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Abstract

The purpose of this work is two-fold. First, we will explore what can be said about
some particular conjectures concerning centralizers and orbits of algebraic groups
when considering a ground field of small characteristic. Second, we attempt to un-
derstand non-restricted Lie algebra representations for standard Levi form by gener-
alizing some existing machinery.

Specifically, in Chapter 2 we provide a proof of the existence of Levi decompo-
sitions of nilpotent centralizers in classical groups of bad characteristic. Then, in
Chapter 3, we provide an initial approach to a conjecture of Steinberg in good char-
acteristic related to understanding the orbits of an algebraic group by that of its
faithful representations. This conjecture was previously known (due to Steinberg)
in characteristic zero or “sufficiently large”, while our approach is valid for certain
elements in almost good characteristic and provides a smaller restriction for the anal-
ogous case of certain elements in the Lie algebra. Finally, in Chapter 4 we generalize a
construction of Jantzen in the special setting of standard Levi form. Here we study an
important type of module called a baby Verma module and build its smaller parabolic

analogue. It turns out that these both yield the same unique simple quotient.
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Chapter 1
Introduction

We begin this work by investigating questions related to orbits and centralizers for
the conjugation action of a reductive algebraic group on elements in its Lie algebra,
as well as orbits of elements in the group. In particular, we study the structure of
nilpotent centralizers and how to begin to understand conjugacy in the group under
different representations, concerning ourselves with how these objects change when
we consider our group over a field of smaller characteristic and many traditionally
useful constructions are not valid.

Next, we examine the irreducible representations of Lie algebras of algebraic
groups in positive characteristic by exploring modules for their reduced enveloping
algebras, looking at so-called nonrestricted representations and try to understand
them algebraically. We will be interested primarily in the situation of “standard Levi
form”, when certain standard modules are endowed with unique maximal submod-
ules. Our aim is to expand on and generalize existing machinery to better realize
simple modules.

In the following sections of this chapter, we will provide some background and an

overview of the results for each of these subjects.



1.1 Orbits and Centralizers of Nilpotent Elements

in Small Characteristic

For more than 50 years, mathematicians have been studying the structure of orbits
and centralizers of nilpotent and unipotent elements in algebraic groups, applying this
information to better understand subgroup structures and Lie algebra representations,
among other subjects. Major results in this area include Steinberg’s connectedness
theorem for centralizers of semisimple elements, the Richardson-Lusztig theorem on
the finiteness of unipotent orbits, and the Bala-Carter-Pommerening classification of
unipotent orbits (see [H95] or | ).

Over time, much has been learned about these objects, particularly for algebraic
groups over fields of “large enough” characteristic, where the situation mirrors that of
characteristic zero. In chapters 2 and 3, we are interested in what can be said in the
remaining cases — do certain properties still hold, or do certain pathological aspects
of smaller characteristic change the structure of what we are looking at? Specifically,
does a centralizer of a nilpotent element have a Levi decomposition for classical groups
in bad characteristic, and can we distinguish between orbits in small characteristic

by looking at the images of elements under representations?

1.1.1 Levi Decomposition of Centralizers

Let H be a connected linear algebraic group over an algebraically closed field k
with unipotent radical U. A Levi factor of H is a reductive subgroup L such that
H ~ U x L. We then say that H has a Levi decomposition. It is important to note
that this is an isomorphism of algebraic groups, so the existence of a subgroup of H
isomorphic to H/U is not enough to ensure a Levi decomposition; one must check
that the projection map is an isomorphism at the level of the tangent spaces as well.
This amounts to showing that the Lie algebras of U and L have an empty intersection.
When the characteristic of k is p > 0, Levi factors need not exist for an arbitrary
group H (see Section 3.2 of [M10]).

Now, consider a reductive algebraic group G over a field k of characteristic p > 0,
and let g = Lie(G) be its Lie algebra. For a nilpotent element e € g, we might ask

whether its centralizer in GG, denoted Cg(e), has a Levi decomposition. When the



characteristic of our field is very large, this can be shown to be true by embedding e in
an sly subalgebra, much as one would in characteristic zero. In the cases where k is of
good characteristic, we can (after some work) use the analogous notion of associated
cocharacters and proceed similarly (see Section 5 of [JO4]). The question remains:
what should we do when the characteristic is bad, and associated cocharacters need
not exist?

As a natural starting place, we will first consider the classical groups. So, let G =
Sp(V) or O(V) for a finite dimensional vector space V over a field k of characteristic
2. A recent book by Liebeck and Seitz (| |) provides a wealth of information
about the structure of centralizers in these (and other) situations. In it, they produce
a distinguished normal form for the action of a nilpotent e on V. This involves
decomposing V' into certain indecomposables for the action of e (dating back to
Hesselink in | ]). In defining this form, they give rise to a certain one-dimensional
torus 1" which acts by particular weights on chosen basis vectors, somewhat taking
the place of an associated cocharacter.

Liebeck and Seitz give the precise form of the reductive quotient of the con-
nected centralizer Cz(e)?/R,(Cg(e)) and show that there exists a closed subgroup
L < Cg(e)? isomorphic to it as an abstract group. We hope that this L is our Levi
subgroup but, unfortunately, existence as an abstract subgroup is not enough to en-
sure a Levi decomposition in bad characteristic (see Section 3.3 of [\ 10]). To be sure,
we have to check that the projection map is compatible on the level of Lie(Cg(e)?).
That is, if 7 : Ce(e)® — Cg(e)?/R,(Cg(e)) is the projection map, we need dr|pe(r)
to be bijective.

When G = Sp(V), we are able to establish uniformly that L is an honest Levi
factor infinitesimally as well as on the level of groups through a bit of representation
theory (see Proposition 2.3.2). This method works occasionally when G = O(V);
though when Cg(e)?/R,(Cg(e)) contains SOy, 1 factors, these will not act simply on
their natural modules, making this case incompatible with our current approach. To
get a full result in the orthogonal group, we are forced to use a much more “hands-on”
approach (see Proposition 2.4.5). With this, we are able to combine the two results
in Theorem 2.4.6 to state finally that the connected centralizer of a nilpotent element

in a classical group in bad characteristic does indeed have a Levi decomposition.



1.1.2 Conjugacy Under Representations

Given an algebraic group GG with Lie algebra g, at the outset the question might arise
of how to best arrange the elements of G and g. A natural way to do so is to collect
the elements into conjugacy classes for the action of G on itself, or for the adjoint
action of G on g. Then we might wonder: how can we tell these classes apart? Can
we parameterize them in some way?

It turns out that the regular class functions for G, regular functions which are
constant on conjugacy classes, give us a partial answer to these further questions.
They can distinguish between classes of semisimple elements, though they do not
provide enough information to separate classes in general. So, if class functions are
not robust enough, perhaps studying all of the faithful representations of G will do
the job.

In 1966, Steinberg conjectured that it could be determined whether two elements
in a semisimple algebraic group were conjugate by checking that they were conjugate
under every rational representation. He later proved this result when the ground
field was of characteristic zero or “sufficiently large”, greater than roughly four times
the Coxeter number. In Chapter 3, we use a result of Lawther to describe and ap-
proach for verifying Steinberg’s conjecture for certain group elements with exceptional
semisimple centralizers when the characteristic is good, with a single exception in type
F,. We then extend the proof, using results of McNinch, to orbits of certain elements
in the Lie algebra under the adjoint action of G, though with a few more restrictions

on the characteristic.

1.2 Lie Algebra Representations

Early work in the field of modular Lie algebra representation theory is highlighted
by papers of Zassenhaus and Curtis from the 1940’s and 1950’s (see [Z10], [Z51],
[ [Nl ]), though activity receded a bit over the next few decades. More recent
developments include the algebraic constructions of Friedlander and Parshall in the
late 1980’s and early 1990’s (see | I, [ 11 ]); the fundamental 1994 paper

of Andersen, Jantzen, and Soergel ([ ]); and later work by Jantzen in the late



1990’s and early 2000’s (see [J99], [J00], [JO4]). Even more recently, the algebro-
geometric methods of Bezrukavnikov, Mirkovi¢, and Rumynin gave a count for the
number irreducible Lie algebra representations in | |. The goal of chapter 4 is
to explore and generalize a previous algebraic approach due to Jantzen.

Let us begin by briefly discussing the mathematical story of Lie algebra rep-
resentation theory in positive characteristic, largely following the great surveys of
Humphreys [H958] and Jantzen [J97]. We will note that realizing the representation
theory in general will depend strongly on understanding different types and structures
of nilpotent elements, suggesting our work in the previous two chapters. Though we
will not use those previous results directly, the interplay between these two fields, Lie
algebra representation theory and nilpotent orbit structure, is very evident.

Let g be the Lie algebra of a reductive algebraic group G over a field k of character-
istic p > 0. As is often the case, we want to be able to understand the representations
of g. These correspond, as in characteristic 0, to modules for the universal enveloping
algebra U(g). In contrast to the characteristic 0 situation, a result of Curtis in | ]
states that the dimensions of these modules are finite and, moreover, bounded. This
is due to the fact that the center Z(g) of U(g) is a finitely generated k-algebra in
characteristic p, and U(g) is a finitely generated Z(g)-module.

Now, Z(g) contains 2?7 — z!P! for all 2 € g, where 27 is the pth power in the
enveloping algebra and z!?! is the pth power in g (which injects into U(g)). So, given
a simple U(g)-module M, each 2P —2[P! acts on M as a scalar x(z)? by Schur’s lemma,
and hence defines a character y of g called the “p-character” of M. For any x € g*,
define

Uylg) = U(g)/(2? —al” — x(2)" | z € ).

This is called the reduced enveloping algebra of g for . It has dimension p?™®) and
a Poincaré-Birkhoff-Witt basis of monomials made up of elements of a basis for g
with each exponent less than p. In a way, we can now partition our search for simple
U(g)-modules by characters of g: simple U(g)-modules with p-character y correspond
to simple modules for U, (g). Note that U, (g) ~ Uy(g) if x and x’ are in the same
G-orbit, so we can choose x up to conjugacy.

When x = 0, we call U,(g) the restricted enveloping algebra. Understanding

this is the goal in some sense, as simple Uy(g)-modules correspond to an important



class of simple rational modules for G. One prospective approach to understand-
ing the restricted representations of g has been by so-called “deformation” from the
non-restricted setting, moving representations continuously through non-restricted
characters until we reach the restricted case (see | |). This, along with interest
in the relationship between the structure of the category of modules of U(g) and the
geometry of conjugacy classes in g = Lie(G), compels us to study modules for U, (g)
when y # 0.

Following Jantzen, we will often impose what are referred to as the “Standard

Hypotheses” on our reductive group G:
(SH1) The derived subgroup of G is simply connected;
(SH2) The prime p is good for g;
(SH3) There exists a G-invariant nondegenerate bilinear form on g.

Highlighting the third condition, notice that such a form (, ) gives us an isomorphism
of g ~ g* by identifying = € g with x,(y) = (z,y).

Now, fix a maximal torus 7' < G and set h = Lie(T'). Let R be the root system
for G with R* a system of positive roots, and let A be the set of simple roots. We

have a triangular decomposition:
g=n @bhdn"

Here n* (respectively n™) is the sum of all g, root spaces with a > 0 (respectively
a < 0), and we call bT = h@n™ (respectively b~ = h@n~) the positive (respectively
negative) Borel subalgebra containing b.

We have one last important observation due to Kac and Weisfeiler in | | that
allows us to further narrow down our study of reduced enveloping algebras. It is
enough to understand U, (g)-modules when x is nilpotent, i.e. x(b™) = 0, since one
can essentially find another reductive Lie algebra m and nilpotent character y’ in m*
such that the category of modules for U, (g) is equivalent to the category of modules
for Uy (m).



1.2.1 Standard Levi Form

Next, we discuss the algebraic constructions that allow us to find simple U, (g)-
modules and label them by certain characters of g. This is the positive characteristic
analogue to “Category O” story over C (see [[H91]). We will pay specific attention to
the situation when y is in so-called “standard Levi form” and later investigate what
can be gained by considering parabolic induction, the focus of chapter 4.

For any A € h*, we can define a one-dimensional h-module ky, which is just the
field k£ with h € b acting as A(h). Now, for A € A, where we define

Ay = {Xeb* | A(R)P — A(hPY) = x(h)P for all h e b},
we can extend ky to a one-dimensional module for U, (b"). Then, define

Zy(N) = Ux(9) Quyo+) k-

This is called a “baby Verma module”, suggesting the Verma modules over C, and it

has dimension p™™") as well as a k-basis {z22%2 ...2%" @1 |0 < a; < p,a; € R™}.

With a theorem due to Rudakov, we can now (almost) label simple modules.

Theorem 1.2.1. ([1270]) Every simple U, (g)-module is the quotient of some Z,(\)
for A e b*.

When x = 0, each of the Z, () have a unique simple quotient, though this can
break down in the non-restricted case. Let us now focus on a particularly nice class
of x £ 0 where we can still identify the simple quotients of baby Verma modules.

Asin | |, we define x € g* to have standard Levi form if there exists a subset
I < A such that x(x_,) # 0 for « € I, and x(z_,) = 0 otherwise. We can think
of such a character under the identification g ~ g* as a regular element in the Levi
subalgebra of the standard parabolic p;.

By an early theorem of Zassenhaus [Z10], attributed even earlier to Whitehouse
and Witt, a unipotent Lie algebra (which one can think of as the Lie algebra of a
unipotent algebraic group) has only one simple module up to isomorphism for its
reduced enveloping algebra. This, along with the n~-module isomorphism Z, (\) ~

U, (n™), gives us the following theorem (see [J97] 10.2, or | ).



Theorem 1.2.2. If x has standard Levi form, then each Z,(X\) has a unique maximal

submodule.

So, each such Z, () has a unique simple quotient, which we can unambiguously
call L, (\). Since each simple U, (g)-module is the quotient of a Z, ()), these make up
all of the simple representations. Furthermore, two such simple modules L, ()) and
L, (p) are isomorphic if and only if € Wy, A. Here W; is the Weyl of the root system
R; generated by I, and it acts on h* via the “dot action”: we A = w(\ + p) — p, with
p the unique root such that {(p,a”) =1 for all simple roots a.

In the special case of I = A, we are looking at a regular nilpotent character y.
Premet’s proof (] ]) of the Kac-Weisfeiler conjecture (] ]) states that every
simple U, (g)-module has dimension divisible by p2 dmQ00  where Q(x) is the G-orbit
of x. When x is regular, dimQ(x) = 2|R*| = 2dim(n~). But now, as observed
dim(n™) L

above, each Z, (\) has dimension p — p2mQ0) hence must be simple. So, in

this situation, we have Z,(\) ~ L, (A).

1.2.2 Categories and Filtrations

The simplicity (for lack of a better word) of the regular case helps us unravel the
baby Verma modules for more general characters in standard Levi form since, as ob-
served above, such a character corresponds to a regular element in a Levi subalgebra.
Complete knowledge of the composition factors of the Z, (\) would provide valuable
information about the simple modules L, (X). In [J97], Jantzen begins the process of
achieving this by building, piece by piece, a map from each baby Verma module to
an appropriate “shifted” module that is dual to it in some sense. In chapter 4, we
will attempt to emulate this machinery in the setting of parabolic baby Verma mod-
ules. It turns out that adapting Jantzen’s approach to the parabolic case encounters
computational and combinatorial difficulties.

Later, in [J00], Jantzen is able to find filtrations of Z, (\) by considering a local ring
A obtained by localizing the polynomial ring k[T'] at {I"y and constructing generalized
baby Verma modules over A in a graded category of modules C4. He builds filtrations
of these A-forms using maps as mentioned in the previous paragraph, which in turn

yield filtrations of the original baby Verma modules over k. This gives a formula
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describing the sum

212V

>0
in the Grothendieck group of U, (g)-modules, where the i index the filtration. This
“sum formula” proves useful because, among other things, it leads to a type of linkage
principle that says if the multiplicity [Z, (A): Ly (A\)] & 0, then p 1 A for an order rela-
tion 7. These sorts of results in the parabolic case would be the natural continuation
of the material in chapter 4, if the aforementioned issues were to be overcome.

This all itself is a generalization of results from | | for when y = 0 (and
I = ). In [J00], Jantzen obtains explicit lists of characters (of length (W: W7y))
in a dot orbit of A such that, given a character A" in a list, the only u such that
[Z,(N): Ly(p)] + 0 are those also in the list ([J00], Lemma 4.12). He then uses these
results to explicitly compute character and dimension formulae for the simple modules
in specific cases where I is large, and in these cases confirms “Lusztig’s Hope” [ ].

Furthermore, in | ], the authors note that when A = F'is a field, the analo-
gous category Cr becomes semisimple. Later in chapter 4, we will see that the baby
Verma modules over F' are simple just as loc. cit.. We conjecture, though, that they
are not projective, thus we expect not to have Cr semisimple for y # 0 in standard

Levi form.



Chapter 2

Levi Decompositions of Nilpotent
Centralizers in Bad Characteristic:

Classical Groups

2.1 Preliminaries and Good Characteristic

Let G be a connected linear algebraic group over an algebraically closed field k with
unipotent radical U. A Levi factor of G is a reductive subgroup L such that G is
isomorphic to the semidirect product of U and L. We then say that G has a Levi
decomposition. The key here is that we must have an isomorphism of algebraic groups,
so the existence of a subgroup of G isomorphic to the reductive quotient G/U is not
quite enough to know that we have a Levi decomposition. We must check that the
differential of the projection map is an isomorphism of Lie algebras. So, we need to
show that Lie(U) and Lie(L) have an empty intersection. When the characteristic of
k is p > 0, Levi factors need not exist in general (see, for example, [I167]).

To see that the existence of a complement to the unipotent radical isomorphic
to the reductive quotient is not enough to ensure a Levi decomposition, consider the
example from Section 3.3 of [M10] (which comes from | | Section 3.15). Let
W = k% and V = SPW, the pth symmetric power of W. Now, consider the subspace
of V of all pth powers of vectors in W, which we will denote WM. Then the stabilizer
P = stab(Wl) < GL(V) is a maximal parabolic subgroup. Let W’ be any linear

11
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complement to W in V', and let M’ be the reductive subgroup of P generated
by GL(W) < GL(V) and GL(W'), the latter acting trivially on W, Now, if 7 :
P — P/R,(P)
since M' n R, (P
to P/R,(P) ~ GL(WU) x GL(V /W), The usual choice for a Levi factor, M =
GL(WI x GL(W'), leaves W' invariant, yet there is no complement to W in V

which is stable under M’. Therefore, M and M’ cannot be conjugate, which is a

is the projection map, then 7|y is a purely inseparable isogeny,

) is trivial and hence M’ maps isomorphically as abstract groups

requirement for all Levi factors of a parabolic subgroup ([I175] Theorem 30.2). Thus
M’ is not a Levi factor of P.

Return now to our general connected algebraic group G over the field k. We say
that the characteristic p of the field k is bad when p = 2 and G contains a simple
factor not of type A,; p = 3 and GG contains a simple factor of type Go, Fy, or E,;
or p = 5 and G contains a simple factor of type Es. Otherwise, we say that the
characteristic good.

Let g be the Lie algebra for G, and consider Cg(e) the centralizer of a nilpotent
element e € g for the adjoint action of G. In [JO4] Sections 5.10-11, Jantzen proves
that, when the characteristic of G is good, Cg(e) has a Levi decomposition. Let us
present a rough sketch of the proof.

For a cocharacter 7 : k* — G, we can get a grading of g given by
g(i) = {Aeg| Ad(r(t))(A) = t'A for all t € k™ }.

Define 7 to be associated to our nilpotent element e if e € g(2), and if there exists
a Levi subgroup H of GG such that e is distinguished in the Lie algebra of H and
the image of 7 contained in the derived group of H. These cocharacters are meant
to replicate the existence of an sly-subalgebra containing e in smaller characteristic,
where such subalgebras may not exist unless the characteristic is sufficiently large.
In good characteristic, associated cocharacters exist and are conjugate under the
connected centralizer of e ([J01] Lemma 5.3, originally | ] Theorem 2.5).

Now, 7 defines a parabolic subgroup P, of elements g € G such that the limit
hm 7(t)g7r(t)~! exists. The Lie algebra of P, is the direct sum of g(i) with ¢ > 0, and
has a Levi decomposition with Levi subalgebra equal to g(0). Hence, the unipotent
radical of P, has Lie algebra the sum of g(i) with ¢ > 0.

By intersecting the centralizer of e with this Levi decomposition, we find, with
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help from the aforementioned characterization as graded pieces of g, that multiplica-
tion induces an isomorphism of varieties between the centralizer and the product of
its intersections with the Levi factor and unipotent radical of P,, respectively. Fur-
thermore, the intersection with the Levi factor is reductive, and hence Cg(e) has a
Levi decomposition.

The challenge in bad characteristic is that associated cocharacters do not exist
for all nilpotent elements, so this approach will not work. We will need some other
machinery to understand whether or not Cg(e) has a Levi decomposition. To begin,
we may restrict our focus to the first examples of algebraic groups in bad characteris-
tic: the classical symplectic and orthogonal groups over a field of characteristic two.
Fortunately, in | ], Liebeck and Seitz provide ample structure which we may use

to answer this question.

2.2 Indecomposables

From this point forward, let G = Sp(V') or O(V) for a finite dimensional vector space
V' over an algebraically closed field k of characteristic p = 2, and let g = Lie(G).
Then G preserves a nondegenerate symmetric bilinear form (, ) on V and, when
G = O(V), a quadratic form (). For a nilpotent element of e € g, let V' | e be
the restriction of V' to the action of e. In Chapter 5 of | ], Liebeck and Seitz
produce V' | e as an orthogonal direct sum of certain indecomposables V' (m), W (m),
and W;(m) using a one-dimensional torus 7' < G, the impetus of which comes from

Hesselink in | |. For Sp(V'), they are defined as follows:

1. V(m) has basis v; for i = —(m—1), —(m—3),...,m—3,m—1, with (v;,v_;) =1
and (v;,v;) = 0 for j # —i. Each v; is a vector of T-weight ¢, and e acts as a

single Jordan block by e.v; = v;15 for i <m — 1 and e.v,;,_1 = 0.

2. W(m) has basis r;,s; for i = —(m —1),—(m — 3),...,m — 3,m — 1, with
(riys—i) = (s;,r—;) = 1 and all other basis inner products zero. Each r;,s; is
a vector of T-weight 7, and e acts with two totally singular Jordan blocks by

e.r; =1, and e.s; = S;.0 for i <m — 1, and e.r,,_1 = €.8,,_1 = 0.

3. Wi(m) for 0 < [ < % has basis v;, w; fori = —(20—-1),...,21—1,2[4+1,...,2m—
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21-1and j = —(2m—20—-1),...,2l—3,2{—1. Here, the subspace (w;) is totally
singular, {(v;) has a radical subspace of (v; | i =20+ 1,...,2m — 2l — 1) with
nondegenerate quotient, and (v;, w_;) = 1 with (v;, w;) = 0 for j # —i. Each v,
and w; is a vector of T-weight ¢ and j, respectively, and e acts by e.v; = v;19

and e.w; = wjio, With e.vy,, 91 = e.wy_; = 0.
When G = O(V), the indecomposables are:

1. W(m) is defined identically as for Sp(V'), with the stipulation that Q(v;) =
Q(w;) = 0 for all 7.

2. Wi(m) for - < I < mhas basis v;, w; fori = —(21-2),...,-2,0,2,...,2m—2I
and j = —(2m — 20),...,20 — 2. Here, the subspaces (v;) and (w;) are totally
singular for the bilinear form, Q(vg) = 1, and Q(v;) = Q(w;) = 0 otherwise.
Each v; and w; is a vector of T-weight ¢ and j, respectively, and e acts by

€.V; = Viyo and e.w; = Wjt2, With e.vo,, 91 = e.wy_1 = 0.

Using these indecomposables, Seitz and Liebeck give an orthogonal decomposition

referred to as distinguished normal form:
Vle= > W(m)™+ > Wy (n) + Y, V(2k;)“
i i j

Here the sequences (n;), (I;), and (n; — [;) are strictly decreasing, all ¢; < 2, and
ki > mn; —; or k; <; for all 4,5 (when G = Sp(V')). Note that the V(2k;)% factors
do not appear when G = O(V).

The following lemma will go very far in aiding our pursuit of Levi decompositions,

particularly in the symplectic group:

Lemma 2.2.1. Let C <€ GL(V), R be the unipotent radical of C, and H < C be a
reductive closed subgroup such that H ~ C'/R as abstract groups. Let 0 = Vo < V; <

. Vo, =V be a filtration for C. If W = @, Vi/Vi_1 is a faithful module for H on
which R acts trivially, then the projection map

m:C—C/R

has the property that dr|piemy is a bijection. In particular, H is a Levi factor of C.
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Proof. First, note that, since H ~ C/R, the bijectivity of dm|piem) follows from
injectivity for dimensional reasons. So, we need only prove that dm|iem) is injective.

Let P < GL(V) be the full stabilizer of W. So, C' < P and P/R,(P) ~ GL(W) x
GL(V/W). Consider the map from C to GL(W) given by

¢:C < P — P/R,(P) ~ GL(W) x GL(V/W) — GL(W)

composing inclusion, the quotient map, and projection to the first coordinate. The re-
striction ¢|g is a closed embedding, as W is a faithful H-module. Since the unipotent
radical of C' acts trivially on W, and we have R < ker(¢).

We now have the commutative diagram

X

GL(W)

C/R
¢

where the map C'/R — GL(W') comes from the universal property of the quotient.

Since ¢|g is a closed embedding, so too is w|y. Therefore, d7T|Lie( m) is injective. [

2.3 The Symplectic Group

For the one-dimensional torus 7" used to define the indecomposables, let C (T, e) =
Cg(e) n Cq(T). Then, using the distinguished normal form, Seitz and Liebeck give

the following results in | ].

Theorem 2.3.1. Let G = Sp(V') and e be a nilpotent element of Lie(G) with the

gien distinguished normal form of V | e. Then
(1) Ce(e) is connected with Ci(e) ~ R, (Ca(e))Ca(T,e),
(ii) Cale)/Ru(Cale)) ~ 11; Spaa;,

(iii) []; Spaa; < Ca(Te).
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So, the reductive quotient of C(e) exists as a closed subgroup, but we must check
that the projection map is compatible on the level of Lie(Cg(e)) in order to have a
Levi decomposition. To show this, we will use Lemma 2.2.1 along with the explicit
construction of [ [, Speq, < Ce(T,e) by Liebeck and Seitz in | | Lemma 5.7. As
we will see, the actions defined in loc. cit. are fairly natural; the key is that these
subgroups can be shown to give the entire reductive quotient.

Also note that we need only check the Levi decomposition of C (T, e). By Theo-
rem 2.3.1, the Lie algebra of the proposed Levi factor is contained entirely in T-weight
zero, and thus it can only intersect the Lie algebra of R, (Cg(e)) within Lie(Cq (T €)).
Specifically, since Co(T, e) n R,(Cg(e)) is connected (see [H75] Proposition 28.1) and
Ce(e) ~ R, (Cg(e))Cq(T, e), we have Cg(e)/R,(Ca(e)) ~ Ca(T,e) n R,(Ca(T,e)).

Proposition 2.3.2. Let G = Sp(V') for V a finite dimensional vector space over a
field k of characteristic 2, and e be a nilpotent element of Lie(G) with distinguished

normal form V' | e as in Section 2.2. Then Cg(e) has a Levi decomposition with Levi
factor [, Spaa, -

Proof. Let H = [ [, Spag,, and let 0 = Vj < V; < ... < V,, = V be a composition
series for C' = Cg(T,e). Consider a summand Z = W (m;)* of the distinguished

normal form of V' | e.

(i) Suppose m; is even. Then we have an embedding Sp;,, ® Spaa, < Sp(Z). The
restrictions of e and 7' to Z are conjugate to a nilpotent element e,,, acting
as a single Jordan block on sp,, and a one-dimensional torus 7" acting with
the appropriate weights on Sp,,,, respectively. These are obviously centralized
by Spaa;, giving the factor Spa,, < Cal(em;,T") = Ca(e,T). Now, ker(e,,,) =
kT ® k** for some m;-dimesnional vector F. So 1 ® Spa,, acts on ker(e,,,) as

Spaq, naturally acts on k% which is simple and faithful.

(ii) Suppose m; is odd. Then T decomposes Z into 2a;-dimensional weight spaces
Z; for weights
j: _(m2_1)77_2707277(m1_1>

Zy is non-degenerate under the bilinear form with a group Sps,, acting on it

preserving this form. The action of Spy,, is extended to all of the other weight
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spaces on Z by applying e (which takes Z; to Z;;2), and this action commutes
with T"and e. Let e,,, be the restriction of e to Z. Now, we have Spy,, < Cq(T),€)

acting simply and faithfully on, in particular, ker(e,,,) = Z,, 1 ~ k.

Putting this all together, we have H = []. Sps,, acting simply and on each
ker(e,,; ), since an Spa,, factor acts trivially when & # j.

Let M; = V;/V;_;. Since R = R,(Cg(T, e)) is normal, the fixed point set M <= M;
is a C-submodule. By the Borel fixed point theorem ([[75], 21.2), M is nonempty,
thus we must have M® = M; by simplicity. Now that we know R acts trivially on
each V;/V;_y, they become simple C'/R-modules. Hence, as H ~ C/R, each ker(e,,,)
must appear as a composition factor, with H acting faithfully on @, ker(e,,,). We
now extend the faithful action of H to all of @, V;/Vi_1 by letting it act trivially on
the remaining factors. By Lemma 2.2.1, H is a Levi factor of C(T,e), proving the
claim.

]

2.4 The Orthogonal Group

As in the symplectic group, Liebeck and Seitz give an explicit description of the
reductive quotient of the centralizer of a nilpotent element in O(V) in | ] using

distinguished normal form.

Theorem 2.4.1. Let G = O(V) and e be a nilpotent element of Lie(G) with the given
distinguished normal form of V' | e. Then

(i) Cq(e)/Cale)? is a 2-group with Cg(e) ~ R,(Cale))Co(T,e),

(ii) Cg(e)’/Ru(Cqle)) ~ T Spoa; X [ Ioa,, where In,, = SOgq,41 01 SOy,
m; even m; odd
according to whether or not V| e has a summand of the form Wi(n) with

2(71—[) < my <2l—1,
(HZ} H Sp2a¢ X H IQai < CG(T, 6).
m; even m; odd

In the case that the reductive quotient contains only symplectic and even dimen-

sional special orthogonal factors, we can hope to proceed using Lemma 2.2.1 much as
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we did when G = Sp(V'). There arise some issues with this approach, though, when
we encounter factors of the form SOy, 1. For example, the natural module k%!
is not necessarily simple, so when building a filtration which has it as a factor we
cannot guarantee that R will act trivially. We will deal with these issues with more
“hands-on” methods, but first we record what our original yields in the orthogonal

case with a lemma.

Lemma 2.4.2. Let G = O(V) for V a finite dimensional vector space over a field k
of characteristic 2, and e be a nilpotent element of Lie(G) with distinguished normal
form V' | e such that for each odd m;, m; < 2(n; —1;) orm; > 2l; —1 for all j. Then
Cea(e)? has a Levi decomposition with Levi factor [] Spae, x [] SOa,-

m; even m; odd

Proof. This follows exactly as in the symplectic case of Proposition 2.3.2. In the
situation where m; is odd, the quadratic form is preserved on the zero weight space
(see [ ] Lemma 5.7), so we get a simple, faithful action of SOs,, on its natural
module k%% ~ ker(e,,,). O

Now we wish to proceed with the case where the reductive quotient contains odd
dimensional special orthogonal factors. First, we have a technical lemma that states
that the W (m)® factors of V' | e for which there are no W(n) factors satisfying the
inequality in Theorem 2.4.1 part (ii) are Cq (T, e)-stable.

Lemma 2.4.3. Let V | e = >, W(m;)* + >, Wi,(n;) be the distinguished normal
form for e with G = O(V'). Consider a factor W (m;)%. If m; is even, then W (m;)
is fized by Cq(T,e). Furthermore, if m; is odd and, for each factor Wi, (n;), we have
m; > 2l; — 1 orm; < 2n; —2l;, then W(m;)* is fized by Ce(T€).

Proof. First, suppose a factor W(m;) has m; of a different parity than m;. Then
for a t-weight vector v € (W(m;)%); and g € C(T),€), a linear combination of basis
vectors for g.v cannot have a summand in W (m;) since g centralizes T'. So, suppose

we have W (m;) where m; and m; have the same parity and are unique.

mi—l
2

Assume m; is odd, and let ¢ = . In the zero-weight space, let 1o € (W (m;)%)g
and vy € (W(m;))o. For g € Cq(T,e), suppose that g.ry has a linear combination

with a summand of vy. If m; < m;, then

0= g.(e"ry) = et (g.10)
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has a e vy = vy, 11 # 0 summand, a contradiction. Similarly, if m; > m;, then

gm0 = g-(er_(m;—1)) = €97 (m;—1))-

This implies that v is the image of some vector under e?, contradicting the the block
size of W (m;) relative to e, since m; > m;.

The case of m; even follows similarly, beginning in the 1-weight space. So, Cq (T, €)
cannot map a vector in W(m;)% to a linear combination containing vectors from
W (m;) with m; # m;. Now we wish to show that such a linear combination cannot
contain vectors from the other factors. Note that the only odd weight spaces occur
for W (m;)* when m; is even, so a similar parity argument as above shows that, in
this case, W (m;)% must fixed by Cq(T,e). We now proceed with m; odd.

Consider a W;, (n;) factor with basis as given in Section 2.2, so that the zero-weight
space is (W, (n;))o = {vo, wo}. By assumption, we have m; > 2[;—1 or m; < 2n;—2l;.
Once again, let ro € (W(m;)%)o and g € Cq(T,e). We need to consider a few cases.

Suppose first that g.rq is a linear combination of basis vectors with a vy summand,

and once again let ¢ = mT’l If m; > 2l; — 1, then

g.ro = g-(eMr_(m,—1)) = €1(g.7_(mi—1))

has a vy summand. Hence vy is the image of some vector under e?, contradicting the
the block size of Wj, (n;) relative to e, since m; > 2[; — 1. On the other hand, if
m; < 2n; — 215, then

e (g.rg) = g.(e9 o) = 9.0 = 0.

But e? vy = v,,, 41 # 0 by block sizes, contradicting vy as a summand of 7.

Now suppose that g.ro is a linear combination with a wy, summand. By the
n;+1
2

definition of Wj,(n;) in Section 2.2, we have < lj, which implies 2[; — 1 >
2n; —2l;+1. Now suppose m; > 2l; —1. This implies, with the inequality above, that
—(m; —1) < —(2n; — 2l;). Therefore, wy cannot be the image of any vector under e?.

But now,
g.r0 = g.(er_(m;—1)) = €(g.r—(m;—1))

has a wy summand, a contradiction. Similarly, suppose m; < 2n; — 2l;. Note from

above that 2n; — 2l; < 2l; — 2, and hence m; < 2I; — 2. Therefore, €7 (g.ro) has a
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Wi, +1 # 0 summand while
e (g.rg) = g.(e7 1) = g.0 =0

for a final contradiction.
Thus, we have shown that a vector in (W (m;)% ) must be mapped by g € C(T, €)
to a linear combination of basis vectors with summands neither in W (m;) for m; # m;
nor in Wiy, (n;) with m; > 2l; — 1 or m; < 2n; — 2[;. Since g must centralize e,
this applies in all weight spaces. Therefore, given our hypotheses, each W (m;)% is
Ce(T, e)-stable.
O

We will now need a bit of homological algebra concerning the natural module. Let
H = S50,,,, with maximal torus Ty contained in a Borel subgroup By. Thus we
have determined a set of simple roots ay, o, ..., a, € X*(Ty). Considering the first
fundamental dominant weight w;, Section 11.2.18 of [J03] tells us that the standard
module H%(ww;) ~ N* where N is a vector space of dimension 2n + 1 over k with
quadratic form ) on which SOs, ,; acts as the natural module. Therefore, by Section
I1.2.13 of loc. cit., N must be the Weyl module V(w;). In the case char(k) = p # 2,
this means that N is simple. Though, in our situation of p = 2, we have a 2n-
dimensional simple quotient L = N /kf for a fixed point f, so that L = L(zoy). This
actually gives the natural highest weight representation for Sp, (see the discussion

following Theorem 3.2 in [HO05], or exercise 6 of | | 7.4.7).

Lemma 2.4.4. Consider N the natural module for H = SOq, 11, with L = N/kf the
simple quotient for a fixed point f. Let W be a finite dimensional, trivial H-module,
and let

0-W-—->FE—->L—-0

be a short exact sequence of H-modules. Then either there is a H-module isomorphism

E~L®W or E~ N®W; for some subspace W1 < W of codimension one.

Proof. First note that it follows from [J03] Proposition 11.2.14 that, for a trivial
module k, the space of extensions Extp, (L, k) is one dimensional. Suppose that it is

spanned by a nonzero extension class §. Then classes v € Ext}{(L, k) correspond to
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isomorphism classes of extensions of H-modules
0—-k—FE, —-L—0,

with Fy ~ L@k and E;3 ~ Eg ~ N as H-modules for all 0 # t € k.

Now, the short exact sequence
0-W-—->FE—->L—-0
determines a class ¢ in
Exty, (L, W) ~ W @y Extl, (L, k) = W ®; kB,

hence we may write 6 = w ® [ for some w € W. In the case that w = 0, we have
0=0and E~L®W.

If w # 0, we can extend it to a k-basis {w, Wy, Ws, ..., wWe_1} for W. Letting
d—1
Wi = ki,
i—1
we have W = kw @ W, and an isomorphism:

¢ : Exty (L, W) = Ext}, (L, kw) @ Ext}, (L, W)

Under this isomorphism we have ¢(d) = (3,0), and hence E ~ Eg@ W, ~ N @ W,.
[

We are now ready to consider Levi decompositions in the orthogonal group in

earnest, improving upon Lemma 2.4.2.

Proposition 2.4.5. Let G = O(V) for V a finite dimensional vector space over a
field k of characteristic 2, and e be a nilpotent element of Lie(G) with distinguished
normal form V| e as in Section 2.2. Then Cg(e)® has a Levi decomposition with Levi

factor |1 Spaa, x 11 Iza;, where Isg, = SOgq,+1 0r SOsq, according to whether

m; even m; odd

or not V| e has a summand of the form Wi(n) with 2(n —1) < m; < 20 — 1.

Proof. Recall from Theorem 2.4.1 that Cg(e)’/Ru(Ca(e)) ~ ] Spoa, X 1 Iloa

m; even m; odd

and there exists a subgroup M < Cg(T,e) such that M ~ Cg(e)°/R.(Cq(e)). If
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R = R,(Cg(e)), we know that M and R have trivial intersection as abstract groups,
which we will write as M (k) n R(k) = 1. As mentioned in Section 2.1, we must see
that these have trivial intersection in the Lie algebra.

Let Z = {m; | m; > 2l; — 1 or m; < 2n; — 21, for each W,(n;)}. Consider a factor
W (m;)* such that m; € = and recall that, by Lemma 2.4.3, W (m;)®* is stable under
Ce(T,e). For each weight ¢, the subgroup M acts on (W (m;)%); as Spas; or SOa,
depending on whether m; is even or odd, respectively. Let us look at the odd case. So,
the restriction of the action of M to (W (m;)%), is precisely SOaq,, ~ SO((W(m;)%);).
Since we know that M (k) n R(k) = 1 and R preserves the quadratic form, we must
have R acting trivially on (W (m;)*),. Thus, Lie(R) acts trivially on (W (m;)*),
and intersects the Lie(SOsq,,) factor of Lie(M) trivially. We have a similarly trivial
intersection in the case of Spy,, with m; even.

Since Y, W(m;)® is stabilized by C(T),e), so too must be

ml‘EE

(Y Wma)™)t = > W(ma)™ + > Wi .

mies mig= i
This is where we look next. Consider W (m;)* with m; ¢ Z, and let W, (n;) be a
factor such that 2n; — 2l; < m; < 2l; — 1. Then the action of SO4,+1 on the zero-
weight space is defined as follows. Let W, (n;) have the basis as given in Section 2.2
with zero weight vectors {vg, wo}, and recall that Q(vy) = 1. Then the stabilizer of
{voy gives an SOsqq, 11 subgroup for the restrcition of the quadratic form on V' that also
stabilizes the 2a; + 1-dimensional {vo)y" N (W (m;)* + Wy, (n;))o, which is generated
by vy and the 2a; basis vectors in (W (m;)%)o. We then let this SOsq,, 1 act on the
other weight spaces of W (m;)* + W, (n;) by surjecting along the map given by e to
the positive weight spaces and pulling back along the injective map given by e to the
negative weight spaces. Lastly, we let SOq,, 1 act trivially on all other weight spaces,
as well as other factors of V' | e. This choice we have made of a specific W, (n;) leads
potentially non-conjugate Levi factors. For an example of the setup given here, see
Section 2.5.2.

We must take some care here since, since though we have a natural module for

SO24,+1, we need to ensure that this is a Cg(T, e)-module. As a module for SOy, 1,

the zero weight space Vj is an extension of the natural module Ny, we have just
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identified by the sum of several trivial modules. Then we have the short exact se-

quence
0—>W—>V01>N2ai+1—>0

where W is a finite dimension trivial module for SOy, 1. Consider VOR, the R =
R,(Cs(T,e)) fixed points on V. By the Borel fixed point theorem ([H75], 21.2), we
have V{* # &, and thus we have three possibilities. First, we could have V{* < ker(r).
In this case, we have V{* contained in the sum of trivial modules, so we might as well
start again considering Vo/V{*. Next, we could have Vj* = V4. If this is true, we
are done, since then R acts trivially on the entire zero weight space and thus so
must Lie(R), ensuring that it intersects Lie(SOqq,11) trivially as desired. Our final
possibility is that Vj® = 771(kvy), where vy is again the fixed point in the natural
module for SOqq, 1.

When V{ is the preimage of the line generated by the fixed point, the situation is
more interesting. Note that in this case SOqq, 41 acts trivially on V{*. Then the short

exact sequence above gives way to
0->VE S 5L —0

where L = Ny, +1/{kvy) is the 2a;-dimensional simple quotient of Ny,, ;1. By Lemma
2.4.4, such extensions by trivial modules must be split, hence Vy ~ L @ V{ or V) ~
Noo,+1 @ Fy as SOy, 1-modules, where F} is a codimension one subspace of VOR. The
former case is impossible, though, as Vj contains Na,, 1 as a quotient whereas L@V
does not. Hence we must have V) ~ Ny, 11 @ F7.

Now, F} € Vi = m71(kvy) is acted on trivially by M and R, and since these
generate C (T, e) as an abstract group, F} is a trivial C(T, e)-submodule. Therefore
we have Vo/F ~ Ni, 11 as a Cg(T, e)-module where SOy, 1 acts naturally. Thus,
since R must respect the quadratic form and intersects SOq,, 41 trivially as an abstract
group, it must act trivially on the natural module as before. Therefore, Lie(R)
intersects Lie(SOsqq, 1) trivially, as desired.

With this, we have successfully shown that Lie(R) intersects all factors of Lie(M)
trivially, and therefore must intersect Lie(M) itself trivially. Thus, our abstract sub-
group M ~ Cg(e)?/R,(Cg(e)) is in fact a Levi factor. O

Finally, by combining Propositions 2.3.2 and 2.4.5, we have the unified result:
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Theorem 2.4.6. Let G = Sp(V') or O(V) for V a finite dimensional vector space
over a field k of characteristic 2, and e be a nilpotent element of Lie(G). Then Cg(e)°
has a Levi decomposition.

In particular, it has Levi factor

(i) T1, Spaa; if G = Sp(V); or

(it) 11 Spoa, x 11 Ioa, if G = O(V), where Iy, = SOz4,41 0r SOaq, according

m; even m; odd

to whether or not V' | e has a summand of the form Wi(n) with 2(n—1) < m; <
20—1.

Remark 2.4.7. In the case that G is an exceptional group, Liebeck and Seitz prove
that we have a semidirect product Cg(e) = R, (Cg(e))Ca(T,e) in | | Theorem 9.1
part (iv), so long as p # 2 and (G, p,e) # (Es, 3, (A7)s) or (Ga,3, (A1)s). In type F,
outside of the excluded case, Co(T, e) is in fact seen to be reductive, and hence this
gives a Levi decomposition. Though, dealing with the rest of the exceptional groups

seems much more difficult in general.

2.5 Examples

We will conclude this chapter with some examples of cases that have been covered.
As we have seen, the nontrivial pieces of the reductive quotient come from the factors
of V' | e of the form W (m), with Wj(n) factors also playing a part in the orthogonal
group. As each W(m) has dimension 2m, in order to see more general situations
it will be convenient to consider larger vector spaces and hence quite large classical

groups.

2.5.1 The 210-dimensional Symplectic Group

Let V be a 20-dimensional vector space over a field k of characteristic 2 and consider
G = Sp(V), which has dimension 2(20 + 1) = 210. Let e € sp(V) be a nilpotent
element such that

Vie=W(EB)?eoW(4).
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Now, we turn our attention to the centralizer Cg(e). By | ] Lemma 5.4, it has
dimension ;

dim(Cg(e Z it; — = 66
where ?1,to = 4 and t; = 3 for 3 < j < 6 are the Jordan block sizes of e, and

X is a function given by taking the maximum of Hesselink’s yy functions over the
indecomposables (see | |). In this case, each x(¢;) = 0. We also know that Cg(e)
is connected by Theorem 2.3.1.

We expect to have a Levi factor of the form Sps x Spy. Let us see how to construct
each piece. First, consider the W (4) factor of V' | e. This has basis (divided into

weight spaces)
{r_s,s_s}p, {r—1, 51}, {r1, 51}, {r3, s3}

where the vectors pair such that (r;,s_;) = (s;,7—;) = 1 and all other pairings are
zero. Now, we have a natural, faithful action of Spy on the top weight space {rs, s3} =
ker(e|w ) which centralizes e and 7.

Next, consider the W (3)? factor of V' | e. Here we have a basis

{x727 Y—2,U_2, ,U*Q}J {x()a Yo, Uo, UO}v {‘1:27 Y2, Uz, UQ}

with nonzero pairings (u;, v_;) = (v;,u_;) = (2;,y_;) = (yi,x_;) = 1. The zero weight
space is clearly nondegenerate under the bilinear form and has a natural Sp, action
preserving this form as well as centralizing e and 7. We can then extend this action
to the top weight space (W (3)?)s = ker(e|w s)z).

Now, ker(e|w)) = {rs3,ss} and ker(ely (s)2) = {Zo, %o, w0, vo} are simple submod-
ules of V' for the action of Cg(T,e), hence they appear as composition factors in the

composition series 0 = Vo< Vi < ... < V,, = V. Suppose
ker(elw)) = Vi/Vi—1 and ker(e|ws)2) = Vi/Vica

for 1 < k,l < n. Then Spy x Spy acts faithfully on (V;/Vi—1) @ (V;/Vi—1), and we
can extend this action trivially to the rest of the composition factors giving a faithful
action of Sp, x Spy on @, V;/Vi_1. Since R,(Ce (T, e)) acts trivially on each of the
simple composition factors, Lemma 2.2.1 allows us to conclude that Spy x Sp, is a
Levi factor of Cq (T, e).
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2.5.2 The 1653-dimensional Orthogonal Group

Let V' be an 58-dimensional vector space over a field k of characteristic 2 and consider
G = O(V), which has dimension % = 1653. Let e € o(V) be a nilpotent element
such that

Vile=W(13)@W(5) @ Ws(7) © Wa(4).

Again by | ] Lemma 5.4, the centralizer of e has dimension

dim(Cg(e)) = Z(z‘ti — x(t;)) = 161

where the Jordan block sizes are t1,ty = 13; t3,t4 = 7; t5,ts = 5; and t7,tg = 4. This
time we have x(13) = 7, x(7) = 6, and x(5) = x(4) = 4. By | | Theorem 5.12,
the component group of Cg(e) is a 2-group, specifically Cz(e)/Cq(e)? ~ Z,.

We hope that Cg(e)? has a Levi factor of the form SO, x SOs. Starting with
W (13), we see that 13 > 2(6) — 1 when considering Ws(7) (our “largest” piece of
V' | e of type Wi(n)). Now we can build a factor of SO, acting first on the Cs (T e)
submodule (W (13))o. Here SO, centralizes e and T while preserving the bilinear
and quadratic forms on its natural two-dimensional module, and thus the unipotent

radical acts trivially.
On the other hand, 2 = 2(7—-6) <5 <2(6) —1=11and 0 = 2(4 —4) <5 <
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2(4) — 1 =17, so we must consider W (5) ® Ws(7) ® Wy (4) together. This has basis:

W(5) : We(7) : Wi(4) :
{w-10}
{w_s}
{w-e} {z-6}
{u—g,v-4} {w_4} {z-a}

{u—s,v_o} {w_2, 25} {z_o}
{UO;UO} {w()az()} {%,yo}
{ug, v2} {wa, 22} {ya}

{us, va} {z} {ya}
{26} {ys}
{28}
{10}

The nonzero pairings are (w;, z_;) = (24, y—;) = (ug,v—;) = (v;;u_;) = 1, and only wy
and o are isotropic with respect to the quadratic form. In | | Lemma 5.10, the
SOj3 action which we hope to be part of our Levi factor is defined as follows.

Consider part of the zero weight space Zy = (W (5) @ Wg(7))o = {uo, vo, wo, 20}
This has an action of Oy with the stabilizer of (wp) giving the action of SO3 x Zj
on (woyt and Zy/{wy). We can extend this to the other weight spaces by the action
of e; moving up in weight surjectively from Zy/{wp) in the the zero weight space, or
pulling back to the negative weight spaces from (wg)* along the injective map given
by e. Finally, let SO3 act trivially on all other weight spaces. The action of SOj is
then on all of W (5) ® Ws(7) @ Wy(4), centralizes e and T, and preserves both the
bilinear and quadratic forms.

In the proof of Proposition 2.4.5, we showed that we could pick w, for our fixed
point and, with some work, get the 3-dimensional natural module we wanted in a
Cq(T, e)-filtration. Thus, with the unipotent radical acting trivially, we get a trivial
intersection with SOj3 in the Lie algebra. So finally we can say that SO, x SOj3 is a
Levi factor.

Note that we made a choice in letting wy be our fixed point rather than similarly
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acceptable xy € Wy(4), or any other anisotropic vector. Choosing a different fixed
point amounts to choosing a different, often nonconjugate, Levi factor. For instance,
the submodule structure of V' for the action of the SO3 given by fixed point wg involves
four copies of the natural module and one copy of the two-dimensional simple module,
whereas the action of the SOs3 given by fixed point zy involves three copies of the
natural module and two copies of the simple. So, although both of these choices
give a Levi factor for Cg(T,e), they must be nonconjugate due to having different

submodule structures on V.



Chapter 3

Steps Towards a Conjugacy
Conjecture of Steinberg in Small

Characteristic

3.1 Preliminaries and Semisimple Classes

Let GG be a semisimple algebraic group over an algebraically closed field k. Recall the
definition of good characteristic from Section 2.1. We say furthermore that p is very
good if it is good and p does not divide n — 1 whenever GG contains a simple factor of
type A,,. We will also need slight modifications of these definitions. We will say that
the characteristic is L-good (resp. very L-good) if p is good (resp. very good) and, if
p =7, GG contains no simple factor of type Fj.

If k[G] is the usual algebra of regular functions on G, then define the class functions

ClGl = {f € k[G]| f(ghg™") = f(h) for all g, h € G}.

So, these are the regular functions on G which are constant on orbits. Then C[G]
is just k[G]Y, the invariants of k[G] under the action induced by conjugation with
G. We will see that, in good characteristic, the class functions on G are enough to
separate semisimple orbits.

Fix a maximal torus 7" of G, and let W = Ng(T')/T be the corresponding Weyl

group. Following Humphreys’ exposition in [[H95] chapter 3 (see also [S65] Section

29
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6), the semisimple classes correspond to the W-orbits in 7', since any semisimple
element is conjugate to an element of the maximal torus and any two toral elements
are conjugate under Ng(T). If k[T]" is the algebra of regular function on 7" which are
constant on W-orbits, then it turns out that the restriction from k[G] to k[T'] induces
an isomorphism these two algebras C[G] and k[T]". This gives [[195] Theorem 3.2,
due to Steinberg:

Theorem 3.1.1. There is a k-algebra isomorphism C|G| ~ k[T|". Furthermore,

C|G] has a k-basis of the characters of irreducible rational representations of G.

Moreover, the same approach works for the Lie algebra, with class functions re-
placed with Ad(G)-invariant polynomials on g. Now, T/W has an affine quotient
variety structure with affine algebra k[T']". This variety corresponds to the semisim-
ple classes by the discussion above, and hence C[G] separates semisimple classes by
the isomorphism of Theorem 3.1.1. Thus, we get [H95] Theorem 3.4 (alternately,
[ ] Corollary 11.3.3) and | ] 3.17:

Theorem 3.1.2. (i) If s,t € G are semisimple and not conjugate, then there exists
a class function f such that f(s) # f(t).

(ii) If h,k € g are semisimple and not conjugate, then there exists f an Ad(G)-
invariant polynomials on g such that f(h) # f(k).

When G = SL,, and W = §,,, one can think of the class functions as symmetric
polynomials in n variables Ty, T, ..., T,. Then each class function is a polynomial in
the elementary symmetric functions in the variables 7;, with W acting by permutation
on the indices. The value of f(g) for f € C[G] and semisimple g € G is just the
symmetric polynomial f evaluated at the eigenvalues of g.

Unfortunately, class functions are in general not enough to distinguish orbits;
they must take same value on the closure of a class, whereas the semisimple classes
are the only closed orbits. In [578] Theorem 3, though, Steinberg proves that two
elements of an algebraic group over a field of large characteristic are conjugate in
the group if and only if they are conjugate under each rational representation of G.
Thus, understanding the orbits under each representation is sufficient to determine

the orbits in the group.
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Theorem 3.1.3. Suppose that G is a semisimple algebraic group over a field k of
characteristic p = 0 or p > 4h, where h is the Coxeter number of G. Two elements
a,a’ € G are conjugate in G if and only if f(a) and f(a') are conjugate in GL(V') for

each irreducible rational representation (f,V) of G.

This was orginally conjectured in [S66]. Gauger proved in [:77] the analogous
result for Lie algebras over fields of characteristic zero. As mentioned, a year later in
[S78], Steinberg presented a somewhat simpler proof of the conjecture in the Lie alge-
bra which was adaptable to the original setting of groups. Steinberg’s proof involves
the use of sly-triples as well as exponentiation, and so is valid only in characteris-
tic zero or when the the characteristic is “sufficiently large”, roughly four times the
Coxeter number.

One might initially hope to replace the sly-triples in Steinberg’s approach with the
associate cocharacters mentioned last chapter in Section 2.1, as this tactic is often
successful in replicating similar arguments in smaller characteristic. The problem
in doing this is that associated cocharacters do not necessarily behave well under
homomorphisms. Specifically, if ¢ : G — H is a homomorphism of reductive algebraic
groups and X € g is nilpotent with 7 : k* — G a cocharacter associated to X, then
¢ o 7 need not be associated to d¢(X) (see [JO1] Section 5.12). So, we are not
guaranteed that a cocharacter associated to a nilpotent element will stay associated
under a representation, and we must find a different solution.

In the next section, we are going to verify the validity of Theorem 3.1.3 for good
primes smaller than four times the Coxeter number in the event that the centralizers
of the semisimple parts of a,a’ € G can distinguish between unipotent orbits in the
group by way of its adjoint representation. One such fundamental situation is when
the centralizer is the product of exceptional groups, where a result of Lawther from
[ | verifies this unipotent class split in this way. The goal here is to display an
approach which, while only valid when this centralizer can split unipotent orbits in
its adjoint representation, we hope in the future can be applied in general using other

representations.
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3.2 Algebraic Groups

When G is a classical group, we can usually recover the conjugacy classes of unipotent
elements by examining their Jordan block sizes on the natural module, though this
fails when we are examining “very even” orbits in type D, (see [J01] Proposition
1.12). Unfortunately, when G is simple and exceptional, there is no such geometrically
“natural” module to consider, though we can look at the adjoint representation on
the Lie algebra. In most cases there is a smaller representation for each exceptional
group, though we will be utilizing the adjoint representation (see remark 3.2.4).
Through much calculation and working with cases, Lawther proves that in fact
the Jordan block sizes for the adjoint action are enough to determine the conjugacy

classes in exceptional groups. The following is contained in | ] Theorem 2.

Theorem 3.2.1. Let G be a simple exceptional algebraic group over a field k whose
characteristic is L-good, and let g be its Lie algebra. Let u,u’ € G be unipotent. If u

and u' have the same Jordan block sizes for their action on g, then they are conjugate

m G.

In the classical case, it seems that the adjoint representation may not be able to
determine the conjugacy of unipotent elements in classical groups, as this might cause
issues even in type A,. Sometimes, though, this representation will be sufficient, as
is evident by the previous theorem of Lawther for exceptional groups.

With all of this in mind, define a semisimple algebraic group G to be adjoint
adequate when it is true that if u and u’ are conjugate under the adjoint representation
of G, then uw and v’ are conjugate in GG. So, we have the following lemma restating

Lawther’s result in these terms and adapting it to semisimple groups.

Lemma 3.2.2. Suppose that G is a semisimple group over a field k of L-good charac-
teristic. If each simple factor of G is of exceptional type, then G is adjoint adequate.

Proof. Suppose that u,u’ € G are unipotent elements such that v and u’ are conjugate
under the adjoint representation of G. It suffices to prove the lemma for G' adjoint,
as conjugacy is preserved under isogeny. So, suppose G = G; x G x ...G, with
each G; simple and exceptional, and let v = u; + ... + u, and v’ = u} + ... + u},

with u;, u; € G;. Now, we know that Ad(u) and Ad(u’) are conjugate in the adjoint
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representation. Therefore Ad(u;) and Ad(u}) are conjugate for each i and, since each
G, is exceptional, we know by Lawther’s Theorem 3.2.1 that u; and u) are conjugate

in GG;. Thus, u and v’ are conjugate in G. [

So, by assumption we know Theorem 3.1.3 for unipotent elements in adjoint ade-
quate groups over fields of L-good characteristic, and this version of Lawther’s result
from | | gives us a class of semisimple groups which satisfy the hypothesis. Since
we have the result for semisimple elements in good characteristic from Theorem 3.1.2,
the work now is to combine both of these cases with a Jordan decomposition to obtain
the result for arbitrary elements, with some adjoint adequacy restriction. We initially

follow Steinberg’s approach in [S78] Theorem 3.

Theorem 3.2.3. Suppose that G is a semisimple algebraic group over a field k of
good characteristic, and consider two elements a,a’ € G with Jordan decompositions
a = us and a' = u's'. Suppose that the centralizer G is adjoint adequate. Then, a
and a' are conjugate in G if and only if f(a) and f(a’) are conjugate in GL(V') for

each irreducible rational representation (f, V') of G.

Proof. The “only if” direction is clear; it remains to prove the “if” direction.

Once again, we may assume that G is adjoint. Consider a,a’ € G and suppose that
f(a) and f(a’) are conjugate in GL(V') for each irreducible rational representation
(f,V) of G. Recall that a = us and ¢’ = u's’ are the Jordan decompositions of a
and a’, respectively, with u, ' unipotent. The semisimple parts f(s) and f(s') are
conjugate in GL(V'), hence s and s’ are conjugate in G by the Theorem 3.1.2 part
(i). So we may assume s = s, and now u, u’ € G, the centralizer of s in G.

Moreover, f(u) is conjugate to f(u') in GL(V') s for each rational representation.
Consider the adjoint representation (Ad, g). We wish to conclude that u and ' are
conjugate in G, but the previous lemma only allows us to say that they are conjugate
in GG given the appropriate hypotheses. We need to show that an element of G L(g) aa(s)
restricts to an element of GL(g,;) = GL(Lie(Gy)).

So, let h € GL(g) aa(s) such that h conjugates Ad(u) to Ad(w'). Then, for Y € g,

Ad(s)(h(Y)) = h(Ad(s)(Y)) = h(Y),

hence the image of h|g, is contained in g;. On the other hand, assume h(Z) € g, for
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Z €g. Then
h(Ad(s)(2)) = Ad(s)(M(Z)) = M(Z),

thus Ad(s)(Z) = Z as h is invertible. So, Z € g,. Now we’ve shown that h restricts
to an endomorphism of g, and therefore h|,, € GL(gs).

To summarize, we have u,u’ € Gy such that Ad(u) is conjugate to Ad(u') in
GL(gs). Since we have assumed G is adjoint adequate, we may now conclude that u
and v’ are conjugate in G5. Thus, a = us and o’ = u's are conjugate, completing the

proof.
O

Unfortunately, there does not seem to be a satisfactory assumption we can place
on (G to ensure G is adjoint adequate. The hope is that this can be avoided and that a
similar argument may work with any rational representation (since we have access to
all of them by hypothesis). In particular, we might use the natural modules for simply
connected classical groups of types A,, B,, and C,,, or use the spin representations

to take care of simple factors of type D,.

Remark 3.2.4. The L-good condition restricting the appearance of simple factors of
type Fy when p = 7 comes from Theorem 2 in | ]. There, we see that there are
unipotent elements which may be conjugate under the adjoint representation with
partition [77,13] despite being in separate Bz and C3 orbits in the group (in Bala-
Carter notation), given by partitions [72,1°] and [7%, 6%], respectively. In loc. cit.,
Lawther also verifies that a certain “natural module” V' also splits orbits in the group
without this condition. It does not seem obvious here why an element of GL(V') (s
should restrict to an endomorphism of the natural module for G, which is the crux

of the difficulty in attempting to use the usual natural modules for classical groups.

3.3 Lie Algebras

As mentioned above, we have the analogous conjecture from [S66] for Lie algebras,

proved by Steinberg for sufficiently large characteristic in [S78] Theorem 2.

Theorem 3.3.1. Suppose that G is a semisimple algebraic group over a field k of
characteristic p = 0 or p > 4h, where h is the Cozeter number of G. Let g be the
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Lie algebra of G. Two elements A, A’ € g are conjugate in G if and only if f(A) and
f(A") are conjugate in GL(V') for each irreducible rational representation (f,V') of
G.

The difficulty here, in small characteristic, is that it is not obvious how Lawther’s
result for the adjoint representation of unipotent elements can be transported to
consider nilpotent elements in the Lie algebra. Fortunately, using a Springer iso-
morphism, good A; subgroups, and sub-principal homomorphisms, McNinch obtains
Lawther’s result in in | ] when our nilpotent element is p-nilpotent, as well as in
general for classical groups. We say that an element X € g is p-nilpotent if X} = 0.

We call the characteristic of k very M-good for G if p is very good and greater
than the Coxeter number for each simple factor of type Fj or E,. This ensures that
every nilpotent element of G is p-nilpotent when restricted to exceptional factors not
of type G2 ([ ], Corollary 4.4). If X € g is nilpotent, then by [ | Proposition
3 there is a G-equivariant isomorphism 6 : A” — I such that (X)) = ((X))P!. In
the simple exceptional cases, the requirement that X be p-nilpotent allows for the
existence of the good A; subgroup (see [5200]) and sub-principal homomorphism (see
[VMO3]) containing #(X) needed in the proof of | ] Theorem 10.

Finally, note that very M-good implies very L-good.

Lemma 3.3.2. Let G be an adjoint adequate algebraic group over a field k of very
M-good characteristic. Suppose that X, X' are nilpotent elements of g = Lie(G). If
X and X' are conjugate under the adjoint representation of G, then X and X' are

conjugate in G.

Proof. Once again, by | ] Proposition 3 there exists a G-equivariant isomorphism
0 : N — U such that O(YP)) = (9(Y))P) for all Y € g. Let u = 6(X) and v’ = 0(X").
Now, by loc. cit. Theorem 10, Theorem 24, and Theorem 30, the partitions of
Ad(u) and Ad(u’) are the same as the partitions of Ad(X) and Ad(X"), respectively.
Thus, v and v’ are conjugate under the adjoint representation and, by adjoint ade-
quacy, u and v’ are conjugate in G. Since 6 was G-equivariant, we must have X and

X' conjugate in G.
[
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We are now able to to prove a result for Lie algebras mirroring our proof for group

elements (again following Steingberg in [S578] Theorem 2 initially).

Theorem 3.3.3. Suppose that G is a semisimple algebraic group over a field k of good
characteristic. Let g be the Lie algebra of G and consider two elements A, A’ € g with
Jordan decompositions A = X+S and A’ = X'+5’. Suppose that the centralizer G is
adjoint adequate and has very M-good characteristic. Then, A and A" are conjugate in
G if and only if f(A) and f(A") are conjugate in GL(V') for each irreducible rational
representation (f, V) of G.

Proof. Let A = X + 5 and A’ = X’ + 5’ be the Jordan decompositions with X, X’
nilpotent and S, 5" semisimple. The semisimple case is known from Theorem 3.1.2
part (ii), so since f(S) is conjugate to f(S’) in GL(V'), we know that S is conjugate
to S" in G. Thus we may assume S = S’ and we have X, X’ € gg, the centralizer of
S in g.

Considering the adjoint representation, we now know that ad(X) is conjugate to
ad(X') in GL(g)aqs). As before, we want to show that an element of GL(g)aa(s)
restricts to an element of GL(gg).

So, let h € GL(g)aq(s)- Then for Y € gg, we have

ad(S)(h(Y)) = h(ad(S)(Y)) = h(0) = 0.

Thus the image of h|y, is contained in gg.

Alternately, if h(Z) € gg for Z € g, then
h(ad(S)(Z)) = ad(S)(h(Z)) = 0.

Since h is invertible, ad(S)(Z) = 0 and Z € gs.

Once again, we have shown that h € GL(g)qq(s) restricts to an automorphism on
gs, thus hlg, € GL(gs). So, we have X, X’ € gg such that ad(X) is conjugate to
ad(X') in GL(gs). Therefore, by Lemma 3.3.2, X is conjugate to X’ in Gg. Hence,
A is conjugate to A’.

[

It may be possible to achieve a more universal restriction than G¢ having very M-

good characteristic. To ensure very good characteristic descends to the centralizer, it
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suffices to assume that G is “strongly standard” in the sense of [V 05] and subsequent
papers along these lines (see Remark 3 in loc. cit.). In this case we have Springer
isomorphisms as above, but we will still need p > h in Gg to ensure p-nilpotentcy for

the application of results from | ]

Remark 3.3.4. Of course, if we know that the exceptional parts of X and X' are
p-nilpotent to begin with, the restriction to characteristics greater than the Coxeter
number is unnecessary. One hopes that Lawther’s result for unipotent partitions in
exceptional groups always has an analogue for nilpotent elements in good character-
istic, rather than just in the p-nilpotent case, though a non-computational approach

remains unclear.

3.4 Future Work

Our work here presents ample opportunity for future explorations. First, as discussed
above, we hope that a similar argument is admissible for representations beyond the
adjoint. We possibly need the spin representations to deal with unipotent elements
in groups of type D,,, and the natural modules for other simply connected classical
groups. Then we may only need top level restrictions relative to the group G, such
as G being strongly standard for the Lie algebra analogue.

One would imagine that there is a more uniform solution to the results of | ]
and subsequently Lemma 3.2.2. A closer examination of associated cocharacters might
yield similar conclusions, but for now we use Lawther’s computational approach.
Additionally, we could attempt to modify the argument in the proof of Theorem 3.2.3
to utilize the representation V, from | | rather than the adjoint representation,
thus removing the L-good restriction for components of type Fy when p = 7 (see
remark 3.2.4).

We might also expect that the restriction to p-nilpotent elements built into the
M-good characteristic condition of Lemma 3.3.2 and Theorem 3.3.3 could be avoided.
Such a hypothesis does not seem intrinsic to the result but, as mentioned above,
was used in a fundamental way in the proof of | ] Theorem 10. A case-checking

approach to the nilpotent elements similar to that of | | should work, though
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an alternative uniform approach with Springer isomorphisms might be less computa-
tional.

Lastly, in the future we plan to investigate the setting of bad characteristic, where
the situation is surely more delicate. In this case we cannot hope for a correspondence
between unipotent and nilpotent elements, though we might still expect the bad
characteristic analogue to Theorem 3.2.3 to be true. As noted in [H95] section 3.7, a
complete proof would imply a more direct approach to proving the Richardson-Lusztig

finiteness theorem (see Theorem 3.11 in loc. cit.).



Chapter 4

Modules in Standard Levi Form

4.1 Preliminaries and Parabolics

We start by considering the Lie algebra g of an algebraic group G over a field &k of
characteristic p > 0. Assume the “standard hypotheses” for g from Section 1.2.Now,
for x € g*, let

Uylg) = U(g)/{a?” — ' — x(2)" |z e g)

be the reduced enveloping algebra for g, where U(g) is the usual enveloping algebra
of g. Fix a maximal torus 7' < G and X = X (T) its group of characters. Let RT < R
be a system of positive roots with set of simple positive roots A and Weyl group W.
Now, let h = Lie(T') and let n* (respectively, n~) be the sum of the root spaces g,
with a > 0 (respectively, & < 0). Denote b™ = h @ n" the standard positive Borel
subalgebra.

In our quest to understand U,-modules, a well known result of Kac and Weisfeiler
in | | says that we need only consider those for conjugacy classes of nilpotent
X- So, in fact, it will suffice to work with those characters such that y(b™) = 0. We
will be concerned with a special type of nilpotent Y, investigated first by Friedlander
and Parshall in | ], said to be in standard Levi form. We define x € g* to have
standard Levi form if there exists a subset I < A such that x(x_,) £ 0 for a € I,
and x(z_,) = 0 otherwise.

Let J < A be another subset of simple roots such that I nJ = &, and let P = Py

be the standard parabolic subgroup defined by .J containing our maximal torus 7.

39
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Then b* < p = Lie(P). The Levi subalgebra [ of p decomposes as the direct sum
[ = @3, where I' = Lie([L, L]) and 3 = Lie(Z(L)). Let T" be a maximal torus in
[L, L], and define h' = Lie(T"). Then R; <€ X*(T") and h = ' @ ;.

If u® (resp. u™) is the nilradical of p (resp. p~), then g has a triangular decom-
position of sorts:

g=u ®lOu =u ;P u"

Finally, following [J97] Section 11.3, we first have a grading of U, (g) by ZR due to
the Poincaré-Birkhoff-Witt basis, where each 22 is contained in U, (g),o for z, € gq
and kP — hlPl — X(h)P has degree zero. In standard Levi form, we then get a coarser
grading of U, (g) by ZR/ZI.

4.2 Parabolic Baby Verma Modules

Here we will define the central objects of our study in standard Levi form. For each
A € b*, let ky be the one-dimensional h-module such that each h € b acts as A(h)
acting on k. We wish to extend this to a module for p, much as in section 1.2.1, by

simply letting n* and @ g_, act trivially. Here we must consider, though, that if
aER}'

A is to vanish on root vectors z, and x_,, for @ € Ry, we must have A([z4,2_4]) =0
on b’. So, in a sense, by increasing the size of J we are restricted to fewer characters
A€ 3*. Now let

Ays={Aeb* | () =0 and A(h)? — A(hIP)) = x(h)P = 0 for all h e b}.

Note that x(h) = 0 for h € b since we are assuming that y is nilpotent. Then for
A€ A, we can we may define the p-module k) and further extend it to a U, (p)-
module.

We are now ready to define:

Zy,7(A) = Ux(9) ®u,(p) ko

We call this a parabolic baby Verma module. Since U, (g) is free over U, (p), we know
Z,, s(A) has basis {u®, u®?, ... v, ®1|a; € RT\R; and 0 < a; < p} and write 1®1

—a1 Y—ag —qq

for the generator. Since dim(Z,_;()\)) = p¥™®7)| these modules are smaller in general
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than the usual baby Verma modules Z, () defined in Section 1.2.1. Furthermore, as
u~-modules, Z, ;(\) ~ U, (u™).

These objects were first explored for standard Levi form in | |, though simply
inducing from a Borel subalgebra (when J = (J) soon attracted the most interest,
as this provides a bit more “flexibility” in constructions. We will see some of the
challenges that arise when dealing with a parabolic subalgebra that is not a Borel in
the next few sections.

As we mentioned in Theorem 1.2.2, in standard Levi form each Z, (\) = Z, »()\)
has a unique maximal submodule with simple quotient denoted L, (A). This is also
true of parabolic baby Verma modules and, in fact, we get the same simple quotient.
To prove this, we first need to know about representations when g is unipotent; that
is, when g is the Lie algebra of a unipotent algebraic group. More directly, this means
that for all ¢ € g there exists 7 > 0 such that gi»"1 = 0. The following Lemma is

contained in [J97] Proposition 3.2 and Theorem 3.3, due to Zassenhaus in [Z10].

Lemma 4.2.1. Let x € g*. If g is unipotent, then U, (g) has only one simple module

up to isomorphism.

Proof. First, we consider x = 0. In Uy(g), 2* = z!?! and hence 27" = 2Pl = 0.
Therefore, Uy(g)g is a nilpotent ideal which annihilates the trivial g-module k& and
thus is contained in the radical of Uy(g). Since k ~ Uy(g)/(Uo(g)g), the trivial g-
module can be the only simple Uy(g)-module up to isomorphism.

Now, return to general y € g*. If M and N are simple U,(g)-modules, then
M*® N ~ Homg(M,N) is a Uy(g)-module. By above we have the g-submodule
k < Homyg (M, N), and hence Homy (M, N) # 0. Thus, by an application of Schur’s

lemma, we must have M ~ N. O

Recall that, if M and L are modules with L simple, we denote the multiplicity of
L as a composition factor of M by [M: L].

Now we are ready to prove the parabolic analogue to Theorem 1.2.2, which said
that, when J = ¥, the modules Z, (\) had unique simple quotient L, (). It turns out
that our smaller parabolic baby Verma modules will have the same simple quotient.
We approach the first part of the following theorem in a fashion similar to [J97]

Proposition 10.2.
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Theorem 4.2.2. Let x € g* have standard Levi form for I < A, and let J < A such
that I nJ = J. For A€ A, 5, Z, ;(\) has a unique mazimal submodule, and this

submodule gives a unique simple quotient isomorphic to Ly (X). Furthermore, we have

[Zes(N): L(N)] = 1.

Proof. Recall that we denote by u™ the nilradical of p~, the negative parabolic sub-
algebra defined by J. Since x is nonzero only on simple negative root spaces, looking

[p]) = 0. So, x defines a one

at weights we can conclude that x([u=,u"]) = x(u™
dimensional u~-module k, which we can consider as a U, (u~)-module. By Lemma
4.2.1, since u~ is unipotent, this is the unique such module up to isomorphism. Now,
as an u_-module, U, (u™) has a simple head since it is the projective cover of k,. On
the other hand, we know that Z, ;(\) ~ U, (u™) as u”-modules. Thus, Z, ;()\) has a
simple head (and unique maximal submodule) as a U, (g)-module.

Now, consider both U, (g)-modules Z,(\) and Z, ;(\) with unique simple quo-
tients L, (\) and L, j(\), respectively. Consider the map ¢ : Z,(\) — Z, ;(\) given
by ¥(1® 1) = 1® 1. Since by definition u.1)(1 ® 1) = 0 for u € n*, this is a ho-
momorphism which is moreover seen to be surjective by examining bases. Let N be
the unique maximal submodule of Z, (\) and let 7 : Z,(\) — L, () be the projec-
tion map. By unique maximality we have ker(y)) € N = ker(w). Therefore, by the

universal property of quotients, there exists a unique homomorphism
7 Zy(N)/ ker(¥) ~ Z, ;(X) = Ly (N)

such that m oy = 7.

Since ¢ and 7 are both nonzero, we must have © nonzero. Thus, the image of 7
must be isomorphic to L, () by simplicity, and we have Z, _;(\)/ker(7) ~ L, (\). This
is a simple quotient of Z, ;(\), hence we must have L, (\) ~ L, ;(\) by uniqueness.

By the discussion in section 2.8 of [J00], we know that [Z,(\): L, (\)] = 1. More-
over, since we have just displayed Z, ;(\) as a quotient of Z,(\), each composition
factor of Z, ;(\) must appear as a composition factor of Z, (). Thus we must have

[Zy.s(A): Ly(N)] = 1, proving the final assertion. O

Combining this with Theorem 1.2.1, we can use the parabolic baby Verma modules

to find all of the simple U, (g)-modules as unique simple quotients just as we did with
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the larger Z, (\). It also allows us to use some of the other results from the J = &

case in the parabolic setting, as we will see soon.

4.3 Isomorphic Modules

Given that we have now explicitly constructed modules with which we can identify
simple modules in our nonrestricted enveloping algebra, we may wish to know when
such modules (and simple quotients) are isomorphic. We will explore such an idea in
this section, with some restriction on our choice of subset of simple roots J < A.

Considering a simple root space g, for a € A, let hy € [ga,9_o] be the toral
element with a(h,) = 2. Now, for any element w € W, the “dot action” on h* is
defined as w A = w(\ + p) — p, where p € h* is the element such that p(h,) = 1 for
all @ € A (see, for example, [J97] section 9.2). We will write W} for the subgroup of
W generated by the simple reflections s, for o € I.

Given two subsets of simple roots I, [, © A, we will say that I; and I are non-
adjacent if they are disjoint and a; + ay is not a root for all a; € I} and g € Is.
This implies that {a, %) = 0 (see [H80] Lemmas 9.4 and 10.1) and, since o and
generate a root subspace of type A; x A;, we have a(hg) = 0. In what follows, we
will require I and J to be non-adjacent, as interaction between their respective root
systems turns out to be problematic. This restriction will be important if we wish
to study any sort of “linkage” between parabolic baby Verma modules, as evident in

the proof of the following lemma.

Lemma 4.3.1. Let x € g* have standard Levi form for I < A, and let J < A such
that I nJ = . Consider A € A, ;. For ac e I, if I and J are non-adjacent, then

Sa.)\ € AXJ‘

Proof. First we will check that s, A(h’) = 0. It suffices to consider hg for 5 € J.

Now,
SaeA(hg) = (5a(A) = @)(hg) = (A = AMha)a — a)(hp),

and since A\(hg) = 0 by assumption, we have

SasA(hg) = —a(hg)(A(ha) +1).
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By non-adjacency, we know that a(hg) = 0, and therefore s,,A(hg) = 0.

Now, for any v € A, the calculations above show that
SaeA(hy) = Ahy) = (A(ha) + Da(hy).

Therefore, using that a(h,)? = a(hf) = a(h,) and x vanishes on b, we have

(800 A(7))" = SauA(By) = [A(hy) = (A(ha) + D)ax(hy)]” = [A(Ry
A(hy)? = (Aha)” + Da(hy) = Alhy
= [Ahy)” = Alhy)] = [A(ha)? = Alha)

X(hy) = x(ha)o(hy)
0

) = (A(ha) + Dar(hy)]
+ (A(ha) + 1)a(hy)
a(h,

) + (A(
la(hy)

Hence, sqoA € A, s as desired. O

Remark 4.3.2. We see in the proof of Lemma 4.3.1 that, were I and J to be adjacent,
we could encounter o € I and € J such that o + 5 € R, and thus a(hg) # 0. In
this case, if we were to want s,,A € A, s, we would have to ensure A(h,) = —1. In
some sense, this simply builds the restriction of non-adjacency into the what we may

choose for .

Now that we know when we can define Z, ;(sqa.A) for a € I, we will see that the

resulting modules are isomorphic.

Lemma 4.3.3. Let x € g* have standard Levi form for I < A, and let J < A such
that I and J are non-adjacent. If \e A, ; and cc€ I, then Z, j(N) =~ Z, j(Sas)).

Proof. Consider s, for any a € I. Proceeding as in [J97] Section 6.9, we see that
go and g_, generate an sly subalgebra, so we may chose x, and x_, such that h, =
[T, x_o] satisfies [hq, o] = 224, [ha, T_o] = —22_,, and Rl he = 0.

Now, since A € A, ; and x(h,) = 0, we have A(h,)? — A(h,) = 0, and hence
A(hq) = a for some integer 0 < a < p. Let vy = 1®1 € Z, ;(A). Then the vector
2t vy can be seen to be annihilated by all of n™. For 3 € R} 7, T—p commutes with x_,

a+

due to the non-adjacency of I and J, hence z_g(2%%,".v)) = 0 as well. Furthermore,

+1

acts on %7 vy as sqeA = A — (a + 1)a. Therefore, we have a homomorphism of the

induced modules
Qba . ZXJ(SQ.)\) — ZX,J(A)
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a+1

given by ¢q(vs,.x) = 45 ). Since

p

p*(a+1)_(xa+1 Laon = X(2-a) 02,

xt, iy =1

the image contains a multiple of our basis vector, hence the map is surjective. More-
over, as both modules have the same dimension, ¢, must be an isomorphism. Thus,
Zyg(A) >~ Z,, j(saeA) for all ave 1. O

Now we are in position to prove a isomorphism principle similar to [J97] Proposi-
tion 10.8 when J = ¢J.

Proposition 4.3.4. Let x € g* have standard Levi form for I < A, and let J < A

such that I and J are non-adjacent. Then,
Zy,g(N) = Zy g (1) == Ly(A) ~ Ly (p) == pe WA
for \,pe A, ;.

Proof. The right-hand equivalence is precisely [J97] Proposition 10.8. Also, if Z, ;(\) ~
Zy, j(p), then clearly L, () ~ L, (p). So what is left to prove is the “if” implication of
the left-hand equivalence. Suppose then that L, (\) ~ L, (p). In this case, the right-
hand equivalence implies j1 € Wi, A, so let p = we\ for we Wi If w = 54,54, - - - Sq

is a reduced decomposition in W; for w, then repeated application of Lemma 4.3.3

gives an isomorphism Z, ;(A) ~ Z, j(w.\) = Z, ;(1). O

4.4 Further Parabolic Exploration

One might hope to follow a similar path to that of Jantzen started in [J97] and
continued in [JO0], where homomorphisms are built from simple reflections in W;
(much as in Lemma 4.3.3) which, when composed, give a map from a chosen Z, ;(\)
to another module that has L, (\) as its socle. Unfortunately, a similar construction
has several difficulties in the case of nonempty J.

To see this, define

wp = @gwa®@g—wa®h

a>0 aeJ
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as the parabolic subalgebra “shifted” by w. Now let wu* = @ RA\Ry Gwas and let wl
be the Levi subalgebra of wp with center denoted wj. Finally, let wl’ be the derived
subalgebra of wl and let wh’ denote its maximal torus.

As above, each A € (wh')* defines a one-dimensional wp-module ky where h € b

acts as A(h), and with @ gua and P g_we acting trivially. But now, to consider

a>0 aER}

ky as a U, (wp)-module, we need x(wp) = 0. This is only satisfied by shifting with

elements in the following subset of W:
Wi ={weW |w ' (a)e R\R; for all a € I}

When J = ¢, this is the subset W in [J97] Section 11.12. In that case, W' has a
description as minimal length coset representatives for W /W;, where W7 is the Weyl
group generated by simple reflections for the roots in I (see [H90] Section 1.10). It
seems, though, that W/ does not seem to have a similar characterization.

We are now ready to generalize the construction in the previous section and define
the shifted parabolic baby Verma modules. For A € A, ,,; and w € W’/ we now know
that k, defines a U, (wp)-module, since x(wp) = 0. Furthermore, U, (g) is free over
Uy (wp) of rank dim(U, (wu~)) = ptim@™) = p|R+\RJ|. So define:

1 (A) = Ux(8) Qu, (wp)

Once again, we will write 1 ® 1 for the generator of this module. When w = 1, we
have our usual parabolic baby Verma modules from the previous section, and will
omit the superscript to simply write Z, ;(\).

Given two elements of W/ that differ by a simple reflection, we want to define
a homomorphism from one to the other much as we did in Lemma 4.3.3. In this way
we hope to obtain a parabolic analogue to the contents of [J97] Section 11.12 and
[J00] Lemma 3.4.

Conjecture 4.4.1. Let A€ A, ;, we W7, and suppose « is a simple root such that

ws, € W7, Then there exists a homomorphism
Go : Zy ;(A) = Z0F (A = (p — Dwa).

Here is where constructions that mirror those of Jantzen encounter difficulties,
largely due to the necessity of keeping track of p after it is shifted by elements of
whJ,
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First, note that if a € J then wp = ws,p, so in this case the map 1Q® 1 — 1® 1
gives an isomorphism. Thus, suppose that a € A\J. We may attempt to define the
map ¢, by

$a(1®1) =20,/ ®1,
where x,,, is the generator for the root space g,. In order for this to be a homomor-
phism of induced modules, we need to see that x,5(22.'®1) = 0 for all 5 € RT U R;.
It turns out that this is not always possible.
Consider, for example, g = slg with simple roots ay, as, a3, g, as, and let I = {ay}

and J = {as}. Suppose that we wish to define the map
s Zng(N) = 2,75 (802,\)
given by ¢a,(1®1) = 28! ® 1. Now, for z_a, € U,(p), we need to look at
Ty (@21 ®1) = 2P e o, ® 1.

This is nonzero, though, since s, (~a5) = T—(as+as) ¢ P Implies T4, ¢ Sa,p. There-
fore, this cannot be a homomorphism.

One possible solution to this problem is to build more information about J into
the ¢, maps; that is, to make the image of the generator involve root vectors for
the shifted parabolic rather than simply using 227! ® 1. The issue then becomes the
computation necessary to verify that this is a homomorphism, which greatly increase
in rank from the sly calculations of the original approach of Jantzen with J = 7.

As mentioned above, the eventual goal in creating these maps would be to compose
them so as to build a homomorphism from Z, ;(\) to a module which contains the
unique simple quotient as its socle. In this way, through a bit of category theory, we
hope to construct a filtration of Z, ;(A) much as in [JO0O] Proposition 3.10. In the
case of parabolic baby Verma modules, this filtration should be shorter, though at
the same time contain the simple quotient as its first factor.

The “target” module in the parabolic case seems to be Z;” (w!/,\) where w’/ =
wrwowy for wg, wy, and w; the longest words in Wy, Wy, and W), respectively. An-

other combinatorial challenge then arises. For each intermediate composition of maps

Guw Ly (N) = 23 5 (waA)
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between Zy ;(A) and Z2}’ (w!/,\), we must verify that w € W'/, In the case of
J = (&, this is due to the shortest length coset representative description of W and
results concerning more general reflection groups. Unfortunately, with parabolic baby
Verma modules it turns out that it is not always possible to ensure this. The question
is then: given a subset of simple root I, what restrictions are there on a second non-
adjacent subset J such that there is a reduced decomposition wrwow,; = S, Say - - - Sa

With Sa,Say - - - Sa; € W7 for all 1 <i < n?

n

4.5 Categories of Modules

As mentioned in the previous section as well as section 1.2.2, the filtration of Z, (\)
in [J00] is obtained by considering more general categories of modules than those for
our usual reduced enveloping algebra U, (g). We will now investigate some properties
of these categories. For the remainder of this chapter, the baby Verma modules will
be induced over a Borel subalgebra (so that J = ).

Let U = U(g)/Fy, where F, is the ideal

<aP —alPl —y(2)P |2 =2, forae R> .

Note that this is similar to the U, (g) that we have been working with, but without
quotienting by elements h? — hlPl — x(h)P for h € h. By the Poincaré-Birkhoff-Witt

basis theorem, we have an isomorphism of vector spaces:
U () UH) U, (n") ~U

Let U° be the image of U(h) in U. Now, let A be any commutative k-algebra with
identity, and consider 7 : UY — A a k-algebra homomorphism. There is a ZR/ZI-
grading on U with each g, contained in degree v + ZI.

We will define a category C, of certain X /ZI-graded U ® A-modules as in [J00]
section 3. These will be modules M such that the following conditions hold:

1. U,-M, < My, for all pe ZR/ZI and v € X/ZI.
2. A-M,c M, forall ve X/ZI.

3. M is finitely generated over A.
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4. The action of b is diagonalizable on each U%-submodule M,, with M, = &), (M,)*
over all k-linear maps A : h — A. Furthermore, we require A = 7 + d(§ + ¢') for
some &' € ZI when (Mg z7)* + 0.

This is a generalization of the category C4 introduced in | | for the important

case of y = 0 (that is, when [ = (). For any I < A, define
W!={weW |w(a)>0forall ael}

which is simply our W%/ from the previous section when J = (.

Define now, for all A € X and w € W/, the modules
Z3(N) = U @vov, (wn+) A,

where A, is the (wb') ® A-module A such that A € b acts as multiplication by
w(h) + d\(h) and wn* acts trivially. This induces an action of U(wb™) factoring
through U°U, (wn™). In [J00], Jantzen uses a filtration of these modules (with w = 1)
to obtain a filtration of the usual “baby Verma” modules Z, () in the category Cy.

The filtration in question comes from a map seen in [J00] section 3.10:

¢a: Za(A) = 23" (A = (p = 1)(p — wrwop))

For the sake of brevity, let w! = w;w, and write
Z5 () = Z5 (A = (p— 1)(p — wrwop)).

As observed by Jantzen, when we tensor with the field of fractions of A, which we will
denote by F', the map ¢r becomes an isomorphism. This should imply, as in Lemma
3.11 from loc. cit. with scalars extended to F', that each Zg()\) is simple. To prove
this, we will work more generally.

The following three results are valid for any discrete valuation ring A with residue
field k = A/{t) and field of fractions F'. Considering U any A-algebra which is free of
finite rank as an A-module, we get a k-algebra U, and an F-algebra Ur by extension

of scalars.

Lemma 4.5.1. Suppose N is a Ua-module which is free of finite rank as an A-module,
and consider a Up-submodule E € N ®4 F. Then there exists a U-submodule X < N
such that E = F.X and the U-module M /X is a free A-module.
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Proof. Consider the module X = E'n N. Then we have ' = F.X, so what is left is
to show that N/X is free as an A-module. So, consider (n+ X) € N/X and let a € A.
Then, if a(n + X) = an + X = 0, we have an = x € X. Thus, n = %x € E implies
ne FEn N =X, sowe must have had n + X = 0. What we have just shown is that
N/X is torsion free as an A-module and therefore, since it is finitely generated and

A is a discreet valuation ring, we know that N/X is a free. O

Lemma 4.5.2. Let M and N be U-modules which are free of finite rank as A-modules.

Then the natural map
Homy (M, N)/(t. Homy (M, N)) — Homy, (M, Ni,)
is injective, where My, and Ny are the Ug-modules M /tM and N /tN, respectively.
Proof. Consider the short exact sequence of U-modules
0— NN NN =N, — 0.
Then we can apply the left exact functor Homy (M, —) to get the exact sequence
0 — Homy (M, N) 25 Homy (M, N) Z> Homy (M, Ni) ~ Homy, (M, Ny).
Since t. Homy (M, N) = ker(n’), we have injectivity of the natural map above. O

Proposition 4.5.3. Let ¢ : M — N be a U-module homomorphism, and denote the

maps induced by extension of scalars ¢ : My — Ny and ¢p : Mp — Np. Suppose
(i) My has a unique mazimal submodule and Ny has a simple socle L;

(it) ¢u(My) = L;

(iii) [Ny: L] = 1;

(iv) ¢F is an isomorphism.

Then Nr 1s a simple Up-module.

Proof. Consider a simple Up-submodule £ € Np. Then by Lemma 4.5.1, there exists
a U-submodule X € N with £ = F.X and N/X a free A-module of finite rank.

Given the short exact sequence

0—>X—>N5%N/X -0,
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we can once again apply the left exact functor Homy (M, —) to get
0 — Homy (M, X) — Homy (M, N) %> Homy (M, N/X),

noting that we have ¢ € Homy (M, N). Now, the simple socle L appears as a com-
position factor for N, with multiplicity one and X, contains L since X; < Nj is a
Uy-submodule, hence L is not a composition factor of Ny/X;. Therefore, we must
have Homy, (My, (N/X)x)) = 0 since My certainly contains L. Now, Lemma 4.5.2
and Nakayama’s Lemma give us that Homy (M, N/X) = 0. Thus ¢ € ker(¢’), and
so ¢ is in the image of Homy (M, X). This means that ¢(M) < X < N, and hence
¢r(Mp) € E. Now, since ¢ is an isomorphism and E was chosen to be simple, we
must have Ng = ¢p(Mp) = E. Therefore, N is simple.

m

Now, we are able to prove our previously expected result.
Theorem 4.5.4. For A € X, the module Zp()\) is a simple Up-module.
Proof. By [J00] section 3.10, we have a nonzero homomorphism of U-modules
b1 Za(N) = 25 (\)

such that extension of scalars gives an isomorphism ¢ of Up-modules. Over k, we

know that Z,(\) has a unique maximal submodule as usual; Z;(”I (A“") has a simple

socle Ly, (A) by [J97] Lemma 11.13; and the image of ¢y is equal to L, () by [J00]
Lemma 3.11.
By [J00] 2.8(4), we have [Z,(\): L, (\)] = 1. Now, looking at [J97] section 11.16,

we see that Z;(“I (") ~ 7(Z,(\)*) for 7 an automorphism of g. Thus, the equivalences

in section 11.17 of loc. cit. yield:

L=[ZN): L] = [(ZeW))*: L] = [(ZeW)"): L] = [20 () L]

Thus, we may apply Proposition 4.5.3 to conclude Z};”I()\wl) is simple. Finally, since
¢r is an isomorphism, this gives Zg(\) as a simple Up-module.
O

Remark 4.5.5. In fact, the conclusion that [Z;(”I()\“’I): L,(\)] = 1 is true due to
general arguments in more abstract situations. See, for example, | | section 15.2
Theorem 32 or | | Proposition 16.16.
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In the case of x = 0, this result is observed in | ] (see the remark in section
6.3). There they go on to observe that, in fact, Zp(\) = Qr(\) where Qg()\) is the
projective cover, so that Cr is a semisimple category. We conjecture that this is not

the case when I # ¢ for x in standard Levi form.

Conjecture 4.5.6. For A € X, let Qr(\) be the projective cover of Zp(\) in the
category Cr. Then Qr(N) has a filtration of length |Wi,A| where all of the composition

factors are isomorphic to Zp(\).

If this is true, then our category Cr is not semisimple in general (when y # 0). In
fact, this should be observable directly in the specific case of x regular. The intuition
for Conjecture 4.5.6 comes from viewing results such as [J00] Proposition 2.9 over F,
where the modules Zg()\) are simple as proven in Theorem 4.5.4. In general, though,

it takes a bit of care to work with the projectives rigorously.
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