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A TRIANGULATION ALGORITHM FOR FAST ELLIPTIC SOLVERS
BASED ON DOMAIN IMBEDDING*

CHRISTOPH BRGERS’["

Abstract. The following triangulation problem is considered. Let R be a rectangle, and l-I an open
domain whose closure is contained in R. Consider a rectangular grid covering R. Perturb this grid by shifting
points close to the boundary 0fl onto 01). This results in a quadrilateral, almost rectangular grid. Divide
each cell of this grid into two triangles along one of its diagonals. This results in a triangulation of R. A
subset of this triangulation is a triangulation of an approximation l to l). The distance between 01 and
01-1 is required to be O(ha), where h denotes the maximum meshwidth of the rectangular grid. All triangles
should be nondegenerate.

Triangulations ofthis kind are needed for finite element domain imbedding methods for elliptic boundary
value problems. A particularly simple example of such a method is reviewed. The convergence theory for
this method motivates our definition of nondegeneracy of triangles.

For 01l Ca, an algorithm for constructing triangulations with the desired properties is described. If
the boundary has corners, the condition that the distance between Ofl and 0f be O(h2) cannot always be
satisfied. However, domains with corners are also discussed, and a modification of the algorithm for this
case is described.

Key words, triangulation, fast elliptic solvers

AMS(MOS) subject classifications. 65N50, 65N20

1. Introduction. Domain imbedding methods are special solution techniques for
the large linear systems of equations arising in the discretization of linear elliptic
boundary value problems. The principle is to solve a boundary value problem on a
domain fl using auxiliary boundary value problems on a rectangle R containing
The motivation is that elliptic solvers on rectangles are more convenient, and sometimes
more efficient, than elliptic solvers on general domains. A review of some of the
literature on domain imbedding methods can be found in [1].

Finite element domain imbedding methods require special triangulations; see [4],
where an algorithm for generating such triangulations is proposed. In the present
paper, we describe an alternative algorithm for this task, more general than that of [4].

We give an outline of our algorithm. Consider a rectangular grid covering R.
Denote the gridpoints by

(1) ij=(i,j), O<=i<=I, O<-j<=J.

Perturb this grid by moving points near the boundary O onto 0. This results in a
quadrilateral, almost rectangular grid F, whose points we denote by

(2) x,j (x,j, yq), 0 --<_ =< I, 0 _<--j =< J.

There is a natural one-to-one correspondence between the points in and those in F;
compare Figs. 1 and 2 in 4 below. Divide each of the cells of the perturbed grid F
into two triangles along one of its diagonals. This results in a triangulation
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1188 CHRISTOPH BORGERS

of R, with n-212j2. The details of this procedure are such that all triangles are
nondegenerate, in the sense that no small angles occur. (A slightly different but roughly
equivalent definition of "nondegeneracy," motivated by the convergence theory of
domain imbedding methods, is used in 3.)

Some of the triangles form a triangulation of an approximation
k

(3) 12h U
’=1

If 0fe C2, the distance between 012h and 012 is O(h2), where h denotes the maximum
meshwidth of the rectangular grid.

We remark that the algorithm proposed in [4] may lead to degenerate triangles,
even if 012 is smooth. The reason will be pointed out in 3.

In 2, we give a brief description of a simple finite element domain imbedding
method, for the purpose of motivation. In 3, we describe and study our triangulation
algorithm in detail. For illustration, we show plots of triangulations generated by our
algorithm in 4.

A Fortran code implementing the algorithm is available from the author. This
code was used in performing the numerical experiments on domain imbedding methods
reported in 1].

2. Domain imbedding for Neumann problems. For the purpose of motivation, we
shall review a particularly simple domain imbedding algorithm in this section. This
algorithm was proposed and studied in [4]. However, our description follows [1] and
differs from that given in [4]. In addition to reviewing the domain imbedding algorithm
and its convergence theory, we will give an estimate (Theorem 2) that is central for
the motivation of our triangulation algorithm.

Let 12 be a bounded domain in the plane. Consider a Neumann problem of the form

(4) -Ab =f in 12,

(5) 049_g on012
On

(O/On denotes the exterior normal derivative).
We discretize this problem using piecewise linear Lagrangian finite elements based

on the triangulation (-)=,..., of 12h. We will also use auxiliary boundary value
problems on the entire rectangle R, with Neumann boundary conditions on OR. The
finite element discretization of these problems, based on the triangulation (%)=1,...,
of R, results in a system of linear equations

(6) Kx=r,

where K is the stiffness matrix. The entries in K are of the form

(7) dx
dR

where 4 and 4 are canonical basis functions of the finite element space, i.e., the
space of continuous functions on R that are linear on each triangle -.

We order the unknowns such that K takes the form

Kll 0 K13
(8) K= 0 K22 K3J,

gl g3 K33/
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TRIANGULATION FOR DOMAIN IMBEDDING 1189

where the subscripts 1, 2, 3 correspond to nodes in the interior of --h, in the exterior,
and on the boundary, respectively. We split the matrix K33 as follows"

(1) .+. (2)(9) K33- K33 -/ 33

Here K(1)33 is constructed from the contributions of -h to the integrals defining the
elements of K33 and /r"(2)33 K33 K(1)33 contains the corresponding contributions from
the complement R 1h.

The finite element discretization of the Neumann problem (4), (5) leads to a
symmetric, p.ositive semidefinite system of the form

(10) ( Kll K13 xl

We wish to solve this system using the preconditioned conjugate gradient method. As
a preconditioner for

Kll K13)(11) KI g(1)
33

we first consider

(12)
0 0 Ks
0 I

where Ks denotes the Moore-Penrose pseudo-inverse of K.
LEMMA 1. The matrix (12) exists, i.e.,

(13)
0

is invertible.
Proof. Let

be a null vector of the matrix (13). Then we have

(15) Ks =0.

\x/ \x/

,,Since Ks is a symmetric, positive semidefinite matrix, the vector

(:1t\X3

must then be an element of the kernel of Ks. The kernel of Ks is the orthogonal
complement of the range of K. Since K is symmetric, this implies

(17) ker(K)=ker(K)=span
i

Therefore X and X must be zero. F-I

D
ow

nl
oa

de
d 

04
/0

3/
18

 to
 1

30
.6

4.
25

.6
0.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



1190 CHRISTOPH B6RGERS

THEOREM 1. Systems (11) and (12) are spectrally equivalent, i.e., the quotient of
the quadraticforms associated with (11) and (12) is bounded, on the orthogonal comple-
ment of the kernel of (11), from below by Ao > 0 and from above by A1, with constants

Ao and A1 independent of h.
For a general proof of this theorem, see [6]. An outline of the idea of the proof

can also be found in [1, 4].
The convergence of the preconditioned conjugate gradient method depends on

A1(18) :=.
Ao

The number of iterations needed to achieve a prescribed error reduction in a suitably,
chosen norm is proportional to x/--; see [3, p. 296].

by moving theLet (-)=1,...,, be the triangulation of R obtained from (-)=l,...,n
nodes^ (x0, Y0) of the perturbed grid F back to their original positions (,)), and let
K be the stiffness matrix based on this triangulation. K represents a five-point difference
operator2 and can be inverted by a direct fast Poisson solver if the mesh spacing in
the grid F is uniform in at least one coordinate direction. For example, ifthe meshwidths
in both coordinate directions are uniform and equal, then K represents the standard
five-point difference operator

-1

(19) -1 4 -1.

-1

K also represents a difference operator, but near 0gl, nine-point stencils may occur.
Even if the grid F is uniform, this difference operator usually does not have constant
coefficients, because of the irregular triangles near 012. Therefore K cannot be inverted
using a direct fast Poisson solver. In short, K is simpler than K.

We therefore replace K by K in (12). This increases the condition number K by
at most the factor

(20) cond [(I)I/2K(I)I/2],
where cond [... denotes the spectral condition number.

We will now estimate cond [(IO))I/2K(I)I/2]. Let be one of the triangles ,
and let - be the corresponding triangle . Let be an affine mapping from - onto

There are several such affine mappings. To specify our choice, we require that
maps any vertex (, 33) of - onto the corresponding vertex (xj, y) of ’.

THEOREM 2.

(21) cond [(I)1/2K(I)1/2]<--_ max cond [(Dp)7"(D)],
,- .,.r

where Dd/ denotes the Jacobian of
Proof Let th denote a function belonging to the finite element space associated

with the triangulation (z)=l,...,n. That is,,,let b be a continuous function on R which
is linear on each of the triangles z. Let b denote the corresponding function in the
finite element space associated with the triangulation ()=1,...,,. That is, is con-
tinuous on R, linear on each of the triangles , and (:i, ) b(x0, yj) for all pairs
(i, j). Define

Ivldx(22) q(th):-- Iv12 dx
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TRIANGULATION FOR DOMAIN IMBEDDING 1191

Then

q(b)
(23) cond [(I?()1/2K(I)1/2] =max6

min6 q(b)’

where the maximum and minimum are taken over all nonzero b. For u 1, , n, define

(24) q(6) J Iv dx

Iv, l d,,"

Then

(25) max, q(th)
_< max6, q(b)

min6 q(b) min6, q(b)’

where the maximum and minimum on the right-hand side of (25) is taken over all
nonzero b and all u {1,..., n}. We note that (25) is not sharp.

To prove the assertion, we must now estimate the quotients q(b) from above
and below. Change of variables gives

(26) f IVb[2 dx= f (v)T(DO)-I(Dt.)-T(v)[ det (D)[ dx.
J

This shows that q(b) lies in the interval

(27) [hmin((V)-l(U)-T)ldet (Dff)l, hmax((U)-(D)-T)[ det (D)I]
where Amin( denotes the smaller eigenvalue and Amax( the larger one. Define

(28) e :-- hmin((Dl)-(Uz)-T),
(29) E :-- hmax((Dd/z)-l(Dxr)-T).
Then

(30) [det (D@)[ x/det ((D0)(D@))=

and therefore

1 1

x/det ((Dff)-’(D)-T) x/b--’

hmin((D@)-’(D@)-)[ det (D@)I e.

(31)
cond [(Dp)-I(D)-r]

Similarly,

(32)

cond [(Dp)T(Dp)]

hmax((DO)-(D)-T)ldet (Dq)I /=x/cond [(D)T(Db)].

The assertion now follows.

3. The triangulation algorithm. We first assume that 0f C2. Modifications for
domains with corners will be discussed later.

We define a function

(33) ’- {-1, 0, 1}

by the following algorithm.
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1192 CHRISTOPH B6RGERS

For , define first () 1 if 6 f, and () -1 if f.
Then modify the values () in the following way.
Fori=0,...,I-l"
For j =0,. , J- 1"

If h(ih, jh)" h((i+l)h, jh)=-l" Determine x[ih,(i+l)h] with
(x, jh) 0f; if x _-> (i +1/2)h, set ((i + 1)h, jh) =0; otherwise set (ih, jh) =0.

If (ih, jh).(ih,(j+l)h)--l" Determine y[jh,(j+l)h] with
(ih, y)Of; ire_-> (j +1/2)h, set h(ih, (j+ 1)h)--0; otherwise set h(ih, jh)=O.

Note that the triangulation depends on the order in which we inspect the points
(ih, jh). Instead of the columnwise lexicographic ordering that we have used here,
row-wise lexicographic ordering could be used, and would lead to a possibly slightly
different, but similar triangulation.

We define

(34) := { 6 " () 1},

:(35) / :- { t() 0},

(36) / := { ’" () -1}.

Points in I, B, and E are called interior, boundary, and exterior points, respectively.
The set of points in F that correspond to the boundary points in is denoted by B. Thus

(37) F=IBUE.

By construction, the set of boundary points B has no holes, in the following sense.
LEMMA 2. If (1) and R(2) ae neighbor points in , i.e., (1)=(i, fii) and

(,) or R(2)= (, ;), then (R()) (R(2)) # -1.
Let 0 iI-1 and OjJ-1, and let Q be the quadrilateral with veices xy,

Xi+l,, x,+, and xi+,j+. Q is cut into two triangles along one of its diagonals, and a
decision is made for each ofthem if it belongs to the approximation flh of orto R _h.

To decide how to cut Q, we need a way of measuring the degeneracy of the
resulting triangles. We assign a number to a pair (Q, d), where d is a diagonal of

1) r(2). () (2)Q, as follows. Cutting Q along d gives two triangles,r and Let and be
the corresponding regular triangles with veices in F. Let (k be an affine mapping
from (k onto r(k), k 1, 2. There are several such affine mappings, and we specify
our choice in the way explained before Theorem 2. We then define

det D(k)

(38) := rain
=,, amax((D()(D())"

As before, hma(’) denotes the larger of the two eigenvalues. The two values of
corresponding to the two diagonals of Q, are used below to decide how Q is to be
divided. is negative if and only if Q is not convex and d lies outside Q. Thus, at
least one of the two values of associated with the two diagonals of Q will always
be positive. The larger is, the less degenerate is the configuration resulting from
cutting Q along d.

The triangulation algorithm of Proskurowski and Widlund [4] is quite different
from ours, but also uses a "degeneracy measure," namely

(39)
length of d
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TRIANGULATION FOR DOMAIN IMBEDDING 1193

In many cases, this criterion is roughly equivalent to ours. However, suppose that the
vertices of 0 are

(40) ((i+-)h, jh), ((i+ 1)h, (j+1/2)h), ((i+)h, (j+ 1)h), (ih, (j+)h).

Q has a 180 degree angle. Criterion (39) does not detect the difference between the
two possible ways of cutting Q, and this can result in a triangle of zero area.

Definition (38) is motivated by Theorem 2, together with the observation that

1
min k)) T(41) /x k=l,cond[(Dq (D@(k))] if/x>0.

We shall now describe how/x is used to decide along which diagonal to cut the
quadrilateral cells Q of the grid F, and which of the resulting triangles to include in
fh. Let x(’), m 1, 2, 3, 4 be the vertices of Q. Let ni be the number of points in

(42) [") {X(1), X(2), X(3), X(4)},
and let nn and ne be defined analogously.

Case 1. ne->2. Then n =0. If ne =4, Q is a rectangle and is cut along the
diagonal joining the left upper and the right lower vertex. In .all other cases, we
maximize/z. Both triangles belong to R-Dh.

Case 2. ni-> 2. This case is analogous to Case 1.
Case 3. ne 1, n 1. Using Lemma 2, it is easy to see that Q is convex in this

case. We cut along the diagonal joining the two vertices of Q belonging to the set of
boundary points B in F.

Case 4. nz 1, n1 0, n 3. We attempt to cut such that all three vertices of
one ofthe two resulting triangles lie in B. Ifthe resulting configuration is nondegenerate,
and if the centroid of the triangle with three vertices in B lies in f, we include this
triangle in Oh and the remaining one in R _fh. In all other cases, we proceed as in
Case 1.

Case 5. n1 1, n 0, n 3. This case is analogous to Case 4.
Case 6. n n 0, nn 4. We maximize /x. Each resulting triangle is included

in fh if and only if its centroid belongs to f.
This concludes the description of our algorithm for smooth domains. The triangulations
are guaranteed to be nondegenerate, and Ofh is close to 0f, as shown by the following
theorem.

THEOREM 3. Let " be one of the triangles generated by our algorithm, and let b, be
as in Theorem 2. Then

(43) cond [(D@,)r(DO,)] -< y := (3 +x/g)2 34.

This estimate is sharp. If 012 C, then

(44) dist (01), Ofh) <- O( h2).

Proof. Estimate (43) follows from a detailed but straightforward examination of
the six cases.

To prove (44), observe first that every node x on 0-h belongs to the set B of
boundary nodes in F, and therefore to 01). To see that x e B, note that x must belong
to some interior triangle, and therefore x E. Similarly, we conclude x I, and thus
x e B. (We remark that the converse is not necessarily true: There may be nodes in B
that do not belong to 011 h, if there are several very close intersections of a grid line
with

The boundary 011 h thus consists of straight-line segments of length O(h) joining
points on 0f. For 011 C2, this implies (44).
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1194 CHRISTOPH B6RGERS

From Theorems 2 and 3, it follows that the condition number of (/)l/2K (/))1/2
is bounded independently of 12 of h. (We recall, however, that the estimate of Theorem
2, unlike that of Theorem 3, is not sharp, since (25) is not sharp.) In combination with
Theorem 1, this result shows that the number of iterations required to achieve a
prescribed accuracy with the domain imbedding algorithm described in 2, using our
triangulation algorithm, is bounded independently ofthe meshwidth. Numerical results
confirming this can be found in [1, Table 1].
We have made no specific assumptions on how the region is represented on the

computer. We only assume that a subroutine is available to decide if a given point
x R lies in f or not. If this decision can be made in O(1) operations, the total number
of operations required by our algorithm is O(N:Z+ nB log (l/e)), where e > 0 is the
error tolerance for determining the intersections of the boundary with grid lines. If
the boundary is given in parametric form, our algorithm can be modified such that it
requires only O(nB log (1! e)) operations, by restricting the search for intersections of
Of/with grid lines to a strip along 012, of width comparable to the meshwidth of F.

The algorithm described so far frequently cuts off corners of 012. In our code we
have implemented the following modification, which leads to satisfactory triangulations
for many domains with corners.

In addition to the subroutine defining the domain , the user specifies a finite set
P of points in the rectangle R, typically the corner points of 00. The modified algorithm
will attempt to construct the triangulation in such a way that all points in P become
vertices of 0fh. We assume that the grid is sufficiently fine, in the following sense.
If ](1) p and (2) p, and if (, 33j) F,

(45) (1)e
2 2 2

then

The initialization of the function is modified in the following way. If i (:i, 33j) is
a point in P, and if there is a point in P contained in the rectangle

(47)

then we initially set (1) =0; otherwise weset (1) 1 forl e f and b(x) -1 fori 12.
With this modification, the triangulations generated are still nondegenerate uni-

formly in h and f. The constant in (43) now becomes

(48) y (15+)/4 223.

For domains with corners, estimates (44) (with some domain independent constant

y) and (43) cannot hold at the same time, no matter how the definition of the function

b is modified. The reason is that 012 might have a corner with an arbitrarily small
angle. Obviously, such a corner will require either the degeneracy of some triangles,
or to be cut off, with the consequence that (44) no longer holds.

4. Figures. Figure 1 shows the regular grid F. Figure 2 shows the perturbed grid
F for the case of a disk O imbedded in a square. Figures 3-5 show the triangulations
of a domain f, its complement, and the triangulation of the entire rectangle R, which
is a square here.
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TRIANGULATION FOR DOMAIN IMBEDDING 1195

FIG. 1. The regular grid FIG. 2. The perturbed grid F.

FIG. 3. Triangulation of
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FIG. 4. Triangulation of the complement of l).

5. Summarizing discussion. In this section, we will briefly discuss the role of
domain imbedding in solving elliptic boundary value problems, and the significance
of the work presented in this paper.

Domain imbedding methods have the advantage of simplicity. This is illustrated
by the method described in 2. All that is required to implement this method is the
formulation of the finite element problem, a fast solver on the rectangle R, and few
additional lines of code to implement the conjugate gradient iteration. The formulation
of the finite element problem requires a triangulation of the kind generated by the
algorithm presented in this paper, and the generation of stiffness and mass matrices.
The latter can be done locally: All that is needed is the computation, of stiffness and
mass submatrices for each triangle, again requiring only few lines of code. Our
triangulation algorithm thus forms the major part of a solver for Neumann problems
for the Poisson equation on general bounded domains in two dimensions. Domain
imbedding can also be applied to other elliptic boundary value problems, for example,
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1196 CHRISTOPH B6RGERS

Fit3. 5. Triangulation of and its complement.

Dirichlet problems, and problems for more general second order elliptic equations.
The triangulations generated by our algorithm can also be used in these cases. We
refer to [1] for a survey and study of elliptic solvers based on domain imbedding.

However, domain imbedding methods have several limitations. Although they are
efficient in comparison to most elliptic solvers, good multigrid algorithms are usually
faster by at least a factor of 2 or 3, and often more; compare, e.g., the numerical
experiments of [1] to those of [5, p. 147]. However, Dendy has suggested the use of
his black box multigrid algorithm for domain imbedding (see [2, p. 380]). This approach
has a weaker theoretical foundation than the one described in 2, but it appears to
lead to a considerably more efficient method; compare the numerical experiments on
page 381 of [2]. We note that our triangulation algorithm could also be used in
combination with Dendy’s algorithm.

A severe principal limitation of domain imbedding methods lies in the need for
almost uniform grids such as the ones constructed by our algorithm. However, if local
grid refinement is needed, domain imbedding may still be a useful technique on the
coarsest level of a multigrid algorithm, using a hierarchy of grids with local refinement
on the fine levels. This type of elliptic solver is particularly attractive when complete
coarsening of the grid is either inconvenient because of geometric complications, or
undesirable, as might be the case on parallel computers.

Acknowletlginent. I am grateful to Olof Widlund for many helpful discussions.
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