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Abstract

In the interconnected world of today, distributed computation and opti-
mization over large-scale multi-agents networks are ubiquitous. The appli-
cations can be found in various fields ranging from machine learning, signal
processing, to computational finance. The increasing interest in distributed
optimization is further motivated by the emergence of big data application.
In one aspect, large datasets push centralized computation to the limit and
the need for distributed algorithms arises quite naturally. On a similar note,
transmitting the data collected in a distributed manner to a center is either
too costly or violates privacy. In this thesis, we aim to solve the distributed
optimization problem over multi-agent networks, where each agent has local
private information and objective functions. The goal is to have agents collab-
orate with each other to optimize the sum of these local objective functions.
Existing algorithms mostly deal with the corresponding problems under the
assumption that the underlying multi-agent network is strongly-connected and
undirected, i.e., if agent 7 sends information to agent j, then agent j also sends
information to agent ¢. The contribution of this work lies in the relaxation of
such assumptions on the network topology. In particular, we assume the com-
munication between the agents is described by a directed graph. We mainly

propose four algorithms, Directed-Distributed Subgradient Descent (D-DSD),



i
Directed-Distributed Projection Subgradient (D-DPS), DEXTRA, and ADD-
OPT. D-DSD and D-DPS focus on the case when the objective functions are
convex, but not necessarily differentiable. Both of the proposed algorithms
achieve convergence rates of O(%), where £ is the number of iterations. D-
DPS is the generalization of D-DSD from unconstrained cases to constrained
cases. When the objective functions are relaxed to be smooth, i.e., they are
convex as well as differentiable, we propose DEXTRA and ADD-OPT that
accelerate the convergence to a linear rate O(7%) for 0 < 7 < 1. Moreover,
ADD-OPT supports a wider and more realistic range of step-sizes than DEX-
TRA. All four algorithms achieves the best known rate of convergence for this

class of problems under the appropriate assumptions.
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Chapter 1

Introduction

1.1 Motivation

In the interconnected world of today, distributed computation, [1], and opti-
mization, (2], over large-scale multi-agent networks are ubiquitous. The in-
creasing interest in distributed algorithms is further motivated by the emer-
gence of big data applications, [3]. Large datasets push centralized computa-
tion to the limit. It is often impossible for a single processor to implement
any real-time algorithm due to the large data volumes. For example, in ma-
chine learning, large scales of training examples may prevent a problem from
being solved effectively on a single machine. In contrast, it is much more ef-
fective to use multiple processing processors, especially when the information

is naturally distributed. Thus, the need for distributed algorithms arises quite



CHAPTER 1. INTRODUCTION 2

naturally.

Besides the efficiency in computation, distributed algorithm outperforms
centralized methods in other aspects. It is usually the case that data are
collected in a distributed manner. Thus, to transmit the huge volume of raw
data to a center is costly. A preferable solution is to process the data locally,
and exchange the processed information between local processors. On the
other hand, local agents often need to reserve their private information. The
existence of any centralized processor may violate the privacy.

In view of these considerations, there has recently been a growing interest
in extending conventional (centralized) methods, [4, 5], to distributed meth-
ods for solving optimization problems where information is distributed over a
network of agents. Usually each agent in the network owns local information
that is private. The agents cooperatively solve a global optimization problem
through local computation and information exchange over the network. Specif-
ically, we consider the problem of minimizing a sum of objectives, > " | fi(x),
where f; : R? — R is a private objective function that belongs to the ith
agent in the network. This general form has applications in distributed large-
scale machine learning, [6-10], distributed averaging, [11, 12], model predictive
control, [13, 14], cognitive networks, [15, 16|, wireless communication, [17], co-
ordination, [18-20], distributed source localization, [21, 22|, distributed sparse

optimization, [23, 24|, decentralized low-rank matrix completion, [25] and fac-
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torization, [26], resource scheduling, [27], message routing, [28], and interfer-
ence [29], etc.

Existing distributed methods for solving optimization problems where in-
formation is distributed over multi-agent networks mostly deal with the corre-
sponding problems under the assumption that the network is undirected and
connected, i.e., if agent ¢ can send information to agent j, then agent j can
also send information to agent ¢. However, in practice, it is desirable to merely
rely on one directional communication between agents. For instance, in a bi-
directional case where each node blocks until it receives a response, deadlocks
can occur when the network has cycles. In other cases, agents may broadcast
at different power levels, implying communication capability in one direction,
but not the other. Moreover, a one directional communication is more ro-
bust to noise interference than bi-directional communication. It is obvious
that the distributed optimization problem over directed networks has wider
applications than that over undirected graphs since the network topology is
more flexible. For example, agents may be able to reduce the communication
overhead when they have a large number of neighbors. Besides, if there exist
some slow communication links, it is good for algorithms to eliminate the link
such that the convergence can be accelerated. This results a directed graph.
Therefore, we focus on the case in this thesis when the communication between

the agents is described by a directed graph.
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1.2 Preliminaries and Notations

In this section, we review some basics in convex optimization as well as graph

theory, which support the rest of contents in this thesis.

Properties of Functions

We first list some standard definitions and properties subject to functions of

our interest. The details can be found in standard literature, e.g., Ref. [4].

e Convex functions: A function f(x) : R — R is convex if, for any

points x, y € RP, and 6 € [0, 1], it satisfies that

fOx+(1—=0)y) <Of(x)+(1-0)f(y).

e Smooth and nonsmooth functions: A function f(x) : R? — R is
continuously differentiable if its derivative exists and is continuous. It
is smooth if it has derivatives of all orders. However, in the context
of convex optimization, nonsmooth functions, usually refer to functions

2

that do not even have a first-order derivative. For example, f(z) = z° is

convex and smooth, and f(z) = |z| is convex but not smooth.

e Gradient and subgradient: When a function f(x) : R? — R is
smooth, its first-order derivative D f(x) € R'*? exists. The transpose of

this derivative is called function f(x) ’s gradient, denoted by V f(x) €
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9f(x)

RP. Its components are the partial derivatives of f(x): [V f(x)]; = 0,

Vi € [1,n]. If f(x) is convex, the gradient V f(x) at point x satisfies

fy) = f(x)+ V) (y - %),
for all y € RP.

If a function f(x) : R? — R is convex but not necessarily smooth, we
extend the definition of gradient to subgradient. A vector g(x) € R? is

called the subgradient of f(x) at point x if

Fy) = f(x) +g(x) " (y —x),

for all y € RP. The set of all subgradients of f(x) at x is called the

subdifferential and is denoted as 0f(x).

For a smooth convex function, the subgradient coincides with its gradi-

ent.

e Lipschitz-continuous: A function V : R? — R is called Lipschitz-

continuous if there exists a constant L > 0, such that
IV(x) = V(y)ll < Lllx =yl
for all x, y € RP.

e Strong-convexity: A smooth convex function f(x) : R? — R is further

said to be strongly convex if there exists some positive m such that for
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any point x, y it satisfies

(V)= V) (x—y)=mlx—y|

where || - || is the euclidean norm.

Graph Theory

We next present some basic definitions and relations regarding graphs and

matrices. The details can be found in [30].

e Undirected graph and directed graph: An undirected graph is a
graph where all the edges are bidirectional. In contrast, a graph where
there exists at least one edge point in a direction is called a directed

graph.

e Strongly connected graph: A graph is said to be strongly connected

if every node is reachable from every other node.

e Stochastic Matrix: A stochastic matrix is a matrix used to describe
the transitions of a Markov chain. Each of its entries is a nonnegative
real number representing a probability. A row-stochastic matrix is a
real square stochastic matrix, with each row summing to 1. A column-

stochastic matrix is a real square stochastic matrix, with each column
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summing to 1. A doubly-stochastic matrix is a square matrix of nonneg-

ative real numbers with each row and column summing to 1.

For a doubly-stochastic matrix, it always satisfies that both the left and
right eigenvector corresponding to eigenvalue 1 are an all-one-vector, i.e.,

for any W € R™™" being a doubly-stochastic matrix, it satisfies
W1, =1,, 1LW=1!

where we denote 1,, € R™ the n-dimensional all-one vector. In contrast,

we have that for any row-stochastic matrix, W, it satisfies that
w1, =1,, T W==

where 7, € R" is not necessary equals to 1,. Similarly, we have for any

column-stochastic matrix, W,

Wmr, =m,, 1w =1l

Convergence rate for iterative methods

e Linear convergence rate: Suppose that the sequence {x;} over k
converges to the limit x*. We say that this sequence converges linearly

to x*, if there exists a number 7 € (0, 1) such that

e =X
m ——--7F =71T.
e e — x|
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The number 7 is called the rate of convergence. Moreover, if the sequence

{x} satisfies for all k that
i, — x| < 7,

for 7 € (0,1), we call that the sequence {x;} converges at an R-linear
rate. The R-linear rate extends the definition of linear convergence rate
in that the overall convergence rate remains linear while the convergence

“speed” at every iteration may vary.

e Sublinear convergence rate: Suppose that the sequence {x;} over k
converges to the limit x*. We say that this sequence converges sublin-

early to x*, if there exists a number 7, — 1 for k& — oo such that

e =X

k—o00 ||Xk — X*” =Tk

Typical sublinear rates that will appear in this thesis include O(%),

o(t),

Notations

Besides some notations that already appeared above, we use the following
notations in the rest of this thesis. We use lowercase bold letters to denote
vectors and uppercase italic letters to denote matrices. We denote by [x];,

the ith component of a vector, x. For a matrix, A, we denote by [A];, the ith
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row of A, and by [A];;, the (7, j)th element of A. The matrix, I, represents
the n x n identity, and 1,, and 0,, are the n-dimensional vector of all 1’s and
0’s. The inner product of two vectors, x and y, is (x,y). The Euclidean
norm of any vector, x, is denoted by ||x||. We define the square of A-matrix

2
norm, ||x||%, of any vector, x, as

A+ AT

I3 2 x, Ax) = (x, ATx) = (x, =

X),

where A is not necessarily symmetric. Note that the A-matrix norm is non-
negative only when A + AT is Positive Semi-Definite (PSD). If a symmetric
matrix, A, is PSD, we write A > 0, while A > 0 means A is Positive Def-
inite (PD). The largest and smallest eigenvalues of a matrix A are denoted
as Amax(A) and Apin(A). The smallest nonzero eigenvalue of a matrix A is
denoted as Xmin(A). For any f(x), Vf(x) denotes the (sub)gradient of f
at x. Finally, we use Py[x] for the projection of a vector x on the set X, i.e.,

Px[x] = argminyey |[v — x||2.

1.3 Related Literature

In this section, we discuss existing research on the topic of distributed op-
timization that divide the computation load among multiple agents. Re-
lated work may be divided into three categories: Incremental method, dis-

tributed methods over undirected graphs, and distributed methods over di-
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rected graphs. The earliest work of this problem can be found in [2, 31], where
each agent has access to the same global objective function. Note that in our
setting in this thesis, we assume that agents own private local objective func-
tions that are unknown to others agents in the network. In the following, we

briefly describe these approaches.

Incremental Methods

Incremental methods, [32-36], may be regarded the first big contribution to
distributed optimization where the computation load is divided over the multi-
agent network. In each iteration of these type of algorithms, the iterator passes
around the network and updates itself with each agent’s private local objec-
tive. Although the computation load is divided, incremental method is differ-
ent from distributed methods that we study in this thesis due to the following
reason. In Incremental methods, there is always exactly one agent updating
at each iteration while in distributed method all agents are updated simulta-
neously in every single iteration. Each agent in distributed method maintains
an estimate of the global optimal. Compared to distributed method, incre-
mental methods do not fully utilize the distributed properties. Incremental
methods rely on cyclic order of passing the iterator through the network. In

contrast, distributed methods consider more general network topology where
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agents communicate to multiple neighbors at the same time.

Distributed Methods over undirected graphs

Distributed methods for solving optimization problems where information is
distributed over multi-agent networks are well-established. However, the ma-
jority of work deals with the corresponding problems under the assumption
that the multi-agent network is undirected and connected, i.e., if agent ¢ can
send information to agent j, then agent j can also send information to agent 4.
We describe these algorithms here. The well-known Distributed Gradient De-
scent (DGD), [37], is the very first distributed method to solve the correspond-
ing problem, whose convergence rate and fault tolerance are well analyzed in
related literature, [38—44]. At each iteration, a gradient-related step is calcu-
lated, followed by averaging over the neighbors in the network. [45] applies
a similar idea to develop a distributed algorithm in dual domain. The main
advantage of DGD is computational simplicity. However, the convergence rate
is slow due to the diminishing step-size, which is required to ensure exact
convergence. The convergence rate of DGD with a diminishing step-size is
shown to be O(%), [37]. Under a constant step-size, the algorithm accel-
erates to O(3) at the cost of inexact convergence to a neighborhood of the

optimal solution, [46]. When the objective functions are further strongly-
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convex, DGD has a faster convergence rate of O(%), and DGD with a con-
stant step-size converges linearly to a neighborhood of the optimal solution.
To accelerate the slow convergence rate, some alternate approaches include
the Nesterov-based methods, e.g., Distributed Nesterov Gradient (DNG) with
a convergence rate of O(%%), and Distributed Nesterov gradient with Consen-
sus iterations (DNC), [47]. The algorithm, DNC, can be interpreted to have
an inner loop, where information is exchanged, within every outer loop where
the optimization-step is performed. The time complexity of the outer loop
is O(7%) whereas the inner loop performs a substantial O(In k) information ex-
changes within the kth outer loop. Therefore, the equivalent convergence rate
of DNC is O(%2f). Both DNG and DNC assume the gradient to be bounded
and Lipschitz continuous at the same time. Another related approach is EX-
TRA, see [48] for details. It uses a constant step-size and the gradients of the
last two iterates. The method converges at O(%) for general convex functions
and converges linearly under the strong-convexity assumption.

Other related algorithms include the distributed implementation of ADMM,
based on augmented Lagrangian, where at each iteration the primal and dual
variables are solved to minimize a Lagrangian-related function, [49-51]. Com-
paring to the gradient-based methods with diminishing step-sizes, this type of
method converges exactly to the optimal solution with a faster rate of O(%)

owing to the constant step-size; and further has a linear convergence when
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the objective functions are strongly-convex. However, the disadvantage is a
high computation burden because each agent needs to optimize a subprob-
lem at each iteration. To resolve this issue, Decentralized Linearized ADMM
(DLM), [52], is proposed, which can be considered as a first-order approxi-
mation of decentralized ADMM. DLM converges at a linear rate if the local
objective functions are strongly-convex.

Considering the methods mentioned above, Refs. [37-45] solve the corre-
sponding distributed problem when the objective functions are not necessarily
differentiable and smooth. The assumption needed is that the (sub)-gradients
of objective functions are bounded. Refs. [46-52] solve the corresponding dis-
tributed problem when the objective functions are required to be differentiable
and smooth, i.e., the gradient of objective functions are required to satisfy be
Lipschistz continuous. Compared to the bounded gradient assumption, Lip-
schistz continuous assumption on the gradient is relatively more restrictive.
As a result, methods under Lipschistz continuous assumption achieve faster
convergence rate. All the methods mentioned above require only the first-order
information of functions. To accelerate the convergence speed, some methods,
[53-60], exploit the second-order information of the corresponding gradients.

All these distributed algorithms, [37-60], assume the multi-agent network
to be an undirected and connected graph. In contrast, the literature concern-

ing directed graphs is relatively limited. The challenge lies in the imbalance
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caused by the asymmetric information exchange among the agents. Recall
that this asymmetry is because agent ¢ sending information to agent j does

not necessarily imply that agent j can send information to agent 1.

Distributed Methods over directed graphs

In the context of directed graphs, Gradient-Push (GP), [61-65], combines gra-
dient descent and push-sum consensus. The push-sum algorithm, [66, 67],
is first proposed in consensus problems' to achieve average-consensus given
a column-stochastic matrix. The idea is based on computing the stationary
distribution (the left eigenvector of the weight matrix corresponding to eigen-
value 1) for the Markov chain characterized by the multi-agent network and
canceling the imbalance by dividing with the left-eigenvector. The algorithms
in [61-65] follow a similar spirit of push-sum consensus and propose nonlinear
(because of division) methods.

The work in [74] combines gradient descent and weight-balancing to de-
sign a distributed gradient-based method over directed graphs. The notion
of weights that balance a directed network was proposed in [75], where the
column-stochastic weighting matrix that describes a directed graph simulta-
neously converges to a doubly-stochastic matrix, which corresponds to a undi-

rected graph. In this thesis, we refer to the method in [74] as the Weighting

1See, [68-73], for additional information on average consensus problems.
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Balancing-Distributed Gradient Descent (WB-DGD).

Neither GP and WB-DGD requires the objective functions to have Lipschitz-
continuous gradient nor being strongly-convex. This is to say that GP and
WB-DGD solve the corresponding distributed problems when the objective
functions are not necessarily smooth. The convergence rate of both algorithms
is O(%) for arbitrary convex functions.

When the objective functions are smooth, Refs. [76-78] modify the dis-
tributed implementation of ADMM by changing the weights that are used
for communication between agents. This improvement makes it possible to
balance the weights from in-neighbors and out-neighbors, which make the
convergence over directed graphs possible. For general convex functions, the
convergence rate is O(%) When the objective functions are strongly con-
vex, the convergence rate is linear. However, this category of methods suffers
a high computation burden since at each iteration, a sub-optimize problem

needs solving.

1.4 Contributions

In this thesis, we relax the assumption on the underlying network topology
to follow a directed graph. The main contribution of this work is that we

propose four algorithms, Directed-Distributed Subgradient Descent (D-DSD),
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Directed-Distributed Projection Subgradient (D-DPS), DEXTRA, and ADD-
OPT that converge over the directed graph. We now summarize each algorithm

in the following, the content of which can also be found in our work, [79-86].

e Chapter III: Directed-Distributed Subgradient Descent (D-DSD):
D-DSD is a subgradient-based method that combines surplus-consensus
techniques and DGD [37] to minimize the sum of local objective func-
tions when the network topology among agents is described by a di-
rected graph. It converges to the optimal solution in nonsmooth convex
optimization, i.e., the local objective functions are convex, but not nec-
essarily differentiable. Therefore, we stick to the notation subgradient
instead of gradient, implying that gradient may not exist. We will apply
the standard bounded subgradient assumption in nonsmooth optimiza-
tion as what can be found in GP [61], WB-DGD [74], or other related
work, [37, 38]. We provide the convergence analysis and show that D-

DSD converges at a rate of O(%), where £ is the number of iterations.

e Chapter IV: Directed-Distributed Projection Subgradient (D-
DPS): D-DPS solves the distributed optimization problem over directed
graphs subject to additional convex constraints. D-DPS can be viewed
as a generalization of D-DSD when the constrained set changes from R?,

implying no constraint, to a convex constrained set, X C RP. Similar
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to D-DSD, D-DPS converges to the optimal solution in nonsmooth con-
vex optimization, i.e., the local objective functions are convex, but not
necessarily differentiable. The convergence analysis shows that D-DPS

converges at a rate of O(%), where k is the number of iterations.

e Chapter V: DEXTRA: Though D-DSD and D-DPS successfully solve
the distributed optimization problem over directed networks, the conver-
gence rates, however, are sub-linear, which is relatively slow. Compared
to them, DEXTRA harnesses the smoothness to obtain a much faster
convergence rate. In other words, DEXTRA converges to the optimal
solution in smooth convex optimization, i.e., the local objective func-
tions are convex and differentiable. We show that, with the appropriate
step-size, DEXTRA converges at a linear rate O(7%) for 0 < 7 < 1, given

that the objective functions are restricted strongly-convex.

e Chapter VI: ADD-OPT: ADD-OPT is an improvement over DEX-
TRA that solves the distributed smooth optimization problem over di-
rected graphs. Same as DEXTRA, it achieves the best known rate of
convergence for this class of problems, O(u¥) for 0 < u < 1 given that
the objective functions are strongly-convex, where k is the number of it-
erations. However, ADD-OPT supports a wider and more realistic range

of step-sizes. In particular, the greatest lower bound of DEXTRA’s step-
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size is strictly greater than zero while that of ADD-OPT’s equals exactly

to zero.

In table 1.1, we summarize algorithms solving distributed optimization prob-
lems, over both undirected and directed networks. In either case, the cor-
responding algorithms are categorized as either primal domain methods or
dual domain methods. It can be found that related literature considering the
directed case is limited. We label our contributions in red text. The pro-
posed algorithms in this thesis partially complete the distributed optimization

algorithm framework.

Algorithms References
Honsmooth primal DSD, DPS, etc [37—44]
dual DDA ,D-ADMM [45, 49|
directed smooth primal DE(};([T)["RDAI\,IGNjN[,)St(CJ’ [46-48, 58-60]

dual | D-ADMM, DLM, DQM [49-57]
: GP, WB-DGD,
directed | mOSmo0th | primal | hep T hpg

smooth primal | DEXTRA, ADD-OPT

Table 1.1: Distributed optimization algorithms summary.

1.5 OQOutline

The remainder of this thesis is organized as follows. Chapter II formulates the

problem, recaps some related distributed optimization methods for solving the
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problem, either over undirected graphs or directed graphs. These methods in-
clude Distributed Gradient Descent (DGD) [37] for general convex functions
over undirected graphs, EXTRA [48] for smooth and strongly-convex func-
tions over undirected graphs, and Gradient-Push (GP) [61] for general convex
functions over directed graphs. Chapter III proposes the Directed-Distributed
Subgradient Descent (D-DSD), which solves the distributed optimization prob-
lem over directed graphs for general convex functions. D-DSD can be viewed
as an generalization of DGD. In Chapter IV, we generalize D-DSD to Directed-
Distributed Projection Subgradient (D-DPS), which solves the problem with
an additional convex constraint. In Chapter V, we propose a fast algorithm,
termed DEXTRA, which combines EXTRA and push-sum consensus. An ex-
tended version of DEXTRA, termed ADD-OPT, is proposed in Chapter VI.
Chapter VII concludes this thesis and discuss the possibility of some future

works.

1.6 Summary

In this chapter, we motivate the work, and summarize the contribution made
in this thesis: the distributed algorithm that converges over directed graph is
important and necessary, yet not well established. The proposed algorithms

in this thesis complete the distributed optimization algorithm framework.
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Chapter 2

Model and Previous Work

In this chapter, we formulate the problem, and recap some related distributed
optimization methods for solving the problem, either over undirected graphs or
directed graphs. These methods include Distributed Gradient Descent (DGD)
[37] for general convex functions over undirected graphs, EXTRA [48] for
smooth and strongly-convex functions over undirected graphs, and Gradient-

Push (GP) [61] for general convex functions over directed graphs.

2.1 Problem Formulation

Consider a strongly-connected network of n agents communicating over a di-
rected graph, G = (V, £), where V is the set of agents, and £ is the collection of

ordered pairs, (i,7),7,7 € V, such that agent j can send information to agent i.
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Define A/™ to be the collection of in-neighbors, i.e., the set of agents that can
send information to agent i. Similarly, N is the set of out-neighbors of
agent i. We allow both AJ® and N°" to include the node i itself. Note that
in a directed graph when (7, 5) € &, it is not necessary that (j,7) € £. Conse-
quently, N7 # AU in general. We focus on solving a convex optimization

problem that is distributed over the above multi-agent network. In particular,

the network of agents cooperatively solve the following optimization problem:

Pl: min f(x) =} fi(x),

where each local objective function, f; : RP — R, is convex, and known only by
agent ¢. Our goal is to develop a distributed iterative algorithm such that each
agent converges to the global solution of Problem P1 when the communications

between agents are described by a directed graph, G.

2.2 Distributed Gradient Descent

Consider the Distributed Gradient Descent (DGD) [37] to solve P1 over undi-
rected graphs. At each iteration, a gradient related step is calculated, followed
by averaging with neighbors in the network. More specifically, at kth iteration,

agent ¢ updates its estimate, xf“ € R?, as follows:

it = Z wixy — o VEL, (2.1)
=1
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where w;; is a non-negative weight such that W = {w;;} is doubly-stochastic.
The scalar, ay, is a diminishing but non-negative step-size, satisfying the per-

sistence conditions, [39, 87

Zak = 00, (2.2)
k=0
Zai < 00. (2.3)
k=0

The vector VEF € RP is a sub-gradient of f; at x¥. According to [37], the
iteration in Eq. (2.1) drives all agents to reach consensus, i.e., limy Xf =
limy oo X? , V1,7, and the consensus (accumulation) point approaches to the
optimal solution, i.e., limy_,, X¥ = x*, where x* is the optimal solution of P1.
The convergence rate of DGD is O(%) for general convex objective functions,
under the assumption that the local private convex objective function, f;(x),
is bounded for all x. DGD is valid for nonsmooth convex functions, i.e., the
objective functions are not necessarily differentiable.

We now derive an informal but intuitive proof showing how DGD pushes
agents to achieve consensus and reach the optimal solution. We first write the

matrix form of Eq. (2.1). Denote x*, Vf(x*) € R"*?, and W € R™" as follow,

(le)T Vi (x}) Wiy v Wi

x" = C |, VIR = : , W=

(Xk)T anT (XZ) Wnp1 - Wnp
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Thus, Eq. (2.1) can be written in a matrix form as
xF = Wx* — a, VF(x"). (2.4)

In Eq. (2.4), we have that the weighting matrix, W, is doubly-stochastic. For
the sake of argument, let us assume that the sequences, {xk}, generated by
Eq. (2.4), converge to its own limit, x*°, (not necessarily true). Note that

limy o @ = 0. From Eq. (2.4), we have that

X = Wx™ — ay VE(x™)

= Wx™, (2.5)

which implies that x> € span{1,} considering that 1,, = W1, is satisfied for
any doubly stochastic matrix. Therefore, the consensus property is established.
We now consider the optimality property. It follows from Eq. (2.4) that

1
_ A T
Xkt ———lnxk 1

1 1
=—1Wx" — —a, 1] VE(xF)
n n
1 =k
% — o, V', (2.6)

where we denote ka as 1] VFf(x*). By considering the consensus property, it
follows that the preceding relation can be regarded as an inexact centralized
gradient descent method (using - 1) VE(x*) instead of VT (x")) with
step-size <& to minimize the global objective function f(x) of Problem P1.

Therefore, the optimality property is achieved.
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2.3 EXTRA

EXTRA is a fast exact first-order algorithm that solve Problem P1 when the
communication network is undirected. At the kth iteration, agent i performs
the following update:

xEH =xb 4 Z WXy — Z WXyt —a [VAED) - VAEED], (27)

JEN JEN;

where the weights, w;;, form a weighting matrix, W = {w;;}, that is symmetric
and doubly-stochastic. The collection W = {w;; } satisfies W = 0L, +(1-6)W,
with some 6 € (0, 5]. The update in Eq. (2.7) converges to the optimal solution
at each agent ¢ with a convergence rate of O(%) and converges linearly when
the objective functions are strongly-convex. To better represent EXTRA, we
write Eq. (2.7) in a matrix form. Let x*, Vf(x*) € R™? be the collections of
all agent states and gradients at time k,
(<)’ V()

x" = : , VE(xF) = : :

Vi (x3)

and W, W € R™" be the weighting matrices collecting weights, w;;, w;j,

respectively. Then, Eq. (2.7) can be represented in a matrix form as:

XEHL=(I, + W)x" — Wx" 1 — o [VE(x") — VE(x" )] (2.8)
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Note that the difference between EXTRA and DGD lies in two aspects. Firstly,
it uses two weighting matrices instead of just one weighting matrix in DGD.
Secondly, the step-size used in EXTRA is constant while that in DGD is di-
minishing. This is the real reason why EXTRA has a much faster convergence
rate compared to DGD. As the index number, k, going large, a diminishing
step-size, a4, is small, which slows the performance.

We now derive an informal but intuitive proof showing that how EXTRA
pushes agents to achieve consensus and reach the optimal solution. For the sake
of argument, let us assume that the sequences, {x’“}, generated by Eq. (2.8),
converge to its own limit, x>, (not necessarily true). We first show the con-

sensus property. Let &k goes to infinity, we obtain form Eq. (2.8) that
x® =(I, + W)x® — Wx™ — o [Vf(x>) — VE(x™)], (2.9)

which implies that (W — W)XOO = 0,,xp, or x* € span{1,}, where the con-
sensus is reached. Summing up Eq. (2.8) over k from 0 to oo, we obtain that
x* = Wx* — aVf(x>) — Z (W — W) x". (2.10)

r=0
Consider that x> = Wx> from the consensus property and the preceding

relation, it follows that

aVE(x®) = i (W - W) X" (2.11)
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Therefore, we obtain that
al) VE(x>) = -1, (W — W) ZXT =0,, (2.12)
r=0

which is the optimality condition of Problem P1 considering that x> € span{1,,}.

2.4 Gradient-Push

Unlike DGD and EXTRA which are two methods solving Problem P1 over
undirected graphs, GP is the first distributed method that solves Problem

P1 over directed networks. We describe the implementation of GP as follow.

Each agent, j € V, maintains two vector variables: x;?, zf € R as well as

a scalar variable, y;-“ € R, where k is the discrete-time index. At the kth
iteration, agent j weights its states, aijxf and aijy;-“ , and sends these to each

of its out-neighbors, i € ./\/’jom, where the weights, a,;,’s are such that:

>0, i€ Nout n
a; = ’ > a4y =1, (2.13)

0, otw., i=1
where 6 € (0, %} With agent ¢ receiving the information from its in-neighbors, j €

k+1

1

NP it calculates the state, zF, by dividing x¥ over y¥, and updates x

and yf“ as follows:
k
E_ X
Z’i =, 214&
Yy 2
xFt = E (Clz‘jX?) — .V fi(z), (2.14b)
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i = Z (aijy}) - (2.14c)

jEN
In the above, Vfi(zF) is the gradient of the function fi(z) at z = z¥. The
scalar, ay, is a diminishing but non-negative step-size, satisfying the persis-

tence conditions, [39, 87]:

> g = oo, (2.15)
D aj < o (2.16)

The method is initiated with an arbitrary vector, x?, and with y? = 1 for
any agent i. We note that the implementation of Eq. (2.14) needs each
agent to have the knowledge of its out-neighbors (such that it can design
the weights according to Eq. (5.1). In a more restricted setting, e.g., a broad-
cast application where it may not be possible to know the out-neighbors, we
may use a;; = |J\/j°“t|_1; thus, the implementation only requires each agent
to know its out-degree. We write Eq. (2.14) in a matrix form. Let x*,
z¥, VE(z") € R™P, and y* € R" be the collections of all agent states and

gradients at time k,

(xh)" W' (25)" VI (2h)

Vi ()
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Let A = {a;;} be the weighting matrix collecting all the weights. It is
straightforward that A is a column stochastic matrix. Define a diagonal ma-

trix, D* € R™", for each k, such that the ith element of D* is ¥ i.e.,
D" = diag (y*) = diag (4" - 1,,) . (2.17)

Given that the graph, G, is strongly-connected and the corresponding weight-
ing matrix, A, is non-negative, it follows that D is invertible for any k. Then,
we can write Eq. (2.14) in the matrix form equivalently as follows: Based on

the above notations, we have that

z" =(D")'x", (2.18a)
XM = Ax? — 0, VE(z"), (2.18b)
y" T =Ay*. (2.18¢)

Compare Egs. (2.18)(b) and (2.4), we realize that the difference between GP
and DGD is that the weighting matrix changes from a doubly-stochastic ma-
trix, W, to a column-stochastic matrix, A. To overcome the difficulties, GP
arguments two additional variables y* and z*. The consensus property can still
be achieved by dividing x* over y*, Eq. (2.18)(a), which cancels the imbalance

causing by the asymmetric information exchange in directed graphs.
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2.5 Summary

In this chapter, we formulated the problem, and recapped some related dis-
tributed optimization methods for solving the problem, either over undirected
graphs or directed graphs. Distributed Gradient Descent (DGD) [37] converges
at O(%) for arbitrary convex functions over undirected graphs in nonsmooth
optimization. EXTRA [48] converges at O(3) for smooth convex functions
over undirected graphs and a linear convergence rate can be achieved when
the objective functions are strongly-convex. Gradient-Push (GP) [61] is the
first work considering directed graph topology. It is valid in nonsmooth opti-

mization with the same convergence rate as DGD.
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Chapter 3

D-DSD for Nonsmooth Convex

Optimization

In this chapter, we introduce an algorithm, termed Directed-Distributed Sub-
gradient Descent (D-DSD), to solve the distributed optimization problem, P1,
over directed networks. D-DSD converges to the optimal solution in nons-
mooth convex optimization, i.e., the local objective functions in Problem P1
are convex, but not necessarily differentiable. We first discuss the perfor-
mance of DGD, [37], over directed graphs. In particular, we show the reason
why DGD fails to converge to the optimal solution over directed graphs. Moti-
vated by the analysis, we propose D-DSD, which can be viewed as an extension

of DGD to the case of directed networks. We provide the convergence analysis
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and show that D-DSD converges at a rate of O(%), where k is the number of

iterations. Numerical experiments illustrate the findings.

3.1 Motivation

When we restrict the assumption of network topology from undirected net-
works to directed networks, we no longer achieve a doubly-stochastic weighting
matrix. Instead, we can only construct a row-stochastic weighting matrix as
well as a column-stochastic weighting matrix. For a doubly-stochastic matrix,
it always satisfies that both the left and right eigenvector corresponding to
eigenvalue 1 are an all-one-vector, i.e., for any W being a doubly-stochastic

matrix, it satisfies
W1, =1,, 1L,w=1'. (3.1)
In contrast, we have that for any row-stochastic matrix, W, it satisfies that
Wi, =1,, I W=n' (3.2)

where 7, € R" is not necessary equals to 1,. Similarly, we have for any

column-stochastic matrix, W,

W, =m,, 1,,w=1]. (3.3)
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Recall the update of DGD, Eq. (2.1),
Xt = Zwin? — o VfF, (3.4)
j=1
and its matrix form, Eq. (2.4)
xF = Wx* — , VF(x"). (3.5)

For the sake of argument, consider W to be row-stochastic but not column-
stochastic. Clearly, 1, is a right eigenvector of W, and let 7, = {m;} be its
left eigenvector corresponding to eigenvalue 1. Summing over ¢ in Eq. (3.4),

we get
ght+l A& meiﬁl
=1
S 9D SRt VS oI
j=1 \i=1 i=1
=%~ Y mVfix)), (3.6)
=1

where m; = " muw;;, Vi, j. If we assume that the agents reach an agree-
ment, then Eq. (3.6) can be viewed as an inexact (central) gradient descent
(with 31", mV fi(xF) instead of Y"1 | m;V f;(X*)) minimizing a new objective,
f(x) £ 3" mifi(x). As a result, the agents reach consensus and converge to
the minimizer of f(x).

Now consider the weight matrix, W, to be column-stochastic but not row-

stochastic. Let X be the average of agents estimates at time k, then Eq. (3.4)



CHAPTER 3. D-DSD FOR NONSMOOTH CONVEX OPTIMIZATION 33

leads to

1 n
= A
s ZX?H
i
1 n n a n
k k k
” E E Wij | X; T E V fi(x7)
7j=1 =1 =1

=% — (%) ini(xf). (3.7)

Eq. (3.7) reveals that the average, X", of agents estimates follows an inex-
act (central) gradient descent (Y., Vfi(x¥) instead of > i | Vf;(X*)) with
stepsize o /n, thus reaching the minimizer of f(x). Despite the fact that the

* reaches the optima, x*, of f(x), the optima is not achievable for

average, X
each agent because consensus can not be reached with a matrix that is not
necessary row-stochastic.

Egs. (3.6) and (3.7) explain the importance of doubly-stochastic matri-
ces in consensus-based optimization. The row-stochasticity guarantees all of
the agents to reach a consensus, while column-stochasticity ensures each lo-
cal gradient to contribute equally to the global objective. In other words, we
note that reaching a consensus requires the right eigenvector (corresponding
to eigenvalue 1) to lie in span{1,}, and minimizing the global objective re-
quires the corresponding left eigenvector to lie in span{1,}. Both the left

and right eigenvectors of a doubly-stochastic matrix are 1,, which, in gen-

eral, is not possible in directed graphs. Therefore, we aim to construct a new
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weight matrix, W € R*"*?" whose left and right eigenvectors (corresponding
to eigenvalue 1) are in the form: [1,),vT] and [1,],u"]", for some vector v and

u.

3.2 Algorithm and Assumptions

We introduce Directed-Distributed Subgradient Descent (D-DSD) that over-
comes the above issues by augmenting an additional variable at each agent
and thus constructing a new weight matrix, M € R?"*?" whose left and
right eigenvectors (corresponding to eigenvalue 1) are in the form: [1],vT]
and [1),u']", for some vector v and u. Formally, we describe D-DSD as
follows.

At kth iteration, each agent, 7 € V, maintains two vectors: X? and yf, both
in RP. Agent j sends its state estimate, X;‘? , as well as a weighted auxiliary

variable, bijyf, to each out-neighbor, 7 € ./\/'fut, where b;;’s are such that:

>0, ieNM, n
bi; = ’ Y by=1, Vi
0, otw., i=1
Agent ¢ updates the variables, Xf“ and y*™ with the information received

from its in-neighbors, j € NI, as follows:

n

X = " aixt + eyt — ap Vfi(x]), (3.8a)

j=1
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P LTS ST I NP
=1 =1
where:
>0, jeN™ n
aij = z d =1 Vi
0, otw., =t

The diminishing step-size, a;, > 0, satisfies the persistence conditions, [39,

@_> alml q@ﬁ alm2 ‘_@
1 4@4— 1

Figure 3.1: Illustration of the message passing between agents by Eq. (3.8).

Receive:

87): D pey k= 00, Y peyai < 0o. The scalar, €, is a small positive number,
which plays a key role in the convergence of the algorithm!. For an illustration

of the message passing between agents in the implementation of Eq. (3.8), see

Note that in the implementation of Eq. (3.8), each agent needs the knowledge of its
out-neighbors. In a more restricted setting, e.g., a broadcast application where it may not
be possible to know the out-neighbors, we may use b;; = |J\/']QUt|_1; thus, the implementation
only requires knowing the out-degrees, see, e.g., [61, 62] for similar assumptions.
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Fig. 3.1 on how agent ¢ sends information to its out-neighbors and agent [
receives information from its in-neighbors. In Fig. 3.1, the weights b,,; and bj,;
are designed by the sender, agent 7, and satisfy b; + b;; + b;,; = 1. The
weights a;,,, and a;,,, are designed by the receiver, agent [, and satisfy b; +
bim, + bim, = 1. To analyze the algorithm, we denote z¥ € RP, gF € RP,

and M € R?"%27 a5 follows:

(
xF i€{l,..,n},
2 =
yr o i€{n+1,..,2n},
\
(
VAR, el ..}
k _
8 =
O, ie{n+1,..,2n},
A el
M= , (3.9)
I—A B—e€l
where A = {a;;} is row-stochastic, B = {b;;} is column-stochastic. Con-

sequently, Eq. (3.8) can be represented compactly as follows: for any i €

{1,...,2n}, at k + 1th iteration,

2n

zi = Z[M]sz — gl (3.10)

j=1

We refer to the iterative relation in Eq. (3.10) as the Directed-Distributed

Subgradient Descent (D-DSD) method, since it has the same form as DGD

R2n>< 2n

except the dimension doubles due to a new weight matrix M € as

defined in Eq. (3.9). It is worth mentioning that even though Eq. (3.10) looks
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similar to DGD, [37], the convergence analysis of D-DSD does not exactly
follow that of DGD. This is because the weight matrix, M, has negative entries.
Besides, M is not a doubly-stochastic matrix, i.e., the row sum is not 1. Hence,
the tools in the analysis of DGD are not applicable, e.g., || >_;[M]i;z; —x*|| <
> ;[M];jl|z;—x"|| does not necessarily hold because [M];; are not non-negative.

We now describe the assumptions to ensure the convergence of D-DSD to

the optimal solution of Problem P1 over directed networks.

Assumption Al. In order to ensure the convergence of D-DSD to the op-
timal solution of Problem P1 over directed networks, we make the following

assumptions:
(a) The agent graph, G, is strongly-connected.

(b) The optimizer of Problem P1 and the corresponding optimal value ezist

and are unique. Formally, we have

f(XT) = f* = min f(x).

c) Fach local function, f; : RP — R, is convex, Vi € V.
(c)

(d) For each local objective function, it is not necessarily differentiable. The

sub-gradient, V f;(x), is bounded:

IV < D,
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forallx e RP 1 € V.

The Assumptions Al are standard in nonsmooth distributed optimization,
see related literature, [38], and references therein. Note that in Assumption
A1(d), we claim that the objective functions are not necessarily differentiable.
Therefore, we use term sub-gradient instead of gradient in this chapter since
the gradients of functions do not necessary exist. We now present the conver-

gence analysis of D-DSD.

3.3 Convergence Analysis

The convergence analysis of D-DSD can be divided into two parts. In the first
part, we discuss the consensus property of D-DSD, i.e., we capture the decrease
in Hzi€ — Z’““ fori € {1,...,n}, as D-DSD progresses, where we define z* as the

accumulation point:

2n n n
1 1 1
=k A& k k k
_E — xF 4+ = E v, 3.11
’ n 7j=1 ZZ n 7j=1 Z ! n Jj=1 YZ ( )

The decrease in Hzf —ZzF H reveals that all agents approach a common accumu-
lation point. We then show the optimality property in the second part, i.e., the
decrease in the difference between the function evaluated at the accumulation
point and the optimal solution, f(z*) — f(x*). We combine the two parts to

establish the convergence.
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Consensus Property

To show the consensus property, we study the convergence behavior of the
weight matrices, M*, in Eq. (3.9) as k goes to infinity. We use an existing
results on such matrices M, based on which we show the convergence behavior

as well as the convergence rate. We borrow the following from [88].

Lemma 1. (Cai et al. [88]) Assume the graph is strongly-connected. M is the
weighting matriz defined in Eq. (3.9), and the constant € in M satisfies € €
(0,7), where Y := m(l — [A3])™, where A3 is the third largest eigenvalue
of M in Eq. (3.9) by setting e = 0. Then the weighting matriz, M, defined in

Eq. (3.9), has a simple eigenvalue 1 and all other eigenvalues have magnitude

smaller than one.

Based on Lemma 1, we now provide the convergence behavior as well as the

convergence rate of the weight matrix, M.

Lemma 2. Assume that the network is strongly-connected, and M is the

weight matriz that defined in Eq. (3.9). Then,

(a) The sequence of {Mk}, as k goes to infinity, converges to the following
limit:
1,1) 1,1}

lim M* =

k—o0
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(b) Foralli,j €V, the entries [Mk} ;j converge to their limits as k — oo at a

geometric rate, i.e., there exist bounded constants, I' € R, and 0 < v < 1,

such that
1,1)  1,1)
0 0

[e.9]

Proof. Note that the sum of each column of M equals one, so 1 is an eigen-
value of M with a corresponding left (row) eigenvector [1} 17]. We further
have M[1] 0T]T = [17 0]]", so [1] 0/]" is a right (column) eigenvector
corresponding to the eigenvalue 1. According to Lemma 1, 1 is a simple eigen-
value of M and all other eigenvalues have magnitude smaller than one. We

represent M* in the Jordan canonical form for some P, and Q;
1 n
MF=—11) 01T 1) PJFQ; 3.12
S0 0T 1]+ D PtQ (3.12)

where the diagonal entries in J; are smaller than one in magnitude for all 7.

The statement (a) follows by noting that limy_,., JF = 0, for all 4.

(2

From Eq. (3.12), and with the fact that all eigenvalues of M except 1 have
magnitude smaller than one, there exist some bounded constants, I' and v €

(0,1), such that

1,1  1,1]

MF — —

)

Enj PJFQ;
=2

<SPl ][]
=2
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< nyk

— Y

from which we get the desired result. ]

Using the result from Lemma 1, Lemma 2 shows the convergence behavior
of the power of the weight matrix, and further show that its convergence
is bounded by a geometric rate. Lemma 2 plays a key role in proving the
consensus properties of D-DSD. Based on Lemma 2, we bound the difference
between agent estimates in the following lemma. More specifically, we show
that the agent estimates, x¥, approaches the accumulation point, z, and the

auxiliary variable, y*, goes to 0,,, where Z* is defined in Eq. (3.11).

Lemma 3. Let the Assumptions A1 hold. Let {zf} be the sequence over k
generated by the D-DSD algorithm, Eq. (3.10). Then, there exist some bounded

constants, I' and 0 < v < 1, such that:

(a) for 1 <i<n,andk >1,

2n k—1
[ =2 <Ot 3 [a8]) + D S0 e 4+ 2Das
j=1 r=1

(b) form+1<1i<2n, and k > 1,
2n k—1
o) <4 3 2] 4 00D 3 e
j=1 r=1

Proof. For any k > 1, we write Eq. (3.10) recursively

k—1 2n

2n
z) = Z[Mk]ijzg - Z [Mkir]ijarflg;_l —ap1g (3.13)
j=1 =1

r=1j
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Since every column of M sums up to one, we have for any r 21221[]\4 "y =1
Considering the recursive relation of z¥ in Eq. (3.13), we obtain that z° can

be represented as

k—1 2n 1 2n
Z—z —ZZ — 18 ——Zak_lg;?_l. (3.14)
=1 =1 noi=
Subtracting Eq. (3.14) from (3.13) and taking the norm, we obtain that for 1 <
1 < n,
k=1 n 1
1l S5 ot - 2o I 1
r=1 j=1
+ g || VAEEED] + = Zak IV EEED]- (3.15)

The proof of part (a) follows by applying the result of Lemma 2 to Eq. (3.15)
and noticing that the gradient is bounded by a constant D. Similarly, by

taking the norm of Eq. (3.13), we obtain that for n + 1 < i < 2n,

k=1 n

|=2]] < ZH M 1250+ 32 > NI et (19156571

r=1 j=1

The proof of part (b) follows by applying the result of Lemma 2 to the
preceding relation and considering the boundedness of gradient in Assump-

tion A1(d). O

Using the above lemma, we now draw our first conclusion on the consensus
property at the agents. Proposition 1 reveals that all agents asymptotically

reach consensus.
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Proposition 1. Let the Assumptions A1 hold. Let {zf} be the sequence over k

generated by the D-DSD algorithm, Eq. (3.10). Then, z¥ satisfies
(a) for 1 <i<nmn,
Zak Hzf —ZkH < 00;
k=1
(b) forn+1<1i<2n,

00
> oy ||zf]| < oo
k=1

Proof. Based on the result of Lemma 3(a), we obtain, for 1 <i < n,

ZO&k HZ — ZkH <T (Z HZOH) Zak’y +nl'D

+2D Z a?. (3.16)

(k—r)
ny OO

K k-1
k=1 r=1

With the basic inequality ab < %(aZ + %), a,b € R, we have:

K K K 1
23t <3 [o 4] < Yk
k=1 k=1

k=1
and

K k-1 1 K k—1 1 K-1

k—r 2 k—r k—r
Z '7( )ak‘ar—l S 5 Zak ’7( )+ Z Qp— 1 Z /7( )
k=1 r=1 k=1 r=1 r=1 k=r+1

1 K
< —- al.

The proof of part (a) follows by applying the preceding relations to Eq. (3.16)
along with Z,[::O ai < oo as K — oo. Following the same spirit in the proof

of part (b), we can reach the conclusion of part (b). O
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Since Y, | ay = 00, Proposition 1 shows that all agents reach consensus at

the accumulation point, ¥, asymptotically, i.e., forall 1 <i<n, 1< j <mn,

lim zF = lim z° = lim zk (3.17)
k—o0 k—o0 k—o0

and for n + 1 < i < 2n, the states, z¥, asymptotically, converge to zero, i.e.,

7

forn+1<1i<2n,

lim z¥ = 0. (3.18)

k—o00

We next show how the accumulation point, z¥, approaches the optima, x*, as

D-DSD progresses.

Optimality Property

The following lemma gives an upper bound on the difference between the
objective evaluated at the accumulation point, f(z*), and the optimal objective

value, f*.

Lemma 4. Let the Assumptions A1 hold. Let {zf} be the sequence over k

generated by the D-DSD algorithm, Eq. (3.10). Then,

QZak f*) <n||z2° —x 2—i-nD2204,2C
k=0

4D n o
DO L (3.19)
i=1 k=0
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Proof. Consider Eq. (3.10) and the fact that each column of M sums to one,

we have

1 2n 2n 1 2n
S+ _ - Z [Z[M]”] zh — . ;gf,

j=1 Li=1
=7 ——ZVfZ

Therefore, we obtain that

2
_ 2 2

|7 =7 ||" = |7 ="+

%iVﬁ(zk

—2—Z< — X", Vfi(zh)). (3.20)

Denote V f¥ = Vfi(zF). Since ||V fF|| < D, we have
<Zk —x*, Vfl.k> = <Zk — 2z Vfl.k> + <zf — X*,Vfik>

> (2" — 2!, VIF) + fi(z}) — fi(x")

>

Z°|| + fi(2F) — fi(Z") + fi(Z") — fi(x7)

By substituting Eq. (3.21) in Eq. (3.20), and rearranging the terms, we obtain

that
20 (f(Z") = f*) <n||Zz" —x ? —n |z - x* 4 nD%3
4D &
+7;akuzf—zku. (3.22)

The desired result is achieved by summing Eq. (3.22) over time from k£ = 0 to

00. ]



CHAPTER 3. D-DSD FOR NONSMOOTH CONVEX OPTIMIZATION 46

We are ready to present the main result of this paper, by combining all the

preceding results.

Theorem 1. Let the Assumptions Al hold. Let {zf} be the sequence over k

generated by the D-DSD algorithm, Eq. (3.10). Then, for any agent i, we have
lim f(z}) = f*.
k—o0

Proof. Since that the step-size follows that Y ;- a2 < oo, and Y-, axllzf —

Z"|| < oo from Lemma 1, we obtain from Eq. (3.19) that
2> "oy (f(Z) - f7) < o0, (3.23)
k=0

which reveals that limg . f(Z°) = f*, by considering that > 7 ax = oo
and (f(z")— f*) > 0 for all k. In Eq. (3.17), we have already shown that

limy, o 2F = limy_,., 2°. Therefore, we obtain the desired result. O

Convergence Rate
We now show the convergence rate of D-DSD. Let f,, := miny, f(z*), we have
K K
Un— )Y e < S anl(F@) — f) (3.24)

By combining Egs. (3.16), (3.19) and (3.24), it can be verified that Eq. (3.19)

can be represented in the following form:

K K
(= F)Y an <C1+C > af,
k=0 k=0



CHAPTER 3. D-DSD FOR NONSMOOTH CONVEX OPTIMIZATION 47

or equivalently,

. C Cy K o2
(fm_f>§ K1 + 2ZKk:fO k
> ko Ok > k0 Ok

where the constants, C'; and (5, are given by

, (3.25)

2n
n | _ — *
O =5 |2 = x| = 5 |2 = x|*+ DOy |
=1
nD? ZDF
o= want e o3+ 32T

Eq. (3.25) actually has the same form as the equations in analyzing the con-
vergence rate of DGD (recall, e.g., [37]). In particular, when oy = k~'/2, the

first term in Eq. (3.25) leads to

o 1/2 ( 1 )
—-C =0(—),
K K1 VK

while the second term in Eq. (3.25) leads to

Cszf:oai_C In K _O<an
VK )’

It can be observed that the second term dominates, and the overall convergence

K ar  2VE-1)

rate is O (E%“) As a result, D-DSD has the same convergence rate as DGD.

The restriction of directed graph does not effect the speed.

3.4 Numerical Experiment

We consider a distributed least squares problem in a directed graph: each agent

owns a private objective function, s; = R;x + n;, where s; € R™ and R; €
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R™i*P are measured data, x € R? is unknown states, and n; € R™ is random
unknown noise. The goal is to estimate x. This problem can be formulated as

a distributed optimization problem solving

. 1 <
min f(x) = EZ |Rx — s -
i=1

We consider the network topology as the digraphs shown in Fig. 3.2. We
employ identical setting and graphs as [88]. In [88], the value of ¢ = 0.7 is

chosen for each G,, Gy, G..

@@
(10)—@—®
Ga

Figure 3.2: Three examples of strongly-connected but non-balanced digraphs.

Fig. 3.3 shows the convergence of the D-DSD algorithm for three digraphs
displayed in Fig. 3.2. Once the weight matrix, M, defined in Eq. (3.9), con-
verges, the D-DSD ensures the convergence. Moreover, it can be observed
that the residuals decrease faster as the number of edges increases, from G,
to G.. This indicates faster convergence when there are more communication
channels available for information exchange.

Fig. 3.4 shows the convergence of the D-DSD algorithm with three different

value of e. We have shown earlier that the value of € plays a key role in the
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Residual

Figure 3.3: Plot of residuals for digraph G,, Gy, G. as D-DSD progresses.

convergence of the new weighting matrix, M.It can be find in Fig. 3.4 that in

practical experiments, the range of € is much larger than the theoretical range

shown earlier.

10°Q

“mc=0.05

. -o-c¢=0.1
107 ¢ 3

Residual
=
o
N

10’3 E

Figure 3.4: Plot of residuals for different € as D-DSD progresses.

In Fig. 3.5, we display the trajectories of both states, x and y, when the
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D-DSD, Eq. (3.10), is applied on digraph G, with parameter ¢ = 0.7. Recall
that in Egs. (3.17) and (3.18), we have shown that as times, k, goes to infinity,
the state, x¥ of all agents will converges to a same accumulation point, z",
which is the optimal solution of the problem, and y¥ of all agents converges

to zero, which are shown in Fig. 3.5.

200

k
X

-200 b

-4 I I I I I
%%OO 2000 3000 4000 5000 6000 7000

200

100 b

&;: 0 - )
-100 b

-200 I I I I I
1000 2000 3000 4000 5000 6000 7000

k

Figure 3.5: Sample paths of states, x¥, and y¥, on digraphs G, with ¢ = 0.7.

In the next experiment, we compare the performance between the D-DSD
and others distributed optimization algorithms over directed graphs. The red
curve in Fig. 3.6 is the plot of residuals of D-DSD on §G,. In Fig. 3.6, we also
shown the convergence behavior of two other algorithms on the same digraph.

The blue line is the plot of residuals with a DGD algorithm using a row-
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0
10 Q : : :
X - m-Distributed Gradient Descent
A\ - ®-Gradient—Push 1
107\ -4 - Directed-Distributed Gradient Descgnt

Residual

Figure 3.6: Comparison on convergence rate between different algorithms.

stochastic matrix. As we have discussed, when the weight matrix is restricted
to be row-stochastic, DGD actually minimizes a new objective function f(x) =
Yo mifi(x) where w = {m;} is the left eigenvector of the weight matrix
corresponding to eigenvalue 1. So it does not converge to the true x*. The
black curve shows the convergence behavior of the gradient-push algorithm,
proposed in [61, 62]. Our algorithm has the same convergence rate as the

gradient-push algorithm, which is O (%)

3.5 Conclusions and Future Work

In this chapter, we describe a distributed algorithm, called Directed-Distributed
Subgradient Descent (D-DSD), to solve the problem of minimizing a sum of

convex objective functions over a directed graph. Existing distributed algo-
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rithms, e.g., Distributed Gradient Descent (DGD), deal with the same problem
under the assumption of undirected networks. The primary reason behind as-
suming the undirected graphs is to obtain a doubly-stochastic weight matrix.
The row-stochasticity of the weight matrix guarantees that all agents reach
consensus, while the column-stochasticity ensures optimality, i.e., each agents
local gradient contributes equally to the global objective. In a directed graph,
however, it may not be possible to construct a doubly-stochastic weight matrix
in a distributed manner. In each iteration of D-DSD, we simultaneously con-
structs a row-stochastic matrix and a column-stochastic matrix instead of only
a doubly-stochastic matrix. The convergence of the new weight matrix, de-
pending on the row-stochastic and column-stochastic matrices, ensures agents
to reach both consensus and optimality. The analysis shows that the D-DSD
converges at a rate of O(%), where £ is the number of iterations.

In the analysis of D-DSD, we stick to the setting of static directed networks.
Although we do not pursue this here, D-DSD can be generalized to work over
time-varying directed graphs. Numerical experiments illustrate this findings.

Extending the analysis to the case of time-varying directed graphs would be

important directions for future work.
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Chapter 4

D-DPS for Constrained
Nonsmooth Convex

Optimization

In this chapter, we propose a distributed algorithm, termed Directed-Distributed
Projection Subgradient (D-DPS), to solve the distributed optimization prob-
lem over directed networks with an additional constrained set. D-DSD can be
viewed as a special case of D-DPS when the constrained set is R?, meaning no
constraint. Same as D-DSD, D-DPS converges to the optimal solution in non-
smooth convex optimization, i.e., the local objective functions in the problem

are convex, but not necessarily differentiable. The convergence analysis shows
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that D-DPS converges at a rate of O(%), where k is the number of iterations.

4.1 Problem, Assumptions, and Algorithm

Consider a strongly-connected network of n agents communicating over a di-
rected graph, G = (V, £), where V is the set of agents, and £ is the collection of
ordered pairs, (i, 7),7,7 € V, such that agent j can send information to agent i.
Define V" to be the collection of in-neighbors that can send information to
agent 4. Similarly, N°" is defined as the out-neighbors of agent i. We allow
both A" and N to include the node i itself. In our case, Ni* # N in
general. We focus on solving a constrained convex optimization problem that
is distributed over the above multi-agent network. In particular, the network

of agents cooperatively solve the following optimization problem:
P2: minimize f(x)= Z fi(x), subject to x € X,
i=1

where each local objective function f; : R — R being convex, not necessarily
differentiable, is only known by agent ¢, and the constrained set, X C RP, is
convex and closed.

The goal is to solve Problem P2 in a distributed manner such that the
agents do not exchange the objective function with each other, but only share
their own states with their out-neighbors in each iteration. Note that Problem

P1 which we consider in previous chapters is a special case of P2 when X = RP.
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As a result, D-DPS can be viewed as an extension of D-DSD to constrained
optimization. We adopt the same assumptions as the assumptions used in

D-DSD. For the sake of argument, we claim these assumptions again here.

Assumption A2. The graph G = (V, E) is strongly-connected, i.e., Vi,j € V,
there exists a directed path from j toi. Assumption A2 ensures that the private

information of any agent is disseminated to the whole network.

Assumption A3. Fach function, f;, is convex, but not necessarily differen-
tiable. The subgradient, V fi(x), is bounded, i.e., ||V f;(x)|| < By,, Vx € RP.

With B = max;{ By, }, we have for any x € RP,
IV fi(x)| < B, Vie V. (4.1)

We now formally describe the implementation of D-DPS. Let each agent, j €
V, maintain two vectors: X? and yé-“ , both in RP?, where k is the discrete-time
index. At the k£ + 1th iteration, agent j sends its state estimate, X?, as well as
a weighted auxiliary variable, bijyf, to each out-neighbor, i € ./\/jo‘lt, where all

those out-weights, b;;’s, of agent j satisfy:



CHAPTER 4. D-DPS FOR CONSTRAINED NONSMOOTH CONVEX

OPTIMIZATION 56
Agent i then updates the variables, Xf“ and yf“, with the information re-
ceived from its in-neighbors, j € N
XM = Py Z aijxé? + ey¥ — o, VEF| (4.2a)
j=1
YfH = Xi‘c - Z aijxf + Z (bin§) - 63’?7 (4.2b)
j=1 j=1

where the in-weights, a;;’s, of agent ¢ satisfy that:

>0, jeN™ n
Aij = Z ai; = 1;

0, otw., J=1
P[] is the projection operator on the set X'. The scalar, ¢, is a small positive
constant, of which we will give the range later. The diminishing step-size, oy >
0, satisfies the persistence conditions: > 22 ax = 00;Y 7o, ai < oo; and
VEF = Vfi(xF) represents the subgradient of f; at x¥. We provide the proof
of D-DPS in next section, where we show that all agents states converge to
some common accumulation state, and the accumulation state converges to
the optimal solution of the problem, i.e., x7* = x3* = x> and f(x*) = f~,
Vi, j, where f* denotes the optimal solution of Problem P2. To facilitate the
proof, we present some existing results regarding the convergence of a new
weighting matrix, and some inequality satisfied by the projection operator.

The first lemma is presented as Lemma 5 in Chapter III. We claim it here

again to facilitate the analysis.
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Lemma 5. Let Assumption A2 holds. Let M be the weighting matriz, Eq. (3.9),

and the constant € in M satisfy e € (0, 1), where Y := 1—|A3])™ and A3

1
(20+8n)" (

is the third largest eigenvalue of M by setting € = 0. Then:

(a) The sequence of {Mk}, as k goes to infinity, converges to the following

limat:
1,1,)  1,1)
lim M*=| " "
k—o00
0 0
(b) Foralli,j € [l,...,2n], the entries [Mk]lj converge at a geometric rate,

i.e., there exist bounded constants, T € R*, and v € (0,1), such that

1,1  1,1)
n n

MF — < TH*,

0 0

(e 9]

The proof and related discussion can be found in Lemma 5 in Chapter III.

The next lemma regarding the projection operator is from [38].

Lemma 6. Let X be a non-empty closed convex set in RP. For any vectory €

X and x € RP, it satisfies:
(a) (y—Px[x],x—Px[x]) <0.

(6) NPx[x] = yII* < llx =yl = 1P [x] — x|
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4.2 Convergence Analysis

To analyze D-DPS, we write Eq. (4.2) in a compact form. We denote z} €

R?, gF € R? as

xF 1<i<n,

()

Vi, n+1<i<2n,
\

( n
Xkt Z agxh —eyf, 1<i<n,
7=1 (4.3)

0,, n+1<11<2n,

\

and A = {a;;}, B = {b;;}, and M = {m;;} collect the weights from Eqgs. (4.2)
and (3.9). We now represent Eq. (4.2) as follows: for any i € {1,...,2n},

at k + 1th iteration,
2n
Z;H_l = Z mijzf + gf, (44)
j=1

where we refer to g as the perturbation. Eq. (4.4) can be viewed as a dis-
tributed subgradient method, [37], where the doubly stochastic matrix is sub-
stituted with the new weighting matrix, M, Eq. (3.9), and the subgradient
is replaced by the perturbation, gF. We summarize the spirit of the upcom-
ing convergence proof, which consists of proving both the consensus prop-
erty and the optimality property of D-DPS. As to the consensus property,
we show that the disagreement between estimates of agents goes to zero, i.e.,

limy o0 [|x; — x| = 0, Vi,j € V. More specifically, we show that the limit
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. . — 2 .
of agent estimates converge to some accumulation state, z° = %Z "oz e,

i=1%i>
limy,_,o || X¥ — 2%|| = 0, Vi, and the agents additional variables go to zero, i.e.,
limy, o ||y¥]| = 0, Vi. Based on the consensus property, we next show the
optimality property that the difference between the objective function eval-
uated at the accumulation state and the optimal solution goes to zero, i.e.,

limy, o0 f(zk> ="

We formally define the accumulation state z* as follow,

2n n n
zk:%;zf:%;xf+%;Yf- (4.5)

The following lemma regarding x¥, y*, and z* is straightforward. We assume
that all of the initial states of agents are zero, i.e., z¥ = 0,, Vi, for the sake of

simplicity in the representation of proof.

Lemma 7. Let Assumptions A2, A3 hold. Then, there exist some bounded

constants, I' > 0 and 0 < v < 1, such that:

(a) for alli €V and k > 0, the agent estimate satisfies'

k—1 n n
ek =2 <0y "> lleg ™+ D Nl
r=1 j=1 j=1
(b) foralli €V and k > 0, the additional variable satisfies

k—1 n
il =T 32" > Ml Il
r=1 j=1

'In this paper, we allow the notation that the superscript of sum being smaller than its
subscript. In particular, for any sequence {s;}, we have Eﬁikl s = 0, if ko < k1. Besides,

we denote in this paper for convenience that g; - 0,, Vi
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Proof. For any k > 0, we write Eq. (4.4) recursively

n

k-1
= Z Z[Mk_r]ijg;_l + gf_l. (46)
r=1j

1

We have 37" [M*];; = 1 for any k > 0 since each column of M sums up to
one. Considering the recursive relation of z¥ in Eq. (4.6), we obtain that z*

can be written as

k=1 n

g’" Ly = Zg (4.7)

r=1 ]:1
Subtracting Eq. (4.7) from (4.6) and taking the norm, we obtain

k—1 n

—Z <3 > !

r=1 j=1

Mk r ) H ||gr 1H

Y e (4.8)

J#z

The proof of part (a) follows by applying Lemma 5 to Eq. (4.8) for 1 < i <
n, whereas the proof of part (b) follows by applying Lemma 5 to Eq. (4.6)

forn+1<i<2n. O

Convergence of the perturbation

We now show that the perturbation, g¥, goes to zero, i.e., at kth iteration, the
norm of the perturbation, g¥, at any agent can be bounded by the step-size
times some positive bounded constant, i.e., there exists some bounded constant
C > 0 such that ||g¥|| < Cay, Vi, k. The next lemma bounds perturbations by

step-sizes in an ergodic sense.
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Lemma 8. Let Assumptions A2, A3 hold. Let € be the small constant used

in the algorithm, Eq. (3.8), such that ¢ < 2. Define the variable g, =

2nly”

S gk, Then there exists some bounded constant D > 0 such that for

all K > 2, g, satisfies:
K K
Z g <D Z a;
k=0 k=0
K K
> g <D o,
k=0 k=0

where ay, 1s the diminishing step-size used in the algorithm.

Proof. Based on the result of Lemma 6(b), we have

' Px [Z aijxf + eyi€ — akaf] — Z aijx;‘?
j=1

i=1
Therefore, we obtain

le|] < tellyi

I

n
k+1 ok
X; —E X5
j=1

< |leyi — anVEF[| +€|y;

Y

< Boy +2¢ |y

< HeyfC - akaikH .

(4.11)

(4.12)

where in the last inequality, we use the relation |[Vf¥|| < B. Applying the

result of Lemma 7(b) regarding ||y¥|| to the preceding relation, we have for all

i

k—1 n
le7ll < Bow+2e0y 73 g5~
r=1 j=1
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By defining g; = Y., [lg¥||, and summing the above relation over 1, it follows

that

k-1
g < nBay, + 2nel’ Z’yk_rgr_l. (4.13)

r=1

Summing Eq. (4.13) over time from k& = 0 to K, we obtain

K k-1
ng <nBZak+2neFZZVk "Gr-1,
k=0 r=1
<nBZak+2neF’y —7" ng
k=0 k=0

Therefore, it satisfies, for any K > 2, that

Since € can be arbitrary small, (see Lemma 5), it is achievable that e < W’
which obtains the desired result.

Similarly, it can be derived from Eq. (4.13) that

K K K k—1
Z argr < nB Z a,i + 2nel’ Z oy, Z ’yk_rgr_
k=0 k=0 k=0  r=1

Noticing that the step-size is diminishing, it follows that

K K k-1
Z@kZVk rgr 1<ZZ’7 ar 19r—1,
r= k=0 r=1
<MK 2akgk
B l-v = .

Therefore, it satisfies, for any K > 2, that

< QneFV) Zakgk < nBZak,
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which completes the proofs. O
Based on the result of Lemma 8, we show that at kth iteration, the norm

of perturbation, g¥, of any agent can be bounded by the step-size times some

bounded constant.

Lemma 9. Let Assumptions A2, A3 hold. Let € be the small constant used
in the algorithm, Eq. (3.8), such that ¢ < 217:—1:; Define the variable g, =

St gk, Then there exists some bounded contant C > 0 such that for

all k>0, gp satisfies:
gr < Cloyg; (4.14)

where oy, 1s the diminishing step-size used in the algorithm.

Proof. Suppose on the contrary that gy /oy = oo, for some k. Since oy, # 0, for
any finite k, and we get from Lemma 8 that > 7 akgr < > pey i < 00, we
obtain that g is bounded for any finite k. Therefore, we only get gx/ay = 0o
when k goes to infinity, i.e., limg_ o C’;—’; = oo. This implies that there exists
some finite K such that for all k¥ > K, we have g, > 2Day, where D is the

constant in the result of Lemma 8. The preceding relation implies that

Z gr > 2D Z QL.
k=K k=K
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. K-1
Since Y p- ar = oo, we have Y oy < Y popap = oo. Therefore, we

obtain
oo [e.e] oo [ee]
D 96> ) 9e>2D) ox>D)
k=0 k=K k=K k=0
which is a contradiction to the result in Lemma 8(a). O

Lemma 9 shows that the perturbation, gF, goes to zero and the D-DPS
converges. We next show that the agents reach consensus and also converge

to the optimal solution.

Consensus in Estimates

In Lemma 7, we bound the disagreement between estimates of agent and the
accumulation state, ||x; —2"|, in terms of the perturbation norm, >, [|g|l.
In Lemmas 8 and 9, we bound the perturbation. By combining these results,

we show the consensus property of the algorithm in the following lemma.

Lemma 10. Let Assumptions A2, A3 hold. Let {zl'} be the sequence over k

generated by Eq. (4.4). Then, for alli € V:
(a) the agents reach consensus, i.e., limy_,q, fo — ZkH = 0;

(b) at each agent, limy_o ||y¥|| = 0.
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Proof. Considering Lemma 7(a), we have for any K > 0

??‘

- rakzug; 1H+zakzugk 0

1
k—r
vy 1+ Oék;ak 15

Zak HX — ZkH <T

K
k=1 r=
K
k=

?TH

<rc

,_.

1 r=

=

K
_FCV 1_7 Yo Zak, (4.15)
k=1

k=1

where we used Lemma 9 to obtain the second inequality. By letting K — oo

and noticing that Y ;- a2 < oo, we get

> ||xt —7F|| < o (4.16)
k=1

Combined with "7 ax = oo, the preceding relation implies part (a). The

result in part (b) follows a similar argument. O

Optimality Convergence

The result of Lemma 10 reveals the fact that all agents reach consensus. We
next show that the accumulation state converges to the optimal solution of

the problem.

Theorem 2. Let Assumptions A2, A3 hold. Let {zf} be the sequence over k
generated by Eq. (4.4). Then, each agent converges to the optimal solution,

i.e.,

fr, Vi e V.

lim f(x})
k—oo
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Proof. Consider Eq. (4.4) and the fact that each column of M sums to one,

we have the accumulation state
Zhtl gk o 1 zn: k
i3 o
Therefore, we obtain that

k+1 x*

2 _ 2
Iz =z ="+

2 n
+%;<Zk_X*agf>a

2

1 n
ﬁ;gf

n

N BT B | 201 _ .
:sz—X +E ;gf _Tki:1 <Zk_xavfik>
+ % > (@ —x", gl + o, VI (4.17)
=1

Since ||VE#|| < B, we have
(ZF —x*, VEF) = (Z" — x, VEF) + (xF — x*, V),
> (7° —x}, VE) + fulx}) — fix"),
> —B||z" — X} || + fi(x}) = fi(Z") + fi(Z") — fi(x"),
> —2B|Z" - x{|| + fi(Z") — fi(x"). (4.18)

By substituting Eq. (4.18) in Eq. (4.17), we obtain that

B (1) - ) < e e S
i=1
n 2 n
+% > el +%Z<Z’“—X*,g5+akwﬁ>. (4.19)
=1 i=1

We now analyze the last term in Eq. (4.19).

S @ —x" gl + VI =) (7 -2 gf + . VE)

i=1 i=1
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+) (7 =< gl o VE)
+ Z <xf+1 —x*,gh 4 akaf>
i=1
=81 + Sg + S3 (420)

where s1, s9, and s3 denote each of RHS terms in Eq. (4.20). We discuss each

term in sequence. Since gx = Y., ||lg¥|| < Cay and || VEF|| < B, we have
n

si=—Y (ghgf + V) < Ba Y |gf| = BCaE;

i=1 i=1

So < (B4 C)ay Z sz—f—l _ XfHH .

=1

Using the result of Lemma 6(a), we have for any i
<xk+1 x*, gl + akak> <0,

which reveals that s3 < 0. Using the upperbound of s, s5, and s3 in the
preceding relations and the fact that gy = > .1, ||gF|| < Cay, we derive from

Eq. (4.19) that

U R D e R AR

ABay o C?
" Rl ] e

L2BC B+O%ZH_,€+1 )

By summing the preceding relation over k, we have that

21% (z" f*)§||21—x*2+( 230)2

k=
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+ % >z x|+ @ SO oz x| (421)

i=1 k=1 =1 k=1

Since that the step-size follows > p-, a2 < oo and Y oo axl|Z* — xF|| < oo,
from Eq. (4.16), we obtain that

S0 ()~ 1) < oo, (4.22)

k=1

which reveals that limy_,o, f(Z") = f* as Y o, @i = oo; the proof follows from

Lemma 10. ]

Convergence Rate

We now characterize the convergence rate with oy = and a > 0. Let fj =

ka?

ming<p<x f(z"), we have

Z <D alf(@) — ). (4.23)

By combining Eqgs. (4.15), (4.21) and (4.23), Eq. (4.21) leads to

K K
—f*)ZOék S Cl +022052,
k=1 k=1

or equivalently,

¢ Co Y ohes O%
(fe—f) < +
“ Zszl Qg Zk 1

(4.24)

where the constants, C; and Cs, are given by

n
2

C, =

e
2y = C—+BC+(3B+C) (ﬁﬂ)
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Assume the diminishing step-size, a; = k%, with a > 0.

(i) When 0 < a < 3, the first term in Eq. (4.24) leads to

Cl 1—a 1
C =0 ——
S o KT (K) |

while the second term in Eq. (4.24) leads to

Codr o (1—a)(K'"% —2a) .
Lt <o ~0 ()

Considering that 0 < a < %, we have O (%) dominates since it decreases

slower than O (ﬁ)
(ii) When ay = k=12, the first term in Eq. (4.24) leads to

Cy 1/2 ( 1 )
<C =0(—=]),
YK o K1 VE

while the second term in Eq. (4.24) leads to

@g};{i‘zlag co, LHE _O(an).
Shoar | 2VE-1)  \VE

It can be observed that O (%) dominates.

(iii) When £ < a < 1, the first term in Eq. (4.24) leads to

1— 1
fl <O—2 —0o(——),
Zk:lak Kime—1

while the second term in Eq. (4.24) leads to

Cy Zéil Oé;2c (1-a)(2a —1/K?1) B 1
ZkK:1 Ok <G (2a —1)(K1=@ —1) o <K1—a) .
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The two terms are in the same order.
(iv) When a > 1, the two terms in Eq. (4.24) approach constant values. There-
fore, the persistence conditions of step-size are not satisfied, and convergence
of D-DPS is not satisfied.

By comparing (i), (ii), and (iii), we have that O(%) is the fastest. In

conclusion, the optimal convergence rate is achieved by choosing a; = \/LE’

and the corresponding convergence rate of D-DPS is O( th:) This convergence
rate is the same as the distributed projected subgradient method, [38], solving

constrained optimization over undirected graphs. Therefore, the restriction of

directed graphs does not effect the convergence speed.

4.3 Numerical Results

Consider the application of D-DPS for solving a distributed logistic regression

problem over a directed graph:

n  m;
x* = argmin Z Z In [1 + exp (— (cizj) yw)} ,
xeX CRP i=1 j=1
where X is a small convex set restricting the value of x to avoid overfitting.
Each agent ¢ has access to m; training samples, (c;;, ;) € R? x {—1,+1},

where c;; includes the p features of the jth training sample of agent 7, and y;;

is the corresponding label. This problem can be formulated in the form of P2
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with the private objective function f; being

fi(x) = iln [1+exp(— (ch) yij)] . st.xeX.
j=1

In our setting, we have n = 10, m; = 10, for all ¢, and p = 100. The con-

strained set is described by a ball in RP. We consider the network topology

*

E for each
-

as the digraph shown in Fig. 4.1. We plot the residuals

k
Xq
x? —x*

Figure 4.1: A strongly-connected but non-balanced directed graph.

agent ¢ as a function of k£ in Fig. 4.2. In Fig. 4.3, we show the disagree-
ment between the state estimate of each agent and the accumulation state,
and the additional variables of all agents. The experiment follows the results
of Lemma 10 that both the disagreements and the additional variables con-
verge to zero. We compare the convergence of D-DPS with others related
algorithms, Subgradient-Push (SP), [61], and WeightBalencing Subgradient
Descent (WBSD), [74], in Fig. 4.4. Since both SP and WBSD are algorithms

for unconstrained problems, we reformulate the problem in an approximate
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Figure 4.2: D-DPS residuals at 10 agents.
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Figure 4.3: Sample paths of states, ||x¥ —Z*||, and |ly¥||, for all agents.
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form,
- T
filoe) = MxII* + 3 _n [1 +exp (= (%) i) ]
j=1
where the regularization term \||x||? is an approximation to replace the original
constrained set to avoid overfitting. It can be observed from Fig. 4.4 that all
three algorithms have the same order of convergence rate. However, D-DPS is

further suited for the constrained problems.

100 [y T T T T
=== Subgradient-Push ]
=== Djrected-Distributed Projected Subgradient| |
WeightBalencing Subgradient Descent
=
=]
S
3
[a'at
10
0

Figure 4.4: Convergence comparison between different algorithms.
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4.4 Conclusions

In this Chapter, we present a distributed solution, D-DPS, to the constrained
optimization problem over directed multi-agent networks, where the agents’
goal is to collectively minimize the sum of locally known convex functions. D-
DSD, proposed in Chapter I1I, can be viewed as a special case of D-DPS when
the constrained set is RP. Same as D-DSD, D-DPS converges to the optimal
solution in nonsmooth convex optimization, i.e., the local objective functions
in Problem P2 are convex, but not necessarily differentiable. Compared to
the algorithm solving over undirected networks, the D-DPS simultaneously
constructs a row-stochastic matrix and a column-stochastic matrix instead
of only a doubly-stochastic matrix. This enables all agents to overcome the
asymmetry caused by the directed communication network. We show that

D-DPS converges to the optimal solution and the convergence rate is O(lc\’%’“),

where k is the number of iterations.
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Chapter 5

DEXTRA for Smooth Convex

Optimization

In this chapter, we introduce DEXTRA, to solve the distributed optimization
problem, P1, over directed networks. Recall D-DSD and D-DPS, which achieve
a sub-linear convergence rate to solve P1. We harness the function smoothness
to accelerate the convergence rate. Therefore, DEXTRA converges to the opti-
mal solution in smooth convex optimization, i.e., the local objective functions
in Problem P1 are convex and differentiable. We show that, with the appropri-
ate step-size, DEXTRA converges at a linear rate O(7%) for 0 < 7 < 1, given
that the objective functions are restricted strongly-convex. The implementa-
tion of DEXTRA requires each agent to know its local out-degree. Simulation

examples further illustrate our findings.
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5.1 Algorithm

To solve the Problem P1 suited to the case of directed graphs, we propose

DEXTRA that can be described as follows. Each agent, j € V, maintains

k k

two vector variables: x7, z;j € RP, as well as a scalar variable, yf € R,

7
where k is the discrete-time index. At the kth iteration, agent j weights

-1

its states, a;;x5, a;yF, as well as Ziijxg? , and sends these to each of its out-

neighbors, 7 € ./\fjout, where the weights, a;;, and, a@;;,’s are such that:

)
>0, ieNout n
a; = ’ > a4y =1, (5.1)

0, otw., i=1

" 0+(1—6)GZ], Z:], ]
aij = VJ, (52)

(1= 0)ai;, i# ],

\
where 6 € (0, 3]. With agent i receiving the information from its in-neighbors, j €

k+1

1

Ni® it calculates the state, z¥, by dividing x¥ over 3¥, and updates x

and yF™ as follows:
k
7 :% (5.3a)
xith=xt+ Y (agxg) = ) (@ux; )
jeENIn jenin
—a[Vfi(zf) = Vfi(z )], (5.3b)

P = Z (az‘jyf)~ (5.3c)

jenin
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In the above, Vfi(zF) is the gradient of the function f;(z) at z = zF, and
V fi(z"71) is the gradient at z"~!, respectively. The method is initiated with
an arbitrary vector, x?, and with y{ = 1 for any agent i. The step-size, a, is a
positive number within a certain interval. We will explicitly discuss the range
of a later. We adopt the convention that x;' = 0, and Vf;(z; ') = 0,, for

any agent ¢, such that at the first iteration, i.e., £ = 0, we have the following

iteration instead of Eq. (5.3),
z, =— (5.4a)

X; = Z (aijxg-)) —aVfi(z?), (5.4b)

jenin

yi =Y (aiy?). (5.4c)

jenn

We note that the implementation of Eq. (5.3) needs each agent to have the
knowledge of its out-neighbors (such that it can design the weights according to
Egs. (5.1) and (5.2)). In a more restricted setting, e.g., a broadcast application
where it may not be possible to know the out-neighbors, we may use a;; =
|./\/';)ut|_1; thus, the implementation only requires each agent to know its out-
degree, [61, 63-65, 74, 79, 82].

To simplify the analysis, we assume from now on that all sequences updated
by Eq. (5.3) have only one dimension, i.e., p = 1; thus z¥, y¥, 2F € R Vi, k.

k

For x¥, z¥ € RP being p-dimensional vectors, the proof is the same for ev-
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ery dimension by applying the results to each coordinate. Therefore, as-
suming p = 1 is without the loss of generality. We next write DEXTRA,
Eq. (5.3), in a matrix form. Let, A = {a;} € R™™ A = {a@;} € R™", be
the collection of weights, a;;, a;;, respectively. It is clear that both A and

A are column-stochastic matrices. Let xF, zF Vf(x*) € R™, be the collec-

kA [y k] ok &

tion of all agent states and gradients at time k, i.e., x iy 1)) 2

(285 2] VE(F) & [V fi(2h); - s Vi (aF)], and y* € R™ be the collection
Ak

of agent states, y¥, i.e., y y¥; - ;y*). Note that at time k, y* can be

represented by the initial value, y°:

Define a diagonal matrix, D¥ € R™ " for each k, such that the ith element
of D¥ is y¥, i.e.,

DF = diag (yk) = diag (Ak ‘1) . (5.6)

Given that the graph, G, is strongly-connected and the corresponding weight-
ing matrix, A, is non-negative, it follows that D* is invertible for any k. Then,

we can write Eq. (5.3) in the matrix form equivalently as follows:



CHAPTER 5. DEXTRA FOR SMOOTH CONVEX OPTIMIZATION 79

where both of the weight matrices, A and ﬁ, are column-stochastic and satisfy
the relationship: A = 61, + (1 — 0)A with some 6 € (0, 1]. From Eq. (5.7a),

we obtain for any k
x" =DFz". (5.8)
Therefore, Eq. (5.7) can be represented as a single equation:
DFF1ZMY = (I, + A)DFZF — ADM12M1 — o [VE(2") — VE(EZFD] . (5.9)

We refer to the above algorithm as DEXTRA, since Eq. (5.9) has a similar
form as EXTRA in Eq. (2.8) and is designed to solve Problem P1 in the case
of directed graphs. We later shows that as time goes to infinity, the iteration
in Eq. (5.9) pushes z* to achieve consensus and reach the optimal solution in

a linear rate. Our proof in this paper will based on the form, Eq. (5.9), of

DEXTRA.

Interpretation of DEXTRA

In this section, we give an intuitive interpretation on DEXTRA’s convergence
to the optimal solution. Since A is column-stochastic, the sequence, {yk},
generated by Eq. (5.7¢), satisfies limy_,o, y* = 7, where 7 is some vector in
the span of A’s right-eigenvector corresponding to the eigenvalue 1. We also

obtain that D> = diag (7). For the sake of argument, let us assume that the
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sequences, {zk} and {xk}, generated by DEXTRA, Eq. (5.7) or (5.9), also
converge to their own limits, z>° and x>, respectively (not necessarily true).

According to the updating rule in Eq. (5.7b), the limit x> satisfies
X% =x® 4 Ax® — Ax™® — a [Vf(2™) — VE(z™)] (5.10)

which implies that (A — Z)Xoo =0, or x* = u7 for some scalar, u. It follows

from Eq. (5.7a) that
z° =u [D>] ' = ul,, (5.11)

where the consensus is reached. The above analysis reveals the idea of DEX-
TRA, which is to overcome the imbalance of agent states occurred when the
graph is directed: both x> and y* lie in the span of 7r; by dividing x>
over y*°, the imbalance is canceled.

Summing up the updates in Eq. (5.7b) over k from 0 to oo, we obtain that

x> = Ax™ — aVf(z™) — i (12(_ A) x";
r=0

note that the first iteration is slightly different as shown in Eqs. (5.4). Con-
sider x*° = wum and the preceding relation. It follows that the limit, z*°,
satisfies

avE(z®) = — i (K - A) X" (5.12)

r=0
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Therefore, we obtain that
ol VE(z>®) = -1, (Z— A) ZXT =0,
r=0

which is the optimality condition of Problem P1 considering that z>* = ul,.
Therefore, given the assumption that the sequence of DEXTRA iterates, {zk}
and {Xk}, have limits, z*° and x°°, we have the fact that z* achieves consensus
and reaches the optimal solution of Problem P1. In the next section, we state

the convergence result of DEXTRA.

5.2 Assumptions and Main Results

Recall D-DSD and D-DPS in previous chapters, which achieve a sub-linear
convergence rate to solve P1. We harness the function smoothness to accel-
erate the convergence rate. In particular, we modify the bounded gradient
assumption to a Lipschitz continuous gradient assumption. In other words,
DEXTRA converges to the optimal solution in smooth convex optimization,
i.e., the local objective functions in Problem P1 are convex and differentiable.
With appropriate assumptions, our main result states that DEXTRA con-
verges to the optimal solution of Problem P1 linearly. We state again that
from now on we assume that the states of agents have only one dimension,
i.e., p = 1, which is without the loss of generality. We assume that the agent

graph, G, is strongly-connected; each local function, f; : R — R, is convex and
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differentiable, and the optimal solution of Problem P1 and the corresponding
optimal value exist. Formally, we denote the optimal solution by v € R and

optimal value by f*, i.e.,

£ = f(u) = min (). (5.13)
Let z* € R" be defined as
z" =ul,. (5.14)

Besides the above assumptions, we emphasize some other assumptions re-
garding the objective functions and weighting matrices, which are formally

presented as follows.

Assumption A4 (Functions and Gradients). Fach private function, f;, is

convex and differentiable and satisfies the following assumptions.

(a) The function, f;, has Lipschitz gradient with the constant Ly, i.e., ||V f;(x)—

Vil < Lylle = yll, Yo,y € R.

(b) The function, f;, is restricted strongly-convex! with respect to point u with
a positive constant Sy,, i.e., Sy ||z —ul]* < (Vfi(z) =V fi(u),z—u), Va €

R, where u is the optimal solution of the Problem P1.

!There are different definitions of restricted strong-convexity. We use the same as the
one used in EXTRA, [48].
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Following Assumption A4, we have for any x,y € R",

IVE(x) = VE(y)Il < Ly [[x =yl (5.15a)

Sy llx — z*||* < (VE(x) — VE(z"),x — 2z*), (5.15b)

where Vf(x) £ [Vfi(z1);---;Vfu(z,)] for any x 2 [21;---;3,], and the
constants Ly = max;{Ly,}, Sy = min; {5y, }.
Recall the definition of D* in Eq. (5.6), we formally denote the limit of D*

by D>, i.e.,

D> = lim D* = diag (A~ - 1,,) = diag (), (5.16)

k—o0

where 7 is some vector in the span of the right-eigenvector of A correspond-
ing to eigenvalue 1. The next assumption is related to the weighting matri-

ces, A, g, and D,

Assumption A5 (Weighting matrices). The weighting matrices, A and A,

used in DEXTRA, Eq. (5.7) or (5.9), satisfy the following.
(a) A is a column-stochastic matriz.

(b) A is a column-stochastic matriz and satisfies A = 01, + (1 — 0)A, for

some 0 € (0, 1].

(¢) (D))" A+ AT (D®)"! = 0.
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One way to guarantee Assumption A5(c) is to design the weighting matrix, A,
to be diagonally-dominant. For example, each agent 7 designs the following

weights:

L= (NP = 1), i=,
Aij = )
C it ieN,
where ( is some small positive constant close to zero. This weighting strat-
egy guarantees the Assumption A5(c) as we explain in the following. Ac-
cording to the definition of D> in Eq. (5.16), all eigenvalues of the matrix,
2(D>®)~t = (D®), + I (D>)"!, are greater than zero. Since eigenvalues
are a continuous functions of the corresponding matrix elements, [30, 89], there
must exist a small constant ¢ such that for all ¢ € (0,¢) the weighting matrix,
Av, designed by the constant weighting strategy with parameter (, satisfies that
all the eigenvalues of the matrix, (D) A4+ AT (D)1, are greater than zero.

Since the weighting matrices, A and, g, are designed to be column-stochastic,

they satisfy the following.

Lemma 11. (Nedic et al. [61]) For any column-stochastic matriz A € R"*",

we have

(a) The limit limy_, o, [Ak] ezists and limy_ o0 [Ak} = T where ® = {m;}
is some vector in the span of the right-eigenvector of A corresponding to

ergenvalue 1.
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(b) For alli € {1,---,n}, the entries [AkL.j and T; satisfy

(4, -,

]

<Cy*, VY,

where we can have C' =4 and v = (1 — =5).

As a result, we obtain that for any k,
| DF — D>|| < nC~". (5.17)

Eq. (5.17) implies that different agents reach consensus in a linear rate with
the constant . Clearly, the convergence rate of DEXTRA will not exceed this
consensus rate (because the convergence of DEXTRA means both consensus
and optimality are achieved). We will show this fact theoretically later in this
section. We now denote some notations to simplify the representation in the

rest of the paper. Define the following matrices,

M = (D®)7'A, (5.18)
N = (D>)" (A - A), (5.19)
Q = (D™)"M(I, + A —2A), (5.20)
P=1,—A, (5.21)
L=A—A, (5.22)

R=1I,+A—2A, (5.23)
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and constants,

d = max {|| D"}, (5.24)
a” = max {[|(D")']}, (5.25)
dz = (D). (5.26)

We also define some auxiliary variables and sequences. Let q* € R™ be some

vector satisfying
Lq* + aVif(z") = 0,; (5.27)
and g* be the accumulation of x" over time:

q" = ZXT. (5.28)

MT DFz¥ De>z*
G = tF = St = : (5.29)
N q* q
It is useful to note that the G-matrix norm, ||a||é, of any vector, a € R?", is

non-negative, i.c., [|al|% > 0, Va. This is because G + G is PSD as can be

shown with the help of the following lemma.

Lemma 12. (Chung. [90]) Let Lg denote the Laplacian matriz of a directed

graph, G. Let U be a transition probability matrix associated to a Markov chain
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described on G and s be the left-eigenvector of U corresponding to eigenvalue 1.

Then,

Sl/QUs—l/Q 4 S—1/2UT51/2
— 5 ,

Lo =1,

where S = diag(s). Additionally, if G is strongly-connected, then the eigenval-

ues of Lg satisfy 0 = Xg < Ay < -+ < A\y.

Considering the underlying directed graph, G, and let the weighting matrix
A, used in DEXTRA, be the corresponding transition probability matrix, we
obtain that

£, (D) _QAT)(DOO)—”2 N (D°°)‘1/2(fn2— DD )

Therefore, we have the matrix N, defined in Eq. (5.19), satisfy
N+ NT =20(D®) " £g(D>)"?, (5.31)

where 6 is the positive constant in Assumption A5(b). Clearly, N+ N is PSD
as it is a product of PSD matrices and a non-negative scalar. Additionally,
from Assumption A5(c), note that M + M is PD and thus for any a € R",
it also follows that ||a||?,+ > 0. Therefore, we conclude that G + G is PSD

and for any a € R?",
lallz > 0. (5.32)

We now state the main result of this paper in Theorem 3.
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Theorem 3. Define

C, = d (d||<1n+A>||+dHZH+2aLf),
o~ P (NNT) 4 A (N + NT))
L 2 min (LTL) ’

_ 2 (O g (nae )5
C; = a(nC) [27)+(dood Ly) <7]+n>—|—d2 ,

Cy = 8C,y (Lyd)?,

§
O = A (M)+402Amax (R"R),

2
S — -
o S mddLy
6 9 )
1 o
Cr = Shmax (MMT) +4C A (ATA).

1
A = C2—404 (5 +C’55> ,

Sy

E(1H(dod-L;)2)’ and

where 1 is some positive constant satisfying that 0 < n <
§ < Amin(M+MT)/(2C7) is a positive constant reflecting the convergence rate.
Let Assumptions A4 and A5 hold. Then with proper step-size & € [min, Omax],

there exist, 0 <I' < oo and 0 < v < 1, such that the sequence {tk} defined in

Eq. (5.29) satisfies
[tF — ]2, > (14 8) |t — || — T~ (5.33)

The constant 7y is the same as used in Eq. (5.17), reflecting the consensus rate.

The lower bound, amin, of a satisfies iy < a, where

s Cs— VA
20,0 7

o

(5.34)
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and the upper bound, cunay, of o satisfies amayx > @, where

(5.35)

— A . 77>\mm <M+MT) C@‘F\/A
= 1min s .
2(dgod7Lf)2 2045

Proof. See next section. ]

Theorem 3 is the key result of this paper. We will show the complete proof of
Theorem 3 in next section. Note that Theorem 3 shows the relation between
[t* — |2 and ||t*™! — t*||2 but we would like to show that z* converges
linearly to the optimal point z*, which Theorem 3 does not show. To this
aim, we provide Theorem 4 that describes a relation between ||z* — z*||? and
2"+ — 272,

In Theorem 3, we are given specific bounds on ay,;, and aa,. In order to
ensure that the solution set of step-size, «, is not empty, i.e., min < Qmax, it

is sufficient (but not necessary) to satisfy

06 — \/K < n)\mm (M—I—MT)

= <a 5.36
ST 720w T 20dnd Lz O (5:36)
which is equivalent to
(35 - VA) / 2C0)
> . .
= Amin (MAMT)  142(dsd= Ly)? (5:37)
2L% (deod™)? - 4C46
Recall from Theorem 3 that
S

! (5.38)

< .
1= P+ (ded Ly))
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We note that it may not always be possible to find solutions for n that sat-
isfy both Egs. (5.37) and (5.38). The theoretical restriction here is due to
the fact that the step-size bounds in Theorem 3 are not tight. However,
the representation of a and @ imply how to increase the interval of appro-
priate step-sizes. For example, it may be useful to set the weights to in-
crease Amin (M + NT) /(2do-d™)?* such that @ is increased. We will discuss
such strategies in the numerical experiments. We also observe that in reality,
the range of appropriate step-sizes is much wider. Note that the values of «
and @ need the knowledge of the network topology, which may not be avail-
able in a distributed manner. Such bounds are not uncommon in the literature
where the step-size is a function of the entire topology or global objective func-
tions, see [46, 48]. It is an open question on how to avoid the global knowledge

of network topology when designing the interval of «.

Remark 1. The positive constant § in Eq. (5.33) reflects the convergence rate
of ||[t* — t*||4. The larger & is, the faster ||t* — t*||% converges to zero. As
§ < Amax(M + MT7)/(2C7), we claim that the convergence rate of ||t* — t*||%

can not be arbitrarily large.

Based on Theorem 3, we now show the r-linear convergence rate of DEX-

TRA to the optimal solution.
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Theorem 4. Let Assumptions A4 and A5 hold. With the same step-size,
a, used in Theorem 3, the sequence, {z"}, generated by DEXTRA, converges
exactly to the optimal solution, z*, at an r-linear rate, i.e., there exist some
bounded constants, T > 0 and max{ﬁ,w} < 17 < 1, where § and v are

constants used in Theorem 3, FEq. (5.33), such that for any k,

| D*2* — D*z*||* < Tk,

Proof. We start with Eq. (5.33) in Theorem 3, which is defined earlier in
Eq. (5.29). Since the G-matrix norm is non-negative. recall Eq. (5.32), we
have ||tk — t*||% > 0, for any k. Define ¢y = max {ﬁ,y}, where ¢ and v are

constants in Theorem 3. From Eq. (5.33), we have for any &,

.2 1 1 )2 gl
o = &) < o e =2+ T
< ¢Htk—1 e 2G+P¢k;
< PP |60 — |7, + KDY,

For any 7 satisfying ¢ < 7 < 1, there exists a constant ¥ such that (i)k > %,

for all k. Therefore, we obtain that

e P

2 ko (o\"
G+<‘I]F>6 <_> Tk7

T

< (-

2 k
G+ o) (5.39)
From Eq. (5.29) and the corresponding discussion, we have

Htk —t* 2G = ||Dkz]C — D>*z*

e+l =y
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Since N + N is PSD, (see Eq. (5.31)), it follows that
e e e

Noting that M + M T is PD (see Assumption A5(c)), i.e., all eigenvalues of

M + M are positive, we obtain that

HD"/’ZI’C — D>®z*

2 2
)\min(l\/1+1tl-r)[ S HDka - DOOZ*H M+MT .
- 2 imp 2

Therefore, we have that

S MT) o i -
< (Hto — |2 + \DF) *.
By letting
T 2||1:0 —t*|& + UT
Amin(M +MT) "’
we obtain the desired result. [

Theorem 4 shows that the sequence, {z*}, converges at an r-linear rate to the
optimal solution, z*, where the convergence rate is described by the constant,
7. During the derivation of 7, we have 7 satisfying that v < max{ﬁ,v} <
7 < 1. This implies that the convergence rate (described by the constant 7) is
bounded by the consensus rate (described by the constant 7). In next section,
we present some basic relations. Based on these relations, we finally state the

proof of Theorem 3.
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5.3 Auxiliary Relations

We provide several basic relations in this section, which will help in the proof

of Theorem 3. We first establish a relation among D*z*, ¥, D>*z*, and q*.

Lemma 13. Let Assumptions A4 and A5 hold. In DEXTRA, the quadruple

sequence {D*z* ¥, D®z* q*} obeys, for any k,

R (DF'z"! — D®7%) + A (D12 — DF2P)

=—L (qu — q*) —« [Vf(zk) — Vf(z*)] , (5.40)
recall Eqs. (5.18)~(5.28) for notation.
Proof. We sum DEXTRA, Eq. (5.9), over time from 0 to k,
k
DMigM = ADFZF — aViE(z") — L Z D'z".
r=0

By subtracting LD**'z**! on both sides of the preceding equation and rear-
ranging the terms, it follows that

RDFFIZF+L | A (Dk:+1zk+1 _ Dkzk) _ _quz+1 — aVf (zk) . (5.41)

Note that D*z* = m, where 7 is some vector in the span of the right-

eigenvector of A corresponding to eigenvalue 1. Since R = 0,,, we have
RD®z* = 0,. (5.42)

By subtracting Eq. (5.42) from Eq. (5.41), and noting that Lq* + aVf(z*) =

0,., Eq. (5.27), we obtain the desired result. ]
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Recall Eq. (5.17) that shows the convergence of D* to D> at a geometric
rate. We will use this result to develop a relation between || D*1zFt — DkzE||

k+1 _

and Hz z’“”, which is in the following lemma. Similarly, we can establish

a relation between ||Dk+1szrl — D°°z*|| and sz“ — Z*H

Lemma 14. Let Assumptions A4 and A5 hold and recall the constants d and

d~ from Egs. (5.24) and (5.25). If z" is bounded, i.c., |z*|| < B < oo, then
(a) ||2"" — 2¥|| < d | DF12E T — DEZE|| + 2d nCBA*;

(b) szH —z*

<d” ||D’““z’“rl — D°°z*|| + d~nCB~*;

(C) HDk-l—lzk—i—l — D®Og* 4 nCB’yk;

<d ||z"3Jrl —z*

where C' and v are constants defined in Lemma 11.

Proof. (a)

)

sz+1 _ Zk” _ H (Dk+1)—1 (Dk+1) (Zk+1 _ Zk)

< H (Dk+1)*1

HDk+1Zk+1 _ DFgk 1+ Dkgk _ Dk+1zk|

< d- HDkJrlszrl _ DkaH +d HDk _ Dk+1H HZkH ’

< d” || DM — DR + 2d nC By,
Similarly, we can prove (b). Finally, we have

k+1_k+1 _ moo *|| _ k+1_k+1  nk+1 % k+1_x% _ oo, *
D" g D®z*|| = ||D"" =z Dzt + D g D>z

Y
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g dHZk+1 — ¥

+[| DR = D[]

<d szH —z*|| + nCBA".

The proof is complete. [

Note that the result of Lemma 14 is based on the prerequisite that the sequence
{z"} generated by DEXTRA at kth iteration is bounded. We will show this
boundedness property (for all k) together with the proof of Theorem 3 in the
next section. The following two lemmas discuss the boundedness of ||z*|| for

a fixed k.

Lemma 15. Let Assumptions A4 and A5 hold and recall t*, t*, and G defined
in Eq. (5.29). If |[t*—t*||% is bounded by some constant F for some k, i.e.,||t"—
t*|2, < F, we have ||z*| be bounded by a constant B for the same k, defined

as follow,

2| < B2 | —————— +2(d")?| D>z |, (5.43)

where d—, M are constants defined in Eq. (5.25) and (5.18).
Proof. We follow the following derivation,

1 (d)?
S <

< (d)?||D*2* — D=z*||* + (d7)? | D>z" |,
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(d-)? o % ]2 _ o
< o () 1717 = 2 e @D e
min D)
(d_)2 k % (]2 —\2 0o %12
—\2
<« WIE gy e,

A (M)
where the third inequality holds due to M + M " being PD (see Assump-
tion A5(c)), and the fourth inequality holds because N-matrix norm has been
shown to be nonnegative (see Eq. (5.31)). Therefore, it follows that ||z*|| < B

for B defined in Eq. (5.43), which is clearly < oo as long as F' < co. [

Lemma 16. Let Assumptions A4 and A5 hold and recall the definition of
constant Cy from Theorem 3. If ||z"7|| and ||Zz*|| are bounded by a same

constant B, we have that ||z*"|| is also bounded. More specifically, we have

|zF+H1| < Oy B.

Proof. According to the iteration of DEXTRA in Eq. (5.9), we can bound

DFFHlzk+1 ag

D124 < (1 + 4D 1] + || A

=]
+aLy |[2*] + aLy |27

< |d )+ A)]| +d HEH +2aLy] B,

where d is the constant defined in Eq. (5.24). Accordingly, we have z“*1 be
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bounded as follow,

|25+ < d- || D12 = B, (5.44)

5.4 Convergence Analysis

In this section, we first give two propositions that provide the main framework
of the proof. Based on these propositions, we use induction to prove Theorem
3. Proposition 2 claims that for all k € Nt if |[t*~! — t*|| < Fy and |[tF —
t*|2, < F, for some bounded constant Fy, then, [[t* — t*||% > (1 + )|tk —

t*||% — T'v*, for some appropriate step-size.

Proposition 2. Let Assumptions A4 and A5 hold, and recall the constants Cf,
Cy, Cs, Cy, Cs, Cs, C7, A, 8, and ~y from Theorem 3. Assume |[t*~1 —t*||% <
Fy and ||tF — t*||3 < Fy, for a same bounded constant Fy. Let the constant B
be a function of Fy as defined in Eq. (5.43) by substituting F with Fy, and we

define I' as
I =C3B°. (5.45)

With proper step-size o, Eq. (5.33) is satisfied at kth iteration, i.e.,
e

2 w112
o> (1+90) Htk“—t G—F’yk,
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where the range of step-size is given in Eqs. (5.34) and (5.35) in Theorem 3.

Proof. We first bound |z*7|, ||z*||, and ||z**!|. According to Lemma 15,
we obtain that ||z7|| < B and ||z*|] < B, since ||t — t*||24 < F; and

|t"—t*||2 < Fi. By applying Lemma 16, we further obtain that [|z*+1|| < C, B.

Based on the boundedness of ||z*!||, ||z*|, and ||z**!||, we start to prove

the desired result. By applying the restricted strong-convexity assumption,

Eq. (5.15b), it follows that

28y ||z — 2*|| <20 (D™ (& —27) (D)7 [VE(E) - VE(2)]).

=2« <D°"zkJrl — DkHightt (D‘X’)_l [Vf(zkH) — Vf(z*)b
+ 20 (DMHZH — Dg” (D)7 [VE(ZM) - VE(2")])
+2(DFZE — Doz* (D) a [VE(z") — VE(z")]),

=81 + Sg + S3, (546)

where s1, So, s3 denote each of RHS terms. We show the boundedness of s1,
S92, and sz as follow.

Bounding s;: By using 2(a, b) < nl|al|*+|[b||* for any appropriate vectors
a, b, and a positive n, we obtain that

2

515 D = DI [ P e P o — o (5.47)

It follows ||D> — DX*| < nCH* as shown in Eq. (5.17), and |22 <

C?B? as shown in Eq. (5.44). The term ||z"™! — z*|| can be bounded with
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applying Lemma 14(b). Therefore,

CQ
51 <a(nC)? 71 +2n(dyd~Ly)*| B*y**

+ 2an(dd” Ly)? | DEH 25 — Doy, (5.48)
Bounding sy: Similarly, we use Lemma 14(a) to obtain
d Ly¢)?
59 <am ||DK+1ZK+1 — D=z ||? 4 a(dsLy) ||ZK+1 _ Zk”Q,
n
- =7 \2 132
SOMHDK+1ZK+1 _ D2 i 20(nCdd”Ly)°B 2K
n
20(d d™Ly)?

| 20lded Ly | D1k — DRgR|”. (5.49)

n
Bounding s3: We rearrange Eq. (5.40) in Lemma 13 as follow,
o [VE(z") — VE(z*)] =R (D"'2"! — D>z*)

+ A (DM12H — DFZR) + L (¢ —q*) . (5.50)

By substituting a[Vf(z*) — Vf(z*)] in s3 with the representation in the pre-
ceding relation, we represent s3 as

2

s3 = ||D¥ 2" — D>*z* "0

+2(DF gt — D> M (D" 2" — DRt
19 <DK+1ZK+1 — D*z" N (q — qk+1)> ’
=834 + S3p + S3e, (5.51)
where s3;, is equivalent to

Sgp = 9 <DK+1ZK+1 o DKZK, MT (Dooz* . DK+1ZK+1)>,
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and ss3. can be simplified as
S5, = 2 <DK+1ZK+1’ N (q* - qK+1)>
—9 <qK+1 — 45 N (q* _ qK+1)>‘

The first equality in the preceding relation holds due to the fact that NT D>z* =
0, and the second equality follows from the definition of q*, see Eq. (5.28).
By substituting the representation of ss, and ss. into (5.51), and recalling the

definition of t*, t*, G in Eq. (5.29), we simplify the representation of s,

53 = || DE+1ZKH — Doy

S 2T K G (6 —tR)) . (5.52)

With the basic rule

(EF =5, G (6 = t71Y)) + (G (5T =65 6 — tF)

* * 2
=t -t |65 — ¢ LAREE 1l o (5.53)

o~ |

2
o

We obtain that

2
S3 = HDKHZKJrl — DOOZ*H72Q

2|65 = g — 2 — el — 2 [l — e

—2(G (t"F =) e =t (5.54)
We analyze the last two terms in Eq. (5.54):

9 HtKH _ tK”Z <—2 HDK+1ZK+1 _ DKZKH?\/[T ’ (5.55)
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where the inequality holds due to N-matrix norm is nonnegative, and

—2(G (" =) 6r = ¢5 )
—_9 <MT (DK+1ZK+1 . DKZK) ,DOOZ* . DK+1ZK+1>
. 2 <DK+1ZK+1 . DOOZ*,NT (q* . qK+1)> 7

<O DR = DR 6l -

+ % HDK+1ZK+1 . Dooz*||2’ (5.56)

for some § > 0. By substituting Eqgs. (5.55) and (5.56) into Eq. (5.54), we

obtain that

59 <26 — €l = 2[5 = ¢l + lla = o e
+ HDK+1ZK+1 _ Doy 2§In—2Q
+ || DR - DR (5.57)

Next, it follows from Lemma 14(c) that

HDk+1Zk+1 — D>z <22 sz+1 — P+ 2(nC B)22.

Multiplying both sides of the preceding relation by ad—‘zf and combining it with

Eq. (55), we obtain

oS

2aS:(nCB)?
& T

L <oy syt st 2

HDk+1Zk+1 _ Dooz*

(5.58)
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By plugging the related bounds (s; from Eq. (5.48), sy from Eq. (5.49), and

s3 from Eq. (5.57)) in Eq. (5.58), it follows that

2 k+1,k+1 0o, |2
> || DM — Doz || rs _
G = s[5 -n-2n(dzd=1s)2| ln—L104Q

Htk_t* Htk-i-l —t*

2
o

2

+ HDk+1Zk+1 _ DkaH
MT,gMMT,

a(dgodn_Lf)Q I,

2

C 1 S
— a(nC)? 2—71] + (dd " Lg)? <7] + 5) + d_g] B*y*

In order to derive the relation that

[ — ||, > (1+6) [t — ]|, — ", (5.60)

it is sufficient to show that the RHS of Eq. (5.59) is no less than & ||t"+! — ¢* QG

I'v%. Recall the definition of G, t¥, and t* in Eq. (5.29), we have

2
SMT

2

0 ”thrl e

. F’}/k — HDk—i-lzk’-‘,—l — D®gz*

Flla = a -t Gon

Comparing Eqgs. (5.59) with (5.61), it is sufficient to prove that

2
S —
s[F-n-2ndsd= L)) tn— 1+ Q-sMT

HDk—i-lzk—i-l . Dooz*
2

2

i ||ch+lzk'+1 _ DkzkHMT_gMMT_

a(dgodn—Lf)Q I

+T9* — a(n0)? G +(dd Lg)* [ n+ ! + 5 B2k

> Hq* _ qk+1H§<%+N) ) (5.62)



CHAPTER 5. DEXTRA FOR SMOOTH CONVEX OPTIMIZATION 103

We next aim to bound ||q* — q’““H?(NNT o) in terms of || D*1zF+t — Doog*||
T2

and [|[DF1zM1 — DFzF||, such that it is easier to analyze Eq. (5.62). From

Lemma 13, we have

2

I

a — ., =L (a" = o)

|| mDta - Do)+ e - V)
+A(D DR 4 alVEE) - V]|
)

14 (lle+1zk+1 _ DkaH}TA_‘_aQL? |24+ — ZkH2> ’

2

<4 (HDk+1Zk+1 R

+ a2Lfc szﬂ —z"

2

k+1_k+1 00, *
< HD Z D>z ART R+8(aLpd—)2I,

2
+ HDkHZkH B Dkzk||4AVTg+8(aLfd7)2fn

+24 (anCd™Ly)* B*, (5.63)

2

Since that A (N+NT) >0, A(NNT) >0, A(LTL) >0, and Ay, (NZNT) =
Amin (NNT) = Ain (LTL) = 0 with the same corresponding eigenvector, we

have

- qk+1H§ q — quHiTL’ (5.64)

q am <60, |

where (5 is the constant defined in Theorem 3. By combining Egs. (5.63) with

(5.64), it follows that

*

0" = @ ) <00 " — @2,
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< HDk+1Zk+1 B DOOZ*H§02(4RTR+8(01Lfd_)21”)

2
n ||D’“+1z"”rl - DkzkH502(4ZTZ+8(aLfd_)21")

+ 2480, (anCd™ Ly)* B3*. (5.65)
Consider Eq. (5.62), together with (5.65). Let
[ =CyB?, (5.66)

where Cj is the constant defined in Theorem 3, such that all “y* items” in
Egs. (5.62) and (5.65) can be canceled out. In order to prove Eq. (5.62), it
is sufficient to show that the LHS of Eq. (5.62) is no less than the RHS of

Eq. (5.65), i.e.,

2
[e

Dk-i-lzk—‘rl — D>®g* s B
H 2 [Tg_n_gn(doodillf)ﬂ In_%In‘FQ_dMT

2

+ HDk+1Zk+1 _ Dka”MT—gMMT—

a(dogd— L )2
%f]n

2

k41, k+1
> HD z' — D>z’ 3C2(4RT R+8(aLyd~)2Iy)

+ || DMzt — DFsz (5.67)

k 2
||6Cg<4gTZ+8(aLfd*)21n) ’

To satisfy Eq. (5.67), it is sufficient to have the following two relations hold

simultaneously,
a | Sy RN 1 M+ M7
—|= —n—2n(d_d L — = = 0\pax | —————

>6C5 [4Amax (RTR) + 8(aLyd™)?] (5.68a)
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T — T 2
Amnin <M> —_ é)\max (MMT) _ M
2 2 n
>5C, [4)\max (A’T,Z() + 8(aLfd’)2} . (5.68b)

. T
where in Eq. (5.68a) we ignore the term Amn(ci—%)) due t0 Apin (Q +QT) = 0.

Recall the definition

Cy = 8Cs (Lyd)?, (5.69)
Cs = Amax (MJFTMT) +4C5Amax (RTR) (5.70)
o E = (L) 5.1)
A =Cg—4C46 (% + 055) : (5.72)

The solution of step-size, «, satisfying Eq. (5.68a), is

Cs — VA Co + VA

= T <a< 2=

2C46 20,0 (5.73)

where we set

St
d*(1 + (dd=Lys)?)’

n < (5.74)

to ensure the solution of a contains positive values. In order to have § > 0 in

Eq. (5.68b), the step-size, «, is sufficient to satisfy

MAmin (M + MT)
< . .
“= 2(dd=Ly)? (5.75)

By combining Eqs. (5.73) with (5.75), we conclude it is sufficient to set the

step-size a € [a, @], where

s Ge—VA

Teha (5.76)

o
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and
a= mln{ N L) 20w : (5.77)
to establish the desired result, i.e.,
[E% = €71 > (1 + 8)[[t*+ — £7]Jg, — " (5.78)
Finally, we bound the constant §, which reflecting how fast ||thrl —t* é con-
verges. Recall the definition of C5
1 . o
Cr = S max (MMT) +4Co Ao (AT A) (5.79)

To have a’s solution of Eq. (5.68b) contains positive values, we need to set

)\min (M + MT)

5
< 2C-

(5.80)
]

Note that Proposition 2 is different from Theorem 3 in that: (i) it only proves
the result, Eq. (5.33), for a certain k, not for all k € N*; and, (ii) it requires
the assumption that [[t*~! — t*||2 < Fy, and [[t* — t*||Z < F}, for some
bounded constant F;. Next, Proposition 3 shows that for all £ > K, where
K is some specific value defined later, if |[t* — t*||4 < F, and |[tF — t*[|Z >

(1+0)[[t*! — t*||% — Tv*, we have that ||tF! — t*||2 < F.

Proposition 3. Let Assumptions A4 and A5 hold, and recall the constants

Ch, Cy, C3, Cy, Cs, Cq, Cr, A, 0, and v from Theorem 3. Assume that at kth



CHAPTER 5. DEXTRA FOR SMOOTH CONVEX OPTIMIZATION 107

iteration, ||t* — t*||% < Fy, for some bounded constant Fy, and ||t* — t*||% >

(1+0)|[t*t — t*||Z — Tv*. Then we have that

[t — |7, < B (5.81)

15 satisfied for all k > K, where K is defined as

P (252

K =11
& | T2a(d12C;

(5.82)

Proof. Since we have ||t* —t*||Z < Fy, and |[tF —t*||% > (1 +6)||t"! —t*[|Z2 —

'+, it follows that

2

th — ¢ [k
tk"i‘l _ t* 2 < H G fy
| ¢ 115 140
F2 F")/k

< . 5.83

STh0 140 (5.83)
Given the definition of K in Eq. (5.82), it follows that for k > K

S\ nin <M+_MT> B2 SE
k ’ 2 (5.84)

<
7= T oa(d 2B = T
where the second inequality follows with the definition of I', and F' in Egs. (5.45)
and (5.43). Therefore, we obtain that

2 F2 6F2
. < T = F. (5.85)

Htk—i—l .

Proof of Theorem 3

We now formally state the proof of Theorem 3.
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Proof. Define F' = max;<p<x {||t" — t*||%}, where K is the constant defined in
Eq. (5.82). The goal is to show that Eq. (5.33) in Theorem 3 is valid for all k
with the step-size being in the range defined in Egs. (5.34) and (5.35).

We first prove the result for k& € [1,..., K]: Since ||t* —t*Hé < F,Vk €

[1,..., K], we use the result of Proposition 2 to have
6 = €2 > (1 + It — €)% —To", Wk € [1,.... K],

Next, we use induction to show Eq. (5.33) for all k¥ > K. For F' defined
above:

(i) Base case: when k = K, we have the initial relations that

2

[t5 —t*|| < F, (5.86a)
[t5 — ¢ < F, (5.86D)
165 = 6711& = (14 9)IE" " — ]I — T™. (5.86¢)

(ii) We now assume that the induction hypothesis is true at the kth iteration,

for some k£ > K, i.e.,

2

[t*! —t*||, < F, (5.87a)
[t* — |7, < F, (5.87b)
It" =718 = (1 +0)[[t" — (| — TF, (5.87c)

and show that this set of equations also hold for £ + 1.
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(iii) Given Egs. (5.87b) and (5.87c), we obtain ||t*™! — t*||2 < F by applying
Proposition 3. Therefore, by combining |[t**! — t*||2, < F with (5.87b), we
obtain that ||t*™! — t*[|Z > (1 + 9)|[t**2 — t*||% — Tv**! by Proposition 2. To

conclude, we obtain that

[t* — ||, < F. (5.884)
[t — 72 < F, (5.88D)
655 = £71G > (14 0) 6772 — £l — Ty, (5.88¢)

hold for k£ + 1.
By induction, we conclude that this set of equations holds for all k&, which

completes the proof. O

5.5 Numerical Experiments

This section provides numerical experiments to study the convergence rate of
DEXTRA for a least squares problem over a directed graph. The local objec-
tive functions in the least squares problems are strongly-convex. We compare
the performance of DEXTRA with other algorithms suited to the case of di-
rected graph: GP as defined by [61, 63-65], and D-DSD as defined by [79].
Our second experiment verifies the existence of ap,;, and .y, such that the

proper step-size « is between oy, and ... We also consider various net-
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work topologies and weighting strategies to see how the eigenvalues of network
graphs effect the interval of step-size, a. Convergence is studied in terms of

the residual

I
re—E;HZi —u|,

where u is the optimal solution. The distributed least squares problem is
described as follows.

Each agent owns a private objective function, h; = H;x + n;, where h; €
R™ and H; € R™*P are measured data, x € R? is unknown, and n; € R™ is
random noise. The goal is to estimate x, which we formulate as a distributed

optimization problem solving

. 1 ¢
min f(x) = EZ | Hix — hy||.
=1

We consider the network topology as the digraph shown in Fig. 5.1. We first
apply the local degree weighting strategy, i.e., to assign each agent itself and
its out-neighbors equal weights according to the agent’s own out-degree, i.e.,

1

aij

According to this strategy, the corresponding network parameters are shown
in Fig. 5.2. We now estimate the interval of appropriate step-sizes. We choose
Ly = max; {2 \max (H; H;)} = 0.14, and S; = min {2 \in(H;' H;)} = 0.1. We

set n = 0.04 < Sy/d? and § = 0.1. Note that n and ¢ are estimated values.
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According to the calculation, we have C = 36.6 and Cy = 5.6. Therefore, we

Mmin (M+MT)

estimate that o = 2L (dd )P

—0.26, and o < S/CLI2 9651071, We
2

thus pick @ = 0.1 € [a, @] for the following experiments.

Figure 5.1: Strongly-connected but non-balanced digraphs.

Amin (M + MT) | 0.98
d 1.54
d- 1.38
1.38

Figure 5.2: The calculated network parameters.

Our first experiment compares several algorithms suited to directed graphs,
illustrated in Fig. 5.1. The comparison of DEXTRA, GP, D-DSD and DGD

with weighting matrix being row-stochastic is shown in Fig. 5.3. In this exper-
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iment, we set a = 0.1, which is in the range of our theoretical value calculated
above. The convergence rate of DEXTRA is linear as stated in Section 6.3. G-
P and D-DSD apply the same step-size, a = \/iE As a result, the convergence
rate of both is sub-linear. We also consider the DGD algorithm, but with the
weighting matrix being row-stochastic. The reason is that in a directed graph,
it is impossible to construct a doubly-stochastic matrix. As expected, DGD
with row-stochastic matrix does not converge to the exact optimal solution

while other three algorithms are suited to directed graphs.

b
-4
TR L0 N .
s
e
§7 b
)
B 10 0 b 1
5 * m DGD with Row-Stochastic Matriy
10 “““““““““““““““““““““““ Y GP N
¢ D-DGD
% DEXTRA
1071 i i i
0 500 1000 1500 2000
k

Figure 5.3: Convergence rate comparison between DEXTRA, GP, and D-DSD
in a least squares problem over directed graphs.

According to the theoretical value of o and @, we are able to set available
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step-size, a € [9.6 x 107%,0.26]. In practice, this interval is much wider.
Fig. 5.4 illustrates this fact. Numerical experiments show that auy, = 0T
and . = 0.447. Though DEXTRA has a much wider range of step-size
compared with the theoretical value, it still has a more restricted step-size
compared with EXTRA, see [48], where the value of step-size can be as low
as any value close to zero in any network topology, i.e., aym = 0, as long as
a symmetric and doubly-stochastic matrix is applied in EXTRA. The relative
smaller range of interval is due to the fact that the weighting matrix applied

in DEXTRA can not be symmetric.

10 ‘ ‘
8 ¥ DEXTRA converge, 0=0.001
10" |'| m DEXTRA converge, a=0.03 1
10° - ® DEXTRA converge,a=0.1 | i
4 DEXTRA converge, 0=0.447
10 || * DEXTRA diverge, a=0.448

Residual

k

Figure 5.4: DEXTRA convergence w.r.t. different step-sizes.
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The explicit representation of @ and « given in Theorem 7?7 imply the way

to increase the interval of step-size, i.e.,

a XX s o X

(dxd™)?

Amin (M+MT)
(dood™)?

; to decrease o, we can decrease ﬁ.

To increase @, we increase
Compared with applying the local degree weighting strategy, Eq. (5.89), as

shown in Fig. 5.4, we achieve a wider range of step-sizes by applying the

constant weighting strategy, which can be expressed as

L= 0.0L(NP| 1), i =},
aij = V],
0.01, i#j, ieN™,

This constant weighting strategy constructs a diagonal-dominant weighting

>\min (M+MT)

o 2 It may also be observed from Figs. 5.4

matrix, which increases
and 5.5 that the same step-size generates quiet different convergence speed
when the weighting strategy changes. Comparing Figs. 5.4 and 5.5 when step-
size « = 0.1, DEXTRA with local degree weighting strategy converges much

faster.

5.6 Conclusions

In this chapter, we introduce DEXTRA, a distributed algorithm to solve multi-

agent smooth optimization problems over directed graphs. We have shown
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10 ‘ ‘
8 ¥ DEXTRA converge, 0=0.001
10" '| = DEXTRA converge, a=0.1 )
10° - ® DEXTRA converge, 0=0.3 | i
4 DEXTRA converge, a=0.599
10° || * DEXTRA diverge, 0=0.6 1

Residual

Figure 5.5: DEXTRA convergence using the constant weighting strategy.

that DEXTRA succeeds in driving all agents to the same point, which is the
exact optimal solution of the problem, given that the communication graph is
strongly-connected and the objective functions are strongly-convex. Moreover,
the algorithm converges at a linear rate O(7%) for some constant, 7 < 1.
This is the best known rate of convergence for this class of problems. The
fast convergence rate is achieved because we harness the function smoothness.
Numerical experiments on a least squares problem show that DEXTRA is
the fastest distributed algorithm among all algorithms applicable to directed

graphs.
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Chapter 6

ADD-OPT for Smooth Convex

Optimization

In this chapter, we propose, ADD-OPT: Accelerated Distributed Directed OP-
Timization, to solve the distributed smooth optimization problem, P1, over
directed networks. ADD-OPT achieves the best known rate of convergence
for this class of problems, O(u*) for 0 < 1 < 1 given that the objective func-
tions are strongly-convex, where k is the number of iterations. Compared
with DEXTRA, ADD-OPT supports a wider and more realistic range of step-
size. In particular, the greatest lower bound of DEXTRA’s step-size is strictly
greater than zero while that of ADD-OPT’s equals exactly to zero. Simulation

examples further illustrate the improvements.
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6.1 Motivation

In previous chapter, we propose DEXTRA, a fast distributed algorithm over
directed network for smooth optimization. By combining the push-sum proto-
col, [66, 67], and EXTRA, [48], DEXTRA achieves a linear convergence rate
given that the objective functions are strongly-convex. However, one drawback
of DEXTRA is the restrictive range of step-size. The greatest lower bound of
DEXTRA’s step-size is strictly greater than zero. In particular, a proper step-
size, o, for DEXTRA converging to the optimal solution lies in a € (a, @),
where a and @ denote the lower and upper bound respectively. It is true that
a > 0. Considering that it is hard to estimate « in a distributed setting be-
cause the expression of a requires the global knowledge, it is always an open
problem on how to pick a proper step-size, «, in DEXTRA to guarantee the
convergence, i.e., & € (o, @). In contrast if & = 0, agents can pick whatever
small value for o to ensure the convergence.

Therefore, we propose ADD-OPT, aiming to relax the range of step-size
while keep achieving a linear convergence rate when the objective functions
are strongly-convex. Compared to DEXTRA, ADD-OPT’s step-size, «, lies
in « € (0,@), i.e., &« = 0. This guarantees ADD-OPT to be a more reliable
algorithm in distributed setting. We show that, after some derivation, the

ADD-OPT has a similar representation as DEXTRA. In this point of view, it
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can be regarded as an extended result of DEXTRA.

6.2 ADD-OPT Development

In this section, we first describe the implementation of ADD-OPT. We derive
an informal but intuitive proof showing that ADD-OPT pushes the agents
to achieve consensus and reach the optimal solution of Problem P1. After
proposing ADD-OPT, we derive it to a similar representation of DEXTRA
to show the relations between the two. The analysis also helps to reveal how
to increase the range of step-size in DEXTRA by adjusting the weighting
matrices. We also analyze the performance of both ADD-OPT and DEXTRA

when the step-size is zero. Formal convergence results are left to later sections.

ADD-OPT Algorithm

To solve Problem P1, we describe the implementation of ADD-OPT as follows.
Each agent, j € V, maintains three vector variables: x, ;, z ;, wi; € RP, as
well as a scalar variable, y; ; € R, where k is the discrete-time index. At kth
iteration, agent j weights its states, a;;jXy j, ai;jys ;, as well as a;;wy, j, and sends

these to each of its out-neighbors, ¢ € ./\/'f“t, where the weights, a;;’s are such
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that:

>0, i€ Nout n
Qi = ’ Zaij = 17v.] (61)
0, otw., i=1

With agent i receiving the information from its in-neighbors, j € AN, it

updates Xp41,i, Yk+1,i, Zkt1,i and Wy ; as follows:

X+l = Z Q;jXpj — AWy 4, (6.2a)
JEN

Yk+1,i = Z Qi Yk.js (6.2b)
JENID

Zk+1, =Tkl (6.2¢)
Yk+1,

Wil = Z AW j + Vfi(zk+1,i) - vfi<zk,i)- (6-2d)
jeNIn

In the above, V f;(z;) in the gradient of the function f;(z) at z = z;, for
all & > 0. The step-size, «, is a positive number within a certain interval.
We will explicitly show the range of o later. For any agent ¢, it is initiated
with an arbitrary vector, xq;, and with wo,; = V f;(2zo,) and yo; = 1. We note
that the implementation of Eq. (6.2) needs each agent to at least have the
knowledge of its out-neighbors degree. See [61, 6365, 74, 79, 82, 83] for the
similar assumptions.

To simplify the analysis, we assume from now on that all sequences up-
dated by Eq. (6.2) have only one dimension, i.e., p = 1; thus x;, Yk, Wk,

zr; € R, Vi,k. For xp,, Wi, Zr; € RP being p-dimensional vectors, the
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proof is the same for every dimension by applying the results to each co-
ordinate. Therefore, assuming p = 1 is without the loss of generality. We
next write Eq. (6.2) in a matrix form. Define xx, yx, Wi, zx, Vi € R”
as Xp = [%,1, s ,%,n]T’ Y = [yk:,la"' aykz,n]T7 Wi = [wk,1, s 7wk,n]Ta zZp =
[zk1, s 2k Ty and Vi = [V fi(zk1), -+, Viu(2ka)] T Let A = {a;;} € R™"

be the collection of weights a,;. It is clear that A is a column-stochastic matrix.

Define a diagonal matrix, Y, € R™*", for each k, as follow

Yy, = diag (yr) - (6.3)

Given that the graph, G, is strongly-connected and the corresponding weight-
ing matrix, A, is non-negative, it follows that Y}, is invertible for any k. Then,

we can write Eq. (6.2) in the matrix form equivalently as follows:

Xyl =AxXp — awy, (6.4a)
Yi+1 =AYk, (6.4Db)
Zj+1 :ijrllxk’-i-la (6.4c)
Wi =Awy + Vi — Vi, (6.4d)

where similarly we have the initial condition wy = Vfj.
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Interpretation of ADD-OPT

Based on Eq. (6.4), we now give an intuitive interpretation on the convergence
of ADD-OPT to the optimal solution. By combining Eqgs. (6.4a) and (6.4d),

we obtain that

Xk4+1 = AXk — [AW]C,1 + ka — ka,l]

AXp_ — X,

:Axk—oaA[
Q@

] — [V — V]
= 2Ax), — A%y — [V, — V1] (6.5)

Assume that the sequences generated by Eq. (6.4) converge to their limits (not
necessarily true), denoted by Xoo, Yoo, Woo, Zoo, Vs, respectively. It follows

from Eq. (6.5) that
Xoo = 24X — Ao — a[VEy — VI ], (6.6)

which implies that (I, — A)*x, = 0, or X, € span{y..}, considering that

Voo = Ays. Therefore, we obtain that
Zoo = Y 'Xo € span{l,}, (6.7)

where the consensus is reached.
By summing up the updates in Eq. (6.5) over k from 0 to oo, we obtain

that

o0

Xoo = AXo + Z(A —I,)%x, — Z(AQ — A)x, — aVf,.

r=1 r=0
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Noting that x,, = Ax., it follows

aVi, = i(A —I,)x, — i(A2 — A)x,.
r=1 r=0

Therefore, we obtain that

Al Ve =17 (A= 1)) %, =1, (A= 4)) "x, =0,
r=0

r=1

which is the optimality condition of Problem P1 considering that z., € span{1,}.
To conclude, if we assume the sequences updated in Eq. (6.4) have limits, X,
Voos Woo, Zoos Vs, we have the fact that z., achieves consensus and reaches

the optimal solution of Problem P1. We next discuss the relations between

ADD-OPT and DEXTRA.

ADD-OPT and DEXTRA

We consider DEXTRA to solve the corresponding distributed optimization
problem over directed graphs. It achieves a linear convergence rate given that
the objective functions are strongly-convex. At kth iteration, each agent ¢
keeps and updates three states, zx;, yxi, and z;,. The iteration, in matrix

form, is shown as follow.

X1 = (In + A) x), — Axp_y — a [V, — V4], (6.8a)
Yi+1 :Ayk7 (68b)

Zi+1 :ijrllxkﬂa (6.8¢)
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where A is a column-stochastic matrix satisfying that A=0I,+ (1—-0)A with
any 0 € (0, %], and all other notations stick to the same definition appeared
earlier in the chapter.

By comparing Eqgs. (6.5) and (6.8a), (6.4b) and (6.8b), and (6.4c) and
(6.8¢), it follows that the only difference between ADD-OPT and DEXTRA lies
in the weighting matrices used when updating x;. From DEXTRA to ADD-
OPT, we change (I, + A) in (6.8a) to 24 in (6.5), and A to A2, respectively.
Mathematically, if A = I,,, the two algorithms become the same. Therefore,
ADD-OPT can be regarded as an extended version of DEXTRA, in that we
will show later that it has a wider range of step-size compared to DEXTRA,
i.e., the greatest lower bound, «, of ADD-OPT’s step-size is zero while that of
DEXTRA’s is positve. This also reveals the reason why in DEXTRA we prefer
constructing A to be an extremely diagonal dominant matrix (see Assumption
A5(C) in the previous chapter). The more similar A is to [, the closer a
approaches zero. However, in DEXTRA « can never reach zero since A can
not be the identity, [,, which otherwise means there is no communication
between agents. Therefore, ADD-OPT can not be regarded as a special case
of DEXTRA since A # [,. In this chapter, we provide a totally different,
but much more compact and elegant proof, compared to DEXTRA’s proof, to
show the linear convergence rate of ADD-OPT.

Note that the implementation of Eq. (6.5) requires agents to communicate
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with the neighbors of their own neighbors (because of A?), which takes two
iterations for each agent. This explains why ADD-OPT needs to keep and
update 4 variables, X, yr, Wi, and z;, compared with DEXTRA which only
have 3 variables, x;, ¥, and z;. It can be considered as a tradeoff of between

increasing the step-size range and decreasing the number of variables.

Interpretation of Algorithms when a =0

For any gradient-based method, let & = 0 is mathematically equivalent to
Vi, = 0, for all k, which means all local objective functions are constants.
Thus, the methods are simplified to have agents reach consensus only. We
now discuss whether DEXTRA can push all agents to consensus if we force
the step-size to be zero. Assume that the sequences generated by Eq. (6.8)
converge to their limits (not necessarily true), denoted by Xoo, Yoo, Zoo, and

Vi, respectively. Consider Eq. (6.8a) when o = 0,
Xpa1 = (In + A)xp — Axy_y. (6.9)

By summing Eq. (6.9) over k from 0 to co, we obtain that

Xoo = AXpo — Y (A — A)x,. (6.10)
r=0

According to the previous analysis from Egs. (6.6) to (6.7), we know that

in order to reach consensus, i.e., z,, € span{l,}, it is equivalent to satisfy
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Xoo € span{ye }, which results in

o0

> (A—A)x, =0,. (6.11)

r=0

Since xq is arbitrary, and only x., satisfying that x,, = Ax., or (Z —A)Xo =
0,,, we have that Z;’,‘;O(Z — A)x, # 0,. This reaches a contradiction. There-
fore, DEXTRA does not push all agents to the consensus when a = 0.

We now consider the performance of ADD-OPT when o = 0. We still
assume that the sequences generated by Eq. (6.4) converge to their limits
(not necessarily true), denoted by Xs, Yoo, Woo, Zoo, Vs, respectively. In
fact, it is straightforward to observe that Eq. (6.4) with having o = 0 is
exactly the push-sum consensus, [66, 67], which push agents to reach average
consensus in a directed graph. Therefore, ADD-OPT converges to the optimal
solution when o = 0. To better compare ADD-OPT with DEXTRA, we
analyze ADD-OPT using similar derivations for DEXTRA above. By summing

up the updates in Eq. (6.5) over k from 0 to oo, we obtain that

Xoo = AXoo + AL, — A)xo — > (I, — A)’x,, (6.12)
r=1
which is sufficient to satisfy that
D (A= L)x, = Axq, (6.13)
r=1

by considering the condition that x,, = Ax.. Compared Egs. (6.13) from the

derivation of ADD-OPT with (6.11) from DEXTRA, we say that ADD-OPT
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works when o = 0 because there exists a additional term Axy. The infinit sum
> (A = I,)x, is accumulated to compensate this initial term Axg. In the

r=1

next section, we state the convergence result with appropriate assumptions.

6.3 Assumptions and Main Result

With appropriate assumptions, our main result states that ADD-OPT con-
verges to the optimal solution of Problem P1 linearly. We state again that
from now on we assume that the states of agents have only one dimension,
i.e., p = 1, which is without the loss of generality. In this paper, we assume
that the agent graph, G, is strongly-connected; each local function, f;(z), is
convex and differentiable, and the optimal solution of Problem P1 and the
corresponding optimal value exist. Formally, we denote the optimal solution
by z* and optimal value by f*, ie., f* = f(2*) = min,cg f(z). Besides the
above assumptions, we formally present assumptions regarding the gradients of
objective functions as follows, which is standard for smooth convex functions,

[46, 48, 83],

Assumption A6 (Lipschitz continuous gradients and strong convexity). Fach
private function, f;, is differentiable and strongly-convex, and the gradient is

Lipschitz continuous, i.e., for any i and z1, zo € R,
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(a) there exists a positive constant | such that,

[V fi(z1) = Vfi(z2)|| < U[21 — 22][;

(b) there exists a positive constant s such that,

sllz1 — 2)* < (Vfi(z1) — Vfi(22), 21 — ).

With these assumptions, we are able to present ADD-OPT’s convergence re-
sult, the representation of which are based on the following notations. Based
on earlier notations, X, wy, and Vf,, we further define X, Wy, z*, g, hy € R”

as

1
X = —1,1) x4, (6.14)
n
_ 1
n
z" = 2"1,, (6.16)
1 T
n
1
h, = —1,1) Vf(%,), (6.18)
n

where VE(X;,) = [V/f1(21) %), ..., V (1] x;)]T. We denote constants 7, e,

and 7 as

T=||A- 1], (6.19)

e= |1, — A, (6.20)
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n=max (|1 —al|, |1 —as]|), (6.21)

where A is the column-stochastic weighting matrix used in Eq. (6.4), Ax =
limy,_,oc A* represents A’s limit, « is the step-size, and [ and s are respectively
the Lipschitz gradient constant and strong-convexity constant in Assumption

A6. Let Y, be the limit of Y, in Eq. (6.3),
Y., = lim Yj, (6.22)
and y and y_ be the maximum of ||Y;|| and ||, || over k, respectively,
y = max 1Ykl (6.23)
y- = max Y- (6.24)

Moreover, we define two constants, o, and, i, through the following two
lemmas, which is related to the convergence of A and Y,,. Note that Lemmas
17 and 18 are reformulated with notations introduced above to simplify the

proof.

Lemma 17. (Nedic et al. [61]) Consider Yj, generated from the column-
stochastic matriz, A, and its limit Y. There exist0 < v <1 and 0 <T < oo

such that for all k

Vi — Yaell < 745, (6.25)
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Lemma 18. (Olshevsky et al. Jolshevsky/) Consider Y, in Eq. (6.22), and A
being the column-stochastic matriz used in Fq. (6.4). For any a € R", define

a= %lnlza. There exist 0 < o < 1 such that for all k
|Aa — Yoa] < o fla— Y] (6.26)

Based on the above notations, we finally denote t;, s;, € R3, and G, Hj, €

R3*3 for all k as

e — Yoo I
b= | me-al | om0 |-
| 1wi = Yoogl| | 0]
_ o 0 Qo |
G = a(ly_) n 0 ;
ety + a(elPyy?) a(elPyy_) o+ a(ely_)

0 0 0

Hy = aly_THF 0 0 |- (6.27)

aly +2)ely>Ty¥ 0 0
1

We now state the key relation in this chapter.

Theorem 5. Let Assumption 6.2 holds. The following inequality holds for all

k>,

tk S Gtk,1 + Hk,lsk,l. (628)
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Proof. See the section of convergence analysis. ]

Eq. (6.28) in Theorem 5 is the key relation of this paper. We leave the
complete proof in later sections, with the help of several auxiliary relations.
Note that Eq. (6.28) provides a linear iterative relation between t; and tj_;
with matrix G and Hy. Thus, the convergence of t; is fully determined by
G and Hy. More specifically, if we want to prove a linear convergence rate
of ||tx]| to zero, it is sufficient to show that p(G) < 1, where p(-) denotes the
spectral radius, as well as the linear decaying of Hj, which is straightforward
since 0 < v; < 1. In Lemma 19, we first show that with appropriate step-size,
the spectral radius of GG is less than 1. Following Lemma 19, we show the

linear convergence rate of G* and Hj, in Lemma 20.

Lemma 19. Consider the matriz, G, defined in Eq. (6.27) as a function of

the step-size, a. It follows that p(Gs) < 1 if the step-size, o € (0, @), where

V(e78)2 + dey(l + s)s(1 — 0)2 —eTs
2elyy_ (1 + s) '

v/ dey(l+s)s(1—0)?

(
2elyy— (I+s)

o=

(6.29)

Proof. Tt is easy to verify that @ < < % As a result, we have

n=1—as. When a = 0, we have that

Go = 0 1 0| (6.30)
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the eigenvalues of which are o, o, and 1. Therefore, p(Gy) = 1, where p(+)
denotes the spectral radius. We now consider how the eigenvalue 1 is changed
if we slightly increase a from 0. We denote Pg, (q) = det(ql, — G,) the
characteristic polynomial of G,. By letting det(ql,, — G,) = 0, we get the

following equation.

((q—0)* —aely_(¢—0))(q — 1+ as) — a’*Peyy*

—alq — 1+ as)(elry_ + alel’yy*)) = 0. (6.31)

Since we have already shown that 1 is one of the eigenvalues of Gy, Eq. (6.31)
is valid when ¢ = 1 and o = 0. Take the derivative on both sides of Eq. (6.31),
and let ¢ = 1 and a = 0, we obtain that j—i]azoqul = —s < 0. This is saying
that when « increases from 0 slightly, p(G,) will decrease first.

We now calculate all possible values of o for A(G,) = 1. Let ¢ = 1 in

Eq. (6.31), and solve the step-size, o, we obtain that, a; = 0, ay < 0, and

. (ems)? +4ey(l+ s)s(1 — 0)% —ers
Gma= 2elyy_ (1 + s) '
Since there is no other value of a for A(G,) = 1, we know that all eigenvalues

of G, is less than 1 for a € (0, @) by considering the fact that eigenvalues are

continuous functions of matrix. Therefore, p(G,) < 1 when a € (0, @). O

Lemma 20. With the step-size, o € (0, @), where @ is defined in Eq. (6.29),

the following statements hold for all k,
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(a) there exist 0 < 1 < 1 and 0 < T'y < 0o, where 1 is defined in Eq. (6.25),
such that

| HK]| = 17
(b) there exist 0 < v < 1 and 0 < I'y < oo, such that

1G*]| < Do

(c) there exist v = max{vy,v2} and I' = T'1T'y/~, such that for all0 < r < k,

&+t | < T

Proof. (a). This is easy to verify according to Eq. (6.27), and by letting

Dy =1ly-Tv/o? + (aly + 2)22y>.
(b). We represent G* in the Jordan canonical form as G¥ = PJ*Q. Ac-
cording to Lemma 19, we have that all diagonal entries in J are smaller than

one. Therefore, there exist 0 < I'y < co and 0 < 5 < 1, such that
|G*[| < IPIIQI | ]| < Tans. (6.32)
(¢). The proof of (¢) is achieved by combining (a) and (b). O

We now present the main result of this paper in Theorem 6, which shows

the linear convergence rate of ADD-OPT.
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Theorem 6. Let Assumption 6.2 holds. With the step-size, o € (0, @), where
@ is defined in Eq. (6.29), the sequence, {zy}, generated by ADD-OPT, con-
verges exactly to the optimal solution, z*, at a linear rate, i.e., there exist some
bounded constants M > 0 and v < p < 1, where v is used in Lemma 20(c),

such that for any k,
|z — z*|| < MpF. (6.33)

Proof. We write Eq. (6.28) recursively, which results

k—1
tr <G*to+ Y G*'H,s,. (6.34)

r=0
By taking the norm on both sides of Eq. (6.34), and considering Lemma 20,

we obtain that

k—1

el < [|GF[| goll + D |GF = H [ sl
r=0

k—1
<Py [ltoll + D T7* [Is. |l (6.35)

r=0

in which we can bound ||s,|| as

I/l < llxr = YooXo || + Voo [ 1% = 27[] + Yoo | |27l

<(L+y) It +yllz"] - (6.36)

Therefore, we have that for all k

k—1
[tx]] < <leltoll +T(L+y) Y It ]+ Fy/fllz*ll)v’“- (6.37)

r=0
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Our first step is to show that ||tx]| is bounded for all k. It is true that there

exists some bounded K > 0 such that for all £k > K it satisfies that
(Ty + (1 + 2y)k) ¥~ < 1. (6.38)

Define ® = maxo<g<r (||tx] , |Z«]|), which is bounded since K is bounded. It
is true that [[tg]| < ® for 0 < k < K. Consider the case when k = K + 1. By

combining Egs. (6.37) and (6.38), we have that
Jtrcarll <@(T5 +D(1+ 2)(K +1) )74 < . (6.39)

We repeat the procedures to show that ||t < @ for all k.
The next step is to show that [[tx|| decays linearly. For any p satisfying
v < u < 1, there exist a constant U such that (%)’C > £ for all k. Therefore,

by bounding all ||t|| and ||z*|| by ® in Eq. (6.37), we obtain that for all k
Itell <®(T% + (1 +24)k )7
<o (1,4 114+ 29U E (2 k e
< 2 o\
gcp(rg Y1+ 2y)U>uk. (6.40)
It follows that ||zx — z*|| and ||tg|| satisfy the relation that

|lzx — 2" < HY};lxk — Yk’lYooikH + ||Yk71Yooz* —z"

+ ||V YaXy = Y Y|

<y_(L+y) Itel +y-T1 ||z*]|, (6.41)
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where in the second inequality we use the relation ||Y, Yoo — L, || < ||V /|| Yeo—
Yi|| < y_T~¥ achieved from Eq. (6.25). By combining Eqgs. (6.40) and (6.41),

we obtain that
1z, — 2*|| <y-®[(1 +y)(Ta + T(1 + 2y)U) + T] ",

The desired result is obtained by letting M = y_®[(1+y)(I'y + (1 +2y)U) +

7). u

Themorem 6 shows the linear convergence rate of ADD-OPT. In next twp

sections, we prove Theorem 5 with the help of some auxiliary relations.

6.4 Auxiliary Relations

We provide several basic relations in this section, which will help the proof
of Theorem 5. Lemma 21 derives iterative equations that govern the average
sequence X and wy. Lemma 22 gives inequalities that are direct consequences
of Eq. (6.25). Lemma 23 can be found in standard optimization literature, [91].
It states that if we perform a gradient descent step with a fixed step-size for a
strongly convex and smooth function, then the distance to optimizer shrinks

by at least a fixed ratio.

Lemma 21. The following equations hold for all k,

(CL) Wk: = 8k;
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(b) Xpy1 = Xi, — Oy,
Proof. Since A is column-stochastic, satisfying 1] A = 17, we obtain that
Wi = %1711[ (Awy_y + Vi, — Vi)
= Wi—1+ 8k — 8k-1-
Do this recursively, and we have that
Wi = Wo + 8k — 8o

Recall that we have the initial condition that wy = V{j, which is equivalently
to Wo = gx. Hence, we achieve the result of (a). The proof of (b) follows the

following derivation,

1
ik-{-l = —].n]_;lr (AXk — Osz)
n

= ik - O[Wk,
- ik - Oéglw
where the last equation use result of (a). The proof is done. O

Lemma 22. The following inequalities hold for all k > 1,
(a) Vi Yoo — Lo|| < y-THt™;

) i =¥ < 22 T
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Proof. By considering Eq. (6.25), it follows that
Vit Yoo = Ll < [V [ Yoo = Vel < y-Top ™
The proof of (b) follows

¥t =Yl < (W Y = Yl [y

< 22Ty
This finishes the proof. [

Lemma 23. Let Assumption A6 hold for the objective function, f(z), in P1,

and s and [ are the strong-convexity constant and Lipschitz continuous gradient

constant, respectively. For any z € R, define zy = z — aV f(z), where 0 <
2

a< 7. Then

Iz = 2" < mllz =27,

where n = max (|1 — ol , |1 — as|).

6.5 Convergence Analysis

The proof of Theorem 5 is provided in this section. We will bound ||x;,—YoXx||,
|IXx — z*||, and ||wy — Yoogk|| by the linear combinations of their past values,
Le, ||xp—1 — YooXp—1ll, |[Xk—1 — 2%||, and ||[Wi—1 — Yoo8k_1]|, as well as ||xx_1]].

The coefficients will be shown to be the entries of G and Hj_;.
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Step 1: Bound ||x; — Yoo Xl

According to Eq. (6.4a) and Lemma 21(b), we obtain that
%k — YooXi || < ||Axpo1 — YooXp1|| + @ ||Wi1 — Yoor_1]| - (6.42)
Note that ||Axg_1 — YooXp_1|| < 0||xp—1 — YooXg_1|| from Eq. (6.26), we have
1%k — YooXi|| <o ||xk-1 — YooXp—1|| + @ ||[Wi—1 — Yoo8k-1]| - (6.43)

Step 2: Bound ||X; — z*||.

By considering Lemma 21(b), we obtain that
X = [ik,1 — Oéhkfl] — [gk,1 — hkfl] . (644)

Let x; = X;_1 — ahy_1, which is performing a (centralized) gradient descent
to minimize the objective function in Problem P1. Therefore, we have that,

according to Lemma 23,
x4 — 2" < K1 — 27| (6.45)

By applying the Lipschitz continuous gradient assumption, Assumption 6.2(a),

we obtain

1

EE R PR L) (6.40)

Therefore, it follows that

%k = 27| < llxy = 27[| + aflge1 = Ty
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<N ||Xk—1 —2"|| + ol ||Zg—1 — Xg—1]| - (6.47)
Notice by Eq. (6.4c) and Lemma 22(a), it follows that

z6-1 — X || < ||Vl (%1 — YooXuo1) || + || (Vi Yoo — L) X ||

<y %1 = YR | + y-T7 7 Ixial (6.48)

where in the second inequality we also make use of the relation ||X;_;| <

||xk—1]|. By substituting Eq. (6.48) into Eq. (6.47), we obtain that

1Xe — 2*|| <aly— [[xp—1 — YoeXp1|l + 7 [[Xn1 — 27|

+aly Ty x| - (6.49)

Step 3: Bound ||wy — Yo gx||.

According to Eq. (6.4d), we have
Wi — Yool < [[AWk—1 = Yoogr |l + [[(VE = VEi—1) — (Yoogk — Yoogr—1) |l -
With Lemma 21(a) and Eq. (6.26), we obtain that

| Awg_1 — Yoogi—1|| = [[AWi—1 — Yoo W]

S g ”Wk—l — YooWk_lﬂ . (650)
It follows from the definition of g; that

1
1(VE, — Ve 1) — (Yoolk — YooZr1)|| = H (In — EYOOLJZ) (Ve — V1)

(6.51)
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Since %Yoolnlz = A, where A, = limj_,., A¥, we obtain that
(V= V1) — (Yoogr — Yoogr1) || <el |z, — zp-1]l,

where in the preceding relation we use the Lipschitz continuous gradient as-

sumption, Assumption A6(a). Therefore, we have
Wi — Yool <o [[wi1 — Yoegr-1l + €l ||z, — zp—1]]- (6.52)
We now bound ||z, — zx_1||. Note that

1
||hk_1|| = Hﬁlnlef(ik_l) S l ||§k—1 — Z*H . (653)

As a result, we have

Ve wea| < [V (weon = Yaoge) || + [V Yochia |
+ [V Vo (811 — b |
<Y [[Wi—1 = Yoo&k-1ll + y-yl [Ke-1 — 2"[| + y-yl [|2k-1 — Xp1]|
<y IWi—1 — Yool + y-yl |Ke1 — 2| + y2 yl | xp—1 — YoXpor |

+ 2yl Ty [xeall (6.54)

where the last inequality is valid by considering Eq. (6.48). With the upper
bound of ||Y, 'wy_| provided in the preceding relation and note that (A —

1,)YooXi—1 = 0, we can bound ||z, — z;_1]| as follow.

R ) [ (e v P
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<% (A = |+ ¥ |+ 57— YA
<(y-7+ oy’ yl) | xr-1 — YooXp_1l| + @y [|[Wi—1 — Yook

+ay yl K1 — 2*|| + (ayl + 2)y2 Ty x| (6.55)
By substituting Eq. (6.55) in Eq. (6.52), we obtain that

Wi — Yaegll <(elry— + ael’yy?) [[xp—1 — YooK || + ael’yy— [|[%e1 — 27
+ (0 +aely) [|Wi1 = Ve[| + (ayl + 2)ely> Ty~ [[xp ] -

(6.56)

Step 4: By combining Eqgs. (6.43) in step 1, (6.49) in step 2, and (6.56) in

step 3, we complete the proof.

6.6 Numerical Experiments

In this section, we compare the performances of algorithms solving the dis-
tributed consensus optimization problem over directed graphs, including ADD-
OPT, DEXTRA [83], Gradient-Push [61], Directed-Distributed Subgradient
Descent [79], and the Weighting Balancing-Distributed Gradient Descent [74].
Our numerical experiments are based on the distributed logistic regression

problem over a directed graph:

n  m;

. "
7zt = al;g;&lnEHZHQ + Z Zln [1 + exp (— (C;Z) bij)] )

i=1 j=1
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where for any agent i, it is accessible to m; training examples, (c;;,b;;) €
RP x {—1,+1}, where c;; includes the p features of the jth training example
of agent ¢, and b;; is the corresponding label. This problem can be formulated
in the form of P1 with the private objective function f; being
fi= el S om 1+ exp (- () ).
n =
In our setting, we have n = 10, m; = 10, for all ¢, and p = 3. The network
topology is described in Fig. 6.1.
In the implementation of algorithms, we apply to all algorithms the local
degree weighting strategy, i.e., to assign each agent itself and its out-neighbors

equal weights according to the agents’s own out-degree.

Figure 6.1: A strongly-connected directed network.

In our first experiment, we compare the convergence rates between ADD-

OPT and other methods that designed for directed graphs. we apply the same
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local degree weighting strategy to all methods. The step-size used in Gradient-
Push, Directed-Distributed Subgradient Descent, and WeightingBalencing-
Distributed Gradient Descent is oy = 1/vk. The constant step-size used
in DEXTRA and ADD-OPT is a = 1. It can be found that ADD-OPT and
DEXTRA has a fast linear convergence rate, while other methods are sub-
linear. The convergence rate performances between different algorithms are

found in Fig. 6.2.

10° ' ' ' '
@ Gradient-Push

@ Directed-Distributed Gradient Descent |
B WeightBalancing-Distributed Gradient Descent] |
*DEXTRA

>Augmented DEXTRA

Residual

10'1_'

y I 1 1 ]
0 200 400 600 800 1000

k

Figure 6.2: Convergence rates between optimization methods for directed net-
works.

The second experiment compares ADD-OPT and DEXTRA in terms of

their step-size ranges. We stick to the same local degree weighting strategy
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for both ADD-OPT and DEXTRA. It is shown in Fig. 6.3 that the greatest
lower bound of DEXTRA is round a = 0.2. Since the value of « requires the
global knowledge, it is hard for agents to estimate this value in the distributed
implementation. Once agents pick some value for o < 0.2, DEXTRA diverges.
In contrast, agents that implementing ADD-OPT can pick whatever small

values to ensure the convergence.

ODEXTRA «a=0.001
ODEXTRA a=0.2

& EDEXTRA a=0.3

* Augmented DEXTRA a=0.001
»Augmented DEXTRA «=0.2
< Augmented DEXTRA «a=0.3

P

Residual
)
o

107}
0 200

400 600 800 1000
k

Figure 6.3: Comparison between ADD-OPT and DEXTRA in terms of step-
size ranges.

According to the setting, we can calculate that 7 = 1.25, ¢ = 1.11, y = 1.96,

y_ = 2.2, and [ = 1. It is also satisfied that o < 1. Therefore, we can estimate
— _ 87 _ . . .
a < ¥z = 0.3. It can be found in Fig. 6.4 that the practical upper bound of
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step-size is much bigger, i.e., @ = 1.12. In the implementation of ADD-OPT

when we are trying to estimate a, we set o ~ 1%1 assuming that [ is not a

global knowledge. This is an experienced estimation. Finally, we also show

the relation between convergence speed and step-size does not simply satisfy

any linear function. This can be found in Fig. 6.4.

10°
=
=
=
8
~ 1071

1 0-2 1 1 ﬁ XX 1 1

0 200 400 600 800 1000
k

Figure 6.4: The range of ADD-OPT ’s step-size.

6.7 Conclusions

In this chapter, we focus on solving the distributed consensus optimization

problem over directed graphs. The proposed algorithm, termed ADD-OPT,
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can be viewed as an improvement of our recent work, DEXTRA. ADD-OPT
converges at a linear rate O(u*) for 0 < p < 1 given the assumption that the
objective functions are strongly-convex, where £ is the number of iterations.
Compared to DEXTRA, ADD-OPT owns a wider and more realistic range
of step-size for the convergence. In particular, the greatest lower bound of
DEXTRA'’s step-size is strictly greater than zero while that of ADD-OPT’s
equals exactly to zero. This guarantees the convergence of ADD-OPT in the
distributed implementation as long as agents picking some small step-size.
Therefore, ADD-OPT is more reliable in distributed setting. We provide a
much more compact proof compared with DEXTRA to show the linear con-
vergence rate of ADD-OPT. Simulation examples further illustrate the im-

provements.
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Chapter 7

Epilogue

In this chapter, we conclude our contribution, and discuss some possible di-
rections for future work.

In this thesis, we focus on solving optimization problems where informa-
tion is distributed over multi-agents networks. Fach agent in the network owns
local information that is private. They cooperatively solve a global optimiza-
tion problem through local computations and information exchange over the
network. In particular, we consider the problem of minimizing a sum of objec-
tives, > ., fi(x), where f; : R? — R is a private objective function at the ith
agent of the network. Existing distributed methods mostly deal with this class
of problem under the assumption that the multi-agents network is strongly-
connected and undirected, i.e., if agent ¢ can send information to agent j,

then agent j can also send information to agent i. We relax the assumption



CHAPTER 7. EPILOGUE 148

of network topologies to directed networks. The main contribution of this
work lies in that we propose four algorithms, Directed-Distributed Subgradi-
ent Descent (D-DSD), Directed-Distributed Projection Subgradient (D-DPS),
DEXTRA, and ADD-OPT to overcome the challenges. We now summarize

each algorithm in the following.

e Directed-Distributed Subgradient Descent (D-DSD): D-DSD is a
subgradient based method that combines surplus-consensus techniques
and DGD [37] to minimize the sum of local objective functions when
the network topology among agents is described by a directed graph.
It converges to the optimal solution in nonsmooth convex optimization,
i.e., the local objective functions are convex, but not necessary to be

differentiable. It can shown that D-DSD converges at a rate of O(lnk),

sk

where k is the number of iterations.

e Directed-Distributed Projection Subgradient (D-DPS): D-DPS
solves the distributed optimization problem over directed networks with
an additional constrained set. It can be viewed as a generalization of D-
DSD when the constrained set changes from RP, meaning no constraint,
to a convex constrained set, X C RP. Same as D-DSD, D-DPS converges
to the optimal solution in nonsmooth convex optimization, i.e., the local

objective functions in the problem are convex, but not necessary to be
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differentiable. The convergence rate is O(%), where k£ is the number of

iterations.

e DEXTRA: DEXTRA harness the smoothness to obtain a fast conver-
gence rate. In other words, DEXTRA converges to the optimal solution
in smooth convex optimization, i.e., the local objective functions are
convex and differentiable. We show that, with the appropriate step-size,
DEXTRA converges at a linear rate O(7%) for 0 < 7 < 1, given that the

objective functions are restricted strongly-convex.

e ADD-OPT: ADD-OPT is the other algorithm that solves the distributed
smooth optimization problem over directed networks. Same as EXTRA,
it achieves the best known rate of convergence for this class of problems,
O(p¥) for 0 < p < 1 given that the objective functions are strongly-
convex, where k is the number of iterations. Compared with DEXTRA,
ADD-OPT supports a wider and more realistic range of step-size. In
particular, the greatest lower bound of DEXTRA’s step-size is strictly

greater than zero while that of ADD-OPT’s equals exactly to zero.

In the analysis of D-DSD, we stick to the setting of static directed networks.
Although we do not pursue this in this thesis, D-DSD can be generalized to

work over time-varying directed graphs. Numerical experiments illustrate this
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findings. Extending the analysis to the case of time-varying directed graphs

would be important directions for future work.
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