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Abstract In this paper, we study a class of preconditioners to solve large-scale linear systems arising from fully

implicit reservoir simulation. These methods are discussed in the framework of the auxiliary space precondi-

tioning method for generality. Unlike in the case of classical algebraic preconditioning methods, we take several

analytical and physical considerations into account. In addition, we choose appropriate auxiliary problems to

design the robust solvers herein. More importantly, our methods are user-friendly and general enough to be

easily ported to existing petroleum reservoir simulators. We test the efficiency and robustness of the proposed

method by applying them to a couple of benchmark problems and real-world reservoir problems. The numerical

results show that our methods are both efficient and robust for large reservoir models.
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1 Introduction

Petroleum reservoir simulation is a tool for predicting hydrocarbon reservoir performance under various

operating conditions. It helps petroleum engineers to obtain information pertaining to the processes that

take place within oil reservoirs—information that can be used to maximize recovery and minimize envi-

ronmental damage. The fully implicit method (FIM), also referred to as simultaneous solution (SS) [?], is

a natural numerical discretization scheme that is widely-used in academic and commercial reservoir sim-

ulators at present. This method provides better stability than other often-used methods, such as implicit
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pressure explicit saturation (IMPES). However, FIM gives rise to coupled, non-symmetric, ill-conditioned

Jacobian systems, which are usually difficult to solve.

The most time-consuming part of FIM is solving the Jacobian system Ax = b at each Newton iteration.

Very often, solving such linear systems with direct or iterative solvers takes more than 80% of the

computational time in reservoir simulation. Furthermore, ever-increasing demand for more accurate

numerical simulation has led to larger and more heterogenous discrete field-scale reservoir models. And

such models entail larger and more difficult linear systems. Thanks to their applicability and limited

demands on memory, iterative methods are generally preferred over direct solvers for solving large-scale

sparse linear systems. In fact, Krylov subspace iterative methods, such as ORTHOMIN, BICGSTAB,

and GMRES, are widely employed in reservoir simulation.

Because iterative methods by themselves do not usually converge well for ill-conditioned problems;

therefore, researchers have proposed many preconditioners in an effort to accelerate convergence. Over

the last 50 years, the incomplete LU factorization (ILU) method, developed in the 1960s [?, ?]—a rep-

resentative of purely algebraic methods—has become one of the most commonly used preconditioners

in reservoir simulation. ILU provides an approximation of the exact LU factorization (computed via

Gaussian elimination) by specifying the sparsity of the L and U factors. Other popular purely algebraic

preconditioners, often referred to as black-box methods, include the block ILU method [?,?], the nested

factorization method [?, ?], and the SVD-reduction method [?]. Due to their simplicity and generality,

these methods have gained considerable interest from researchers in the field of reservoir simulation.

The convergence rate of purely algebraic preconditioners or solvers usually deteriorates as the size

of the problem increases. More importantly, they are not robust with respect to heterogeneity and

anisotropy. An alternative strategy is to construct preconditioners based on decoupling the primary

unknowns according to their physical properties. Representative examples using this strategy include

the combinative method [?], the constrained pressure residual (CPR) method [?, ?], and multi-stage

preconditioners [?, ?, ?, ?, ?]. These methods are suitable for certain reservoir simulation problems and

show great potential for field-scale reservoir simulation.

In this paper, we study a class of preconditioners for solving the Jacobian systems arising in FIM using

the auxiliary space preconditioning (ASP) framework [?]. In the last few years, ASP has been successfully

applied to several partial differential equations (PDEs), including the diffusion-convection-reaction equa-

tion, the linear elasticity model, the Stokes problem, the Navier-Stokes equation, complex fluids models,

and magnetohydrodynamics; see [?] for a summary of these applications. In [?], we proposed an auxiliary

space preconditioning method for petroleum reservoir simulation and the preliminary numerical results

presented therein are very promising.

The ASP framework provides a theoretical framework for designing and analyzing efficient solvers or

preconditioners for PDE-based problems: Using the special features and properties of each auxiliary space

or problem, ASP constructs preconditioners by constructing efficient approximation to the solution of each

auxiliary problem. One such example is the method of subspace corrections [?], where the auxiliary spaces

selected are subspaces of the original solution space. For example, the well-known domain decomposition

(DD) and multigrid (MG) methods can be analyzed using the method of subspace corrections.

In the ASP framework the auxiliary spaces are generally not restricted to subspaces. This is an

important feature because it makes ASP very attractive for complicated real-world applications. In

applications with complicated (possibly locally refined) grids, hierarchical grids are usually difficult if

even possible to be obtained. Grasedyck and Xu [?] developed an O(N logN) algorithm to construct a

hierarchical structured auxiliary grid that has the same local density as the original grid with N vertices.

This technique can be used to construct efficient auxiliary space preconditioners for practical problems

such as the pressure equation in the reservoir simulation. However, for the sake of simplicity, we will

choose auxiliary spaces to be the subspaces of the solution space in this paper.

Choosing appropriate auxiliary spaces, auxiliary problems, and their approximation schemes is the

key to achieving satisfactory overall performance of auxiliary space preconditioning. We use the physical
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heuristics and mathematical properties of the black-oil model and its modifications to choose appropriate

auxiliary problems:

• we choose auxiliary problems that decouple different primary unknowns without destroying the

physical and mathematical properties;

• we apply efficient and robust solvers and/or smoothers for each auxiliary problem according to

those properties;

• we use an algebraic method to solve the auxiliary problem for implicit wells; and

• we handle the strong coupling between different unknowns with an extra smoothing step.

We perform several numerical experiments, including million-cell black-oil test problems, to test the

effectiveness and robustness of our method. To test the simulation results and speed of the proposed

algorithm, we conduct preliminary comparison with benchmark results and simulation results produced

by Schlumberger’s1) Eclipse100 software. Preliminary comparisons on accuracy and efficiency between

the proposed method and solvers commonly used in commercial software are reported. And, the numerical

results indicate that the proposed method is efficient and robust.

The rest of the paper is organized as follows: The standard black-oil model and its modified version for

polymer-flooding are reviewed in Section 2. In Section 3, we introduce the auxiliary space preconditioning

framework, and based on this technique, we propose a preconditioner for the fully-implicit discretizations

for the black-oil model. In Section 4, we discuss the details of the implementation of this preconditioner.

Numerical results which show the effectiveness and robustness of our methods are presented in Section 5,

and concluding remarks are given in Section 6.

2 Mathematical Model

In this section, we will briefly review the mathematical formulation for multiphase flow in porous media;

for details, please refer to Chen, Huan, and Ma [?]. Here, we focus on the classical black-oil model and

its modified version for modeling polymer flooding. The nomenclature used in this section is listed at the

end of the paper.

2.1 Black-Oil Model

The black-oil model is developed based on the assumptions: (1) the reservoir is isothermal, (2) the flow

in the porous media has three phases (oil, gas, and water) and three components (oil, gas, and water),

(3) mass transfer occurs between the oil and the gas phases, and (4) no mass transfer occurs between the

water phase and either of the other two phases. The mass conservation equations of the black-oil model

can be written as follows:

∂
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where

uα = −kkrα
µα

(∇Pα − ραg∇z), α = o, g, w, (2.4)

1) http://www.slb.com
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So + Sg + Sw = 1. (2.5)

Among these equations, (2.5) represents the phase saturation balance. Note that for the sake of simplicity,

we assume that the capillary pressures between the phases are always equal to zero in (2.4), i.e. Pw =

Po = Pg and we use P to denote them.

We use the Peaceman model [?] for the volumetric well rates at the standard condition, i.e.,

QWs =

Nw∑
j=1

Mwj∑
m=1

2π∆L(j,m)

ln(r
(j,m)
e /rjw)

kkrw
µw

[P
(j)
bh − P − ρwg(z

(j)
bh − z)]δ(x− x

(j,m)), (2.6)

QOs =

Nw∑
j=1

Mwj∑
m=1

2π∆L(j,m)

ln(r
(j,m)
e /rjw)

kkro
µo

[P
(j)
bh − P − ρog(z

(j)
bh − z)]δ(x− x

(j,m)), (2.7)

QGs =

Nw∑
j=1

Mwj∑
m=1

2π∆L(j,m)

ln(r
(j,m)
e /rjw)

kkrg
µg

[P
(j)
bh − P − ρgg(z

(j)
bh − z)]δ(x− x

(j,m)). (2.8)

Here, if the wells are treated implicitly, the bottom hole pressure P
(j)
bh are unknowns that need to be

solved.

See the nomenclature at the end of the paper for the notations used in the above equations.

2.2 Modified Black-Oil Model

The importance of improving oil/gas recovery rate lies in the fact that to a significant extent, China

relies on oil (and gas) to meet its ever-growing need for energy. Furthermore, most of Chinas oil fields are

located in continental basins and many are characterized by serious heterogeneity, low permeability, and

high oil viscosity. Hence, we also consider a modified black-oil model, a variant of the classical black-oil

model designed to model the polymer flooding in enhanced oil recovery (EOR) or improved oil recovery

(IOR).

To this end, we add two more components, polymer and sodium chloride. The modified black-oil model

for this case is based on the following assumptions: (1) the porous media is compressible, (2) the flow in

porous media has three phases (oil, gas, and water) and five components (oil, gas, water, polymer, and

sodium chloride), (3) there is thermal degradation in the polymer, (4) the decline of the residual oil as an

effect of viscoelastic fluids is ignored, and (5) polymer and sodium chloride only exist in the water phase

and there is no mass transfer between the water phase and either of the other two phases.

Based on these assumptions, the modified black-oil model consists of (2.1)–(2.3) from the black-oil

model and the following two extra equations which govern the polymer and sodium chloride in the water

phase.

∂

∂t

(
φ
S∗
wCp
Bw

)
= −∇ ·

(
Cp
Bw

uw

)
+
QWs

Bw
Cp, (2.9)

∂

∂t

(
φ
SwCs
Bw

)
= −∇ ·

(
Cs
Bw

uw

)
+
QWs

Bw
Cs, (2.10)

where

uw = − kkrw
µw,effRk

(∇Pw − ρwg∇z), (2.11)

S∗
w = Sw − Sdpv. (2.12)

As mentioned above, we assume the capillary pressures between the phases are equal to zero, hence

Pw = P here. More details about the effects of the polymer and brine will be given in the numerical

experiments as needed.
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2.3 Jacobian System

Among the many possible discretization methods for the above model, we consider only the fully implicit

method (FIM) [?] in which the Newton linearization is combined with first-order upstream-weighting

finite difference spatial discretization; for details, see [?, Chapter 8]. Basically, we eliminate Sg from

(2.1)–(2.4) using (2.5) and plug (2.4) into (2.1)–(2.3). Moreover, we choose the main solution variables

to be the increments δP , δSw, and δSo and give the rest of the variables in terms of these main solution

variables.

In each Newton step, we need to solve a nonsymmetric and indefinite Jacobian system that has the

following two-by-two block2) form:

Ax = b i.e.

[
ARR ARW

AWR AWW

][
xR

xW

]
=

[
bR

bW

]
, (2.13)

where ARR is the derivatives of the reservoir equations with respect to the reservoir variables, ARW is the

derivatives of the reservoir equations with respective to the well variables, AWR is the derivatives of the

well equations with respect to the reservoir variables, and AWW is the derivative of the well equations

with respect to the well variables.

Furthermore, if we divide the reservoir variables into the pressure variable part and the non-pressure

variable part (saturations or concentrations), we can write the reservoir block ARR as a two-by-two block

matrix:

ARR =

[
APP APS

ASP ASS

]
, (2.14)

where APP corresponds to the derivatives with respect to the pressure unknowns, ASS corresponds to the

derivatives with respect to the saturation/concentration unknowns, and APS and ASP are the blocks that

couple the pressure and non-pressure variables.

In such cases, the linear system of equations (2.13) is often large, sparse, nonsymmetric, and indefinite.

Different blocks have different properties due to the analytic nature of their corresponding continuous

differential equations. The equation corresponding to the pressure unknowns is elliptic, the equation

corresponding to the saturation unknowns is hyperbolic, and the equation corresponding to the well

unknowns is algebraic. All these facts make the resulting Jacobian systems very challenging to solve.

Moreover, the complicated geometric and physical properties of the reservoir, such as the anisotropy and

heterogeneity, make the Jacobian systems more difficult to solve by transitional methods. In this paper,

we solve (2.13) using the preconditioned GMRES method [?] with an efficient and robust preconditioning

strategy based on auxiliary space preconditioning.

3 Auxiliary Space Preconditioning

In this section, we will briefly recall the auxiliary space preconditioning framework introduced in [?],

which was developed based on the fictitious spaces preconditioning techniques by Nepomnyashikh [?].

3.1 An abstract theoretical framework for SPD systems

Consider a symmetric positive definite (SPD) system:

Ax = b

on a vector space V equipped with an inner product a(·, ·) = (A·, ·). The auxiliary space preconditioning

method constructs a preconditioner by using approximate solvers on the following product of auxiliary

2) We denote the solution variable as xR := [δP, δSw, δSo]t and xW := δPbh.
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spaces:

V = V ×W1 × · · · ×WJ , (3.1)

where W1, . . . ,WJ are auxiliary (Hilbert) spaces endowed with inner products āj(·, ·) = (·, ·)Aj , j =

1, . . . , J . With appropriate transformation operators Πj : Wj 7→ V , we can define an additive pre-

conditioner as follows:

B = S +

J∑
j=1

ΠjA
−1
j Πt

j . (3.2)

A distinctive feature of the auxiliary space method is the presence of V in (3.1) as a component of V̄

together with the presence of the operator S : V 7→ V , which is usually called the smoother. It can be

proved that the preconditioner (3.2) admits the following estimate:

Theorem 3.1. [?, Theorem 2.1] Assume that

(Πjwj,Πjwj)A 6 c2j (wj, wj)Aj , ∀wj ∈Wj, (3.3)

(SAv, v)A 6 c2s(v, v)A, ∀v ∈ V, (3.4)

and, for each v ∈ V , there are v0 ∈ V and wj ∈Wj such that

v = v0 +

J∑
j=1

Πjwj,

and

(SAv0, v0)A +

J∑
j=1

(wj, wj)Aj 6 c20(v, v)A.

Then the condition number of the preconditioned system is estimated as follows:

κ(BA) 6 c20(c2s + c21 + · · ·+ c2J). (3.5)

Naturally, we can give a multiplicative version of (3.2) and obtain the following iterative method:

x← x + S(b− Ax), and x← x + ΠjA
−1
j Πt

j (b− Ax), j = 1 : J. (3.6)

Under the same assumptions of Theorem 3.1, we have the following theory (see [?]).

Remark 3.2. [?, Remark 1] Under the same assumptions as those in Theorem 3.1, the convergence rate

of (3.6) depends only on c0, cs, cj (1 6 j 6 J), and J .

Remark 3.3. The method of subspace corrections (MSC) is a special case of the auxiliary space pre-

conditioning technique, in which Wj is a subspace of V . Another special case is the fictitious space

lemma [?] developed by Nepomnyashikh, which differs from the auxiliary space preconditioning tech-

niques in that it does not use the smoother S. The auxiliary space preconditioning method has been

applied to many other problems, such as the Maxwell equation, the H(div) problem [?], and fourth-order

elliptic problems [?]. We refer to [?] for a comprehensive introduction to the auxiliary space precondition-

ing framework. The preconditioner (3.2) introduced in this section can be viewed as an additive version

preconditioner, and its multiplicative variant can be found in [?].

3.2 Auxiliary space preconditioning for the fully implicit method

Now we discuss how to use the auxiliary space preconditioning technique to solve (2.13) arising from the

discretization of the (modified) black-oil model. As stated earlier, different blocks in the Jacobian system

have different properties and the couplings between different unknowns are strong. In order to design

a robust and efficient preconditioner, we should take full advantage of all the analytical, mathematical,

and physical properties of the (modified) black-oil model. Our preconditioner consists of three key steps:
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1. apply simple decoupling strategies to weaken the coupling between different unknowns;

2. transform the complicated Jacobian system into several simpler auxiliary problems and design

robust and efficient solvers for each; and

3. combine all the auxiliary problems together with a smoother for the original Jacobian system in

order to define a preconditioner.

Next, we discuss these key steps in of the preconditioning algorithm in detail.

3.2.1 Decoupling

The decoupling technique is a preprocessing step designed to weaken the coupling between different

unknowns. It is usually applied to the reservoir block ARR to decouple the pressure unknowns from the

non-pressure (saturation/concentration) unknowns. This technique has been studied by many researchers

(e.g. [?, ?, ?, ?]) successfully. We apply the decoupling technique to the entire Jacobian system A using

what is referred to as the alternative block factorization (ABF) strategy introduced by Bank et al. [?]:

Solve the following preprocessed equation

Ãx = b̃, with Ã = D−1A and b̃ = D−1b, (3.7)

where

D =


diag(APP) diag(APS) diag(APW)

diag(ASP) diag(ASS) diag(ASW)

diag(AWP) diag(AWS) diag(AWW)

 . (3.8)

This decoupling strategy is effective in closeting the eigenvalues of matrix Ã, which can, in turn, reduce

the convergence rate of GMRES. This decoupling scheme has been widely used for the reservoir block ARR

with a similar block diagonal preconditioner DRR. Moreover, Klie [?] also notes that D−1
RRARR is preferred

in practice over ARRD−1
RR , because the latter might spoil the diagonal-dominance of ARR.

Remark 3.4. There are many other options for decoupling, such as Householder transformations, the

IMPES-type method, and the BSD method based on the least square method. Their performance and

comparison can be found in [?, ?, ?]. For the present study, we chose the ABF approach due to its

simplicity and reasonable decoupling effects. Investigating efficient and robust decoupling strategies

beyond the scope of this paper.

Remark 3.5. In practice, we construct the preprocessed linear system Ã explicitly and then apply the

preconditioned GMRES method on Ã. Therefore, we need to compute the inverse of the decoupling

matrix D. This is done by reordering D according to the cells, which will lead to a block diagonal matrix

in which each block on the diagonal is a 3 × 3 matrix (black-oil model) or a 5 × 5 matrix (modified

black-oil model).

Note that, in the rest of this section, we apply our preconditioner on Ã instead of A. For the sake of

simplicity, we use A to denote the preprocessed linear system D−1A. The same convention applies to b.

3.2.2 A multiplicative preconditioner

The primary unknowns that we are solving in the (modified) black-oil model are the pressure, satura-

tion/concentration, and bottom hole pressure (BHP) of the implicit wells. Therefore, it is natural to

introduce auxiliary problems for each primary unknown, and to use their properties to construct an

auxiliary space preconditioner. Assume that we have already been given the auxiliary problems AP, AS,

and AW for the pressure, saturation/concentration, and BHP of the implicit wells, respectively, and the



8 X. Hu, J. Xu, C.-S. Zhang Sci China Math for Review

corresponding transfer operators ΠP, ΠS, and ΠW, together with a smoother S for A. We will discuss how

to construct these auxiliary problems and their solvers in the next section, §4.

Now an additive version of the auxiliary space preconditioner can be defined as

Ba := S + ΠPA−1
P Πt

P + ΠSA−1
S Πt

S + ΠWA−1
W Πt

W.

In practice, instead of computing the inverse operators exactly, we use approximate solvers for each

auxiliary problem, i.e. A−1
P , A−1

S , and A−1
W are approximated by BP, BS, and BW, respectively. This leads

to the following additive preconditioner, which is still denoted by Ba:

Ba := S + ΠPBPΠt
P + ΠSBSΠt

S + ΠWBWΠt
W. (3.9)

Moreover, in order to achieve better efficiency and robustness, we use the following multiplicative version

of the preconditioner (Algorithm 1) in practice.

Algorithm 1 A multiplicative preconditioner for the (modified) black-oil model

Given an initial guess x

x← x + ΠWBWΠt
W(b− Ax),

x← x + ΠSBSΠt
S(b− Ax),

x← x + ΠPBPΠt
P(b− Ax),

x← x + S(b− Ax).

It is easy to see that Algorithm 1 defines a preconditioner Bm such that

I− BmA = (I− SA)(I− ΠPBPΠt
PA)(I− ΠSBSΠt

SA)(I− ΠWBWΠt
WA). (3.10)

and in this paper, we use Bm as a preconditioner for the GMRES method to solve the Jacobian sys-

tem (3.7).

4 Construction of auxiliary problems

The choice of auxiliary problems is crucial to the overall performance of the preconditioner Bm in Algo-

rithm 1. We want the auxiliary problems to preserve the properties of the governing equations so that it

will be possible to construct an efficient solver for each auxiliary problem. It is worthy to point out that,

in this paper, we construct auxiliary problems algebraically for simplicity. In practice, we have more

freedom to adjust these auxiliary problems.

4.1 Implicit well constraint auxiliary problem

Implicit wells and the reservoir are usually strongly coupled together, and this strong interaction may

cause the traditional linear solvers to converge slowly or even to fail to converge [?]. The Peaceman

equation, basically an algebraic equation, describes the constraint on the flow rate. Its non-PDE character

suggests that the implicit well constraints should be treated separately. However, the strong coupling

suggests that they should be handled together, and the coupled strategy is preferred in general. We

choose AW such that both facts are taken into account. First of all, the AWW part is included in AW and

decoupled from the ARR part. Secondly, notice that the coupling between the reservoir and the implicit

wells happens at the perforated cells; therefore, the choice of AW should also involve those perforated

cells.

More precisely, we can rearrange the Jacobian system in (2.13) as follows:

A =⇒


A11 A12 0

A21 A22 ĀRW

0 ĀWR AWW

 , (4.1)
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where A11 is derivative of the reservoir equations on the imperforated grids with respect to the reservoir

variables on the imperforated grids, A12 is the derivative of the reservoir equations on the imperforated

grids with respect to the reservoir variables on the perforated grid, A21 is the derivative of the reservoir

equations on the perforated grid with respect to the reservoir variables on the imperforated grid, and A22

is the derivative of the reservoir equations on the perforated grids with respect to the reservoir variables

on the perforated grid. Now we choose the auxiliary problem

AW =

[
A22 ĀRW

ĀWR AWW

]
. (4.2)

As an example, we show a 3×3 grid (see Figure 1, Left) with an injection well at the center (perforated

at the cell 2 and 5). The Jacobian matrix A is a bordered system (in grey); see Figure 1 (Center). After

the reordering, we get a new matrix as in Figure 1 (Right).

1 2 3

4 5 6

7 8 9

1

1 2 3

4 5 6

7 8 9

1

Figure 1 Reordering for well variables and perforated cells.

Remark 4.1. Note that, the coupling between the reservoir and the well equations is fully covered in

AW. In general, the size of AW is relatively small, such that we can solve it exactly by a direct method,

i.e. BW = A−1
W .

Remark 4.2. In practice, on the cells that are close to the perforated cells, the coupling between the

reservoir and the wells may also be strong. We can, therefore, choose AW such that they are also included.

This can be done in the same way as above.

4.2 Saturation/concentration auxiliary problem

For the auxiliary problem for saturation/concentration, we set AS = ASS. As stated earlier, the equa-

tion describing the saturation unknown is mainly hyperbolic. Moreover, the upstream-weighting tech-

nique [?] is used in our discretization. For such problems, the block Gauss-Seidel (BGS) method with

downwind ordering and crosswind blocks is an efficient method; see [?,?] for details. Therefore, we adopt

the method here and use it to approximate A−1
S . In general, such downwind ordering can be obtained

by the Tarjan algorithm [?, ?]. Note the fact that the multiphase flow in the porous media flows from

high-pressure cells to low-pressure cells. For convenience, we can simply obtain the downwind ordering by

ordering the pressure unknowns. Theoretically, after reordering, AS is close to a lower triangular matrix.

Hence, the Gauss-Seidel method can be applied to solve such kind of matrices efficiently.

Remark 4.3. In some models proposed for polymer flooding, the diffusion effect of the polymer is also

considered. When this diffusion effect is relatively strong, we can adjust the saturation (or concentration)

smoother to account for the elliptic nature of the auxiliary problem.

4.3 Pressure auxiliary problem

It is known that AP preserves the ellipticity of the pressure equation, and we expect it to be possible to

apply efficient solvers like the algebraic multigrid (AMG) method [?,?,?,?,?] to define BP. Based on this
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expectation, we choose completely decoupled auxiliary problems in which the coupling is handled by the

smoother S. One such example is the well-known constrained pressure residual (CPR) preconditioner [?].

We can include the well unknowns (bottom hole pressure for rate-constrained wells) to construct AP

as well, i.e.,

AP =

[
APP APW

AWP AWW

]
.

Clearly, this choice helps resolve the coupling between the wells and the reservoir. Usually, BP is an

approximate inverse of AP achieved via a few AMG cycles. In practice, the performance of the AMG

method may degenerate due to the anisotropy and heterogeneity of the reservoir. Moreover, the prepro-

cessing step (3.7) and the extra well unknowns may destroy the elliptic property of this auxiliary problem.

In this case, we can apply the combined preconditioner technique introduced in [?], in which the AMG

method and the ILU preconditioner are combined to define an effective solver BP for AP.

Remark 4.4. The CPR method, originally proposed in [?], has been applied in many petroleum reservoir

simulators. It can be presented for the reservoir block ARR in the following form:

BCPR := S(I− ARRM) + M, (4.3)

where S is usually LSOR or Incomplete LU factorization and where

M =

[
BPP 0

0 0

]
, with BP ≈ A−1

PP .

Remark 4.5. There are several multi-stage methods, including the CPR-type preconditioners, which

are defined by a different choice of M. Other possible choices of M are[
BP 0

0 BS

]
,

[
B−1
P 0

ASP B−1
S

]−1

, or

[
B−1
P APS

0 B−1
S

]−1

,

where BP ≈ A−1
PP and BS ≈ A−1

SS .

Remark 4.6. In the CPR-type methods, the coupling is handled by S besides the standard techniques

discussed in §3.2.1. This choice may not be effective or robust, especially for strongly coupled problems.

The coupling between the reservoir and the wells is usually strong, suggesting that we should choose

coupled auxiliary problems yet maintain the property of each unknown. It is on this basis that it is

possible for us to design a good solver for each auxiliary problem.

4.4 Smoother for the coupled system

While the CPR preconditioner and its variants are chosen such that the auxiliary problems are completely

decoupled, the smoother S handles the coupling and must, therefore, be strong. Hence, it is necessary to

use an expensive smoother like LSOR or ILU. However, we choose coupled auxiliary problems, which al-

lows us to use computationally cheaper smoothers. In this paper, we simply employ the block Gauss-Seidel

method as S and apply downwind ordering and crosswind blocks to improve the method’s performance

without introducing much extra work (we use the same downwind ordering and crosswind blocks as those

used for solving AS).

The auxiliary problems and the smoother are combined as shown in Algorithm 1, which defines the

auxiliary space preconditioner Bm for the (modified) black-oil model. Bm then serves as a preconditioner

for the GMRES method. In the next section, we will present several numerical examples to demonstrate

the effectiveness and robustness of the preconditioner Bm.
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5 Numerical Experiments

In this section, we describe several numerical experiments and analyze the performance of the proposed

auxiliary space preconditioner Bm. All the experiments were performed on a desktop with Intel i7 CPU

and 8GB DDR3 memory. The code was compiled using Microsoft Visual Studio 2008 and Intel C/C++

compiler 12.0.1.

The developed auxiliary space preconditioning method has already been implemented in the FASP

solver package.3) Therefore, in this section, we will just call it FASP for simplicity. For testing purposes,

we plugged the FASP solver into the Monix simulator,4) which can solve reservoir problems involving up

to five components (three pseudo-hydrocarbon components, inert gas, and water) flowing in two or three

dimensions in a single- and/or dual-porosity mode by the fully implicit method. At each Newton-Raphson

iteration, the GMRES method with the auxiliary space preconditioner was applied in order to solve the

resulting Jacobian matrix.

We compare the simulation results of Monix with the industry-standard commercial software, Eclipse100

(2009 version). The Eclipse family of reservoir simulation software offers the industrys most complete

and robust set of numerical solutions for fast and accurate prediction of dynamic behavior, for all types

of reservoirs and degrees of complexity–structure, geology, fluids, and development schemes.

5.1 Modified SPE1 Benchmark

The first test problem is based on the SPE1 (Case B5) ) comparative test [?]. The permeability and the

porosity are homogenous. The porosity is 0.3 and the permeability is set to kx = ky = 500 mD and

kz = 100 mD. There is one gas injector and one producer, which are located at two opposite corners.

The total simulation time is 10 years. We use this test problem to study the algorithmic scalability of

the proposed auxiliary space preconditioning method for the black-oil model. For this purpose, we refine

the original grid in order to obtain a sequence of different structured grids—their sizes are 20× 20× 10,

80×80×20, 100×100×20, 160×160×20, and 200×200×30. Note that although the grid size decreases

as we refine it, this does not lead to higher heterogeneity. In real applications, higher grid resolution

usually leads to higher heterogeneity and hence to more difficult Jacobian systems to solve.

We designed this test problem to test only the scalability of our preconditioner. In Table 1, we report

the total number of Newton steps, the total number of iterations of the linear solver, the total wall time,

the total linear solver time, and the average linear solver time for each Newton iteration. From this

table, we can see that the CPU time for solving one Jacobian matrix is proportional to the size of the

test problem. The table shows that the FASP method has optimal computational complexity for this

black-oil test problem and is potentially scalable.

5.2 SPE10 Benchmark

This test problem uses the second dataset from the Tenth SPE Comparative Solution Project [?], which

was designed to compare the ability of upscaling approaches used by various participants to predict the

performance of a water-flooding in a simple but highly heterogeneous black-oil reservoir described by a

fine-scale (60 × 220 × 85) regular Cartesian geological model. The model has a simple geometry, with

no top structure or faults. The model dimensions are 1200 × 2200 × 170 (ft). The top 70 ft (35 layers)

represents the Tarbert formation, and the bottom 100 ft (50 layers) represents Upper Ness. There is one

injector in the center of the field and four producers, one at each of the four corners. The total simulation

time is 2,000 days.

3) http://fasp.sourceforge.net
4) Monix is a reservoir simulator developed by Monix Energy Solutions, Inc. http://www.monixe.com
5) Variable bubble-point pressure case
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Problem Size
# Newton # Linear Total Wall Linear Solver Average Linear

Steps Iterations Time Time Solver Time

20× 20× 10 333 4,820 91s 88s 0.25s

80× 80× 20 1,262 11,411 2,246s 1,887s 1.50s

100× 100× 20 1,409 12,677 3,537s 2,821s 2.00s

160× 160× 20 2,223 19,275 13,067s 9,826s 4.42s

200× 200× 30 2,372 19,195 29,260s 22,140s 9.33s

Table 1 Performance of the FASP preconditioner for the refined SPE1 benchmark (case B).

The problem statement specified that the intent and the basis for competition was to compare the

accuracy of the solution. We compared our numerical results with the benchmark results from Landmark,

Geoquest, Chevron, and Streamsim; see Figure 2. We find that our results are in good agreement with

the reported results based on other simulators. The total wall time for a single simulation run for the

SPE10 problem (1.1M grid cells) using Monix with the proposed preconditioner is less than 40 minutes.

The CPU times for the linear solvers and other parts of the Monix simulator are reported in Table 2. We

note that, if using Eclipse100, non converging linear solutions will force the simulator to use extremely

small time steps, which results in long turnaround time (more than 120 hours).

Figure 2. Comparisons of simulation results using different simulators. Left: Field oil production rate (FOPR); Right:

Field average pressure (FAP).

5.3 Black-Oil Field Test

This test example is based on a field problem in eastern part of China. The reservoir is characterized by a

complex fault block-oil reservoir model with six small fault blocks. The problem has very complicated oil–

water interfaces. The numerical simulation begins with a non-equilibrium initial state and has multiple

PVT and relative permeability partitions. Due to the lack of natural energy, the development process

mainly relies on water injection. The simulation history is 30 years with a total of 242 wells during peak

time of oil development. We use a 71×140×42 corner-point grid with several fault planes. The resolution

on the horizontal direction is about 30 meters. A summary of the numerical results is given in Table 3.

In particular, the proposed preconditioner is very robust for this field test problem.
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Components Wall Time Comments

Reading input 1.5

Initialization 1.5 Including initializing and scheduling

Linear solver 29.0 295 Newton iterations in total

Others 5.0 Including assembling, time-stepping, logging, ...

Total 37.0

Table 2. The CPU time cost (in minutes) of each component in simulating Model 2 in SPE10. The

linear solver (FASP) counts for 78% of the total wall time and the time cost of each linear solver is 5.9

seconds (9.9 linear iteration) on average.

Simulator # Time Steps # Newton Iter Wall Time Avg. Wall Time

Eclipse100 606 2136 136 minutes 3.8 seconds

Monix 1425 6012 87 minutes 0.87 seconds

Table 3. The CPU time for the entire field simulation and the average wall time for each Newton

iteration.

5.4 Polymer-Flooding Field Test

This test problem is a 157 × 53 × 57 (corner-point grid) five-component modified black-oil model for

polymer-flooding (see §2) geological model based on a structural-lithological reservoir. The geological

model, which is based on an offshore reservoir in China, has complicated top structural and several

faults.6) In addition, more than 80% of the grid blocks are inactive. There are 37 working wells in peak,

and the simulation period lasts 10 years. In the first seven years, all the injectors inject water; after

that, eight start to inject some polymer solution and continue to do so for the next three years. The

non-Newtonian effect of polymer-flooding is modeled by non-constant effective viscosity

µw,eff := µw

[
1 + (β(Cp, Cb)− 1)M(uw)

]
,

where β(Cp, Cb) > 1 and 0 6 M(uw) 6 1 are the given functions.7) Using this real field test, we

investigate the robustness of the proposed preconditioners for both the black-oil model (three primary

variables in each grid cell) and the modified black-oil model (five primary variables in each grid cell),

water flooding and polymer flooding, complex well conditions, geological faults, etc. A summary of the

numerical results is given in Table 4; the proposed preconditioner is very robust for this field test problem.

The linear solver (FASP) counts for 67% of the total wall time in Monix and the time cost of each linear

solver is 0.58 seconds (5.7 linear iteration) on average.

6 Conclusions

We applied the auxiliary space preconditioning framework to field-scale reservoir simulation and proposed

an effective and robust preconditioner for solving large-scale Jacobian systems arising from a fully implicit

6) Geological faults are modeled using non-neighboring connections.
7) Their explicit expressions are determined by lab experiments and omitted here.
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Simulator # Time Steps # Newton Iter Wall Time Avg. Wall Time

Eclipse100 628 1562 81 minutes 3.11 seconds

Monix 728 2650 38 minutes 0.86 seconds

Table 4. The CPU time for the entire field simulation and the average wall time for each Newton

iteration.

discretization scheme. It is crucial to choose the auxiliary problems according to the mathematical and

physical properties of the unknowns:

• The pressure equation is mostly elliptic, and AMG methods are efficient for solving this auxiliary

problem;

• The ordered block GS method is used as an efficient smoother for the saturation (and/or concen-

tration) auxiliary problem;

• Direct solvers can be applied to solve the well constraints together with the flows at the perforated

cells due to their small size.

Most importantly, we have to take into account the coupling between different variables. And, as our

choice of auxiliary problems take the coupling into account, we can use a relatively cheap global smoother,

such as the ordered block GS smother.

We tested the efficiency and robustness of the new method by applying it to several numerical examples,

including million-cell black-oil models and a polymer-flooding model. The numerical results show that

our method is quite robust and also has good scalability, both of which are important for field-scale

reservoir simulation.
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Nomenclature

• φ: Porosity

• k: Permeability

• Sα: Saturation of the α-phase

• Sdpv: Percentage of inaccessible pore volume for polymer

• S
∗
w: Saturation of the polymer

• µα: Viscosity of the α-phase

• µγ,eff: Effective viscosity for the γ-phase/component

• Pα: Pressure of the α-phase

• Pcow, Pcgo: Capillary pressure

• uγ : Velocity of the γ-phase/component

• Bα: Formation volume factor of the α-phase

• krα: Relative permeability of the α-phase



X. Hu, J. Xu, C.-S. Zhang Sci China Math for Review 15

• ρα: Mass density of the α-phase

• ρr: Mass density of rock

• Rs: Gas solubility

• Rv : Oil volatility

• Rk: Relative permeability-reduction factor

• Cab: Percentage of polymer adsorption

• Cp, Cs: Concentration of polymer and sodium chloride in the water phase.

• q̃γ : Source/Sink for the γ-phase/component

• Qβs: Volumetric flow rates in standard conditions for the β-component

• g: Gravitational acceleration

• z: Depth

• Subscript s: Indicator for standard conditions

• δ(x): Dirac delta function

• Nw: total number of wells

• Mw,j : total number of perforated zones of the jth well

• ∆L
(j,m)

: segment length of the mth perforated zone of the jth well

• x
(j,m)

: central location of the mth perforated zone of the jth well

• r
(j)
w : well bore radius of the jth well

• r
(j,m)
e : drainage radius of the jth well at the gridlock in which x

(j,m)
is located

• p
(j)
bh : bottom hole pressure of the jth well at the well datum z

(j)
bh .


