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Abstract

The human abdominal aorta aneurysm (AAA) has been increasingly modeled as a continuous deformation process in recent years. Changes in both
structure and material of artery wall have been studied and analyzed. This
thesis aims to address key issues related to the nonlinear modeling of AAA
development, and a continuous growth and remodeling (G&R) model was
proposed. The model incorporates artery wall material growth and degradation, microstructure remodeling and artery vessel stability to simulate and
predict the aneurysm development. The kinematic model is described in
which simultaneously occurring growth and deformation are considered as a
sequence of two mappings, one representing stress-free growth and the other
representing the deformations of the tissue due to stresses acting on the tissue. In the simulation, we combine the growth theory and remodeling theory,
and apply it to the simulation of patient aneurysm development. Both microstructure geometry and component mass changes are accounted for. The
fundamental concepts of the nonlinear theory of elasticity are addressed and
suitable continuous material models are formulated. The model depicts the
changes of the outer radius of a dilating abdominal aorta as a function of
axial position over a twelve-year period with an applied pressure of 16 kPa
(120 mmHg). Numerical results show that over this period, the maximum
dilation increased from 12.94 mm to about 35 mm, and the elastin dropped
from 60% to less than 20%. From years 8 to 12, as the bulge expanded, the
ii

maximum von Mises stress increased almost four times, from 235 to 925 kPa.
Mixture theory of growth and remodeling predicted the development of
inhomogeneous mechanical properties and dilatation of the diseased section
of the arterial wall. The rate of expansion depended primarily on the rate of
production and removal of elastin and collagen as well as on the change in
fiber microstructure.
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Statement
An arterial aneurysm is defined as a local dilation of a blood vessel with
respect to the original artery. The risk of abdominal aortic aneurysm (AAAs)
increases dramatically in the presence of the following factors: age older than
60 years, smoking, hypertension and Caucasian ethnicity.
Patient with AAAs can be treated with medical therapy, antibiotic therapy, risk factor reduction, surgical repair or endovascular repair depends on
the size of the aneurysm and the symptoms. The mortality of AAA rupture is as high as 90% before the patients reach the operating room, which
suggests the prediction of AAA development or rupture very important.
There are enormous researches done to study the biomechanical behavior
of aneurysm tissues, however, most of which focused on the diseased tissue,
which left the most critical factor, the development of AAA unaddressed.
This inspires us to focus on the changes of tissue components and structures,
and to predict the biomechanical behavior over a long period of time.
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Chapter 1
1

Introduction

An arterial aneurysm is a local dilation of a blood vessel with respect to the
original artery (Figure 1). When an aortic diameter is at least one and onehalf times the normal diameter at the level of the renal arteries, the abdominal aortic aneurysm (AAA) is formed. Generally, a segment of abdominal
aorta with a diameter of greater than 3.0 cm is considered an aortic aneurysm
[91]. Approximately 80% of aortic aneurysms occur between the renal arteries and the aortic bifurcation. Each year in the United States, AAA rupture
causes more than 15,000 deaths, with an additional 1400 deaths resulting
from the 45,000 repair procedures performed to prevent rupture [114], and
the incidence of AAA has been steadily increasing with up to 8% of men over
the age of 60 affected [115].
The cause of AAA is still not clear, but there are several factors such
as smoking, hypertension, hypercholesterolemia and male sex are generally
known as significant risk factors [10]. Management options for patients with
aneurysm include:
1. Medical therapy which may be helpful in patient with small to medium
sized aneurysm;
2. Antibiotic therapy which is based on evidence of chronic inflammation;
3. Risk factor reduction which includes blood pressure and lipids control;
4. Surgical repair which usually requires open-abdomen operation;
3

Figure 1: Type of arterial aneurysms[119].

5. Endovascular repair which inserts an endograft into the lumen that excludes the aneurysm from blood flow.
However, any medication strategy for the treatment of AAA must address
rupture as well as expansion of artery wall. The AAA rupture is a biological
process that involves biomechanical, cellular and proteolytic influences and
biomechanical factors. The irreversible damage to the structure of artery
wall results in dilatation or even rupture when stress in wall exceeds the
strength limit. Meanwhile, different approaches regarding patient variables
are adopted when predicting AAA expansion or rupture.

4

1.1

Aneurysm rupture factors

1.1.1

Diameter

The diameter of aneurysm is a factor of AAA rupture. Many studies were
performed to find correlation between AAA rupture rate and diameter. Brewster et al. [13] published the data addressing the relation, shown in Table 1.
The tests were based on autopsy and didn’t represent the in vivo conditions.
Some other problems include low rates of autopsy following patient decease
and errors in AAA diameter measurement. More importantly, the rupture
risk of larger diameter is more difficult to get because most large AAA were
surgically repaired.
Table 1: AAA diameter and rupture correlation.

Aneurysm diameter(cm)

Risk of rupture

≤4.0

0.2-0.4%

4.0-4.9

0.5-5%

5.0-5.5

3-15%

6.0-6.9

10-20%

7.0-7.9

20-40%

≥8.0
30-50%
Research data by Brewster et al. [13]. Aneurysm with larger diameter has
higher risk of rupture.

5

1.1.2

Expansion rates

Studies show the rapid AAA expansion rate is associated with increasing
rupture risk [19, 74]. The findings show larger AAA expansion rates will more
likely induce the AAA ruptures. It’s found that larger AAA will usually be
accompanied by larger expansion rates (5.3 mm/year for AAA with diameter
less than 4 cm versus 7.4 mm/year for AAA with 5 cm diameter or more [74]).
1.1.3

Blood pressure

Foster et al. [36] reviewed 75 patients with AAA and observed that 72% of
patients died had diastolic hypertension. Peattie et al. [94] studied pulsatile
flow in fusiform models of AAAs, and they concluded that larger aneurysms
in vivo may be subject to more frequent and intense turbulence than smaller
aneurysms.
1.1.4

Biomechanical factors

The biomechanical method used in predicting AAA rupture is based on stress
in artery wall. The basic principle of AAA expansion is increasing stress
or decreasing artery wall stiffness. Many material models and simulation
methods were proposed. We will do a detailed review and later adopt some
of the theories and suggest a continuous material model that can simulate
AAA development.

6

1.1.5

Other factors

Other factors associated with AAAs are male gender, cigarette smoking,
atherosclerosis and genetics. Reasons for gender related differences remain
unclear, but older (over 65) men are about six times more likely than older
women to have an AAA [48]. Enevoldsen et al.[29] found smoking increases
the risk up to seven times.

1.2

Basic background of soft tissue simulation

The continuum biomechanics consists of three general areas of study: identification of fundamental concepts; formulation of constitutive relations; and
solution of boundary value problems [87]. It follows the basic postulates of
mechanics such as law of mass conservation, energy balance and momentum
balance, other basic concepts such as stress, strain and elasticity is valid as
well. As a result, more and more studies are focusing on formulating a reliable constitutive relation to solve the boundary value problems. Fung [39]
pointed out that the greatest needs in living tissue simulation are collecting
data in different loading conditions and generalizing a theory that can best
describe the stress and strain relation. However, the process is not easy,
as the properties of biological material vary from individual to individual,
part to part and change with time and environment. Additionally, even for
a given sample, as the components are usually not uniform, the mechanical
behaviors are usually different in each direction.
The human infrarenal aorta is about 12 cm long, 2 cm in diameter and
2 mm thick. By dry weight, the artery wall consists of about 40% collagen

7

Figure 2: Structure of an elastic artery. Constructed by OpenStax.

fibers, 40% elastin and ground substance and 20% vascular smooth muscle
cells [52]. The healthy abdominal aorta is a transitional elastic artery and as
pointed out by Fung et al.[41], it’s composed of three layers (intima, media
and adventitia) (Figure2). The intima consists of a layer of endothelium and
connective tissues on the intact internal elastic lamina (IEL). The media has
about 30 concentric elastic lamellae which are composed of elastic lamina
(contributes to 2/3 the thickness of the total elastic lamina), smooth muscle
and extracellular matrix contents. The adventitia is the outermost layer and
mainly composed of collagen fibers [64, 65, 144].
Contrary to the healthy artery, the AAA tissues changed greatly in each
tunica. The AAA intima appears to have thickened smooth muscle as the
intima undergoes cellular alteration. The causes are not well agreed. Stary
8

et al.[120] thought it’s due to expansion of resident intimal cells, while others
[111, 141] believed this is due to cell migration from media into intima. The
thickening intima typically forms two distinct laminated layers, a superficial
subendothelial layer and a musculoelastic layer. The mid layer media undergoes penetration from both intima and adventitia. The lipid core erodes the
underlying media and the adventitial vasa vasorum network penetrates the
media as well [85]. Additionally, the elastic tissue degradation stimulates the
production of peptides, which accelerates the angiogenesis [86, 106], and this
process disrupts the media structure with large vascularised region of media consisting of reduced elastic tissue and smooth muscle cells. The intima
atherosclerosis and media neovascularization result in great medial smooth
muscle loss due to cell death because of apoptosis [11, 53, 77], and the AAAs
has approximately 50% less smooth muscle cells compared to that of healthy
artery. Adventitia is observed thickening progressively due to the proliferation and expansion of the vasa vasorum network. Chronic intraluminal
thrombus (ILT) is often observed incorporated into the AAA intima. The ILT
consists of layer of fresh red clot, thrombus and fibrinolysed abluminal layer.
ILT thickens the artery wall and limits the oxygen transport which resulting in hypoxia-associated degeneration [84, 136]. Moreover, ILT blocks the
leukocytes and platelets, resulting in increase of matrix metalloproteinases
(MMP), which has strong impact on AAA pathogenesis [56, 105, 138]. Recent
studies show the presence of ILT also impacts the blood flow and increases
local wall stress [96].
In most lab tests and simulations, due to the difficulties in distinguishing the behaviors of each layer, the artery wall is usually treated as one

9

layer structure. As early as 1880, Roy [109] has observed the arteries behave
anisotropically. Figure 3 shows one of the test stress and strain curves by
Dr. Francesco Pancheri in our laboratory performed on human artery tissue
sample. It’s clearly shown that although the same stretch is applied simultaneously on both directions, the corresponding stresses are not the same.

Figure 3: Equibiaxial test performed on human artery sample. Longitudinal
and circumferential directions are stretched up to 1.1.

In summary, the soft tissues exhibit complicated behaviors and different
individual tissues usually require different models. In our research, we focus
the study on human abdominal aortic aneurysm material models. Consti10

tutive relation describes the response of a material subjected to loads or
deformation, which depends on the constitution of the material. Due to the
complexity of artery tissue which includes multiple components and various
microstructures, many studies were primarily based on the behaviors of interest, as a result of which, many material models and theories were proposed in
different aspects, and they are capable of describing relations under specific
conditions but not in general. In our following introductions, we will review
the most adopted and most recent material models and theories, but since
the continuous mechanics theory will be used, it’s best to briefly explain the
nonlinear theory of elasticity.

11

Chapter 2
2

Nonlinear theory of elasticity

Figure 4: Configuration and motion of a continuum body.

Figure 4 shows the motion of a continuum body in the three-dimensional
Euclidean space. The stress-free configuration is denoted as Br , and an arbitrary material point is chosen and described by its position vector X. A
mechanical deformation applied to the body, and the material point X occupies the new position x under motion vector χ in current deformed configuration denoted as B. χ is a vector field that specifies the place x of X, and
is called the motion of the body B. In other words, the motion vector χ is a
one-to-one mapping from reference configuration to current configuration.
The deformation gradient tensor F relative to reference configuration Br
12

is defined by
F = Gradx

(2.1)

where Grad is gradient operator with respect to X. The Cartesian components of F are Fiα = ∂xi /∂Xα , where xi and Xα are components of x and X
respectively.
At each point X, the deformation gradient F has the following unique
polar decomposition
F = RU or Fiα = Riβ Uβα

(2.2)

where RT R = I, U = UT , ( )T is transpose operator. R is a proper orthogonal tensor with detR = 1, called the rotational tensor. U is the unique,
positive definite, symmetric right stretch tensor and it measures local stretching or contraction along their mutually orthogonal eigenvectors, which is a
change of local shape. For example, the spectral form of stretch can be
expressed as
U = Σ1,2,3 λi ui ⊗ ui

(2.3)

where λi and ui are principal stretches and principal directions of U, and
symbol ⊗ indicates tensor product.
To consider the change in volume, we adopt the volume ratio definition
J = detF > 0, which also expresses the relation between volume in reference
configuration and current configuration
dv = JdV

(2.4)

where dv and dV denote the volume element in current and reference configurations respectively. It’s apparent that for incompressible material (volume
keeps constant), J = detF = 1.
13

From equation (2.2) and equation (2.3), we have
J = detF = detU = λ1 λ2 λ3

(2.5)

We introduce the right Cauthy-Green tensor C
C = FT F

(2.6)

C is an important strain measure in material coordinates. Note that C is
symmetric and positive definite at each X, thus,
C = FT F = (FT F)T = CT

(2.7)

Similarly, the left Cauchy-Green tensor B can be defined as
B = FFT

(2.8)

Accordingly, the three principal invariants for C can be defined by
I1 = trC
1
[(trC)2 − tr(C2 )]
I2 =
2
I3 = detC = J 2

(2.9)

where tr is the trace of the tensor, recall equation (2.5), the invariants above
can be rewritten in terms of principal stretches expressed as
I1 = λ21 + λ22 + λ23
I2 = λ21 λ22 + λ22 λ23 + λ21 λ23
I3 = λ21 λ22 λ23

14

(2.10)

In our following studies of human tissue, the material behaves anisotropically because of the embedded fibers, as a result, additional invariants are
introduced to express this deformation,
I4 = A · CA

(2.11)

I6 = A0 · CA0
where A and A0 specify the two set of fiber orientations in reference configuration.
For an incompressible anisotropic material, which I3 = 1, the derivations
of equation (2.9) and equation (2.11) are given by
∂I2
∂I1
= 2FT
= 2(I1 FT − FT FFT )
∂F
∂F
∂I4
∂I6
= 2A ⊗ FA
= 2A0 ⊗ FA0
∂F
∂F

2.1

(2.12)

Hyperelastic material strain energy function

We briefly introduce the finite hyperelastic theory which was introduced by
Green and Adkins [47]. The strain energy W is defined per unit volume in
the reference configuration. For the case in which W is solely a function of F,
which W = W (F). We now restrict the attention to homogeneous materials
only in which the distribution of the internal constituents are assumed to
be uniform on the continuum scale. The strain energy W (F) quantifies the
amount of energy associated for the deformation from reference configuration
to the current loaded configuration. The Cauchy stress can be written as
σ=F

∂W (F)
− pI
∂F
15

(2.13)

where p is hydrostatic pressure.
For an incompressible anisotropic material, the form of strain energy W
can be rewritten in terms of independent invariants I1 , I2 , I4 , I6 . We rewrite
W = W (I1 , I2 , I4 , I6 ). To get the explicit form of Cauchy stress in terms
of invariants, we apply the chain rule on equation (2.12), the Cauchy stress
takes the following form:
σ = 2(W1 + I1 W2 )B − 2W2 B2 + 2W4 a ⊗ a + 2W6 a0 ⊗ a0 − pI

(2.14)

where Wi = ∂W/∂Ii , and B is predefined left Cauchy-Green tensor. a and
a0 are the push forward form of A and A0 respectively with a = FA and
a0 = FA0 . When fiber terms I4 , I6 are not presented, the above expression
yields a standard isotropic material.

2.2

Isotropic materials loading responses

The purpose of introducing the strain energy function is to mathematically
describe the material mechanical responses under loading conditions. To
be able to achieve that, we need to express the stress and stretch in each
direction explicitly. In the following discussion, we will show the material
responses under uniaxial loading and biaxial loading conditions.
2.2.1

Responses under uniaxial loading

Under uniaxial loading conditions, loads are applied on one direction only,
all other directions are free to move, thus
σ1 = σ,

σ 2 = σ3 = 0
16

(2.15)

and for incompressible homogeneous material,
λ1 = λ,

λ2 = λ3 = λ−1/2

(2.16)

The principal invariants in equation (2.10) take the form
I1 = λ2 + 2λ−1

(2.17)

I2 = 2λ + λ−2
recall equation (2.14), the non-zero stress component is
σ = 2W1 (λ2 − λ−1 ) + 2W2 (λ − λ−2 )

(2.18)

where W1 and W2 are defined in the previous chapter and they are related
to strain energy specified.
From equation (2.16), it’s apparent that the deformation is related to
λ only, thus, we can introduce an alternative strain energy function W̄ (λ)
which depends on λ only. Using the chain rule and replacing Wi in equation
(2.18), the non-zero stress component can be rewritten as
σ = λW̄λ

(2.19)

where W̄λ is the derivative of W̄ with respect to λ which W̄λ = ∂ W̄ /∂λ.
2.2.2

Responses under biaxial loading

Materials under biaxial loading conditions, loads are applied on two principal
directions, the third direction is free to move, which σ3 = 0. For incompressible material,
−1
λ3 = λ−1
1 λ2

17

(2.20)

recall equation (2.10), the two principal invariants are
−2
I1 = λ21 + λ22 + λ−2
1 λ2

(2.21)

2 2
−2
I2 = λ−2
1 + λ2 + λ1 λ2

Substituting the above expressions into equation (2.14), we have
−2
2 2
−2
σ1 = 2(λ21 − λ−2
1 λ2 )W1 + 2(λ1 λ2 − λ1 )W2

(2.22)

−2
2 2
−2
σ2 = 2(λ22 − λ−2
1 λ2 )W1 + 2(λ1 λ2 − λ2 )W2

similarly to uniaxial loading conditions, the strain energy function W depends on λ1 , λ2 only, thus, the strain energy function can be rewritten as
W̄ (λ1 , λ2 ), substituting into equation (2.22), the above expressions yield a
simple form:
σ1 = λ1 W̄1
σ2 = λ2 W̄2
where W̄i = ∂ W̄ /∂λi .

18

(2.23)

Chapter 3
3

Aneurysm material models review

Due to the complexity of aneurysm, many research groups have devoted their
attention to the study of artery wall materials with different efforts. Among
these attempts, when classified by the length of simulation, they can be divided into two major aspects. One focuses on instantaneous stress strain
relations such as loading under uniaxial or biaxial test protocols and the
other focuses on long term stress strain relation by taking time factor into
consideration, such as considering mass or material components change as
a result of artery wall evolution. It appears that loss of elastin initiates
the dilatation, turnover of collagen promotes enlargement, and local high
stress leads to rupture. In particular, AAAs may have 90% less elastin than
normal aorta [14]. The significantly weakened media appears to be compensated structurally by a thickened, fibrotic adventitia. Although the amount
of intramural collagen in an AAA may not differ significantly from that in
the non-aneurysmal aorta, there may be different degrees of undulation, realignment toward the circumferential direction, increased cross-linking, and
varying distributions along the length of the lesion [14, 82]. With the help of
modern technology, a lot of new techniques are adopted in AAA simulation,
among which, FEM simulation is more commonly used now.

19

3.1

Constitutive models

Since pointed out by Fung [39], many constitutive models were proposed
based on the specific tests on material samples [26, 39, 54, 57, 80]. Many
models were built in improvement of the previous models by adding more
variables to account for more mechanical behaviors, thus, we will selectively
show the most adopted models and some newly proposed models.
3.1.1

Fung-Type model

To simulate the complicated behavior of biological materials, Fung et al. [40]
proposed a material model that is suitable to simulate arbitrary 3D state of
deformations. The general form is
1
W = c[eQ − 1]
2

(3.1)

where c > 0 is a stress-like material parameter and Q is given by
Q=

2
2
2
b1 EΘΘ
+ b2 EZZ
+ b3 ERR
+ 2b4 EΘΘ EZZ

(3.2)

2
2
2
+2b5 EZZ ERR + 2b6 ERR EΘΘ + b7 EΘZ
+ b8 ERZ
+ b9 EΘR

bi (i = 1, 2, ...., 9) are dimensionless material parameters and EAB for (A, B =
R, Θ, Z) are the components of the Green-Lagrange strain tensor E = (C −
I)/2 referred to the cylindrical polar coordinates (R, Θ, Z) in the reference
configuration.
As a very basic 3-D material model, the Fung-type model has been applied
in many special cases and most extensively in 2-D structures where the nonzero terms in equation (3.2) are b1 , b2 , b4 , which corresponds to the membrane
structures.
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3.1.2

Humphrey and Yin model

Humphrey and Yin [62] noticed the anisotropic behavior of soft tissues and
they proposed a material model that considers both isotropic behavior and
the additional anisotropic behavior. Further, they noticed most stress stretch
curves are in exponential shapes, as a result, the material model is in exponential form.
W = c1 {exp[c2 (I1 − 3)] − 1} + c3 {exp[α(α − 1)2 ] − 1}

(3.3)

where c1 , c2 , c3 are material constants determined by fitting to experimental
data, α is the stretch in fiber direction and is defined as α2 = I4 where I4
is material invariants to express the deformation on fiber directions. The
definitions are shown in the non-linear elasticity chapter [Eq(2.11)].
Humphrey and Yin model is one of the first material models to consider
the anisotropic behavior by adding an additional fiber term which has been
widely adopted and modified in the subsequent analysis. Holzapfel model is
one of them.
3.1.3

Holzapfel model

As the arterial wall is usually considered as a heterogeneous composite structure with multiple layer features, and each layer has anisotropic behaviors, to
account for these behaviors, Holzapfel et al. [55] proposed a most commonly
used anisotropic material model which assumes the artery wall material as
a fiber-reinforced material with collagen fiber orientations render the material orthotropic behavior. As a result, the strain energy W is split into two
parts, Wiso associated with isotropy which is mostly elastin matrix and Waniso
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associated with anisotropy which is due to the collagen fibers.
W = Wiso + Waniso

(3.4)

which can be further specified as
W = µ(I1 − 3) +

k1 X
{exp[k2 (Ii − 1)2 ] − 1}
2k2 i=4,6

(3.5)

where µ, k1 are stress-like material parameter and k2 is dimensionless material
constant. I1 is material invariant, I4 , I6 indicate the material invariants to
express the deformation on fiber directions. The definitions are shown in the
non-linear elasticity chapter [Eq(2.11)].
The Holzapfel material model is sufficient to capture the basic mechanical
behavior of soft tissues in the experiments, and for multi-layer structure with
different mechanical response, the same material model can still be applied
with different sets of material parameter for each layer. Holzapfel model
requires relatively fewer material parameters and makes it very useful in the
material simulation.
Many recent models are modified based on the Holzapfel model, of which,
Baek et al. [7] added mass related terms to consider material mass changes
over time. Driessen et al. [27] and Watton et al. [139] modified the Ii terms
to be a function related to fiber angle and fiber length respectively to account
for the fiber geometry changes over time.
3.1.4

Baek and Humphrey model

Baek et al. [7] considered each material constituents k: individual strainenergy function W k , rates of mass density production mk , and survival functions Qk ∈ [0, 1] and q k ∈ [0, 1] that account for the half-lives of collagen
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fibers. They propose, for each constituent, the strain energy function takes
the form of:
M k (0) k
Q (s)W k (λkn(0) (s)) +
w (s) =
ρ(s)
k

s

Z
0

mk (τ ) k
q (s − τ )W k (λkn(τ ) (s))dτ
ρ(s)
(3.6)

where M k are apparent mass densities defined per surface area and λkn(τ )
are stretches relative to evolving natural configurations defined at the time
of deposition τ ∈ [0, s]. The values of mass production mk (τ ) and mass
survival q k (s) depend on collagen half lives and stress values.

In the following studies, Sheidaei et al. [113], Wilson et al. [142] and
Valentin et al. [49, 128, 129, 130, 131] employed similar formulation and
applied to AAA analysis.
3.1.5

Watton and Hill model

Watton et al. [139] paid special attention to the geometry change of collagen
fibers over a long period of time. Based on their theory, as the aneurysm
develops, the length of collagen fiber under stress free conditions gets longer
over time to prevent extreme stretches in fibers and the stretch of collagen
fibers tends to be maintained at a certain value. They modified the Holzapfel
model and proposed a strain energy function in the form of:
W = c(11 + 22 + 33 ) +

X

k(exp(a2c ) − 1)

(3.7)

which contrary to the standard I4 term in Holzapfel model, the Green strain
c is related to the recruitment factor r and has the form c = [e + (1 −

r2 )/2]/r2 , where r is the recruitment factor which quantifies the prestretch
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required for the collagen fiber to be straightened and e is the Green strain
of the elastin resolved in the fiber direction.
Watton and Hill model focuses more on the collagen fiber terms and they
assume collagen fibers are the major load bearers, the change of which leads
to the expansion of artery and causes the dilation.
3.1.6

Volokh model

Volokh [134] introduced a growth and failure model. The growth is done
within the framework of continuum mechanics based on the one-to-one mapping of material configurations during the tissue evolution, and the constitutive description of failure is based on the concept of energy limiters. The
model has the strain energy function in the form of:
Z t
g(t, tdp )ṁ(tdp )f (t, tdp )dtdp
ψ(t) =

(3.8)

−∞

where ṁ is a dimensionless rate of the constituent production; f is the strain
energy of the deposited constituent; tdp is the time of constituent deposition
and g(t, tdp ) is life cycle function.
They assumed isotropic development of aneurysm and considered averaged incompressible continuum, and model fiber deposition and failure by
using the following strain energy: f = φ{1 − exp[−W/φ]}, where φ is the
energy limiter, which is the bond energy for the particle potential, and W is
the strain energy of intact (without failure) material.
This model has been applied to the simulation of thin axisymmetric membranes.
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3.1.7

Other models

During the attempts to simulate the biological tissue mechanical behaviors,
there were many material models proposed, of which, Rivlin and Saunders
[104] proposed the Polynomial model, and it’s been modified by the following
works by Chang et al. [15], Hartmann and Neff [51] and Laksari et al. [71].
Yeoh [145] developed the hyperelastic material model which depends on the
first strain invariant. Varga model and Gent model by Gent [45] are also
widely used on different purposes of simulation. Gasser et al.[42, 43, 44]
proposed a damage model based on the histology studies and implemented
into FEM simulation. Fillinger et al. [34] and Venkatasubramaniam et al.
[133] focused on the peak wall stress and they found the stress is a more
significant factor than maximum diameter when predicting AAA ruptures.
Vorp et al. [135], Vande Geest et al. [132], Long et al. [76] and other groups
took intraluminal thrombus (ILT) into consideration and they believe there
is a positive correlation between ILT and AAA rupture risk. Homogenous
wall material properties have been primarily assumed in 2D and 3D stress
analysis, and combined with patient data, the results were used to predict
AAA rupture risk [2, 26, 31, 33, 43, 63, 79, 95, 99, 103, 125]. The specific
forms will not be listed.

3.2

Finite element simulation

With the development of computer based simulation software packages, more
and more studies use finite element based simulation (FEM) (Figure 5) to estimate the mechanical behaviors of complicated structures and materials. A
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Figure 5: A typical finite element mesh model of AAA. The artery wall has
uniform thickness and the geometry is built from patient CT-scan images.

standard FEM output is shown in Figure 6. Similarly to the material model
evolution, the FEM models also developed. Many inappropriate assumptions such as uniform wall thickness, stress-free diastolic pressure reference
configuration were used in the early simulations or based on the interest of
the researches. Later on, more complicated studies including more material
constituents such as calcification and thrombus, patient based blood vessel
structures and anisotropic material models were adopted. The most representative efforts are listed.
Raghavan et al. [100] introduced the isotropic material model in a uniform thickness structure based on patient AAA CT-Scan image contour. By
considering the Von Mises stress, they managed to predict the highest stress
zone and the possible location of rupture. In the following studies, Wang et
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Figure 6: Finite element simulation of artery wall stress. Constant internal
pressure is applied to the patient specific blood vessel of uniform wall thickness.
The figure shows Von-Mises stress distribution.

al. [138] and Speelman et al. [117] refined the artery wall structure by considering thrombus and calcification respectively. With the development of the
simulation packages, anisotropic material models were incorporated in the
simulation, the works including [103, 107], which used anisotropic Holzapfel
material model and considered multiple fiber orientations. Gasser et al. [43]
did a deeper study by considering various thrombus thickness of different
patients to find the maximum stress related to the change and predict the
rupture risk.
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We should be aware that although more complicated material models
and patient specific artery wall structures are able to be imported into the
FEM, however, due to the high variety of human artery wall constituents in
different locations and time as well as complicated blood flow due to various
blood pressure and artery wall effects, the localized rupture seems impossible
to predict. The FEM simulation is helpful to understand where the larger
stress zone is and how the stress distributes under given conditions.

3.3

Mixture theory

The immediate mechanical response of soft tissues has been well studied, even
for anisotropic behaviors and different stress stretch relations after unloading. However, as part of tissue evolvement mechanism, the tissues change
continuously in aspects of material constituents and microstructures. The
material evolution under time or different loading environment is not clear,
because of which, there’s a pressing need to take time factor into the simulation, especially when we need to predict the future tissue behaviors. Naturally, the mixture theory came into our mind. The mixture theory has
been applied to the study of biological tissues, cells and bones for decades
[66, 67, 108, 116, 121]. The major application of this theory has been focused
on modeling the mechanics and migration of mixture components. The recent works consider more about growth and remodeling problems, where
growth means the mass exchange of some components and remodeling indicates structure changes of the component, both of which are the result of
chemical reactions.
For the growth phenomenon, there are usually two types of growth, sur28

face growth and volume growth. Surface growth implies the deposition of
newly generated material onto an existing body, therefore, the reference configuration of the new materials should be defined at each time of material
growth and boundary of the mixture should be redefined. Volume growth
means changes in the apparent density whose reference configuration was
defined at an earlier time. For example, bone growth is a result of new materials deposited on surfaces and artery wall tissue growth is a result of smooth
muscle cells, fibers incorporated into the matrix. Negative growth is also
possible, which can be caused by degradation. To describe the growth at
tissues, cells or bones, because of the complexity of each components which
includes different properties, half life rate, the general behavior cannot be
added up linearly, and the mixtures must obey the mixture theory. In our
study, we will introduce the mixture theory in general and mostly focus on
the growth of artery tissues in the later chapters.
The currently widely adopted continuum theory was introduced by Truesdell and Noll [127] and developed by Batchelor [9], in which contrast to a
chemical compound, a mixture containing two or more components can be
separated and each retains its individual properties no matter separated or
mixed. The total mass of the mixture is simply the summation of the mass
of each component. As each component will retain its own properties, it
must satisfy individual equilibrium and the summation must yield the general classical equation of motion. The study of individual motion makes it
possible to consider the mass exchange, the change in linear momentum and
stored energy. In the following analysis, we will talk in details. Although
the human tissues usually contain a large portion of water, for the purpose

29

of simulating the mechanical behavior of the mixture, we don’t consider the
interactions between liquid and solid components.
Skalak [116] and Tozern [126] did great studies in considering stress free
configuration evolvement of fiber network structures. The new stress free
configuration is achieved either by longer fiber length due to remodeling or
increasing amount of units due to growth.
Rodriguez et al. [108] and Taber [122] did further study by assuming the
material growth speed depends on the stress level of the objects. The larger
stress endured, the faster growth speed is.
Humphrey [58] in the later study suggests the focus should be on the
turnover of material constituents and the configurations at which the turnover
occurs. The soft tissue is consisted of elastin which serves as an amorphous
extracellular matrix, collagen fibers as an oriented major load carrier and
water which takes the largest volume portion. In the following studies,
Humphrey and Rajagpal [61] introduced a constrained mixture theory, and
by using the rule of mixture model, they provided a simplified model to account for the growth and remodeling of soft tissues. Kuhl et al. [70] and
Baek and Humphrey [8] applied the theory into computational analysis.

3.4

Remodeling theory

The two major load carrying constituents, elastin matrix and collagen fibers,
have very different half lives, of which elastin has a longer half life of about 40
years in human and collagen fiber has a shorter half life about several months
to several years [4]. The speed of degradation of elastin is reported increasing
during aging and hypertension according to He and Roach [52], because of
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which, the elastin matrix is insufficient to carry the pressures. Because the
collagen fibers are so stiff when straightened, loss of elastin matrix will be
accompanied by a continuous turnover of collagen fibers during the expansion
of AAAs. Freestone et al. [38] and Baaijens et al. [6] observed thickening
adventitia of AAA wall via the deposition of collagen fibers which reinforce
the artery wall and they concluded the turnover of collagen fibers should
be a protective response to the degradation of elastin matrix to restore the
balance between deformation and load carrying.
Remodeling of soft tissues is induced by biochemical and biomechanical
reactions [37, 50], which will result in changes in tissue microstructure and
its mechanical properties. As part of the healing process, the remodelling
process initiates in response to tissue damage, excessive loadings and environmental stimuli [18]. As described by Young [146], the wound healing can
be broken down into four distinct phases of haemostasis, inflammation, proliferation and tissue remodelling. Haemostasis is an immediate response of
the body to prevent exsanguination, the damaged vessels rapidly constrict
through the contraction of smooth muscle by increasing cytoplasmic calcium
level; During inflammation process, the original mechanical barriers are no
longer intact, the neutrophils infiltrate the wound and migrate in sustained
level; Proliferation is when the defect begins to be repaired, it incorporates
angiogenesis and collagen deposition; Remodelling is the final stage, as the
healing can take a relatively long period of time, the balance between synthesis and degradation of the collagen and other proteins should be achieved
gradually and the fibers will become well organized.
The remodelling of arteries responding to external changes has been rec-
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ognized and studied by various approaches. Fung [41], Rachev and Meister
[98] and Rodriguez et al. [108] suggested remodelling based on the change
of thickness, opening angles. Driessen et al. [27, 28], Kroon and Holzapfel
[69], Menzel [83] put more interest on fiber reorientation during structure
evolving. Humphrey [58] and Watton et al. [139] focused on the microstructure addressing the remodelling of collagen and considering the stretched and
stress free lengths for a uniaxial model.
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Chapter 4
4

Growth and remodeling with application to
AAA

4.1

Hyperelasticity

Consider a deformable material, which in the absence of mechanical loads
is unstressed and occupies the reference configuration Br . The location of
a material particle in Br is identified by its position vector X relative to
some fixed origin. The material is endowed with a structure characterized
by preferred directions typically associated with the mean orientation of two
families of collagen fibers identified by unit vectors M(X) and M0 (X). Let
B denote the configuration of the body after deformation from Br , with x
indicating the position occupied by the material particle which was at X in
Br .
The theory of hyperelasticity is formulated in terms of a strain-energy
function W , defined per unit reference volume, that describes the mechanical
response of an elastic material. For an anisotropic solid with two preferred
directions W depends, by objectivity, on the deformation gradient F through
the right Cauchy–Green tensor C = FT F and on the structure tensors M⊗M
and M0 ⊗ M0 and we write W = W (C, M ⊗ M, M0 ⊗ M0 ).
For computational convenience the deformation gradient is decomposed
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as
F = J 1/3 F̄,

(4.1)

where F̄ is the isochoric contribution to the deformation satisfying det F̄ = 1
and J = det F. Note that J is positive and relates an infinitesimal volume
element dv in B to its counterpart dV in Br via
dv = JdV.

(4.2)

Associated with the decomposition (4.1) is the isochoric right Cauchy–
Green tensor C̄ = F̄T F̄. Then, the dependence of W on C is generalized into
dependence on C̄ and J such that
W̄ (C̄, J, M ⊗ M, M0 ⊗ M0 ) = W (C, M ⊗ M, M0 ⊗ M0 ).

(4.3)

To solve the governing equations numerically, it is common practice to decompose the energy function into a part that depends on C̄ and on the
structure tensors, and a part that depends on J. This can be written as
W̄ = W̄iso (C̄, M ⊗ M, M0 ⊗ M0 ) + W̄vol (J),

(4.4)

where W̄iso and W̄vol denote, respectively, the isochoric (volume-preserving)
and dilatational (volumetric) contributions.
The material is said to be isotropic if the strain energy is an isotropic
function of the three tensors C, M ⊗ M, M0 ⊗ M0 . Therefore, as elaborated
by Spencer [118], the integrity basis in three dimensions is given by the
invariants
I1 = trC,

I2 = 21 [I12 − tr(C2 )],
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I3 = det C ≡ J 2 ,

(4.5)

and
I4 = M · (CM), I5 = M · (C2 M), I6 = M0 · (CM0 ), I7 = M0 · (C2 M0 ). (4.6)
Alternatively, if the energy is taken as the sum of isochoric and dilatational parts, the invariants are replaced by the isochoric counterparts together
with J. Hence, by replacing C with C̄ in the definitions (4.5) and (4.6) we
obtain I¯3 = 1 and
I¯i =



J −2/3 Ii , i = 1, 4, 6,

(4.7)


J −4/3 Ii , i = 2, 5, 7,
where an overbar now identifies the isochoric invariants. It follows that relation (4.3) has the alternative form
W̄ (I¯1 , I¯2 , I¯4 , I¯5 , I¯6 , I¯7 , J) = W (I1 , I2 , I3 , I4 , I5 , I6 , I7 ).

4.2

(4.8)

Fiber deposition and remodeling

Fiber deposition and remodeling are often described as two independent
events, which may be a simplifying assumption. Therefore, in [75] a general theory is developed that connects the two events and is used to simulate
the axisymmetric expansion of an abdominal aortic aneurysm. In this chapter, for completeness, only a summary of the main ingredients of the theory
is included.
Consider a mixture with constituents elastin and oriented collagen to
represent the aortic wall with the mechanical contribution of smooth muscle
cells being omitted, as in [54, 139]. In the reference configuration the mixture occupies the region Br and, at time t, the current configuration B(t).
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Following [7, 61, 68, 69], the variable t is used to identify all admissible configurations. Specifically, prior to t = 0 the vessel is in a mechanobiologically
stable regime, where a loss of existing material is compensated by the production of new material without inducing a permanent dilatation [20, 21].
By contrast, for t > 0 the vessel is in a mechanobiologically unstable regime
where a minor loss of wall material or a small increase in blood pressure may
initiate an aneurysm formation.
The reference location of the constituent i is identified by the position
vector Xi and the location at time t by the function χi such that
x = χi (Xi , t).

(4.9)

At time t, therefore, all constituents of the mixture occupy the same location
x and, by definition, experience the same deformation.
For what follows it is convenient to recall the phenomenon of fiber remodeling, which is defined as a continuous adaptation of the microstructure
and is often described in terms of a recruitment variable r, see detailed discussions in [75, 139]. It represents the macroscopic stretch of the mixture, in
the direction of the oriented fibers, when the collagen begin to bear load.
At time τ , where 0 < τ < t, the mixture occupies the configuration
B(τ ) with the deformation relative to Br defined by the gradient F(τ ). A
new collagen fiber is now deposited with deposition stretch equal to the
stretch of the mixture in the fiber direction. Imagine that the material is now
unloaded from B(τ ) to the reference configuration Br . The newly deposited
fiber ceases to carry load in an intermediate configuration B0 (τ ) and, upon
further unloading, assumes a wavy shape. The deformation gradient in the
intermediate configuration, Fr (τ ), relative to the reference configuration is
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obtained as
Fr (τ ) = (Fc (τ ))−1 F(τ ),
where the superscript

c

(4.10)

stands for collagen and Fc (τ ) specifies the corre-

sponding elastic deformation with respect to the intermediate configuration,
see Fig. 2 in [75].
The collagen fiber, which was deposited at time τ continuously adapts its
microstructure as the mixture evolves from B(τ ) to the current configuration
B(t). If the mixture is now unloaded, the fiber will become stress-free in
an evolved intermediate configuration, denoted B0 (t, τ ). The deformation
gradient of the mixture in the intermediate configuration B0 (t, τ ), relative to
the reference configuration Br , is then obtained as
Fr (t, τ ) = (Fc (t, τ ))−1 F(t).

(4.11)

Relations (4.10) and (4.11) can be combined to obtain the elastic deformation of a fiber in the current configuration B(t) with respect to the
evolving intermediate configuration B0 (t, τ ). The corresponding gradient is
given by
Fc (t, τ ) = F(t)F−1 (τ )Fc (τ )Fr (τ )F−1
r (t, τ ),

(4.12)

where we note that Fr (t, τ ) depends on Fr (τ ).

4.3

Mass balance

Growth is associated with a local increase in mass, achieved via the production of new material that exceeds the removal of existing material. This
suggests that the mass balance at time t of constituent i includes density production and survival functions denoted, respectively, mi (x, t) and Qi (t, τ ).
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The latter defines the amount of constituent i, produced at time τ , that survives to the current time t. Then, for use in numerical simulations, the mass
balance equation is expressed in Lagrangian form by
Z t
i
i
i
mir (x, τ ) Qi (t, τ ) dτ,
ρr (x, t) = ρr (x, 0) Q (t, 0) +

(4.13)

0

where ρir (x, t) is the mass density at time t defined per unit reference volume
of the mixture, and ρir (x, 0) is the density in the mechanobiological stable
state. The referential density production term mir (x, τ ) = J mi (x, τ ), with J
defined in (4.2).
Note that the mixture is taken as incompressible prior to the initiation of
growth, therefore ρir (x, 0) = ρi (x, 0). At time t > 0, the mass density ρi (x, t)
is determined by the mass of constituent i per current volume of mixture.
The total mass density is then obtained by
ρ(x, t) =

X

ρi (x, t),

(4.14)

i

which, following [7, 128, 131], is assumed constant, i.e. ρ(x, t) = ρ(x). However, the rate of mass production of one constituent is not, in general, equal
P i
to the rate of removal of another and therefore
m 6= 0.

4.4

Energy function

In the theory of mixtures the Cauchy stress σ is taken as the sum of the
stresses in each constituent [7, 128]. We obtain
σ(t) = J

−1

P
∂ i W i (t)
∂W (t)
−1
F(t)
= J F(t)
,
∂F(t)
∂F(t)
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(4.15)

where W i (t) denotes the strain energy density of constituent i, F(t) is the
deformation gradient of the mixture in the current configuration B(t) relative
to the reference configuration Br and J = det F(t).
Following a common practice in the theory of growth, the energy density
W is expressed in terms of the internal energy U , which is defined per unit
mass. It follows that the energy density of constituent i can be written as
Z t


i
i
i
i
i
mir (τ ) Qi (t, τ ) U i Fi (t, τ ) dτ, (4.16)
W (t) = ρr (0) Q (t, 0)U F (t) +
0

where U i (Fi (t)) represents the internal energy at time t of constituent i,
produced in the homeostatic state. The tensor Fi (t) identifies the associated
deformation relative to the reference configuration Br . Likewise, U i (Fi (t, τ ))
defines the internal energy at time t of constituent i produced at time τ
subject to the deformation gradient Fi (t, τ ).

4.5

Application to aneurysm development

The theory is now adapted to model the non-axisymmetric dilatation of an
abdominal aorta, triggered by a local deterioration of the material properties.
Following the development in [75], a thick-walled tube with circular crosssectional area is taken as the reference configuration. This is defined in terms
of cylindrical polar coordinates (R, Θ, Z) by
A 6 R 6 B,

0 6 Θ 6 2π,

−L 6 Z 6 L,

(4.17)

where A, B denote the internal and external radii and 2L the length of the
tube. In the homeostatic state the tube is subject to a constant internal
pressure and axial stretch and maintains the axisymmetric geometry. It is
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specified in terms of cylindrical polar coordinates (r, θ, z) as
a 6 r 6 b,

0 6 θ 6 2π,

−l 6 z 6 l,

(4.18)

where a, b are the internal and external radii and 2l the current length. Here,
the variable r denotes the cylindrical polar coordinate and should not be
confused with the recruitment variable r introduced in Section 4.2.
4.5.1

Constitutive model

The form (4.4) is now replaced by
W̄ (t) =

X

i
W̄iso
(t) + W̄vol (t) =

X

i

i
ρir (t) Ūiso
(t) + W̄vol (t),

(4.19)

i

where the energy W̄iso consists of contributions from the isotropic base matrix
and from the two families of collagen fibers. A purposely written user subroutine is developed and the commercially available finite element package
ABAQUS is used to solve the corresponding equations.
4.5.2

Isotropic matrix

Wilson et al. [143] and Valentin et al. [131] report that elastin is not continuously produced in a mature arterial wall. Therefore, specializing the
formulation (4.16) to elastin gives

e
e
W̄iso
(t) = ρer (0) Qe (t, 0)Ūiso
F̄(t) ,
where the superscript

e

(4.20)

refers to elastin. Following standard practice, the

mechanical response is specified by

1
e
Ūiso
(t) = ce I¯1 (t) − 3 ,
2
40

(4.21)

where ce is a material parameter [54, 128, 130, 131]. The definition of constrained mixtures implies that the deformation of the matrix material coincides with the macroscopic deformation [75]. The deformation of elastin
in the current configuration relative to the reference configuration is then
described by F(t). The first isochoric invariant is defined in (4.7) and is
calculated as I¯1 (t) = tr C̄(t), where C̄(t) = F̄T (t)F̄(t) and F̄(t) = J −1/3 F(t).
Prior to the initiation of growth, the vessel wall is in a stable regime where
any loss of existing material is naturally compensated by production of new
[20, 21, 22]. In this study we assume that the unstable regime is initiated by
matrix degradation over an axial distance defined by ±Ld . The geometric
extension and the rate of degradation is detailed by the function Qe (t, 0). To

keep equations manageable, assume that degradation is independent of the
radial distance R. Specifically, for|Z| 6 Ld /3 and for 0 6 Θ 6 150◦ , let that
the survival function have the form
"
Qe (t, 0) =


2 #t
Θ
1 − qe 1 −
,
150

(4.22)

where q e is a material constant and Θ = 0 defines the region of maximum
degradation. For Ld /3 6 |Z| 6 Ld and for 0 6 Θ 6 150◦ use
(
Qe (t, 0) =

"

1 − qe 1 −



|Z| − Ld /3
2Ld /3

2 # 

Θ
1−
150

2 )t
.

(4.23)

For 150◦ 6 Θ 6 180◦ or for |Z| > Ld the function Qe (t, 0) = 1 and therefore
no degradation occurs. Age-related degradation of elastin is, in general, not
significant and therefore not included.
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4.5.3

Collagen fibers

The referential mass density of constituent i at time t is given by (4.13).
When specialized to collagen we obtain
Z t
c
c
c
mcr (τ ) Qc (t, τ ) dτ,
ρr (t) = ρr (0) Q (t, 0) +

(4.24)

0

where mcr (τ ) denotes the amount of collagen production at time τ and Qc (t, τ )
is the survival function. The isochoric contribution to the energy (4.19) is
then computed by evaluating
c
W̄iso
(t)

=

c
ρcr (0) Qc (t, 0)Ūiso

c

Z



F̄ (t, 0) +
0

t


c
mcr (τ ) Qc (t, τ ) Ūiso
F̄c (t, τ ) dτ.
(4.25)

The internal energy of two families of oriented collagen fibers is often specified
by
o
h
 kc X n
2 i
c
Ūiso
F̄c (t, τ ) =
−1 ,
exp k I¯j − 1
2k j=4,6

(4.26)

where k c is a stress-like material parameter k is a dimensionless constant
[2, 54, 92, 131]. The isochoric invariants I¯4 , I¯6 are defined in (4.7) and have
the explicit forms


I¯4 = M · C̄c (t, τ )M ,



I¯6 = M0 · C̄c (t, τ )M0 ,

(4.27)

where the unit vectors M, M0 are defined in Section 4.1. The tensor C̄c (t, τ ) =
T
F̄c (t, τ ) F̄c (t, τ ), where F̄c (t, τ ) is the isochoric counterpart of Fc (t, τ ), see
Equation (4.12). Equivalent steps are followed to determine the energy of
collagen that is produced in the homeostatic state and remains part of the
mixture at time t. The invariants (4.27) are calculated by replacing C̄c (t, τ )
with C̄c (t, 0) = (F̄c (t, 0))T F̄c (t, 0).
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The survival functions Qc (t, 0) and Qc (t, τ ) account for the deterioration
of collagen and, following [142, 143], are take as
 Z t

c
c
Q (t, τ ) = exp −
q̄ (τ̄ )d τ̄ ,

(4.28)

τ

where q̄ c (τ̄ ) is a time- and stretch-dependent degradation function. The
explicit formulation used in this study is

q̄ c (τ̄ ) = q c 1 + wuc ∆Tλc (τ̄ )2 ,

(4.29)

where q c is connected to the half-life of collagen in the homeostatic state by
c,h
c,u
c,u
c
c
c
tc,h
1/2 = ln(2)/q . The function wu is taken as wu = (t1/2 /t1/2 − 1), where t1/2

is the half-life of collagen in the unloaded state. The expression for ∆Tλc (τ̄ )
is given by
∆Tλc (τ̄ ) =

λc (τ̄ ) − λch
,
λch

(4.30)

where λc (τ̄ ) is the stretch at τ̄ ∈ [τ, t] of the collagen fiber deposited at τ and

λch is the corresponding stretch in the homeostatic state. Equation (4.30)
entails a faster deterioration of collagen with increasing fiber stretch. For
clarity of presentation, the dependence of the stretch on the radial location
is not shown in (4.30).
Data show that collagen content of the arterial wall increases with aneurysm
dilatation [93]. Hence, it is reasonable to assume that the production of collagen depends on the fiber stretch, so that
mcr (τ ) = mcr (0) (1 + kλc ∆Tλc (τ )) ,

(4.31)

where mcr (0) is the rate of production prior to aneurysm formation [142, 143].
The form of ∆Tλc (τ ) is identical to (4.30) with τ̄ replaced by τ and kλc is a
scaling factor.
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The intermediate configuration of the mixture evolves with fiber remodeling as elaborated in Section 4.2. To implement the model within a finite
element framework, expressions for Fr (τ ) and Fr (t, τ ) are needed in terms of
the recruitment variable r. Keeping the fiber orientations M constant during
the deformation from the reference to the intermediate configuration, we use
1
(I − M ⊗ M) ,
Fr (τ ) = r(τ )M ⊗ M + p
r(τ )
1
Fr (t, τ ) = r(t, τ )M ⊗ M + p
(I − M ⊗ M) .
r(t, τ )

(4.32)

Similarly, the intermediate configuration of the fibers aligned with the
unit vector M0 is defined by the recruitment variable r0 and by expressions
similar to (4.32). In what follows, all relation involving r carry over directly
to r0 .
The microstructure of collagen adapts continuously with the expanding
aneurysmal wall, correspondingly, the recruitment variable changes. This is
reflected by
Z
r(t, τ ) = r(τ ) +
τ

t

rc (τ̄ ) ∆Tλc (τ̄ ) d τ̄ ,

(4.33)

where the function ∆Tλc (τ̄ ) is defined in (4.30) and rc (τ̄ ) is a time dependent
scaling function of the form
rc (τ̄ ) = 0.6 −

0.4
arctan(5τ̄ − 21.25).
π

(4.34)

It follows that Fr (t, τ ) depends on Fr (τ ), as expected. Remodeling is initiated
starting from the homeostatic state where the recruitment variable r(0) is
constant and known [75].
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4.5.4

Volumetric contribution

The volumetric contribution W̄vol (t) to the total stored energy (4.19) has the
form
1
W̄vol (t) = κ
2



2
J(t)
−1 ,
J(t− )

(4.35)

where J(t) accounts for the volume change due to growth, J(t− ) is the change
during the previous time increment and κ is penalty parameter to enforce
the volumetric response in the homeostatic state [1, 131]. The special case
of isotropic growth is discussed in, for example, [12, 32].

4.6

Computational model and results

The theory, described in Section 4.1 and specialized in Section 4.5 to model
the formation of a non-axisymmetric aneurysm, is implemented into a nonlinear finite element package as a user defined subroutine. In this section, for
completeness of presentation, the main aspects of the computational model
are summarized and we refer to [75] for details.
4.6.1

Model parameters

A thick-walled cylindrical tube with inner and outer radii A = 10 mm and
B = 12 mm and of total length 2L = 120 mm is taken as the reference geometry of the finite element model. From equations (4.22) and (4.23) follows
that the deformed shape has a plane a symmetry, hence only half of the
tube is considered. The model uses 18,648 hexahedral elements connected
at 24,130 nodes, with four elements through the thickness. The boundary
conditions at the entrance and exit allow radial expansion and no axial dis45

placements. Therefore, prior to aneurysm formation the axial stretch λz = 1
and constant. A uniform pressure of 120 mmHg (16 kPa) is applied to the
inner surface to represent the in vivo load condition. Time-dependent pressure measurements in rigid phantoms and the corresponding calculated wall
stress distribution are reported in [3].
4.6.2

Material parameters

In the homeostatic state the overall density is uniform and constant and the
convenient notation ρr = ρ(x, 0) is introduced, see (4.14). In this model,
similar to [143], the initial mass fractions of elastin ρer (0) and collagen ρcr (0)
are specified in terms of ρr .
The shear stiffness and the initial density of elastin as well as the values
needed to define material degradation are summarized in Table 2. Model parameters for collagen are given in Table 3. These include the initial density,
the values to define the stored energy (4.26), the survival function (4.28),
collagen density production (4.31) and fiber recruitment (4.33). The parameters that describe collagen degradation and density production are based
on results in [72, 140, 143]. The angle ϕ defines the orientations of the unit
vectors M and M0 by
M = cos ϕ EΘ + sin ϕ EZ ,

M0 = cos ϕ EΘ − sin ϕ EZ ,

(4.36)

where EΘ and EZ are unit basis vectors in the circumferential and axial directions, respectively. The penalty parameter in the volumetric contribution
energy (4.35) is taken as κ = 100, 000 kPa.
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Table 2: The initial mass fraction, the parameters of the energy contribution
(4.21) and of the survival functions (4.22) and (4.23). The overall density
ρr = 1050 kg/m3 .
Summary of material parameters for elastin
ρer (0) (kg/m3 )

ce (J kg−1 )

qe

Ld (mm)

0.6 ρr

120

0.1

45

Table 3: Material parameters of collagen that define the energy (4.26), the
survival function (4.28), the collagen production (4.31) and the recruitment
function (4.33). The overall density ρr = 1050 kg/m3 .
Summary of material parameters for collagen
ρcr (0) (kg/m3 )

k c (J kg−1 )

k

ϕ (◦ )

c,h
t1/2
(years)

c,u
t1/2
(years)

kλc

0.4 ρr

75.2

11.2

±15

0.8

0.2

50

4.6.3

r(0)
1.03

Results

In the homeostatic state, defined by t 6 0, the arterial wall is in a stable
regime. At t = 0 elastin starts do degrade locally, softens the arterial wall,
induces a localized dilatation and an increase in collagen stretch. This stimulates faster degradation of existing and increased deposition of new collagen.
At the same time the microstructure adapts to the new environment resulting
in a continuous enlargement of the aneurysm bulge.
Figure 7(a) depicts the changes of the outer radius at the most critical region of the abdominal aorta. Results are shown as a function of the axial po47

sition over a twelve-year period with an applied inner pressure of 120 mmHg
(16 kPa). The change from the reference to the homeostatic state is much
smaller compared to those associated with aneurysm dilatation. For reference, the dashed horizontal line represents the outer diameter b = 12.94 mm
in the homeostatic state. The results in Fig. 7(b) represent the changes of
the outer radius at the location diametrically opposite. Since in this region
the material properties do not degrade, the changes are much smaller and
also depend on the size of the aneurysm bulge.
Figure 8 shows the mass fractions of elastin and collagen over a twelveyear time frame. Prior to aneurysm formation, in the homeostatic state, the
values for elastin and collagen are ρer (0) = 0.6ρr and ρcr (0) = 0.4ρr of the
reference density ρr = 1050 kg/m3 , respectively. The results clearly show
that aneurysm dilatation increases production of collagen and a continuous
reduction of elastin. During this time period, the overall mass density of the
mixture increases by 9.8 % to ρr (x, 12 years) = 1152 kg/m3 .
The stretch of elastin of a healthy and a diseased section of the arterial
wall is calculated in the fiber direction and the results are depicted in Fig. 9.
The deformation of the healthy tissue is evaluated on the inner wall where the
corresponding stretch initially increases from λe (0) = 1.09 to λe (4) = 1.105
and slightly decreases afterwards. These changes occur because the axial
stretch of the model is no longer uniform and constant if it contains an
expanding aneurysm. Stretches for the diseased section are evaluate on the
inner and outer walls of the vessel at the location of maximum dilatation and
are shown by solid and dashed lines, respectively.
Adaptation of the collagen microstructure is accelerated by a dilating
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increments.
The dashed horizontal lines
2:
represent the outer radius b = 12.94 mm during the homeostatic state. Image (b)
represents the dilation of the region diametrically opposed where no material
deterioration occurs.

aneurysm bulge and this is clearly reflected by the results reported in Fig.
10. Stretches are again calculated on the inner wall of the non dilated vessel
and on the inner and outer walls at the location of maximum dilatation.
1 intermediate configurations and,
The stretch of collagen depends on the
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Figure
1: .
walls at the location of maximum dilatation are shown by solid and dashed lines,
respectively. The stretch of the healthy material is evaluated on the inner surface.

for healthy tissue, is calculated by λc (t) = λe (t)/r(0), where the variable
r(0) = 1.03 and constant. During dilatation, the intermediate configuration
continuously evolves and the fiber stretch does not increase monotonically,
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evaluated on the inner and outer vessel walls at the location of maximum
dilatation and are shown by solid and dashed lines, respectively. The stretch of
the healthy fiber is evaluated on to the inner surface.

compare to Fig. 9. In particular, the collagen stretch at time t is obtained
by λc (t) = λe (t)/r(t) with the change of the recruitment variable r(t) shown
in Fig. 11.
Von Mises stress contour plots are generally used to visualize the stress
distributions in the arterial wall. For ease of comparison we also adopt this as
p
our stress measure, which is defined by σvm = 3σ̄ : σ̄/2, where σ̄ denotes
the deviatoric part of the Cauchy stress tensor (4.15). The wall stress distribution on the inner surface of the aneurysmal wall is then visualized in Fig.
12 for two representative times. Eight years after aneurysm initiation the
von Mises stress varies between 68 < σvm < 235 kPa, after twelve years this
range changes to 68 < σvm < 925 kPa with the larger value now exceeding
tissue strength. During bulge dilatation thinning of the arterial wall occurs
and is clearly visible.
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Figure 11: Changes of the recruitment
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show that adaptation of collagen microstructure is amplified by the dilatation of
the aneurysmal bulge.

The circumferential Cauchy stress components over the same time period
are shown in Fig. 13. The responses of the diseased material are evaluated
next to the inner and outer walls where the maximum dilatation occurs and
are depicted by solid and dashed lines, respectively. The healthy material
response is recorded next to the inner wall and is shown by the dotted line.
The change of the axial Cauchy stress component is illustrated as a function
of time in Fig. 14. The response of the diseased tissue is again evaluated
at the location of maximum dilatation with the values now being almost
independent of the radial distance. The axial stress component in the nondilated section of the tube is essentially constant over the considered time
period.
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Figure 12: The von Mises stress distributions on the inner surface of a
developing non-axisymmetric abdominal aortic bulge with a physiological
pressure of 120 mmHg (16 kPa). Images
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tissue are evaluated next to the inner and outer vessel walls where maximum
dilatation occurs and are shown by solid and dashed lines, respectively. The
stress of the healthy section is taken next to the inner wall.
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Chapter 5
5

Concluding remarks

In this work, a general three-dimensional formulation of the growth and
remodeling theory has been implemented into the commercially available
finite element package ABAQUS. The user-defined FORTRAN subroutine
(UMAT) was used to the simulation of the pressurization of a thick-walled
3D cylinder to study the formation and dilatation of an abdominal aortic
aneurysm. We used C3D8R element, a general purpose linear brick element
with reduced integration. Compared with the C3D8 element, C3D8R element
shares the same shape function but has one integration point located in the
middle of the element, which avoids the locking phenomena. Locking in
FEM occurs in lower order elements because element kinematics are not able
to represent the correct solution. The two most common types of lockings
are shear locking and pressure locking, which shearing locking occurs when
elements are subjected to bending and pressure locking occurs when material
is incompressible. For example, shear locking is observed when first-order
solid elements are used to model thin-structures and it’s especially true when
they are subjected to bending loads.
The model depicts the changes of the outer radius of a dilating abdominal
aorta as a function of axial position over a twelve-year period with an applied
pressure of 16 kPa (120 mmHg). Numerical results show first the changes
from the unloaded reference state with inner radius 10mm and outer radius
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12 mm to the homeostatic state with inner radius 10.92mm and outer radius
12.77 mm, then the subsequent increase in radii over time. The time course
of bulge development over twelve years is nonlinear, and over the period from
years 8 to 12, as the bulge expanded, the maximum von Mises stress increased
almost four times, from 235 to 925 kPa (Figure 12). The model also shows the
significant changes in the material constituents, which in the normal aorta,
the majority of the components is elastin matrix, but in the aneurysm tissue,
the elastin matrix decreased greatly to 20%, and the majority constituent is
the collagen fibers. This matches the observation by Carmo et al.[14] (Figure
8) that AAAs may have 90% less elastin than normal.
Results show that the mixture theory of growth and remodeling predicts
the development of inhomogeneous mechanical properties and dilatation of
the diseased section of the arterial wall. We found that the rate of expansion
depends primarily on the rate of production and removal of elastin and collagen as well as on the change in microstructure. The degradation of elastin
and deposition of collagen fibers with larger recruitment factors result in the
dilation of aneurysm. The general three-dimensional formulation adopted in
this study allows evaluating both in-plane stress and out-of-plane shear stress
distribution in the arterial wall.
The model developed here is the first mathematical model considering
both the growth and shapes of fibers in AAA. Abdominal aortic aneurysm
simulations considering dilation over a long period of time have been created
and analyzed by other literatures as well. Researches done by [7, 128, 129,
143] focus on the production and removal of collagen, and they are further
developed to capture pressure-induced changes in geometry and mechanical
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behavior in arteries. However, the turnover of existing collagen fibers are not
addressed. As pointed out by [58, 101], the continuous microstructure of collagen changes result in the evolution of its stress-free configuration. Watton
et al.[139, 140] focused on the collagen waviness changes over time, and introduced the collagen fiber remodeling. They assumed that the stress-driven
recruitment factor of the fibers leads to the aneurysm bulge development.
Baek et al.[7], Davarani et al.[25], Gleason et al.[46] and Watton et al.[140]
did FEM simulation of AAA formation, but limited to the membrane assumption. The impact of other material constituents such as smooth muscle
cells, intraluminal thrombus were considered by Baek et al.[7], Zulliger et
al.[147].
Our results clearly indicate the mass, shape and distribution of material constituents are all changing, as well as the dilation and peak stress in
the artery wall. Although we assume the collagen recruitment factor, mass
generation speed and degradation speed are key factors in this model, we
don’t indicate these are the reasons that cause aneurysm, further histology
and pathology studies are quite necessary to find out how or why aneurysm
occurs. Furthermore, some of the assumptions such as rate of elastin degradation, collagen growth speed are all based on author’s assumption, we tried
to consider as many factors as possible, such as duration of aneurysm occurs, the speed of deformation, yet, these assumptions are still in need of
modification based on future histology study.
During the development of aneurysm, the strain in elastin becomes fairly
large. The assumption of elastic matrices Neo-Hookean SEF may not be
valid at this stretch, however, the load carried by elastin at such high stretch
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is minor compared to load carried by collagen, so the problem may not be
significant to our calculation.
The fiber directions used in our study are in plane. Collagen orientations
in the normal aorta, as well as in the aneurysmatic aorta are dispersed [35,
44, 97, 110, 124], and the approximation by two families of collagen fibers
is rather conceptual. In addition, also the undulation of collagen fibers is
dispersed, and collagen fibers gradually engage when loading the vascular
wall. 3D spatial distribution of fibers can be implemented, however, more
parameters will be assumed for the model. Given the outputs of current
histology study, we think the in-plane fiber assumption should work for now,
but we are well aware the real artery wall structure is more complicated than
2D assumptions, more studies should be done to improve the mathematical
model.
This model can be applied to multi-layer artery wall, eg. adventitia,
media and intima. In this work, the calculation is based on single layer
structure, because currently we are more interested in how this model works
in structure rather than simulating a complicated realistic aneurysm wall.
However, we did present a thick-walled model to simulate the aneurysm
growth, which is because during the growth of artery wall, there will be
volume change which makes the change of wall thickness non-negligible. The
numerical calculation results meet our expectation quite well, the material
gets softer with time which results in the expansion of artery but gets stiffener
faster to prevent further larger deformation.
Parameters used in this work are based on a specific patient sample. In
order to fit the model outputs into other specific patient aneurysm develop-
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ment, several studies or experiments need to be done. For example, in order
to get better ideas of how much the structure changed during the aneurysm
development, a sequence of histology studies should be done to take a closer
look at the mass and shape changes of fibers; patient CT scan series should
be helpful too, which together with the histology study can narrow down the
range of parameters and improve the SEF assumption.
Related to the biomechanics and biology of AAAs, the most pressing need
is developing computational models that can predict the evolving artery wall
stress and strength based on clinically available data, such as:
1. Determine why and how male gender, smoking, atherosclerosis are more
susceptible to developing AAAs;
2. Identify a suitable way to present the stress for characterizing multidimensional state of stress locally, which can help identify the failure criteria,
thus to quantify the rupture risk;
3. Evaluate collagen fibers evolvement, including mass, orientation, dimension and how they change with aneurysm progression.
There is a pressing need to develop a patient-specific model that can better predict the aneurysm development or rupture, we hope our approach will
stimulate the experimental and computational research that will contribute
to this long term goal.
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A

Appendix A

A.i

ABAQUS input file code
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*Heading
** Job name: Finemesh Model name: Model-1
** Generated by: Abaqus/CAE 6.11-2
*Preprint, echo=NO, model=NO, history=NO, contact=NO
**
**'Read in material parameters'**
*Parameter
*INCLUDE, Input='UMAT parameters'.inp
** PARTS
**
*Part, name=Part-1
*End Part
**
** ASSEMBLY
**
*Assembly, name=Assembly
**
**'Define model nodes and elements'**
*Instance, name=Part-1-1, part=Part-1
*Node
1,
10.,
0.,
60.
2,
9.98716545, 0.506491661,
60.
3,
9.94869328,
1.01168323,
60.
...
19358,
1.21401989,
11.9384317,
0.
19359, 0.607790053,
11.9845982,
0.
19360,
0.,
12.,
0.
*Element, type=C3D8R
1, 3873, 3874, 3906, 3905,
1,
2,
34,
33
2, 3874, 3875, 3907, 3906,
2,
3,
35,
34
3, 3875, 3876, 3908, 3907,
3,
4,
36,
35
...
14878, 19325, 19326, 19358, 19357, 15453, 15454, 15486, 15485
14879, 19326, 19327, 19359, 19358, 15454, 15455, 15487, 15486
14880, 19327, 19328, 19360, 19359, 15455, 15456, 15488, 15487
**'define node sets and element sets'**
*Nset, nset=_PickedSet3, internal, generate
1, 19360,
1
*Elset, elset=_PickedSet3, internal, generate
1, 14880,
1
*Elset, elset=Set-1, internal, generate
3659, 3720,
1
...
*Elset, elset=Set-edge-4, internal, generate
11161, 11625,
1
**'define cylinderical orientation'**
*Orientation, name=Ori-1, system=CYLINDRICAL
0.,
0.,
0.,
0.,
0.,
1.
3, 0.
**'define multiply sections associated with material definitation'**
** Section: Section-1
*Solid Section, elset=Set-1, orientation=Ori-1, stack direction=1,
controls=EC-1, material=Material-1
,
...
** Section: Section-204
*Solid Section, elset=Set-edge-4, orientation=Ori-1,stack direction=1,

controls=EC-1, material=Material-e-4
,
**
*End Instance
**
*Nset, nset=_PickedSet5, internal, instance=Part-1-1
...
*Elset, elset=_PickedSet5, internal, instance=Part-1-1
...
*Nset, nset=_PickedSet6, internal, instance=Part-1-1
...
*Elset, elset=_PickedSet6, internal, instance=Part-1-1
...
*Nset, nset=_PickedSet7, internal, instance=Part-1-1
...
*Elset, elset=_PickedSet7, internal, instance=Part-1-1
...
*Nset, nset=_PickedSet37, internal, instance=Part-1-1, generate
...
*Elset, elset=_PickedSet37, internal, instance=Part-1-1, generate
...
*Elset, elset=Interst, instance=Part-1-1
...
*Elset, elset=__PickedSurf4_S2, internal, instance=Part-1-1, generate
1, 3720,
1
*Surface, type=ELEMENT, name=_PickedSurf4, internal
__PickedSurf4_S2, S2
**'define cylinderical coordinates and associate it with the model'**
*Nset, nset="_T-Part-1-1-Datum csys-1", internal
_PickedSet5,
_PickedSet6,
_PickedSet7,
*Transform, nset="_T-Part-1-1-Datum csys-1", type=C
0.,
0.,
0.,
0.,
0.,
1.
*End Assembly
**
**'Assign element controls'**
** ELEMENT CONTROLS
**
*Section Controls, name=EC-1, ELEMENT DELETION=YES, hourglass=ENHANCED
1., 1., 1.
**'define material properties'**
** MATERIALS
**
*Material, name=Material-1
*User Material, constants=7
<P111>,<P112>, <P113>, <P114>, <P115>, <P116>, <P117>
...
*Material, name=Material-e-4
*User Material, constants=7
<P30411>,<P30412>, <P30413>, <P30414>, <P30415>, <P30416>, <P30417>
**
**'define BCs'**
** BOUNDARY CONDITIONS
**
** Name: BC-1 Type: Displacement/Rotation
*Boundary

_PickedSet5, 2, 2
** Name: BC-2 Type: Displacement/Rotation
*Boundary
_PickedSet6, 2, 2
_PickedSet6, 3, 3
** Name: BC-3 Type: Displacement/Rotation
*Boundary
_PickedSet7, 2, 2
_PickedSet7, 3, 3
** ---------------------------------------------------------------**
** STEP: Step-1
**
*Step, name=Step-1, nlgeom=YES, inc=10000
*Static, stabilize=0.0008, allsdtol=0, continue=NO
0.1, 1., 1e-09, 1.
**
**'define mesh controls'**
*Adaptive Mesh Controls, name=Ada-1, geometric enhancement=YES
1.0, 0.
*Adaptive Mesh, elset=_PickedSet37, controls=Ada-1, frequency=1, mesh
sweeps=10, op=NEW
**
** LOADS
**
** Name: Load-1
Type: Pressure
*Dsload
_PickedSurf4, P, 16.
**
** CONTROLS
**
*Controls, reset
*Controls, parameters=time incrementation
, , , , , , , 55, , ,
**
** OUTPUT REQUESTS
**
*Restart, write, frequency=0
**
** FIELD OUTPUT: F-Output-1
**
*Output, field, frequency=5
*Node Output
RF, U
*Element Output, directions=YES
EE, EVOL, LE, P, S
**
** HISTORY OUTPUT: H-Output-1
**
*Output, history, variable=PRESELECT
*End Step

A.ii
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SUBROUTINE UMAT(STRESS, STATEV, DDSDDE, SSE, SPD, SCD, RPL,
1 DDSDDT, DRPLDE, DRPLDT, STRAN, DSTRAN, TIME, DTIME, TEMP, DTEMP,
2 PREDEF, DPRED, CMNAME, NDI, NSHR, NTENS, NSTATV, PROPS, NPROPS,
3 COORDS, DROT, PNEWDT, CELENT, DFGRD0, DFGRD1, NOEL, NPT, LAYER,
4 KSPT, KSTEP, KINC)
C
INCLUDE 'ABA_PARAM.INC'
C
CHARACTER*80 CMNAME
DIMENSION STRESS(NTENS), STATEV(NSTATV), DDSDDE(NTENS, NTENS),
1 DDSDDT(NTENS), DRPLDE(NTENS), STRAN(NTENS), DSTRAN(NTENS),
2 PREDEF(1), DPRED(1), PROPS(NPROPS), COORDS(3), DROT(3, 3),
3 DFGRD0(3, 3), DFGRD1(3, 3), TIME(2)
C
C
C

LOCAL ARRAY
DIMENSION FR1(3), FR2(3), DISTGR(3,3), FC1(3),
1 FC2(3), F1CF1(6), F1CF1D(6), F2CF2(6), F2CF2D(6),
2 BBAR(6), BBARD(6), CBAR(6), DEL(6),
3 H(6,6), A1(6,6), A2(6,6)

C
C
PARAMETER(ZERO=0.D0, ONE=1.D0, TWO=2.D0, THREE=3.D0, FOUR=4.D0,
1
SIX=6.D0, CNINE=9.D0)
C
C ---------------------------------------------------------------C
UMAT FOR HYPERELASTICITY. CANNOT BE USED FOR PLANE STRESS
C
(WITH ABAQUS PLANE STRESS OPTION). DESCRIPTION OF REQUIRED
C
INPUT PARAMETERS ARE GIVEN BELOW. FIBERS DIRECTION SHOULD
C
BE IN DEGREE (ANGLE WITH CIRCUMFERENTIAL DIRECTION).
C ---------------------------------------------------------------C
PROPS(1) - EMU(c10)
C
PROPS(2) - ALPHA1(angle)
C
PROPS(3) - EMU1(k1)
C
PROPS(4) - ALPHA2(angle)
C
PROPS(5) - J-growth
C
PROPS(6) - D1 PARAMETER (SEE ABAQUS THEOTY MANUAL)
C
PROPS(7) - RM (RMODELLING FACTOR)
C ---------------------------------------------------------------C
C
ELASTIC MATERIAL PROPERTIES
C
REAL(KIND=16) EMU, ALPHA1, EMU1, F1ANG, ALPHA2, EMU2, F2ANG, JG, D1,
RM
EMU=DBLE(PROPS(1)*TWO)
ALPHA1=DBLE(PROPS(2))
EMU1=DBLE(PROPS(3))
F1ANG=DBLE(PROPS(4)*(3.14)/(180.0))
ALPHA2=DBLE(PROPS(2))
EMU2=DBLE(PROPS(3))
F2ANG=DBLE(PROPS(4)*(3.14)/(180.0))
JG=DBLE(PROPS(5))
D1=DBLE(PROPS(6))
RM=DBLE(PROPS(7))
C
C

DEFINING FIBER DIRECTION 1

FR1(1) = ZERO
FR1(2) = COS(F1ANG)
FR1(3) = SIN(F1ANG)
C
C
C

DEFINING FIBER DIRECTION 2
FR2(1) = ZERO
FR2(2) = COS(F2ANG)
FR2(3) = -SIN(F2ANG)

C
C
C

JACOBIAN AND DISTORTION TENSOR
DET=(ONE/JG)*(DFGRD1(1, 1)*DFGRD1(2, 2)*DFGRD1(3, 3)
1
-DFGRD1(1, 2)*DFGRD1(2, 1)*DFGRD1(3, 3))
2
+(ONE/JG)*(DFGRD1(1, 2)*DFGRD1(2, 3)*DFGRD1(3, 1)
3
+DFGRD1(1, 3)*DFGRD1(3, 2)*DFGRD1(2, 1)
4
-DFGRD1(1, 3)*DFGRD1(3, 1)*DFGRD1(2, 2)
5
-DFGRD1(2, 3)*DFGRD1(3, 2)*DFGRD1(1, 1))
SCALE=DET**(-ONE/THREE)
DO K1=1, 3
DO K2=1, 3
DISTGR(K2, K1)=SCALE*DFGRD1(K2, K1)
END DO
END DO

C
C
C

FIBER IN CURRENT DIRRECTION (FBAR-FC1) & (FBAR-FC2)
FC1(1) = DISTGR(1,1)*FR1(1) + DISTGR(1,2)*FR1(2)
1
+ DISTGR(1,3)*FR1(3)
FC1(2) = DISTGR(2,1)*FR1(1) + DISTGR(2,2)*FR1(2)
1
+ DISTGR(2,3)*FR1(3)
FC1(3) = DISTGR(3,1)*FR1(1) + DISTGR(3,2)*FR1(2)
1
+ DISTGR(3,3)*FR1(3)

C
FC2(1) = DISTGR(1,1)*FR2(1) + DISTGR(1,2)*FR2(2)
1
+ DISTGR(1,3)*FR2(3)
FC2(2) = DISTGR(2,1)*FR2(1) + DISTGR(2,2)*FR2(2)
1
+ DISTGR(2,3)*FR2(3)
FC2(3) = DISTGR(3,1)*FR2(1) + DISTGR(3,2)*FR2(2)
1
+ DISTGR(3,3)*FR2(3)
C
C
C

DEFINING F1CF1 TENSOR
F1CF1(1)
F1CF1(2)
F1CF1(3)
F1CF1(4)
F1CF1(5)
F1CF1(6)

C
C
C

=
=
=
=
=
=

FC1(1)**TWO
FC1(2)**TWO
FC1(3)**TWO
FC1(1)*FC1(2)
FC1(1)*FC1(3)
FC1(2)*FC1(3)

DEFINING F1CF1D TENSOR

(DEVIATORIC)

TF1CF1 = F1CF1(1)+F1CF1(2)+F1CF1(3)
F1CF1D(1) = F1CF1(1)-TF1CF1/THREE
F1CF1D(2) = F1CF1(2)-TF1CF1/THREE
F1CF1D(3) = F1CF1(3)-TF1CF1/THREE
F1CF1D(4) = F1CF1(4)

F1CF1D(5) = F1CF1(5)
F1CF1D(6) = F1CF1(6)
C
C
C

DEFINING F2CF2 TENSOR
F2CF2(1)
F2CF2(2)
F2CF2(3)
F2CF2(4)
F2CF2(5)
F2CF2(6)

C
C
C

=
=
=
=
=
=

FC2(1)**TWO
FC2(2)**TWO
FC2(3)**TWO
FC2(1)*FC2(2)
FC2(1)*FC2(3)
FC2(2)*FC2(3)

DEFINING F2CF2D TENSOR (DEVIATORIC)
TF2CF2 = F2CF2(1)+F2CF2(2)+F2CF2(3)
F2CF2D(1) = F2CF2(1)-TF2CF2/THREE
F2CF2D(2) = F2CF2(2)-TF2CF2/THREE
F2CF2D(3) = F2CF2(3)-TF2CF2/THREE
F2CF2D(4) = F2CF2(4)
F2CF2D(5) = F2CF2(5)
F2CF2D(6) = F2CF2(6)

C
C
C

CALCULATE ISO LEFT CAUCHY-GREEN DEFORMATION TENSOR
BBAR(1)=DISTGR(1, 1)**TWO+DISTGR(1, 2)**TWO+DISTGR(1, 3)**TWO
BBAR(2)=DISTGR(2, 1)**TWO+DISTGR(2, 2)**TWO+DISTGR(2, 3)**TWO
BBAR(3)=DISTGR(3, 3)**TWO+DISTGR(3, 1)**TWO+DISTGR(3, 2)**TWO
BBAR(4)=DISTGR(1, 1)*DISTGR(2, 1)+DISTGR(1, 2)*DISTGR(2, 2)
1
+DISTGR(1, 3)*DISTGR(2, 3)
BBAR(5)=DISTGR(1, 1)*DISTGR(3, 1)+DISTGR(1, 2)*DISTGR(3, 2)
1
+DISTGR(1, 3)*DISTGR(3, 3)
BBAR(6)=DISTGR(2, 1)*DISTGR(3, 1)+DISTGR(2, 2)*DISTGR(3, 2)
1
+DISTGR(2, 3)*DISTGR(3, 3)

C
C
C

DEFINING BBARD = DEV(BBAR)

(DEVIATORIC)

TRBBAR=BBAR(1)+BBAR(2)+BBAR(3)
BBARD(1)= BBAR(1)-TRBBAR/THREE
BBARD(2)= BBAR(2)-TRBBAR/THREE
BBARD(3)= BBAR(3)-TRBBAR/THREE
BBARD(4)= BBAR(4)
BBARD(5)= BBAR(5)
BBARD(6)= BBAR(6)
C
C
C

CALCULATE ISO RIGHT CAUCHY-GREEN DEFORMATION TENSOR
CBAR(1)=DISTGR(1, 1)**TWO+DISTGR(2, 1)**TWO+DISTGR(3, 1)**TWO
CBAR(2)=DISTGR(1, 2)**TWO+DISTGR(2, 2)**TWO+DISTGR(3, 2)**TWO
CBAR(3)=DISTGR(3, 3)**TWO+DISTGR(1, 3)**TWO+DISTGR(2, 3)**TWO
CBAR(4)=DISTGR(1, 1)*DISTGR(1, 2)+DISTGR(2, 1)*DISTGR(2, 2)
1
+DISTGR(3, 1)*DISTGR(3, 2)
CBAR(5)=DISTGR(1, 1)*DISTGR(1, 3)+DISTGR(2, 1)*DISTGR(2, 3)
1
+DISTGR(3, 1)*DISTGR(3, 3)
CBAR(6)=DISTGR(1, 2)*DISTGR(1, 3)+DISTGR(2, 2)*DISTGR(2, 3)
1
+DISTGR(3, 2)*DISTGR(3, 3)

C
C

INVARIANT I4

C
CI4 = (FR1(1)*(CBAR(1)*FR1(1)+CBAR(4)*FR1(2)+CBAR(5)*FR1(3))
1
+FR1(2)*(CBAR(4)*FR1(1)+CBAR(2)*FR1(2)+CBAR(6)*FR1(3))
2
+FR1(3)*(CBAR(5)*FR1(1)+CBAR(6)*FR1(2)+CBAR(3)*FR1(3)))/(RM**TWO)
C
C
FIBER CANNOT GO IN COMPRESSION
IF(CI4 .LT. ONE) CI4=ONE
C
C
INVARIANT I6
C
CI6 = (FR2(1)*(CBAR(1)*FR2(1)+CBAR(4)*FR2(2)+CBAR(5)*FR2(3))
1
+FR2(2)*(CBAR(4)*FR2(1)+CBAR(2)*FR2(2)+CBAR(6)*FR2(3))
2
+FR2(3)*(CBAR(5)*FR2(1)+CBAR(6)*FR2(2)+CBAR(3)*FR2(3)))/(RM**TWO)
C
C
FIBER CANNOT GO IN COMPRESSION
IF(CI6 .LT. ONE) CI6=ONE
C
C
CALCULATE THE STRESS
C
C
NEOHOOKEAN BASE MATRIX MODEL
W1J = EMU/(TWO*DET)
W11J = ZERO
C
W4J=EMU1*(CI4-ONE)*EXP(ALPHA1*(CI4-ONE)**TWO)/DET
W44J=EMU1*EXP(ALPHA1*(CI4-ONE)**TWO)*(TWO*ALPHA1*(CI4-ONE)**TWO+ONE)/DET
W6J=EMU2*(CI6-ONE)*EXP(ALPHA2*(CI6-ONE)**TWO)/DET
W66J=EMU2*EXP(ALPHA2*(CI6-ONE)**TWO)*(TWO*ALPHA2*(CI6-ONE)**TWO+ONE)/DET
EK=TWO/D1*(TWO*DET-ONE)
PR=TWO*(DET-ONE)/D1
DO K1=1,NDI
STRESS(K1)=TWO*(W1J*BBARD(K1)+W4J*F1CF1D(K1)
1
+W6J*F2CF2D(K1))+PR
END DO
DO K1=NDI+1,NDI+NSHR
STRESS(K1)=TWO*(W1J*BBARD(K1)+W4J*F1CF1D(K1)
1
+W6J*F2CF2D(K1))
END DO
C
C
DEFINING A UNIT TENSOR DEL
C
DEL(1) = ONE
DEL(2) = ONE
DEL(3) = ONE
DEL(4) = ZERO
DEL(5) = ZERO
DEL(6) = ZERO
C
C
CALCULATION OF FORTH ORDER H TENSOR
C
DO K1 = 1,3
DO K2 = 1,3
DO K3 = 1,3
DO K4 = 1,3

IF (K1 .EQ. K2)
K5 = K1
ELSE
K5 = K1+K2+1
END IF
IF (K3 .EQ. K4)
K6 = K3
ELSE
K6 = K3+K4+1
END IF
IF (K1 .EQ. K3)
K7 = K1
ELSE
K7 = K1+K3+1
END IF
IF (K2 .EQ. K4)
K8 = K2
ELSE
K8 = K2+K4+1
END IF
IF (K1 .EQ. K4)
K9 = K1
ELSE
K9 = K1+K4+1
END IF
IF (K2 .EQ. K3)
K10 = K2
ELSE
K10 = K2+K3+1
END IF

THEN

THEN

THEN

THEN

THEN

THEN

C
H(K5,K6) = (DEL(K7)*BBAR(K8)+DEL(K8)*BBAR(K7)
+DEL(K9)*BBAR(K10)+DEL(K10)*BBAR(K9))/TWO
END DO
END DO
END DO
END DO

1

C
C
C

CALCULATION OF FORTH ORDER A1 TENSOR FIBER SET ONE
DO K1 = 1,3
DO K2 = 1,3
DO K3 = 1,3
DO K4 = 1,3
IF (K1 .EQ. K2) THEN
K5 = K1
ELSE
K5 = K1+K2+1
END IF
IF (K3 .EQ. K4) THEN
K6 = K3
ELSE
K6 = K3+K4+1
END IF
IF (K1 .EQ. K3) THEN
K7 = K1
ELSE

K7 = K1+K3+1
END IF
IF (K2 .EQ. K4) THEN
K8 = K2
ELSE
K8 = K2+K4+1
END IF
IF (K1 .EQ. K4) THEN
K9 = K1
ELSE
K9 = K1+K4+1
END IF
IF (K2 .EQ. K3) THEN
K10 = K2
ELSE
K10 = K2+K3+1
END IF
C
A1(K5,K6) = (DEL(K7)*F1CF1(K8)+DEL(K8)*F1CF1(K7)
+DEL(K9)*F1CF1(K10)+DEL(K10)*F1CF1(K9))/TWO
END DO
END DO
END DO
END DO

1

C
C
C

CALCULATION OF FORTH ORDER A2 TENSOR FIBER SET TWO
DO K1 = 1,3
DO K2 = 1,3
DO K3 = 1,3
DO K4 = 1,3
IF (K1 .EQ. K2)
K5 = K1
ELSE
K5 = K1+K2+1
END IF
IF (K3 .EQ. K4)
K6 = K3
ELSE
K6 = K3+K4+1
END IF
IF (K1 .EQ. K3)
K7 = K1
ELSE
K7 = K1+K3+1
END IF
IF (K2 .EQ. K4)
K8 = K2
ELSE
K8 = K2+K4+1
END IF
IF (K1 .EQ. K4)
K9 = K1
ELSE
K9 = K1+K4+1
END IF
IF (K2 .EQ. K3)

THEN

THEN

THEN

THEN

THEN

THEN

K10 = K2
ELSE
K10 = K2+K3+1
END IF
C
A2(K5,K6) = (DEL(K7)*F2CF2(K8)+DEL(K8)*F2CF2(K7)
+DEL(K9)*F2CF2(K10)+DEL(K10)*F2CF2(K9))/TWO
END DO
END DO
END DO
END DO

1

C
C
C
C
C

CALCULATE THE STIFFNESS
CALCULATION OF FORTH ORDER DDSDDE TENSOR
DO K1 = 1,3
DO K2 = 1,3
DO K3 = 1,3
DO K4 = 1,3
IF (K1 .EQ. K2) THEN
K5 = K1
ELSE
K5 = K1+K2+1
END IF
IF (K3 .EQ. K4) THEN
K6 = K3
ELSE
K6 = K3+K4+1
END IF

C

1
2
3
4
5
6
7
8
9
1
2

1
2
3
4
5
6
7
8
9
1
2

IF (K5 .LT. 4 .AND. K6 .LT. 4) THEN
DDSDDE(K5,K6) = FOUR*W11J*BBARD(K5)*BBARD(K6)+
FOUR*W44J*F1CF1D(K5)*F1CF1D(K6)+
FOUR*W66J*F2CF2D(K5)*F2CF2D(K6)+
TWO*W1J*(H(K5,K6)-TWO*(DEL(K5)*BBAR(K6)+
BBAR(K5)*DEL(K6))/THREE+
TWO*TRBBAR*DEL(K5)*DEL(K6)/CNINE)+
TWO*W4J*(A1(K5,K6)-TWO*(DEL(K5)*F1CF1(K6)+
F1CF1(K5)*DEL(K6))/THREE+
TWO*CI4*DEL(K5)*DEL(K6)/CNINE)+
TWO*W6J*(A2(K5,K6)-TWO*(DEL(K5)*F2CF2(K6)+
F2CF2(K5)*DEL(K6))/THREE+
TWO*CI6*DEL(K5)*DEL(K6)/CNINE)+EK
ELSE
DDSDDE(K5,K6) = FOUR*W11J*BBARD(K5)*BBARD(K6)+
FOUR*W44J*F1CF1D(K5)*F1CF1D(K6)+
FOUR*W66J*F2CF2D(K5)*F2CF2D(K6)+
TWO*W1J*(H(K5,K6)-TWO*(DEL(K5)*BBAR(K6)+
BBAR(K5)*DEL(K6))/THREE+
TWO*TRBBAR*DEL(K5)*DEL(K6)/CNINE)+
TWO*W4J*(A1(K5,K6)-TWO*(DEL(K5)*F1CF1(K6)+
F1CF1(K5)*DEL(K6))/THREE+
TWO*CI4*DEL(K5)*DEL(K6)/CNINE)+
TWO*W6J*(A2(K5,K6)-TWO*(DEL(K5)*F2CF2(K6)+
F2CF2(K5)*DEL(K6))/THREE+
TWO*CI6*DEL(K5)*DEL(K6)/CNINE)

END IF
END DO
END DO
END DO
END DO
C
C

WRITE(*,*) 'zo', CI4
RETURN
END
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import math
import numpy as np
#'read in parameters'#
Me0,Mc0,M0,k1,k2,c1,theta,r0,Th,rff,D1,kdc=np.loadtxt('Parabase.py')
t='current time step'
wuc=(Th-70)/365.0
kqc=math.log10(2)/Th*365
rgbase=Mc0*(1-math.exp(-kqc))
lch1,lch2,lch3,...,lch202,lch203,lch204=np.loadtxt('lch.inp')
LCr=[lch1,lch2,lch3,...,lch202,lch203,lch204]
mcp1,mcp2,mcp3,...,mcp202,mcp203,mcp204=np.loadtxt('Y10mass-c.inp')
mcp=[mcp1,mcp2,mcp3,...,mcp202,mcp203,mcp204]
rmt1,rmt2,rmt3,...,rmt202,rmt203,rmt204=np.loadtxt('rt10.inp')
rrtp=[rmt1,rmt2,rmt3,...,rmt202,rmt203,rmt204]
#'define variables'#
Met = np.zeros(204)
JG = np.zeros(204)
cc1 = np.zeros(204)
Mct =np.zeros(204)
kk1=np.zeros(204)
rrt=np.zeros(204)
LLE = np.zeros((204,6))
LC = np.zeros(204)
LCt = np.zeros(204)
LCtt=np.zeros(204)
dlt=np.zeros(204)
kkt=np.zeros(204)
qt=np.zeros(204)
mgc=np.zeros(204)
Mctt = np.zeros(204)
rrrt = np.zeros(204)
mep=np.zeros(204)
mtotalt=np.zeros(204)
mtotalp=np.zeros(204)
from odbAccess import *
#'read in ABAQUS odb values (deformation tensor)'#
odb = openOdb('./'Previous time step'.odb')
lastFrame = odb.steps['Step-1'].frames[-1]
strain = lastFrame.fieldOutputs['EE']
stress = lastFrame.fieldOutputs['S']
Interst = odb.rootAssembly.elementSets['INTERST']
setstrain = strain.getSubset(region=Interst,position=CENTROID)
for el in range(0,204):
for nd in range(0,6):
LLE[el,nd]=setstrain.values[el].data[nd]
LC[el]=((2*LLE[el,1]+1)*cos(theta/180*3.14)**2\
+4*(LLE[el,5])*cos(theta/180*3.14)*sin(theta/180*3.14)\
+(2*LLE[el,2]+1)*sin(theta/180*3.14)**2)**0.5
LCt[el]=LC[el]/rrtp[el]
if LCt[el]<1:
LCt[el]=1.0
dlt[el]=LCt[el]-LCr[el]
if dlt[el]<0:
dlt[el]=0.0

mea=0.1
#'define current elastin mass value'#
for nnel in range(0,51):
Met[nnel]=Me0*(mea*((50.0-nnel)/50.0)**2+1-mea)**t
Met[nnel+51]=Met[nnel]
Met[nnel+102]=Met[nnel]
Met[nnel+153]=Met[nnel]
for eel in range(0,204):
kkt[eel]=kqc+kqc*wuc*(dlt[eel]/LCr[eel])**2
qt[eel]=exp(-kkt[eel])
mgc[eel]=rgbase*(kdc*dlt[eel]/LCr[eel]+1)
mep[eel]=Met[eel]/0.9
Mctt[eel]=mcp[eel]*qt[eel]+mgc[eel]
mtotalt[eel]=(Met[eel]+Mctt[eel])
mtotalp[eel]=(mcp[eel]+mep[eel])
rrrt[eel]=rrtp[eel]+rff/365*dlt[eel]/LCr[eel]
for jgel in range(0,204):
JG[jgel]=mtotalt[jgel]/mtotalp[jgel]
#'define current collagen mass value'#
for nel in range(0,51):
Mct[nel+153]=max(Mctt[nel],Mctt[nel+51],Mctt[nel+102],Mctt[nel+153])
Mct[nel]=min(Mctt[nel],Mctt[nel+51],Mctt[nel+102],Mctt[nel+153])
Mct[nel+51]=Mct[nel]+(Mct[nel+153]-Mct[nel])/3.0
Mct[nel+102]=Mct[nel]+(Mct[nel+153]-Mct[nel])/3.0*2.0
rrt[nel]=min(rrrt[nel],rrrt[nel+51],rrrt[nel+102],rrrt[nel+153])
rrt[nel+153]=max(rrrt[nel],rrrt[nel+51],rrrt[nel+102],rrrt[nel+153])
rrt[nel+51]=rrt[nel]+(rrt[nel+153]-rrt[nel])/3.0
rrt[nel+102]=rrt[nel]+(rrt[nel+153]-rrt[nel])/3.0*2.0
for eeel in range(0,204):
cc1[eeel]=Met[eeel]*c1/JG[eeel]
kk1[eeel]=Mct[eeel]*k1/JG[eeel]
#'define current SEF umat values'#
tt=open('.'current time step'para.inp','w')
tt.write('*Heading')
tt.write("\n")
tt.write('*Preprint, echo=NO, model=NO, history=NO, contact=NO')
tt.write("\n")
tt.write('*Parameter')
tt.write("\n")
tt.write('P111='+repr(cc1[50])+"\n"+'P112='+repr(k2)+"\n"+'P113='+repr(k
k1[50])+"\n"+'P114='+repr(theta)+"\n"+'P115='+format((JG[50]),'.5e')+"\n
"+'P116='+repr(D1)+"\n"+'P117='+repr(rrt[50]))
tt.write("\n")
...
tt.write('P30411='+repr(cc1[153])+"\n"+'P30412='+repr(k2)+"\n"+'P30413='
+repr(kk1[153])+"\n"+'P30414='+repr(theta)+"\n"+'P30415='+format((JG[153
]),'.5e')+"\n"+'P30416='+repr(D1)+"\n"+'P30417='+repr(rrt[153]))
tt.write("\n")
tt.close()
#'write current collagen mass values'#
mm=open('.'current time step'mass-c.inp','w')
mm.write(repr(Mct[0])+"\n"+repr(Mct[1])+"\n"+repr(Mct[2])+"\n"+repr(Mct[
3])+"\n"+repr(Mct[4])+"\n"+repr(Mct[5])+"\n"+repr(Mct[6])+"\n"+repr(Mct[
7])+"\n"+repr(Mct[8])+"\n")
...

mm.write(repr(Mct[200])+"\n"+repr(Mct[201])+"\n"+repr(Mct[202])+"\n"+rep
r(Mct[203]))
mm.close()
#'write current collagen recruitment values'#
ll=open('.'current collagen r values'.inp','w')
ll.write(repr(rrt[0])+"\n"+repr(rrt[1])+"\n"+repr(rrt[2])+"\n"+repr(rrt[
3])+"\n"+repr(rrt[4])+"\n"+repr(rrt[5])+"\n"+repr(rrt[6])+"\n"+repr(rrt[
7])+"\n"+repr(rrt[8])+"\n")
...
ll.write(repr(rrt[200])+"\n"+repr(rrt[201])+"\n"+repr(rrt[202])+"\n"+rep
r(rrt[203]))
ll.close()
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Abstract In this paper, we apply a mixture theory of growth and remodeling to study the formation and dilatation
of abdominal aortic aneurysms. We adapt the continuum theory of mixtures to formalize the processes of production
and removal of constituents from a loaded body. Specifically, we consider a mixture of elastin and collagen fibers
which endow the material with anisotropic properties. An evolving recruitment variable defines the intermediate
configuration from which the elastic stretch of collagen is measured. General formulations of the equations governing
homeostatic state and aneurysm development are provided. In the homeostatic state, the idealized geometry of the
aorta is a thick-walled tube subject to constant internal pressure and axial stretch. The formation of an aneurysm
induces an increase of mass locally achieved via production of new material that exceeds the removal of old material.
The combined effects of loss of elastin, degradation of existing and deposition of new collagen, as well as fiber
remodeling results in a continuous enlargement of the aneurysm bulge. The numerical method makes use of a
purposely written material subroutine, called UMAT, which is based on the constitutive formulation provided in
the paper. Numerical results based on patient-based material parameters are illustrated.
Keywords AAA · Abdominal aortic aneurysm · Finite element analysis · Growth · Homeostatic state ·
Mixture theory · Remodeling
1 Introduction
Abdominal aortic aneurysm (AAA) is a permanent, degenerative, and local expansion of the abdominal aortic wall
that is potentially life-threatening if it progresses to rupture. Despite a long history of research into the causes
and the mechanical behavior of AAAs, systems capable of predicting risk of rupture on a patient-specific basis
with sufficient accuracy for clinical use have not yet been developed. Therefore, there remains a major incentive to
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improve the accuracy of biomechanical models that can guide clinical management decisions. Our contribution, in
this paper, is to present a three-dimensional theory to simulate, beginning from the homeostatic state, the formation
and adaptation of an abdominal aortic aneurysm. By means of a mixture theory of growth and remodeling, we
predict the development of inhomogeneous mechanical properties and an axisymmetric dilatation of the diseased
aortic wall.
The principal load-bearing elements of the aorta wall are collagen and elastin. In the healthy aorta, at low strain
levels, collagen fibers carry only a small share of the wall loading due to the inherent waviness of collagen fibrils [1–
3]. Moreover, unloaded tissue shows a distribution of fibrils of varying wavelengths. Physiologic pressures expand
the wall to strain levels at which collagen fibrils straighten and begin to carry load [4,5]. Increases in loading or strain
beyond rest-state levels then result in the straightening of increasing numbers of fibrils. The consequent recruitment
of progressively greater numbers of fibrils into the load-bearing process leads to the well-known exponential
stiffening of wall tissue samples under load [6–8].
Within the native aorta wall in vivo, collagen fibers are thought to be in a continuous state of resorption and
new deposition. Turnover rates can vary from 3–90 days under healthy conditions [9]. In particular, the half-life of
collagen fibers in rat aorta and mesenteric arteries has been found to be 60–70 days in normal animals, but only 17
days in the context of hypertension [10]. A general agreement has emerged that total elastin content in the AAA
wall is significantly reduced compared with healthy tissue [11,12]. In contrast, changes to collagen mass are not
yet clear. Increased collagen and ground matrix volumes are reported by He and Roach [11]; other authors have
suggested total deposited collagen mass remains unchanged [13] or decreases [14,15].
Two- and three-dimensional constitutive laws of isotropic and anisotropic material behaviors have been developed
and used to estimate the mechanical response of AAAs. Note that wall stress calculations to date have primarily
assumed the wall to be characterized by homogeneous mechanical properties [8,16–22]. Inhomogeneous properties,
different in media and adventitia, were used in [23]. These numerical results, combined with patient data, are used
as biomechanical rupture risk parameters [16,18,24–27].
The interaction between mechanical stretch and collagen microstructure is quantified in [28,29]. The resulting
mathematical theory was used to illustrate the effect of collagen remodeling on the dilatation of an abdominal aortic
aneurysm. The formulation introduces recruitment variables to characterize the changes in the microstructure of
the arterial wall, which lead to the formation of aneurysms. Homogenization and mixture theories are combined
to capture growth and remodeling of soft tissues induced by altered stimuli [30]. This approach has been used to
evaluate evolving, thin-walled, intracranial fusiform aneurysms with special attention to the production, removal,
and alignment of collagen [31]. The theory is further developed to capture pressure- and flow-induced changes in
geometry, structure, and mechanical behavior in diverse arteries [32,33]. A parametric study to evaluate the effects
of collagen turnover and loss of functional elastin on the formation of abdominal aortic aneurysm is reported in
[34]. These works demonstrate that evolving material properties play a fundamental role in the formation and in the
spatio-temporal changes of AAAs, in particular on radial dilatation, axial expansion, wall thickness, fiber stretch,
and maximum wall stress. The finite element method is used to model the evolving geometry, vasoactive capacity
and arterial dilatation of a multilayered, human abdominal aorta [35,36].
The present paper is organized as follows. Section 2 summarizes relevant equations of continuum mechanics and
specializes the theory applicable to materials endowed with a structure. In Sect. 3, we adapt the continuum theory of
mixtures to formalize the processes of production and removal of constituents from a loaded body. The deposition
of new and the remodeling of embedded fibers is illustrated for a mixture of elastin and collagen. Growth is defined
in Sect. 4 as an increase in mass locally, achieved via production of new material that exceeds the removal of old
material. In Sect. 5, we write the total stored energy as the sum of isochoric and dilatational parts, measured per
unit reference mass. The governing equations of the homeostatic state and of aneurysm development are derived
in Sect. 6. Functions of the volumetric energy, of the isotropic matrix, and of the embedded collagen fibers are
specialized to account for local degradation, new material production, and fiber remodeling. Section 7 describes
the computation model, lists the material parameters, and reports numerical results. Section 8 contains concluding
remarks.
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2 Basic equations of continuum mechanics
2.1 Kinematics of continua
The region Br occupied by an unloaded body is typically chosen as the reference configuration from which the
deformation is measured. The location of a material particle in Br is identified by its position vector X relative
to some fixed origin. Let B denote the configuration of the body after deformation from Br , with x denoting the
position vector occupied by the material particle which was at X in Br . The deformation is described in terms of
the vector function χ through x = χ(X), X ∈ Br , and it is assumed that χ has sufficient regularity for the ensuing
analysis.
The deformation gradient tensor F relative to the configuration Br is defined by
F = Grad χ(X) = Grad x,

(2.1)

where Grad is the gradient operator with respect to X. The deformation gradient has Cartesian components Fiα =
∂ xi /∂ X α , where i, α ∈ {1, 2, 3}. Roman indices are associated with the current configuration B and Greek indices
with the reference configuration Br . We also use the standard notation J to denote the determinant of F
J = det F.

(2.2)

Note that J , which by the condition of geometric compatibility of the displacement field, is positive and relates an
infinitesimal volume element dv in B to its counterpart dV in Br via
dv = J dV.

(2.3)

Associated with F are the right and left Cauchy–Green deformation tensors defined, respectively, by
C = FT F, B = FFT ,

(2.4)

where the superscript T indicates the transpose of a second-order tensor. Of particular interest are the principal
invariants of C given by
I1 = trC,

I2 = 21 [I12 − tr(C2 )],

I3 = det C ≡ J 2 .

(2.5)

Suppose that in its reference configuration the material is endowed with a structure that is identified by the
presence of preferred directions corresponding to unit vectors M(X) and M (X), typically associated with the mean
orientation of two families of collagen fibers. From these preferred directions are defined the structure tensors
M ⊗ M and M ⊗ M . Following [37,38], we note that the integrity basis for three symmetric second-order tensors
in three dimensions includes the invariants (2.5), the invariants that depend on M ⊗ M and M ⊗ M and additionally
a coupling invariant that involves both fiber directions. We focus attention here on the invariants that depend on M
and M , typically denoted I4 , I5 , I6 , I7 and defined by
I4 = M · (CM),

I5 = M · (C2 M), I6 = M · (CM ),

I7 = M · (C2 M ).

(2.6)

2.2 Hyperelasticty
The theory of hyperelasticity describes the elastic response of a material by means of a strain-energy function,
defined per unit reference volume, which we denote by W . For an isotropic and homogeneous material, W depends
only on the deformation gradient F, and, by objectivity, it depends on F through C, and we write W = W (C). For
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an anisotropic elastic solid with two preferred directions, W depends on C and on the structure tensors M ⊗ M,
M ⊗ M , and we express this dependence by writing
W = W (C, M ⊗ M, M ⊗ M ).

(2.7)

The nominal and Cauchy stress tensors, denoted P and σ , respectively, are given by the standard formulas:
P=

∂W
∂W
, σ = J −1 F
,
∂F
∂F

(2.8)

with σ being symmetric. In Cartesian components,
Pαi =

∂W
∂W
, σi j = σ ji = J −1 Fiα
,
∂ Fiα
∂ F jα

(2.9)

the first of which identifies the convention used here for the order of the indices in the differentiation with respect to
a nonsymmetric second-order tensor. Here and henceforth, the summation convention for repeated indices is used.
In the absence of body forces, the equilibrium equation can be written alternatively in terms of the nominal stress
or Cauchy stress as
Div P = 0, div σ = 0,

(2.10)

where Div and div are the divergence operators with respect to X and x, respectively.
The response of biological tissue to short-term transient loads is, in general, assumed incompressible. On the
other hand, the behavior during growth and remodeling is characterized by a change in volume and hence J = 1.
It is then convenient to separate the dependence of W on F into dilatational and volume-preserving contributions,
and for this purpose, following [39,40], we introduce the multiplicative decomposition:
F = J 1/3 F̄,

(2.11)

where F̄ is the isochoric contribution to the deformation, satisfying det F̄ = 1, and J describes the volume change.
It follows that the isochoric right and left Cauchy–Green tensors are, respectively, given by
C̄ = F̄T F̄, B̄ = F̄F̄T .

(2.12)

To account for the decomposition in the material properties, we separate the dependence on C into dependence
on C̄ and J , and define the modified strain-energy function W̄ by
W̄ (C̄, J, M ⊗ M, M ⊗ M ) = W (C, M ⊗ M, M ⊗ M ).

(2.13)

Following a common practice in computational mechanics, we decouple the energy function into the sum of a part
that depends on C̄ and a part that depends on J . Here, we express this in the following form:
W̄ = W̄iso (C̄, M ⊗ M, M ⊗ M ) + W̄vol (J ),

(2.14)

where W̄iso and W̄vol denote the volume-preserving (isochoric) and volumetric (dilatational) contributions.
For the considered structure, the strain energy must be an isotropic function of the three tensors C, M ⊗ M, M ⊗

M , and W is then reduced to dependence on the invariants of the tensors listed in (2.5) and (2.6). Equivalently,
it can be regarded as being dependent on the isochoric invariants together with J . We distinguish the isochoric
invariants with an overbar. Thus, by replacing C by C̄ in the definitions of the invariants involving C, we obtain
I¯3 = 1 and
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I¯i =

J −2/3 Ii ,
J −4/3 Ii ,

i = 1, 4, 6,
i = 2, 5, 7.

117

(2.15)

For an illustration that includes dependence on both preferred directions, we consider an energy function that
depends only on the invariants I¯1 , I¯4 and I¯6 along with J
W̄ = W̄iso ( I¯1 , I¯4 , I¯6 ) + W̄vol (J ).

(2.16)

We are then able to decompose the Cauchy stress into the sum of an isochoric part, denoted σ̄ , and a volumetric
part, denoted σ vol , so that σ = σ̄ + σ vol . The isochoric part may be written in the form:


σ̄ = 2J −1 W̄1 dev B̄ + W̄4 dev (m̄ ⊗ m̄) + W̄6 dev (m̄ ⊗ m̄ ) ,

(2.17)

where W̄i = ∂ W̄ /∂ I¯i , i = 1, 4, 6 and m̄ = F̄M, and m̄ = F̄M are the push forward versions of M and M ,
respectively. The operator dev indicates the deviatoric part of a second-order tensor and is defined by
1
dev (·) = (·) − tr(·)I,
3

(2.18)

where I is the identity tensor. The volumetric part of the Cauchy stress has the form:
σ vol = W̄ J I,

(2.19)

where W̄ J = ∂ W̄ /∂ J .

3 Biological growth and remodeling
In this section, we adapt the continuum theory of mixtures to formalize the processes of production and removal of
constituents from a loaded body [41,42]. In what follows, we focus attention to the main solid constituents of an
arterial wall and neglect contributions of fluid content and all solid-fluid interactions [30]. Specifically, we consider
a mixture of an isotropic elastin matrix, and embedded collagen fibers. These constituents are characterized by
rates of production and removal and by constitutive equations with evolving natural configurations. The mechanical
contributions of smooth muscle cells, following [28,43], are ignored.
It is customary to identify the reference location of the constituent i by its position vector Xi . The location of
each constituent i at time t is determined by the vector function χ i through
x = χ i (Xi , t),

(3.1)

which shows that the theory of mixtures considers each location x as occupied simultaneously by all constituents
i. Equation (3.1) further implies that each constituent i of the mixture undergoes an affine deformation, i.e. each
constituent experience the same deformation as the mixture. This constraint is obviously an idealization of the
real material behavior, but provides a good approximation of the actual material response. Mixtures subject to this
constraint are referred to as constrained mixtures [30]. By the concepts of constrained mixture and evolving natural
configurations of constituent i, produced at time τ , it follows that
Fi (t, τ ) =

∂ x(t)
∂ xi (t)
=
.
i
∂ X (τ )
∂ Xi (τ )

(3.2)
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c

F (t, τ )

B(t)

F

G(τ )
B(τ )
B(0)

F(t, τ )

F(τ )
F(t)

B(t)

Fc

Br
Fr

F(0)
Br

Fig. 1 B(0), B(τ ) and B(t) define the configurations of the mixture at times 0, τ and t, respectively. The corresponding deformations, with respect to the reference configuration Br , are quantified
by F(0), F(τ ) and F(t). The deformation of a collagen fiber G(τ ),
deposited into the mixture at time τ , is measured from its natural
configuration. The total deformation of the fiber at time t, which
was generated at time τ , is given by Fc (t, τ )

B0
Fig. 2 Reference, intermediate and current configurations of the
mixture. The unloaded state Br contains a distribution of fibrils of
varying wavelengths. Physiologic loads deform the mixture from
Br to B(t) and stretch collagen fibers. Fibers begin to carry load
in the intermediate configuration B0

In biological tissue mechanical stress modulates a continuous turnover of its constituents [44]. In particular,
turnover of collagen is much faster compared to elastin [9]. Therefore, attention is first focused on the formation of
new collagen fibers and on the deposition into the mixture and then, in the next section, on fiber remodeling [45].
3.1 Fiber deposition
The kinematics of deposition of newly produced fibers is developed in [30,31,46,47]. Following the notation
introduced in [48], we use the time variable t to identify individual loaded configurations, denoted B(t), which
are elements in the set of all admissible configurations of the mixture. The time interval −∞ < t < 0 represents
the homeostatic state of the arterial wall, with growth and remodeling activated at t = 0. Hence, B(0) denotes the
loaded configuration at t = 0, into which the body is deformed relative to the reference Br with corresponding
deformation gradient F(0), see Fig. 1. Suppose that at a specified time τ , with 0  τ  t, a newly produced collagen
fiber is stretched relative to its natural (stress-free) configuration and then deposited into the mixture occupying
the configuration B(τ ). The deformation gradient associated with the deposition is given by the tensor G(τ ) [31].
Following deposition, we assume that the mixture with the newly embedded fiber undergoes an affine deformation
(the fiber network deforms with the macroscopic deformation) to the current configuration B(t) characterized by
the deformation gradient F(t, τ ). Therefore, the mixture at current time t can be thought of as reached in two steps
with the deformation gradient decomposed according to
F(t) = F(t, τ )F(τ ),

(3.3)

where F(τ ) characterizes the deformation of the mixture occupying the configuration B(τ ) relative to the reference configuration Br . The total deformation of the collagen fiber generated at time τ and occupying the current
configuration B(t) is then characterized by the gradient Fc (t, τ ), defined in Fig. 1. It has the form
Fc (t, τ ) = F(t)F(τ )−1 G(τ ),

where the quantities on the right hand side must be known or specified by an evolution equation.
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3.2 Fiber remodeling
In this section, we focus on the interaction between mechanical stretch and remodeling of existing collagen fibers
[28,45]. Specifically, we define remodeling a continuous process where the microstructure of collagen changes
resulting in the evolution of its stress-free configuration [9,48]. The microstructure of the newly formed collagen
consists of long, oriented, and wavy macromolecules, which under tensile load first straighten and then begin to
bear load. The remodeling process is conveniently described using the concept of recruitment variable defined
in [28]. Briefly, the recruitment variable r is defined as the macroscopic stretch of the mixture, in the direction
of the oriented fibers, when the collagen begin to bear load. Based on the definition of constrained mixtures, the
macroscopic deformation F coincides with the deformation of the matrix Fe , where the superscript e refers to elastin.
The current configuration can be thought of as reached in two steps. First, traction forces deform the mixture from
the reference configuration Br to an intermediate configuration, denoted B0 , where the collagen fibers straighten and
begin to bear load, and subsequently to the current configuration B(t), see Fig. 2. The intermediate configuration B0
is, of course, not really a standard geometric configuration of the body. It is, in general, a geometrically incompatible
configuration with gaps and overlaps between adjacent volume elements [49,50]. The macroscopic deformation
gradient can therefore be decomposed as
F = Fc Fr ,

(3.5)

where Fr determines the intermediate configuration with respect to Br . The gradient Fc characterizes the deformation
of the collagen with respect to the intermediate configuration and is used to calculate the elastic strain of the collagen
fibers.
For purpose of illustration, it is convenient to focus on a transversely isotropic mixture subject to uniform
extension in the direction of the oriented collagen fibers. The reference configuration is given by an elastic rod of
total length L with embedded wavy collagen fibers with mean orientation along the axial direction [51], see Fig.
3. An axial force deforms the rod from the reference to the current configuration, which is characterized by the
total length λL. The total stretch of the elastin matrix is then given by λe = λ. The intermediate configuration is
reached when the total length of the sample becomes r L. The corresponding elastic stretches of the matrix and of
the collagen fiber are, respectively, λe = r and λc = 1. The fiber stretch in the current configuration with respect
to the intermediate configuration is then given by
λc =

λe
λ
= ,
r
r

(3.6)

which is Eq. (3.5) specialized to uniform extension.
Biochemical processes induce alterations in the collagen microstructure and in the ability to carry load [52,53].
Equation (3.6) shows that an increasing value of r , for constant value of λe , reduces the value of λc and therefore the
Fig. 3 Uniaxial extension
of transversely isotropic
mixture showing
intermediate configuration
where the fibers straighten
and begin to bear load

λL
L

rL

λe = r, λc = 1
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(a)

(b)

Fc (τ )

B(τ )
F(τ )

Br

Fr (τ )

B(t)

F(t)

B0 (τ )
Br

Fr (t, τ )

B0 (t, τ )

Fc (t, τ )

Fig. 4 Image a shows that at time τ a new collagen fiber is stretched and deposited into the mixture occupying B(τ ). The fiber begins
to bear load in the intermediate configuration B0 (τ ). Imagine that at time t the mixture is unloaded from B(t) to the reference state
Br . In b the fiber will first return to a straight, stress-free state, which represents the evolved intermediate state B0 (t, τ ), i.e. the natural
configuration at time t of the fiber deposited at time τ

amount of load carried by the collagen fibers. Different values of r and their implications on the material response
are considered in [28].

3.3 Fiber deposition and remodeling
The two events summarized in Sects. 3.1 and 3.2 are now combined to account for the deposition of new and
the remodeling of embedded collagen fibers. Figure 4 shows the reference configuration Br and the deformed
configurations of the body at times t = τ and at the current time t. The deformation gradients with respect to Br ,
corresponding to each configuration, are denoted by F(τ ) and F(t), respectively.
At time τ a new collagen fiber is deposited in a stretched state into the mixture occupying the configuration B(τ ),
which is represented schematically by a straight line in Fig. 4a. The deposition stretch coincides with the stretch of
the mixture in the direction of the newly deposited fiber. Hence, the stress in the new fiber is not equal to the stress
in the existing material [30].
Imagine the mixture with the newly deposited fiber is now unloaded from B(τ ) to the reference configuration Br .
The fiber will first return to the straighten, stress-free configuration, denoted B0 (τ ). The corresponding deformation
gradient of the mixture is (Fc (τ ))−1 . Upon further unloading of the mixture, characterized by Fr−1 (τ ), the fiber will
cease to bear loads and assume a wavy shape. The deformation gradient in the intermediate configuration relative
to the reference configuration has the form:

−1
Fr (τ ) = Fc (τ ) F(τ ),

(3.7)

which is Eq. (3.5) applied to the mixture at time τ .
The collagen fiber, deposited at time τ , undergoes affine deformation and will remodel as the mixture evolves from
the configuration B(τ ) to B(t). Imagine that the mixture is now unloaded from the current configuration B(t) to the
reference state Br , see Fig. 4b. The fiber will first return to a straighten, stress-free state, which represents an evolved
intermediate state B0 (t, τ ). It is the natural configuration at time t of the fiber deposited at time τ . During the first
part of the unloading, the deformation gradient of the mixture is denoted by (Fc (t, τ ))−1 . Upon further unloading,
the fiber will cease to bear loads and assume a different wavy state in the reference configuration. Unloading from
the intermediate configuration B0 (t, τ ) is given by Fr−1 (t, τ ). It follows that the deformation gradient in the evolving
intermediate configuration B0 (t, τ ) relative to the reference configuration Br is given by

−1
Fr (t, τ ) = Fc (t, τ ) F(t).
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Combining equations (3.7) and (3.8) gives the deformation gradient of a fiber in the current configuration B(t)
with respect to the evolving natural configuration B0 (t, τ ) as
Fc (t, τ ) = F(t)F−1 (τ )Fc (τ )Fr (τ )Fr−1 (t, τ ),

(3.9)

where we emphasize that Fr (t, τ ) depends on Fr (τ ).
4 Growth and remodeling
We have not yet used the term growth, and therefore, for accurateness, a definition is warranted. We follow the
suggestion given in [30] where growth describes an increase in mass locally, achieved via production of new
material that exceeds removal of old material. Hence, detailed formulations of the rates of production and removal
of constituents are critical to characterize growth and remodeling.
4.1 Mass balance
Consider the mass of constituent i per volume of mixture at time t, referred to as apparent mass density ρ i (x, t),
and the local rate of mass density production m i (x, t) within the current configuration B(t). It follows that the mass
balance can be written in the Eulerian form as


d
i
ρ dv =
m i dv.
(4.1)
dt Bt
Bt
Now, define an infinitesimal reference volume d V , which due to growth transforms into d v in Bt as given in (2.3).
It follows that

1 t i
i
i
ρ (x, t) = ρ (0) +
m J dτ ,
(4.2)
J 0
where ρ i (0) denotes the apparent mass density of the constituent generated prior to the initiation of growth. The
overall mass density of the mixture at time t is then given by
ρ(x, t) =



ρ i (x, t),

(4.3)

i

which is assumed constant, hence ρ(x, t) = ρ(x) = i ρ i (x, 0) [31,32,36]. Since the rate of mass production of
one constituent is not, in general, equal to the rate of removal of another, it follows that m i = 0.
The mass balance equation in the form (4.2) only accounts for the production of new material. It does not address
the continual removal of exiting material from the mixture. The mass balance equation is therefore augmented by
introducing a survival function Q i (t, τ ) that specifies the fraction of constituent i, which is produced at time τ and
survives to the current time t. The generalization of Eq. (4.2) yields
 t
ρri (t) = ρri (0) Q i (t, 0) +
m ir (τ ) Q i (t, τ ) d τ,
(4.4)
0

where ρri (t), ρri (0), m ir (τ ) denote quantities now defined per unit reference volume and ρr (t) = i ρri (t). The
survival function Q i (t, 0) represents the fraction of constituent i, produced prior to time t = 0, that survives to the
current time t. Recall that the material response is assumed incompressible in the homeostatic state and therefore
the mixture satisfies the internal constraint J ≡ 1 up to t = 0.
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5 Energy function
A rule-of-mixture relation where the Cauchy stress σ is the sum of the stress in each constituent is introduced in
[31,32]. From equation (2.8)2 , it follows that the Cauchy stress σ at time t is given by
σ (t) = J −1 (t)F(t)

∂ i W i (t)
∂ W (t)
= J −1 (t)F(t)
,
∂F(t)
∂F(t)

(5.1)

where W i (t) denotes the strain energy density of the constituent i, and F(t) characterizes the deformation of the
mixture at time t relative to the reference configuration Br and J = det F(t).
The formulation of constitutive equations is simplified if the strain energy density W is replaced by the internal
energy density, denoted U . The strain energy is measured per unit reference volume, whereas the internal energy is
usually measured per unit mass. For an elastic material, they are connected by
W = ρr U,

(5.2)

where ρr is the reference density. This suggests to write the energy density W i (t) in terms of the internal energy
density U i (t). We now write
W (t) =
i

ρri (0)



Q (t, 0)U Fi (t) +
i



i

0

t



m ir (τ ) Q i (t, τ ) U i Fi (t, τ ) dτ,

(5.3)



where U i Fi (t) denotes the internal energy at time t of constituent i, which is present in the mixture in the
homeostatic state. The
gradient
Fi (t) describes the deformation of constituent i with respect to the reference


configuration Br . U i Fi (t, τ ) is the internal energy at time t of constituent i produced at time τ and Fi (t, τ )
characterizes the corresponding deformation.
The stored energy function (2.14), for an anisotropic mixture with two preferred directions and characterized by
volume change J , has the specialized form:
W̄ (t) =



i
(t) + W̄vol (t) =
W̄iso

i



i
ρri (t) Ūiso
(t) + W̄vol (t),

(5.4)

i

i (t) = ρ i (t)Ū i (t).
where each constituent i is characterized by the energy function W̄iso
r
iso

6 Application to aneurysm development
The theory presented in Sect. 4 is now specialized to model local dilatation of an abdominal aorta, triggered by
changes in the mechanical environment. The reference configuration Br of the aorta is represented as a thick-walled
tube, which in terms of cylindrical polar coordinates (R, , Z ) is specified by
A  R  B, 0    2π, −L  Z  L ,

(6.1)

where A and B are the internal and external radii and 2L is the length of the tube. The associated unit basis vectors
are E R , E , E Z and the location of a material particle is identified by the position vector
X = RE R + Z E Z .
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6.1 Homeostatic state
In the homeostatic state, from −∞  t < 0, the amount of material removed is balanced by newly created
constituents and therefore no change in local mass occurs. From Eq. (2.3), assuming material incompressibility, it
follows that J ≡ 1.
The idealized geometry of the aorta is maintained as a thick-walled cylindrical tube with circular cross-sectional
area subject to constant internal pressure and axial stretch. The corresponding configuration is defined in terms of
cylindrical polar coordinates (r, θ, z) with unit basis vectors er , eθ , ez as
a  r  b, 0  θ  2π, −l  z  l,

(6.3)

where a, b are the internal and external radii of the tube and 2l is the current length. Note that in Sects. 6.1 and 6.2
the variable r is used to denote the cylindrical polar coordinate and should not be confused with the recruitment
variable r introduced in Section 3.2. Then, the condition of incompressibility yields
r=



R 2 − A2 , θ = , z = λz Z ,
a 2 + λ−1
z

(6.4)

where λz is the axial stretch. The current position of a particle, located at X in the reference geometry, is identified
by the position vectors x. Using polar coordinates this is given by
x = r er + zez ,

(6.5)

and is used to calculate the deformation gradient F as
F=

1 ∂x
∂x
dr
r
dz
∂x
⊗ ER +
⊗ E +
⊗ EZ =
er ⊗ E R + eθ ⊗ E +
ez ⊗ E Z ,
∂R
R ∂
∂Z
dR
R
dZ

(6.6)

which is the spectral form of F with respect to the cylindrical polar coordinates. The corresponding eigenvalues are
the principal stretches in the radial, azimuthal and axial directions given, respectively, by
λ1 =

dr
r
−1
= λ−1
, λ3 = λ z .
2 λ3 , λ2 =
dR
R

(6.7)

It follows from (2.9)1 that the nominal stress tensor P has the spectral form:
P = PRr E R ⊗ er + Pθ E ⊗ eθ + PZ z E Z ⊗ ez ,

(6.8)

and the equilibrium equation (2.10)1 specializes to the single component
1
∂ PRr
+ (PRr − Pθ ) = 0.
∂R
R

(6.9)

The boundary conditions are considered next. In the current configuration the outer lateral surface r = b is kept
traction free, so that σ n = 0, where n is the unit outward normal, i.e. n = er . On the inner surface, there is a
pressure P, defined per unit deformed area such that σ n = −Pn on r = a with n = −er . Integrating over the inner
surface, applying Nanson’s formula, gives the nominal traction per unit reference area
PT N = −PF−T N,

(6.10)

where the unit outward normal to the inner lateral surfaces in the reference configuration is N = −E R . The boundary
conditions on the inner and outer surfaces are then given as
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PRr =

−P(F −1 ) Rr = −Pλ2 λ3
0

on R = A,
on R = B.

(6.11)

6.2 Aneurysm development
In the study of aneurysm development, we restrict attention to axisymmetric shapes, which requires some modifications to the theory presented in Sect. 6.1. The formation of an aneurysm is associated with a local change in mass
and therefore, for constant density, J = 1. A typical material point in the deformed configuration is now identified
by the position vector
x = r er + zez ,

(6.12)

where
r = r (R, Z ), θ = , z = z(R, Z ).

(6.13)

The deformation gradient tensor is obtained as F = Grad x, where Grad is the gradient operator in cylindrical
polar coordinates. The explicit form becomes
∂x
1 ∂x
∂x
⊗ ER +
⊗ E +
⊗ EZ ,
∂R
R ∂
∂Z
= r R er ⊗ E R + λ2 eθ ⊗ E + r Z er ⊗ E Z + z R ez ⊗ E R + z Z ez ⊗ E Z ,

F=

(6.14)

where λ2 = r/R and the subscripts R and Z indicate, respectively, the partial derivatives ∂/∂ R and ∂/∂ Z of the
vector components r and z. The matrix of the deformation tensor F and its inverse are given by
⎛

rR
F=⎝ 0
zR

0
λ2
0

⎞
⎛
λ2 z Z
rZ
0 ⎠ , F−1 = J −1 ⎝ 0
zZ
−λ2 z R

0
rR zZ − rZ z R
0

⎞
−λ2 r Z
0 ⎠,
λ2 r R

(6.15)

where the change in volume satisfies the constraint
J = det F = λ2 (r R z Z − r Z z R ).

(6.16)

From Eq. (2.9)1 , it follows that the nominal stress tensor P has components, denoted P, given by
⎛

PRr
P=⎝ 0
PZr

0
Pθ
0

⎞
PRz
0 ⎠.
PZ z

(6.17)

The radial and axial components of the equilibrium equation (2.10)1 require
∂
∂
(R PRr ) − Pθ +
(R PZr ) = 0,
∂R
∂Z

(6.18)

∂
∂
(R PRz ) +
(R PZ z ) = 0,
∂R
∂Z

(6.19)

while the component in the circumferential direction is identically satisfied.
The equilibrium equations (6.18) and (6.19) can be integrated through the thickness in the reference configuration,
to give
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 B
∂
−
Pθ d R +
R PZr d R = 0,
∂Z A
A
 B

B
∂
R PRz A +
R PZ z d R = 0.
∂Z A

[R PRr ] BA
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B

(6.20)
(6.21)

At this point, we again consider the boundary conditions. In the current configuration, there is a pressure P,
defined per unit deformed area, applied to the inner surface, while the outer surface is traction free. It follows from
(6.10) that these boundary conditions can be recast in terms of the nominal stress as
PRr =

−P(F −1 ) Rr = −P J −1 λ2 z Z
0

PRz =

−P(F −1 ) Rz = P J −1 λ2 r Z
0

on R = A,
on R = B,
on R = A,
on R = B.

(6.22)

(6.23)

It follows that Eqs. (6.20) and (6.21) specialize to


 B
∂
Pθ d R +
R PZr d R = 0,
P A J λ2 (A, Z )z Z (A, Z ) −
∂Z A
A
 B
∂
−1
−P A J λ2 (A, Z )r Z (A, Z ) +
R PZ z d R = 0,
∂Z A
−1

B

(6.24)
(6.25)

where λ2 (A, Z ) = r (A, Z )/A.

6.3 Constitutive model
Expressions of the internal energy, mass production and survival function must be specified to solve the equilibrium
equations (6.9), (6.24) and (6.25). In addition, due to irregular geometry and boundary conditions, numerical methods
must be used to solve the equations governing aneurysm development. Also note that the geometry and boundary
conditions, as well as the natural configuration of some constituents, may evolve due to growth and remodeling.

6.3.1 Volumetric contribution
The form of the volumetric contribution W̄vol (t) to the total energy (5.4) is taken as
1
W̄vol (t) = κ
2



2
J (t)
−1 ,
J (t − )

(6.26)

where κ is referred to as a penalty parameter to enforce the volumetric response during short-term events [36,54].
Any volume change J (t) is due to removal of existing and deposition of new materials and is obtained from (4.2),
using (4.3), and J (t − ) is the volume change during the previous time increment. Note that discrete time increments
are used in (6.26) to describe the mechanics that otherwise is based on time-continuous quantities. Equivalent,
time-continuous formulations are used in, for example, [23,55].
Equation (6.26), combined with mass production/degradation equations like (4.4), imposes the very special case
of ‘isotropic growth’. Limitations and unphysiological results associated with isotropic growth are addressed in
[23,55].
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6.3.2 Isotropic matrix
The energy function contains contributions from the isotropic matrix and the embedded collagen fibers. Elastin is
not continuously produced in a mature arterial wall [34,36]. Therefore, the contribution of the elastin matrix in Eq.
(5.4) has the form


e
e
W̄iso
(t) = ρre (0) Q e (t, 0)Ūiso
F̄(t) ,

(6.27)

where we recall that the superscript e denotes the constituent elastin. Following [32,35,36,43] the mechanical
behavior is represented by the energy function
e
Ūiso
(t) =


1 e ¯
c I1 (t) − 3 ,
2

(6.28)

where ce is a material parameter of the isotropic matrix. The deformation of elastin in the current configuration
B(t), relative to the reference configuration Br , is described by F(t). It follows that the first isochoric invariant
I¯1 (t) = tr C̄(t) where C̄(t) = F̄T (t)F̄(t) and F̄(t) = J −1/3 F(t).
In the homeostatic state, the blood vessels are in a so-called ‘mechanobiologically stable’ regime [56,57]. If
this is the case, a loss of wall material can easily be compensated by growth and remodeling without a significant
dilatation of the artery (that is, without an aneurysm). By contrast, if this is not the case—if the vessel is in a
‘mechanobiologically unstable’ regime—not only a minor loss of wall material but also any other minor perturbation
(such as a minor increase in blood pressure) can cause an aneurysm. In this work, for simplicity, we assume that
aneurysm formation is initiated by a localized degradation of the matrix material, which is accounted for by assuming
that the degradation function Q e (t, 0) in (6.27) deviates from unity [28]. The age-related degradation of elastin
is, in general, not significant and may therefore be neglected. For illustrative purpose, consider the axisymmetric
function:
⎧
t

⎪
Z2
⎨
e
−1
1+q
Q e (t, 0) =
L 2d
⎪
⎩
1

for − L d  Z  L d ,
for Z < −L d ,

(6.29)

Z > Ld,

where q e is an elastin-specific material parameter and ±L d is the axial distance over which degradation occurs. For
illustrative purposes, we assume that the function Q e (t, 0) is independent of the radial distance R.
6.3.3 Collagen fibers
In this section, we focus on the stored energy of embedded collagen fibers, on the kinetics of turnover and on the
remodeling.
The mass per unit reference volume of any constituent in the mixture at time t is given by (4.4), which, when
specialized to collagen, has the form:

ρrc (t)

=

ρrc (0)

Q (t, 0) +
c

0

t

m cr (τ ) Q c (t, τ ) d τ,

(6.30)

where the superscript c stands for collagen. The survival functions, Q c (t, 0) and Q c (t, τ ), define, respectively, the
fractions of collagen present in the homeostatic state and those generated at time τ that survive up to the current
time t. Equation (6.30) also shows that the amount of collagen generated is quantified by the density production
m cr (τ ). It follows that the energy function (5.4), for isochoric deformation, becomes
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c
(t)
W̄iso

=

ρrc (0)

Q

c

c
(t, 0)Ūiso

 c

F̄ (t, 0) +



t
0

 c

c
F̄ (t, τ ) dτ.
m cr (τ ) Q c (t, τ ) Ūiso
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(6.31)

Following [19,36,43], the stored energy of the two families of oriented fibers has the form:
 

 c

2 
kc  
c
exp k I¯j − 1
−1 ,
F̄ (t, τ ) =
Ūiso
2k

(6.32)

j=4,6

where k c is a material constant related to the degree of anisotropy generated by the fibers and k is a dimensionless
parameter. The isochoric invariants I¯4 , I¯6 , defined in (2.15), can be computed as


I¯4 = M · C̄c (t, τ )M ,



I¯6 = M · C̄c (t, τ )M ,

(6.33)

where we recall that M, M are unit vectors in the natural configuration that define the preferred directions of the

T
material. The isochoric right Cauchy-Green tensor C̄c (t, τ ) = F̄c (t, τ ) F̄c (t, τ ), where F̄c (t, τ ) = J −1/3 Fc (t, τ )
is the isochoric part of the deformation of a fiber generated at time τ and occupying the current configuration B(t).
The deformation
 is measured from the intermediate configuration B0 (t, τ ), see Fig. 4. The energy of collagen
c
c
Ūiso F̄ (t, 0) , which is part of the mixture in the homeostatic state at time t = 0 and survives to the current time t,
has a form identical to (6.32). However, the deformation is now measured from the reference configuration Br such
that F̄c (t, 0) = F̄(t)F̄r−1 (t, 0), where F̄r−1 (0) is defined in (3.7). The isochoric right Cauchy-Green tensor used to
evaluate the corresponding invariants I¯4 , I¯6 is then calculated as C̄c (t, 0) = (F̄c (t, 0))T F̄c (t, 0).
In (6.30), the degradation of collagen fibers is accounted for by the survival functions Q c (t, 0) and Q c (t, τ ). To
quantify the effects of collagen turnover on the rupture risk of abdominal aortic aneurysms, we follow [34,58] and
use
  t

c
q̄ (τ̄ )d τ̄ ,
Q (t, τ ) = exp −
c

τ

(6.34)

yielding results consistent with clinical observation on AAA development. For ease of reference, we briefly review
the main ingredients of (6.34). The function q̄ c (τ̄ ), using additive contributions, characterizes the time- and stretchdependent degradations of the collagen content by
!
q̄ c (τ̄ ) = q c 1 + wuc Tλc (τ̄ )2 ,

(6.35)

c,h
where the rate parameter q c captures the half-life of collagen in the homeostatic state as t1/2
= ln(2)/q c . The
c,h c,u
c,u
/t1/2 − 1), where t1/2
denotes the half-life of collagen
collagen-specific weighting function is defined as wuc = (t1/2
c
in the unloaded state. The function Tλ (τ̄ ) is defined as

Tλc (τ̄ ) =

λc (τ̄ ) − λch
,
λch

(6.36)

where λc (τ̄ ) denotes the stretch of the collagen fiber produced at time τ , evaluated at τ̄ ∈ [τ, t], and λch is the
corresponding stretch in the homeostatic state. Equation (6.36) implies that the survival function Q c (t, τ ) decreases
faster with increasing collagen fiber stretch. Recall that in a thick-walled tube under internal pressure, the stretch in
the fiber direction depends on time and on the radial coordinate r . For clarity of presentation, the dependence on the
variable r is not shown in (6.36). Other authors considered the radial dependence as an unphysiological condition
and assumed a hemostatic initial state with uniform homeostatic collagen stretch [23,55].
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Equation (6.30) shows that the total amount of collagen present in the mixture depends on the density production
Similar to (6.35), we define the stretch-mediated collagen production by

m cr (τ ).



m cr (τ ) = m r (0) 1 + kλc Tλc (τ ) ,

(6.37)

where m r (0) is the rate of production in the homeostatic state, referred to as basal rate of production in [34,58].
The material parameter kλc is a scaling parameter and Tλc (τ ) has the form (6.36) with τ̄ replaced by τ .
The evolving intermediate configurations of the mixture are defined in Sect. 3.3 and shown schematically in Fig. 4.
The corresponding deformations with respect to the reference configuration Br , at times τ and t, are characterized
by Fr (τ ) and Fr (t, τ ). For illustrative purpose, assume that the fiber directions, specified by the unit vectors M and
M , are not altered by the deformation from the reference to the intermediate configuration. Therefore, to account
for fiber remodeling, we define
1
Fr (τ ) = r (τ )M ⊗ M + √
(I − M ⊗ M),
r (τ )
1
Fr (t, τ ) = r (t, τ )M ⊗ M + √
(I − M ⊗ M)
r (t, τ )

(6.38)

and similar expression for the fibers oriented along M . Recall that the recruitment variable r defines the remodeling
of embedded collagen fibers. For a nonaxisymmetric dilatation, since there are two families of oriented fibers, it
will, in general, not be possible to define a unique Fr such that it maps from the reference configuration to an
intermediate configuration where both fiber families are stress-free (and at the edge of recruitment) at the same
time. It follows that separate recruitment variables need to be defined for each collagen fiber family combined with
separate intermediate configurations B0 . In what follows, r (τ ) and r (t, τ ) denote the recruitment variables of a fiber
generated at time τ and of the same fiber at time t. These quantities are related by

r (t, τ ) = r (τ ) +

t

τ

r c Tλc (τ̄ ) d τ̄ ,

(6.39)

where r c is a scaling factor for the stretch-mediated fiber remodeling and Tλc (τ̄ ) is given in (6.36). Equations
(3.9) and (6.33) give, respectively, the deformation of the collagen with respect to the intermediate configuration
and the corresponding invariants.
In the numerical simulation, we assume that in the homeostatic state the recruitment variable, denoted r (0), is
constant and known. At time τ , the recruitment variable of collagen produced in the homeostatic state changes as
specified by (6.39), i.e.


τ

r (τ, 0) = r (0) +
0

r c Tλc (τ̄ ) d τ̄ .

(6.40)

It follows that the stretch of a fiber at time τ , produced in the homeostatic state, is given by λc (τ, 0) = λe (τ )/r (τ, 0),
see Eq. (3.6). Imagine that at time τ a new fiber is deposited into the mixture with the pre-stretch λc (τ ) = λc (τ, 0).
It follows that the requirement variable of the newly deposited fiber r (τ ) = r (τ, 0).
7 Computational model and results
In order to illustrate the theory of the preceding sections, we now summarize the numerical results of a nonlinear
finite element analysis that uses patient-based material parameters, if available, and published values otherwise. The
numerical procedure makes use of a purposely written material subroutine, called UMAT, based on the constitutive
formulations given in (6.26), (6.27) and (6.31), and uses Abaqus to solve the corresponding equations.
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Table 1 Baseline values of the material parameters of elastin in the isochoric part of the energy (6.27) and (6.28) and in the degradation
function (6.29)
Summary of material parameters for elastin
ρre (0) (kg/m3 )

ce (J kg−1 )

qe

L d (mm)

0.6ρr

120

0.1

45

The overall density ρr = 1050 kg/m3

7.1 Model parameters
The reference geometry of the model, defined in Sect. 6, consists of a thick-walled tube of total length 2L = 120 mm
and inner and outer radii A = 10 mm and B = 12 mm, respectively, resulting in a uniform wall thickness of 2 mm.
We assume that the axisymmetric shape is maintained during aneurysm development and therefore only one eighth
of the cylindrical tube needs to be considered. The model uses 14,880 hexahedral elements connected at 19,360
nodes, with four elements through the thickness. Reduced integration and domain remeshing is used to avoid
locking problems. The tube is allowed to expand radially at the entrance and exit, while axial displacements are
held constant.
To simulate in vivo conditions, a uniform pressure of 16 kPa (120 mmHg) was applied to the inner surface of
the tube [17].
7.2 Material parameters
The values of the material parameters ce , k, k c , used in the energy functions (6.28) and (6.32), are selected based on
planar biaxial tests on tissue samples from a AAA resected during elective repair surgery [6,19,59]. During each test
the axial stretch λz , corresponding to the direction E Z , was held constant at physiologically realistic values while
the specimen was subjected to five loading-unloading cycles in the circumferential direction E . Each specimen
is assumed to include two families of parallel fibers oriented at angles ±θ relative to the circumferential direction.
The preferred directions are then defined by the unit vectors
M = cos θ E + sin θ E Z , M = cos θ E − sin θ E Z .

(7.1)

In the homeostatic state, the overall density is uniform and constant and equal to the reference density; hence
ρ(x, 0) = ρr . The initial mass fractions of elastin and collagen ρre (0) and ρrc (0) are specified in terms of ρr ; see,
for example, [34].
Equation (6.29) controls the local degradation of elastin in the region Z = ±L d with the maximum amount
defined by q e at Z = 0. Degradation of collagen (6.34) is given in terms of half-life of the fibers in homeostatic
c,h
c,u
and in the unloaded state t1/2
. The corresponding values are based on published data [29,60].
tension t1/2
The collagen mass density production m cr (τ ), given in (6.37), is characterized by the scaling parameter kλc and is
within the range of values given in [34]. Finally, the amount of fiber remodeling is determined by the scaling factor
r c and by the recruitment variable in the homeostatic state r (0) [29].
The penalty parameter in the function (6.26) was taken as κ = 100,000 kPa. Values of the material parameters
for elastin are listed in Table 1, for collagen in Table 2.
7.3 Results
The first step in the simulation inflates the tube with an internal pressure of 16 kPa (120 mmHg) keeping λz = 1.
The corresponding equilibrium configuration represents the homeostatic state for t ≤ 0. In the healthy arterial wall,
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Table 2 Baseline values of the material parameters of collagen in the isochoric part of the energy (6.31) and (6.32), in the degradation
function (6.34), in collagen production (6.37) and in the recruitment function (6.39)
Summary of material parameters for collagen
ρrc (0) (kg/m3 )

k c (J kg−1 )

k

θ (◦ )

c,h
t1/2
(years)

c,u
t1/2
(years)

kλc

r (0)

r c (year−1 )

0.4 ρr

75.2

11.2

±15

0.8

0.2

50

1.03

0.8

total

35

10
30 8

1.0

25 6
20 4
15 2
10

0

collagen

0.8

Ratio

Outer radius b (mm)

The overall density ρr = 1050 kg/m3

0.6
0.4

elastin

0.2

10

20

30

40

50

60

Axial position z (mm)
Fig. 5 The changes of the outer radius b of a dilating abdominal aorta over a 10-year period. The horizontal line represents
the constant radius b = 12.77 mm during the homeostatic state.
The remaining graphs show the radius as a function of the axial
position z at every second year. The change of radius from the
unloaded state B = 12 mm to the homeostatic state is not included

0.0
0

2

4

6

8

10

Time (years)
Fig. 6 Plots of density ratio between current and reference density. The changes of mass fractions of elastin ρre (t) and collagen
ρrc (t) are shown over a 10-year time frame. In the homeostatic
state, these are ρre (0) = 0.6ρr and ρrc (0) = 0.4ρr of the reference
density ρr = 1050 kg/m3

the protein elastin, neglecting age-related degradation, is considered stable, and therefore no turnover occurs [9].
Collagen, on the other hand, continuously degrades and regenerates keeping the total amount constant.
Aneurysm formation, which begins at t = 0, is accompanied by a loss of elastin (6.29) inducing a localized
weakening of the arterial wall. The so induced dilatation yields an increase in the stretch of the collagen fibers. This,
based on (6.36), triggers degradation of exiting and deposition of new collagen as specified in (6.34) and (6.37). In
addition, the embedded fibers remodel as detailed in (6.39), resulting in a continuous enlargement of the aneurysm
bulge.
Figure 5 depicts the changes of the outer radius of a dilating abdominal aorta as a function of the axial position
over a 10-year period with an applied pressure of 16 kPa (120 mmHg). The changes from the unloaded state,
A = 10 mm and B = 12 mm, to the homeostatic state, a = 10.92 mm and b = 12.77 mm, are much smaller
compared to those associated with the aneurysm formation, hence are not included. The numerical results show
that the increase over time is nonlinear with the largest increase occurring between the fourth and sixth year. There
is a small increase in radius of the healthy section, Z > L d = 45 mm, generated by λz no longer constant along the
axial direction.
Figure 6 illustrates the time dependent changes of ratios of elastin, collagen and total density over the homeostatic
reference density ρr = 1050 kg/m3 . Specifically, the variations of elastin ρre (t) and collagen ρrc (t), evaluated at
the location of maximum bulge dilatation, are represented for a 10-year period. In the homeostatic state, t  0,
these are ρre (0) = 60% and ρrc (0) = 40% of ρr . The figure shows that aneurysm formation is accompanied by a
continuous reduction of elastin and by a gradual increase of collagen contents. During the same period the overall
mass density increases by 5.5 % with respect to the homeostatic state to ρr (x, 10 years) = 1180 kg/m3 .
The stretch of the collagen fibers depends on the deformation of the matrix and on the intermediate configuration,
which evolves with time as specified in (6.39). We visualize the effect of collagen remodeling by first evaluating
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1.06

healthy tissue

1.04
1.02
1.00

diseased tissue
0

2
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Fig. 9 Changes of the
recruitment variable r (t)
over a 10-year period. The
recruitment variable defines
the intermediate
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Fig. 8 The stretches λc of healthy and remodeled collagen fibers.
Diseased fibers are evaluated on the inner and outer surfaces at
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and dashed lines, respectively. The stretch of the healthy fiber
is evaluated, outside the damage zone specified in (6.29), on the
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the stretch of the matrix along a fiber direction and then comparing the corresponding stretches λe (t) and λc (t).
Figure 7 shows the stretches of the matrix material along a fiber direction of a healthy and a diseased tissue over a
10-year period. The response of the diseased tissue is evaluated on the inner and outer surfaces at the location of
maximum bulge dilatation, shown by solid and dashed lines, respectively. The stretch of the healthy tissue, which
is evaluated at the inner surface of the tube, initially increases from λe (0) = 1.06 to λe (4) = 1.078 and decreases
afterwards. This behavior is explained by the variations of the axial stretch induced by the expanding aneurysm.
Figure 8 shows the changes of the collagen fiber stretch in healthy and diseased tissues over a 10-year period. As
for the matrix material, the behavior of collagen is evaluated at the location of maximum bulge expansion on the
inner and outer surfaces and shown by solid and dashed lines, respectively. For healthy collagen, we again restrict
attention to the inner surface of the tube. The stretch of collagen is determined by the location of the intermediate
configuration and is, in the healthy section given by λc (t) = λe (t)/r (0), where the recruitment variable of the
homeostatic state r (0) = 1.03. This condition is strictly true if and only if remodeling is set exactly to zero in the
healthy tissue, which we assume to be the case. Stretches of the fibers in the diseased material are measured with
respect to the evolving intermediate configuration and therefore do not increase monotonically, see Fig. 7. For a
given time t, the collagen stretch is obtained by λc (t) = λe (t)/r (t), where the evolution of the recruitment variable
r (t) is shown in Fig. 9. To this end, we like to recall equations (3.5) and (3.6). Also, note the change in scale from
Figs. 7 to 8.
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Fig. 10 The von Mises stress distribution on the inner and outer surfaces of a developing abdominal aortic aneurysm with a physiological
pressure of 16 kPa (120 mmHg). The stress distributions on the inner and outer surfaces are uniform in the circumferential direction
and varies radially and longitudinally. Images show results for years 6 and 10

In many previous papers, exemplified in [19,24,25,61–64], the von Mises stress has been used to characterize the
stress distributions"in the walls of AAAs, and here we also adopt this as our stress measure, which we denote by σvm ,
defined as σvm = 3σ̄ : σ̄ /2. Recall the deviatoric part of the Cauchy stress in (2.17). The pressure applied to the
inner surface is uniform in the circumferential direction and constant longitudinally, and hence, the stress distribution
depends on the radial and axial positions only. The wall stress distributions on the inner and outer surfaces of the
aneurysmal wall are then visualized in Fig. 10. Six years into aneurysm formation, the von Mises stress varies in
the range: 88 < σvm < 499 kPa, and after 10 years, this increases to another range: 93 < σvm < 760 kPa, with
the upper limit now exceeding the tissue strength. The thinning of the arterial wall with bulge dilatation is clearly
visible.
Two-dimensional wall mechanics to investigate aneurysm growth and remodeling is used, among others, in
[28,32,34]. On the other hand, the current study solves the three-dimensional governing equations resulting in the
shear distribution shown in Fig. 11. The images show a distribution that varies mainly along the axial direction,
being zero in the healthy section of the tube. Six years into aneurysm formation, the shear stress varies in the range:
−43 < τrz < 0.5 kPa, and after 10 years, this variation changes to another range: −135 < τrz < 6.5 kPa.
Figure 12 illustrates the changes of the circumferential Cauchy stress component over a 10-year period. The
stress in the diseased tissue is again reported for the inner and outer surfaces at the location of maximum bulge
dilatation and depicted by a solid and dashed lines, respectively. Not surprisingly, the circumferential stress is larger
on the inner surface [65]. The response of the healthy section of the tube is recorded on the inner surface and shown
by a dotted line. The magnitude reduces from 88.5 to 77.4 kPa over the 10-year period, which is attributed to the
changes of the axial stretch generated by the expanding aneurysm.
In Fig. 13, the variation of the axial Cauchy stress component is illustrated with respect to time, t. For the diseased
tissue, at the location of maximum bulge diameter, the values on the inner and outer surfaces are very similar and,
as expected, much smaller compared to those of the circumferential component. The axial component on the inner
surface of the healthy section changes from 33.8 kPa to 30.5 kPa over the reported period.
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Fig. 11 Contour plot of the Cauchy stress component τrz on the inner and outer surfaces of a developing abdominal aortic aneurysm
when a physiological pressure of 16 kPa (120 mmHg) is applied. Images show results for years 6 and 10
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Fig. 12 The changes of the Cauchy stress component σθ θ of
healthy and diseased tissues over a 10-year period. The responses
of the diseased tissue are evaluated at the inner and outer surfaces
at the location of maximum bulge dilatation—shown by solid
and dashed lines, respectively. The stress of the healthy tissue
is evaluated, outside the damage zone specified in (6.29), on the
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Fig. 13 The changes of the axial component of the Cauchy stress
of healthy and diseased tissues. The responses of the diseased
tissue are evaluated at the inner and outer surfaces at the location
of maximum bulge dilatation—shown by solid and dashed lines,
respectively. The stress of the healthy section is evaluated, outside
the damage zone specified in (6.29), on the inner surface

7.4 Biaxial extension
Numerical results of equibiaxial extension of healthy and aneurysmal tissues are reported next. The properties of
the healthy material are summarized in Tables 1 and 2. The properties of the aneurysmal tissue are taken from
the finite element simulation at maximum bulge dilatation for t = 10 years. Specifically, the elastin content of
the mixture reduces to ρre (10) = 0.31ρr , while the collagen content increases to ρrc (10) = 0.75ρr , see Fig. 6.
Also, due to bulge dilatation and fiber remodeling, the preferred directions change from the original ±15◦ to the
current ±9.6◦ . Figure 14 shows the circumferential and axial Cauchy stress components of the healthy material for
1 ≤ λ ≤ 1.1. The behavior of aneurysmal tissue at t = 10 years is depicted in Fig. 15. The mechanical behavior
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Fig. 14 The circumferential and axial Cauchy stress components
of an aortic tissue in the homeostatic state during in-plane equibiaxial extension
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Fig. 15 The circumferential and axial Cauchy stress components
during in-plane equibiaxial extension of an aneurysmal tissue.
The material parameters are taken from the finite element simulation for t = 10 years at maximum bulge dilatation

of the aneurysmal tissue shows a significant degree of anisotropy and pronounced stretch-associated stiffening. As
expected, it is stiffer compared with the material in the healthy state [6,66,67].

8 Concluding remarks
In this paper, a general three-dimensional formulation of the constrained mixture theory in the form developed
by Humphrey and Rajagopal [30] has been applied to study the formation and dilatation of an abdominal aortic
aneurysm. Axisymmetric deformations were considered for the homeostatic state, and for aneurysm development,
therefore, only one eighth of the cylindrical geometry was considered. Without specialization of the constitutive
formulation, general expressions have been derived, which quantify the processes of production and removal of
constituents from the loaded configuration. The interaction between mechanical stretch and collagen, which leads
to microstructures changes, is included in the model formulation.
The constitutive theory has then been specialized to a mixture of elastin and oriented collagen fibers, which
endow the material with anisotropic properties. For numerical purposes, the energy function has been decomposed
into isochoric and volumetric parts. This has then been particularized so that the isochoric part consists of a
neo-Hookean term associated with the matrix material and two exponential terms accounting for the degree of
anisotropy. The volumetric part consists of a penalty function to enforce the volumetric response during short-term
events.
Results show that the mixture theory of growth and remodeling predicts the development of inhomogeneous
mechanical properties and dilatation of the diseased section of the arterial wall. We found that the rate of expansion
depends primarily on the rate of production and removal of elastin and collagen as well as on the change in
microstructure. Specifically, the results show that aneurysm formation is accompanied by reduction of elastin and a
gradual increase of collagen. The three-dimensional formulation adopted in this study allows evaluating, in addition
to the in-plane stress components, the out-of-plane shear stress distribution within the arterial wall, which is not
possible if two-dimensional wall mechanics is used.
It is, of course, a simplifying assumption that the axisymmetric shape is maintained during aneurysm expansion, an assumption that runs counter to the medical evidence. Also, by considering the aorta as an isolated system not in contact with surrounding tissues and organs, the results and findings are somewhat compromised.
It is possible to account for these and other shortcoming; however, this leads to a much more complicated
analysis.
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Tissue Samples
Abdominal aortic aneurysms (AAAs) represent permanent, localized dilations of the
abdominal aorta that can be life-threatening if progressing to rupture. Evaluation of risk
of rupture depends on understanding the mechanical behavior of patient AAA walls. In
this project, a series of patient AAA wall tissue samples have been evaluated through a
combined anamnestic, mechanical, and histopathologic approach. Mechanical properties
of the samples have been characterized using a novel, strain-controlled, planar biaxial
testing protocol emulating the in vivo deformation of the aorta. Histologically, the tissue
ultrastructure was highly disrupted. All samples showed pronounced mechanical stiffening with stretch and were notably anisotropic, with greater stiffness in the circumferential
than the axial direction. However, there were significant intrapatient variations in wall
stiffness and stress. In biaxial tests in which the longitudinal stretch was held constant at
1.1 as the circumferential stretch was extended to 1.1, the maximum average circumferential stress was 330 6 70 kPa, while the maximum average axial stress was
190 6 30 kPa. A constitutive model considering the wall as anisotropic with two preferred directions fit the measured data well. No statistically significant differences in tissue mechanical properties were found based on patient gender, age, maximum bulge
diameter, height, weight, body mass index, or smoking history. Although a larger patient
cohort is merited to confirm these conclusions, the project provides new insight into the
relationships between patient natural history, histopathology, and mechanical behavior
that may be useful in the development of accurate methods for rupture risk evaluation.
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Introduction

Abdominal aortic aneurysms (AAAs) are degenerative, localized dilations of the abdominal aorta that can potentially be lifethreatening if progressing to rupture. AAAs have been estimated
to occur in as much as 2–3% of the population [1,2], with approximately 150,000 new cases diagnosed each year [3]. The mortality
rate on rupture is between 78% and 94% [4,5], and ruptured AAA
is responsible for 14,000 deaths annually in the U.S. alone [6]. At
present, clinical treatment decisions are determined based on the
size and growth rate of the lesion. A 5.5 cm diameter lesion in
men and 5.0 cm in women are considered the critical size beyond
which risk of rupture is unacceptably high, and therefore surgical
management is indicated [1,6–9]. Elective treatment is also
1
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suggested if maximum diameter increases at a rate larger than
0.5–1.0 cm per year [7,10]. However, despite a long history of
research into the formation, growth, and mechanical properties of
AAA, there is still no clinical system capable of accurately predicting the risk of rupture on a patient-specific basis. Additionally,
it has been suggested by several authors that from a fundamental
biomechanical perspective, peak wall stress and strength may be
better predictors of aneurysm rupture than maximum diameter
[11–16]. As a result, there is a critical need to implement a
patient-specific program capable of accurately assessing rupture
risk based on aneurysm pathophysiological characteristics.
To support the evaluation of wall stress and rupture risk, an
extensive literature has developed in recent years characterizing
the histology, pathology, material properties, and mechanical
behavior of AAA wall tissue. A general consensus has emerged
associating the presence of AAA with an overall disorganization
of elastin and collagen in the diseased vessel wall, combined with
a net decrease in smooth muscle cell density [17–20]. However,
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the specific reorganization of wall ultrastructural components is
not yet clear. Although He and Roach [19] reported collagen and
ground matrix volume fractions to increase within AAAs, others
have reported collagen levels to remain unchanged [21] and also
decrease [18,22]. Further, the presence and extent of hard calcifications, atheroma, and thrombus can vary widely between patients
[23,24].
Even if a constitutive model was able to describe the general
behavior of the tissue response, it would not capture the full extent
of the ultrastructural heterogeneity among different samples.
Instead, attention has focused on creating a biomechanically based
approach to assess rupture risk for specific patients through evaluation of AAA material characteristics. He and Roach [19] conducted uniaxial tension tests on human abdominal aortic tissue
samples and correlated the test results with tissue histology. However, more recent data from load or displacement controlled biaxial testing of AAA specimens have found the tissue to show
moderately anisotropic behavior [14,25–27]. Biaxial material
property measurements have been compared with patient age and
gender [27] and have been used to calibrate computational models
[14,25,26]. Planar biaxial tests approximating strain magnitudes
to which the tissue is exposed during the cardiac cycle offer the
advantage of producing states of deformation more closely resembling in vivo conditions of the artery than uniaxial protocols. In
addition, biaxial measurements can highlight the anisotropic characteristics of biological materials to a higher extent than uniaxial
tests, thus helping to capture material directional coupling. From a
mechanical–structural point of view, tissue anisotropy is the characteristic feature of AAAs. Further, aneurysmal wall anisotropy
has been shown to change on a patient to patient basis, and to be
greater in diseased or older individuals than in samples from
young healthy individuals [25,28].
Unfortunately, none of these tests have been carried out under
true strain-controlled conditions realistically emulating in vivo
stress–stretch behavior. In addition, biaxial measurements of
AAA tissue sample mechanical properties have not yet been
compared with tissue histology. As a result, there remains a need
for a combined histologic and strain-controlled biaxial mechanical characterization of AAA tissue. Most importantly, endovascular surgical repair (EVAR) is increasingly becoming the
clinical treatment of choice even for small AAAs. Since tissue
samples are not presently retrievable during an EVAR procedure,
opportunities to harvest tissue samples for experimental study
are becoming increasingly rare. It is therefore important to characterize as many tissue samples as possible, while the tissue can
still be obtained. Here, we present results from a study addressing these needs. The biaxial mechanical properties of AAA tissue
samples have been evaluated under true strain-controlled conditions emulating in vivo strains during the cardiac cycle and fit
with a mathematical model based on wall matrix and fiber distributions. Measured properties have been correlated with the natural history of the patients from whom the tissue samples were
obtained, as well as with histologic characterization of the wall
ultrastructure.

2

Methods

All procedures were carried out with the full approval of the
Tufts University and Medical Center Institutional Review Board.
De-identified patient natural history anamnesis data were obtained
from Tufts Medical Center records.
2.1 Specimen Preparation. Full thickness tissue samples
approximately 35 mm long and 25 mm wide (Fig. 1(a)) were
obtained intra-operatively from patients undergoing elective
open-abdomen aortic aneurysm repair at the Tufts Medical Center. Prior to resection, the longitudinal direction of each sample
was marked with a suture. Samples were immersed in isotonic
saline, then placed on ice but not frozen. They were immediately
transported to the Tufts University Mechanics of Soft Materials
031002-2 / Vol. 139, MARCH 2017

laboratory, and material property testing was completed on them
normally within 8 h of resection. Before preparation for testing,
the presence and extent of hard calcifications, lipids, and thrombus
on and within the samples were quantified by visual inspection,
using a 4 point scale in which 4 represents near complete coverage
of constituents, 3 represents extensive but not complete coverage,
2 represents moderate coverage, 1 represents limited coverage,
and 0 no noticeable deposits. (For example, Fig. 1(a) shows a
specimen scored 3 for atheroma, 2 for calcifications, and 1 for
thrombus.)
Cruciform sections suitable for biaxial testing [29,30] were cut
from the original specimens using a custom-designed tracing die,
keeping one axis of the section along the aorta longitudinal direction and the orthogonal axis in the circumferential direction. Four
gage marks were attached in the section center to define a
7 mm  7 mm square gage region (Fig. 1(b)) in which strain was
tracked. Specimen thickness was measured using a contact micrometer with 60.01 mm resolution (Mitutoyo Corp., pocket thickness gage) at several portions within this gage region, using the
minimum pressure needed to contact the tissue surface but not
deform it. However, to avoid the possibility of compression by the
micrometer, sample width was determined by a pixel count
method using the image captured from the testing machine’s fixed
focal length video extensometer in conjunction with the publicly
available software IMAGEJ (NIH), taking care to keep the samples
flat and unfolded. Spatial resolution was 45.6 lm/pixel.
2.2 Histology. When possible, portions of the tissue cut off to
form the cruciform-shaped specimen were labeled and fixed in
4% buffered formaldehyde solution (pH 7.4), then embedded in
paraffin, and sectioned at 5 lm intervals. To assess different tissue
characteristics, consecutive histologic sections were stained with
either hematoxylin and eosin (H&E), elastica van Gieson (EvG),
Masson’s trichrome (TRI), or antismooth muscle actin (SMA).
Qualitative and quantitative observations of the cell and fiber distributions in the tissue ultrastructure were made using a light
microscope (Olympus BX40, Olympus Corporation of the Americas, Center Valley, PA). Digital image collection was performed
with the microscope’s integrated camera (SPOT Insight 2, Diagnostic Instruments, Inc., Sterling Heights, MI) controlled by SPOT
BASIC software (Diagnostic Instruments, Inc., Sterling Heights,
MI). Both the total tissue area and the area fraction of coverage of
each stain were evaluated quantitatively at 100 magnification
using a series of SPOT and IMAGEJ tools (Match Color to set the
background area of the image to zero color saturation so that total
area could be determined, Threshold Color to gate for hue and saturation values of specific colors and separate the background from
the area of interest, and Analyze Particles to measure the area of
interest). Percent area was defined as the ratio of the area of interest to the total area of tissue coverage (percent area error 0.2%).
Between 20 and 40 individual images depending on the size of the
tissue section were analyzed in this way for each stain, for each
patient, and mean and standard deviation area fraction of coverage
were calculated.
2.3 Test Apparatus. Mechanical properties of the tissue samples were evaluated using a custom-designed, planar biaxial tension tester (Zwick-Roell, Inc., Ulm, Germany), under strain
control (Fig. 1(c)). The characteristics and layout of this apparatus
have been documented previously [31]. Briefly, it includes four
horizontally opposing independently controlled linear actuators
(Zwick/Roell Z2.0), with dedicated load cells and computer. Gage
marks are tracked by a video extensometer that also provides the
feedback loop controlling both deformation and strain rate by
independently regulating the signal used to drive each of the
actuators. As a result, measured load, time, and actuator position
are all functions of the independently controlled deformation.
Tissue samples were held in the tester by four custom C-shaped
grips designed to position the sample within a constant
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Fig. 1 (a) AAA tissue sample as received. Severe polymorphous atherosclerotic plaque with precipitated calcium agglomerates is clearly apparent. (b) Tissue specimen undergoing planar biaxial tension. Digital gage marks track the movement of the
physical markers. The circumferential and longitudinal directions of the sample relative to the aorta are shown on the right. (c)
Schematic diagram of the biaxial test apparatus, showing the sample, water bath, grips, actuator arms, and load cells. Not
shown is the video extensometer directly above the specimen used to measure and control deformation in the gage region.

temperature bath filled with isotonic phosphate buffered saline
(PBS). The temperature of the bath was controlled by an autoregulated circulator (Ecoline Type RE 104; LAUDA K€
onigshofen,
Germany), and all tests were carried out at 37  C.
2.4 Test Protocol. Tissue samples were tested using a biaxial
protocol emulating the in vivo deformations of the abdominal
aorta during the cardiac cycle [32,33]. The stretch ratio k was

computed as l/L, where l and L denote the measured gage lengths
in the deformed and reference configurations, respectively, with
the reference configuration taken as the position of the gage marks
when 0.05 N preload was detected by all four load cells, which
was determined at the beginning of each test sequence.
A series of four tests were performed, although not all samples
completed all tests due to the tissue condition. In each test, while
the tissue was extending and contracting, loads in the axial and
circumferential directions were continuously measured by 500 N

Fig. 2 Finite element calculation. (a) Mesh used to evaluate the deformation field in the gage region of the cruciform-shaped
sample, with length scale. (b)–(d) Contour plots showing homogeneity of the deformation field, (b) axial stretch distribution,
(c) circumferential stretch distribution, and (d) shear distribution.
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Table 1 Model parameter values providing a best fit to the
patient group-mean measurements. Goodness-of-fit was
greater than 0.98 for all but two of the curves.
liso (kPa)
46.987

a

lfib (kPa)

k

/ (deg)

21.071

33.922

37.287

6.745

load cells accurate to 610 mN (Zwick/Roell B8122.10.01), and
gage mark positions were monitored through the video extensometer. In the first test, axial stretch, kz, was fixed at 1.0, while circumferential stretch, kh, underwent a set of extension–retraction
cycles to a maximum of 1.1. In the second test, kz was fixed at
1.1, while kh was again cycled to a maximum of 1.1. The third
test was an equibiaxial deformation in which both kz and kh were
cycled simultaneously to 1.1, while in the fourth test, kz was again
fixed at 1.0, while kh was cycled to a maximum of 1.15. Five
loading–unloading cycles were carried out in every test, with the
first four cycles serving as preconditioning. Only data from the
fifth cycle were used for further analysis. All tests were carried
out at a fixed strain rate of 0.0035 s1. Tissue samples were photographed repeatedly during extension and if possible, while failing.
2.5 Finite Element Analysis. To verify that the deformation
in the gage region was homogeneous when tissue samples were
subjected to biaxial extension, a finite element analysis was performed using the commercial finite element package Abaqus
(Dassault Systèmes, Inc., Waltham, MA, 2013) [34]. A finite element mesh was generated in the cruciform shape (Fig. 2(a)),
assuming a thickness of 2 mm. A displacement boundary condition was applied at the edges of the cruciform-shaped model. The
resulting deformation field throughout the cruciform shape was
determined using the constitutive equation described below, with
the material model parameters listed in Table 1.
2.6 Data Analysis. The circumferential and axial components
of measured nominal stress, Phh and Pzz, were calculated as
Phh ¼

fh
fz
; Pzz ¼
Ah
Az

Characteristics
Age (yr)
Gender
Height (cm)
Weight (kg)
Maximum bulge
diameter, D (mm)
Nondilated aorta
diameter, d (mm)
Wall thickness,
H (mm)
Bulge diam/wall
thickness, D/H
Htn > 140 mm Hg
Smoking history
Family history
Diabetes
Aortic surgery
Calcification
Lipid deposit
Thrombus deposit

2.7 Constitutive Modeling. The measured data were fit with
a constitutive model based on Refs. [35] and [36]. AAA wall tissue was assumed to be homogeneous, incompressible, and hyperelastic, and to consist of an isotropic base matrix the wall was
assumed to consist of an isotropic base matrix with distributed
collagen fibers providing two preferred directions. Under those
assumptions, the mechanical response of the material is given by
a strain energy function, W, depending only on the deformation
gradient tensor F, i.e., W ¼ W(F). The nominal, P, and Cauchy, r,
stress tensors are then given by

(1)

where fh and fz represent the forces measured in the circumferential and axial directions, and Ah and Az are the corresponding
Table 2

reference cross-sectional areas, given by Ah ¼ HLz and Az ¼ HLh,
with H the mean thickness of the central region and Lh, Lz the
corresponding in-plane dimensions.
For each test, the fifth loading–unloading cycle of each sample
was used to calculate the peak stress value, the percent energy
dissipated, and the maximum elastic modulus (MEM) (stiffness)
during loading. Specifically, the elastic modulus is a deformationdependent measure that connects an increment of nominal stress
to a corresponding increment of deformation. The values reported
here are specific to the testing protocol and, by definition, depend
on the stretch in the axial and circumferential directions. Mean
and standard deviations of the stress–stretch response and elastic
moduli were calculated by averaging over all the patient samples
completing that test using only the loading portion of the test. To
evaluate tissue anisotropy, the maximum elastic modulus (MEM)
was calculated by fitting a series of straight line segments, each
2% of the maximum stretch, by least squares regression to the
stress-deformation data. MEM was determined from the fitted segment for which the slope was a maximum, and the goodness-offit, R2, was greater than 0.97. Material anisotropy was evaluated
by comparison of the maximum elastic moduli of the
stress–stretch curves in the circumferential and longitudinal directions, using an independent t-test. Independent t-tests were also
used to evaluate differences in tissue sample properties as a function of patient anamnesis properties. For all statistical analyses,
significance was taken at the level p  0.05. All analyses were carried out using MATLAB (MathWorks, Inc., Natick, MA).

P¼

@W
 pF1 ;
@F

r¼F

@W
 pI
@F

(2)

where p is an arbitrary scalar determined from the equilibrium
equations and the boundary conditions [37], and I is the identity

Patient anamnesis and sample characteristics (NA 5 not available)

Patient Patient Patient Patient Patient Patient Patient Patient Patient Patient Patient Patient Patient
1
2
3
4
5
6
7
8
9
10
11
12
13
Mean 6 SD
72.2 6 6.9

73
F
165
62
55

66
M
185
143
56

71
M
173
84
40

74
M
172
78
82

78
M
170
68
72

58
M
175
90
80

75
F
155
61
57.4

75
F
168
60
58

66
M
170
107
90

73
M
160
60
55

86
M
178
69
72

67
M
177
102
55

77
F
170
70
55

170.6 6 6.9
81.1 6 24.4
63.6 6 14.2

22.8

26.0

NA

NA

30.0

NA

19.7

19.5

20.8

26.2

22.2

22.0

26.0

23.5 6 3.4

1.84

2.24

1.35

3.10

1.75

3.21

1.35

1.28

2.15

4.35

1.11

3.34

2.37

2.34 6 0.9

27.8

23.0

27.6

24.4

39.2

23.0

40.6

43.4

39.8

12.6

62.8

14.4

21.2

30.8 6 14.1

Yes
Prev.
Yes
No
No
4
4
1

Yes
Prev.
No
Type 2
No
3
1
0

Yes
Curr.
No
No
No
1
2
0

Yes
Curr.
No
No
No
0
2
4

Yes
Prev.
No
No
No
1
2
3

No
Curr.
No
No
No
0
3
1

Yes
Curr.
No
No
No
0
4
2

Yes
Prev.
No
No
No
1
1
1

No
Prev.
No
No
Endo
2
3
1

No
Prev.
No
No
No
0
1
0

Yes
No
No
Type 1
Heart
1
3
2

Yes
Curr.
No
No
No
1
1
2

No
Prev.
No
No
No
0
0
2

1.1 6 1.3
2.1 6 1.3
1.5 6 1.2
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tensor. Following Ref. [36], the base matrix has strain energy,
Wiso, given by
Wiso


l 
¼ iso exp½aðI1  3Þ  1
2a

Wfib

n

h
i
o
n
h
i
o
l
exp kðI4  1Þ2  1 þ fib exp kðI6  1Þ2  1
2k
(4)

where lfib describes the degree of anisotropy, k is a dimensionless
parameter associated with the preferred directions, and I4 and I6
are given by I4 ¼ M  ðCMÞ and I6 ¼ M0  ðCM0 Þ, where the unit
vectors M and M0 denote the preferred directions in the reference
configuration, which are given by
M ¼ cos ueh þ sin uez ;

M0 ¼ cos ueh  sin uez

(5)

where / is the angle between the preferred directions and the circumferential direction, and eh, ez are unit vectors in the circumferential and axial directions, respectively. It can be shown [38,39]
that with this approach, the in-plane Cauchy stress components
take the form
2
rhh ¼ liso ðk2h  k2
h kz Þ exp ½aðI1  3Þ

þ 4lfib k2h cos 2 uðI4  1Þ exp ½kðI4  1Þ2 

2
rzz ¼ liso ðk2z  k2
h kz Þ exp ½aðI1  3Þ

þ 4lfib k2z sin 2 uðI6  1Þ exp ½kðI6  1Þ2 

(3)

where liso represents the shear stiffness of the matrix in the reference configuration, a is a dimensionless material parameter, and
I1 is the first invariant of the right Cauchy–Green deformation tensor, C, given by C ¼ FTF, with I1 ¼ tr C. Strain energy associated
with the preferred directions, Wfib, is given by
l
¼ fib
2k

and

(6)

(7)

For an incompressible material, the nominal and Cauchy stress
tensors are related by P ¼ F1 r. Since the deformations imposed
here were planar biaxial extensions, F becomes diagonal, and the
analytically determined nominal stress components are
Phh ¼

rhh
;
kh

Pzz ¼

rzz
kz

(8)

Values of liso, lfib, a, k, and / providing the best fit of the model
circumferential and axial stresses to the measured data were determined by the nonlinear, iterative algorithm for parameter estimation proposed by Buzzi-Ferraris and Manenti [40], using only the
first three tests due to accumulated tissue damage by the fourth
test. The closeness of the resulting fitted curves to the data was
evaluated with the MATLAB Goodness-of-fit tool.

3

Results

3.1 Patient Clinical Traits and Specimen Characteristics.
Mechanical and histologic properties of 13 patient AAA wall tissue samples resected from the bulge anterior side during elective
surgical repair were evaluated. Anamnesis data for the patients
are summarized in Table 2, including age and gender, AAA bulge
maximum diameter D, nondilated abdominal aorta diameter near
the most inferior renal artery d, specimen wall thickness, and ratio
of inner bulge diameter to wall thickness, D/H. Contributing factors such as presence or absence of hypertension (Htn), smoking,
diabetes, and family history are also given, along with scores for

Fig. 3 Representative histologic images characterizing the wall ultrastructure, 403 magnification, Masson’s trichrome stain.
Blue—collagen; red—smooth muscle and extravasated cells. All images oriented with the tunica intima facing down. (a)
Patient 2, (b) patient 4, (c) patient 5, (d) patient 6, and (e) patient 7. (f) Fractional area of coverage for EvG (highlighting elastin
fibers), TRI (highlighting collagen fibers), or anti-SMA (highlighting smooth muscle). dM—disrupted tunica media and dA—
disrupted tunica adventitia.
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the presence and extent of hard calcifications, lipids, and thrombus
on and within the samples.
Four of the patients were female, nine were male. Patient age
ranged from 58 to 86, with a mean of 72.2 6 6.9. Maximum bulge
diameter varied from 40 to 90 mm, with a mean of
63.6 6 14.2 mm. Thickness of the samples varied from 1.28 to
4.35 mm, with a mean of 2.34 6 0.9 mm. Nine of the 13 patients
showed marked hypertension (greater than 140 mm Hg), four did
not. Most strikingly, all but one of the patients had a past or current history of smoking.
3.2 Tissue Histology. Wall ultrastructure varied significantly
between patients (Fig. 3, which shows representative images
stained with trichrome). A small number of wall samples showed
an organized distribution of layers within the wall, with recognizable intima, media, and adventitia (Fig. 3(a)). However, the ultrastructure of most samples lacked the well-organized layers
normally associated with healthy aorta walls [41] and varied
widely from patient to patient (Figs. 3(b)–3(e)). In these samples,
wall layers were generally highly disorganized, tortuous, and fragmented. The media and adventitia, to the extent they could be recognized, were densely invested with numerous fibroblasts along
with extravasated red cells, granular and agranular leukocytes,
and other inflammatory cell types. Some of these samples showed
regions of well-ordered tissue in some locations, but none was

well organized throughout. Most contained regions of highly disorganized structure interspersed with regions of increased collagen or elastin concentrations. In addition, most tissue samples
showed intramural empty spaces that were lined by large quantities of cell types not associated with healthy aorta wall tissue, presumably inflammatory cells. Significant loss of parietal structural
architecture and disruption of smooth muscle was common (Figs.
3(b)–3(e)).
EvG coverage varied from as little as 18% (Fig. 3(f), patient 7)
to as much as 80% (patient 2). Trichrome coverage varied from
28% to 66%, and SMA coverage varied from 21% to 61%. In
addition, the ratios of coverage between stains for each patient
also varied extensively. Patient 2 showed nearly three-fold the
coverage of EvG as trichrome (80% versus 28%), indicating a
widespread distribution of elastin fibers but only limited collagen.
In contrast, patients 5, 6, and 7 showed limited EvG coverage
(18% for patient 7) but much greater trichrome coverage (66% for
patient 7), indicating much more widely distributed collagen than
elastin in the tissue. Further, the areas highlighted by the different
stains for any individual patient summed to values larger than
100%, indicating an extensive overlap of the elastin, collagen, and
smooth muscle components within the wall.
3.3 Finite Element Analysis. The deformation in the central
gage region was highly homogeneous (Figs. 2(b)–2(d)). Over the

Fig. 4 Measured nominal stress components in the circumferential and axial directions, Phh
and Pzz, for patient 2 during the fifth loading cycle in each test. (a) kz 5 1.0, kh ﬁ 1.1, (b) kz 5 1.1,
kh ﬁ 1.1, (c) kz ﬁ 1.1, kh ﬁ 1.1, and (d) kz 5 1.0, kh ﬁ 1.15.
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Fig. 5 Measured nominal stress components in the circumferential and axial directions, Phh
and Pzz, during the fifth loading cycle in each test, averaged over all patient samples. (a)
kz 5 1.0, kh ﬁ 1.1, (b) kz 5 1.1, kh ﬁ 1.1, (c) kz ﬁ 1.1, kh ﬁ 1.1, and (d) kz 5 1.0, kh ﬁ 1.15. Data
points—measured values; solid curves—corresponding model fitted curves.

central gage region, axial stretch varied from 0.9840 to 0.9903,
less than 0.7%, while circumferential stretch varied from 1.0909
to 1.0989, less than 0.8%. These values suggest that the size of the
cruciform samples was appropriate for testing, and that the deformation in the central region was homogeneous.
3.4 Mechanical Behavior. The mechanical behavior of all
individual tissue samples showed pronounced stretch-associated
stiffening and was significantly anisotropic under all tests (Fig. 4,
which shows measurements of the fifth loading cycle in each test
for patient 2 as a representative example. Figure 4(a) shows the
first test, kz fixed at 1.0 and kh allowed to cycle to 1.1; Fig. 4(b)
shows the second test, kz fixed at 1.1 and kh allowed to cycle to

1.1; Fig. 4(c) shows the third test, kz and kh both allowed to cycle
to 1.1; and Fig. 4(d) shows the fourth test, kz fixed at 1.0 and kh
allowed to cycle to 1.15.) In tests with kz fixed at 1.1 and kh
allowed to cycle to 1.1, maximum axial stress varied from 147 to
207 kPa for the different samples, while maximum circumferential
stress varied from 260 to 443 kPa. At all stretch levels in each test,
stiffness was larger in the circumferential direction than the axial
direction (Fig. 4). For example, for patient 2, MEMh and MEMz
were 11.1 and 5.64 MPa, respectively.
Stretch-associated stiffening behavior of the tissue was clearly
apparent in the group-average measurements as well, as was anisotropic behavior (Fig. 5, which shows measurements of the fifth
loading cycle in each test averaged over all patient samples along

Table 3 Mean mechanical properties. MEMz was not calculated for tests in which kz was held constant. Test 1, kz fixed at 1.0 and kh
allowed to cycle to 1.1; test 2, kz fixed at 1.1 and kh allowed to cycle to 1.1; test 3, kz and kh both allowed to cycle to 1.1; and test 4, kz
fixed at 1.0 and kh allowed to cycle to 1.15.

Test 1
Test 2
Test 3
Test 4

MEMh 6 SD
(MPa)

MEMz 6 SD
(MPa)

Max Phh 6 SD
(kPa)

Max Pzz 6 SD
(kPa)

4.6 6 1.7
6.2 6 2.4
10.5 6 3.2
11.6 6 4.0

n.a.
n.a.
6.0 6 1.2
n.a.

180 6 80
340 6 73
310 6 80
460 6 130

50 6 30
200 6 32
165 6 59
80 6 50
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Dissip 6 SD
(%)
11.6 6 3.8
10.6 6 3.3
7.9 6 3.7
10.8 6 3.2
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Fig. 6 (a) Values of mean maximum stresses and (b) of mean
maximum elastic moduli in equibiaxial tension in the circumferential, (h), and longitudinal, (z), directions

with the corresponding model fit curves). Best fit parameter values
used to generate the model curves in Fig. 5 are given in Table 1.
In tests with kz fixed at 1.1 and kh allowed to cycle to 1.1, the
mean maximum axial stress was 200 kPa, while the maximum
mean circumferential stress was 340 kPa (Fig. 5(b), Table 3,
p ¼ 0.01). Mean MEM in the circumferential direction in this test
was 6.2 MPa. In equibiaxial tests with both kz and kh allowed to
cycle to 1.1, mean maximum stresses were 310 and 165 kPa in the
kh and kz directions, respectively (Figs. 5(c) and 6(a), Table 3,
p ¼ 0.01). Mean MEM in this test was 10.5 MPa in the circumferential direction and 6.0 MPa in the longitudinal direction (Fig.
6(b), Table 3, p ¼ 0.04). Mean percent energy dissipation in tests
with kz fixed at 1.1 and kh allowed to cycle to 1.1 was 10.6%,
while mean percent energy dissipation in the equibiaxial tests was
7.9% (Table 3). Mean percent energy dissipation in the other tests
was 11.6% and 10.8%, respectively (Table 3).
3.5 Correlations With Patient Characteristics. No statistically significant correlations were found between mean maximum
circumferential stress, axial stress, or circumferential elastic modulus and patient characteristics including gender, age, body mass

index, maximum bulge diameter, smoking history, or the presence
or absence of lipid or thrombus deposits or within the tissue samples (Table 4). However, maximum circumferential stress was
statistically significantly inversely correlated with wall thickness
2.25 mm (110 6 22 versus 225 6 49 kPa, p ¼ 0.0043), and positively correlated with hypertension  140 mm Hg (203 6 71 versus 121 6 17 kPa, p ¼ 0.040), diabetes (240 6 5.8 versus
163 6 73 kPa, p ¼ 0.05), and the presence of calcifications in the
wall (235 6 51 versus 130 6 42 kPa, p ¼ 0.021). Maximum axial
stress was inversely correlated with wall thickness (30 6 10 versus
74 6 28 kPa, p ¼ 0.023), while maximum circumferential elastic
modulus was positively correlated with the presence of calcifications in the wall (5.76 6 0.6 versus 3.18 6 1.1 MPa, p ¼ 0.012).

4

Discussion

In this study, the mechanical properties of AAA tissue samples
from 13 patients undergoing open AAA repair were evaluated and
compared with patient characteristics and tissue ultrastructure.
The constitutive relationship used to model the biomechanical
response provided an excellent fit to the measurements in almost
all tests. No significant differences in mechanical properties as
result of gender, age, or AAA diameter were detected, but
mechanical properties were found to correlate with wall thickness,
hypertension, diabetes, and the presence of wall calcifications.
Patients in this study were obtained as they presented, without
regard to bulge size, patient natural history, or any other specific
criteria. Major factors associated with the presence of AAA or the
risk of rupture among the patients are summarized in Table 2.
Nine of the 13 patients were male, and all but one were age 66 or
higher. Hypertension was present in 69% (9/13). Interestingly,
two factors that did not show a significant correlation with
mechanical behavior were past family history of AAA, which was
present in only one patient, and smoking. However, 92% (12/13)
of the patients were either current or previous smokers, which
suggest a strong correlation between smoking and the incidence
of AAA. This is consistent with other studies showing each year
of smoking to increase the relative risk of developing AAA by

Table 4 Statistical correlations between patient characteristics and mean maximum circumferential stress, axial stress, and maximum circumferential elastic modulus measured in tests with kz fixed at 1.0 and kh allowed to cycle to 1.1. Statistically significant
p-values are shown in bold. P-value for smoking history refers to comparison of previous to current smokers only.

Parameter
Gender

Male
Female

n

Phh, max
(kPa)

Pzz, max
(kPa)

MEMh,
(MPa)

5
3

169 6 71
204 6 81

54 6 37
53 6 25

4.73 6 1.7
4.04 6 1.7

0.57

0.70

0.60

p-value

n

Phh,
max (kPa)

Pzz, max
(kPa)

MEMh,
(MPa)

Smoking history

Current
Previous
Never
p-value

5
2
1

162 6 82
202 6 48
244
0.48

52 6 18
73 6 38
114
0.85

3.73 6 1.6
5.98 6 0.9
5.18
0.079

Age

70
<70
p-value

6
2

186 6 74
172 6 90
0.87

65 6 34
37 6 3.5
0.10

4.10 6 1.6
5.61 6 1.4
0.33

Family history

Yes
No
p-value

0
8

—
340 6 73
n.a.

—
200 6 33
n.a.

—
6.24 6 2.4
n.a.

Body mass
index (kg/m2)

25
<25
p-value

4
4

155 6 68
209 6 72
0.32

39 6 19
76 6 32
0.11

4.14 6 2.0
4.81 6 1.4
0.60

Diabetes (T1, T2)

Yes
No
p-value

2
6

240 6 5.8
163 6 73
0.05

77 6 53
51 6 25
0.62

5.89 6 1.0
4.00 6 1.6
0.14

Maximum bulge
diameter (mm)

60
<60
p-value

4
4

152 6 69
212 6 68
0.26

58 6 42
57 6 23
0.97

4.27 6 1.6
4.68 6 1.9
0.75

Calcifications

1
0
p-value

4
4

235 6 51
130 6 42
0.021

77 6 32
39 6 19
0.099

5.76 6 0.6
3.18 6 1.1
0.012

Wall thickness
(mm)

2.25

3

110 6 22

30 6 10

3.10 6 1.4

Lipid deposits

2

5

159 6 62

59 6 37

4.10 6 1.4

<2.25
p-value

5

225 6 49
0.0043

74 6 28
0.023

5.30 6 1.2
0.087

<2
p-value

3

220 6 81
0.33

55 6 28
0.86

5.09 6 2.0
0.51

Htn

6

203 6 71

65 6 34

4.73 6 1.7

2

5

164 6 58

60 6 36

3.73 6 1.5

Non-Htn
p-value

2

121 6 17
0.040

36 6 2.6
0.095

3.69 6 1.3
0.45

<2
p-value

3

212 6 94
0.49

54 6 29
0.80

5.71 6 1.0
0.07

Hypertension
(Htn)
>140 mm Hg
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4%, with ex-smokers and current smokers being, respectively, at 3
and 7.6 times greater risk than nonsmokers [42,43].
Strain levels during the loading–unloading tests were chosen to
reflect AAA deformations observed in vivo. Nagy et al. measured
the full two-dimensional strain field experienced by a patient
AAA in vivo over the cardiac cycle, calculating strains based on
noninvasive electrocardiogram-gated magnetic resonance angiography imaging. For the patient studied, circumferential strains of
5–10% were widely distributed over the AAA bulge surface,
while axial strains were limited to 1–2% except at a small number
of specific points of high-wall curvature [44]. Measurements in
our own laboratory using a similar noninvasive technique have
found mean circumferential strains as large as 18% in some subjects (unpublished data). At these strains, tissue samples showed
anisotropic behavior with stretch-associated stiffening and showed
greater stiffness in the circumferential than the axial direction.
These findings are consistent with reports from other authors
[14,25,26,45,46]. However, the stress and anisotropy levels found
here are generally greater than those reported by other authors. In
equibiaxial tests, at 150 kPa, O’Leary et al. reported tangential
moduli of 8.1 6 3.2 and 6.6 6 1.2 MPa [27] in the circumferential
and axial directions, respectively, while Tong et al. reported
8.7 6 1.7 and 6.6 6 2.7 MPa [14]. Under corresponding conditions, Vande Geest et al. reported larger average moduli of
11.7 6 1.9 and 8.3 6 1.2 MPa [25]. Here, mean maximal moduli
were 10.5 6 3.2 and 6.0 6 1.2 MPa, respectively, but were measured at an equibiaxial stretch ratio of 1.1, which produced higher
mean stress levels of 310 6 80 and 165 6 59 kPa in the

circumferential and axial directions. The magnitude of the difference in moduli in the two directions was 20% for O’Leary et al.
[27] and 27% for Tong et al. [14]. In contrast, moduli in the circumferential and axial directions reported by Vande Geest et al.
[25] differed by 34%, while here they differed by 55%.
The most likely cause of these different stress and anisotropy
values is that prestretch levels found in the iliac and carotid
arteries [28,47–49] were reproduced as a boundary condition in
two of our tests by keeping the deformation along the axial tissue
direction constant, while the circumferential direction was cycled.
Prestretch conditions were also imposed by Vande Geest et al.
[25], but not by other authors [27,45]. The resulting difference in
reference configurations may have contributed to differences in
tissue behavior. In addition, intrapatient differences in the histology of the tissue samples were not small, and both calcifications
and bulge wall thickness can measurably affect tissue mechanical
behavior [50]. Further, increased thrombus age has been shown to
be associated with greater measured tissue anisotropy [14]. Data
describing thrombus age was not available in the present study,
and it is possible that differences in extensibility, stiffness, and
anisotropy may in part have been associated with the presence or
age of deposited mural thrombus.
Along with the large difference in mean maximal stiffness in
the circumferential and axial directions, there were very large differences in mean maximal stress magnitudes in the two directions
in each of our tests (Table 3). In the equibiaxial tests, mean maximum stress in the circumferential and axial directions differed by
63% (310 6 80 versus 165 6 59 kPa), and similar or even larger

Fig. 7 Representative failure sites of tissue samples failing during biaxial extension tests.
Axial arrow indicates the original axial orientation of the tissue sample in the AAA wall. Red
arrow indicates the site and orientation of failure. (a) Patient 3, (b) patient 4, (c) patient 5, and
(d) patient 6.
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differences developed in the other tests. These differences suggested the need for an anisotropic constitutive model to fit the
measured data accurately. The numerical results provided an
excellent fit to the experimental measurements (Figs. 5(a)–5(c)).
It has been shown that the best fit parameters may not be unique
[51]. However, the parameters were determined by an objective
technique [40], and goodness-of-fit was 0.98 for all but two of
the fitted curves. The principal exception was the numerical values of Phh when kz was fixed at 1.0, while kh was cycled to 1.15
(Fig. 5(d)), which were significantly larger than the experimental
data for the same stretch. Numerical results in the first test (Fig.
5(a)) were identical to those in the fourth test (Fig. 5(d)) up to
kh ¼ 1.1, as required for an elastic material. However, the data
clearly show that the material is less stiff in Fig. 5(d) compared to
Fig. 5(a), which is most likely due to tissue damage accumulated
during testing.
Intrapatient differences in the distribution of smooth muscle
and collagen and elastin fibers within the wall were striking
(Fig. 3). The thresholding technique used to analyze the distribution of these components within the wall minimized the possibility of misinterpreting their relative distributions due to differences
in the amount of stain applied to each component or the affinity of
the component for the stain. Overall, these AAA samples demonstrated a general degradation of the normal distinctive constituents
of the tunicae [41], which is consistent with findings reported by
other authors [52]. Patient walls exhibited empty areas lined by
fibrous elastin, indicating the possibility of encapsulation of foreign substance disrupting the normal wall ultrastructural organization. They also showed blood infiltration, delamination,
inflammatory cell invasion, disruption of elastin, widespread
fibroblasts, and highly perturbed connective tissue. The percent
area of the wall staining positively for EvG, trichrome, and SMA
also varied widely between patients (Fig. 3(f)). In general, patients
with notably disorganized wall structure tended to show widely
distributed collagen content. He and Roach [19] reported a significant decrease in the elastin and smooth muscle volume fractions
of the aneurysmal wall, combined with a large increase in collagen and ground substance volumes. The current study showed
much more intrapatient variability than was reported by He and
Roach, and general trends were correspondingly less apparent.
However, three of the five patients showed significantly more coverage of trichrome than EvG, suggesting that collagen occupied a
significantly larger fraction of the tissue volume than did elastin.
Increased rates of collagen synthesis have been reported in AAA
compared to healthy control [53]. The current results are consistent with that finding.
In view of the differences in wall ultrastructure, it is not surprising that mechanical properties also differed significantly between
patients. In equibiaxial tests, maximum stiffness in the circumferential direction, MEMh, varied from 7.12 MPa (patient 4) to
13.4 MPa (patient 6). Maximum stiffness in the axial direction,
MEMz, varied from 5.02 MPa to 7.3 MPa. Maximum circumferential stress, Phh, varied from 281.4 kPa (patient 6) to 383.2 kPa
(patient 2), while maximum axial stress, Pzz, varied from
143.0 kPa to 208.8 kPa. Further, although all tissue samples in this
study were obtained from the anterior region of the AAA wall, the
samples differed in their gross structure and in the presence and
distribution of calcifications, lipid, and thrombus deposits (Fig. 7).
There also were significant spatial variations within the ultrastructure of most individual samples (Fig. 3). These variations, along
with the observation of significant histologic disorganization
reported by Erhart et al. [54], suggest that AAA walls may be
more structurally and histopathologically heterogeneous than has
often been recognized to date. As a result, there are experimentally based reasons to suggest that in addition to varying between
patients, mechanical properties may be spatially inhomogeneous
within the wall of individual patients as well. Wall stress calculations to date have primarily assumed the wall to be characterized
by a single homogeneous mechanical response [11–16,55,56].
However, the histopathologic images of the current study suggest
031002-10 / Vol. 139, MARCH 2017

this may not be a safe assumption. Initial wall stress studies allowing spatially inhomogeneous mechanical behavior have recently
been described by Reeps et al. [50], Tierney et al. [57], and Polzer
and Gasser [58].
Previous studies of AAA mechanical properties have reported
inconsistent findings with regard to differences in tissue properties
as a function of patient gender, age, and maximum bulge diameter. In some studies, tissue samples from male patients have been
reported to have greater stiffness and tensile strength than samples
from female patients [14,25,50], but in other studies no statistically significant difference was found [27]. The current study
found no statistically significant differences in elastic mechanical
properties based on gender. In addition, it is generally thought that
the stiffness of the nonaneurysmal aorta increases with age [59],
which is attributed to a gradual loss of elastin and increase in the
collagen content of the wall over time. However, no statistically
significant change in the mechanical properties of AAA tissue
samples has been found for patients over or under age 70 [27].
The current study similarly found no differences in maximal stress
or stiffness for patients over 70 compared to those under 70. It is
possible that the loss of ultrastructural organization associated
with the AAA wall offsets age-related changes in the wall collagen or elastin content. As a result, no general trend of mechanical
properties develops.
A large study of the uniaxial properties of AAA wall tissue
samples reported tissue from patients with maximum bulge diameter greater than 5.5 cm to have higher failure strength and extensibility than samples from patients less than 5.5 cm [60].
However, biaxial studies more accurately replicating deformations
experienced by the wall in vivo have not found statistically significant differences in mechanical properties with bulge diameter
[27]. The current study evaluated maximal wall stress and stiffness rather than failure strength, but also did not find statistically
significant differences in these properties with diameter. The
smaller number of patients in the current study may explain part
of the absence of a difference. In addition, it has been suggested
that increases in wall strength as bulge diameter increases may
reflect a remodeling process in the wall that results in growth of
the total mass of collagen present [60]. However, the rate at which
remodeling might proceed and the relations between remodeling
rate and bulge shape and size are not yet known. The current study
does not support the hypothesis that collagen deposition during
the remodeling process occurs in an ultrastructurally organized
pattern producing a significant difference in mechanical properties
between patients greater than or less than 5.5 cm in diameter.
Furthermore, the current study found no statistically significant
differences in tissue mechanical properties based on other clinically observable factors specific to individual patients, including
height, weight, and body mass index. Surprisingly, given the prevalence of smoking among the patients studied and the pathophysiologic tissue degradations associated with smoking, mechanical
properties were independent of current versus past history of
smoking. Previous studies have also not found a correlation
between mechanical properties and smoking [61]. Although a
larger patient cohort would be needed to draw conclusions with
confidence, it does not seem likely that these parameters can be
used to discriminate patients with mechanical properties suggesting a high risk of rupture. However, the presence of calcifications
has been suggested to correlate with wall stiffness [50] as well as
with high risk of rupture [62], and in correspondence with this
suggestion, the current study showed a significant dependence of
stiffness and stress on the presence or absence of calcifications in
the wall. Further study of the effect of calcification on wall properties may provide further insight into AAA rupture risk.
To our knowledge, the current study represents the first attempt
to evaluate the mechanical properties of patient AAA wall tissue
samples using a physiologically realistic true strain-controlled
protocol. Deformations experienced by the wall in vivo were emulated by imposing known strain on a small region at the center of
the tissue sample. Since only strain in the gage region was tracked
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and used for control, our method avoided errors associated with
nonhomogeneous distortions of the tissue in the near region of the
grips. In addition, the grips themselves successfully held the tissue
samples in place with no evidence of slippage, tear out, or other
tissue damage. Nevertheless, the study was subject to several limitations. First, the number of patients was not large. Other studies
of the biaxial mechanical behavior of AAA tissue samples with
larger patient groups have been previously published [25,27].
However, those studies were not carried out with true strain control. Because of the current use of EVAR for surgical repair of
nearly all patient AAAs, opportunities to acquire tissue samples
for experimental study are becoming increasingly rare. The infrequency with which tissue samples can be obtained, in combination
with significant intrapatient variability of tissue mechanical properties, suggest the importance of adding as many measurements as
possible to the published data while that can be done.
A related point is the potential for bias in the measured data,
since tissue can only be obtained from patients not suitable for
EVAR because of their geometric complexity or because of the
density of calcifications in their wall. As a result, it is possible that
the measured wall properties do not adequately reflect the average
AAA patient.
A second limitation is that all tissue samples were obtained
from the anterior region of the patient sac. Inter- and intrapatient
variations in the wall ultrastructure were significant, suggesting
that tissue mechanical properties may vary with position within
the AAA sac [54,57]. Unfortunately, the sac region from which
tissue can be acquired is presently limited by the surgical technique with which the tissue is excised. In particular, it would be of
interest to compare the present measurements with the properties
of the site of rupture. However, it appears to only be possible to
obtain tissue from the rupture site post mortem. Finally, a third
limitation is that although tissue prestretch in the axial direction
in vivo was emulated in the test protocol, circumferential components of residual strain, if present, were not accommodated for in
this analysis.

5

Conclusions

The goals of this study were to evaluate the mechanical properties of patient AAA tissue samples with a true strain-controlled
biaxial test protocol and to correlate those properties with patient
characteristics and tissue histopathologic features. The gross
appearance of the AAA tissue samples showed amounts of atherosclerotic plaque, calcified deposits, and thrombus that differed
substantially between patients. In general, the samples exhibited
substantial degradation of the healthy wall ultrastructural organization, with perturbed, delaminated connective tissue, elastin degradation, blood infiltration, and inflammatory cell invasion.
Strain-controlled biaxial tests showed tissue samples to be anisotropic, with a greater tendency toward stiffening under load in the
circumferential direction than the axial direction. An anisotropic,
hyperelastic constitutive model fit the measured data well. No
statistically significant differences in tissue mechanical properties
were found based on patient characteristics including gender, age,
maximum bulge diameter, height, weight, body mass index, or
smoking history. Although a larger patient cohort is needed to
confirm these conclusions, it does not seem likely that these
parameters can be used clinically to discriminate patients with
mechanical properties suggestive of a high risk of rupture. Further
study of the relations between wall thickness, ultrastructure, and
stress development may provide insight into rupture risk.
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