(J)1,j + . . . + (P)i,r

X

j

(J)r,j

j

X
X
+(P)i,r+1
(J)r+1,j + . . . + (P)i,n
(J)n,j .
j

j

|

{z

}

=1

| {z }
=1

Thus,
X

(PJ)i,j = (P)i,1

j

X
X
(J)1,j + . . . + (P)i,r
(J)r,j
j

j

+ (P)i,r+1 + . . . + (P)i,n ,

(2.21)

where we used the fact that in J, any row ∈ U is stochastic.
Let us first consider the i-th row of P to be stochastic:

(P)i,1 + . . . + (P)i,r + (P)i,r+1 + . . . + (P)i,n = 1.
Thus,


(P)i,r+1 + . . . + (P)i,n = 1 − (P)i,1 + . . . + (P)i,r .
Therefore, from Eq. (2.21) we can write
X
j

(PJ)i,j = (P)i,1

X
X
(J)1,j + . . . + (P)i,r
(J)r,j
j

j
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+ 1 − (P)i,1 + . . . + (P)i,r .
(2.22)
Finally,
!
X
X
0≤
(PJ)i,j = 1+ (P)i,1
(J)1,j − 1
j

j

..
.
+

!
X
(J)r,j − 1 ,

(P)i,r

(2.23)

j

!
≤ 1+ (P)i,i

X

(J)i,j − 1 ,

j

because the first r rows in J are sub-stochastic leading to

P

j (J)m,j −1

< 0, for

any m = 1, . . . , i, . . . r, and since the i-th row in P is stochastic, by Assumption
A1 we have
0 < β1 ≤ (P)i,i .
Note that in Eq. (2.23) the only way to lose sub-stochasticity is to have (P)i,m =
0 for all m ≤ r. However, sub-stochasticity can be preserved by putting a nonzero weight on any row in I. Since this knowledge in not available in general,
a sufficient condition to ensure this is 0 < β1 ≤ (P)i,i . Thus, the i-th row
sum remains strictly less than one (and greater than zero) after any stochastic
update at the i-th row as long as Assumption A1 is satisfied. Note that the
lower bound on the j-th row sum stems from the non-negativity of system
matrices.
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Now consider the i-th row of P to be sub-stochastic. From A2, we have
(P)i,1 + . . . + (P)i,r + (P)i,r+1 + . . . + (P)i,n ≤ β2 < 1.
Therefore,


(P)i,r+1 + . . . + (P)i,n ≤ β2 − (P)i,1 + . . . + (P)i,r .
Thus, from Eq. (2.21) we can write
X

(PJ)i,j ≤ (P)i,1

X
X
(J)1,j + . . . + (P)i,r
(J)r,j

j

j

j





(PJ)i,j ≤ β2 + (P)i,1

!
X
(J)1,j − 1

+ β2 − (P)i,1 + . . . + (P)i,r .

(2.24)

Finally,
0≤

X
j

j

..
.
!
+ (P)i,r

X

(J)r,j − 1 ,

j

≤ β2 < 1,

(2.25)

where again we used the fact that
X
(J)m,j − 1 < 0,

m = 1, . . . , i, . . . r.

j

Eq.(2.25) shows that in case of a sub-stochastic i-th row in Pk+1 , this row
remains sub-stochastic in Jk+1 , as long as Assumption A2 is satisfied and the
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conditions on individual weights are not required. Note the strict inequality,
i.e., if (P)i,m 6= 0 for any m = 1, . . . , r, then
X

(PJ)i,j < β2 .

j

This lemma establishes that under the Assumptions A0-A2, sub-stochasticity
is always preserved.
These results describe the behavior of the sub-stochastic rows in the slices
explicitly derived under the Assumptions A0-A2. The next results characterize the infinity norm bound on the slices. To this end, let us define β3 (j),
as the maximum row sum over the sub-stochastic rows of the product of all
system matrices before Pj in the slice M. Mathematically,
β3 (j) = max {vm },
m∈Ij−1

(2.26)

where vm is the m-th element of
vj−1 = (Jj−1 )1n = (Pj−1 . . . P3 P2 P1 )1n ,
and 1n is the column vector of n ones. The following lemma considers the case
where no sub-stochastic update occurs at row i throughout a slice.
Lemma 4. Assume no sub-stochastic update at the i-th row in a given slice, M.
With Assumptions A0-A2, the i-th row sum of this slice is upper bounded by
1 + β1 |M|−hi +1 (β3 (hi ) − 1),
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where the first success at row i occurs in the hi -th update of this slice.
Proof. Eq. (2.23) expresses the i-th row sum after a stochastic update at row i.
Clearly, before the first success, at index hi , we have
X

(Jk )i,j = 1,

∀k < hi .

j

In order to find the maximum possible row sum for the i-th row at the end
of a slice, we should find a scenario, which maximizes the row sum after the
first success at index hi and keeps maximizing it at each subsequent update.
Consider Eq. (2.23) after the first success at index hi . Since sub-stochastic
updates are not allowed at row i from the lemma’s statement, the first success
can only occur via a stochastic update at the i-th row, and Assumption A1
is applicable. Note that the right hand side of Eq. (2.23) is maximized if the
minimum number of (P)i,m∈I ’s are any non-zero. This is because each of such
weights decreases the row sum. Now suppose (Phi )i,r0 is the only non-zero
weight among all (Phi )i,j∈I ’s. In this case, Eq. (2.23) reduces to the following
!
X
(Phi Jhi −1 )i,j = 1 − (Phi )i,r0
j

X
1−
(Jhi −1 )r0 ,j

,

(2.27)

j

in which r0 ∈ Ihi −1 . Also note that r0 6= i, since row i is stochastic before the
time instant, hi . In order to maximize the right hand size of Eq. (2.27), (Phi )i,r0
should be minimized, and
the maximum value of

P

j

P

j

(Jhi −1 )r0 ,j should be maximized. From Eq. (2.26),

(Jhi −1 )r0 ,j before the first success is β3 (hi ). Thus,
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after the hi -th update, where row i becomes sub-stochastic for the first time,
we may write
X
(Phi Jhi −1 )i,j ≤ 1 − β1 (1 − β3 (hi )) .

(2.28)

j

After this update, Jhi = Phi . . . P2 P1 , and
β3 (hi ) ≤ β3 (hi + 1) ≤ 1 − β1 (1 − β3 (hi )) ,

(2.29)

where β3 (hi ) is the r0 -th row sum in Jhi −1 , and β3 (hi + 1) is the i-th row
sum in Jhi . Under this scenario, after the first success, the i-th row has the
maximum sum over all rows of Jhi , and in order to increase this sum at the
next update, the i-th row has to update only with itself. After the success
at index hi , the i-th row sum becomes less than one, and r0 = i, for any
subsequent update until the end of a slice. After the next update, Phi +1 ,
using the same argument we obtain
!
X
(Phi +1 Jhi )i,j = 1 − (Phi +1 )i,i

X
1−
(Jhi )i,j

j

,

j

≤ 1 − β1 (1 − (1 − β1 (1 − β3 (hi )))
= 1 − β1 2 (1 − β3 (hi )) .

(2.30)

If row i keeps updating with itself, at the end of slice, after |M| − hi number
of such updates we have
X
(P|M| J|M|−1 )i,j ≤ 1 + β1 |M|−hi +1 (β3 (hi ) − 1),
j

and the lemma follows.

(2.31)
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Next, we consider sub-stochastic updates at row i.
Lemma 5. Assume at least one sub-stochastic update at the i-th row in slice, M.
With Assumptions A0-A2, the i-th row sum in M is upper bounded by
1 + β1 |M|−gi (β2 − 1),
where the last sub-stochastic update at row i occurs in the gi -th update in M.
Proof. As shown in Eq. (2.25) and by Assumption A2, any sub-stochastic
update at row i imposes the upper bound of β2 on the i-th row sum. Thus,
after the last sub-stochastic update at row i we have
X

(Pgi Jgi −1 )i,j ≤ β2 < 1.

j

After Pgi , there is no sub-stochastic update, and by Assumption A1, the ith self-weight will be non-zero until the end of the slice. Following the same
argument as in Lemma 4, the upper bound on the i-th row sum is maximized
after each update if the i-th row does not update with any sub-stochastic row
other than itself. For any update after the last success, Eq. (2.9) holds and we
have:
Nki ∩ Ik = ∅,

∀k > gi .

(2.32)

After the Pgi +1 -th update we have
X
(Pgi +1 Jgi )i,j ≤ 1 − β1 (1 − β2 ) ,
j

(2.33)
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and at the end of a slice, we have
X

(P|M| J|M|−1 )i,j ≤ 1 + β1 |M|−gi (β2 − 1),

(2.34)

j

and the lemma follows.
The following lemma combines Lemma 4 and Lemma 5 and relate them to
the infinity norm bound of a slice.
Lemma 6. With Assumptions A0-A2, for a given slice, M,
kMk∞ ≤ max{1 + β1 |M|−li (β − 1)},
i

(2.35)

where: li = hi − 1, β = β3 (hi ), when stochastic updates occur at row i; and,
li = gi , β = β2 , when sub-stochastic updates occur at row i.
The next lemma considers the worst-case scenario for the infinity norm of
a slice, which provides an upper bound for Eq. (2.35).
Lemma 7. With assumptions A0-A2, for the j-th slice we get
kMj k∞ ≤ 1 − αj < 1,

j ≥ 0,

(2.36)

where
αj = f (|Mj |, β1 , β2 ) = β1 |Mj |−1 (1 − β 2 ).

(2.37)

Proof. In order to find the maximum upper bound on the infinity norm of a
slice, we consider a worst case scenario, in which a row sum incurs the largest
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increase throughout the slice. To do so, we examine the maximum possible
upper bound on the i-th row sum for the two cases discussed in Lemma 4 and
Lemma 5 separately.
Consider no sub-stochastic update at the i-th row. We should find a
scenario that maximizes the right hand side of Eq. (2.31). In addition, we
need to make sure that such scenario is practical, i.e. all other rows become sub-stochastic before a slice is terminated. Since there are no substochastic updates at row i, a slice can not be initiated by an update in row i,
i.e. hi ≥ 2. At the initiation of a slice, one row other than i, becomes substochastic, and the upper bound imposed on this row is β2 by Assumption A2,
hence β4 (hi ) = β4 (2) = β2 . Therefore, following the discussion in Lemma 4,
1 + β1 |Mj |−1 (β2 − 1),

(2.38)

provides the largest upper bound on the i-th row sum of Mj . Note that this
bound is feasible if we consider the following scenario: After row i becomes
sub-stochastic at hi = 2, we let the next n − 2 updates for the other stochastic
rows to become sub-stochastic, each updating only with the sub-stochastic
row with the largest row sum. Thus, the largest row sum keeps increasing
in the same manner as discussed in Lemma 4 within the next n − 2 updates.
At (n + 1)-th update, row i again updates with a row, which has the maximum
row sum in Jn , and keeps updating by itself until the slice is terminated. The
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aforementioned scenario is equivalent to the one, where the first success at
row i occurs at hi = n, and all other rows become sub-stochastic within the
first n − 1 updates, and
β4 (hi = n) = 1 + β1 n−2 (β2 − 1).
Now consider sub-stochastic updates at row i. The right hand side of
Eq. (2.34) is maximized if gi is minimized. In this case, the minimum value
for gi corresponds to a scenario where a sub-stochastic update at row i initiates
a slice and no other sub-stochastic update occurs at this row. Using the same
argument as before, all other rows become sub-stochastic within the next n−1
updates and the largest upper bound on the i-th row in this case is the same
as the one given in Eq. (2.38).
Finally, note that
kMk∞ ≤ 1 + β1 |M|−1 (β2 − 1),

(2.39)

is the largest upper bound on the infinity norm of a given slice, M.

2.4

Stability of discrete-time LTV systems

In this section, we study the stability of discrete-time, LTV dynamics with
(sub-) stochastic system matrices. Recall that we are interested in the asymptotic stability of Eq. (2.3), such that the steady-state forgets the initial con-
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ditions and is a function of inputs. A sufficient condition towards this aim is
the convergence of the following to zero, for any x0 :
xk+1 = Pk xk

(2.40)

= Pk Pk−1 . . . P0 x0 ,
which is equivalent to
lim Pk Pk−1 . . . P0 = 0n×n ,

k→∞

where the subscript below 0 denotes its dimensions. Taking advantage of the
slices, we study the following dynamics:
yt+1 = Mt yt ,

t ≥ 0,

(2.41)

instead of Eq. (2.40), where y0 = x0 , yt = xt1 , t ≥ 1, with
t1 =

t
X

|Mi |.

i=1

Thus, for the convergence of the solution of Eq. (2.41) to zero, for any y0 , we
require
lim yt+1 = lim Mt Mt−1 . . . M0 y0 = 0n .

t→∞

t→∞

We now provide our main result of this chapter in the following theorem:
Theorem 1. With Assumptions A0-A2, the LTV system in Eq. (2.41) is
absolutely asymptotically stable if any one of the following holds:
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(i) Each slice has a bounded length, i.e.
|Mj | ≤ N < ∞,

∀j, N ∈ N;

(2.42)

(ii) There exists a set, J1 , consisting of an infinite number of slices such that
|Mj | ≤ N1 < ∞,

∀Mj ∈ J1 , and |Mj | < ∞, ∀Mj ∈
/ J1 ;

(2.43)

(iii) For every i ∈ N, there exists a set, J2 , of slices such that
1
∃Mj ∈ J2 : |Mj | ≤
ln
ln (β1 )

−γ1 )

1 − e(−γ2 i
1 − β2

!
+ 1,

(2.44)

for some γ1 ∈ [0, 1], γ2 > 0, and |Mj | < ∞, j ∈
/ J2 .
Proof. Using the sub-multiplicative norm property in Eq. (2.40), we get
kyt+1 k∞ ≤ kMt k∞ . . . kM0 k∞ ky0 k∞ .

(2.45)

Case (i): From Eqs. (2.36), (2.37) and (2.41), we have
kMj k∞ ≤ δ < 1,

∀j,

(2.46)

where δ = 1 + β1 N −1 (β2 − 1) < 1, and this case follows.
Case (ii): We first note that the infinity norm of each slice has a trivial
upper bound of 1. From Eq. (2.45), we have
lim kyt+1 k∞ ≤ lim

t→∞

t→∞

Y
j∈J1

kMj k∞

Y
j ∈J
/ 1

kMj k∞ ky0 k∞ ,
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≤ lim

t→∞

Y

kMj kky0 k∞ .

(2.47)

j∈J1

Similar to Case (i), this case follows by defining
kMj k∞ ≤ δ1 = 1 + β1 N1 −1 (β2 − 1) < 1.
Case (iii): According to Lemma 7, Eq. (2.45) leads to
lim kyt+1 k∞ ≤ lim

t→∞

t→∞

t
Y
(1 − αj )ky0 k∞ .

(2.48)

j=0

Consider the asymptotic convergence of the infinite product of a sequence 1−αj
to 0. It can be verified that
t
t
Y
X
lim
(1 − αj ) = 0, or lim
(− ln(1 − αj )) = ∞.

t→∞

t→∞

j=1

(2.49)

j=1

Now note that
∞
X

γ2 i−γ1 = ∞,

for 0 ≤ γ1 ≤ 1, 0 < γ2 ,

i=1

because

1
iγ 1

sums to infinity for all values of γ1 in [0, 1], and multiplying by a

positive number, γ2 , does not change the infinite sum. It can be verified that
Eq. (2.49) holds when
− ln(1 − αj ) ≥ γ2 i−γ1 ,
subsequently resulting into:
1 − αj ≤ e(−γ2 i

−γ1 )

,
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for some γ1 ∈ [0, 1], and 0 < γ2 . Therefore if for any i ∈ N, there exists a
slice, Mj , in J2 such that
kMj k∞ ≤ 1 − αj ≤ e(−γ2 i

−γ1 )

,

(2.50)

we get
t
Y
Y
Y
lim
(1 − αj ) =
(1 − αj )
(1 − αj ) = 0,

t→∞

j=0

j∈J2

(2.51)

j ∈J
/ 2

and the asymptotic stability follows. By substituting αj from Lemma 7 in the
left hand side of Eq. (2.50), we get
1 − β1 |Mj |−1 (1 − β 2 ) ≤ e(−γ2 i

−γ1 )

,

which leads to
(−γ2 i−γ1 )

ln

1−e
1 − β2

!
≤ (|Mj | − 1) ln β1 .

(2.52)

Since β1 < 1, ln β1 is negative and dividing both sides of Eq. (2.52) by a
negative number changes the direction of the inequality, i.e.,
1
|Mj | ≤
ln
ln (β1 )

−γ1 )

1 − e(−γ2 i
1 − β2

!
+ 1.

(2.53)

Now note that in the right hand side of Eq. (2.53), the first ln is negative;
for the bound to remain meaningful, the second ln must also be negative that
requires β2 < e(−γ2 i

−γ1 )

an appropriate γ2 > 0.

, which holds for any value of β2 ∈ [0, 1) by choosing
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To conclude, we note that if the slices are such that there exists a slice with
length following Eq. (2.53) for every i ∈ N, not necessarily in any order, the
infinite product of such slices goes to a zero matrix. Finally, from Eq. (2.48)
lim kyt+1 k∞ = 0,

t→∞

which completes the proof in this case.
Unbounded connectivity: In the following, we shed some light on Case
(iii) and Eq. (2.53). First, note that Eq. (2.53) does not require the slice indices
to be i. In other words, the slice lengths are not growing as i increases and
slices satisfying Eq. (2.53) may appear in any order. For the next argument,
note that the right hand side of Eq. (2.53) goes to +∞ as i → ∞; because
e(−γ2 i

−γ1 )

goes to 1. A longer slice length can be related to a slow information

propagation in the network. Eq. (2.53) further shows that LTV stability does
not require bounded slice lengths (as in cases (i) and (ii)); the convergence
is guaranteed as long as a well-behaved sub-sequence of slices exist, whose
lengths increase according to a certain exponential rate. Next note that γ1 = 1
is valid and corresponds to the fastest growing exponential, e(−γ2 i

−1 )

, whose

infinite product is 0. This means that only a sub-sequence of slices need to
−1

behave such that their behavior is not worse than e−γ2 i , in any order. We
may write this requirement as


−1
= 1,
P Mj exists for some j such that kMj k∞ ≤ e−γ2 i
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∀i ≥ 1 and 0 < γ2 , where P denotes the probability of the corresponding event.
On the other hand, by choosing γ1 = 0 the upper bound on the slice length in
Case (iii) becomes a constant. Hence, the first two cases are special cases of
this bound if we set N and N1 as
1
ln
ln (β1 )

2.5



1 − e(−γ2 )
1 − β2


+ 1.

Simulations

In this section, we provide a simple yet insightful scenario that demonstrates
the main contributions of this chapter in the light of Theorem 1. Consider
a network with n = 4 agents and s = 1 anchor with the following update
scenario: each slice, t, starts with an agent, say 1, becoming informed by
updating with the anchor and an uninformed agent, say 2; next, an uninformed
agent, say 2, becomes informed by updating with agents, say 1 and 3; next, an
informed agent, say 2 updates with uninformed agents, say 3 and 4, for a total
of nt iterations; finally, the remaining uninformed agents become informed
in two successive iterations by updating with the informed agents6 (and/or
anchor). Note that |Mt | = 2 + nt + 2.
To show the applicability of Theorem 1, we choose nt as the right hand
side of Eq. (2.53) with β1 = 0.99, β2 = 0.4, γ1 = 1, γ2 = 0.7. The slice
6

In this simulation, the weights are randomly assigned to the neighboring nodes such
that Assumptions A0-A2 are satisfied.
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Figure 2.2: (Left) Unbounded slice lengths. (Right) Convergence of the agents’
states to the leader state.
length, nt +4, with these parameters is shown in Fig. 2.2 (Left). It is clear that
the slice lengths do not have a uniform bound and, in fact, remain finite and
unbounded due to which the existing results are not applicable as they assume
a uniform bound on nt . However, as shown in Theorem 1, the slice lengths (the
rate at which the information disseminates from the anchor to the agents) are
not required to have a uniform bound as long as the growth follows Eq. (2.53)
for some γ1 , γ2 , see Fig. 2.2 (Left). We show the convergence results in Fig. 2.2
(Right). We emphasize that the updating scenario and the generation of slice
lengths chosen in this experiment are without loss of generality.
Finally, we note that every growth of the slice lengths does not necessarily
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ensure convergence. To show this, we note that
lim kMj k∞ = 1,

|Mj |→∞

from Eq. (2.35) in Lemma 3. Thus, there exists a slice, Mj , possibly with an
arbitrarily large length, such that
 ≤ kMj k∞ ≤ 1,
for any  > 0. For example, if there exists slices with lengths such that
aj
≤ kMj k∞ ,
2

aj =

√
p
2 + aj−1 , a1 = 2,

then,
Y
2 Y aj
=
≤
kMj k∞ ≤ 1,
π
2
j
j
see Viéte’s formula, and the slice product does not go to zero.

2.6

Summary

In this chapter, we study asymptotic stability of linear time-varying systems
with randomly chosen, stochastic or sub-stochastic system matrices. Instead
of exploring the joint spectral radius of the (infinite) set of system matrices, we
partition them into non-overlapping slices, such that each slice has a subunit
infinity norm, and the slices cover the entire sequence of the system matrices.
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We use the infinity norm to characterize the asymptotic stability and provide
upper bounds on the infinity norm of each slice as a function of its length.
We show that asymptotic stability is guaranteed not only in the trivial cases
where all (or an infinite subset) of the slices have a bounded length, but also
if there exists an infinite subset of slices whose (unbounded) lengths do not
grow faster than a particular exponential growth.
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Chapter 3
Dynamic leader-follower
In this chapter, we study the consensus-based leader-follower algorithm in mobile multi-agent networks, where the goal for the entire network is to converge
to the state of a leader1 . We capture the mobility in the leader-follower algorithm by abstracting it as a linear time-varying system with random system
matrices. In particular, a mobile agent, moving randomly in a bounded region, updates its state when it finds neighbors; and does not update when it
does not find any node within its communication range. In this context, we
develop certain regularity conditions on the system and input matrices such
that each follower converges to the state of the leader. We use the approach
described in Chapter 2 to analyze the corresponding LTV system; we parti1

Note that in the context of multi-agent networks, we refer to followers and leaders as
agents and anchors, respectively.
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tion the entire chain of system matrices into non-overlapping slices, and relate
the convergence of the multi-agent network to the lengths of these slices. In
contrast to the existing results, we show that a bounded length on the slices,
capturing the dissemination of information from the leader to the followers, is
not required; as long as the slice-lengths are finite and do not grow faster than
a certain exponential rate.

3.1

Introduction

A mobile multi-agent network is composed of a collection of mobile agents with
possibly limited sensing, communications, and computation capabilities. Since
mobility of the agents is becoming increasingly important in many practical
applications, [78–81], e.g., monitoring a hazardous environment where a static
network can not be deployed, mobile multi-agent networks have attracted a
significant research attention in recent years.
In multi-agent networks, it is often desirable that the entire network reaches
an agreement regarding a quantity of interest. This problem is referred to as
consensus, which has applications in, e.g., hypothesis testing, [82–84], estimation, [85, 86], distributed optimization, [70], and diffusion, [87]; work on
variants of consensus can be found in, [88–94]. In some applications, agents
should be guided to a target state by introducing leaders, [56, 95]. Only the

CHAPTER 3. DYNAMIC LEADER-FOLLOWER

57

leaders are aware of the common goal of the network, and the agents must converge to the state of the leader. The leader plays the role of an input whose
influence is propagated throughout the network via a distributed algorithm,
specifying the information exchange between an agent and its neighbors, [96].
Leader-follower networks have been widely used in many practical applications
such as vehicle formation control, and robotic systems, [97, 98].
Related work on the conditions under which the states of the agents converge to the leader state can be found in, [65, 99–102]. In particular, Ref. [99]
shows that the network converges to the state of the leader if there exists an
infinite sequence of contiguous, non-overlapping and bounded time-intervals
with the property that the union of the graphs across each interval is stronglyconnected. Subsequently, Refs. [65, 100] extend the results in [99] to directed
graphs, and prove that the coordination is possible if the union of the interaction graphs has a spanning tree frequently enough. Ref. [101] presents a
graph-theoretic approach to study consensus in dynamically changing environments, where each graph can be represented by a stochastic matrix. Ref. [102]
studies the convergence of the product of asymmetric stochastic matrices, and
relates the convergence rate to the second largest eigenvalue of the product.
In this chapter, we consider a leader-follower problem where the agents
move randomly in a bounded region of interest and have a limited communication range. We assume gossip-based communication, [103], which is widely
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used, e.g., [104], due to its simplicity and robustness. In particular, we assume that only one agent at each iteration exchanges information with nearby
nodes and updates its state. Since the motion is random, an agent may not
find neighbors at all times and an arbitrary agent may not communicate with
a leader at any given time. This leads to different update scenarios, which we
discuss thoroughly in Section 3.2. We abstract this updating procedure by a
linear time-varying system and develop the conditions under which this LTV
system converges to the leader state regardless of the agents’ initial conditions.
In contrast to a majority of the existing works, which deal with non-negative,
stochastic matrices, the system matrices in a dynamic leader-follower algorithm are both stochastic or sub-stochastic, due to which the results focusing
on stochastic matrices alone are not applicable.
In order to develop the results for (sub-) stochastic matrices, we use the
notion of non-overlapping slices–the smallest product of consecutive system
matrices. Each slice has an infinity norm of less than one and slices cover the
entire system matrices. One complete slice implies information propagation
from the leader to every other follower in the network. Clearly, if this information dissemination is completed in a bounded time, i.e., the slices have a
uniform bound on their lengths, as the information from the leader reaches
the entire network infinitely often, the asymptotic behavior can be developed
rather straightforwardly. The most important contribution of this chapter is
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that the (dynamic) leader-follower algorithm converges even when the slice
lengths are unbounded; what is required is that the slice lengths do not grow
larger at a rate faster than a certain exponential growth. In other words, the
information from the leader reaches the rest of the network in an unbounded
number of steps, the rate of which is explicitly characterized.
We now describe the rest of this chapter. In Section 3.2, we formulate the
problem and describe the dynamics of a leader-follower network. In Section 3.3,
we provide the sufficient conditions for the convergence of the network to the
state of the leader. We provide simulation results in Section 3.4 and finally,
Section 3.5 concludes this chapter.

3.2

Problem formulation

Consider a network with n followers (agents) in the set Ω, and one leader (anchor). We assume that all of the nodes (leader and followers) move arbitrarily
and the followers exchange information if they find nearby nodes. For the i-th
follower, let Nki be the set of neighbors (not including follower i) at time k.
We also define Dki = Nki ∪ {i}.
Leader-follower dynamics: The leader’s state is fixed, whereas the state
of a follower is influenced by its neighbors2 . Note that due to mobility, it is not
2

Throughout this chapter, we assume that the state of each node (agent or anchor) is a
scalar.

CHAPTER 3. DYNAMIC LEADER-FOLLOWER

60

guaranteed for a follower to find a leader among its neighbors at any time k. In
fact, at a given time, it is possible that a follower does not have any neighbor.
Let xik ∈ R be the state of the i-th follower at time k and let u ∈ R be the
leader state. The updating follower, i ∈ Ω, implements the following:

(i) Follower i keeps its state when it has no neighbor:
xik+1 = xik .

(3.1)

(ii) With no leader among neighbors, the state-update is:
xik+1 =

X

j

pij
k xk ,

(3.2)

j∈Dki

where pij
k is the weight the updating follower, i, assigns to follower j that
is among its neighbors at time k.
(iii) With the leader among neighbors, the state-update is
xik+1 =

X

j

i
pij
k xk + bk u,

(3.3)

j∈Dki ∩Ω

where u ∈ R is the leader state and bik is the weight assigned by the
updating follower, i, to the leader state at time k.

The above update scenarios can be abstracted by the following LTV system:

xk+1 = Pk xk + Bk u,

k ≥ 0,

(3.4)
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i
where xk ∈ Rn is the state of the followers at time k; Pk = {pij
k } and Bk = {bk }

are the time-varying system and input matrices, respectively. Note that we
consider a network with only one leader, hence, the fixed state of the leader, u,
is a scalar. In this case, Pk ∈ Rn×n and Bk ∈ Rn×1 . In case of a network with
multiple, say s, leaders, u ∈ Rs is the input vector and Bk ∈ Rn×s .
Assumptions: We make the following assumptions:

A0: The state-update is linear-convex, i.e.,
X

i
pij
k + bk = 1,

∀k, i ∈ Ω.

(3.5)

j

A1: When there is no leader among the neighbors, then
0 < β1 ≤ pij
k < 1,

β1 ∈ R, ∀i ∈ Ω, j ∈ Dki .

(3.6)

A2: When a leader is involved in an update, it always contributes a
certain amount of information, i.e.,
0 < β2 ≤ bik < 1,

β2 ∈ R, ∀i ∈ Ω.

(3.7)

Remarks: The above assumptions are realistic and rather common in the
related literature. While stochasticity is standard in sensor fusion and relevant applications, see e.g., [56, 95, 105], Eq. (3.6) implies that when a state
update occurs without a leader, a non-zero self-weight is always assigned to
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the (updating) follower’s current state. This assumption does not allow a follower to completely forget its past information. Note that Assumption A1
is required to maintain sub-stochasticity of the process and is necessary for
each follower that does not directly communicate with the leader. This is because this follower can lose information received (indirectly) from the leader
by updating with the neighbors that do not have any such information. Next,
Eq. (3.7) restricts the amount of (unreliable) information received from other
neighboring followers by guaranteeing that a certain information is always contributed by the leader. We note that it is possible for multiple followers to
update at the same time and the assumption that only one follower updates
is without loss of generality. Note that random motion in a bounded region
is equivalent to saying that each follower communicates intermittently with
other nodes with a non-zero probability. If a subset of followers are isolated,
and never communicates with the rest of the network, they will not follow the
convergence.
Under the above assumptions the LTV system matrices, Pk ’s, are always
non-negative, and may be identity-when no update occurs; stochastic-when
there is no leader among the neighbors; and, sub-stochastic-when the neighbors include the leader. In the next section, we use the framework introduced
in Chapter 2 to study the convergence of the leader-follower algorithm represented by Eq. (3.4), under Assumptions A0-A2.
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Leader-follower convergence

In this section, we use the results on the convergence of an infinite product of
(sub-) stochastic matrices, from Section 2.4, to study Eq. (3.4). We provide
the main result of this chapter in the following theorem:
Theorem 2. Consider n followers and one leader moving in a finite and
bounded region with follower state updates given in Eqs. (3.1)-(3.3). Suppose
Assumptions A0-A2 hold. Then, for any random (or deterministic) motion
that satisfies Eq. (2.44) on the corresponding slices, the followers (asymptotically) converge to the leader state.
Proof. The random motion of the followers in a finite, bounded region results
in the following LTV system:

xk+1 = Pk xk + Bk u,

k ≥ 0,

(3.8)

where u is the state of the leader, and Pk is random and may be either identity,
stochastic, or sub-stochastic. Hence, with Assumptions A0-A2,
∞
Y

Pk = 0,

(3.9)

k=1

under the conditions stated in Theorem 1. What is left to show is that when
Eq. (3.9) holds and the leader state is fixed, all agents converge to the leader
state. Using the slice notation, we may use a new time index, t, and rewrite
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Eq. (3.8) as
yt+1 = Mt yt + Nt u,

(3.10)

such that y0 = x0 and
yt = xk ,

k=

t
X

|Mi |, t ≥ 1,

(3.11)

i=1

Mt = P Pt


|Mi | −1

. . . Pt−1
P

i=0

t > 0,

(3.12)

i=0

|Mt |−1

Nt =

,
|Mi |

X

m
Y

m=0

j=1

!
P|Mt |−j

B|Mt |−1−m ,

(3.13)

with
M0 = P|M0 |−1 . . . P0 .
For simplicity, let us represent the t-th slice in Eq. (3.12) as:
|Mt | = T + 1,

Mt , PT PT −1 . . . P0 ,
such that
t
X

!
|Mi | − 1

−

t−1
X

i=0

!
|Mi |

= T + 1.

i=0

In addition, we can rewrite Eqs. (3.8) and (3.10) as
xk+1 = (Pk . . . P0 )x0 +

yt+1 = (Mt . . . M0 )y0 +

k
X

m
Y

m=0

j=1

t
X

m
Y

m=0

j=1

!
Pk−j+1 Bk−m u,
!
Mt−j+1 Nt−m u,

respectively. In Eq. (3.10), yt+1 asymptotically converges to a limit, say y∗ ,
because u is a constant, and the spectral radius, ρ(Mt ), of the t-th slice is
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strictly less than one, under the conditions of Theorem 1, i.e.,
ρ(Mt ) ≤ kMt k∞ < 1,

∀t.

(3.14)

Thus,
lim yt+1 = y∗ .

t→∞

Note that for any given t ≥ 1 we can find the corresponding k from Eq. (3.11),
and we have
x∗ = y∗ = Mt y∗ + Nt u ⇒ (In − Mt )y∗ = Nt u,

(3.15)

in which In denotes the n × n identity matrix. Therefore,
x∗ = (In − Mt )−1 Nt u.

(3.16)

Note that (I − Mt ) is invertible due to Eq. (3.14).
In order to show that the limiting states of the followers are indeed the
leader state, we need to show
(In − Mt )−1 Nt = 1n ⇒ Mt 1n + Nt = 1n .

(3.17)

Note that since there is only one leader in the network, Nt is a n × 1 column
vector. By substituting Mt and Nt from Eqs. (3.12) and (3.13) into Eq. (3.17),
we need to show that
(PT . . . P0 )1n +

T
X

m
Y

m=0

j=1

!
PT +1−j

BT −m = 1n .

(3.18)
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By expanding the left hand side of the above, we have

(PT PT −1 . . . P0 )1n + (PT PT −1 . . . P1 )B0
+ (PT PT −1 . . . P2 )B1
..
.
+ (PT PT −1 )BT −2
+ (PT )BT −1
+ (BT ).

(3.19)

The first line of the above expression can be simplified as

(PT PT −1 . . . P1 )(P0 1n + B0 ),

(3.20)

in which B0 6= 0 is a n × 1 vector corresponding to the first sub-stochastic update at the beginning of the slice, Mt . Also, B0 has only one non-zero, say αi ,
at the i-th position if follower i updates with the leader at the beginning of the
slice, Mt . From Eq. (3.5), which is natural in leader-follower settings, [106], it
can be verified that

P0 1n + B0 = 1n .

(3.21)

Therefore (3.19) reduces to the following

(PT PT −1 . . . P1 )1n + (PT . . . P2 )B1 + . . . + (BT ).

(3.22)
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After the first update, Bj ’s, (1 < j ≤ T − 1), are non-zeros in case of substochastic updates, and zeros otherwise. The procedure continues in a similar
way for any sub-stochastic update, i.e. update with the leader. Let us now
consider the other case, where the update is stochastic. Suppose Bc is the
next sub-stochastic update, and we have

Bj = 0,

1 ≤ j < c.

Then, (3.22) reduces to

(PT . . . Pc+1 )(Pc Pc−1 . . . P1 1n + Bc ) + . . . + (BT ).

(3.23)

Since between P1 and Pc there is no sub-stochastic update, we have
Pc−1 . . . P1 1n = 1n ,
and we can rewrite (3.23) as

(PT . . . Pc+1 )(Pc 1n + Bc ) + . . . + (BT ),

(3.24)

and the procedure continues as before (note the similarity between (3.20), and
the first term on the left hand side of (3.24)). Finally,

(PT . . . P0 )1n +

M Y
m
X
( PT +1−j )BT −m
m=0 j=1

= PT 1n + BT
= 1n ,

(3.25)
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which validates Eq. (3.18) and leads to
lim xk = x∗ = u.

k→∞

3.4

Simulations

In this section, we provide an illustrative example to demonstrate the concepts
described in this chapter. In Fig. 3.1, we show the dynamic leader-follower
algorithm, with n = 6 mobile followers and one mobile leader. The goal
for the entire network is to converge to a common value in state space, i.e.,
the state of the leader. We set the communication radius of all followers
to r = 1.5, where the region of interest is a 20 × 20 square. Each node can
only explore a restricted region shown as a shaded area where the motion is
restricted. Fig. 3.1 shows the random trajectories of each node for the first 25
iterations, as well as all possible update scenarios. In this figure, red triangle
indicates the leader, blue circles represent the followers and red circles show the
communication radius of each node. In this setup, only two of the followers are
able to communicate directly to the leader, while other followers never lie in the
communication radius of the leader. The information from the leader can reach
these followers (indirectly) only by propagation through the other followers.
Fig. 3.1 (bottom left) shows the case when only one follower communicates
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Motion model

No Update

Update with the leader

Update with a follower

Figure 3.1: Updates and motion in a leader-follower network of size 7.

with the leader; resulting in a sub-stochastic system matrix, whereas Fig. 3.1
(bottom right) depicts the information exchange between two followers. This
setup can be extended to arbitrary network configurations and sizes, where the
communication and motion models ensure that the information reaches from
the leader to each follower node. Finally, Fig. 3.2 illustrates the convergence
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Figure 3.2: Convergence of 6 followers in a dynamic leader-follower network.

of follower states to the state of the leader, chosen at u = 3 and indicates by
a blue line.

3.5

Summary

In this chapter, we study the leader-follower problem in mobile multi-agent
networks, where the mobility of the agents (followers) result in dynamic updating scenarios. Abstracting such updates as an LTV system with randomly
appearing stochastic or sub-stochastic system matrices, we establish the conditions under which the corresponding algorithm converges to the state of a
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leader. In particular, we show that convergence is guaranteed if the motion of
the followers and the leader follow a certain information propagation rate; and
certain weights chosen by each follower have a uniform lower bound. Furthermore, the rate at which the information goes from the leader to each follower
does not have to be bounded as long as it is finite and does not grow faster
than a certain exponential growth. Although we focus on the networks with
only one leader, the results can be easily generalized to any network with multiple leaders, where the followers converge to a linear-convex combination of
the leader states.
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Chapter 4
An opportunistic linear-convex
algorithm for localization in
dynamic networks
In order to navigate reliably and perform useful tasks in dynamic networks,
a mobile agent must know its exact location. Localization, estimation of an
agent’s location from sensor data, is thus a fundamental problem in providing
autonomous capabilities to a mobile agent. In this chapter, we develop a
distributed algorithm to localize a network of agents moving arbitrarily in a
bounded region. In the case of such mobile networks, the main challenge is that
the agents may not be able to find nearby nodes to implement a distributed
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algorithm. We address this issue by providing an opportunistic algorithm that
only implements a location update when there are nearby nodes and does not
update otherwise. We assume that each agent measures a noisy version of its
motion and the distances to the nearby nodes. To localize a network of mobile
agents in Rm (m ≥ 2), we provide a simple linear-convex update, which is
based on barycentric coordinates. We abstract the corresponding localization
algorithm as an LTV system and using the results from Chapter 2, we show
that it asymptotically converges to the true locations of the agents.
We first focus on the noiseless case, where the distance and motion vectors
are known (measured) perfectly, and provide sufficient conditions on the convergence of the algorithm. We then evaluate the performance of the algorithm
in the presence of noise and provide modifications to counter the undesirable
effects of noise. We further show that our algorithm precisely tracks a mobile
network as long the network includes one node with known location. This
is in stark contrast to the requirement of at least m + 1 nodes with known
location (in Rm ) that is prevalent in the localization literature. We show that
the remaining degrees of freedom are, in fact, delivered by the motion.
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4.1

Introduction

With fifth generation (5G) technologies looming in the horizon, there is a
potential for networking vast numbers of heterogeneous devices, the Internetof-Things (IoT), not only of static devices, but also of moving objects, users,
or vehicles, [13–18, 107]. Location-awareness, providing the physical location
of every static or moving object or agent, will enhance the ability to deploy
new services and better management of the overall 5G system. Beyond these,
location-aware technologies can also enable a variety of other applications from
precision agriculture, [19], to intruder detection, [20], health care, [21], asset
tracking, ocean data acquisition, [108], or emergency services, [22]. For example, location information is essential in providing an effective response in
disasters such as fire rescue situations. Other relevant applications include
military sensing, [23], physical security, industrial and manufacturing automation, and agentics, [109]. In addition, localization is essential in randomly
deployed networks, where manual positioning of objects is not practical and
the location of network nodes may change during run-time.
Although it is possible to include on-board Global Positioning System
(GPS) receivers on each device to provide the position information, the use
of GPS adds to the expense and power requirements and reduces the service
life of Wireless Sensor Networks (WSNs). Moreover, GPS receivers are inac-
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cessible in indoor applications, do not work in harsh environments, and are
not sufficiently robust to jamming in military applications, [110]. Due to these
and similar reasons, there has been great interest within the signal processing
and robotic communities, among others, in developing efficient and low-cost
localization algorithms that do not require GPS.
The solutions to localization, in general, consist of two phases: acquiring
measurements and transforming them into coordinate information, [111]. In
the first phase, nodes1 collect measurements and exchange information with
other network entities, including neighboring agents, anchors, or a combination
of these. In the second phase, the information and measurements acquired are
aggregated and used as inputs to a localization algorithm, [22]. The nature
of the localization solution, i.e., whether centralized or distributed, depends on
what types of measurements (such as estimates of relative distance between
neighboring nodes or distance to a possibly distant anchors) are acquired and
how the measurements and exchanged information are processed, for instance,
whether by a central entity or in a distributed fashion using local computing
at the nodes.
Several localization techniques have been proposed in the literature including successive refinements, [112, 113], maximum likelihood estimation, [114–
1
The terminology node is being used in a generic sense here to denote network entities
such as users, agents, anchors. The precise meaning and context will be clear from the
mathematical formulations in the following.
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116], multi-dimensional scaling, [117], optimization-based techniques, [118–
120], probabilistic approaches, [121, 122], multilateration, [123, 124], and
graph theoretical methods, [125, 126]. In general, the goal is to localize a
network of nodes with unknown locations, in the presence of a number of
anchors2 . Most of these algorithms consider localization in static networks.
However, due to the rapid advances in mobile computing and wireless technologies, mobility is becoming an important area of research in 5G IoT. Agents
can be mobile or mounted on moving entities such as vehicles, agents, or humans. Mobility of nodes increases the capabilities of the network and creates
the opportunity to improve their localization. It has been shown that the integration of mobile entities improves coverage, connectivity, and utility of the
network deployment, and provides more data since more measurements can
be taken while the agents move, [127, 128].
In fact, mobility plays a key role in the execution of certain applications
such as target tracking, [129], traffic surveillance, [11], and environment monitoring, [12]. With advances in wearable technologies, there is a growing interest in localizing IoT objects particularly indoors where GPS-type locationing
systems are not available, [130–132], which requires the development of selflocalization algorithms that enable each object in the IoT to find its own
2
Anchors are also referred to as reference nodes, seeds, landmarks, or beacons. In the
remaining of this chapter, we call the nodes with known locations, anchors, and refer to all
other nodes with unknown locations as agents.

CHAPTER 4. AN OPPORTUNISTIC LINEAR-CONVEX ALGORITHM
FOR LOCALIZATION IN DYNAMIC NETWORKS
77
location by implementing simple object-to-object communication over e.g.,
5G, [16–18]. The mobility of these emergent mobile IoT devices makes the
localization problem even more challenging as their locations and available
neighborhoods (nearby nodes to implement peer-to-peer communication) keep
changing. Therefore, it is important to design fast and accurate localization
schemes for mobile networks without compromising the quality of embedded
applications that require real-time location information.
Most localization algorithms for mobile networks use sequential Bayesian
estimation or sequential Monte Carlo methods, see Appendix A for more details. In particular, the Bayesian methods use the recursive Bayes’ rule to
estimate the likelihood of an agent’s location. Due to the non-linear nature of
the involved conditional probabilities, the Bayesian solutions are generally intractable and cannot be determined analytically. Solutions involving extended
Kalman filters [24–33], particle filters [34], and sequential Monte Carlo methods, [35–45], have been proposed to address the associated non-linearities and
the intractable computation of the probability distributions. However, these
approaches end up being sub-optimal and highly susceptible to the agents’ initial guesses of their locations. Despite their implementation simplicity, Monte
Carlo or particle filter methods are time-consuming as they need to continue
sampling and filtering until enough samples are obtained to represent accurately the posterior distribution of an agent’s position, [133], while requiring
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a high density of anchors to achieve accurate location estimates.
As an alternative to the traditional non-linear approaches, in this chapter,
we provide a distributed algorithm to solve localization in a network of mobile
agents in the absence of any prior estimates of the initial locations. As a
motivating scenario, consider a multi-agent network of ground/aerial vehicles
with no central or local coordinator and with limited communications, whose
task is to transport goods in an indoor facility, where GPS signals are not
available. In order to perform a delivery task, each mobile agent has to know its
own location first. In such settings, we are interested in developing distributed
algorithms to track the agent locations such that the convergence is invariant
to the initial position estimates. However, the implementation of distributed
algorithms in mobile networks, where both agents and anchor(s) are moving,
is not straightforward due to the following challenges: (i) no agent may be
in proximity of any anchor; (ii) an agent may not be able to find nearby
agents at all times to perform a distributed algorithm; and, (iii) the dynamic
neighborhood at each agent results into a time-varying distributed algorithm,
whose stability (convergence) analysis is non-trivial.
We address these challenges by providing an opportunistic update scenario,
where an agent updates its location estimate in Rm only if it lies inside a convex
hull of m+1 neighbors. We refer to such neighbors as a triangulation set. Using
this approach, we show that the agent location estimates are improved as the
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procedure continues and the algorithm tracks the true agent locations.
In this context, the main contribution of this chapter is to develop a linear framework for localization that enables us to circumvent the challenges
posed by the predominant nonlinear approaches to this problem. This linear
framework is not to be interpreted as a linearization of an existing nonlinear
algorithm. Instead, the nonlinearity from range to location is embedded in an
alternate representation provided by the barycentric coordinates.
We abstract our localization algorithm as an LTV system, whose system
matrices may be stochastic or sub-stochastic. These system matrices do not
belong to a finite or a countable set rendering many of the existing results
inapplicable. In addition, since they can be either identity, stochastic or substochastic, their product is no longer a group under multiplication. Thus, establishing the asymptotic behavior of the underlying LTV system is non-trivial.
To address these challenges, we apply the results developed in Chapter 2 to
study LTV convergence by partitioning the entire set of system matrices into
slices and relating the convergence rate to the slice lengths. In particular, we
show that the algorithm converges if the slice lengths do not grow faster than
a certain exponential rate.
Next, since our localization scheme is based on the motion and the distance
measurements, it is meaningful to evaluate the performance of the algorithm
when these parameters are corrupted by noise. Hence, we study the impact
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of noise on the convergence of the algorithm and provide modifications to
counter the undesirable effects of noise. Finally, we investigate what role
does motion play in the behavior of the localization algorithm and provide
necessary conditions in terms of the number of nodes and the dimensions of
motion required by our approach.
The rest of this chapter is organized as follows. In Section 4.2, we provide
a comprehensive taxonomy of the existing localization algorithms and in particular discuss the emergence of mobility and the role it plays in networked
localization. In Section 4.3, we formulate the localization problem in mobile
networks. We propose our localization algorithm in Section 4.4, followed by
the convergence analysis in Section 4.5. We investigate the effects of noise in
Section 4.6, while in Section 4.7 we discuss the relationship between the dimension of motion and the minimum number of anchors required. We discuss
different aspects of the algorithm in Section 4.9 and present detailed simulation
results in Section 4.8. Finally, Section 4.10 concludes this chapter.

4.2

Taxonomy of localization approaches

In general, localization problems can be grouped into two main categories: position tracking and global localization. Position tracking, also known as local
localization, requires the knowledge of the agents’ starting locations, whereas
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global localization refers to the process of determining agents’ locations without any prior estimate of their initial locations. In the remaining of this
chapter, we only consider the global localization problem. We now present a
comprehensive taxonomy of existing localization algorithms.
Absolute vs. Relative: Absolute localization refers to the process of
finding agent locations in a predetermined coordinate system, whereas relative localization refers to such process in a local environment, in which the
nodes share a consistent coordinate system. In order to determine the absolute
positions, it is necessary to use a number of anchors that have been deployed
into the environment at known locations. These reference nodes define the coordinate system and contribute to the improvement of the estimated locations
of the other agents in the network. The location estimates may be relative to
a set of anchors at known locations in a local coordinate system, or absolute
coordinates may be obtained if the positions of the anchors are known with
respect to some global coordinate system, either via GPS or from a system
administrator during startup, [134]. In relative localization, no such reference
nodes exist and an arbitrary coordinate system can be chosen. Although increasing the number of anchors in general may lead to more accurate location
estimates or may increase the speed of the localization process, the main issues
with adding more anchors are that they make the process more expensive and
often become useless after all the agents in the network have been localized.
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Centralized vs. Distributed: In centralized localization, the locations
of all agents are determined by a central coordinator, also referred to as sink
node. This node first collects measurements (and possibly anchor locations),
and then uses a localization algorithm to determine the locations of all the
agents in the network and sends the estimated locations back to the corresponding agents. In contrast, such central coordinator does not exist in
distributed localization, where each agent infers its location based on locally
collected information. Despite higher accuracy in small-sized networks, centralized localization schemes suffer from scalability issues, and are not feasible
in large-scale networks. In addition, comparing to the distributed algorithms,
the centralized schemes are less reliable and require higher computational complexity due to, e.g., the accumulated inaccuracies caused by multi-hop communications over a wireless network. Distributed algorithms are preferred in
applications where there is no powerful computational center to handle the
necessary calculations, or when the large size of the network may lead to a
communication bottleneck near the central processor, [110]. Therefore, there
has been a growing effort in recent years to develop distributed algorithms
with higher accuracies.
Conventional vs. Cooperative: In conventional approach, there is no
agent-to-agent communication, and therefore agents do not play any role in
the localization of other agents in the network. As an example, consider the
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traditional trilateration for localization in R2 . In this method, each agent
first measures its distances to three anchors, and then finds its location as
the intersection of three circles centered around each anchor. On the other
hand, in cooperative approach agents take part in the localization process
in a collaborative manner, and are able to exchange information with their
neighboring nodes, which may include other agents with unknown locations
as well as the anchors. Since anchors are the only reliable source of location
information, the former method, also known as non-cooperative approach either requires the agents to lie within the communication radius of multiple
anchors, which in turn requires a relatively large number of anchors, or to
have long-range transmission capabilities in order to make measurements to
the anchors. Cooperative localization removes such restrictions by allowing the
inter-agent communications, which in turn increases the accuracy, robustness
and the overall performance of the localization process.
Range-free vs. Range-based: The localization can also be divided into
range-free and range-based methods, based on the measurements used for estimating agent locations. A large number of existing localization algorithms use
distance and/or angle measurements to localize a network of agents, and are
therefore referred to as range-based algorithms. Depending on the available
hardware, the most common measurement techniques that are used in localization algorithms include Received Signal Strength (RSS), Time of Arrival
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(ToA), Time Difference of Arrival (TDoA), and Angle of Arrival (AoA).
In particular, the distance estimates can be obtained from RSS, ToA, or
TDoA measurements; RSS-based localization exploits the relation between
power loss and the distance between sender and receiver, and does not require
any specialized hardware. However, due to nonuniform signal propagation environments, RSS techniques suffer from low accuracy. More reliable distance
measurements can be obtained by estimating the propagation time of the wireless signals, which forms the basis of ToA and TDoA measurements. ToA measures the difference between the time a signal is sent at the transmitter and
the time it is received at the receiver. One-way (or round-trip) propagation
time is then used to estimate the distances between neighboring nodes. ToA
requires accurate synchronizion of the local time at the transmitter and at the
receiver. TDoA technique is based on the idea that the location of an agent
can be determined by examining the difference in time at which a specific
signal arrives at multiple reference points. ToA and TDoA methods provide
high estimation accuracy compared to RSS, but require additional hardware
at the sensor nodes for a more complex process of timing and synchronization.
Relative orientations can be determined using AoA measurements, which requires a node to be equipped with directional or multiple antennas. AoA
measurements rely on a direct line-of-sight path from the transmitter to the
receiver. In addition, in order to measure the traveled distance, acceleration,
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and orientation, an agent may be equipped with an odometer or pedometer,
an accelerometer, and an Inertial Measurement Unit (IMU), respectively, [22].
On the other hand, range-free algorithms, also known as proximity-based
algorithms, use connectivity (topology) information to estimate the locations
of the agents. The range-free localization schemes eliminate the need of specialized hardware on each agent, and are therefore less expensive. However, they
suffer from lower accuracy compared to the range-based algorithms. Typical
range-free localization algorithms include Centroid, [135], Amorphous, [123],
DV-hop, [136], SeRLoc, [137], and APIT [138].
Static vs. Mobile: Localization literature has mainly focused on static
networks where the nodes do not move and the network configuration does
not change in time. This is particularly the case for WSNs, where the problem
of locating mobile sensors has not been sufficiently addressed. However, due
to the rapid advances in mobile computing and wireless communication technologies in recent years, mobility is becoming an important area of research
in WSNs. In a particular class of WSNs, namely Mobile Wireless Sensor Networks (MWSNs), sensors can be mobile or mounted on moving entities such as
vehicles, agents, humans, etc. In MWSNs, mobility of sensor nodes increases
the capabilities of the network, and creates the opportunity to improve sensor localization. It has been shown, [127, 128], that the integration of mobile
entities into WSNs improves coverage, connectivity, and utility of the sensor
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network deployment and provides more data since more measurements can be
taken while the sensors are moving. In addition, mobility plays a key role
in the execution of an application. For example, in a MWSN that monitors
wildfires, the mobile sensors can track the fire as it spreads, and stay out of
its way, [134].
Mobility also enables sensor nodes to target and track the moving objects.
Sensor tracking problem is an important aspect of many applications, including animal tracking, for the purpose of biological research, and logistics, e.g.,
to report the location of equipments in a warehouse when they are lost and
need to be found, [110]. Another potential application of localization in mobile
networks is the Internet of Things (IoT), which can be thought of as a massive
network of objects such as sensors, agents, humans and electronic devices that
are connected together and are able to collect and exchange data. With the
advancements in wearable technologies, there is a growing interest in localizing IoT objects, [130–132], which requires the development of self-localization
algorithms that enable each object in the IoT to find its own location by
implementing simple object-to-object communications.
Despite all the aforementioned advantages, mobility can make the localization process more challenging; in statically deployed networks, the location
of each agent needs to be determined once during initialization, whereas in
mobile networks the agents must continuously obtain their locations as they
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move inside the region of interest. Moreover, mobile nodes require additional
power for mobility and are often equipped with a much larger energy reserve,
or have self-charging capability that enables them to plug into the power grid
to recharge their batteries, [134]. It is therefore crucial to design fast and
accurate localization schemes for mobile networks without compromising the
quality of applications that require wireless communications.
In the remaining of this chapter, our goal is to develop a cooperative, distributed, range-based algorithm to solve global localization in mobile networks.

4.3

Preliminaries and problem formulation

Consider a network of N mobile agents with unknown locations in the index
set, Ω, and M possibly mobile anchors with known locations in the index
set, κ. Let Ψ = Ω ∪ κ be the set of all nodes (agents and anchors) located
in Rm , m ≥ 1. We assume that the agents occupy a non-trivial configuration,
i.e., all of them do not remain on a low-dimensional subspace in Rm effectively
reducing the localization problem to Rm−1 . We define Nki ⊆ Ψ as the set of
neighbors of agent, i ∈ Ω, at time k. We denote the true location of the im
th node, i ∈ Ψ, at time k, with an m-dimensional row vector, xi∗
k ∈ R ,

where k ≥ 0 is the discrete time index. The problem is to find the locations
of the mobile agents in the set Ω, given any initialization of the underlying
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algorithm.
We define the true distance between any two nodes, i and j, at the time
bij
of communication, k, as deij
k . We assume that the measured distance, dk , at
agent i includes noise, i.e.,
ij
eij
dbij
k = dk + rk ,

(4.1)

where rkij is the noise in the distance measurement at time k.

Motion model
There exist two main categories of motion models in the literature; entity
mobility models, [139, 140], and group mobility models, [139, 141, 142]. The
former describes the movement of each agent in the network independently
from the other nodes, whereas the latter expresses the motion of a group of
agents, possibly coordinated together by a leader or a central coordinator.
Inspired by the unpredictable motion of many entities in nature, the Random
Walk mobility model, [139], is a widely used entity mobility model. In this
model, at each time step, each node moves from its current location to a
new location by choosing a new direction and speed, randomly chosen from
pre-defined ranges. A slightly different entity motion model is the Random
Waypoint mobility model, [140], which includes a pause time at each iteration
before the changes in speed and/or direction occur.
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On the other hand, one of the earliest group mobility models is the Exponential Correlated Random model, [139]. In this mobility model, a motion
function is created in order to generate the movements of the mobile nodes.
Another example is the Column motion model, [141], which is mainly used in
military applications. In this model, the nodes move in a straight line and
predefined fixed directions. Reference Point group mobility model is also a
common group mobility model that was introduced in [142]. According to
this model, each group has a logical center. The center’s motion defines the
motion behavior of the entire group, including their location, direction, speed,
acceleration, etc. Thus, the group trajectory is determined by providing a
path for the center. The reader can refer to [143] for a survey and taxonomy
on mobility models for vehicular ad hoc networks.
We consider Random Waypoint mobility model and express the motion as
the deviation from the current to the next locations, i.e.,
i∗
eik+1 ,
xi∗
k+1 = xk + x

i ∈ Ψ,

(4.2)

eik is the true motion vector at time k. We note here that the agents
in which x
eik cannot take
are assumed to move in a bounded region in Rm and hence x
values that take an agent outside this region. We assume that agent i measures
bik , of this motion, e.g., by integrating the measurements
a noisy version, x
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gathered by an accelerometer:
bik = x
eik + nik ,
x

(4.3)

where nik represents the integration noise at time k.

Barycentric representation
As we will explain in Section 4.4, to perform an update, each agent, say i,
must find m + 1 neighbors, such that it lies strictly in the interior of their
convex hull, C(·). An inclusion test to verify if an agent lies inside an available
convex hull in a given time is described in Appendix B.1. We refer to a set of
neighbors (of agent i) that pass the inclusion test at time k as a triangulation
set, Θik . We note that the triangulation set, Θik , has a non-zero volume, i.e.,
AΘik > 0,

∀k ≥ 0,

where AΘik represents the m-dimensional volume, area in R2 or volume in R3 ,
of C(Θik ), and can be computed by using the Cayley-Menger (CM) determinant, [144], see Appendix B.2. In Rm , we have
i ∈ C(Θik ) and |Θik | = m + 1

∀k ≥ 0.

With the help of triangulation sets, we represent the location of agent i at
time k, xi∗
k , as a linear-convex combination of the locations of the neighboring
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nodes in its triangulation set:
xi∗
k =

X

j∗
aij
k xk ,

(4.4)

j∈Θik

where aij
k ’s are the barycentric coordinates, defined as
aij
k =

AΘik ∪{i}\j
AΘik

.

(4.5)

The above representation dates back to the early work by Lagrange and
Möbius, [145]. Since we assume agent i to lie strictly inside its triangulation
set, all barycentric coordinates are strictly positive, i.e.,
aij
k > 0,

∀j ∈ Θik .

Straightforward computation of CM determinants in R2 and R3 , allows us to
easily compute and take advantage of the barycentric coordinates in order to
avoid nonlinearity in the localization process. Furthermore, note that the inclusion test only requires pairwise distances among the nodes in {i} ∪ Ci (·),
see Section 4.9 for the associated computation complexity. Barycentric representation is illustrated in Fig. 4.1, where node i lies inside the convex hull of
its neighbors at time k, i.e., nodes j, m and n. In this case, we can describe
the true location of node i as follows:
ij j∗
in n∗
im m∗
xi∗
k = ak xk + ak xk + ak xk .

𝑖𝑖𝑖𝑖 𝑗𝑗∗

𝐱𝐱 𝑖𝑖∗ = 𝑎𝑎 𝐱𝐱

+ 𝑎𝑎𝑖𝑖𝑚𝑚 𝐱𝐱 𝑚𝑚∗ + 𝑎𝑎𝑖𝑖𝑛𝑛 𝐱𝐱 𝑛𝑛∗
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𝑎𝑎𝑘𝑘𝑖𝑖𝑛𝑛 =

𝑗𝑗∗

𝐱𝐱𝑘𝑘

𝑎𝑎𝑘𝑘𝑖𝑖𝑚𝑚 =

𝐱𝐱 𝑘𝑘𝑖𝑖∗

𝐱𝐱 𝑘𝑘𝑚𝑚∗

𝐱𝐱 𝑘𝑘𝑛𝑛∗

𝑖𝑖𝑖𝑖

𝑎𝑎𝑘𝑘 =
Figure 4.1: Barycentric representation.

Assumptions
We now enlist a set of assumptions, which we use later in the design and
analysis of our localization algorithm:
B0: Anchor locations um∗
k , m ∈ κ, are known at all times.
B1: Each agent, i ∈ Ω, measures a noisy distance, dbij
k , to every node,
j ∈ Ψ, in its communication radius, r, at time k, see Eq. (4.1).
bik , of its motion, x
eik , at
B2: Each agent, i ∈ Ω, knows a noisy version, x
all times, see Eq. (4.3).
We assume that each agent is able to estimate its distances to the nearby
nodes (agents and/or anchors) by using RSSI, ToA, TDoA, or camera-based
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methods, [146, 147]. Under the above assumptions, we are interested in finding
the true locations of each agent without the presence of any central or local
coordinator.
In the following, Sections 4.4 and 4.5, we consider the ideal scenario when
the motion and distance measurements are not effected by noise, i.e., nik = 0
and rkij = 0, in Eqs. (4.3) and (4.1). We then study the effects of noise in
Section 4.6 and provide modifications to the algorithm to address the noise on
the motion as well as the distance measurements.

4.4

Localization algorithm

Traditionally, localization has been treated as a non-linear problem that requires either: (i) solving circle equations when the agent-to-anchor distances
are given; or, (ii) using law of sines to find the agent-to-anchor distances (and
then solving circle equations) when the agent-to-anchor angles are given, [148].
The former approach is called trilateration, whereas the latter method is referred to as triangulation. The literature on localization is largely based on
traditional trilateration and triangulation principles, or, in some cases, a combination of both, see [148] for a historic account; examples include [149–153].
In trilateration, the main idea is to first estimate the distances between
an agent with unknown location and three anchors (in R2 ) and then to find
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the location of the agent by solving three (non-linear) circle equations. This
procedure is depicted in Fig. 4.2 for a static network in R2 . In this figure,
the unknown location is at the intersection of three circles, each circle is centered around an anchor, indicated by a red triangle, and the radius of each
circle is the distance between the agent, represented by a solid circle, and the
corresponding anchor. If the agent with unknown location can measure its dis-

3

𝑟3
𝑟1 𝑟2
1

2

Figure 4.2: Traditional trilateration in R2 .

tances, r1 , r2 , and r3 , to the three nodes with known locations, it can then find
its location, (x, y) ∈ R2 , by solving the following nonlinear circle equations:
(x − x1 )2 + (y − y1 )2 = r12 ,
(x − x2 )2 + (y − y2 )2 = r22 ,

(4.6)

(x − x3 )2 + (y − y3 )2 = r32 ,
where (x1 , y1 ), (x2 , y2 ), (x3 , y3 ) represent the coordinates of the three anchors.
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The placement of the anchors is arbitrary.
In a large network, like envisioned with IoT, trilateration would need each
agent to find its distance to each of three anchors (in two dimensional space)
and then solve the nonlinear equations (4.6). Clearly, for networks with large
number of agents or in dynamic networks with mobile agents, this will unduly
tax the system resources and be infeasible as it will require either placing a
large number of anchors so that each agent finds at least three of them or
long-distance communication and distance/angle estimates from the agents to
a small number of possibly far-away anchors. To avoid these difficulties, in
this section, we provide a distributed solution to localize a large number of
agents in a mobile network. This localization framework can be thought of as
a linear iterative solution to the nonlinear problem posed in terms of the circle
equations in (4.6), which is applicable to networks with moving agents.
We now describe our localization algorithm3 : At the beginning, each agent
starts with a random guess of its location estimate (Alg. 1 line 2). At each
time k > 0, we consider the following update scenarios for any arbitrary
agent, i ∈ Ω:
Case (i): If agent i does not find at least m + 1 neighbors, i.e., 0 ≤
|Nki | < m + 1, it does not update its current location estimate (Alg. 1
lines 7 and 8).
3

Main steps of the proposed localization algorithm are summarized in Algorithm 1
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Case (ii): If agent i finds at least m + 1 neighbors, i.e., |Nki | ≥ m + 1,
it performs the inclusion test, described in Appendix B.1, on all possible
combinations of m + 1 neighbors (Alg. 1 line 10). If agent i then fails to
find a triangulation set, it does not update (Alg. 1 line 12), otherwise it
applies the following update4 (Alg. 1 line 14):
xik+1 = αk xik + (1 − αk )

X

j
eik+1 ,
aij
k xk + x

(4.7)

j∈Θik

where xik is the location estimate of agent i at time k, Θik is the triangulation set at time k, aij
k > 0 is the barycentric coordinates of node i with
respect to the node j ∈ Θik , and αk is such that



 1,
∀k | Θik = ∅,
αk =


 ∈ [β, 1) , ∀k | Θik 6= ∅,

(4.8)

in which β is a design parameter.
A network of |Ω| = 5 mobile agents and |κ| = 2 anchors with fixed locations in R2 is illustrated in Fig. 4.3. In this figure, red triangles represent
anchors and each circle represents an agent. To clarify the updating scenarios let us just consider agent 1, distinguished by a filled circle in Fig. 4.3,
whose communication radius is represented by the red circles. At time kj ,
Fig. 4.3 (a), agent 1 has only one neighbor and does not update, as per Case
4

We consider two update scenarios for Case (ii); an agent can update with respect to
all possible triangulation sets at time k, or alternatively, it can only update once as soon as
the inclusion test is passed for the first time at time k.
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Algorithm 1 Localize N agents in Rm in the presence of M anchors with
precision p
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

k←0
x0 ← Random initial coordinates
e0 ← x∗0 − x0
while kek k2 ≥ 10−p do
k ← k+
for i = 1 to N do
if 0 ≤ |Nki | < m + 1 then
Do not update
else
Perform the inclusion test on (all possible combinations of) m + 1
neighbors
if No triangulation set found then
Do not update
else
Update location estimate according to Eq. (4.7)
end if
end if
end for
ek ← x∗k − xk
end while

(i). Although at time kl , Fig. 4.3 (b), agent 1 finds m + 1 = 3 nodes (two
agents and one anchor) within its communication radius, it fails to update
because the neighbors do not satisfy the inclusion test. In this case, |Nk1l | = 3
and Θ1kl = ∅. However, agent 1 updates its location estimates at time km
and kn , where in the former it finds two different triangulation sets: {2, 3, 4}
and {2, 4, 5}, and disregards {3, 4, 5} and {2, 3, 5}. At any given time, k, note
the difference between Nki = ∅ and Θik = ∅; while the former implies that
node i has no neighbors, as in Case (i), the latter implies that agent i can-
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Figure 4.3: Update scenarios for a network of size 7.
not find any triangulation set among the neighbors.5 For example at time kj ,
Fig. 4.3 (a), we have Nki = {2} and Θik = ∅, while at time kn , Fig. 4.3 (d), we
have Nki = Θik = {3, 4, 5}.
By separating the barycentric coordinates over the agents in Ω and the
anchors in κ, we can split Eq. (4.7) as

xik+1 = αk xik + (1 − αk ) 


X

j
pij
,
k xk

j∈Θik ∩Ω
5

Note that our algorithm can be generalized to higher dimensions, e.g., 3-D, where
triangles and areas become tetrahedrons and volumes, respectively.
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X
m∗ 
eik+1 ,
(4.9)
+x
+ (1 − αk ) 
bim
k uk
m∈Θik ∩κ

where um∗
k is the true location of m-th anchor at time k and




pij
if j ∈ Θik ∩ Ω,
k,
ij
ak =



i
bim
k , if m ∈ Θk ∩ κ.

(4.10)

Although it is possible that more than one agent finds a triangulation set
and update at time k, in the remaining of this chapter we assume, without
loss of generality, that at most one agent updates at each iteration. We can
now write the above algorithm in matrix form as follows:
ek+1 ,
xk+1 = Pk xk + Bk uk + x

k > 0,

(4.11)

in which xk ∈ RN ×m is the vector of agent coordinates at time k, uk = u∗k ∈
ek+1 ∈ RN ×m is the
RM ×m is the vector of anchor coordinates at time k, and x
change in the location of agents at the beginning of the k-th iteration according
to Eq. (4.2). Note that Pk , and Bk , the system matrix and the input matrix of
the above LTV system, contain (weighted) barycentric coordinates at time k,
with respect to the agents with unknown locations, and anchors, respectively.
Guaranteed anchor contribution: Since true information is only injected into the network by the anchors, we must set a lower bound on the
weights assigned to the anchor states. Otherwise, the anchors may be assigned a weight that goes to zero over time, i.e., the anchors eventually are
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excluded from the network. To make sure that anchors remain in the network,
we naturally make the following assumption.
B3: When an anchor is involved in an update, i.e., for any (Bk )i,m 6= 0,
we impose that
0 < α ≤ (Bk )i,m ,

∀k, i ∈ Ω, m ∈ Θik ∩ κ,

(4.12)

where α is the minimum anchor contribution, see Section 4.5.
The above assumption implies that if there is an anchor in the triangulation set,
a certain amount of information is always contributed by the anchor. In other
words, the update occurs only if the agent lies in an appropriate location inside
the convex hull. By Assumption B3, the weight assigned to the anchor should
be at least α. This weight comes from the barycentric coefficient corresponding
to the anchor, i.e.,
(Bk )i,m = (1 − αk )bim
k
= (1 − αk )(

(4.13)

AΘik ∪{i}\m
AΘik

),

m ∈ κ,

where i and m indices represent the updating agent and an anchor, respectively. To clarify Assumption B3, we consider Fig. 4.4 where the updating
agent lies inside the convex hull of three nodes, including two other agents
and one anchor; let α = 0.25 and αk = 0 for the sake of argument. Fig. 4.4
(Left) shows a situation, where the agent updates, and the anchor provides
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the exact minimum contribution, i.e., the area of the shaded triangle is one
fourth of the area of the convex hull triangle. On the other hand, if the agent

Figure 4.4: (Left) Marginal anchor contribution. (Middle) No update. (Right)
Update with anchor.

lies within the shaded trapezoid illustrated in Fig. 4.4 (Middle), Eq. (4.13) becomes less than α, and Eq. (4.12) does not hold. No update occurs in this case
since the anchor does not provide enough valuable information for the agent.
The upper side of the shaded trapezoid is the threshold boundary, such that if
the agent lies on this line, an update occurs and the anchor provides the exact
minimum contribution. Thus, our measure to evaluate the contribution of an
anchor in an update, is whether or not the updating agent lies inside a specific
area, and not the distance between the agent and the anchor. If the updating agent stays inside the same convex hull, and moves closer to the anchor,
as shown in Fig. 4.4 (Right), the agent performs an update and the weight
assigned to the anchor exceeds α. Note that in this example we set α = 0.25
only for the ease of demonstration. The localization algorithm works for any
arbitrary small (non-zero) value of α, which corresponds to higher possibilities
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of a successful update when an anchor is involved.
Minimum agent contribution: When there is no anchor in the triangulation set, we also restrict an agent from performing an update, unless it is
located in a proper position inside a candidate convex hull. To this aim, we
make the following assumption:
B4: When there is no anchor in the triangulation set, for any agent,
j ∈ Ω, involved in an update, i.e., for any (Pk )i,j 6= 0, we assume that
0 < α0 ≤ (Pk )i,j ,

∀k, j ∈ Θik ∩ Ω,

(4.14)

where i is the updating agent’s index, and α0 is the minimum agent
contribution.
This assumption can be justified as we later consider the effects of noise on
the localization algorithm. If an agent is located close to the boundaries of a
convex hull, noise on distance measurements may lead to incorrect inclusion
test results, i.e., a set of neighbors may fail the convexity test while the agent
is indeed located inside the convex hull, or vice versa. To avoid such scenarios,
we generalize Assumption B3 to non-anchor agents in Assumption B4.
With the lower bounds on the self-weights according to Eq. (4.8), and the
lower bounds on the weights assigned to the anchors and agents according to
Eqs. (4.12) and (4.14), the matrix of barycentric coordinates with respect to
agents with unknown locations, i.e., the system matrix at time k, Pk , is either
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(i) identity , when no agent updates at time6 k; or,
(ii) identity except a stochastic i-th row , when an agent, say i, updates
but finds no anchor in its triangulation set at time k, i.e.,
Θik 6= ∅ and Θik ∩ κ = ∅; or,

(iii) identity except a sub-stochastic i-th row , when the updating agent,
say i, has at least one anchor in its triangulation set at time k, i.e.,
Θik ∩ κ 6= ∅.

Note that when an agent, say i, performs an update at time k only with
agents in the set Ω (Case (ii) above), the i-th row of the system matrix, Pk ,
contains all of the non-zero weights (corresponding to the barycentric coordinates) and Bk is a zero matrix. Each row of Pk is identity except the i-th
row whose sum is one due to convexity. However, if an anchor in the set κ is
involved in an update (Case (iii) above), the i-th row of the input matrix, Bk ,
contains a non-zero weight assigned to that anchor. Therefore the weights
assigned to the other neighboring agents sum to a value strictly less than one;
in other words, Pk is identity except the i-th row whose sum is strictly less
than one making Pk sub-stochastic.
6

Note that this case also characterizes the case, where an agent fails to update due to a
(temporary) communication loss/drop.
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In the next section, we use the results from Chapter 2 to provide sufficient
conditions for the iterative localization algorithm, Eq. (4.11), to converge to
the true agent locations.

4.5

Convergence analysis

We start this section by reviewing the main results on the convergence of
(sub-) stochastic LTV systems that was provided in Chapter 2. We will then
adapt these results to investigate the convergence of our localization algorithm
represented by Eq. (4.11). Recall the following Assumptions from Section 2.4
on the update at time k:
A0: When the updating agent, i, has no neighboring anchor, we have
X

(Pk )i,l = 1,

(4.15)

l∈Dki ∩Ω

resulting in a stochastic Pk .
A1: When the updating agent, i, has no anchor but at least one agent
as a neighbor, the weights are such that
0 < β1 ≤ (Pk )i,l < 1,

∀l ∈ Dki , β1 ∈ R.

(4.16)

A2: When the updating agent updates with an anchor, we have
X

(Pk )i,l ≤ β2 < 1

l∈Dki ∩Ω

(4.17)
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resulting in a sub-stochastic Pk .
By defining a slice, Mj , as the smallest product of consecutive system
matrices, such that: (i) the infinity norm of each slice is less than one; and,
(ii) the entire sequence of system matrices is covered by non-overlapping slices,
the following theorem from Section 2.4 characterizes the asymptotic behavior
of (sub-) stochastic LTV systems under the above Assumptions:
Theorem 1. With Assumptions A0-A2, the following LTV system

xk +1 = Pk xk ,

(4.18)

converges to zero if any one of the following holds:
(i) Each slices has a bounded length, i.e.
|Mj | ≤ N < ∞, ∀j , N ∈ N;

(4.19)

(ii) There exists a set, J1 , consisting of an infinite number of slices such that
|Mj | ≤ N1 < ∞, ∀Mj ∈ J1 , and |Mj | < ∞, ∀Mj ∈
/ J1 ;

(4.20)

(iii) For every i ∈ N, there exists a set, J2 , of slices such that
1
∃Mj ∈ J2 : |Mj | ≤
ln
ln (β1 )

1 − e (−γ2 i
1 − β2

−γ1 )

for some γ1 ∈ [0, 1], γ2 > 0, and |Mj | < ∞, j ∈
/ J2 .

!
+ 1,

(4.21)
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In what follows, we use the results of the above theorem to study the
convergence of Eq. (4.11). We continue this section with the following lemma:
Lemma 8. Under Assumptions B0-B4 and no noise, the product of system
matrices, Pk ’s, in the LTV system represented by Eq. (4.11), converges to zero
if any one of the three conditions in Theorem 1 holds.
Proof. We need to show that Assumptions A0-A2 holds for the LTV system,
Eq. (4.11), that captures the localization algorithm. First note that Assumption A0 is followed from the fact that barycentric coordinates always sum to
one. Also note that Eqs. (4.8) and (4.14) result in Assumption A1 if we set
β1 = min{β, α0 }. On the other hand, if Assumption B3 holds, i.e., if there
exist at least one anchor in the triangulation set, we can write
X
j∈Θik ∩Ω

pij
k = 1−

X

bim
k ,

(4.22)

m∈Θik ∩κ

in which we again used the fact that barycentric coordinates sum to one. Also,
from Eq. (4.9), we have
αk +

X

(1 − αk )pij
k = 1−

j∈Θik ∩Ω

X
m∈Θik ∩κ

(1 − αk )bim
.
{z k }
|

(4.23)

=(Bk )i,m

Note that the second term on the right hand side of Eq. (4.23) gives the sum
of all weights assigned to the anchor(s) in the triangulation set. This term is
minimized, and hence the right hand side of Eq. (4.23) is maximized, when
there is only one anchor among the neighbors of the updating agent, and the
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minimum weight, α, is assigned to this anchor according to Eq. (4.12). In this
case, using Eqs. (4.9) and (4.23), we can write
X

(Pk )i,j ≤ 1 − α < 1,

(4.24)

j∈Θik ∩Ω

which provides an upper bound on the i-th row sum of Pk , and results in
Assumption A2 if we choose β2 = 1 − α. With Assumptions A0-A2 satisfied,
the rest of the proof follows from that of Theorem 1.
We now provide our main result in the following theorem.
Theorem 3. Consider a network of M (possibly mobile) anchors and N mobile agents moving in a finite and bounded region. Then, under Assumptions
B0-B4 and no noise, for any (random or deterministic) motion that satisfies
one of the conditions in Theorem 1, the solution of Eq. (4.11) asymptotically
converges to the true agent locations.
Proof. The motion of the agents in a finite, bounded region results in the
following LTV system:
ek+1 ,
xk+1 = Pk xk + Bk uk + x

k > 0,

(4.25)

in which the system matrices, Pk ’s switch between stochastic and sub-stochastic
matrices. Therefore, under Assumptions B0-B4 and according to Lemma 8,
if any of the conditions in Theorem 1 is satisfied, we have
lim

k→∞

k
Y
l=0

Pl = 0N ×N .

(4.26)
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On the other hand, the true agent locations are given by:
ek+1 .
x∗k+1 = Pk x∗k + Bk uk + x

(4.27)

To justify the above equation, note that if agent i lies inside the convex hull of
m + 1 neighbors at time k, its true location can be expressed as a convex combination of the true locations of its neighbors. Note that when the inclusion
test is not passed at any agent at time k, the system matrix, Pk , and the input
matrix, Bk , become identity and zero matrices, respectively, and the location
estimate, xk+1 , and the true locations, x∗k+1 in Eqs. (4.25) and (4.27) update
according to the motion vector. By subtracting Eq. (4.25) from Eq. (4.27) the
error dynamics can be obtained as follows
ek+1 , x∗k+1 − xk+1 = Pk (x∗k − xk ) = Pk ek ,

(4.28)

which converges to zero from Lemma 8 and Eq. (4.26), and the proof is complete.

Discussion
In what follows, we shed some light on Theorem 1 in the context of our
localization algorithm, and elaborate on the choice of design parameters.
(i) As mentioned earlier, each slice is initiated with a sub-stochastic update,
which only occurs when an anchor is among the neighbors of the updating
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agent. In other words, to initiate a slice an agent with unknown location must
have an anchor in its triangulation set. Thus, the first system matrix of each
slice has one sub-stochastic, and N − 1 stochastic rows. We call an agent
informed after it updates with an anchor. Therefore, at the beginning of a
slice there are one informed and N − 1 uninformed agents in the network.
(ii) A slice is terminated after all rows of a slice are sub-stochastic, i.e., all
agents are informed. For this to happen, each agent has to either update with
an anchor directly, or indirectly, i.e., update with an agent who updated with
an anchor in the same slice. By indirectly, we mean that an agent receives information not from an anchor but by any other informed agent in the network.
Completion of each slice corresponds to the propagation of location information from anchor(s) to all agents in the network, and the location estimates are
refined each and every time a slice is completed. Hence, slice representation is
closely related to the information flow from the anchors to every other agent
in the network.
(iii) Theorem 1 provides the conditions on the rate, at which such information should propagate for convergence to the true agent locations. The
first two cases in Theorem 1 require all or an infinite subset of slices to have
bounded lengths. In other words, the information from the anchors has to
reach all agents within L or L1 iterations, infinitely often. These conditions
are relaxed in the third case; Eq. (4.21) implies that all we need is an infinite
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subset of slices whose lengths grow slower than a certain exponential rate. The
condition on motion described in Theorem 3 can be translated to a condition
on the information dissemination from Theorem 1. Thus, any motion that
guarantees this information dissemination suffices.
(iv) The non-zero self-weights, αk ’s, assigned to the previous state of the
updating agent guarantees that an informed agent does not become uninformed again within the same slice, e.g., by performing an update with a set
of uninformed agents before the slice is complete.
(v) Although the proposed algorithm converges for any value of 0 < α < 1,
the convergence rate of the algorithm is affected by the choice of α: By choosing α arbitrarily close to 1, an agent has to get arbitrarily close to an anchor in
order to perform an update with respect to that anchor (see Fig. 4.4), which
in turn corresponds to arbitrary large number of iterations for the termination
of each slice. On the other hand, setting α arbitrarily close to zero makes
slice norms arbitrarily close to 1. A proper choice can be made by considering
the motion model, the communication protocol, and the number of available
anchors in the network.

CHAPTER 4. AN OPPORTUNISTIC LINEAR-CONVEX ALGORITHM
FOR LOCALIZATION IN DYNAMIC NETWORKS
111

4.6

Localization under imperfect
measurements

The noise on the motion and distance measurements degrades the performance of the localization algorithm, as expected, and in certain cases the
location error is larger than the region of motion; this is shown experimentally
in Section 4.8. In what follows, we provide the modifications, M1-M3, to
the proposed algorithm to counter the undesirable effects of noise in case of
bik , and on the distance measurements, dbij
motion, x
k.

Discard unreliable Cayley-Menger determinants
To get meaningful values for the areas and volumes in R2 and R3 according to Eq. (B.3), the corresponding Cayley-Menger determinants computed
with perfect distance measurements must obey a certain sign in order for the
square root to convey a meaningful result (negative in R2 and positive in R3 ).
Therefore, we suggest the first modification to the algorithm as follows:
M1: An agent does not perform an inclusion test if the corresponding
Cayley-Menger determinant is positive in R2 , or negative in R3 .
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Inclusion test error
Even in the case of perfect distance measurements, the inclusion test results
may not be accurate due to the noise on the motion, which in turn corresponds
to imperfect location updates at each and every iteration. To address this issue,
we propose the following modification to the algorithm:

M2: Suppose the inclusion test is passed at time k by a triangulation
set, Θik . agent i performs an update only if
P
ik =

j∈Θik

AΘik ∪{i}\j − AΘik
AΘik

< ,

(4.29)

where ik is the relative inclusion test error at time k for agent i, and 
is a design parameter. The optimal choice of  depends on the number
of agents and anchors in the network and the statistics of the noise.

Convexity
Finally, in order to guarantee the convexity in the updates in the presence of
noise, we consider the following modification:
M3: Suppose the inclusion test is passed by a triangulation set, Θik =
il
{j, l, m}, and Eq. (4.29) holds at time k. Agent i first computes, aij
k , ak ,

and aim
k , according to Eq. (4.5) and using the noisy distance measurement. It then normalizes the weights assigned to each neighbor in order
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to preserve the convexity of the update. For example, the (normalized)
weight assigned to agent j is computed as aij
k/

P

n∈Θik

ain
k .

In Section 4.8, we empirically show that the above modifications to the
algorithm improve the results significantly in presence of noise, and result in
a bounded error in location estimates.

4.7

How many anchors are necessary?

In this section, we investigate the minimal number of anchors required for
localizing an arbitrary number of agents using the algorithm described in Section 4.4. We denote the subspace of motion at agent, i ∈ Ω, and anchor, j ∈ κ,
by Mi and Uj , respectively. Let us clarify this notation with a simple example:
Suppose agent 1 is moving along a vertical line (regardless of the direction);
this line forms M1 , and dim M1 = 1. Note that Mi or Uj includes all possible locations that the i-th agent or the j-th anchor occupies throughout the
localization process, i.e., discrete times k = 1, 2, . . .. Now consider another
agent, 2, which is moving along a vertical line parallel to M1 (regardless of
the direction); in this case we will have
dim ∪i=1,2 Mi = dim M2 = 1.
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However, if the two lines are linearly independent, they span R2 , and we will
have
dim ∪i=1,2 Mi = 2.
Assuming Rm , we show that the motion of the agents and anchors in l ≤ m
dimensions allows us to reduce the number of anchors from m + 1 by l. Note
that the traditional trilateration scheme requires at least 3 nodes with known
locations in R2 . Therefore, assuming m + 1 anchors in Rm has been standard
in all range-based localization algorithms in the literature, see e.g., [151, 154].
In the following theorem, we develop necessary conditions for the proposed
algorithm to track the true location of agents. Since we can provide agents
with up to m degrees of freedom in their motion in Rm , we then show that our
localization algorithm works in the presence of only one (m + 1 − m) anchor.
Theorem 4. For the LTV dynamics in Eq. (4.11) to track the true agent
locations, following a non-trivial configuration in Rm , m = 2, the following
conditions must be satisfied
|κ| ≥ 1,

(4.30)

|κ| + |Ω| ≥ m + 2,

(4.31)

|κ| + dim ∪ Mi + dim ∪ Uj ≥ m + 1.

(4.32)

i∈Ω

j∈κ

Proof. Eq. (4.30) is trivial, because when there is no anchor in the network,
all system matrices become stochastic, and the error dynamics in Eq. (4.28)
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do not converge to zero. This is equivalent to Case (ii) in Section 4.4, where
the update is always in terms of agents, i.e., Bk is always zero in Eq. (4.11).
Eq. (4.31) stems from the fact that each agent requires at least m+1 neighbors
to perform an update in Rm , assuming non-trivial configurations. In order
to prove the necessary condition in Eq. (4.32), let us first consider the 2dimensional Euclidean space. Suppose on the contrary that Eq. (4.32) does
not hold. In this case, there exist four possible scenarios as follows:
(i) |κ| = 0, and dim ∪ Mi = 2; or,
i∈Ω

(ii) |κ| = 1, and dim ∪ Mi + dim ∪ Uj = 0; or,
i∈Ω

j∈κ

(iii) |κ| = 1, and dim ∪ Mi + dim ∪ Uj = 1; or,
i∈Ω

j∈κ

(iv) |κ| = 2, and dim ∪ Mi + dim ∪ Uj = 0.
i∈Ω

j∈κ

Localization is not possible in Case (i), as it violates Eq. (4.30). Case (ii)–
with 1 anchor, 3 agents and no motion, is where at most one agent may be able
to lie inside the convex hull of the remaining three; making the triangulation
of the second agent impossible. Same argument can be applied for Case (iv)–
with 2 anchors, 2 agents and no motion. Mathematically, these two cases
mean that a slice is never completed because the rows of Pk in Eq. (4.11)
corresponding to the non-updating agents will always be the corresponding
rows of identity. Thus, all we need to show is that localization is not possible
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in Case (iii), where there is one anchor in the network, and the dimension of
the motion in all nodes is one, i.e., all nodes can only move along parallel lines
in R2 .
We start with the best possible scenario, which initially allows one agent to
perform an update. We then choose an arbitrary direction in which all nodes

𝓁1

𝓁

𝐮∗𝑘1

𝓁3

∗

𝐱1𝑘1
𝓁2

∗
𝐱 𝑘31
∗

𝐱 𝑘21

Figure 4.5: Only agent 1 can update in this configuration.

are allowed to move. As shown in Fig. 4.5 (Left), the anchor and the three
agents can move along `, `1 , `2 , and `3 , respectively. If this direction is chosen
such that the anchor’s line of motion lies within the strip between `1 and `2
(the lines of motion for the two agents that are not initially able to update),
no other agent will be able to perform an update. That is because agents 1
and 2 have to move inside the shaded regions illustrated in Fig. 4.5 (Right) in
order to (possibly) perform an update. Clearly, any vector that provides such
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motion is linearly independent of the agents’ direction of motion.
We now consider the case where the direction of motion is such that the
anchor lies outside the aforementioned strip. This scenario is illustrated in
Fig. 4.6. At time k2 , agent 3 lies inside the convex hull of the anchor and the

𝓁
𝐮∗𝑘2

1∗

𝐱 𝑘2

𝐮∗𝑘3

𝓁1
𝓁3

∗

𝐱1𝑘3

∗

𝐱 𝑘32
𝓁2
∗

𝐱 𝑘22

∗

𝐱 𝑘33
∗

𝐱 𝑘23

Figure 4.6: (Left) Agent 3 updates at time k2 . (Right) Agent 1 updates at
time k3 . Agent 2 can not update in this configuration.

other two agents, and is able to perform an update, see Fig. 4.6 (Left). Due to
the motion, Fig. 4.6 (Right), the agents move along the specified parallel lines
such that at time k3 , agent 1 lies inside the triangle of the anchor and agents
2 and 3. However, the farthest agent from the anchor (agent 2 in this case)
will never be able to perform an update, unless it moves inside the shaded
region shown in Fig. 4.6 (Right), i.e., the strip between the lines of motion
corresponding to agent 3 and the anchor. This in turn requires a motion
vector that is linearly independent of the agents’ specified direction of motion,
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i.e., dim ∪ Mi greater than 1. Mathematically, row 2 of Pk in Eq. (4.11)
i∈Ω

never changes and a slice never completes.
Although Theorem 4 is applicable to R3 , a formal proof is beyond the
scope of this thesis. In the sequel, we only give a sketch of the proof to show
that localization is not possible with one anchor and two dimensional motion
in R3 . This scenario is shown in Fig. 4.7, where agent 4 initially lies inside the
convex hull (a tetrahedron in R3 ) of the other nodes. The anchor and agents

𝓅

𝐮∗𝑘1

𝓅4
𝓅1

∗

𝐱 𝑘41

1∗

𝐱 𝑘1

∗

𝓅3

𝐱 𝑘31

𝓅2
∗

𝐱 𝑘21

Figure 4.7: Localization with one anchor and 2-dimensional motion is not
possible in R3 .

1 − 4 can move on the planes P, and P1 − P4 as shown in Fig. 4.7. Clearly,
the farthest agent from the anchor, agent 2 in this case, is not able to find a
triangulation set, unless it moves into the space between P3 and P, which in
turn requires a motion vector which is not in the span of any pair of linearly
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independent vectors in the motion planes, and thus makes localization of agent
2 impossible.
Theorem 4 provides necessary conditions for our localization algorithm
in terms of the minimal number of anchors and the dimension of motion in
the network. In what follows, we show how adding a new anchor or a new
∗

𝐱1𝑘1
∗

∗

𝐱 𝑘21

𝐱 𝑘22
∗

𝐱1𝑘2

∗
𝐮2𝑘1

∗

𝐮1𝑘1

∗

𝐮1𝑘2

(a) k=k1

∗

𝐮2𝑘2

(b) k=k2

Figure 4.8: Localization with two anchors and one dimensional motion in R2 .

dimension in the motion make the localization algorithm work in R2 . We start
with Case (ii) in Theorem 4 and add one more anchor, i.e.,
|κ| = 2, and dim ∪ Mi + dim ∪ Uj = 1.
i∈Ω

j∈κ

This scenario is illustrated in Fig. 4.8. Without loss of generality, we assume
that only one agent, 1, is moving from time k1 to k2 . To perform an update,
this agent has to lie inside the convex hull of the two anchors and agent 2, the
shaded region in Fig. 4.8 (a). To this aim, one possible motion vector is shown
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in Fig. 4.8 (b) with a solid vector. Note that in order to let agent 2 update,
agent 1 can move via the same motion vector (and in the opposite direction)
to lie inside the shaded region shown in Fig. 4.8.
We now revisit Case (ii) in Theorem 4 and add one more motion dimension, i.e.,
|κ| = 1, and dim ∪ Mi + dim ∪ Uj = 2.
i∈Ω

j∈κ

A possible motion trajectory of one agent, 1, which leads to the triangulation
of all agents in a network of size 4 is shown in Fig. 4.9, assuming that the
anchor and all the agents, except, agent 3, are static. We denote the motion
vectors with v1 and v2 , which are orthogonal in this case. The shaded regions
in Fig. 4.9 (a), (b), and (c) represent the locations, where agents 2, 1, and
3 can update. For example, agent 2 lies inside a triangle of agents 3, agent
1, and the anchor, only if agent 3 moves to the shaded region in Fig. 4.9 (a)
between time k1 and k2 . Note that Fig. 4.9 illustrates a scenario, in which
one slice is completed, i.e., each agent receives information from the anchor
at least once. Clearly, to achieve the convergence to the true locations, such
motion has to be repeated infinitely often such that one of the conditions in
Theorem 1 is satisfied.
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Figure 4.9: Localization with one anchor and two dimensional motion.

4.8

Simulations

In this section, we provide the simulation results to illustrate the proposed
localization algorithm in R2 . Let the true location of the i-th agent, i ∈ Ω
i∗ i∗
in R2 , be decomposed as xi∗
k = [xk yk ]. We consider the following random

motion model for agent i ∈ Ω:
i∗
i
i
i∗
i∗
i
i
xi∗
k+1 = xk + dk+1 cos(θk+1 ), yk+1 = yk + dk+1 sin(θk+1 ),

(4.33)
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i
denote the distance and angle traveled by agent i,
in which dik+1 and θk+1

between time k and k + 1, and are random. We choose, dik and θki , to have
uniform distribution over the intervals of [0 dmax ] and [0 2π], respectively, such
that each agent, i ∈ Ω, does not leave the bounded region of interest. Also
note that the random motion is assumed to be statistically independent among
the agents. In what follows, we first provide the simulation results in noiseless
scenarios, and then study the effects of noise and the proposed modifications
in the convergence of the algorithm.

Localization in noiseless scenarios
We first consider a network of 5 mobile agents with unknown locations, and
only one anchor, whose location is fixed and perfectly known at all times. In
30
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Figure 4.10: (Left) Motion model. (Right) Convergence.
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the beginning, all agents are randomly deployed inside a 20m × 20m square.
We fix the location of the anchor in the center of the region. For all simulations
in this section, we set the communication radius to r = 2m and dmax = 5m. All
agents are initially assigned with a random estimate of their initial locations.
If an agent finds at least m + 1 = 3 neighbors, it performs the inclusion test, as
described in Appendix B.1. If the opportunity occurs, i.e., if an agent finds a
triangulation set among the neighboring nodes, it updates its location estimate
according to Eq. (4.9). The agent does not perform any update otherwise.
Throughout this section, we consider the scenario, where an agent performs
multiple updates at each iteration with respect to all possible triangulation
sets found in that iteration. To ensure that the updating agent retains the
valuable information it may have received from the anchor, and to guarantee
a minimum contribution by the anchor when it is involved in an update, we
set αk = β = 0.01 and α = α0 = 0.01, respectively. Fig. 4.10 (Left) shows
the motion model that we choose as random according to Eq. (4.33), i.e., the
trajectories of N = 5 mobile agents for the first 20 iterations. We choose the
second norm of the error vector, eik , to characterize the convergence, i.e.,
keik k2

q
2
i
i∗ 2
= (xik − xi∗
k ) + (yk − yk ) .

(4.34)

The algorithm converges to the true agent locations as keik k2 → 0, ∀ i. The
convergence of the algorithm in this case is illustrated in Fig. 4.10 (Right) for
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one simulation. In Fig. 4.11 (Left), we provide the convergence results for the
networks with one anchor and 5, 10, 20 and 100 agents with unknown locations.
Each curve indicates the average over n = 20 Monte Carlo simulations. Due to
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Figure 4.11: (Left) Convergence of networks with one anchor and 5, 10, 20
and 100 agents. (Right) Effect of self-weights on the convergence rate.

the opportunistic nature of the algorithm, as the number of agents increases
each agent is more likely to find triangulation sets and perform successful
updates. Therefore, the algorithm converges faster as the number of agents
increases. In Fig. 4.11 (Right), we study the effect of the self-weights on the
convergence rate of the algorithm in networks with one anchor and 5, 10 and
20 agents as we change αk = β from 0.01 to 0.5. It can be seen that the
convergence rate decreases as αk increases. In Fig. 4.12 (Left), we show the
percentage of the iterations an agent finds different number of neighbors in
networks with one anchor and 5, 10 and 20 agents. For example, an agent
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Figure 4.12: (Left) Number of neighbors. (Right) Number of updates/iterations.
finds no neighbors during 40% of the iterations in a network of 5 agents.
Fig. 4.12 (Right) shows the ratio of the total number of updates to the number
of iterations. We fix the number of iterations to 3000, and take the average
over n = 20 Monte Carlo simulations. On average, an agent in networks with
one anchor and 5, 10, and 20 agents, performs 31, 171, and 422 updates,
respectively.
We examine the effect of highly adverse initial conditions in Fig. 4.13 for
a network with one anchor and 100 agents. In this figure, thick black curves
represent the mean error over all agents. Despite very large initial errors, which
is 30 times larger than the dimension of the region, the algorithm converges
in less than 500 iterations in this simulation. This convergence rate is slower
than the average convergence rate illustrated in Fig. 4.11 (Left) for networks

CHAPTER 4. AN OPPORTUNISTIC LINEAR-CONVEX ALGORITHM
FOR LOCALIZATION IN DYNAMIC NETWORKS
126
700
600
500
400
300
200
100
0
0

100

200

300

400

500

Figure 4.13: Convergence under highly adverse initial estimates.
with 100 agents primarily because of the large initial error.

Localization in the presence of noise
We use two different models to examine the effects of noise on the proposed
localization algorithm; First, we assume that the noise on odometry measurements, i.e., the distance and angle that agent i travels at time k, are Gaussian
with zero mean and the following variances:
2

2

σdi = Kd 2 Dki , σθi = Kθ 2 Dki ,
where Dki represents the total distance that agent i has traveled up to time k.
We also assume that the noise on the distance measurement (to a neighboring
agent) at time k is normal with zero mean and the variance of
σri

2

= Kr 2 k.
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Figure 4.14: Effect of noise on the convergence.

Therefore the variances of the odometry measurements are proportional to the
total distance an agent has traveled, and the variance on the distance measurements (to the neighboring agents) increases with time. Such assumptions are
common in the relevant literature, e.g., [26, 155–157]. As shown in Fig. 4.14 for
a network with one anchor and 100 agents, setting Kd = Kθ = Kr = 5 ∗ 10−3
leads to an unbounded error, which is due to incorrect inclusion test results
and the continuous location drifts because of the noise on the distance measurements and the noise on motion, respectively. However, by modifying the
algorithm according to Section 4.6, it can be seen in Fig. 4.15 that the localization error is bounded by the communication radius. In the simulations
with noise we choose  = 20%, i.e., an agent performs an update only if the
relative inclusion test error, corresponding to the candidate triangulation set
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Figure 4.15: Modified algorithm under first noise model.

is less than 20%.
We evaluate the performance of the algorithm on a different noise model,
where at each and every iteration the amount of noise on odometry and distance measurements are proportional to the measurements. In Fig. 4.16, we
show the simulation results when the amount of noise at each iteration is up
to ±5% of the measurements. All the simulations in the presence of noise are
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Figure 4.16: Modified algorithm under second noise model.

averaged over n = 20 Monte Carlo simulations.

Performance evaluation
We now evaluate the performance of our algorithm in contrast with some
well-known localization methods; MCL [36], MSL* [35], and Range-based
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SMCL, [37]7 . In Fig. 4.17, we compare the localization error in the Convex
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Figure 4.17: Accuracy comparison.

Hull (CH) algorithm with MCL, MSL*, and Range-based SMC. As shown in
Table 4.1, in these algorithms node density, nd , and anchor (seed) density, ns ,
denote as the average number of nodes and anchors in the neighborhood of
an agent, respectively. Total number of agents and anchors can therefore be
determined by knowing these densities as well as the area of the region. We
consider N = 100 agents and M = 10 anchors to remain consistent with the
setup in [35–37], and use the same metric, i.e., the location error as a percent7

Monte Carlo Localization (MCL) method exploits mobility to improve the accuracy of
localization. Inspired by [36], the authors in [35] propose Mobile and Static sensor network
Localization (MSL*) that extends MCL to the case where some or all nodes are static or
mobile. On the other hand, Ref [37] provides Range-based Sequential Monte Carlo Localization method (Range-based SMCL), which combines range-free and range-based information
to improve localization performance in mobile sensor networks.
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age of the communication range. Each data point in Fig. 4.17 is computed by
averaging the results of 20 simulation experiments. We keep the other parameters the same as described earlier in this section. With high measurement
noise, i.e., in the presence of 10% noise on the range measurements and 1%
noise on the motion, our algorithm outperforms MCL, MSL* and Range-based
SMCL after 10 iterations. Clearly, the localization error in our algorithm decreases as the amount of noise decreases, and our algorithm converges to the
exact agent locations in the absence of noise. Table 4.1 summarizes the performance of the proposed CH algorithm in comparison to the above methods.
For a comparison with extended Kalman filter type methods, we refer the

Localization
algorithm

Simulation environment,
Network size,
Communication range

Average
error
%r

MCL

500*500, nd=10, ns=1, r =50

0.2 - 0.6

MSL*

500*500, nd=10, ns=2, r =100

0.1 - 0.5

Range-based SMCL

1*1, nd=13.9, ns=1.3, r =0.125

0.2 - 0.4

Proposed CH

20*20, N=100, M=10, r=2

< 0.1

Table 4.1: Comparative performance of localization algorithms.

interested reader to the experiments in [25, 158].
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4.9

Remarks

In this section, we shed some light on different aspects of the proposed localization algorithm.

Convergence rate
In some particular applications, e.g., search and rescue in hazardous environments, the agents need not only to find their locations, but also to finish the
localization process successfully in a finite time. The convergence rate of the
algorithm becomes crucial in such applications. Since the algorithm is asymptotic, one can design appropriate termination criteria that are applicationdependent. For example, one such criterion can be designed according to the
number of iterations typically needed given the size, mobility, models, and
noise parameters, as evident from the simulation figures in Section 4.8. We
do note that the convergence improves dramatically as the size of the network
increases.

Computational complexity
As explained in Appendix B.2, the Cayley-Menger determinant is the determinant of an (m + 2) × (m + 2) symmetric matrix that relates the distances
among the m + 1 points in a set, Θ` ∈ Rm , to the volume of their convex hull.
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Thus, the dimension of such determinants only depends on the dimension of
the corresponding Euclidean space. Considering our localization algorithm in
R2 , when an agent finds enough (at least m + 1 = 3) neighbors, it has to
calculate m + 2 = 4 Caley-Menger determinants of 4 × 4 matrices to perform
the inclusion test. Similarly, in R3 , when an agent finds at least m + 1 = 4
neighbors, it needs to calculate m + 2 = 5 determinants of 5 × 5 matrices
to perform the inclusion test. Note that to perform the inclusion test in R2
and R3 , an agent has to compute four areas and five volumes, respectively.
Since the complexity of the computation of an n × n determinant is O(n!),
considering at most one update per iteration, the computation complexity of
the algorithm for an updating agent in Rm is (m+2)O((m+2)!), where m ≤ 3.

Communication loss and drops
In the event of a temporary communication loss/drop, an agent will not be able
to perform an update and/or serve as a neighboring node in any triangulation
set. However, since the algorithm is opportunistic and fully distributed, this
is not going to affect the performance of the rest of the team except that it
reduces the chance for the other agents to find a triangulation set. As the size
of the network grows, such effect becomes negligible. However, if the failure
is permanent, i.e., one agent gets isolated from the network by the end of the
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localizing process, it will not be able to find its location and the size of the
network gets reduced by one.

Challenges and future work
We note that a successful implementation of this algorithm requires a knowledge of the associated parameters, α, αprime , αk , . We provide some insight
into these questions in the simulation section of this chapter and have discussed the theoretical relevance of each one throughout the chapter. The
effects of changing these parameters on the convergence or performance of
the underlying localization algorithm, which may require a large number of
practical experiments, can be studied in the future. As a specific example, if
the statistics of the distance/motion noise variables are known, one may be
able to design  so the inclusion test is correct (with a very high probability)
regardless of the noise parameters.

4.10

Summary

In this chapter, we provide a linear distributed algorithm to localize an arbitrary number of mobile agents moving in a bounded region. We assume that
each agent can measure a noisy version of its motion as well as its distance to
the neighboring nodes. We consider an opportunistic algorithm such that the
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agents update their location estimates in Rm , as a linear-convex combination
of their m+1 neighbors if they lie inside their convex hull. The updating agent
uses the opportunistic information exchange to refine its location estimate by
using a barycentric-based convex update rule. We abstract the algorithm as
an LTV system with (sub-) stochastic matrices, and show that it converges
to the true agent locations under some mild regularity conditions on update
weights. We also relate the dimension of motion in the network to the number
of anchors required, and show that a network of mobile agents with full degrees
of freedom in the motion can be localized precisely, as long as there is at least
one anchor in the network. We evaluate the performance of the algorithm in
the presence of noise and provide modifications to the proposed algorithm to
address the undesirable effects of noise.
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Chapter 5
Localization in dynamic
networks via virtual convex
hulls
In this chapter, we extend the localization algorithm provided in Chapter 4
by allowing the agents to perform location updates without physically lying
inside the convex hull of their neighbors. We consider a network containing at
least one anchor, and develop an alternative distributed algorithm to localize
an arbitrary number of agents moving in a bounded region of interest in R2 .
We assume that each agent measures a noisy version of its motion and the
distances to the nearby agents.

CHAPTER 5. LOCALIZATION IN DYNAMIC NETWORKS VIA
VIRTUAL CONVEX HULLS

137

Recall that in the localization algorithm provided in Section 4.4, a location
update is only possible when an agent lies inside a convex hull of m neighbors
in Rm (a triangle of three neighbors in R2 ). In this chapter, we introduce
the notion of virtual convex hull, which allows an agent to perform a location
update without passing the inclusion test at any given time. To this aim,
we provide a geometric approach, which allows each agent to: (i) continually
update the distances to the locations where it has exchanged information with
the other nodes in the past; and (ii) measure the distance between a neighbor
and any such locations. Based on this approach, we provide a linear algorithm
to find the locations of an arbitrary number of mobile agents when they follow
some convexity in their deployment and motion in R2 . We show that the
corresponding localization algorithm, in the absence of noise, can be abstracted
as an LTV system, with non-deterministic system matrices. Using the results
developed in Chapter 2, we show that this system asymptotically tracks the
true locations of the agents.
We now describe the rest of this chapter. In Section 5.1, we formulate the
problem. We introduce the geometric approach to track the distances in Section 5.2. We then provide our localization algorithm that relies on the notion
of virtual convex hull in Section 5.3, followed by the convergence analysis in
Section 5.4. In Section 5.5, we examine the effects of noise on the algorithm.
We provide simulation results in Section 5.6 and finally, Section 5.7 concludes
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the chapter.

5.1

Problem formulation

Consider a network of N mobile agents, in the set Ω, with unknown locations,
and M anchor(s), in the set κ, all located in R2 ; let Ψ = Ω ∪ κ be the set
2
of all nodes. Let xi∗
k ∈ R be a row vector that denotes the true location

of the i-th agent, i ∈ Ω, at time k, where k ≥ 0 is the discrete-time index.
Regardless of what motion modality is employed by the agents, their motion
can be expressed as the deviation between the current and next locations, i.e.,
i∗
eik+1 ,
xi∗
k+1 = xk + x

i ∈ Ψ,

(5.1)

eik is the true motion vector at time k. We assume that the agents
where x
move along straight lines, or otherwise the motion trajectories can be approximated by a piecewise linear model. This is a common assumption in robotics
literature, [159], e.g., a simple differential wheeled robot whose wheels run in
the same direction and speed, will move in a straight line. We also assume
bik , of this motion, e.g., by using an
that agent i measures a noisy version, x
accelerometer:
bik = x
eik + nik ,
x

(5.2)
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where nik is the accelerometer noise at time k. We assume that the motion
is restricted in a bounded region in R2 . We define the distance between any
two nodes, i and j, measured at the time of communication, k, as deij
k . We
assume that the distance measurement, dbij
k , at node i is not perfect and includes
noise, i.e.,
ij
eij
dbij
k = dk + rk ,

(5.3)

in which rkij is the noise in the distance measurement at time k. The problem
is to find the locations of the mobile agents in the set Ω given any initialization
of the underlying algorithm.
Main idea: In order to avoid nonlinearity in the solution1 , we consider a
barycentric-based linear representation of locations; the advantage of a linear
approach is that the convergence is independent of the initial location estimates. Let Θik denote a set of three agents such that agent i lies inside their
convex hull, C(Θik ), at time k. In the barycentric-representation, the location
of node i is described by a linear-convex combination of the nodes in Θik , i.e.,
i1 1∗
i2 2∗
i3 3∗
xi∗
k = ak xk + ak xk + ak xk ,
1

Θik = {1, 2, 3},

(5.4)

When only distances to at least m+1 anchors are known in Rm , trilateration, e.g., in R2 ,
requires 3 anchors and solves 3 circle equations, [160]. Clearly, trilateration is nonlinear and
coupled in the coordinates; while an iterative procedure built on these nonlinear updates
does not converge in general.
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in which xi∗
k represents the true location of node i at time k, and the coefficients, aij
k ’s, are the barycentric coordinates, given by
aij
k =

AΘik ∪{i}\j
AΘik

,

(5.5)

where AΘik ∪{i}\j denotes the area of the convex hull formed by the agents in the
subscript set. To implement this update, agent i has to lie inside the convex
hull of the (three) neighbors in the set Θik . Appendix B.1 provides a simple
procedure to test if an agent lies inside or outside of the convex hull formed
by the nearby nodes. Finally, note that the barycentric coordinates are always
positive and they sum to 1.
Challenges and our approach: To implement the above barycentricbased procedure, agent i must acquire the mutual distances among the 4 nodes
(in the set {i ∪ Θik }). However, an agent may never find such a convex hull because the nodes are mobile, in a region possibly full of obstacles, with limited
communication and/or visual radius. To address this challenge, we provide
a geometric approach that allows an agent to track its distance to any location, where it has exchanged information with the other nodes in the past
(Section 5.2). We further show that at the time of communication an agent
can compute the distance between a neighbor and any such locations (Section 5.2). Using these methods, we introduce the notion of a virtual convex
hull, which is a triangle whose vertices are located at the virtual locations
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where the agent exchanged information in the past (Section 5.3). The described approach results in an algorithm where an update occurs only when a
certain set of real and virtual conditions are satisfied. The subsequent analysis is to characterize the convergence of such LTV algorithms whose system
matrices are non-deterministic. We now enlist our assumptions:
i∗
B0: Each anchor, i ∈ κ, knows its location, xi∗
k = x0 , ∀k.

bik , of its motion
B1: Each agent, i ∈ Ω, has a noisy measurement, x
eik , see Eq. (5.2).
vector, x
B2: Each agent, i ∈ Ω, has a noisy measurement, dbij
k , of the distances
to nodes, j ∈ Ψ within a radius, r, see Eq. (5.3).
Under the above assumptions, we are interested in finding the true locations of
each agent in the set Ω, without the presence of any central coordinator. In the
following, we first discuss the ideal scenario when the measurements are not
affected by noise. We then evaluate the performance of the algorithm in the
presence of noise, and present a modified algorithm to counter the undesirable
effects of noise (Section 5.5).
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A geometric approach towards
localization

In this section, we consider the motion and distance in the noiseless case,
i.e., nik = 0 and rkij = 0, in Eqs. (5.2) and (5.3). Let the true location of
the i-th agent, i ∈ Ω in R2 , be decomposed as
i∗ i∗
xi∗
k = [xk yk ]

∀k ≥ 0.

We describe the motion of agent i as:
i∗
i
xi∗
k+1 = xk + dk→k+1 cos

i∗
yk+1
= yki∗ + dik→k+1 sin

k+1
X
k0 =1
k+1
X

!
θki 0 →k0 +1 + θ0i ,
!
θki 0 →k0 +1 + θ0i ,

(5.6)

k0 =1
i
where dik→k+1 and θk→k+1
denote the distance and angle traveled by agent i,

between time k and k + 1, and θ0i is agent i’s initial orientation2 , see Fig. 5.1.
Let us also consider a vision-based distance measurement process, where an
agent needs to see another agent with its camera in order to find the mutual
distance, as opposed to wireless-based distance measurements that are prone
to larger errors. When agent i moves to a new location at time k, it first scans
the neighborhood, i.e., rotates by an angle, 0 ≤ βki < 2π, in order to find (and
make visual contact with) another node (agent or anchor). If the agent does
2

Note that these initial orientations, θ0i ’s, are arbitrary and we neither assume any global
synchronization nor we know what the true angles are.
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Figure 5.1: Initial orientations of 4 agents.
not find any neighbor at time k, then βki = 0. If on the other hand, agent i
finds another node within its communication radius, it exchanges information
with that node, then makes another rotation by an angle, 0 ≤ αki < 2π,
which is randomly chosen at each iteration, and travels the distance of dik→k+1
in the new direction. Thus, the angle traveled by agent i between time k
i
and k + 1, θk→k+1
, can be represented as

i
θk→k+1
= αki + βki ,

k ≥ 0.

(5.7)

Before we proceed, note that under perfect motion and noiseless distance measurements, an agent cannot find its location by direct communication with an
anchor, unless it knows its angle towards the anchor with respect to a mutual
frame; in contrast, the proposed framework in this chapter assumes that only
relative angles are known to each agent. To clarify this, consider Fig. 5.1,
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in which filled colored circles and red triangle indicate the initial locations of
the agents, i, j, l, n and the anchor, A, respectively, and red circle shows the
communication radius of agent i. Agent i in Fig. 5.1 initially finds anchor A in
its communication radius. However, in order to find its exact location, agent i
eiA
needs to know θ0i , in addition to xA∗
0 and d0 . We assume that such angles are
not available to the agents.
In what follows, we first explain the procedure to track the distance between
an agent and the locations where it has exchanged information with other
nodes in the past. We then show how an agent can compute the distance
between a neighbor and any such location at the time of communication.

Tracking the distance after a direct communication
Consider an agent, i ∈ Ω, to fall within a distance, r, of node, j ∈ Ψ, at
some time kj ; by Assumption B2, agent i can measure its distance, deij
kj to
node j, and receive j-th node’s location estimate, hereinafter denoted as xjkj .
Once this information is acquired at time kj , agent i tracks the distance to
the true location, xj∗
kj , for all k ≥ kj , even when the two agents move apart.
In other words, agent i, has the following information for each node it has
communicated with:
j
{j, kj , deij
k , xkj },

k ≥ kj , j ∈ Ψ,

(5.8)
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where kj is the instant of the most-recent contact, and deij
k is the distance
j∗
between true locations, xi∗
k and xkj , k ≥ kj . This procedure is illustrated in

Fig. 5.2, in which agent i is indicated by red filled circle, agents j and l are
represented by blue and green circles, respectively, and red circle indicates the
communication radius. Note that in order to make contact with agent j, agent
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Figure 5.2: Distance tracking after a direct communication.

i has changed its orientation by βki j at time kj , see Fig. 5.2 (a). After the two
agents exchange information, agent i changes its orientation by αki j , Fig. 5.2
(b), and travels the distance of dikj →kj +1 in the new direction, Fig. 5.2 (c). We
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now show how an agent tracks the distance to a virtual location, where it has
exchanged information with another node in the past.
Lemma 9. Consider agent, i ∈ Ω, with true location, xi∗
kj . Suppose agent i
communicates with node, j ∈ Ψ, at time kj . Let deij
kj be the distance between i
and j at the time of communication. Suppose agent i and j move apart at
time kj + 1, where the motion is given by dikj →kj +1 and θki j →kj +1 , both known
j∗
to agent i. The distance between the true locations, xi∗
kj +1 and xkj , is

deij
kj +1 =

q
(deij )2 + (di
kj

2
kj →kj +1 )

i
i
− 2deij
kj dkj →kj +1 cos(αkj ).

(5.9)

j∗
i∗
Proof. Consider the triangle, whose vertices are at xi∗
kj , xkj +1 and xkj . To find

the current distance of agent i, from the location of agent j at time kj , we
can use the law of cosines, which connects the length of an unknown side of
a triangle to the lengths of the two other sides and the angle opposite to the
unknown side. This triangle is depicted in Fig. 5.2 (c), in which the two known
i
side lengths are deij
kj and dkj →kj +1 . Thus, knowing the angle between these

sides of the triangle, αki j →kj +1 , the length of the third side can be determined
according to the following
2
i
2
i
eij 2
eij i
(deij
kj +1 ) = (dkj ) + (dkj →kj+1 ) − 2dkj dkj →kj+1 cos(αkj ),

which corresponds to Eq. (5.9), and completes the proof.
Note that at time kj + 1, agent i finds agent l in its communication radius,
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hence changes its direction by βki j +1 in order to make contact with agent l, see
Fig 5.2 (d).

Finding the distance with indirect communication
We now show how agent i can use the distance/angle information to find the
distances between a neighbor and any virtual location, where it has previously
communicated with another node.
Lemma 10. Suppose agent i has previously made contact with node j, hence
possesses the following information:
j
{j, kj , deij
k , xkj },

k ≥ kj .

Suppose agent i finds a neighbor, say agent `, at time k` > kj . Agent i can
`∗
then find the distance between xj∗
kj and xk` as follows:

dej`
k` =

q
2
ei` 2
eij ei`
eij ei`
(deij
k` ) + (dk` ) − 2dk` dk` cos ∠(dk` , dk` ),

(5.10)

j∗
i∗
eij ei`
in which deij
k` is the distance between xk` and xkj , and ∠(dk` , dk` ) is the angle
j∗
`∗
between the two lines connecting xi∗
k` to xkj and xk` .

Proof. We illustrate this procedure in Fig. 5.3, where all known/measured distances and angles are distinguished from the unknowns by bold lines and bold
arcs, respectively. After agent i makes contact and exchange information with
node j at time kj , it moves the distance of dikj →kj +1 to the new location, xi∗
kj +1 .
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Figure 5.3: At time k` , agent i finds the distance between a new neighbor,
node `, and the virtual location, xj∗
kj , where it exchanged information with
node j at time kj < k` .
At this point, agent i can (use the law of cosines to) find deij
kj +1 as a function
i
i
of deij
kj , dkj →kj +1 , and αkj , which are all known to this agent, i.e.,

i
eij i
deij
kj +1 = f (dkj , dkj →kj +1 , αkj ).

Knowing deij
kj +1 , agent i can then find
i
eij
φ1 = g(deij
kj , dkj →kj +1 , dkj +1 ).

Note that given the three sides of a triangle, each angle can be computed.
Since agent i cannot find any neighbor at time kj + 1, we have βki j +1 = 2π.
Agent i then changes its direction by αki j +1 and travels the distance of dikj +1→k`
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to the new location, xi∗
k` , where k` = kj + 2. At this point, agent i can find
i
eij
deij
k` = f (dkj +1 , dkj +1→k` , φ2 ),

in which φ2 = π − αki j +1 + φ1 . Agent i can then find
i
eij
φ3 = g(deij
k` , dkj +1→k` , dkj +1 ),

at time k` . Since agent i finds node ` within the communication radius at
time k` , it changes its direction by βki ` in order to make a contact with agent
i
eij
eij ei`
`. Finally, knowing dei`
k` , dk` , and, φ4 = ∠(dk` , dk` ) = π − φ3 − βk` , agent i can
`∗
find the distance between xj∗
kj and xk` according to Eq. (5.10).

In the next section, we use these distance tracking methods to describe the
localization algorithm in R2 .

5.3

Localization algorithm

Consider a network of N agents with unknown locations and M anchors, according to the motion model introduced in Section 5.1. Let Vki ⊆ Ψ be the
i-visited set, defined as the set of distinct nodes visited by agent, i ∈ Ω, up to
time k; and call an element in this set as i-visited node. We start by introducing
the notion of a virtual convex hull.
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Virtual convex hull
Suppose agent i communicates with node j at time kj , and obtains the disj
i
tance, deij
kj to j, along with j’s current location estimate, xkj , i.e., j ∈ Vkj .

At any time, k > kj , agents, i and j, may move apart but agent i now
knows deij
k , ∀k > kj , using the geometric framework discussed in Section 5.2. At
some later time, k` > kj , agent i makes contact with another node, `, and thus
i
ei`
obtains x`k` and dei`
k` , and keeps track of dk , ∀k > k` , thus j, ` ∈ Vk , ∀k ≥ k` .

Using the approach described in Section 5.2, at time k` , agent i also computes
j∗
`∗
dej`
k` , i.e., the distance between xkj and xk` . Finally, agent i meets agent n at

some kn > k` , and thus now possesses the location estimates: xjkj , x`k` , xnkn ; and
the distances: deiq
k , k > kn , with q = j, `, n (computed by Lemma 9), along with
en`
enj
the following distances: dej`
kn , dkn , and dkn (computed by Lemma 10). At this
point j, `, n ∈ Vki , ∀k ≥ kn , and agent i can use the 6 distances to perform the
inclusion test described in Appendix B.1 to check if the three visited nodes
forms a virtual convex hull in which agent i lies at time k.
If the test is passed, the set, Θik , {j, `, n} ⊆ Vki , forms the virtual convex
hull; otherwise, agent i continues to move and add nodes in Vki until some
combination passes the convexity test. Note that the distance between the
agent and each of the virtual locations is updated every time agent i moves to
a new location. However, the distance between the virtual locations does not
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Figure 5.4: Virtual convex hull with four agents: #, 2, D, 7; with respect to
agent #: (a) Agent trajectories and time-indices. (b) # ↔  at k = 4, # ↔
D at kD = 4, # ↔ 7 at k7 = 6; circles indicate communication radius
of agent #. (c) Virtual convex hull of agents, 2, D, 7, available at agent #
at k = 6. (d) Trajectories at k > 6, test passed at k = 9.
change unless agent i revisits any of the previously visited nodes.
Fig. 5.4 (a) shows the trajectories of four agents: #, 2, D, 7, over k =
1, . . . , 9; the time-indices are marked inside the agent symbols. From the
perspective of agent #, see Fig. 5.4 (b): it first makes contact (communicates) with agent , at time k = 2, and then they both move apart;
next, it makes contact with agents, D at kD = 4, and 7 at k7 = 6. We
have V2# = {2}, V4# = {2, D}, and V6# = {2, D, 7}, where a non-trivial con-
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vex hull becomes available at k = 6. However, agent # does not lie in the
corresponding convex hull, C(V6# ), and cannot update its location estimate

D 7
with the past neighboring estimates: x
k , xk , xk7 . At this point, agent #
D

must wait until it either moves inside the convex hull of 2, D, 7, or finds another agent with which the convexity condition is satisfied. Fig. 5.4 illustrates
this process in four frames. The former is shown in Fig. 5.4 (d), where agent #

has moved inside C(V6# ) at some later time, k = 9; we have Θ#
9 = {2, D, 7}.
The notion of a virtual convex hull is evident from this discussion: an agent
may only communicate with at most one agent at any given time; when the
convexity condition is satisfied eventually, the updating agent may not be in
communication with the corresponding nodes. Once Θ#
k is successfully formed,
agent # updates its location linearly using the barycentric representation in
Eq. (5.4), where the coefficients are computed using the distance equations in
Lemmas 9, 10, and the Cayley-Menger determinant to compute areas. After
i
this update, agent # removes Θ#
k from V# , as the location estimates of the
3
nodes in Θ#
k have been consumed .

The following result will be useful in the sequel.
Lemma 11. For each i ∈ Ω, there exists a set, Θik ⊆ Vki , such that |Θik | = 3
and i ∈ C(Θik ), for infinitely many k’s.
3

We choose this simple strategy to remove information from Vki for convenience. Another
candidate strategy is to use a forgetting factor, which chooses the past used nodes less
frequently.
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Proof. Consider a network of 4 agents, {i, j, m, l}, and let us focus on finding
a triangulation set for agent i. Suppose all agents are moving in an n by n

∗

𝐱 𝑘𝑖 1

∗

𝐱 𝑘𝑖 3

𝑗∗∗

𝐱𝑘1

∗

𝐱 𝑘𝑙 3

∗

𝐱 𝑘𝑖 2

Figure 5.5: Existence of a virtual convex hull.

region, and the communication radius for each agent is r. In order for agent i
to communicate with another agent, say j, at time k1 , agent j has to lie inside
a circle with radius r centered at agent i’s location, xi∗
k1 , see Fig. 5.5. The
probability of such event at time k1 , is therefore given by4 :
P(j ∈ Vki 1 ) =

πr2
.
n2

Similarly, the probability that agent i communicates with agent m at a later
4

This expression assumes that agents are uniformly distributed over the region at any
given time. This assumption can be justified by considering random initial deployment and
motion. However, the proof follows as long as there is a nonzero probability for each agent
to communicate with other agent(s) in the network.
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time, k2 > k1 , and with agent l, at time k3 > k2 > k1 can be given by:
πr2
, and
P(m ∈
=
n2
πr2
i
P(l ∈ Vk3 ) =
,
n2
Vki 2 )

respectively. Note that the probability of agent m being exactly at xj∗
k1 at time
k2 is zero, and therefore we can draw a virtual line (the dotted line in Fig. 5.5)
between the locations at which agent i has communicated with agents j and
m∗
m, i.e., between xj∗
k1 and xk2 . Similarly the probability of agent l lying on

the aforementioned line at time k3 is zero. Thus, the locations where agent i
can meet the other three agents at different times with nonzero probability,
form a virtual convex hull. Therefore, the three agents j, m and l can pass
the inclusion test for agent i at any given time k > k3 , if agent i lies inside
the corresponding virtual triangle. The probability of such event at any given
time, k > k3 , is given by
P(i ∈

m∗
l∗
C(xj∗
k1 , xk2 , xk3 ))

m∗
l∗
area(4(xj∗
k1 , xk2 , xk3 )
,
=
n2

which gives a non-zero probability for agent i to find a triangulation set.

Algorithm
We now describe the localization algorithm according to the number, |Vki |,
of i-visited nodes in the i-visited set, Vki . Main steps of the algorithm are
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Algorithm 2 Localize N agents in R2 in the presence of M anchors with
precision p
Require: M ≥ 1 and N + M ≥ 4
k←0
x0 ← random initial coordinates
for i = 1 to N do
V0i = ∅
end for
while k < termination criterion5 do
k ←k+1
for i = 1 to N do
Vki ← nodes in the communication radius of agent i at time k
if 0 ≤ |Vki | < 3 then
do not update
else
perform inclusion test on (all possible combinations of) 3 neighbors
if no triangulation set found then
do not update
else
update location according to Eq. (5.11)
end if
end if
end for
end while
summarized in Algorithm 2. There are two different update scenarios for any
arbitrary agent, say i:
(i) 0 ≤ |Vki | < 3: agent i, does not update its current location estimate.
(ii) |Vki | ≥ 3 : agent i, performs the inclusion test; if the test is passed the
location update is applied.
5

The termination criterion can be designed according to the number of iterations typically needed given the size, mobility, models, and noise parameters, as evident from the
simulation figures in Section 5.6.
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Using the above, consider the following update:
xik+1 = αk xik + (1 − αk )

X

j
eik+1 ,
aij
k xk + x

(5.11)

j∈Θik

eik+1 is the
where xik is the vector of the i-th agent’s coordinates at time k, x
motion vector, aij
k is the barycentric coordinate of node i with respect to the
nodes j ∈ Θik , and αk is such that



 1,
∀k | Θik = ∅,
αk =


 ∈ [β, 1) , ∀k | Θik =
6 ∅,

(5.12)

where β is a design parameter and Θik is a virtual convex hull. An updating
agent receives the valuable location information only if it updates with respect
to an anchor, or another agent that has previously communicated with an anchor. The non-zero self-weights assigned to the previous state of the updating
agent guarantees that the agent does not completely forget the valuable information after receiving them, e.g., by performing an update where none of
the agents in the triangulation set has previously received anchor information.
Note that Θik = ∅ does not necessarily imply that agent i has no neighbors at
time k, but only that no set of neighbors meet the (virtual) convexity. The
above algorithm can be written in matrix form as
ek+1 ,
xk+1 = Pk xk + Bk uk + x

k > 0,

(5.13)

where xk is the vector of agent coordinates evaluated at time k, uk is the
ek+1 is the change in the location
vector of anchor coordinates at time k, and x
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of agents at the beginning of the k−th iteration according to the motion model.
Also Pk and Bk are the system matrix and the input matrix of the above LTV
system. We denote the (i, j)-th element of the matrices, Pk and Bk , as (Pk )i,j
and (Bk )i,j , respectively. We can now rewrite Eq. (5.11) as


X ij j
xik+1 = αk xik + (1 − αk ) 
ak xk  ,
j∈Θik ∩Ω


+ (1 − αk ) 


X

m
eik+1 ,
+x
aim
k uk

(5.14)

m∈Θik ∩κ

where um
k denotes the known coordinates of the m-th anchor at time k, and

aij
k

=





pij
k,

if j ∈ Θik ∩ Ω,
(5.15)




i
bim
k , if m ∈ Θk ∩ κ.
If the triangulation set for agent i at time k does not contain the j-th agent
or the m-th anchor, the corresponding elements in system and input matrices, (Pk )i,j and (Bk )i,m are zero. Note that Eq. (5.12) immediately implies
that the self-weight at each agent is always lower bounded, i.e.,
0 < β ≤ (Pk )i,i ≤ 1,

∀k, i ∈ Ω.

(5.16)

Guaranteed anchor distribution: Since accurate information is only
injected via the anchors, it is reasonable (and necessary) to set a lower bound
on the weights assigned to the anchor states. In particular, we make the
following assumption.
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B3: For any update that involves an anchor, i.e., for any (Bk )i,m 6= 0,
we assume that
0 < α ≤ (Bk )i,m 6= 0,

∀k, i ∈ Ω, m ∈ Θik ∩ κ,

(5.17)

where α is the minimum anchor contribution.
Assumption B3 implies that if there is an anchor in the (virtual) convex hull,
it always contributes a certain amount of information, i.e., the weight assigned
to the anchor (which comes from barycentric coordinates) should be at least α.
Therefore, the area (in R2 ) of the triangle corresponding to the anchor must
take an adequate portion of the area of the whole convex hull triangle.
Minimum agent contribution When there is no anchor in the triangulation set, we restrict an agent from performing an update, unless it is located
in a proper position inside a candidate (virtual) convex hull. We make the
following assumption:
B4: For any agent, j ∈ Ω, involved in an update, i.e., for any (Pk )i,j 6= 0,
we assume that
0 < α0 ≤ (Pk )i,j ,

∀k, i ∈ Ω, j ∈ Θik ∩ Ω,

(5.18)

where i is the updating agent’s index, and α0 is the minimum agent
contribution.
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In Fig. 5.6, we illustrate minimum agent contribution, where we assume αk = 0
for the sake or argument; For agent i to perform an update, the area of the
corresponding inner triangle has to constitute a minimum proportion, α0 , of
the area of the convex hull triangle. This is shown in Fig. 5.6 (Left); At time
𝑗∗

𝑗∗

𝐱 𝑘𝑗

𝐱 𝑘𝑗

𝐱 𝑘𝑖∗1
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𝐱 𝑘𝑚∗
𝑚

𝐱 𝑙∗
𝑘𝑙

𝐱 𝑙∗
𝑘𝑙

𝐱 𝑘𝑚∗
𝑚

Figure 5.6: Minimum agent contribution.

k1 , agent i is located in the virtual convex hull of the nodes j, m and `, such
that the ratio of the area of the shaded triangle to the area of the convex
hull triangle is α0 . Agent i can perform an update at time k1 . The upper
side of the shaded trapezoid in Fig. 5.6 (Right) is the threshold boundary. If
agent i remains in the same virtual convex hull, but moves inside the shaded
trapezoid, e.g., to xi∗
k2 at time k2 , Eq. (4.14) will not hold and no update will
occur at that time.
Assumption B4 can be justified by considering the effects of noise on proposed localization algorithm. If an agent is located close to the boundaries of
a (virtual) convex hull, noise on distance measurements may lead to incorrect
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inclusion test results, i.e., a set of visited neighbors may fail the convexity test
while the agent is indeed located inside the convex hull, or vice versa. To avoid
such scenarios, we generalize Assumption B3 to non-anchor agents.
With the lower bounds on the self-weights according to Eq. (5.16), and
the lower bounds on the weights assigned to the anchors and agents according
to Eqs. (5.17) and (5.18), we note that at time k, the matrix of barycentric
coordinates with respect to agents with unknown locations, i.e., the system
matrix Pk , is either
(i) identity , when no update occurs; or,
(ii) identity except a stochastic i-th row , when there is no anchor in
the virtual convex hull, i.e., Θik ∩ κ = ∅; or,
(iii) identity except a strictly sub-stochastic i-th row , when there is
at least one anchor in the virtual convex hull6 .
In the next section, we provide sufficient conditions under which the iterative localization algorithm, Eq. (5.13), tracks the true locations of the agents.
6

Note that if an agent lies inside a virtual convex hull of three anchors, then practically
by assigning a zero weight on its past, the agent can find its exact location and take the
role of an anchor, which could subsequently increase the convergence rate of the algorithm.
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Convergence analysis

We start this section by reviewing the main results on the convergence of
(sub-) stochastic LTV systems that was provided in Chapter 2. We will then
adapt these results to investigate the convergence of our localization algorithm
represented by Eq. (5.13). Recall the following Assumptions from Section 2.4
on the update at time k:

A0: When the updating agent, i, has no neighboring anchor, we have
X

(Pk )i,l = 1,

(5.19)

l∈Dki ∩Ω

resulting in a stochastic Pk .
A1: When the updating agent, i, has no anchor but at least one agent
as a neighbor, the weights are such that
0 < β1 ≤ (Pk )i,l < 1,

∀l ∈ Dki , β1 ∈ R.

(5.20)

A2: When the updating agent updates with an anchor, we have
X

(Pk )i,l ≤ β2 < 1

(5.21)

l∈Dki ∩Ω

resulting in a sub-stochastic Pk .
By defining a slice, Mj , as the smallest product of consecutive system matrices,
such that: (i) the infinity norm of each slice is less than one; and, (ii) the
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entire sequence of system matrices is covered by non-overlapping slices, the
following theorem from Section 2.4 characterizes the asymptotic behavior of
(sub-) stochastic LTV systems under the above Assumptions:
Theorem 1. With Assumptions A0-A2, the following LTV system

xk +1 = Pk xk ,

(5.22)

converges to zero if any one of the following holds:
(i) Each slices has a bounded length, i.e.
|Mj | ≤ N < ∞, ∀j , N ∈ N;

(5.23)

(ii) There exists a set, J1 , consisting of an infinite number of slices such that
|Mj | ≤ N1 < ∞, ∀Mj ∈ J1 , and |Mj | < ∞, ∀Mj ∈
/ J1 ;

(5.24)

(iii) For every i ∈ N, there exists a set, J2 , of slices such that
1
∃Mj ∈ J2 : |Mj | ≤
ln
ln (β1 )

1 − e (−γ2 i
1 − β2

−γ1 )

!
+ 1,

(5.25)

for some γ1 ∈ [0, 1], γ2 > 0, and |Mj | < ∞, j ∈
/ J2 .
We now adapt the above LTV results to the distributed localization setup
described in Section 5.1. Recall that the i-th row of the system matrix, Pk in
Section 5.3, collects the agent-to-agent barycentric coordinates corresponding

CHAPTER 5. LOCALIZATION IN DYNAMIC NETWORKS VIA
VIRTUAL CONVEX HULLS

163

to agent i and its neighbors. We now relate the slice representation in Theorem 1 to the information flow in the network: Each slice, Mj , is initiated
with a strictly sub-stochastic update, i.e., when one agent with unknown location directly receives information from an anchor by having this anchor in
its virtual convex hull. On the other hand, a slice, Mj , is terminated after the
information from the anchor(s) is propagated through the network and reaches
every agent either directly or indirectly. Here, directly means that an agent
has an anchor in its virtual convex hull; while indirectly means that an agent
has a neighbor in its virtual convex hull, which has previously received the
information (either directly or indirectly) from an anchor. Once the anchor
information reaches every agent in the network, the slice notion and Theorem 1
provide the conditions on the rate, at which this information should propagate
for convergence. We proceed with the following lemma.
Lemma 12. Under the conditions B0-B4 and no noise, the product of system
matrices, Pk ’s, in the LTV system, Eq. (5.13), converges to zero if one of the
conditions in Theorem 1 holds.
Proof. We need to show that the Assumptions A0-A3 follow from B0-B4.
First note that Assumption A0 is followed from the fact that barycentric
coordinates always sum to one. Also note that Eqs. (5.12) and (5.18) result in
Assumption A1 if we set β1 = min{β, α0 }. Next, we note that A3 is implied

CHAPTER 5. LOCALIZATION IN DYNAMIC NETWORKS VIA
VIRTUAL CONVEX HULLS

164

by B3. This is because if Θik ∩ κ is not empty, we can write
X

(Pk )i,j = 1 −

j∈Θik ∩Ω

X

(Bk )i,m ,

(5.26)

m∈Θik ∩κ

where we used the fact that the weighted barycentric coordinates sum to one.
When there is only one anchor among the nodes forming the virtual convex
hull, and the minimum weight is assigned to this anchor, Eq. (5.17), the right
hand side of Eq. (5.26) is maximized. This provides an upper bound on the i-th
row sum:
X

(Pk )i,j ≤ 1 − α < 1,

(5.27)

j∈Θik ∩Ω

which ensures A3 with β2 = 1 − α. In addition, Lemma 11 ensures that each
agent updates infinitely often with different neighbors. Subsequently, each slice
is completed after all agents receive anchor information (at least once) either
directly or indirectly, and the asymptotic convergence of Eq. (5.13) follows
under the conditions in Theorem 1.
The following theorem completes the localization algorithm for mobile
multi-agent networks in R2 .
Theorem 5. Consider a network of M (possibly mobile) anchors and N mobile agents moving in a finite and bounded region in R2 . Then, under Assumptions B0-B4 and no noise, for any (random or deterministic) motion
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that satisfies one of the conditions in Theorem 1, the solution of Eq. (5.13)
asymptotically converges to the true agent locations.
Proof. In order to show the convergence to the true locations, we show that
the error between the location estimate, xk , and the true location, x∗k , goes to
zero. To find the error dynamics, note that the true agent locations follow:
ek+1 .
x∗k+1 = Pk x∗k + Bk uk + x

(5.28)

Subtracting Eq. (5.13) from Eq. (5.28), we get the network error
ek+1 , x∗k+1 − xk+1 = Pk (x∗k − xk ) = Pk ek ,

(5.29)

which goes to zero when
lim

k→∞

k
Y

Pl = 0N ×N ,

(5.30)

l=0

from Lemma 12.
The following theorem characterizes the number of anchors that are required for the iterative localization algorithm, Eq. (5.13), to converge to the
true agent locations.
Theorem 6. Under Assumptions B0-B4 and no noise, Eq. (5.13) tracks the
true agent locations in R2 , when the number of agents, N , and the number of
anchors, M , follow:
M ≥ 1,

(5.31)

CHAPTER 5. LOCALIZATION IN DYNAMIC NETWORKS VIA
VIRTUAL CONVEX HULLS
N + M ≥ 4.

166
(5.32)

Proof. Let us first consider the requirement of at least one anchor. Without an anchor, a strictly sub-stochastic row never appears in Pk , making Pk
stochastic at each time and hence the infinite product of Pk ’s is also stochastic
and not zero. With at least one anchor, strictly sub-stochastic rows, following Eq. (5.27), appear in Pk ’s, and zero convergence of the error dynamics,
Eq. (5.29), follows. Next, exactly 3 nodes (agents and/or anchors) are required to form a (virtual) convex hull in R2 . Thus, when the total number of
nodes, N + M , is 3 or less, no agent can find 3 other nodes to find (virtual)
convex hulls. Using the same argument as the one in the proof of Lemma 11,
we can show that with at least one anchor and at least 4 total nodes, any agent
with unknown location infinitely finds itself in arbitrary (virtual) convex hulls.
Thus, Theorem 1 is applicable and the proof follows.

5.5

Localization under imperfect
measurements

The noise on distance measurements and motion degrades the performance
of the localization algorithm, as expected, and in certain cases the location
error is as large as the region of motion; this is shown experimentally in Sec-
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tion 5.6. In what follows, we discuss the modifications, M1-M3, to the probik , and on the distance
posed algorithm to address the noise in case of motion, x
measurements, dbij
k.

Discard unreliable Cayley-Menger determinants
To get meaningful values for the areas and volumes in R2 according to Eq. (B.3),
the corresponding Cayley-Menger determinants computed with perfect distance measurements must be negative. Therefore, we suggest the first modification to the algorithm as follows:
M1: An agent does not perform an inclusion test if the corresponding
Cayley-Menger determinant is positive.

Inclusion test error
Even if the inclusion test results may not be accurate due to the noise on the
motion, which corresponds to imperfect location updates at each and every
iteration. To tackle this issue, we propose the following modification to the
algorithm:
M2: If the inclusion test is passed at time k by a triangulation set, Θik ,
agent i performs an update only if
P
j∈Θik AΘik ∪{i}\j − AΘik
ik = |
| < ,
AΘik

(5.33)
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in which ik ≥ 0 is the inclusion test relative error for agent i at time k,
and  ≥ 0 is a design parameter.

Convexity
Finally, recall that if the inclusion test is passed at time k, by a triangulation
set, Θik , the updating agent, i, updates its location estimate, xi∗
k , as a convex
combination of the location estimates of the nodes in Θik . In order to guarantee
the convexity in the updates in presence of noise, we consider the following
modification to the algorithm:
M3: If the inclusion test is passed at time k by a triangulation set, Θik ,
and Eq. (5.33) holds at time k, agent i (randomly) chooses one of the
i-visited nodes from the triangulation set Θik , say agent j, and finds the
corresponding weight, aij
k , as follows:
im
in
aij
k = 1 − ak − ak ,

{j, m, n} ∈ Θik ,

(5.34)

in
assuming that aim
k + ak < 1.

5.6

Simulations

In this section, we first provide simulation results in noiseless scenarios and
then examine the effects of noise.
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Localization without noise
We now consider the noiseless scenarios, i.e., we assume that nik = 0 and
rkij = 0, in Eqs. (5.2) and (5.3). In the beginning, all nodes (agents and anchor(s)) are randomly deployed within the region of x ∈ [−5 15], y ∈ [−5 15] in
R2 . For the simulations, we consider Random Waypoint mobility model, [139],
for the motion in the network, which has been the predominant motion model
in the localization literature over the past decade, see e.g., [35–37, 161, 162].
We note that better performance may be achieved if the agents follow some
deterministic (mission-related) motion model. However, our localization algorithm converges if the motion is such that the slice lengths grow slower than
the exponential rate in Eq. (5.25). For all mobile nodes, i ∈ Θ, we chose dik→k+1
i
and θk→k+1
in Eq. (5.6) as random variables with uniform distributions over

the intervals of [0 5] and [0 2π], respectively. Each agent can only communicate with the nodes within its communication radius, which is set to r = 2
for all simulations. For each simulation, we assume exactly one fixed anchor,
i.e., M = 1. In all simulations, we set αk = 0.2 to ensure that the agents do
not completely forget the past information and α = α0 = 0.1 to guarantee an
adequate contribution from the anchor(s) and agents.
Fig. 5.7 (Left) shows the random trajectories of N = 3 mobile agents
and M = 1 anchor for the first 25 iterations, where red triangle indicates
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anchor and filled circles show the initial locations of the agents. To characterize
3 agents, 1 anchor
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Figure 5.7: A network of 3 mobile agents and 1 anchor: (Left) Motion model.
(Right) Convergence.

the convergence, we choose the 2-norm of the error vector normalized with
respect to the dimensions of the region as follows:
s
2 
2
1
xk − x∗k
yk − yk∗
kek k2 =
+
,
2
∆x
∆y

(5.35)

in which ∆x = 20 and ∆y = 20 denote the lengths of the region, which is a
square in this case. The division by ∆x and ∆y is done to obtain a normalized
error. It can be verified that the maximum error with this normalization is
√1 .
2

The algorithm converges when kek k2 → 0. As shown in Fig. 5.7 (Right),

the localization algorithm, Eq. (5.13), tracks the true agent locations. The
simulation results for a network of 10 and 100 mobile agents and one mobile
anchor is illustrated in Fig. 5.8 (Left) and (Right), respectively.
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Figure 5.8: Convergence of a network with one anchor: (Left) 10 mobile agents
(Right) 100 mobile agents.

Before we examine the effects of noise on the proposed localization algorithm, let us study the case where there is no anchor in the network, i.e.,
Eq (5.31) is not satisfied; In most localization algorithms, m + 1 anchors are
required to localize an agent with unknown location in Rm without ambiguity.
However, when the nodes are mobile, exactly one anchor is sufficient to inject valuable information and the motion of the agents provides the remaining
degrees of freedom. When there is no anchor in the network, all updates are
stochastic, and we get
ek+1 = Pk ek , with ρ(Pk ) = 1, ∀k,
where ρ(.) denotes the spectral radius, i.e., a neutrally stable system, which
leads to a bounded steady-state error in location estimates. In other words,
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Figure 5.9: Steady state error for a network of 4 mobile agents and no anchor.

relative locations are tracked because the motion removes certain ambiguity
from the locations. However, absolute tracking without any ambiguity requires
at least one anchor. This is illustrated in Fig. 5.9 for a network of M = 4
agents and no anchor. Fig. 5.9 (Left) shows the 2-norm of error, and red and
blue curves in Fig. 5.9 (Right) represent the exact and estimated values of x
coordinate, for the last 100 iterations of a simulation.

Localization with noise
To examine the effects of noise on the proposed localization algorithm, we
let the noise on the motion of agent i ∈ Ψ at time k, nik to be ±1% of the
eik , and the noise on distance measurements,
magnitude of the motion vector, x
rkij to be ±10% of the actual distance between nodes i and j, dij
k . As shown in
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Figure 5.10: Effect of noise on the convergence: (Left) Original algorithm.
(Right) Modified algorithm.

Fig. 5.10 (Left) this amount of noise leads to an unbounded error, which is due
to incorrect inclusion test results and the continuous location drifts because of
the noise on the distance measurements and the noise on motion, respectively.
However, by modifying the algorithm according to Section 5.5, it can be seen
in Fig. 5.10 (Right) that the normalized localization error is reduced to less
than 5% for one simulation. Finally, in Fig. 5.11 we provide 20 Monte Carlo
simulations for a network of M = 1 mobile anchor and N = 10 and N = 20
mobile agents in presence of noise. In this simulations we add ±10% noise on
distance measurements, and ±1% noise on the motion.
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Figure 5.11: 20 Monte Carlo trials with noise: (Left) N = 10, M = 1. (Right)
N = 20, M = 1.

Performance evaluation
We now evaluate the performance of our algorithm in contrast with some
well-known localization methods; MCL [36], MSL* [35], Dual MCL [40], and
Range-based SMCL [37]. In Fig. 5.12, we compare the localization error in
the Virtual Convex Hull (VCH) algorithm with MCL, MSL*, and Range-based
SMC. As shown in Table 5.1, in these algorithms node density, nd , and anchor
(seed) density, ns , denote as the average number of nodes and anchors in the
neighborhood of an agent, respectively. Total number of agents and anchors
can therefore be determined by knowing these densities as well as the area
of the region. We consider N = 20 agents and M = 2 anchors, and use the
same metric as used in [35–37], i.e., the location error as a percentage of the
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Figure 5.12: Accuracy comparison.

communication range. Each data point in Fig. 5.12 is computed by averaging
the results of 20 simulation experiments. We keep the other parameters the
same as described earlier in this section. With high measurement noise, i.e.,
in the presence of 10% noise on the range measurements and 1% noise on the
motion, our algorithm outperforms MCL, MSL* and Range-based SMCL after
20 iterations. Clearly, the localization error in our algorithm decreases as the
amount of noise decreases, and our algorithm converges to the exact agent
locations in the absence of noise. Table 5.1 summarizes the performance of
the proposed VCH algorithm in comparison to the above methods.
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Localization
algorithm

Simulation environment,
Network size,
Communication range

Average
error
%r

MCL

500*500, nd=10, ns=1, r =50

0.2 - 0.6

Dual MCL

250*250, nd=10, ns=2, r =25

0.4 - 0.6

MSL*

500*500, nd=10, ns=2, r =100

0.1 - 0.5

Range-based SMCL

1*1, nd=13.9, ns=1.3, r =0.125

0.2 - 0.4

Proposed VCH

20*20, N=20, M=2, r=2

< 0.1

176

Table 5.1: Comparative performance of localization algorithms.

5.7

Summary

In this chapter, we provide a distributed algorithm to localize a network of
mobile agents moving in a bounded region of interest in R2 . Assuming that
each agent knows a noisy version of its motion and the distances to the nodes
in its communication radius, we provide a geometric framework, which allows
an agent to keep track of the distances to any previously visited nodes, and
find the distance between a neighbor and any virtual location where it has
exchanged information with other nodes in the past. Since agents are mobile,
they may not be able to find neighbors to perform distributed updates at any
time. To avoid this issue, we introduce the notion of a virtual convex hull,
which forms the basis of a range-based localization algorithm in mobile networks. We abstract the algorithm as an LTV system with (sub-) stochastic
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matrices, and show that it converges to the true locations of agents under some
mild regularity conditions on update weights. We further show that exactly
one anchor suffices to localize an arbitrary number of mobile agents when each
agent is able to find appropriate (virtual) convex hulls. We evaluate the performance of the algorithm in presence of noise and provide modifications to the
proposed algorithm to address noise on motion and on distance measurements.
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Appendix A
An overview of Bayesian
approaches for localization in
mobile networks
In what follows, we discuss the basic principles and characteristics of predominant probabilistic approaches for distributed localization in mobile networks
that can be broadly characterized as Bayesian approaches.
Problem Formulation: Consider a network of N mobile agents collected
in a set Ω and M anchors in a set κ in Rm , m ≥ 1. The N agents in Ω
have unknown locations, while the M anchors in κ have known locations.
Let xik ∈ Rm be a row vector that denotes the location of a (possibly mobile)
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node i at time k, where k ≥ 0 is the discrete-time index. We describe the
evolution of the agent locations as follows:

xk+1 = f (xk , vk ),

(A.1)

in which xk ∈ RN ×m is the concatenated state of all agents in the network at
time k, the function, f , possibly non-linear, captures the temporal evolution
of the locations, and vk represents the uncertainty in the location evolution at
time k. Similarly, assume zik to denote the local measurement at agent i and
time k. Let zk be the collection of all measurements at time k leading to the
following global measurement model:

zk = g(xk , nk ),

(A.2)

in which nk captures the measurement noise. The function, g, denotes the
measurement technology. We denote the set of all measurements acquired at
time steps, 1, . . . , k, by the set
Zk = {z1 , z2 , . . . , zk }.
The localization problem is to estimate the locations, xik , of the mobile agents
in the set Ω given the measurements in the set Zk .
Baysian Estimation: In general, Bayesian filtering refers to the process of using Bayes’ rule to estimate the parameters of a time-varying system,
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which is indirectly observed through some noisy measurements. In the context of localization, given the history of the measurements up to time k, Zk
as defined in Eq. (A.1), Bayesian filtering aims to compute the posterior density, p(xk | Zk ), of the agents’ locations, xk , i.e., the agent’s belief about their
location at time k. The goal of localization is to make the belief for each agent
as close as possible to the actual distribution of the agent’s location, which has
a single peak at the true location and is zero elsewhere. Before we explain the
Baysian estimation process, let us define the following terms: The dynamic
model, p(xk | xk−1 ), captures the dynamics of the system, and corresponds
to the motion model in the context of localization; it describes the agents’
locations at time k, given that they were previously located at xk−1 . The
measurement model, p(zk | xk ), represents the distribution of the measurements given the agents’ locations at time k. The measurement model captures
the error characteristics of the sensors, and describes the likelihood of taking measurement, zk , given that the agents are located at xk . The Baysian
estimation process can then be summarized in the following steps:
1. Initialization: Before the agents start acting (moving) in the environment, they may have initial beliefs about where they are. The process
then starts with a prior distribution of agent locations, p(x0 ), which represents the information available on the initial locations of the agents
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before taking any measurements. For example, in robotic networks such
information may be available by providing the robots with the map of the
environment. When prior information on agent locations is not available,
the prior distribution can be assumed to be uniform.
2. Prediction: Suppose the motion model and the belief at time k − 1,
p(xk−1 | Zk−1 ), are available. Then the predictive distribution of the
agents’ locations at time k can be computed as follows:
Z
p(xk | Zk−1 ) =

p(xk | xk−1 )p(xk−1 | Zk−1 )dxk−1 .

(A.3)

3. Update: Whenever new measurements, zk , is available, the agents incorporate the measurements into their beliefs to form new beliefs about
their locations, i.e., the predicted estimate gets updated as follows:
p(xk | Zk ) =

p(zk | xk )p(xk | Zk−1 )
,
p(zk | Zk−1 )

(A.4)

in which the normalization constant,
Z
p(zk | Zk−1 ) =

p(zk | xk )p(xk | Zk−1 )dxk ,

(A.5)

depends on the measurement model and guarantees that the posterior
over the entire state space sums up to one.
In this process, it is standard to assume that the current locations of the
mobile agents, xk , follow the Markov assumption, which states that the agent
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locations at time k depends only on the previous location, xk−1 , i.e.,
p(xk | x0:k−1 , Zk−1 ) = p(xk | xk−1 ).

(A.6)

In other words, according to the Markovian dynamic model, the current locations contain all relevant information from the past. Otherwise, as the process
continues and the number of sensor measurements increases, the complexity of
computing the posterior distributions grows exponentially over time. Under
the Markov assumption, the computation cost and memory demand decrease
and the posterior distributions can be efficiently computed without losing any
information, making the localization process usable in real-time scenarios.
Bayes filters provide a probabilistic framework for recursive estimation of
the agents’ locations. However, their implementation requires specifying the
measurement model, the dynamic model, and the the posterior distributions.
The properties of the different implementations of Bayes filters strongly differ
in how they represent probability densities over the state, xk , [163]. The reader
is referred to [163] for a complete survey of the Bayesian filtering techniques.
In what follows, we briefly review Kalman filters and particle filters that are
the most commonly used variants of Bayesian methods.
Kalman Filtering: When both the dynamic model and the measurement
model can be described using Gaussian density functions, and the initial distribution of the agent locations is also Gaussian, it is possible to use Kalman
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filters, to derive an exact analytical expression to compute the posterior distribution of the agent locations. Mathematically, Kalman filters can be used
if the dynamic and measurement models can be expressed as follows:
xk+1 = Fk xk + vk ,
zk = Hk xk + nk ,

(A.7)

in which the process noise,
vk ∼ N (0, Qk ),
and the measurement noise,
nk ∼ N (0, Rk ),
are Gaussian with zero mean and covariance matrices of Qk and Rk , respectively, and prior distribution is also Gaussian:
x0 ∼ N (µ0 , Σ0 ).
In Eq. (A.7), the matrix Fk is the transition matrix and Hk is the measurement
matrix.
Due to linear Gaussian model assumptions in Eq. (A.7), the posterior distribution of agent locations is also Gaussian, and can be exactly computed by
implementing the prediction, Eq. (A.3), and update, Eq. (A.4), steps using
efficient matrix operations and without any numerical approximations. The
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Kalman filter algorithm can be represented with the following recursive algorithm, [164]:
p(xk−1 | Zk−1 ) = N (mk−1|k−1 , Pk−1|k−1 ),
p(xk | Zk−1 ) = N (mk|k−1 , Pk|k−1 ),
p(xk | Zk ) = N (mk|k , Pk|k ),
such that
mk|k−1 = Fk mk−1|k−1 ,
Pk|k−1 = Qk−1 + Fk Pk−1|k−1 FTk ,
mk|k = mk|k−1 + Kk (zk − Hk mk|k−1 ),
Pk|k = Pk|k−1 − Kk Hk Pk|k−1 ,
where
Sk = Hk Pk|k−1 HTk + Rk ,
Kk = Pk|k−1 HTk S−1
k ,
are the covariance of zk − Hk mk|k−1 , and the Kalman gain, respectively.
Kalman filters are optimal estimators when the model is linear and Gaussian. They provide efficient, accurate results if the uncertainty in the location
estimates is not too high, i.e., when accurate sensors with high update rates
are used, [163]. However, in many situations such assumptions do not hold,
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and no analytical solution can be provided. In such scenarios, the extended
Kalman filter can be used that approximates the non-linear and non-Gaussian
dynamic and measurement models by linearizing the system using first-order
Taylor series expansions.
Particle Filters: As discussed earlier, extended Kalman filter results in
a Gaussian approximation to the posterior distribution of the agent locations,
and generates large errors if the true distribution of the belief is not Gaussian. In such cases, the Particle filters that generalize the traditional Kalman
filtering methods to non-linear, non-Gaussian systems can provide more accurate results. Particle filters, also known as sequential Monte Carlo methods,
provide an effective framework to track a variable of interest as it evolves over
time, when the underlying system is non-Gaussian, non-linear, or multidimensional. Unlike other Bayesian filters, sequential Monte Carlo method is very
flexible, easy to implement and suitable for parallel processing, [161]. Since
the dynamic and measurement models are often non-linear and non-Gaussian,
sequential Monte Carlo methods are in particular widely employed to solve the
localization problem in mobile networks. The particle filter implementation
for the localization problem in mobile wireless sensor networks is a recursive Bayesian filter that constructs a sample-based representation of the entire
probability density function, and estimates the posterior distribution of agents’
locations conditioned on their observations. The key idea is to represent the

APPENDIX A. AN OVERVIEW OF BAYESIAN APPROACHES FOR
LOCALIZATION IN MOBILE NETWORKS
186
required posterior probability density function by a set of random samples or
particles, i.e., candidate representations of agents’ coordinates, weighted according to their likelihood and to compute estimates based on these samples
and weights. At time k, the location estimate of the i-th mobile agent, is
represented as a set of Ns samples (particles) , i.e.,
Ski = {xjk , wkj }, j = 1, . . . , Ns ,

(A.8)

in which j indicates the particle index, and the weight, wkj , also referred to as
importance factor, defines the contribution of the j-th particle to the overall
estimate of agent i’s location. These samples form a discrete representation of
the probability density function of the i-th moving agent, and the importance
factor is determined by the likelihood of a sample given agent i-th latest observation. The sequential Monte Carlo localization process for each agent can
then be summarized in the following steps:
1. Initialization: At this stage, Ns samples are randomly selected from
the prior distribution of agent locations, p(x0 ).
2. Prediction: In this step, the effect of the action, from time k − 1 to
k, e.g., the movement of the agent according to the dynamic model, is
taken into account, and Ns new samples are generated to represent the
current location estimate. At this point, a random noise is also added to
the particles in order to simulate the effect of noise on location estimates.
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3. Update: At this stage, sensor measurements are introduced to correct
the outcome of the prediction step; each particle’s weight is re-evaluated
based on the latest sensory information available, in order to accurately
describe the moving agents’ probability density functions.
4. Resampling: At this step the particles with very small weights are
eliminated, and get replaced with new randomly generated particles so
that the number of particles remain constant.
By iteratively applying the above steps, the particle population eventually
converges to the true distribution. Sequential Monte Carlo methods have
several key advantages compared with the previous approaches: (i) due to
their simplicity, they are is easy to implement; (ii) they are able to represent
noise and multi-modal distributions; and (iii) since the posterior distribution
can be recursively computed, it is not required to keep track of the complete
history of the estimates, which in turn reduces the amount of memory required,
and can integrate observations with higher frequency. However, in general
sequential Monte Carl methods are very time-consuming because they need to
keep sampling and filtering until enough samples are obtained for representing
the posterior distribution of a moving node’s position, [133]. Moreover, they
often require a high density of anchors to achieve accurate location estimates.
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Appendix B
Localization in dynamic
networks

B.1

Convex hull inclusion test

In any arbitrary dimension, m, a convex hull inclusion test can be described
as follows, [95]:
i ∈ C(Nki ),

if

X

ANki ∪{i}\j = ANki ,

(B.1)

ANki ∪{i}\j > ANki ,

(B.2)

j∈Nki

i∈
/ C(Nki ),

if

X
j∈Nki

in which Nki denotes the neighbors of node i at time k, C(·) is the convex hull,
and ANki represents the generalized volume of C(Nki ), and can be computed
by using the Cayley-Menger determinant, [144]. Note that, “ \ ” in above
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equations denotes the set difference, thus ANki ∪{i}\j is the generalized volume
of the set Nki with node i added and node j removed. Fig. B.1, depicts the

1

1
𝑖

𝑖
3

2

3

2

Figure B.1: Inclusion test in R2 .

inclusion test in R2 . In Fig. B.1 (Left) node i lies inside the triangle formed
by the neighboring nodes, 1, 2 and 3, whereas in Fig. B.1 (Right) the inclusion
test is not passed.

B.2

Cayley-Menger determinant

Consider a set of m + 1 points, Θ` , in m-dimensional Euclidean space. CayleyMenger (CM) determinant is the determinant of an (m+2)×(m+2) symmetric
matrix, which uses the pairwise distance information in the set Θ` , to compute
the hypervolume, AΘ` , of their convex hull, C(Θ` ). The CM determinant is
given by
A2Θ`

=

1
sm+1

0
1m+1

1Tm+1
D

,

(B.3)
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in which 1m+1 denotes an m + 1-dimensional column vector of 1s, D =
{d2`j }, `, j ∈ Θl , is the (m + 1) × (m + 1) matrix of squared distances, d`j ,
within the set, Θ` , and
sm =

2m (m!)2
,
(−1)m+1

m ∈ {0, 1, 2, . . .}.

(B.4)

The second and third coefficients in the above sequence that are relevant in R2
and R3 are −16 and 288, respectively. Cayley-Menger determinant provides a
simple equation that extends to any dimensions. It computes the hypervolume
of m-dimensional simplexes and reduces to, e.g., Herons formula for the area
of a triangle in R2 , and volume of a tetrahedron in R3 .
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