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ABSTRACT

X-ray inspection systems play a critical role in many non-destructive testing and security applications, with
systems typically measuring attenuation during transmission along straight-line paths connecting sources and
detectors. Computed tomography (CT) systems can provide higher-quality images than single- or dual-view
systems, but the need to measure many projections through the scene increases system complexity and cost.
We seek to maximize the image quality of sparse-view (few-view) systems by combining attenuation data with
measurements of Compton-scattered photons, that deflect after scattering and arrive at detectors via broken ray
paths that provide additional sampling of the scene. The work below presents experimental validation of a single-
scatter forward model for Compton-scatter data measured with energy-resolving detectors, and demonstrates a
reconstruction algorithm that combines both attenuation and scatter measurements. The results suggest that
including Compton-scattered data in the reconstruction process can improve image quality for few-view systems.

Keywords: Compton scatter, broken-ray, tomography, baggage screening, X-ray

1. INTRODUCTION

X-ray inspection plays an important role in medical,1 industrial2 and airport security3,4 applications. While
single-energy systems are most common, much recent development in X-ray inspection has focused on improving
material identification (for example estimating the density and photoelectric coefficient of objects) by use of
dual- and multi-energy CT acquisition systems.5,6 Specifically, the results in7,8 suggest that energy resolving
systems perform more robustly for material characterization. Energy-resolving detectors have also been shown
to improve material identification in scenes including highly attenuating objects,9 an important advantage in
luggage screening applications where metal objects are frequently encountered.

CT systems used in medical imaging are generally able to collect data projections at a large number of
angles fully encircling the object. In contrast, in many security applications including luggage screening and
kVp spectral CT,10 access to the object from different views are limited while material characterization remains
quite critical. There have been a variety of investigations into limited-view tomography methods, several of
which exploit energy-resolved measurements and enforce similarity across energy channels.10–12 However, the
limited-view CT problems remains quite challenging.

Our hypothesis is that image quality can be improved in limited-view tomography by processing not only
straight-line attenuation projections through the object, but also broken-ray data whereby photons travel from
the source to a scattering object, deflect via Compton scattering to a new angle (with corresponding energy shift),
and then are measured at a detector. Including these broken-ray paths in the inversion process dramatically
increases the number of geometric ray paths through the investigation domain, and thus holds the potential to
reduce image artifacts. However, processing this scattered data (typically regarded as noise in CT) brings several
challenges, notably the low number of counts associated with these raypaths and the computational burden of
modeling the additional paths (the forward model for Compton scatter tomography models attenuation from the
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source to the scattering point, the scattering process itself, and attenuation of the scattered photon as it travels
to the detector).

Compton scatter tomography has been explored previously and has been shown to have advantages over
conventional CT systems in nondestructive evaluation applications13 and materials characterization.14 More
specifically, Compton scattering is sensitive to structural and density variation within the object15 by provid-
ing a strong contrast mechanism comparing to total attenuation.16 Analytic Compton scattering tomography
reconstruction methods are available, but are limited to specific data acquisition geometries.17,18 Numerical
reconstruction algorithms, such as the one discussed in this paper, are applicable to more general geometries.
Unlike the work presented here, many previous publications either assume that an X-ray attenuation map is
known a priori from a traditional CT scan (resulting in a linear mapping from density to observations),16 or do
not fully model the energy dependence of the attenuation.19,20 Our forward model is more closely related to
that in,21 although that work includes fluorescence effects which are not important in our application and also
seeks to recover a fluorescence attenuation map.

The remainder of this paper is organized as follows. In Section II, we describe the system geometries of
interest and introduce the models we use for both energy resolved Compton scatter data (see9 for a more
complete description of our model for attenuation data). We also introduce an reconstruction algorithm that
combines both attenuation and scatter measurements. In Section III we describe an experimental testbed and
present comparisons of experimental data and forward model predictions, showing good agreement in both
energy-integrated and energy-resolved measurements. Because data from the initial experimental exhibited
several notably artifacts (not discussed here in detail), we present simulation results showing the advantage of
reconstructions that use both scattered data and attenuation (transmission) measurements. Finally, we conclude
and discuss future work.

2. FORMULATION

In this section we first describe our forward model for Compton-scattered data in detail (transmission data are
processed using the forward model discussed in9). We then outline the reconstruction algorithm used to combine
both types of data.

2.1 Forward model for Compton scattering
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Figure 1. Problem configuration.

Figure 1 illustrates a two-dimensional cross section of the problem configuration, where the slice plot is over
they x − y plane while the z-axis is assumed to be invariant. This scenario models a pencil-beam X-ray source
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scanning across the investigation domain. Three domains are shown in the figure, labeled as Sinv, Sexc and Smea.
Sinv is the investigation domain where the object(s) being imaged are located, Sexc is the excitation domain, and
finally, Smea is the measurement domain where the detectors are located. rsou

s ∈ Sexc and rdet
d ∈ Sdet are position

vectors that points to source and detector locations, respectively. Here s = 1, 2, ..., N sou denotes the source, with
N sou being the number of source locations. Similarly d = 1, 2, ..., Ndet denotes the number of detectors, with
Ndet being the number of detector locations. The source at location rsou

s illuminates the investigation domain
at multiple incident beam angles φa, a = 1, 2, ..., Nang, where Nang is the number of angles per source location,
(see Figure 1). rint

s,a ∈ Sinv is position vector that points to an interaction point inside the investigation domain,
that lies within an incident beam due to source s and angle a. In Figure 1, the incident X-ray beam will emit
from source location rsou

s at angle φa. While crossing the investigation domain it will interact with material
inside, which will cause non-coherent Compton scattering, on position rint

s,a. The number of photons collected at

detector rdet
d , due to interaction point rint

s,a for incident energy Einc is given by:

g
(
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s , rint

s,a, r
det
d , Einc

)
=

I
(
Einc

)
H
(
rsou
s , rint
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inc
)
S
(
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det
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)
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det
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)
ρ
(
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Ω
(
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) (1)

where I
(
Einc

)
is the number of photons emitted by the source at energy Einc. H

(
rsou
s , rint

s,a, E
inc
)

computes the
incident beam attenuation that occurs while the incident photons travel from source location rsou

s to interaction
point rint

s,a. Similarly, H
(
rint
s,a, r

det
d , Esca

)
computes scattered beam attenuation while the scattered photons travel

from interaction point rint
s,a to detector location rdet

d . Notice that Compton scattering is non-coherent, hence

the attenuation after scattering H
(
rint
s,a, r

det
d , Esca

)
will depend on the photon scattering energy Esca which is

described in Eq. 4. The function S
(
rsou
s , rint

s,a, r
det
d , Einc

)
computes the fraction of photons scattered toward

detector rdet
d at interaction point rint

s,a due to source location rsou
s . ρ

(
rint
s,a

)
is the material density evaluated at

interaction point rint
s,a. Finally, Ω

(
rint
s,a, r

det
d

)
is the solid angle function of a rectangular detector at rdet

d viewed

from interaction point rint
s,a. In the following, computation of Eq. 1 is further described. The attenuation functions

are computed as

H
(
rsta, rend, E

)
= exp

(
−
∫
l(rsta,rend)

µ (r′, E) dl′

)
(2)

where rsta is the start of the attenuated beam, rend is the end of the attenuated beam and E is the photon
energy. The integral inside the exponent function is a line integral that runs from rsta to rend. The integrand
µ (r, E) is the attenuation coefficient function, given by

µ (r, E) = NA
Z(r)

A(r)
ρ(r)fKN (E) + p(r)fp(E) (3)

where NA is the Avogadro number and Z(r) and A(r) are the atomic and mass numbers, respectively. ρ(r)
and p(r) are the material density and photoelectric coefficients, while fp(E) = (E0/E)3 is the photoelectric
energy factor with E0 as the referenced energy. The energy factor of the Compton scattering is given by the
Klein-Nishina cross section

fKN (E) =
1 + α

α2

[
2(1 + α)

(1 + 2α)
− 1

α
ln(1 + 2α)

]
+

1

2α
ln(1 + 2α)− 1 + 3α

(1 + 2α)2

where α = Einc/(mec
2), where me and c are the electron mass and speed of light, respectively. In Eq. 1, the

scattered photon energy Esca is

Esca =
Einc

1 + α(1− cos(θ(rsou
s , rint

s,a, r
det
d ))

(4)

where the angle θ(rsou
s , rint

s,a, r
det
d ), as shown in Figure 1, is computed as follows

θ(rsou
s , rint

s,a, r
det
d ) = cos−1

(〈
rint
s,a − rsou

s , rdet
d − rint

s,a

〉∣∣rint
s,a − rsou

s

∣∣ ∣∣rdet
d − rint
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∣∣
)
. (5)
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Referring back to Eq. 1 , the scattering factor S
(
rsou
s , rint

s,a, r
det
d , Einc

)
is computed as follows:

S
(
rsou
s , rint

s,a, r
det
d , Einc

)
= NA

Z(rint
s,a)

A(rint
s,a)

r2
e

2 [1 + α(1− cos θ)2]

[
(1 + cos2 θ) +

α2(1− cos θ)2

1 + α(1− cos θ)

]
where re is the electron radius and θ is given by Eq. 5 .

Note that Eq. 1 computes the scattered photons over a particular interaction point due to a single incident
energy. The total number of photons scattered from all the interaction points lying across the incident beam
and scattered toward the detector location rdet

d at a given energy E is computed as

gtot
s,a,d(E) =

∫ Einc,high

Einc,low

∫
l(rsous ,rend)

g
(
rsou
s , rint

s,a, r
det
d , Einc

)
δ(E − E sca)dlintdEinc (6)

where l(rsou
s , rend) is the path traversed by the a-th angle beam, and rend is the end point where the beam leaves

the system. Let ḡs,a,d be a vector that store samples of gtot
s,a,d(E) for different energies Ei, i = 1, 2, ..., N enr, where

N enr is the number of detector energy bins:

ḡs,a,d =



gtot
s,a,d(E1)

gtot
s,a,d(E2)

.

.

.
gtot
s,a,d(ENenr)

 (7)

The measured data recorded by the multi-energy detectors are affected by the interaction of photons inside the
detector.6 The detector response matrix D̄ accounts for this interaction. Letting m̄ be a vector that stores the
samples produced by the multi-energy detector, we compute:

m̄s,a,d = D̄ḡs,a,d (8)

Assume that the investigation domain Sinv is discretized using equal sized pixels, with N cel being the number of
discretized cells. The line integrals in Eqs. 2 and 6 will be evaluated using Riemann sum of the paths discretized
over the grid.22 Let ρ̄ and p̄ be N cel × 1 vectors that store samples of ρ(r) and p(r) with position r evaluated
at the discretized cell centers. Let m̄ be a vector that cascades the discretized version of m̄s,a,d over all s,a and
d, and let f(ρ̄, p̄) be the function that computes all the entries of m̄, given in term of the material coefficients
(density and photoelectric coefficient). f(ρ̄, p̄) computed as described by the r.h.s of Eq. 8, and Eqs. 7, 6 and 1.
The output of the forward model will then be written as:

m̄ = f(ρ̄, p̄) (9)

For the sake of clarity, m̄ denotes the calculated output of the forward model. Real data collected from the
experiment will be cascaded just as explained with m̄ but will be referred to as vector d̄.

2.2 Reconstruction algorithm

This section describes the reconstruction algorithm, which uses both transmission (Tx) and scatter data to
image material properties. As the photoelectric coefficient has relatively small impact on the measurement if
compared to the density, its reconstruction process is challenging.23 The focus on this paper will illustrate
density reconstruction only, while photoelectric reconstruction will be investigated in future work. The Tx data
are processed using the sinogram decommission approach explained in,9 which is used to decompose the Tx data
into photoelectric and density sinograms. With use of a transmission system matrix T̄, a linear system can be
built to relate the density and photoelectric coefficients to their sinograms.

ρ̂ = arg min
ρ̄

{
0.5γsca

∥∥f(ρ̄, p̄)− d̄
∥∥2

2
+ 0.5γtra

∥∥T̄ρ̄− s̄den
∥∥2

2
+ λTV |∇ρ̄|1

}
(10)
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where γsca, γtra and λTV are optimization parameters used to weight the Compton scattering data misfit,
transmission density sinogram misfit and the regularization term, respectively. The regularization term is needed
to tackle the ill-posedness of the inverse optimization problem. Here total variation (TV) regularization is used
which is computed as the first-norm of the density gradient, and λTV is the regularization parameter. The total
variation penalty promotes or enhances the edge content of images. In Eq. 10 , s̄den is the density sinogram. To
solve the problem in Eq. 10 , an estimation of the photoelectric coefficient p̄, must be known. Due to the fact
that p̄ has small contribution to the measurement d̄, it will be assumed to be zero. The optimization problem,
Eq. 10 , is then solved using a steepest descent algorithm

Step 1.0 : ρ̄0 = 0, p̄0 = 0
Step 2.0 : Determine γsca, γtra, λTV, β
Step 3.0 : for i = 0, 1, ..., NSD

Step 3.1 : ρ̄i+1 = ρ̄i − γscaωsca
i ∂ρ̄if (ρ̄i, p̄0)

∗ (
f (ρ̄i, p̄0)− d̄

)
− γtraωtraT̄∗

(
T̄ρ̄i − s̄den

)
− λTV∇.

(
∇ρ̄i√
|∇ρ̄i|2+β

)
Step 3.2 : end loop

Step 1 sets the initial density and photoelectric coefficient to zero. Step 2 sets the optimization parameters,
where β < 1 is a small positive real number used to remove the derivative singularity of the TV regularization
term in Eq. 1. Step 3 is the main loop of the algorithm that computes the steepest descent iteration steps
and is known as Landweber algorithm,24–26 where NSD is the number of steepest descent iterations. Step 3.1
computes the steepest descent iteration, where ∂ρ̄if (ρ̄i, p̄0)

∗
is the adjoint derivative operator of the nonlinear

Compton scattering solver f (ρ̄i, p̄0). The iteration step size of the Compton scattering model and transmission
model are determined by ωsca

i and ωtra, which are computed as the reciprocal of the maximum singular values
of ∂ρ̄if (ρ̄i, p̄0) and T̄, respectively. The last term in Step 3.1 is the derivative of the relaxed TV regularization

λTV

√
|∇ρ̄i|2 +β which approaches TV regularization as β → 0.

(a) (b)

Figure 2. Experiment setup, showing (a) Picture of the testbed and (b) Layout of the experiment.

3. NUMERICAL RESULTS

In this section, experimental and simulation results are illustrated to verify the forward model and to study some
simulated reconstruction results of density.
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3.1 Experimental testbed

A multi-energy X-ray testbed system was constructed to experimentally measure both transmission and Compton
scattering in a controlled environment using energy-discriminating detectors. This testbed, shown in Fig. 2,
consists of an L-shaped detector array mounted on an optical table. The detector array consists of ME-100
photon-counting detectors (Multix, Inc., Moirans, France), arranged in 14 modules each containing 128 detectors.
Five modules were arranged on one side of the L with 9 on the other (giving 1792 detectors in total, with 640
detectors distributed over x = 41.96 cm and −26.53 ≤ y ≤ 25.6 cm while the remaining 1152 detectors are
distributed over y = 26.75 cm and −53.32 ≤ x ≤ 40.71 cm). A lead collimator was used to eliminate scatter
from objects not in the vertical plane of the detectors. During data collection, detectors were operated at the
finest energy resolution, outputting 128 evenly spaced energy channels from 20-160 keV. This represents an
over-sampling, as the actual energy resolution of the ME100 is closer to 5 keV.

A roughly 60 cm x 40 cm section of the optical table was outfitted with regular 2”x2” indentations that allow
the repeatable positioning of material samples and other image targets. Both 2” square and 2” diameter circular
test objects were used. The objects were interrogated using a single X-ray source (bremsstrahlung spectrum with
peak energy 160 keV and average energy 62 keV) emitting a pencil beam which was swept across the detector
array. This source was mounted on a pivot and could be precisely moved to interrogate the scene from different
angles. In this work, we consider three source locations, namely a 0 degree source at (x, y) = (−76.2, 0) cm, a 45
degree source at (−53.88,−53.88) cm and a 90 degree source at (0,−76.2) cm. There are total of 1792 detectors,
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Figure 3. Forward model verification (a) Total photon counts per detector, and (b) Photon counts per energy bin at
detector 1550.

3.2 Forward model verification

A Delrin (CH2O) target of 2.54 cm radius is placed at the center of the experimental fixture. The X-ray source
is located at 0 degrees while the beam angle is directed toward the object center. Figure 3(a) shows the sum
of photon counts over all the energies at each detector using both experimental and simulation results. In the
experimental results, the photons are collected over 0.1 msec time slots and are then averaged over 200 time slots
for a total integration time of 20 sec. On the other hand, Figure 3(b), shows the number of photon counts per
energy at detector number 1550, for both simulation and experiment. In Figure 3, the simulation results show
an excellent match to the experimental results.

3.3 Reconstruction via simulation

In this simulation example, the investigation domain contains three targets, PVC (C2H3Cl) located at (7.62, 7.62)
cm, Delrin (CH2O) located at (0, 0) cm and HDPE (C2H4) located at (−7.62,−7.62) cm. The X-ray sources
are located at (−76.2, 0) cm, (−53.88,−53.88) cm and (0,−76.2) cm. At each source location, 53 incident beam
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Figure 4. Simulated reconstructed result, showing (a) Actual density profile, (b) Reconstruction using both transmission
and scattering data, (c) Reconstruction via transmission only, and (b) Log of relative norm error versus iteration number.

angles were used. The measurements are collected over 256 detectors. The actual profile of density is shown on
Figure 4(a). To illustrate the benefit of Compton scattering data, two reconstruction tests are carried, i) using
both Compton scattering data and transmission data, λsca = 1 and λtra = 1, and ii) using only transmission
data, λsca = 0 and λtra = 1. Under both tests, λTV = 0.1. Figures 4(b) and 4(c) show the density profile
reconstructions under both assumptions, while Figure 4(d) shows the profile relative norm error of both tests.
The results clearly illustrate the benefit of contributing Compton scattering data to the inversion algorithm as
the profile details noticeably improved.

4. DISCUSSION AND FUTURE WORK

The previous section demonstrated that the forward model developed in this work matches experimental data
closely, and that the proposed reconstruction method is capable of incorporating scatter and transmission mea-
surements in an inversion scheme which can produce better output than reconstructions using transmission data
only. The initial testbed demonstrated some data artifacts, but the testbed has been redesigned to mitigate
these artifacts. We anticipate demonstrating density reconstructions from data using measurements that will be
made on the improved testbed.

The reconstruction of density, discussed in the previous sections, is relatively well-posed as compared to
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reconstruction of photoelectric absorption coefficients. This is attributed to the fact that the measured data
are weakly correlated with the photoelectric coefficient in Eq. 1, due to the low sensitivity of absorption on
photoelectric coefficient (see Eq. 3). In the future work, in order to recover an accurate photoelectric profile
image, an approach based on regularization by denoising with non-local mean filtering will be studied.27,28

Additionally, schemes based on multi-objective optimization can be exploited to effectively balance the data
misfits of both the transmission and scattering data. We anticipate that these or related methods will lead to
improved reconstruction of photoelectric absorption in the scene, leading to an improved ability to estimate
material parameters.
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