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A self-consistent perturbation method for three-dimensional acoustic scattering due to sound speed
and density fluctuations is developed below. This method allows calculation of mean-field
attenuation due to scattering, as well as second-moment statistics of the scattered field. Scattering
from an inhomogeneous sediment bottom in shallow water is considered as an application. The
power spectral density of the scattered field is calculated and used to study the effects of fluctuation
statistics. Modal attenuation due to scattering is then calculated for several shallow-water scenarios.
The scattering loss calculation is straightforward and is suitable for use with standard normal-mode
codes. Numerical results show the influence of the statistical model used to represent bottom
randomness and demonstrate the importance of scattering into the continuous spectrum. Scattering
loss predictions are shown to agree well with a previous wave number-integration approach.
© 1999 Acoustical Society of America.@S0001-4966~99!04610-X#

PACS numbers: 43.30.Bp, 43.30.Ft, 43.30.Gv@DLB#

INTRODUCTION

Volume fluctuations in the ocean are known to strongly
affect acoustic propagation. In deep water, the strongest ef-
fects come from oceanographic mixing and internal waves,
while in shallow water, interaction with the inhomogeneous
ocean bottom is generally more important. In seawater, den-
sity fluctuations are generally an order of magnitude smaller
than sound-speed variations, and can be neglected.1 As a
result, a large amount of research has addressed scattering by
sound-speed variations only, and has been applied to model-
ing the effects of internal waves.2–4 When seabed scattering
is considered, however, density fluctuations cannot be ne-
glected and are often dominant.5,6 Scattering from seabed
sound-speed and density fluctuations has two main effects;
first, energy is stripped from the coherent part of the acoustic
field, and second, the scattered energy affects the acoustic
field coherence. The theory developed here attempts to cap-
ture both effects.

Chernov1 and Ishimaru7 have published well-known
treatments of propagation through an unbounded random
media. Different approaches are appropriate depending on
the scale of fluctuations in the medium. If variations in me-
dium properties are small, a perturbation solution can be
sought. This work has been extended to study sound incident
from a water half-space on a sediment bottom containing
random layers. The half-space problem neglects waveguide
effects, which is justified for deep water or for high-
frequency shallow-water scenarios. Volumetric scattering
from within the bottom can be modeled by assuming the
scattering sources are uncorrelated uniform spheres.8,9 Sev-
eral authors have developed perturbation approaches based
on Chernov’s work. Ivakin and Lysanov10 used a plane wave
approach which did not include contributions from lateral
waves, while Hines6 used the method of steepest descent to
capture lateral as well as refracted wave contributions.

Tang11 developed a self-consistent perturbation theory to
model scattering from sound-speed fluctuations in the sedi-
ment. Tang was able to calculate a coherent field-reflection
coefficient which included loss due to scattering.12

More recently, attention has been focused on the role of
bottom randomness in influencing propagation in shallow
water waveguides. Tang has developed a modal treatment of
reverberation due to both sound-speed and density
fluctuations.13 However, this work is based on the Born ap-
proximation and does not allow calculation of mean-field
scattering loss.

In this paper, we develop a new, self-consistent theory
for modeling volume scattering in the ocean. The methodol-
ogy used is similar to the rough surface scattering approach
of Kuperman and Schmidt.14,15 In the first section, the basic
theory for scattering from random sound-speed and density
fluctuations in a three-dimensional ocean is presented.
Sound-speed and density fluctuations are assumed to be fully
correlated. This work allows calculation of the mean-field
attenuation due to volume scattering, as well as the spatial
statistics of the scattered field.

The approach presented below is a single-scattering
theory. Since waveguide propagation is expected to involve
multiple scattering events, a single-scatter theory is clearly
not exact. However, Voronovich16 and others17,18 have ar-
gued that the single-scatter approximation is valid as long as
the scatterer correlation length is small compared to ray
cycle distances associated with propagating modes. In this
case, which is typical for many ocean acoustic scenarios,
previously scattered energy will be incoherent with both the
mean and locally scattered fields when it returns to the inho-
mogeneous seabed. The scattering process can then be ap-
proximated as a series of uncorrelated interactions with the
seabed, with single-scattering theory used to calculate sec-
ondary source terms for the reverberant field.

This argument is supported by Berman19 with regard to
calculation of the coherent field-reflection coefficient. Ber-
man compared a full multiple-scattering formulation for
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waveguides with results for a rough interface separating two
half-spaces. Some dependence on roughness height was
seen, but significant multiple-scattering effects were found
only when the roughness correlation length was long com-
pared to ray cycle distances. Because the coherent field-
reflection coefficient can be used to calculate scattering loss,
Berman’s finding relates directly to the validity of the mode
attenuations calculated below.

Recently, Berman has developed a multiple-scattering
formulation to derive waveguide reverberation.20 This work
may provide a basis for numerically evaluating the single-
scattering approximation for scattered field intensity.

The following sections concentrate on scattering of low-
frequency sound from random layers in fluid sediment bot-
toms. First, we model the scattering from a plane wave inci-
dent on the ocean bottom, without taking waveguide effects
or mean-field attenuation into account. Numerical examples
are used to show the effects of sound-speed and density fluc-
tuations over a range of parameter values. For short correla-
tion lengths, the existence of density fluctuations can signifi-
cantly enhance backscatter. The examples also show that
out-of-plane scattering can be important.

Next, propagation of normal modes in a shallow-water
waveguide is studied. A perturbation method is used to esti-
mate mean-field normal mode attenuation coefficients due to
scattering. Good agreement is demonstrated with mean-field
losses calculated by Tang,12 though results obtained from the
modal approach are somewhat sensitive to the modeling of
the continuous spectrum.

Finally, the theory developed here can be used to calcu-
late the spatial correlation and cross-modal coherences for
the scattered and total fields propagating in the ocean wave-
guide. A numerical implementation of the volume-scattering
theory for a two-dimensional ocean is described
elsewhere.21,22 The close correspondence between the
volume-scattering theory and Kuperman and Schmidt’s
rough-scattering theory facilitates comparison of the differ-
ent scattering mechanisms.

I. THEORY

The wave equation for inhomogeneous medium has
been derived by several authors, including Chernov.1 Assum-
ing harmonic time dependence, we write the inhomogeneous
Helmholtz equation

@¹21k2~r ,z!#p~r ,z!2
¹r~r ,z!

r~r ,z!
•¹p~r ,z!5Svd~x2xs!,

~1!

where a point source of strengthSv located atxs5(0,0,zs).
We assume that there are small variations in both density and
sound speed. In addition, we assume that variations in the
sound speed and density are linked. Following Hines,6 sound
speed and density are then written as functions of the bottom
porosity P.6 If the background density is constant, we can
write

c~r ,z!5c0~z!1
]c

]P
dP~r ,z!,

r~r ,z!5r01
]r

]P
dP~r ,z!, ~2!

wheredP is the variation in the bottom porosity. Hines gives
empirical values of the derivatives to be]r/]P
521.440 g/cm3 and ]c/]P52570 m/s. Next, we expand
the pressure field in terms of a coherent mean field and an
incoherent diffusely scattered field

p~r ,z!5^p~r ,z!&1s~r ,z!. ~3!

Inserting this expansion in Eq.~1! above and averaging~re-
membering that sound-speed and density fluctuations are
zero mean! gives an equation for the coherent field

@¹21k0
2~z!#^p~r ,z!&2mc~z!^dP~r ,z!s~r ,z!&

2mr^¹dP~r ,z!•¹s~r ,z!&5Svd~x2xs!, ~4!

where the quantities

mc~z![
2k0

2~z!]c/]P

c0~z!
, mr[

1

r0

]r

]P
, ~5!

have been introduced to simplify the notation.
Subtracting this equation from the full unaveraged

Helmholtz equation, we find an expression for the scattered
field

@¹21k0
2~z!#s~r ,z!5mc~z!dP~r ,z!^p~r ,z!&

1mr¹~dP~r ,z!!•¹^p~r ,z!&. ~6!

In deriving this equation, we have made a single-scatter ap-
proximation by neglecting several terms involving products
of the scattered field and the porosity fluctuations. This as-
sumes that the scattered field produced during each scatter-
ing event is small. This equation is equivalent to Hines’ Eq.
~2!. As discussed in the Introduction, single-scatter theory
can be applied to waveguide propagation under the assump-
tion that seabed inhomogeneity correlation lengths are much
shorter than length scales over which scattered energy re-
turns to the seabed~i.e., ray cycle distances!.

The first term on the right-hand side above accounts for
scattering generated by sound-speed fluctuations, and is
monopole-like. The second term, which represents scattering
from density fluctuations, will be shown below to enhance
backscattering.

Our solution proceeds in a manner analogous to that of
Kuperman and Schmidt. First, the equations above are Fou-
rier transformed to yield expressions in the form of the
depth-separated wave equation. We then find a solution for
the transformed scattered fields̃ in terms of the coherent
field. This solution is substituted into the transformed version
of Eq. ~4! to give a self-consistent equation for the coherent
field. This equation takes into account the loss of coherent
field energy due to scattering.

We begin by applying the 2-D wave number transform
as defined in Ref. 15. Recognizing the right-hand side of Eq.
~6! to be a source term distributed over depth, we can write
the scattered field as~see Appendix A for details!
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s̃~q,z!52E E dz0 dk8 Gv~q,z,z0!Fb1~q,k8!

3d P̃~q2k8,z!^ p̃~k8,z0!&

1mr

]d P̃~q2k8,z0!

]z0

]^ p̃~k8,z0!&
]z0

G , ~7!

where

b1~q,k!5mc~z0!2mr~q2k!•k. ~8!

The horizontal derivatives in the density term have become
algebraic factors ofk andq.

Similarly, we can transform the mean-field equation,
giving ~see Appendix A!

@L~k!1I ~k,z!#^ p̃~k,z!&5Svd~z2zs!, ~9!

where the operator

L~k!5
]2

]z2 1k0
2~z!2k2 ~10!

is the standard propagation operator for the depth-separated
wave equation, and the scattering loss term

I ~k,z!52
1

2p E d2 qFa1^d P̃~k2q,z!s̃~q,z!&

1mrK ]d P̃~k2q,z!

]z

] s̃~q,z!

]z L G ~11!

describes scattering out of the mean-field wave numberk
into scattered-field wave numbersq as a function of depth.
Equations ~7! and ~9! are combined to eliminate the
scattered-field variables̃, giving an equation involving only
the coherent field̂ p̃&. This substitution results in several
second-moment expectations of the porosity fluctuations and
their z-derivatives. We model the fluctuation statistics as be-
ing described by a correlation function which is separable
into horizontal and vertical components

^dP~r ,z!dP~r1r,z0!&5^s2&N~p!M ~z2z0!. ~12!

This is rewritten in the wave number domain as

^d P̃~k,z!d P̃~q,z0!&52p^s2&PH~q!d~k1q!M ~z2z0!,
~13!

wherePH is the power spectrum of horizontal fluctuations.
Vertical derivatives of expectations involvingdP translate
into z-derivatives ofM, which can be eliminated from the
depth integrals using integration by parts. The detailed cal-
culations are shown in Appendix B. The only restrictions
placed onM are thatM (z2z0)→0 and and]M (z2z0)/]z
→0 as the depth separationz2z0 becomes large. These con-
ditions are satisfied by a number of physically reasonable
correlation functions, for example Gaussian or decaying ex-
ponential forms ofM (z2z0).

After the integrations by parts, the final form of the scat-
tering loss correction term is

I ~k,z!5FF1~q,k,z0!^ p̃~k,z0!&

1F2~q,k,z0!
]^ p̃~k,z0!&

]z0
G . ~14!

The quantities in the correction term are

F1~q,k,z0!5a1a2Gv~q,z,z0!1mrFa3

]2Gv~q,z,z0!

]z]z0

2a4

]Gv~q,z,z0!

]z G , ~15!

and

F2~q,k,z0!5mr~a32a1!
]Gv~q,z,z0!

]z0
, ~16!

where

a15mc~z0!2mr~k2q!•q,

a25mc~z0!1mr~k0
22q•k!,

~17!
a35mc~z0!1mr~2k0

22k•~k1q!!,

a45
2mrk0

2~z0!13mc~z0!

c0~z0!

]c0

]z0
.

The algebraic terms multiplying themr terms ina12a3 re-
sult from horizontal and vertical derivatives. All terms in-
cludingz-derivatives of the pressure field or Green’s function
also involve only the density fluctuations. These terms result
from the spatial derivative term,Dr(r ,z)/r(r ,z), in the in-
homogeneous Helmholtz equation. The terma4 takes ac-
count of any sound-speed gradient in the seabed.

This integro-differential equation is in general difficult
to solve. However, experimental studies have shown that the
vertical correlation lengths of fluctuations in sediment bot-
toms are usually quite short. For low frequencies, the vertical
correlation length will be much smaller than an acoustic
wavelength. It is then reasonable to approximate the vertical
correlation function as a delta function11

M ~z2z0!'zCLd~z2z0!. ~18!

This delta function eliminates the depth integral in the mean-
field equation. A perturbation solution can be used to esti-
mate mean-field scattering loss, as detailed in Sec. III.

II. PLANE WAVE SCATTERING FROM SEDIMENT
BOTTOMS: POWER SPECTRAL DENSITY

As a first application of the theory, we study plane wave
scattering from a sediment bottom. A great deal of physical
insight can be obtained by looking at the power spectral
density^s̃(q,z) s̃* (q,z)&, the power scattered into each wave
numberq. This expectation includes cross-terms involving
expectations ofM and itsz-derivatives, which can be simpli-
fied using integration by parts as above. The detailed calcu-
lations are discussed in Appendix A, with the final result
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PScat~q,z!5^s̃~q,z!s̃* ~q,z!&

52p^s2&E dz0E dkPH~q2k!

3UD~1!
]Gv~q,z,z0!

]z0
1D~2!Gv~q,z,z0!U2

,

~19!

where

D~1!~k,z!52mr

]^ p̃~k,z!&
]z

~20!

D~2!~q,k,z!5a2~q,k,z!
]^ p̃~k,z!&

]z
.

We consider the case of a single plane wave incident on
the sediment from the water column and scattering into plane
waves in the sediment. As we are mainly concerned with
angular distribution of the scattered energy, we will defer
calculation of mean-field scattering loss until the next sec-
tion. Ignoring scattering losses~the Born approximation!, the
coherent field is replaced by the unperturbed field:
^ p̃(k,z)&' p̃0(k,z). The incident field in the bottom is then
of the form

p̃0~k,z0!5T12~k!e2 ikz2z0, ~21!

whereT12(k) is the transmission coefficient from the water
into the sediment. We choose the Green’s function to be the
free-space Green’s function. Thus, we can only evaluate the
scattered field for receivers in the bottom medium. We will
evaluate it atz50, the water–sediment interface. The depth-
dependent Green’s function is given by

Gv~q,z,z0!52
e2 iqz2uz2z0u

4p iqz2
. ~22!

The square root singularity in the Green’s function is not
physically meaningful and can be removed by changing the
variables of integration,23 so it is not shown in the following
plots.

The scattered field is strongly affected by the power
spectrum chosen to represent the inhomogeneities. For these
calculations, both two-dimensional Gaussian and
Goff–Jordan24 spectra are used

PGauss~q!5
LxLy

2
e2@~Lxqx!21~Lyqy!2#/4,

~23!

PGoff–Jordan~q!5
LxLy

@~Lxqx!
21~Lyqy!211#2 ,

whereLx and Ly are the correlation lengths inx and y, re-
spectively. The Goff–Jordan spectrum is more peaked near
its maximum and contains much more energy at higher wave
numbers. This spectrum has been used in modeling rough-
surface scattering,18 and is chosen to reflect the idea that we
expect variations in nature at many length scales. Also, it
describes a power-law roll-off at high wave numbers like
those measured by Yamamoto.25

Figures 1–5 show scattered-field power spectral density
~PSD! for several scenarios. The spectra are plotted versus

horizontal wave numbers in thex andy directions. A 100-Hz
plane wave is assumed to be incident on the bottom along the
x-axis (qy50), at a 10-deg vertical angle. The bottom prop-
erties arer51.9 g/cm3, cb51650 m/s, anddc/c050.1. For
this combination of incident angle and bottom type, the in-
cident wave is evanescent in the bottom. Shown on the plot
are the sediment wave numberkb ~inner circle! and water
wave numberkw ~outer circle!. Wave numbers inside the
uku5kb circle correspond to the continuous spectrum, wave
numbers between the circles correspond to the discrete spec-
trum, and wave numbers outside theuku5kw circle corre-
spond to waves which are evanescent in both the water and
sediment.

Figures 1 and 2 compare the effect of the choice of
power spectrum. Results for correlation lengths of 10 m and
1 m are shown. For these plots, scattering from sound-speed

FIG. 1. Plane wave scattering from sound-speed fluctuations only.f
5100 Hz; Goff–Jordan power spectrum, 10-deg incident wave; correlation
lengths of 10 m~upper! and 1 m~lower!.

FIG. 2. Plane wave scattering from sound-speed fluctuations.f 5100 Hz;
Gaussian power spectrum, 10-deg incident wave; correlation length is 10 m.
Note the Gaussian spectrum gives lower backscattering levels.
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fluctuations alone is included. Comparing the plots for 10-m
correlation lengths, the most striking difference is that the
backscatter is greatly enhanced with the Goff–Jordan spec-
trum ~Fig. 1! due to the longer tails of the power spectrum.
Strong out-of-plane scattering is seen with both spectra,
though a peak is observed at angles close to in-plane. In both
cases the scattering is basically forward-directed, with the
peak in scattered energy centered around the specular direc-
tion. Decreasing the correlation length to 1 m gives a much
broader distribution of scattered energy. This is expected,
since in the limit of small correlation length the inhomoge-
neities can be thought of as a random distribution of inde-
pendent point scatterers. Each of these point scatterers radi-
ates isotropically, so the overall scattering pattern is more
diffuse. Decreasing the correlation length is also seen to re-
duce the peak scattered power considerably. This can be un-
derstood by remembering that sound will scatter most
strongly from objects roughly the size of the wavelength or
larger. Since the acoustic wavelength in this case is 16.5 m,
most of the sound-speed fluctuations for the 1-m correlation
length will have horizontal scales much less than a wave-
length.

Figure 3 shows scattering from both sound-speed and
density fluctuations in the sediment bottom. For the 10-m
correlation length, the scattering intensity levels are only
slightly higher than in the case without density fluctuations.
Thus, we conclude that, for long horizontal correlation
lengths, scattering from sound-speed fluctuations is domi-
nant. When the correlation length is decreased to 1 m, the
density scattering is dominant, as seen by comparing Figs. 1
and 3. Most importantly, the maximum is now in theback-

scattereddirection. This backscattering was predicted by
Chernov for 1-D scattering, and can be seen in theq2k term
in Eq. ~7!, which shows the density-scattering contribution
has a null in the forward direction. This preferential scatter-
ing in the backward direction can be understood by noting
that spatial derivative operators in the density-scattering term
have the effect of ‘‘roughening’’ the spectrum, emphasizing
smaller-scale variability and increasing backscatter.

The results so far have used Hines’ empirically deter-
mined values of]c/]P and ]r/]P. These values were de-
termined from a limited dataset, and can be expected to vary
for different types of sediment bottom. Hines’ values predict
that the normalized density fluctuationsdr/r0 are about
twice the normalized sound-speed fluctuationsdc/c0 . In Fig.
4, results are shown in whichdr/r0 is adjusted so the nor-
malized sound-speed and density fluctuations are equal. The
effect of the density fluctuations is somewhat reduced, but
still quite significant.

We can also study the effects of anisotropy in seabed
property fluctuations. Figure 5 shows scattering of plane
waves on a bottom with a correlation length of 2 m in x and
10 m in y. Increasing the correlation length iny gives a
power spectrum with much less width inqy . In Fig. 5 we let
a plane wave be incident on the bottom at a vertical angle of
10 deg, and horizontal angles of 0~along thex-axis!, 45 deg,
and 90 deg~along they-axis!. From observing the plots, we
see that the anisotropy causes the scattered field to be skewed
away from the incident angle for incident angles not aligned
with the principal axes of the inhomogeneities. The anisot-
ropy causes increased scattering into the continuous spec-
trum for the 0-deg incident wave, vs increased out-of-plane
scattering for the 90-deg incident wave.

III. MODAL SCATTERING FROM RANDOM SEDIMENT
BOTTOMS

For low-frequency shallow water propagation, the
acoustic field is often well described as a sum of a reason-
ably small number of normal modes. This leads us to spe-
cialize the theory developed above to consider scattering of a
modal sound field from inhomogeneities in fluid sediment
bottoms. In doing so, we will make a number of simplifying
assumptions. The most useful of these, discussed above, is
that the vertical correlation function can be approximated as

FIG. 3. Plane wave scattering from sound-speed and density fluctuations.
f 5100 Hz; Goff–Jordan power spectrum, 10-deg incident wave; correlation
lengths of 10 m~upper! and 1 m~lower!. For the shorter correlation length,
density fluctuations greatly increase backscatter.

FIG. 4. Plane wave scattering from sound-speed and density fluctuations.
f 5100 Hz; Goff–Jordan power spectrum, 10-deg incident wave; normal-
ized sound-speed and density fluctuations are adjusted to be equal.
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a delta function. The second major simplification made is
that the sound speed is constant in the layer where volume
fluctuations are present. This assumption is limiting, but al-
lows us to examine the basic scattering physics. For isove-
locity layers, the field can be written in terms of up- and
down-going plane waves, so depth integrals in the scattered-
field expressions can be treated analytically. Depth integrals
over the incident field modes and their derivatives must oth-
erwise be performed numerically, making the calculations
much slower and less accurate.

KRAKEN26 or any other normal mode code can used to
find the mode shapes and eigenvalues for the waveguide.
The continuous spectrum contribution is included by intro-
ducing a false bottom deep in the sediment. The modal prob-
lem is then converted to a proper Sturm–Liouville problem
and all modes are proper modes. Since there are both up- and
down-going plane waves in the scattering layer, we write the
mode shape as

cn~z!5H zn~z!, z,z1 ,

Ane2 ikzn~z2z1!1Bneikzn~z2z1!, z.z1 ,
~24!

wherezn(z) are the mode shapes found by the normal mode
program andz1 is the top of the volume-scattering layer. The
plane wave coefficientsAn andBn are found from the bound-
ary conditions at the interfacez1 , and sediment attenuation
is included by introducing an imaginary part of the bottom
wave number~Ref. 23, Chap. 2!.

A. Mode attenuation coefficients

In this section, the mean-field equation is solved to find
mean-field modal attenuations. This requires evaluating the
scattering-loss correction termI (k,z) from Eq. ~9!. The cor-
rection term is anO(s2) perturbation to the mean field.
Since the scattering theory retains terms only up toO(s2), it
is consistent to use the unperturbed eigenvalues and eigen-
functions when calculatingI (k,z); i.e., I (k,z)'I (k0 ,z).
This argument was made by Kuperman27 in studying rough-
surface scattering.

The scattering-loss correction contains terms propor-
tional to both the mean field and its depth derivative@see Eq.
~14!#. If we calculate attenuations for the propagating modes
of the waveguide only, we can take advantage of the fact that
these modes are exponentially decaying in the bottom to re-
late these terms by

]^ p̃~k,z!&
]z

52ab^ p̃~k,z!&, ~25!

where ab5Ak22kb
2. This lets us simplify the correction

term and write the homogeneous mean-field equation in the
form

@L~k!1^s2& f ~k,z!#^ p̃~k,z!&50, ~26!

where f (k,z) is a combination of theF1 andF2 terms from
Eq. ~14!.

We next substitute the modal forms of the Green’s func-
tion ~as a sum over modesm! into the mean-field equation,
and switch to polar coordinates:*d2 q5**qdq du. Integrat-
ing over q exposes poles atq5qm , leaving the integration
over u. Physically, this means that the scattered field will
travel in the modes of the waveguide, but can be scattered
into any horizontal angle. The correction termf becomes

f ~k,z!5
izCL

2r~z!
E du (

m51

M

PH~qm2k!@a1a2cm
2 ~z!

1mra3~cm8 ~z!!22mr~a42ab~z!~a12a2

1mr@qm
2 2k0

2~z!# !!cm~z!cm8 ~z!#. ~27!

Here, we have left implicit the dependence of theai

terms

ai5ai~qm ,k,z!, ~28!

whereq5(qmcosu,qmsinu).
This equation can be rewritten in the form of an eigen-

value perturbation problem, giving

F ]2

]z2 1k0
2~z!Gcn5kn

2cn2^s2& f ~kn ,z!cn . ~29!

FIG. 5. Plane wave scattering from anisotropic sound-speed and density
fluctuations, for incident angles of~from top! 0, 45, and 90 deg.f
5100 Hz; Goff–Jordan power spectrum; CLx52 m, CLy510 m.
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The new eigenvalue can then be found using perturba-
tion theory, as described by Bender and Orzag.28 Appendix
B shows that the first-order correction for the eigenvalue is

Dkn5
^s2&
2kn0

E
0

D f ~kn0
,z!cn

2~z!

r~z!
dz. ~30!

The imaginary part ofDkn is the mode attenuation coeffi-
cient.

To validate our approach, we compare our method to
results obtained by Tang11 for a bottom containing sound-
speed fluctuations only. Tang’s code was used to calculate
mean-field plane wave reflection coefficients for the sedi-
ment bottom. These reflection coefficients were used as a
boundary condition for the normal mode codeKRAKEN,
which calculated the modified eigenvalues. The resulting
change in the mode attenuation was taken to be Tang’s pre-
diction for scattering loss.

KRAKEN was then used to find the eigenvalues and mode
shapes for the unperturbed scenario. These were used to find
the mode attenuations from Eq.~30!.

A simple scenario, shown in Fig. 6, was used for com-
parison. A 50-m-deep isovelocity water layer overlays a
sediment half-space, the upper 50 m of which contains
sound-speed inhomogeneities. The inhomogeneities are as-
sumed to have a 2-D isotropic Gaussian correlation function
in the horizontal and to be delta-correlated in the vertical.
Attenuation in the water and sediment is neglected, so any
loss is purely due to scattering.

Figure 7 shows the plane wave reflection coefficient for
correlation function parameters which are used by Tang:
dcrms/c050.1, horizontal correlation lengthl 0510 m, and
vertical correlation lengthzCL51 m.

The modal results are compared with Tang’s attenuation
coefficients in Fig. 8. Attenuation coefficients obtained using
the modal approach are in reasonably good agreement with
Tang’s results, but are sensitive to the treatment of the con-
tinuous spectrum. However, the otherwise good agreement
suggests that the approaches are compatible in describing the
scattering physics.

Figure 8 shows modal attenuation coefficients forf
5200 Hz, calculated from Tang’s results and from the modal

approach described above. When only scattering into proper
modes is allowed, the modal calculation is seen to signifi-
cantly underestimate the actual attenuation.

Scattering into the continuous spectrum is then approxi-
mated numerically by introducing a false bottom at 400-m
depth~note we can allow a false bottom without any bottom
attenuation only because we are interested here in scattering
into the continuous spectrum; when calculating statistics of
the scattered field, we must always include bottom attenua-
tion so the continuous spectrum modes will decay quickly
with range!. When these extra modes are included, the agree-
ment from the two methods is greatly improved. However,
attenuations calculated using the modal approach are sensi-
tive to the number of continuous spectrum modes included.
As the number of modes included is increased, the results
converge to the attenuations shown in Fig. 8, which includes
111 false-bottom modes in addition to the 6 proper modes. A
calculation which includes 41 false-bottom modes shows
nearly exact agreement with Tang’s results for modes 1–4,
but underestimates attenuation for modes 5 and 6.

This sensitivity is not surprising, as the normal mode

FIG. 6. Scenario for comparison with Tang’s results.f 5200 Hz; Gaussian
spectrum, 10-m correlation length,dc/c050.1.

FIG. 7. Reflection coefficients for scenario. Dashed line is for nonrandom
bottom; solid line is for bottom with random layer.

FIG. 8. Comparison with Tang’s results. Open circles shows results from
Tang; asterisk shows modal solution including continuous spectrum modes;
‘‘ 3’’ shows modal solution, proper modes only.

2530 2530J. Acoust. Soc. Am., Vol. 106, No. 5, November 1999 B. H. Tracey and H. Schmidt: Seabed volume scattering



approach is known to have difficulty in modeling the con-
tinuous spectrum. The two main conclusions to be drawn
from Fig. 8 are: first, that the current approach appears to
agree with earlier work, and second, that scattering losses
can be estimated fairly accurately with a modal approach. In
many practical cases, uncertainty in environmental param-
eters will be larger than errors introduced by modeling of
continuous spectrum modes.

Next, the fluid bottom, shallow water waveguide shown
in Fig. 9 is considered. Both sound-speed and density fluc-
tuations are included. For notational convenience, we define
a parameters, which is set equal to the normalized sound-
speed fluctuationsdc/c0 . For a givens, the density fluctua-
tions are found from the relationship between density and
sound-speed fluctuations given by Hines’ constants.

We again examine horizontal correlation lengths of 1
and 10 m. The random scattering layer is assumed to be
between 100- and 150-m depth. For the 10-m correlation
length, seen in the upper plot of Fig. 10, including density
scattering causes only a slight increase in mode attenuation.
However, density fluctuations are the predominant cause of
loss for the shorter 1-m correlation length case, shown in the
lower plot of Fig. 10. This agrees with the trends seen above
for plane wave scattering. The full scattering loss with the
1-m correlation length is of roughly the same order of mag-
nitude as the loss caused by a bottom attenuation of 0.1
dB/l. Whether or not attenuation due to volume scattering is
a significant attenuation mechanism will depend on the en-
vironment considered. However, it has been demonstrated
numerically21 that the coherent field loss can significantly
affect the correlation statistics of the total field.

IV. CONCLUSION

In this paper, a new self-consistent theory describing
scattering from volume fluctuations in the ocean has been
developed which includes scattering from both sound-speed
and density fluctuations and allows calculation of coherent
field attenuation due to scattering. Previous modeling includ-
ing both sound-speed and density fluctuations has been based
on the Born approximation, and does not give coherent field-
scattering loss. The effects of including density fluctuations
in a 3-D ocean were examined. When the horizontal corre-
lation length of scatterers is small, scattering from density
fluctuations significantly changes the backscattered energy.

The effects of out-of-plane scattering and anisotropic fluc-
tuation statistics are also shown to be important. The theory
was extended to find modal attenuations due to scattering,
showing agreement with previous work which included
sound-speed fluctuations only. For scenarios involving both
sound-speed and density fluctuations, modal scattering losses
can be comparable in magnitude to the effects of bottom
attenuation.
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APPENDIX A: SCATTERING INTEGRALS AND MEAN
FIELD EQUATION

In this Appendix, the details of several calculations re-
ferred to above are shown. Before beginning we state several
relationships which will be of use. From the definition of the
wave number transform,

FIG. 9. Shallow water scattering scenario.

FIG. 10. Mode attenuations for shallow water example.f 5100 Hz; Goff–
Jordan spectrum,s50.1. Solid line includes effect of both sound-speed and
density fluctuations, dotted line includes sound-speed fluctuations only. Cor-
relation lengths of 10 m~upper plot! and 1 m~lower plot! are assumed.
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dP~r ,z!5
1

2p E
2`

`

d2 kd P̃~k,z!e2 ik•r, ~A1!

^p~r ,z!&5
1

2p E
2`

`

d2 k^ p̃~k,z!&e2 ik•r, ~A2!

s~r ,z!5
1

2p E
2`

`

d2 ks̃~k,z!e2 ik•z. ~A3!

Horizontal derivatives are transformed into algebraic factors;
for example

]dP~r ,z!

]r
5

1

2p E
2`

`

d2 k~2 ik!d P̃~k,z!e2 ik•r. ~A4!

We use also the following property of the delta function:

1

~2p!2 E
2`

`

d2 reik•r5d~k!. ~A5!

First, we evaluate the wave number transform of the
scattered-field equation. From the results in Sec. I, the trans-
formed scattered field is given by

L~q!s̃~q,z!5
1

2p E d2 reiq•r@mc~z!dP~r ,z!^p~r ,z!&

1mr¹dP~r ,z!•^p~r ,z!&#. ~A6!

The work to be done is in evaluating the right-hand side
~rhs!. We begin by looking at the simpler first term, which
involves onlymc . Inserting the appropriate definitions from
above gives

rhs15
mc~z!

~2p!3 E E E d2 k1d2 k2d2 rd P̃~k1 ,z!

3^ p̃~k2 ,z!&ei @q2~k11k2!#r. ~A7!

Using the delta function property and integrating overr

rhs15
1

2p E E d2 k1d2k2d P̃~k1 ,z!^ p̃~k2 ,z!&

3d@q2~k11k2!#. ~A8!

The delta function pulls outk15q2k2 . Renamingk2[k8,
we have

rhs15
mc~z!

2p E d2 k8d P̃~q2k8,z!^ p̃~k8,z!&. ~A9!

We next examine the second term, which involves spa-
tial derivatives ofr(r ,z). The derivative terms can be ex-
panded into separate horizontal and vertical derivatives. Re-
writing in terms of the transformed variables and integrating
over r andk1 as above gives

rhs25
2mr

2p E d2 k8F ~q2k8!•k8d P̃~q2k8,z!

3^ p̃~k8,z!&2
]d P̃~q2k8!

]z

]^ p̃~k8,z!&
]z

G . ~A10!

Adding these results together gives the combined rhs for the
scattered-field equation shown in Eq.~7!.

The second result shown is the transformation of the
mean-field equation, Eq.~4!. Again, we break the equation
into two terms, and look at the simpler one, multiplyingmc

first. This term is

I152
mc~z!

2p E
2`

`

^dP~r ,z!s~r ,z!&eik•zd2 r . ~A11!

The calculation begins by substituting in the expressions for
s(r ,z) anddP(r ,z)

I152
mc~z!

~2p!3 E E E d2 rd2 k1d2 q

3^d P̃~k1 ,z!s̃~q,z!&ei ~k2~k11q!!rd2 r . ~A12!

Integrating overr again gives a delta function, which is sat-
isfied whenk15k2q. This gives the result

I152
mc~z!

2p E dq^d P̃~k2q,z!s̃~q,z!&. ~A13!

Next, we look at the remaining terms, given by

I252
mr

2p E d2 r K ]dP~r ,z!

]r
•

]s~r ,z!

]r L eik•r

2
mr

2p E d2 r K ]dP~r ,z!

]z
•

]s~r ,z!

]z L eik•r. ~A14!

Carrying out substitutions and integrations exactly as done
above gives the result

I252
mr

2p E d2 qH 2~k2q!•q^d P̃~k2q,z!s̃~q,z!&

1K ]d P̃~k2q!

]z

]^p~q,z!&
]z L J . ~A15!

These two terms are added to give the intermediate result
shown in Eq.~11!.

We proceed by evaluating the expectation terms above.
This calculation is straightforward but long, so we will not
show all details here. We first look at the first expectation in
Eq. ~A13!

E15^d P̃~k2q,z!s̃~q,z!&. ~A16!

Substituting in the expression fors̃(q,z) from Eq. ~7! gives
one term involving a second-moment expectation ofd̃ P̃ and
another term involving an expectation ofd̃ P̃ with its vertical
derivative. From the definition of the power spectrum, verti-
cal derivatives of porosity translate into derivatives of the
vertical correlation functionM. Assuming that the vertical
correlation lengthzCL@l @Eq. ~18!# lets us approximateM
with a delta function. The first term resulting from Eq.~A16!
gives

E11522p^s2&zCLPH~q2k!Gv~q,z,z0!b1~q,k,z!

3^ p̃~k,z!&. ~A17!

The second integral, rewritten
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E12522p^s2&PH~q2k!E z0 Gv~q,z,z0!

3
]M ~z2z0!

]z0

]^ p̃~k,z0!&
]z0

, ~A18!

can be found using integration by parts, following Chernov.1

Dropping the constants for a moment, we have

E12;2Gv

]^ p̃&
]z0

MU
2`

`

1E dz0 M ~z2z0!

3FGv~q,z,z0!
]2^ p̃~k,z0!&

]z0
2

1
]Gv~q,z,z0!

]z0

]^ p̃~k,z0!&
]z0

G . ~A19!

The first term drops out asM→0 for large (z2z0), and Eq.
~18! is used to eliminate the depth integral. The second de-
rivative of ^ p̃(k,z)& is simplified using the Helmholtz equa-
tion. Finally, E1 is found to be

E1522pzCLPH~q2k!H a2Gv~q,z,z!^ p̃~k,z0!&

2mr

]Gv~q,z,z0!

]z0
U

z

]^ p̃~k,z0!&
]z0

U
z
J , ~A20!

wherea2 is as defined in Sec. III A.
The calculation for the second expectation,

E25K ]d P̃~k2q,z!

]z

] s̃~q,z!

]z L ~A21!

is similar but more complicated. Substituting in the
scattered-field expression again gives two expectations, one
of which involves]M (z2z0)/]z and the other of which in-
volves ]2M (z2z0)/]z2. Using a change of variables argu-
ment, it is easy to show that]M /]z52]M /]z0 , giving two
integrals which involve derivatives with respect toz0 . We
again use integration by parts, using the assumption that
]M (z2z0)/]z0→0 asz2z0 becomes large to simplify the
integral involving]2M /]z0

2. Full details of the calculation
are found in Ref. 21. Finally,E1 and E2 are combined to
give the self-consistent equation for the mean field quoted in
Eq. ~14!.

The power-spectral density, defined as^s̃(q,z) s̃* (q,z)&,
measures the scattered energy in wave numberq at depthz.
The calculation involves cross-expectations of terms involv-
ing dP with terms involving]dP/]z, as seen from Eq.~7!.
These expectations are found using the definition of the
power spectrum, Eq.~13!, and integration by parts. The de-
tails of the calculations are very similar to those shown in the
Appendix above and involve the same assumptions about the
vertical correlation functionM. The delta function resulting
from the power spectrum is of the formd(q2k12q1k2),
requiring k15k2 . The resulting terms can be simplified
through symmetry, giving the power-spectral density shown
in Sec. II.

APPENDIX B: PERTURBATION THEORY FOR
EIGENVALUE CORRECTION

Consider the form of the eigenvalue problem above:

F ]2

]z2 1k0
2~z!Gcn5kn

2cn2^s2& f ~kn0
,z!cn . ~B1!

As this is the equation for the mean field, all quantities above
are averaged, though this is not shown explicitly. The equa-
tion can be rewritten in the form

Hcn5Encn2^s2& f ~kn0
,z!cn . ~B2!

Expanding the perturbed quantities to second order,

cn5cn
~0!1scn

~1!1s2cn
~2!1¯ ,

~B3!
En5En

~0!1sEn
~1!1s2En

~2!1¯ .

Since we are interested in calculating the mean field, we
average the equations above. Sinces is zero-mean, we find

^cn&5cn
~0!1^s2&cn

~2!1¯ ,
~B4!

^En&5En
~0!1^s2&En

~2!1¯ ,

where all quantities are averaged even if not explicitly writ-
ten so. Substituting these above and equating terms of like
order gives, for the first-order equation,

H ~0!cn
~0!5En

~0!cn
~0! . ~B5!

This is just the unperturbed equation. TheO(s) terms are
zero, by inspection. Finally, the second-order equation is

H ~0!cn
~2!5En

~0!cn
~2!1En

~2!cn
~0!2^s2& f ~kn0

,z!cn
~0! . ~B6!

The first two terms are eliminated using the first-order solu-
tion. Operating on the remaining terms with

E cn
~0!

r~z!
~• !dz, ~B7!

and using the normalization condition, gives the result

En
~2!5^s2&E ~cn

~0!!2f ~kn0
,z!

r~z!
dz. ~B8!

We relate this to the eigenvalue perturbationDkn by noting
that

kn
25~kn01Dkn!25kn0

2 12Dknkn01O~s4!1¯ . ~B9!

Then, the final expression, quoted in Sec. III A, is

Dkn5
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2kn0
En
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