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A self-consistent theory for seabed volume scattering

Brian H. Tracey® and Henrik Schmidt
Department of Ocean Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

(Received 20 April 1998; accepted for publication 8 July 1999

A self-consistent perturbation method for three-dimensional acoustic scattering due to sound speed
and density fluctuations is developed below. This method allows calculation of mean-field
attenuation due to scattering, as well as second-moment statistics of the scattered field. Scattering
from an inhomogeneous sediment bottom in shallow water is considered as an application. The
power spectral density of the scattered field is calculated and used to study the effects of fluctuation
statistics. Modal attenuation due to scattering is then calculated for several shallow-water scenarios.
The scattering loss calculation is straightforward and is suitable for use with standard normal-mode
codes. Numerical results show the influence of the statistical model used to represent bottom
randomness and demonstrate the importance of scattering into the continuous spectrum. Scattering
loss predictions are shown to agree well with a previous wave number-integration approach.
© 1999 Acoustical Society of Amerid&0001-496809)04610-X

PACS numbers: 43.30.Bp, 43.30.Ft, 43.30/G\LB]

INTRODUCTION Tang! developed a self-consistent perturbation theory to
model scattering from sound-speed fluctuations in the sedi-

Volume fluctuations in the ocean are known to strongly ment Tang was able to calculate a coherent field-reflection
affect acoustic propagation. In deep water, the strongest e[:'oefficient which included loss due to scatterig.

fects come from oceanographic mixing and internal waves, More recently, attention has been focused on the role of

while in shallow water, interaction with the mhomogeneousbottorn randomness in influencing propagation in shallow

ocean bottom is generally more important. In seawater, derV\/ater waveguides. Tang has developed a modal treatment of

sity fluctuations are generally an order of magnitude smaller

than sound-speed variations. and can be neqléctsl.a reverberation due to both sound-speed and density
P ’ 9 ' fluctuations® However, this work is based on the Born ap-

result, a large amount of research has addressed scattering bly oo . )
L . oximation and does not allow calculation of mean-field
sound-speed variations only, and has been applied to model-

ing the effects of internal wavés? When seabed scattering scat;cerl[rr]]g loss. devel it istent th
is considered, however, density fluctuations cannot be ne- N IS paper, we develop a new, sefi-consistent theory

glected and are often domindtit.Scattering from seabed for modeling volume scattering in the ocean. The methodol-

sound-speed and density fluctuations has two main effect@9Y used is similar to the rough surface scattering approach

- yl5 . . .
first, energy is stripped from the coherent part of the acousti® Kuperman and Schmidf:*In the first section, the basic _
field, and second, the scattered energy affects the acousfia€ory for scattering from random sound-speed and density

field coherence. The theory developed here attempts to caffictuations in a three-dimensional ocean is presented.
ture both effects. Sound-speed and density fluctuations are assumed to be fully

Chernov and Ishimard have published well-known correlated. This work allows calculation of the mean-field

treatments of propagation through an unbounded randorattenuation due to volume scattering, as well as the spatial
media. Different approaches are appropriate depending otfatistics of the scattered field.

the scale of fluctuations in the medium. If variations in me- ~ The approach presented below is a single-scattering
dium properties are small, a perturbation solution can béheory. Since waveguide propagation is expected to involve
sought. This work has been extended to study sound incidemgultiple scattering events, a single-scatter theory is clearly
from a water half-space on a sediment bottom containingiot exact. However, Voronovich and other§"'® have ar-
random layers. The half-space problem neglects waveguidgued that the single-scatter approximation is valid as long as
effects, which is justified for deep water or for high- the scatterer correlation length is small compared to ray
frequency shallow-water scenarios. Volumetric scatteringcycle distances associated with propagating modes. In this
from within the bottom can be modeled by assuming thecase, which is typical for many ocean acoustic scenarios,
scattering sources are uncorrelated uniform spHet&ev-  previously scattered energy will be incoherent with both the
eral authors have developed perturbation approaches basettan and locally scattered fields when it returns to the inho-
on Chernov’s work. Ivakin and Lysantlused a plane wave mogeneous seabed. The scattering process can then be ap-
approach which did not include contributions from lateralproximated as a series of uncorrelated interactions with the
waves, while Hinesused the method of steepest descent taseabed, with single-scattering theory used to calculate sec-
capture lateral as well as refracted wave contributionsondary source terms for the reverberant field.

This argument is supported by Bermi@with regard to
acurrently at Cambridge Collaborative, Inc., 689 Concord Ave., cam-Calculation of the coherent field-reflection coefficient. Ber-
bridge, MA 02138. Electronic mail: btracey@ccinc.com man compared a full multiple-scattering formulation for
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waveguides with results for a rough interface separating two ap

half-spaces. Some dependence on roughness height was p(r.2)=po+ =5 dP(r,2), ()
seen, but significant multiple-scattering effects were found

only when the roughness correlation length was long comwheresP is the variation in the bottom porosity. Hines gives
pared to ray cycle distances. Because the coherent fielémpirical values of the derivatives to belp/dP
reflection coefficient can be used to calculate scattering 10Sss —1.440 g/crd and dc/dP=—570m/s. Next, we expand

Berman’s finding relates directly to the validity of the mode the pressure field in terms of a coherent mean field and an

attenuations calculated below. incoherent diffusely scattered field
Recently, Berman has developed a multiple-scattering
formulation to derive waveguide reverberatfOrThis work p(r,z)={(p(r,z))+s(r,z). (3)
may provide a basis for numerically evaluating the single-
scattering approximation for scattered field intensity. Inserting this expansion in E¢l) above and averaginge-

The following sections concentrate on scattering of low-membering that sound-speed and density fluctuations are
frequency sound from random layers in fluid sediment botZero meangives an equation for the coherent field
toms. First, we model the scattering from a plane wave inci- _,
dent on the ocean bottom, without taking waveguide effect§V~ T Ko(2)J(P(r,2)) — uc(2)(SP(r,2)s(r,2))
or mean-field attenuation into account. Numerical exa_mples —Mp<V SP(r,2)- VS(r,2)) =S, 8(X—Xs), (4)
are used to show the effects of sound-speed and density fluc-
tuations over a range of parameter values. For short correlgvhere the quantities
tion lengths, the existence of density fluctuations can signifi-
cantly enhance backscatter. The examples also show that 2k3(z)acl oP 1 dp
out-of-plane scattering can be important. me(2)= T o Mp= 0o IP’ ®)
Next, propagation of normal modes in a shallow-water
waveguide is studied. A perturbation method is used to estihave been introduced to simplify the notation.
mate mean-field normal mode attenuation coefficients due to  Subtracting this equation from the full unaveraged
scattering. Good agreement is demonstrated with mean-fieldeimholtz equation, we find an expression for the scattered
losses calculated by Tartgthough results obtained from the field
modal approach are somewhat sensitive to the modeling of

the continuous spectrum. [V2+ k(z,(z)]s(r,z) = u(2) 8P(r,z){p(r,2))
Finally, the theory developed here can be used to calcu-
late the spatial correlation and cross-modal coherences for +u,V(6P(r,2))-V{p(r,2)). (6)

thg dsca:ered ar_ld Itqtal Iflelds Fr?pag?tiﬂg n Ithe oceart]t wavgs deriving this equation, we have made a single-scatter ap-
guide. A numernical implementation of the volume-sca erlngproximation by neglecting several terms involving products

”l‘eoryh fg{zz aThtWO'I‘"me”S'O”a' ocean 19 tdesc”bﬁdof the scattered field and the porosity fluctuations. This as-
elsewnhere. 'he close correspondence between ,esumes that the scattered field produced during each scatter-
volume-scattering theory and Kuperman and Schmidt

. . . : ﬁng event is small. This equation is equivalent to Hines’ Eq.
rough-scat_termg theory facilitates comparison of the d'ffer'(Z). As discussed in the Introduction, single-scatter theory
ent scattering mechanisms. can be applied to waveguide propagation under the assump-
tion that seabed inhomogeneity correlation lengths are much
shorter than length scales over which scattered energy re-
turns to the seabefl.e., ray cycle distances

The wave equation for inhomogeneous medium has Th_e first term on the right-hand side above a_lccounts for_
been derived by several authors, including Cherhagsum- scattering generated by sound-speed fluctuations, and is

ing harmonic time dependence, we write the inhomogeneou@onopole—like. The second term, which represents scattering
Helmholtz equation from density fluctuations, will be shown below to enhance

backscattering.
Vp(r,z) v —S S(x— Our solution proceeds in a manner analogous to that of
p(r,z) P(r,2) =S, 5(x=Xs), Kuperman and Schmidt. First, the equations above are Fou-
(1)  rier transformed to yield expressions in the form of the

where a point source of streng8), located aix.=(0,0z). depth-separated wave equa_tion: We then find a solution for
We assume that there are small variations in both density arfj€ transformed scattered fieklin terms of the coherent

sound speed. In addition, we assume that variations in thfield. This soIL_jtlon is substltu_ted into the j[ransformed version
sound speed and density are linked. Following Hfhesund qf Eq. (4? to give a self—c0n_5|stent equation for the coherent
speed and density are then written as functions of the bottorfi€!d- This equation takes into account the loss of coherent

porosity P® If the background density is constant, we canfi€ld énergy due to scattering.
write We begin by applying the 2-D wave number transform

as defined in Ref. 15. Recognizing the right-hand side of Eq.
(6) to be a source term distributed over depth, we can write
the scattered field asee Appendix A for detai)s

I. THEORY

[V2+Kk3(r,2)]p(r,z)—

Jc
c(r,z)=co(z)+ P oP(r,z),
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~s(q,z)=—f f dz,dk’ G,(9,2,20)| b1(q,k") I(k,2)=| F1(qa,k,20){P(k,20))
B ' = 1! NP k,Z
X oP(q—k',2)(p(k’,zp)) +F,(0,k,Zp) “)ETOO)W (14
JoP(q—K',z0) HP(K',z
o @ o) HP( O)>} (7)  The quantities in the correction term are
9z, 9z
9°G,(d,2,20)
where F1(d,k,z0) =a,2,G,,(0,2,29) + u, a?’(?z—azo
b1(0.K) = f1e(20) — (G —K) -k (8) 9G.(0.2.20) s
The horizontal derivatives in the density term have become 4 Jz '
algebraic factors ok andg. and
Similarly, we can transform the mean-field equation,
giving (see Appendix A dG,(q,2,2y)
) Fa(0.k.20) = p(@s—an) — =, (16
[L(k)+1(k,2)](B(k,2))=S,8(z—zy), €) 0
where
where the operator
5 a;=pme(Zo) — pp(k—0)-q,
— J 2 2
L=z k2 —k (10 8, puol(20) + 1, (k3= 0-K),
17)

is the standard propagation operator for the depth-separated 8s= uc(Zo) + u,(2k3—k- (k+0Q)),
wave equation, and the scattering loss term )
. _ 2mpko(20) +3pc(20) 9o

N Co(Zo) 92y’

1 ~

I(k,2)=—2—f d?q| a;(6P(k—q,2)3(q,2))
m The algebraic terms multiplying the,, terms ina; —ag re-

sult from horizontal and vertical derivatives. All terms in-

(11  cludingz-derivatives of the pressure field or Green’s function

also involve only the density fluctuations. These terms result

describes scattering out of the mean-field wave nuntoer from the spatial derivative termp(r,z)/p(r,2), in the in-

into scattered-field wave numbegsas a function of depth. Nomogeneous Helmholtz equation. The teap takes ac-
Equations (7) and (9) are combined to eliminate the Countofany sound-speed gradientin the seabed.
scattered-field variabl®, giving an equation involving only This integro-differential equation is in general difficult
the coherent fieldB). This substitution results in several 1© SOlve. However, experimental studies have shown that the
second-moment expectations of the porosity fluctuations antertical correlation lengths of fluctuations in sediment bot-
their z-derivatives. We model the fluctuation statistics as be!0ms are usually quite short. For low frequencies, the vertical

ing described by a correlation function which is separablgcorrelation length will be much smaller than an acoustic
into horizontal and vertical components wavelength. It is then reasonable to approximate the vertical

correlation function as a delta functign

doP(k—q,2) 5(q,2)
thp 0z 9z

(0P(r,2)8P(r+p,20))=(0*)N(PM(2-20). (12 M (2 20)~ 20 52— 24). 19

This is rewritten in the wave number domain as This delta function eliminates the depth integral in the mean-

~ ~ field equation. A perturbation solution can be used to esti-
— 2 _

(6P(k,2)6P(0,20)) = 2m(0") Py(q) S(k+ Q)M (= 20), 13 mate mean-field scattering loss, as detailed in Sec. lll.

where Py is the power spectrum of horizontal fluctuations.

_Vertical d_eri\{atives of expectations ir1v<_)l\/_in§j3 translate Il. PLANE WAVE SCATTERING FROM SEDIMENT

into z-qlerlvatlves (_)fM,_ which can be eliminated from the BOTTOMS: POWER SPECTRAL DENSITY

depth integrals using integration by parts. The detailed cal-

culations are shown in Appendix B. The only restrictions As a first application of the theory, we study plane wave
placed onM are thatM (z—z;) —0 and andIM (z—zy)/9z  scattering from a sediment bottom. A great deal of physical
—0 as the depth separatian-z; becomes large. These con- insight can be obtained by looking at the power spectral
ditions are satisfied by a number of physically reasonableensity(3(q,z)3*(q,z)), the power scattered into each wave
correlation functions, for example Gaussian or decaying exaumberq. This expectation includes cross-terms involving

ponential forms oM (z—z). expectations oM and itsz-derivatives, which can be simpli-
After the integrations by parts, the final form of the scat-fied using integration by parts as above. The detailed calcu-
tering loss correction term is lations are discussed in Appendix A, with the final result
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Pscaf 0,2) =(3(0,2)3* (d,2))

=2w<oz>f dzof dkP(q—k)

2

dG,(0,2,z
(1)M+A(2)Gw(q,zlzo) ,

9z,

QX (1/m)

s
(19
where

A(l>(k,z) [ MPW

— (20
AP(q,k,2)=ay(q,k,2) W.

We consider the case of a single plane wave incident on
the sediment from the water column and scattering into plane
waves in the sediment. As we are mainly concerned with
angular distribution of the scattered energy, we will defer
calculation of mean-field scattering loss until the next sec-
tion. Ignoring scattering losséthe Born approximation the
coherent field is replaced by the unperturbed field:
(P(k,2))~Po(k,2). The incident field in the bottom is then
of the form

QX (1/m)

FIG. 1. Plane wave scattering from sound-speed fluctuations dnly.
Po(k,zp) :le(k)e*ikzzzo, (21 =100 Hz; Goff-Jordan power spectrum, 10-deg incident wave; correlation
lengths of 10 m(uppe) and 1 m(lower).
whereT (k) is the transmission coefficient from the water

into the sediment. We choose the Green'’s function to be thg . (o1 \wave numbers in theandy directions. A 100-Hz

free-spa((j:e}' CT(rje;an S fun-ct|on._ Thﬁs'bwe can O”CLY eva\lx/ate Fnﬁlane wave is assumed to be incident on the bottom along the
scattered field for receivers in the bottom medium. We will| (@,=0), at a 10-deg vertical angle. The bottom prop-

evaluate it az=0, the water—sediment interface. The depth-, o arep=1.9glcnd, c,= 1650 m/s, andsc/cy=0.1. For

dependent Green's function is given by this combination of incident angle and bottom type, the in-
e idzlz- 7| cident wave is evanescent in the bottom. Shown on the plot
G,(09,2,29)=— 7477“122 . (22) are the sediment wave numbky (inner circle and water

. o o wave numberk,, (outer circlg. Wave numbers inside the
The Squal’e root S|ngu|ar|ty n the Green’s functlon IS n0t|k|:kb circle Correspond to the continuous Spectrum’ wave

physically meaningful and can be removed by changing théyumbers between the circles correspond to the discrete spec-

plots. o spond to waves which are evanescent in both the water and
The scattered field is strongly affected by the powergediment.

spectrum chosen to represent the inhomogeneities. For these Figures 1 and 2 compare the effect of the choice of

calculations,4 both  two-dimensional ~ Gaussian  andyower spectrum. Results for correlation lengths of 10 m and
Goff-Jordafi" spectra are used 1 m are shown. For these plots, scattering from sound-speed

L,L
PGaustd) = % e_[(LXqX>2+(Lyqy)2]/4’
= _ LyLy (23
cott-sorceh ) = [T g, 77+ (1,0, 7+ 17"

whereL, andL, are the correlation lengths andy, re-
spectively. The Goff-Jordan spectrum is more peaked near
its maximum and contains much more energy at higher wave
numbers. This spectrum has been used in modeling rough-
surface scatterinf and is chosen to reflect the idea that we
expect variations in nature at many length scales. Also, it
describes a power-law roll-off at high wave numbers like

those. measured by Yamam&fb' . . FIG. 2. Plane wave scattering from sound-speed fluctuatibnd.00 Hz;
Figures 1-5 show Sc_attered‘f'e'd power spectral densitysayssian power spectrum, 10-deg incident wave; correlation length is 10 m.
(PSD for several scenarios. The spectra are plotted versusote the Gaussian spectrum gives lower backscattering levels.

QX (Vm)
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QX (UVm)
QX (1/m)

“os -0.25 025 05

0
QY (Um)

FIG. 4. Plane wave scattering from sound-speed and density fluctuations.
f=100 Hz; Goff-Jordan power spectrum, 10-deg incident wave; normal-
\\\\\\\\\\\\ ized sound-speed and density fluctuations are adjusted to be equal.

scattereddirection. This backscattering was predicted by
Chernov for 1-D scattering, and can be seen ingheék term
in Eq. (7), which shows the density-scattering contribution
has a null in the forward direction. This preferential scatter-
ing in the backward direction can be understood by noting
that spatial derivative operators in the density-scattering term
025 05 have the effect of “roughening” the spectrum, emphasizing
smaller-scale variability and increasing backscatter.
FIG. 3. Plane wave scattering from sound-speed and density fluctuations.  The results so far have used Hines’ empirically deter-
f=100 Hz; Goff-Jordan power spectrum, 10-deg incident wave; correlatiormined values ofic/dP and dp/dP. These values were de-
Iengt_hs of 10 n(_uppeb and 1 m(lower). For the shorter correlation length, tarmined from a limited dataset, and can be expected to vary
density fluctuations greatly increase backscater. for different types of sediment bottom. Hines’ values predict
that the normalized density fluctuationtp/p, are about
fluctuations alone is included. Comparing the plots for 10-mMwyice the normalized sound-speed fluctuatidnsc, . In Fig.
correlation lengths, the most striking difference is that thes results are shown in whichp/p, is adjusted so the nor-
backscatter is greatly enhanced with the Goff-Jordan spegnalized sound-speed and density fluctuations are equal. The
trum (Fig. 1) due to the longer tails of the power spectrum. effect of the density fluctuations is somewhat reduced, but
Strong out-of-plane scattering is seen with both spectraggjj| quite significant.
though a peak is observed at angles close to in-plane. In both  \we can also study the effects of anisotropy in seabed
cases the scattering is basically forward-directed, with th‘i)roperty fluctuations. Figure 5 shows scattering of plane
peak in scattered energy centered around the specular diragayes on a bottom with a correlation length2om in x and
tion. Decreasing the correlation length T m gives a much 10 m in y. Increasing the correlation length in gives a
broader distribution of scattered energy. This is expecte%ower spectrum with much less widthdg . In Fig. 5 we let
since in the limit of small correlation length the inhomoge- 3 plane wave be incident on the bottom at a vertical angle of
neities can be thought of as a random distribution of inde4 g deg, and horizontal angles of#long thex-axis), 45 deg,
pendent point scatterers. Each of these point scatterers ragjnd 90 degalong they-axis). From observing the plots, we
ates isotropically, so the overall scattering pattern is mor&ee that the anisotropy causes the scattered field to be skewed
diffuse. Decreasing the correlation length is also seen to regway from the incident angle for incident angles not aligned
duce the peak scattered power considerably. This can be uith the principal axes of the inhomogeneities. The anisot-
derstood by remembering that sound will scatter mostopy causes increased scattering into the continuous spec-

strongly from objects roughly the size of the wavelength orrym for the 0-deg incident wave, vs increased out-of-plane
larger. Since the acoustic wavelength in this case is 16.5 Mycattering for the 90-deg incident wave.

most of the sound-speed fluctuations for the 1-m correlation
:ength will have horizontal scales much less than a wavei“. MODAL SCATTERING FROM RANDOM SEDIMENT
ength.
. . OTTOMS

Figure 3 shows scattering from both sound-speed ang
density fluctuations in the sediment bottom. For the 10-m  For low-frequency shallow water propagation, the
correlation length, the scattering intensity levels are onlyacoustic field is often well described as a sum of a reason-
slightly higher than in the case without density fluctuations.ably small number of normal modes. This leads us to spe-
Thus, we conclude that, for long horizontal correlationcialize the theory developed above to consider scattering of a
lengths, scattering from sound-speed fluctuations is domimodal sound field from inhomogeneities in fluid sediment
nant. When the correlation length is decreased to 1 m, thbottoms. In doing so, we will make a number of simplifying
density scattering is dominant, as seen by comparing Figs. dssumptions. The most useful of these, discussed above, is
and 3. Most importantly, the maximum is now in thack-  that the vertical correlation function can be approximated as

QX (/m)

o5 025

0
QY (Um)
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{n(2), z<z4,

wn(z)_ Anefikzn(zle)_{_ Bneikzn(zle)’ 7> Z1, (24)

where(,(z) are the mode shapes found by the normal mode
program and; is the top of the volume-scattering layer. The
plane wave coefficienta, andB,, are found from the bound-
ary conditions at the interfacg , and sediment attenuation
is included by introducing an imaginary part of the bottom
wave numberRef. 23, Chap. R

QX (1/m)

A. Mode attenuation coefficients

In this section, the mean-field equation is solved to find
mean-field modal attenuations. This requires evaluating the
scattering-loss correction terhik,z) from Eq.(9). The cor-
rection term is anO(o?) perturbation to the mean field.
Since the scattering theory retains terms only u@(e?), it
is consistent to use the unperturbed eigenvalues and eigen-
functions when calculatind (k,2); i.e., 1(k,z2)=~1(kq,2).

This argument was made by Kupermam studying rough-
surface scattering.

The scattering-loss correction contains terms propor-
tional to both the mean field and its depth derivafisee Eq.
(14)]. If we calculate attenuations for the propagating modes
of the waveguide only, we can take advantage of the fact that
these modes are exponentially decaying in the bottom to re-
late these terms by

QX (1/m)

P(K,2)) ~
_ T:—ab@(k,z)% (25)
£
2
5 where ab:\/kz—kbz. This lets us simplify the correction
term and write the homogeneous mean-field equation in the
form
sl [L(K)+(o?)f(k,2)](B(k,2))=0, (26)
0505y %P wheref(k,z) is a combination of thé&, andF, terms from
Eq. (14).

FIG. 5. Plane wave scattering from anisotropic sound-speed and density We next substitute the modal forms of the Green’s func-

fluctuations, for incident angles offrom top 0, 45, and 90 degf fi d into th field ti

=100 Hz; Goff-Jordan power spectrum; &2 m, CLy=10m. lon (as a sum over mo Em) n 02 € mean-nield equaftion,
and switch to polar coordinatefd- g= [ fqdq dé. Integrat-
ing over q exposes poles ai=q,,, leaving the integration

a delta function. The second major simplification made jover 6. Physically, this means that the scattered field will

that the sound speed is constant in the layer where volum.té"’“/eI n the_ modes of the wavegmdg, but can be scattered
into any horizontal angle. The correction tefrbecomes

fluctuations are present. This assumption is limiting, but al-
lows us to examine the basic scattering physics. For isove- izl

M
f demzl Pr(dm—K)[a18,4%(2)

locity layers, the field can be written in terms of up- and f(k,2)= 2p(2)

down-going plane waves, so depth integrals in the scattered-

field expressions can be treated analytically. Depth integrals + 83 Yin(2))? = py(as— ap(z)(a;—a,

over the incident field modes and their derivatives must oth- 2_ 12 /

erwise be performed numerically, making the calculations T ol O Ke(2) ) Yin(2) Ym(2)]: @7

much slower and less accurate. Here, we have left implicit the dependence of the
KRAKEN?® or any other normal mode code can used tot€rms

find the mode shapes and eigenvalues for the waveguide. g =a,(q,, k,2), (28)

The continuous spectrum contribution is included by intro-Wh reg— p ing
ducing a false bottom deep in the sediment. The modal prob- € eq—(qmcqs G SIN 0). . : .

. L This equation can be rewritten in the form of an eigen-
lem is then converted to a proper Sturm—Liouville problem . -

. vglue perturbation problem, giving

and all modes are proper modes. Since there are both up- an
down-going plane waves in the scattering layer, we write the fi +K2(2)
mode shape as gz2 0

Un=Kan—(0?)f(Kn,2) ¢y (29)
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1.1

f=200Hz. Water: c=1500m/s, p=1

50 m.
&o.7

100 m.
l c=1700m/s, p=1.38

. . . , ) . 0.3 v v r T
FIG. 6. Scenario for comparlson with Tang’s resufts.200 Hz; Gaussian 0 10 20 30 40 50 60 70 80 90
spectrum, 10-m correlation lengthic/cy=0.1. Grazing angle, deg.

) ] FIG. 7. Reflection coefficients for scenario. Dashed line is for nonrandom
The new eigenvalue can then be found using perturbabsottom; solid line is for bottom with random layer.

tion theory, as described by Bender and OrZagppendix

B shows that the first-order correction for the eigenvalue 'Sapproach described above. When only scattering into proper

modes is allowed, the modal calculation is seen to signifi-
(%) (D f(kno,z) zpﬁ(z) cantly underestimate the actual attenuation.

:ano o 0(2) dz. (30) Scatterlng into the 'contlnuc.)us spectrum is then approxi-
mated numerically by introducing a false bottom at 400-m
depth(note we can allow a false bottom without any bottom

The imaginary part oAk, is the mode attenuation coeffi- attenuation only because we are interested here in scattering

cient. into the continuous spectrum; when calculating statistics of

To validate our approach, we compare our method tahe scattered field, we must always include bottom attenua-
results obtained by Tanfor a bottom containing sound- tion so the continuous spectrum modes will decay quickly
speed fluctuations only. Tang’s code was used to calculat@ith range. When these extra modes are included, the agree-
mean-field plane wave reflection coefficients for the sediment from the two methods is greatly improved. However,
ment bottom. These reflection coefficients were used as attenuations calculated using the modal approach are sensi-
boundary condition for the normal mode CO®®AKEN, tive to the number of continuous spectrum modes included.
which calculated the modified eigenvalues. The resultingAs the number of modes included is increased, the results
change in the mode attenuation was taken to be Tang’s preonverge to the attenuations shown in Fig. 8, which includes
diction for scattering loss. 111 false-bottom modes in addition to the 6 proper modes. A

KRAKEN was then used to find the eigenvalues and modealculation which includes 41 false-bottom modes shows
shapes for the unperturbed scenario. These were used to fipdarly exact agreement with Tang’s results for modes 1-4,
the mode attenuations from ERO). but underestimates attenuation for modes 5 and 6.

A simple scenario, shown in Fig. 6, was used for com-  This sensitivity is not surprising, as the normal mode
parison. A 50-m-deep isovelocity water layer overlays a
sediment half-space, the upper 50 m of which contains
sound-speed inhomogeneities. The inhomogeneities are as-
sumed to have a 2-D isotropic Gaussian correlation function 3s!
in the horizontal and to be delta-correlated in the vertical.
Attenuation in the water and sediment is neglected, so any 3
loss is purely due to scattering.

Figure 7 shows the plane wave reflection coefficient for
correlation function parameters which are used by Tang: § ol
6Cims/Co=0.1, horizontal correlation lengtlhb=10m, and ©
vertical correlation lengtlz, =1 m. 150

The modal results are compared with Tang’s attenuation
coefficients in Fig. 8. Attenuation coefficients obtained using
the modal approach are in reasonably good agreement with
Tang's results, but are sensitive to the treatment of the con-
tinuous spectrum. However, the otherwise good agreement it -
suggests that the approaches are compatible in describing the ! ' ' Mode #

scattgrlng phySICS. . _ FIG. 8. Comparison with Tang's results. Open circles shows results from
Figure 8 shows modal attenuation coefficients for Tang; asterisk shows modal solution including continuous spectrum modes;
=200 Hz, calculated from Tang’s results and from the modal* x” shows modal solution, proper modes only.

Ak,

25

1
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c=1500 m/s

¢=1480 m/s (z=30 m.)
3 50 m.

c=1490 m/s

dB/km

100 m.

150 m. osr A

¢=1650 m/s, p=1.9 g/lem"30, =0.2 dBA

FIG. 9. Shallow water scattering scenario.

-

approach is known to have difficulty in modeling the con- ' ' ' Mode #
tinuous spectrum. The two main conclusions to be drawn os T " T T - T v
from Fig. 8 are: first, that the current approach appears to
agree with earlier work, and second, that scattering losses
can be estimated fairly accurately with a modal approach. In
many practical cases, uncertainty in environmental param- oas
eters will be larger than errors introduced by modeling of
continuous spectrum modes. ,

Next, the fluid bottom, shallow water waveguide shown %025- ]
in Fig. 9 is considered. Both sound-speed and density fluc- 4, n .
tuations are included. For notational convenience, we define '
a parameter, which is set equal to the normalized sound-
speed fluctuationsc/cy. For a giveno, the density fluctua- o1t
tions are found from the relationship between density and
sound-speed fluctuations given by Hines’ constants.

We again examine horizontal correlation lengths of 1 5 2 25 3 35 4 45 5 55 8
and 10 m. The random scattering layer is assumed to be Modo #
between 100_' and 150-m depth. For the_ 10'm_ Corremt!or&lG. 10. Mode attenuations for shallow water exampte 100 Hz; Goff—
length, seen in the upper plot of Fig. 10, including density;organ spectrumr=0.1. Solid line includes effect of both sound-speed and
scattering causes only a slight increase in mode attenuatiotensity fluctuations, dotted line includes sound-speed fluctuations only. Cor-
However, density fluctuations are the predominant cause dglation lengths of 10 nfupper plo} and 1 m(lower ploy are assumed.
loss for the shorter 1-m correlation length case, shown in the
lower plot of Fig. 10. This agrees with the trends seen abov&he effects of out-of-plane scattering and anisotropic fluc-
for plane wave scattering. The full scattering loss with thetuation statistics are also shown to be important. The theory
1-m correlation length is of roughly the same order of mag-was extended to find modal attenuations due to scattering,
nitude as the loss caused by a bottom attenuation of 0.8howing agreement with previous work which included
dB/\. Whether or not attenuation due to volume scattering issound-speed fluctuations only. For scenarios involving both
a significant attenuation mechanism will depend on the ensound-speed and density fluctuations, modal scattering losses
vironment considered. However, it has been demonstratechn be comparable in magnitude to the effects of bottom
numerically! that the coherent field loss can significantly attenuation.
affect the correlation statistics of the total field.
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fluctuations significantly changes the backscattered energywave number transform,
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1= , ~ e The second result shown is the transformation of the
oP(r,z)= Eﬁvd koP(k,z)e ", (A1)  mean-field equation, Eq4). Again, we break the equation
) into two terms, and look at the simpler one, multiplying

1 (= . first. This term is
(b(r.2)= 5= | @Kk e, (A2)
- 2) (= .
. 11=— “;;)f (8P(r,z)s(r,z))e* %d?r. (A11)
s(r,z)=2—f d?k3(k,z)e 2 (A3)
e The calculation begins by substituting in the expressions for
Horizontal derivatives are transformed into algebraic factorss(r.z) and 6P(r,z)
for example
_ e(2) d2 d2k d2
goP(r,z) 1 (= o . BERE '
—=—f d2k(—ik)sP(k,2)e k. (A4)
ar 27 |

X (6P (kq,2)3(q,z))e' k= katalrg2 (A12)
We use also the following property of the delta function:
Integrating over again gives a delta function, which is sat-

JOO d?relk = s(k). (A5) isfied whenk,;=k—q. This gives the result
. e(2) ~ -
First, we evaluate the wave number transform of the — 11=——— dg(éP(k—0q,2)3(q,2)). (A13)
scattered-field equation. From the results in Sec. I, the trans-
formed scattered field is given by Next, we look at the remaining terms, given by
1 9P a .
L@3(0.2)= 5 | ¢re T2 5P(r,2)(p(r.2) |z=—ﬂfd2r< (r.2) S“’Z)>e'kr
2 ar ar
+ . :
mpV OP(r,2)-(p(r,2))] (AB) _ﬂJ g2, [ 9P0D) oSt (AL)
The work to be done is in evaluating the right-hand side 2 Jz Jz ‘

(rhs). We begin by looking at the simpler first term, which

involves only . . Inserting the appropriate definitions from Carrying out substitutions and integrations exactly as done

above gives the result

above gives
_ MC(Z) 2 2 2 ~ _ /‘Lpf
rhsl= (277)3f f f d“ k,dk,d“rSP(kq,2) 12= = (k—q)- (5P(k 0,2)3(q,2))
X(P(ky,z))eta™ (katk)lr (A7) N < JoP(k—q) a<p(q,z)>> J (AL5)
Using the delta function property and integrating ower Jz Jz '
1 oy o = _ These two terms are added to give the intermediate result
We proceed by evaluating the expectation terms above.
X &g (kitka)]. (A8)  This calculation is straightforward but long, so we will not
The delta function pulls out,=q—k,. Renamingk,=k’,  show all details here. We first look at the first expectation in
we have Eq. (A13)
E;=(6P(k—0,2)3(q,2)). (A16)

z _
ths1= “;—(W)f 42K SB(q—K',2)(P(K',2)).  (A9)
Substituting in the expression f8(q,z) from Eq.(7) gives
We next examine the second term, which involves spagne term involving a second-moment expectatio@Bfand

tial derivatives ofp(r,z). The derivative terms can be ex- another term involving an expectation ® with its vertical

panded into separate horizontal and vertical derivatives. R&erivative. From the definition of the power spectrum, verti-

writing in terms of the transformed variables and mtegratlngcal derivatives of porosity translate into derivatives of the
overr andk, as above gives

vertical correlation functiorM. Assuming that the vertical

_ — correlation lengthec >\ [Eq. (18)] lets us approximati
rhs2= o d?k’| (q—k')-k"6P(q—k’,2) with a delta function. The first term resulting from EA16)
gives
JoP(q—K') APk’
<Pk 2y~ PRI IR o) En= - 2(oR)zaPula-k)Cu (@22 bL(G 2)
: . , x(p(k,2)). (A17)
Adding these results together gives the combined rhs for the
scattered-field equation shown in E@). The second integral, rewritten

2532 J. Acoust. Soc. Am., Vol. 106, No. 5, November 1999 B. H. Tracey and H. Schmidt: Seabed volume scattering 2532



APPENDIX B: PERTURBATION THEORY FOR
Eip=—2m{(c%)Py(q— k)f 20G,(9,2,7p) EIGENVALUE CORRECTION
IM(z—24) HP(K,Zo)) Consider the form of the eigenvalue problem above:
X : (A18) 2
9z, 9z,
272 T Ko(2) [ =Kt = (o) (Kny,2) . (81)

can be found using integration by parts, following Cherhov.
Dropping the constants for a moment, we have As this is the equation for the mean field, all quantities above
are averaged, though this is not shown explicitly. The equa-

P * i i i
G, a(zp) M +f dzoM(z—2,) tion can be rewritten in the form
0 —® le//n:Enl//n_<0'2>f(kn0'Z)lr/,ﬂ' (B2)
«| Gu(a.2.20) 52(15(k2120)> Expanding the perturbed quantities to second order,
i o= U0+ o+ P+

9G,(0,2,29) (P(K,z

. o(0:2,20) XP(K,20)) ' (AL9) E,=E0+ oED 4 g2ED 4. (B3)
9zo 9z,

Since we are interested in calculating the mean field, we
The first term drops out &¢l — 0 for large £—2z,), and Eq.  average the equations above. Simcis zero-mean, we find
(18) is used to eliminate the depth integral. The second de-

— 0 2\ (2 4 ...
rivative of (P(k,z)) is simplified using the Helmholtz equa- () =g+ Y+,
tion. Finally, E; is found to be (E)=EQ+(cDHE@+... (B4)
_ K 5k where all quantities are averaged even if not explicitly writ-
Ey=—2m2c Pr(q-K)} 82G,(0,2,2)(P(k.20)) ten so. Substituting these above and equating terms of like
order gives, for the first-order equation,
9G,(9,2,20)| H(P(K,20))
TR g T } , (A20) HO Y =EL . (B5)
‘ ‘ This is just the unperturbed equation. TO¢o) terms are
wherea, is as defined in Sec. Il A. zero, by inspection. Finally, the second-order equation is

The calculation for the second expectation,
P HO YR = P +EL v — (0D (ka2 0 (B6)

The first two terms are eliminated using the first-order solu-
tion. Operating on the remaining terms with

E2:<¢95P(k—q,z) aé(q,z)> 21

0z 0z

(-)dz, (B7)

is similar but more complicated. Substituting in the f ‘ff%m
scattered-field expression again gives two expectations, one p(2)
of Wh'Chz'nVONes‘?M(ZZ_ZO.)MZ and the other O.f which in- and using the normalization condition, gives the result
volves 9°“M (z—zy)/9z°. Using a change of variables argu-
ment, it is easy to show thaM/dz= —IM/dz,, giving two ()% (k, ,2)

integrals which involve derivatives with respect 2p. We Eﬁ2)=<02> Todz. (B8)
again use integration by parts, using the assumption that P

IM(z—z0)/ 9z,—0 asz—z, becomes large to simplify the We relate this to the eigenvalue perturbatibk, by noting
integral involving 9M/dz,2. Full details of the calculation that

are found in Ref._ 21. FinaIIyITE1 and E, are combined to _ kﬁz(kn0+Akn)2=k§0+2Aknkno+O(o4)+--- . (BY)
give the self-consistent equation for the mean field quoted in
Eq. (14). Then, the final expression, quoted in Sec. Il A, is
The power-spectral density, defined(@6qg,2)3*(q,z)), 2
. 1 <a'2> D f(kn :Z)‘r//n(z)
measures the scattered energy in wave nungbetr depthz. Ak, = (2) 0 dz (B10)
The calculation involves cross-expectations of terms involv- 2kno " 2Kno Jo p(2)

ing 6P with terms involvingdSP/dz, as seen from Ed.7).
These expectations are found using the definition of thelL. A. chernov,wWave Propagation in a Random MediucGraw-Hill,
power spectrum, Eq13), and integration by parts. The de- 2New York, 1960. o _ '
tails of the calculations are very similar to those shown in the L. B. Dozier and F. D. Tappert, “Statistics of normal mode amplitudes in

. . . a random ocean: Theory,” J. Acoust. Soc. A3, 352—365(1977).
App_endlx abov? and mVlee the same assum_ptlons abPUt they pesaubies, “on the scattering of sound by internal waves in the
vertical correlation functiorM. The delta function resulting  ocean,” J. Acoust. Soc. An64, 1460—146819789.
from the power spectrum is of the ford@(q—k;—q+k,), “H. Essen, F. Schirmer, and S. Sirkes, “Acoustic remote sensing of internal

e _ : : s waves in shallow water,” Int. J. Remote Sed$l), 33—47(1983.
requinng kl k2' The reSUItmg terms can be S|mpI|f|ed 5T. Yamamoto, “Acoustic scattering in the ocean from velocity and den-

through symmetry, giving the power-spectral density Shown gy fiuctuations in the sediments,” J. Acoust. Soc. Ag®, 866879
in Sec. Il (1996.

2533 J. Acoust. Soc. Am., Vol. 106, No. 5, November 1999 B. H. Tracey and H. Schmidt: Seabed volume scattering 2533



5p. Hines, “Theoretical model of acoustic backscatter from a smooth sea- interface reverberation in stratified ocean waveguides,” J. Acoust. Soc.

bed,” J. Acoust. Soc. Am88, 324—-334(1990. Am. 97, 2199-22091995.

"A. Ishimaru,Wave Propagation and Scattering in Random Me@aa- 18K, D. LePage and H. Schmidt, “Modeling of low frequency transmission
demic, New York, 1978 loss in the central Arctic,” J. Acoust. Soc. Ar@i6, 1783—17951994).

8J. H. Stockhausen, “Scattering from the volume of an inhomogeneous®D. H. Berman, “Computing effective reflection coefficients in layered
halfspace,” NRE Report, 63/@1963. media,” J. Acoust. Soc. Am101, 741-748(1997).

9D. Jackson, D. Winebrenner, and A. Ishimaru, “Application of the com- 2°D. H. Berman, “Reverberation in waveguides with rough surfaces,” J.
posite roughness model to high-frequency bottom backscattering,” J. Acoust. Soc. Am105 672-686(1999.

Acoust. Soc. Am79, 1410-14221986. 21B. Tracey, “An integrated modal approach to surface and volume scatter-
10A. N. Ivakin and Y. P. Lysanov, “Theory of underwater sound scattering ing in ocean acoustic waveguides,” Ph.D. thesis, Massachusetts Institute

by volume inhomogeneities of the bottom,” Sov. Phys. Aco@st1), of Technology and Woods Hole Oceanographic Institution, January 1995.

61-64(1981). 22B. Tracey and H. Schmidt, “Seismo-acoustic field statistics in shallow

11D, Tang, “Acoustic Wave Scattering from a Random Ocean Bottom,” water,” IEEE J. Ocean En@2(2), 317—-331(1997.
Ph.D. thesis, Massachusetts Institute of Technology and Woods Hol&F. B. Jensen, W. A. Kuperman, M. B. Porter, and H. Schn@ginputa-

Oceanographic Institute, June 1991. tional Ocean AcousticéAmerican Institute of Physics, Woodbury, NY,
2D, Tang and G. V. Frisk, “Plane-wave reflection from a random fluid 1994).
half-space,” J. Acoust. Soc. An®0, 2751-27561991). 243, Goff and T. Jordan, “Stochastic modeling of seafloor morphology:
13D, Tang, “Shallow water reverberation due to sediment volume inhomo- Inversion of sea beam data for second order statistics,” J. Geophys. Res.
geneities,” J. Acoust. Soc. An@8(A), 2988(1995. 93, 13589-136081993.
W, A. Kuperman and H. Schmidt, “Rough surface elastic wave scattering?T. Yamamoto, “Velocity variabilities and other physical properties of
in a horizontally stratified ocean,” J. Acoust. Soc. Aif®, 1767-1777 marine sediments measured by crosswell acoustic tomography,” J.
(1986. Acoust. Soc. Am98, 2235-22481995.

W. A. Kuperman and H. Schmidt, “Self-consistent perturbation approach®®M. B. Porter, The kRakeN normal mode program. Rep. SM-245
to rough surface scattering in stratified elastic media,” J. Acoust. Soc. (SACLANT Undersea Research Centre, La Spezia, )itdl991.
Am. 86, 1511-15221989. 27W. A. Kuperman, “Coherent component of specular reflection and trans-
18A. G. Voronovich, “Approximation of uncorrelated reflections in the  mission at a randomly rough two-fluid interface,” J. Acoust. Soc. /A8).
problem of sound propagation in a waveguide with a statistically rough 365-370(1975.
boundary,” Sov. Phys. Acous83(1), 11-17(1987. 2C. Bender and S. Orszadypplied Mathematical Methods for Scientists
1"H. Schmidt and W. A. Kuperman, “Spectral representations of rough and Engineer§McGraw-Hill, New York, 1978.

2534 J. Acoust. Soc. Am., Vol. 106, No. 5, November 1999 B. H. Tracey and H. Schmidt: Seabed volume scattering 2534



