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Abstract
This thesis considers two different aspects of investors’ entry and exit
decisions under stochastic shock. First, I investigate the characteristics of entry
and exit decisions of a portfolio choice under uncertainty and how the decisions
are influenced by the uncertainty. The model result shows that by adding a risk
free asset the exit trigger price of the risky asset is necessarily lower than the
Marshallian setting while the entry price is not necessarily higher. Also, I
identified the influences of marginal cost, fixed cost and uncertainty on the entry
and exit decisions. Secondly, I analyze the relationship of entry and exit rates
with cost structure and price volatility using subsector level data. The regression
results indicate that the uncertainty is positively linked with the entry rate
because the option value is increasing with the volatility. Also, fixed cost is likely
to be the factor that generates the hysteresis and widens the inaction zone.
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I.

Introduction
Suppose that an investor is considering building a factory. Under what

conditions would the investor decide to build? When would the manager decide
to abandon the factory? Clearly, the profit and cost are the factors that influence
the choices. What are their relationships? This is the entry and exit problem this
paper mainly focuses on.
The views of entry and exit problems have followed different rules over time.
At the early stage people investigated the investment decisions of a company
with precise settings. Based on the static price without uncertainty, the
traditional view of using a partial equilibrium is reasonable while not entirely
precise considering the risky nature of investment. With the introduction of
Brownian Motion and Ito theorem, people started to look at firms' entry and exit
decisions in continuous time when output price follows a random walk or a
stochastic process. Economists started to focus on the change of characteristics
generated from these methods- trigger prices and the value of investment option.
These approaches led to not only a more realistic process with uncertainty but
also generated different findings, like the uncertainty is pushing the trigger
prices further apart which leaves us a wider range of inaction zone.
The causes of these situations are also among economists’ research interests.
One plausible cause of this broader inaction zone is sometimes referred to as the
case of "hysteresis". Simply put, the hysteresis is defined as the failure of
1

maintaining the same decision while the underlying cause is reversed. The
hysteresis is an important issue in this paper, which I will discuss in the second
section. It is linked with the irreversible nature of investment, and this could
influence the decision of investment directly. Within the inaction price range we
see no investment and no abandonment, which explains how and why some
investment decisions of multinational corporation happened in the exchange rate
market. For example, in the exchange rate market when the exchange rate goes
strong leads to inflow of the foreign companies, but when the exchange rate falls
back to its original level we may not see the companies leave. The reason is they
have to make investment decisions based on different situations before and after
entry. This may explain many of the phenomena where irreversibility may
influence people's decisions.
Moreover, one can imagine that uncertainty is also crucial here, as
uncertainty in price is usually described as the risk of an investment. It is without
doubt that the tradeoff between risk and return is one of the most important
considerations for an investor. As many economists focused on such question,
Dixit (1989) designed a well-defined model in his paper “Entry and Exit
decisions under uncertainty”. I will follow the settings of Dixit's paper and
modify the representation to fit our model.
I am trying to investigate two main questions in this paper. First, how are
investment decisions influenced by uncertainty under portfolio choices? Second,
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in an empirical way, how are the rates of entry and exit influenced by cost
structure and price volatility? For the first question, I would like to consider the
investment question in a more realistic sense by adding more assets to it. For the
second one, I would look at an industrial level decision by checking the
probability of new firms to enter into the industry or the probability of existing
firms to exit from the industry. From this perspective, I would not construct the
model in a partial equilibrium way but a general one. In this way, we have
portfolio choices between multiple assets and consumption choices. I expect to
see whether such irreversibility of investment and price uncertainty impact the
consumption decisions as well. Besides, the general equilibrium could also
generate shares of investment instead of only boundary solutions, which provide
opportunity for entry and exit rate analysis.

II.

Hysteresis and Irreversibility
Hysteresis is an important case which differentiate the static and stochastic

cases. So before we come into detail of the model, I will formally explain
hysteresis.
To formalize why hysteresis happens, we consider an investment with an
overall sunk cost K and a per unit of time variable cost C. Also we define r as the
interest rate. We normalize the output of the project as one, therefore the return
flow is the output price P. Generally, we will have a pair of trigger prices, PH and
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PL, such that if P raise above PH we would choose to invest in the asset and if it
falls below PL we would choose to abandon the asset. The result for the certainty
case is referred as the Marshallian theory. In the Marshallian theory, we
differentiate entry and exit decisions by using short term and long term cost
accordingly. Thus we have investment happening when P > 𝐶 + 𝑟𝐾, that is when
the return of the asset can cover for all the cost of the investment. When P < C,
companies will quit investing because the profit is too low that it won’t even
cover for the operational cost. This is traditionally viewed as an investment
principle in certainty case but may not be entirely true with uncertainty in price.
Following Dixit’s paper, we illustrate three cases that hysteresis happens and
see how such setting influence the choice of investment.
Firstly, if we assume the price to have equal probability to go up or down
like a random walk, then we could consider this scenario: when we have a
starting price between C and 𝐶 + 𝑟𝐾, there is positive probability that price may
go up above 𝐶 + 𝑟𝐾 and fall back to its original level, but the price is not
sufficiently low to induce an exit. Thus the firm will have to stay running with
negative profit. Therefore, we might need a higher trigger price than the
Marshallian theory and the same story could happen to exit. Thus we conclude
that the Marshallian case could be underestimating the entry price and
overestimating the exit price.
Secondly, let us assume the price has some intrinsic value P* in the range (C,
4

𝐶 + 𝑟𝐾). If so, when we start from a price level of 𝐶 + 𝑟𝐾, we would have a trend
to go down from current price level indicating that we have a negative expect
value when starting at 𝐶 + 𝑟𝐾. Thus clearly we need a higher price to trigger
entry. On the contrary if the price falls below C, it has a higher probability to
come back above C. So even if price falls to C, people will expect price to get back
rather than continue falling, which give them incentive to keep themselves in the
market. In this sense the lower bar should be smaller than we set. This also
contradicts with the static case.
Thirdly, even when we have a simple symmetric random walk (SSRW)
setting we may still end up getting a bigger band than we think. Let us assume
that the price will go up and down with equal possibility, so at a price level
of 𝐶 + 𝑟𝐾, the expected return in the next period will be zero. Consequently,
people will more likely to wait one period and see how the price change, if it rises
above then they have a positive return, if it comes down then they need not to
invest. This scenario shows that we can do better by waiting. Consequently, the
price is pushed up by this waiting strategy, people will wait until the price is high
enough to ensure a positive revenue. Consider a case that we may start from a
price that is higher than 𝐶 + 𝑟𝐾. Normally this is high enough for investment to
happen but we still might gain from waiting for some cases. If the volatility of
price is large enough then one situation could be, in the next period we end up
having a price that is lower than 𝐶 + 𝑟𝐾. Thus by waiting we can prevent to
5

invest with a lower price in the next period. In this sense, by waiting we can get a
higher expected value. If we define the two possible values in the next period to
be PH and PL, label the Marshallian entry trigger price to be P0. Then using the
strategy of waiting we have an expectation of getting E(P)=0.5PH+0.5P0 instead of
E(P)=0.5PH+0.5PL, which is the expected value of invest at once. When PL< P0, by
waiting we get a higher expectation.
The above situation is illustrated in the Figure 1 below where the
Marshallian trigger price is 250. Apparently, when the price is high enough then
we won't have to wait and will immediately enter into the market. This means we
should have set a higher price for entering by waiting strategy. With the same
explanation, we should have a lower exit price.
Figure 1. SSRW and Waiting

All these cases above show that we have a decision problem now if we really
have uncertainty going on. That is exactly the reason why Marshallian theory is
not working here: the price is not expected to stay, instead, it flows at a random
way. This interpretation assembles what real world is like and this is may be a
6

more valuable view to think about investment decisions under uncertainty.

III.

Literature Review
Uncertainty in price has been discussed for a long time. The price pattern

influences people’s decisions on consumption and investment. Black and Scholes
(1973) and Merton (1973) introduced the stochastic process into the option
value theories. From then on the analyses about the asset pricing have focused
more on the stochastic process. Also, economists like Turnovsky (2000)
developed the methodology using general equilibrium model and used it to
consider the stochastic control problem. And because of such stochastic process,
the price is more realistic in describing the reality. In the domain of firm
dynamics, many papers have addressed issue related to the topic of entry and
exit decisions. Many of the literatures on capital investment decisions have
emphasize the interaction of irreversibility and economics uncertainty in
investment dynamics.
In this field, the theoretical model constructed by McDonald and Siegel (1982)
considered a firm deciding the timing of investing in a project and found out
about the optimal investment rule. Bentolila and Bertola (1990) modeled the
optimal times of hiring and firing. Dixit (1989) considered the fluctuation of
exchange rate and its link with production and choices of imports and exports.
Other works from an Industrial Organization view is also profound, like
7

Jovanovic (1982) studied the learning of later entrants and built a model of
selection to explain firm dynamics. We see that theoretical works often use
continuous timeline with Brownian motion process to represent the stochastic
risk and solve the problems using dynamic optimization methodologies.
One of the theoretical idea we follow is from Dixit (1989) in his developing of
“Entry and Exit Decisions Under Uncertainty”. Dixit investigated companies’
decisions when the output price followed a geometric Brownian motion. In the
solution he showed a pair of trigger prices for entry and exit and they were not
the same as the Marshallian price theory. More importantly he noticed the price
gap between the two theories, which he denoted as the result of hysteresis, was
found to be significantly larger even with small sunk cost. He viewed the choice
of investment as a call option and worked with the boundary conditions with
constraints. With some development on the option value he arrived at a
straightforward and meaningful conclusion that hysteresis was determined by
the sunk cost and amplified by the volatility of risk.
The framework of stochastic process is not only used in the price pattern,
there are also other theoretical works develop this stochastic uncertainty into
error terms and described it as unexpected shock. Among these works,
Turnovsky (1998) developed models to determine consumption and investment
in a general equilibrium model using stochastic processes. He showed that a
representative individual’s consumption to wealth ratio and investment decision
8

had a stable equilibrium. After adjusting for money and government activities,
we still observe a well-defined equilibrium in which we have the consumption to
wealth growth pattern and shares of investment in different assets - money,
risk-free asset and risky asset. In the view of stochastic process, we then can
identify the influence of uncertainty in equilibrium.
The uses of uncertainty in theoretical papers are different but the results are
intuitive. If we have a well-designed asset in a stochastic model, it seems
reasonable we should get different optimal rule for investment by focusing on
the irreversibility and volatile nature of the asset. If so we can look into the
equilibrium and identify the natural of this uncertainty risk.
In addition to the theoretical works, economists looked into data to see the
empirical results of entry and exit in many industries. From an industrial
organization view, the focuses are among the relationship of entry and exit
decisions and R&D or the decisions and other important financial characteristics.
Timothy Dunne, Mark Roberts and Larry Samuelson (1988) concentrated on the
entry, growth and exit in the US manufacturing industries, 1963-1982. John
Baldwin and Paul Gorecki (1991) measured the importance of size and length of
life in the Canadian manufacturing sector, 1970-1982. John Driffill, Marzia
Raybaudi, and Martin Sola (2003) studied the effect of business cycle on the
entry and exit decisions using UK data from 1973 to 1992. Most of the works are
not focusing on the dynamic of the decisions but the characteristic of the
9

companies or the structure of the market. Also the data are limited in the
research of entry and exit problems, so it will be interesting to see from a capital
investment point of view how data fit into the theory.

IV.

The Basic Model
In this section I will discuss the investment and consumption behavior of a

representative agent. I could obtain solutions to the allocation problem by using
a continuous time version of Bellman's Dynamic Programming techniques.
Because the sequence of the decision matters in the framework of entry and
exit, I would develop a two-stage investment decision model. In the first stage,
the representative decides whether to enter or not. If enters, in the second stage
the representative decides whether to exit or not. The entry and exit mechanism
should contribute to both risk free and risky asset whereas the latter one will be
more interesting to know and focused on.
At each time period, the representative agent makes decisions on two things:
the rate of consumption and the allocation of investment. He or she is faced with
two kinds of assets here: the risk-free asset and the risky asset. Risk free asset
provides stable return flow while the risky asset is constructed with the
Geometric Brownian Motion process with stochastic risk. The representative’s
object is to maximize the expected value of lifetime utility measured by the
concave logarithm utility function:
10

¥

E ò e- bt log c dt
0

(1)

The formal definitions of the return of assets are:
1. a is a risk-free asset with return per unit of time:

dR f = rdt

(2)

where r is the non-stochastic rate of return, it is not stochastic and r is exogenous.
The agent will get return of rdt over the period (t, t+dt).
2. b is a risky project that its return is linked to the relative price of the
output. I normalized the production of the project to be one, so the operational
revenue will be P for each little time interval. V(P) is defined to be the net
present value of the project following optimal strategy under current price P.
Thus the capital gain is expressed as dV(P), the change in the net present value of
the project. The relative price of output is P, while the price is set to follow a
Geometric Brownian Motion Process:

dP / P = p dt + s ds

(3)

where πdt is the mean expected rate of change of P over the increment dt. ds is
the stochastic part normally distributed with mean zero and variance dt. This is a
standard Geometric Brownian Motion process, so properties like logarithmic
normality would follow. The project’s overall fixed cost is K and marginal time
cost is C per unit of time, which can be related to the operational cost and capital
expenditure for a real project, like a factory.
Now let us consider the return of such risky asset. If you are interested in
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investing in such asset then in every little time increment, the profit you will be
looking at should be capital gain plus dividend deducting the cost of each period.
The expression goes like:

dRa = dV (P) + (P- C)dt- rKdt

(4)

where dV(P) is the capital gain I will expand later, P-C is the dividend of such
project namely the flow of operation profit for each time increments, rK is the
project’s fixed cost when its divided into each period. Here I take fixed cost as a
continuous form to fit into the stochastic process while it has the same overall
value as deducting a lump sum cost at time t.
Another situation is that when the agent has already invested in the project
and finally decide to abandon it, the return will change from equation above to:

dRa = -rKdt

(5)

Here the expression shows the irreversibility of the fixed cost. This implies
that when the agent considers to abandon a project he or she may be constrained
by its fixed cost – even when the fixed cost has changed to sunk cost that we may
not normally take into account.
Notice that the two equations can be simply put together and get:
dRa   [dV(P)  (P C)dt]  rKdt

(6)

where α seems at first to be a binary variable indicates whether the agent is in
the market or not. But here if α is viewed as a continuous variable defined on
[0,1]. I think of 𝛼 as the an investor willingness to accept a payoff to exit. Hence,
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if α=0.4 the investor is willing to exit for 40 cents on the dollar of return. In the
expression, it means that the agent puts a lower weight in the invest return
relative to the fixed cost which enter with a weight of one.
Another thing I need to clarify before the calculation is the different return I
use in comparing entry and exit. When entry happens, the agent is comparing
zero return and (4) dRa = dV (P) + (P- C)dt- rKdt . The representative agent will
take α as given value one and maximizing the utility based on choice of
consumption and share of wealth allocation in risk free and risky assets. When
abandonment happens, he or she is comparing (4) dRa = dV (P) + (P- C)dt- rKdt
with (5) dRa = -rKdt . The agent decides how much he or she is willing to
abandon at the given level of price information, and the choice variable will be α.
Thus we have to construct separated scenarios for these two cases.
By Ito’s lemma, we have the change in project value defined as:

dV ( P)  V '( P)dP  12 V "( P) 2 P 2 dt
 V '( P) Pdt  V '( P) Pds  12 V "( P) 2 P 2 dt

(7)

Thus the return of risky asset is:

dRa = a [dV(P) + (P- C)dt] - rKdt
= ra dt + d ds

(8)

where ra   [V '( P) Pdt  12 V "( P) 2 P 2 dt  P  C ]dt  rKdt , d = aV '(P)s P .
Real wealth is the sum of the two assets:

W=a  b
and we get the shares of asset as:
13

n1  a / W, n 2  b / W
n1  n2  1
Since the share of risky asset when the agent makes entry decision is defined
as n2, the share of risky asset that he or she actually keep after making the exit
decision is defined by α times n2. In utility maximization, the representative
agent faces certain budget constraint that:
da  db  cdt  adR f  bdRa

This equation illustrates that the return from the investment is invested
either in consumption 𝑐𝑑𝑡 or in change of investment da + db. With dW=
da+db, the equation can be rewritten into:
dW  adR f  bdRa  cdt  W [n1r  n 2 ra 

c
]dt  b  ds
W

Thus I could obtain the stochastic differential equation:
dW
c
 [n1r  n 2 ra  ]dt  n2 ds
W
W

(9)

The agent solves a stochastic control problem to maximize expected lifetime
utility:


Max E  log c exp(  t )dt

{

c
, n , }
W

0

Given 𝜋, 𝛽, 𝜎, 𝑟, 𝐶, 𝐾
And it is constrained by the stochastic differential equation (9) shown above.
Here  is defined as the time preference and As I just mentioned, the choices
the agent can make is different in the entry state and the exit states. Consider the
entry case, the value of α is exogenously set as one. Since the agent is comparing
14

the return of investing a project and zero, the parameters he or she can choose
are the consumption to wealth ratio, c/W, and the share of the portfolio given the
initial wealth and price. But in the exit case, the agent can only choose between a
return from risky investment and a return from abandon the risky investment,
which is not zero. Here the parameter α is internalized so that when the agent
chooses α=1 it means he or she choose to stay in the market; when α=0 it means
he or she chooses to fully abandon the project. If α lies in between then they are
partially out of the investment, so it will be interest to know the turning point of
all situations.
Consider the case along the steady state, where we should have the share
and the consumption to wealth ratio constant. Therefore:
E[

dW
dc
]  E[ ]   dt
W
c

(10)

Hence steady state rate of growth and the stochastic differential equation of
wealth are:

  n1r  n2 ra 
E[(

V.

c
W

dW 2
) ]  b 2 2
W

Equilibrium
First I would solve the entry case using Bellman’s Equation.
When α is treated as an exogenous variable and equals to one, this becomes a

standard problem in stochastic calculus. I would start from looking at the value
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function for such problem. The value function is given by
¥

V(W,t) = Max E ò log cexp(- b t)dt = exp(- b t) X(W)
c
{ ,n1 ,n 2 }
w

0

(11)

Here I obtained a time separated form of solution and X is a function to be
determined below. The differential generator of the value function is defined as:

L(V ) 

dV dV
c
1 d 2V

{W [n1r  n2 ra  ]dt} 
{W 2 n 22 2 }
2
dt dW
W
2 dW

(12)

The agent is trying to use the choice of c/W and share 𝑛𝑖 to maximize the
following Lagrangean function:
  exp(   t) logc L(exp(   t) X(W))

Solve this by taking the necessary first order conditions after substituting
n2=1-n1, and the equations are:
1 dX
exp(  t )[ 
]0
c dW
dX
d2X
exp(  t )[
W (r  ra )  (n1  1)W 2 2
]0
dW
dW 2

(13)
(14)

The value function must satisfy the stochastic Bellman equation:

V(W,t) = Max {log cexp(- b t)dt+ L(exp(- b t)X(W))} = 0
c
{ ,n1 ,n 2 }
w

(15)

Substitute for L and rearranging terms, the expression is now:
log W  log

c
c
1
  X (W )  [n1r  n2 ra  ]WX w  W 2 n22 2 X ww  0
W
W
2

where the choices of consumption ratio and shares are the optimized values
satisfying the first order conditions.
This is an ordinary differential equation of function X. I then use the guess
and verify methods and try a solution form based on the logarithmic form of
16

utility, that is:
X (W)  k0  k1 logW

Checking the derivatives of X(W):
dX
 k1W 1
dW
d2X
  k1W 2
dW 2

Then we can substitute these into the first order conditions:
1
exp(  t )[  k1W 1 ]  0
c
exp(  t )[ k1 ( r  ra )  k1 ( n1  1) 2 ]  0

that shows:
c
1

W k1
n1  1 

ra  r

2

The next step I would substitute these conditions into Bellman equation to
obtain:
1
log W  log k1   (k0  k1 log W )  [n1r  n2 ra  k1 ]k1  n22 2 k1  0
2

By matching the parameters before log 𝑊 and constant, I can identify the
form of k1 and k0:
k1  1/ 
k0  [  log   n1r  n2 ra 

1

1
 n22 2 ] /  2
 2

The steady solutions for consumption rate and share of investment are thus:
c /W  
r r
n1  1  a 2
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(16)
(17)

Also we can get the growth rate of wealth and consumption and verify the
transversality condition1.
Similarly, the exit case can be solved using the exactly same procedure only
this time the representative agent internalize choice of α this time. By controlling
α and consumption, the agent maximizes the same Lagrangean equation:
  exp(   t) logc L(exp(   t) X(W))

After first order differentiation, two first order conditions with respect to c
and α are:
1 dx
exp(  t )[ 
]0
c dW

exp(  t )[

dr
dx
d 2 x 2 2 d
Wn2 a 
W n2 
]0
dW
d dW 2
d

(18)
(19)

Since the form of utility is not changed, I will still keep the guessed form for
the X(W) here. After substitutions for Xw, Xww, ra and the expression is like:
c

W

(20)

1
V ' ( Pˆ ) Pˆ  V '' ( Pˆ ) 2 Pˆ 2  Pˆ  C
2

n2V '( Pˆ ) 2  2 Pˆ 2

(21)

Note here the price is not the same as above because the entry and exit
happened at different time and price is thus differentiated. I denote the new
price for exit case to be 𝑃̂. The solutions of the exit case should be carefully
interpreted. Firstly, I would plug in the expression for n2 from above. Recall that
from (17), we get the expression of n2 to be:
1

See Grinols & Turnovsky (1998) for detail discussion.
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1
V ' ( P) P  V '' ( P) 2 P 2  P  C  rK  r
2
n2 
V '( P)2  2 P 2

(22)

With the expression of n2, the optimal amount of α and n2 can be solved by
combining them together. Thus the internalized case solution of α is:

1
V ' ( Pˆ ) Pˆ  V '' ( Pˆ ) 2 Pˆ 2  Pˆ  C
2

n2V '( Pˆ ) 2  2 Pˆ 2
1
V ' ( Pˆ ) Pˆ  V '' ( Pˆ ) 2 Pˆ 2  Pˆ  C
V '( P) 2  2 P 2
2


ˆ 2 2 ˆ2
1
V ' ( P) P  V '' ( P ) 2 P 2  P  C  rK  r V '( P)  P
2

(23)

(23’)

Note here the P is the entry price so that is predetermined and fixed
in making exit decisions. Though the expression might be complicated, we can
intuitively see what will happen if P only drops a little since entry. If P and 𝑃̂ are
similar then the second term will be cancelled out and the first term will be
bigger than one. This ensure that if the agent entered at price P then he or she
does not have incentive to exit immediately.
Also, we might want to see what happens to the real share of investment that
denoted by n2. After modification of the answer, the real share expression of
abandonment case is:
1
V ' ( Pˆ ) Pˆ  V '' ( Pˆ ) 2 Pˆ 2  Pˆ  C
2
 n2 
V '( Pˆ ) 2  2 Pˆ 2

(24)

The first note will be, there is no entry price in the expression, so it is fully
influenced by the current price status. And more analysis should focus on
showing how this expression linked to the static entry and exit problem.
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VI.

Entry and Exit Analysis
Judging from the result, the first thing we have certainty about is when we

look at the consumption to wealth ratio, which is always equal to the time
preference variable  That is to say the degree to which the agent values
consumption in now compared with future determines the ratio of the agent’s
consumption decision. The higher he or she values present goods the less potion
the agent will consume with respect to W.
The more interesting part and the emphasis of this paper is the investment
decision of risky asset. From the result it is easy to get the portion of investments
in risk free and risky asset, both entry and exit cases. To precisely compare the
different situation, I will look into entry and exit separately.
When investment happens, the share of risky asset is 𝑛2 =

𝑟𝑎 −𝑟
𝛿2

, if we

substitute the expression for ra and  the function is (22):

1
V ' ( P) P  V '' ( P) 2 P 2  P  C  rK  r
2
n2 
V '( P)2  2 P 2
The investment decision happens when . The denominator should always
be positive, thus the sign of numerator expresses when the entry of risky
investment happens. The investment is only made when the expected return, the
capital gain plus the dividend, is bigger than the overall cost of this project plus a
risk free return. Notice here that in Marshallian price settings, it is not the gain of
the project but the price should be higher than the cost plus a risk free return.
This makes perfectly sense since when the agent makes decisions he or she aims
20

not only at overrunning the cost part of this project but also have to be better
than the risk free asset since the agent has a portfolio choice to make. By
equaling the numerator to zero, we should get the boundary conditions for entry
case. To be specific:
1
V ' ( PH ) PH  V '' ( PH ) 2 PH 2  PH  C  rK  r  0
2

(25)

Solving the equation with given factors, the solution price will be the entry
trigger price.
When the abandonment happens, two things happen here. Firstly, we can see
when the agent starts getting out of the business. Secondly, we can see when the
agent fully withdraws the risky investment.
The agent starts to withdraw the risky asset when he or she choose α=1
internally. This indicates the condition:
1
V ' ( PL ) PL  V '' ( PL ) 2 PL 2  PL  C
V '( PH ) 2  2 PH 2
2

1
2 2
2
1 ''
V
'(
P
)

P
'
2
2
L
L
V ( PH ) PH  V ( PH ) PH  PH  C  rK  r
2

(26)

As I defined α to be a continues and unbounded variable here α might be less
than zero or above one.2 The reason is that once the price is low enough there
will be only limited return on the risky asset, investor will build the portfolio that
short on risky asset and use the wealth to invest in the risk free asset. On the
contrary, if the price is relatively high, the capital return and operating profit of
the risky asset will generate return that is higher than the risk free return, which

2

Even so, by adjusting the parameter we can always control it to be between zero and one.
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gives the investor incentives to invest more in the risky asset and lend from the
risk free asset. Since the only factor the agent can control is  it might has the
tendency to go above one.
The second thing about fully exit is clear here with the expression of αn2：
1
V ' ( Pˆ ) Pˆ  V '' ( Pˆ ) 2 Pˆ 2  Pˆ  C
2
 n2 
V '( Pˆ ) 2  2 Pˆ 2

The full withdraw happens when the numerator is equal to zero. That is:
1
V ' ( P0 ) P0  V '' ( P0 ) 2 P0 2  P0  C  0
2

(27)

This indicates the case that when the profit of this project can barely cover
its own operation cost, the agent should withdraw the investment even if he or
she has to bear the sunk cost of the invest decision. This conclusion can be
arrived both from the utility maximization and comparing the return of entry
and exit, i.e. dRa = dV (P) + (P- C)dt- rKdt and dRa = -rKdt .
The next thing I notice is the link between the result and the reality. Firstly,
by solving equations I could get the trigger prices of entry and exit. Here if
focusing on a closer to reality case, I would use equation of (25) and (27). The
reason for using (25) is simply because that is the best way to describe when
entry will happen. Using (27) as the equation of exit trigger is because in reality
we need a price that is low enough to trigger the exit for all the asset instead of
part of it.
The analysis depends largely on the form of the value of the project. This is
discussed thoroughly in the framework of Dixit. The investors are making the
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optimal moves at the entry and exit trigger prices, thus the expression could be
rewritten into a dynamic programming expression.3
Define the value function as:




t

t

V ( Pt )   ( Ps  C )e  ( s t ) ds   ( Ps  C )e  ( s t ) ds  V ( P )

(28)

This can be rewritten by defining 𝑍𝑡 = 𝑉(𝑃𝑡 )𝑒 −𝛽𝑡 . After dividing through by
and taking the limit of , the function is:
 t

1



0  lim{



t

( Ps  C )e   ( s t ) ds  e

t

( Z  Zt )



}

Notice that the limit of 𝑍𝜏 − 𝑍𝑡 is 𝑑𝑍, which has the expression 𝑑𝑍 =
−𝛽𝑍𝑑𝑡 + 𝑒 −𝛽𝑡 𝑑𝑉, thus

V ( Pt )  Pt  C  dV ( Pt )
This is a familiar expression if compared with the return of the risky project
in formula (4). I expand this expression and list it with the entry trigger price
equation (25) and fully exit trigger price equation (27) :

V ( P)  V ' ( P) P  12 V '' ( P) 2 P 2  P  C
V ( PH )  rK  r
V ( P0 )  0
This is an ordinary differential equation for 𝑉(𝑃) with initial conditions. I
would start by solving the homogenous part of this equation. Assuming the
solution is of form 𝑃𝜉 then the equation is:
1
2

 2 (  1)      0

The roots of this equation are:

3

For full discussion, see Abel & Eberly (1993)
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We can see how the parameters are influenced by 𝜎. After totally
differentiation of the function I can show that

𝜕𝜙
𝜕𝜎

< 0 and

𝜕(−𝜑)
𝜕𝜎

> 04. Here for

convergence condition I would restrict that 𝜋 < 𝛽. The calculation shows that
one root is greater than one, defined by  and one root is less than zero, defined
by - So the general solution part should be 𝑉(𝑃) = 𝐴𝑃𝜙 + 𝐵𝑃−𝜑 . Next thing
will be solving the nonhomogeneous part of the solution. Trying a linear form
𝑃

𝐶

and solving for the parameters the solution will be [𝛽−𝜋 − 𝛽]. Therefore, the final
expression of the value function is
𝑃

𝐶

𝑉(𝑃) = 𝐴𝑃𝜙 + 𝐵𝑃−𝜑 + [𝛽−𝜋 − 𝛽]

(28)

Interestingly, the part in the parenthesis is the expression of the expected
present value of the risky project, which can be expressed as
∞
𝑃
𝐶
− = 𝐸[∫ (𝑃𝑡 − 𝐶) 𝑒 −𝛽𝑡 𝑑𝑡]
𝛽−𝜋 𝛽
0

This expression could be helpful while thinking about the value of 𝐴𝑃𝜙 + 𝐵𝑃−𝜑 .
Since the last part of the expression will be the expected value of running the
project forever with current price, the first part could be interpreted as the value
of the option. Thus, if the output price is extremely low, then the expected value
of running project at current price will be extremely low, the only value left will

4

See Dixit and Pindyck (1994) for details
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be the call option to invest in the future. Therefore, based on the form of the
value function, the value should be in a form of 𝑉(𝑃) = 𝐴𝑃𝜙 . If the price is high
enough, then the option value of put option should be around zero, thus the value
𝑃

𝐶

function should be 𝑉(𝑃) = 𝐵𝑃−𝜑 + [𝛽−𝜋 − 𝛽]. The operation profit is defined as
max(P − C, 0) so the turning point is P = C. This value function should be
continuous and differentiable along the axis of price then we can proof the value
function is the following form:
V(P) = {

𝐴𝑃𝜙

𝑖𝑓 𝑃 < 𝐶
𝑃

𝐶

𝐵𝑃−𝜑 + [𝛽−𝜋 − 𝛽]

𝑖𝑓 𝑃 > 𝐶

(29)

By equating the values and derivatives of the two component solution at C, we
have the value of A and B5:

A

C1   1 
(
 )
    r

B

C1    1
( 
)
  r  

The value of the risky project has two characteristics. First, its value is
increasing with the increase in price. This is easy to understand because the
higher the price leads to higher return thus higher project value. Second, its value
is increasing with the increase of volatility. The reason for this is because even
the firm may not be profiting enough with current price, it always has a chance to
profit more in the future. Since the return has lower profit bound at zero, the
higher the volatility, the greater the expected future flow of profit, which in turn
5

For rigorous proof see Karatzas and Shreve (1988, Theorem 4.4.9)
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leads to a higher project value.
With the form of the value function I will first check the entry and exit trigger
prices. When I try to compare between the Marshallian price setting and my
results the first thing is to determine which equation I should use. As we
discussed above, I will compare the fully investment and the fully withdraw. First
I notice that the first order and second order of the value function is positive, so
with a higher price, the project should have a higher overall value as we would
expect. Using the entry and exit formula (25) and (27), we may compare the
trigger prices with the Marshallian settings by plugging in the Marshallian
trigger prices. If the hysteresis assumption is right, the entry price should be
higher and the exit price should be lower, which should follow:

V (C  rK )   [ B(C  rK )   CrK  C ]  rK  r
V (C )   [ BC   C  C ]  0

(30)
(31)

The inequality of the second line will hold no matter what value the
parameters take, while the first one depends on the value of all the exogenous
parameters. To be specific, I will expand the first line and simplify the equation to
get:

 B(C  rK ) 


 

(C  rK )  r  0

The lower the value of 𝛽 and 𝜎 2 , the more likely the inequality will hold.
The less volatile the project, the less the value of the option value and the more
likely we need a higher entry price. The higher the discount rate, the less we
26

count on the future option value, thus entry price will have to be higher. This is to
say the exit trigger price is definitely lower than the Marshallian one, while the
entry trigger price may not be necessarily higher than the Marshallian one. The
most direct reason for getting a different answer here is because in a portfolio
choice, the agent is comparing the return of the risky project with the risk free
return and fixed cost component, while in the Dixit’s framework he compared
risky return with the normal return 𝑟𝑉(𝑃). Also, this is possibly the drawback of
using the distribution form of fixed cost into each period instead of using the
lump sum form of the fixed cost. When making choice of entering the cost is only
a small portion of the fixed cost, thus we might enter with a price that is not high
enough.
In addition to getting the trigger prices the other research question is to get
the probability of entry and exit from the result, which is one of the advantages of
working to solve a general equilibrium. Instead of investment share we see exit
rate and entry rate in the firm dynamic framework. Thus if put the result in a
probability prospect, I would reinterpret it and get the possibility of entry and
possibility of exit. The share of investment is calculated from the expression of
𝑛2 in equation (22). Intuitively, in the entry case we can view the portion of risky
asset investment to be approximately the entry rate given certain factors.
Influenced by the factor, there will be change in the portion of investment in the
risky asset and if it rises it means the probability of entry should rise accordingly.
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Same story will happen to the exit case using equation (23). Since  is the control
variable for exit, (1-) should represent the exit rate, while n2 represent the
equilibrium stock value of the portion of investment that stays in the market.
To see the influence of factors like price, volatility and cost, I will conduct the
comparative static around the trigger prices.
First of all, we can start from the entry case. The expression of entry
probability is:

1
V ' ( P) P  V '' ( P) 2 P 2  P  C  rK  r
V ( P)  rK  r
2
n2 

2 2 2
V '( P)  P
V '( P)2  2 P 2
Then we can do comparative statics with respect to P, C, K and 𝜎 2 .
Considering the circumstance when the agent enters into the market, the
value of the project will be only the call option value, i.e. 𝑉(𝑃) = 𝐴𝑃𝜙 . With this
form, we can calculate the derivatives:

n2 rK  r  ( V ( P)  rK  r )

P
 2 A2 P 2 1
n2

 2



V ( P) 2 2
[ 2 2V ( P) 2 ]
2


V
(
P
)

(

V
(
P
)

rK

r
)
 2
 2
2 2 2 2
 A P

If the price is around the trigger price, 𝛽𝑉(𝑃) − 𝑟𝐾 − 𝑟 will be around zero.
Then with a higher price, the market will have a higher entry rate; with a higher
volatility, the entry rate will be higher, too. The effect of cost is directly observed
from the equation that with a higher C or K, there will be a lower chance of
entering the market.
For the exit case, the expression of exit rate is defined to be:
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1
V '( P) P  V "( P) 2 P 2  P  C
V ( P)
2
1  1
 1
2 2 2
V '( P)  P n2
V '( P) 2  2 P 2 n2

Considering the value function of the exit case around the trigger price, the
investor should have both the value of keep the project running forever and the
𝑃

𝐶

value of the put option, i.e. 𝑉(𝑃) = 𝐵𝑃−𝜑 + [𝛽−𝜋 − 𝛽]. If the price is around the
exit trigger price, the current value of keep the project running will be low, thus I
would use 𝑉(𝑃) = 𝐵𝑃−𝜑 as the value of the project. If so, the probability of exit
can be rewritten as:
1  1

V ( P)

 1  2  2
2 2 2
V '( P)  P n2
 BP  n2

n2 

V ( P)  rK  r
V '( P) 2  2 P 2

Thus the comparative static could be obviously observed. Firstly, since price
is on the denominator and the its power is negative, the probability of exit will be
negatively related to the price. Secondly, the fixed cost is influencing the exit rate
through 𝑛2 , while the marginal cost is influencing the exit rate through B. Since K
is negatively correlated with 𝑛2 , thus it is negatively correlated with the exit rate.
Also, notice that 𝑉 ′ (𝑃) = −𝜑𝐵𝑃−𝜑−1 , thus with a higher 𝜎 2 , −𝜑 is increasing
and thus 𝑉 ′ (𝑃) is increasing. Since its negative, 𝑉 ′ (𝑃)2 is decreasing with 𝜎 2
around the trigger price. And since the value of the project is increasing with the
volatility, thus

𝛽𝑉(𝑃)
𝑉 ′ (𝑃)2 𝑃 2

will be increasing with volatility. Because 𝜎 2 is canceled

out by the 𝜎 2 in the denominator of 𝑛2 , the conclusion shows that the exit rate
is decreasing with a higher volatility. Lastly, because the marginal cost is
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positively correlated with parameter B but negatively correlated with the entry
rate 𝑛2 , we need to expand the formula to see the exact impact of C. The formula
of B times 𝑛2 is:

Bn2  B 

 AP  rK  r B  AP  rK  r
 2
A2 2 P 2 2
A
 2 P 2 2

Notice we can calculate the value of

𝐵
𝐴2

, which is:

  1
C 3 1 ( 
)(   )
B
r  

 1  2
A2
(
 )
  r
Since we know is bigger than one, therefore bigger the marginal cost, bigger
the value of

𝐵
𝐴2

. Also a higher C leads to higher A thus we can conclude that with a

higher value of marginal cost, the product of B and 𝑛2 is higher, which leads to a
higher exit probability.
Economically, the result could be interpreted nicely. If initial price is high
enough to cover all the cost and the risk free return, we will enter the market
with certainty. If the price is lower than a certain level, then we start to abandon
part of the investment. Finally, when we cannot cover even the operational cost,
we pull all the investment out. When we focusing on uncertainty, the option value
will be increasing with the volatility, thus around the trigger price we will always
benefits from a higher volatility. The impact of marginal cost is obvious, an
increase in the marginal cost will lower the project value and thus influence the
entry and exit rate. The fixed cost is negatively correlated with the entry rate
however when exiting, people tend to have a greater lost with a greater fixed cost
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thus the higher the cost, the lower the exit rate. This could be an evidence that
capital expenditure is the cause of hysteresis.
For both case of trigger prices and probability of entry and exit, we see how
uncertainty in price influence the choice of investment. From the interpretation
of stochastic risk, we see some result that is different with standard investment
theory. We see that the volatility is positively related to entry but negatively
related to exit around the trigger prices. This conclusion is made because 𝜎 2 is
not only adding risk to the investment by increasing the denominator of the
function, but also generating return to the value of the project through capital
gain, i.e.

1
2

𝑉′′(𝑃)𝜎 2 𝑃2 . Thus when propensity of gain is higher than the cost of

this uncertainty, we should expect a rise of entry probability. Because in the exit
case, we have to abandon all the return, the influence is certainly negative.
With the above result it might be interested to see how the theoretical model
works in reality, thus in the next session I will look into data to see how the rates
are influenced by the factors I identified above.

VII.

Data
As the discussed above, from the model I can come to two main conclusions.

First, I identified the equilibrium trigger prices for entry and exit by solving
equations (25) -(27) or (30) and (31). Second, I found the probability of entry
and exit for the investment in risky asset, which is defined in equation (22) and
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(23). Then I obtained the comparative static for cost factors and volatility. In this
section I will examine whether the solution fits into the reality.
Here I mainly focus on three factors that is the central of all discussions in
related materials and my model: the operation cost, the fixed cost and the
uncertainty in price. From the analysis above the key hypothesis to be tested are:
1. When entry happens, the entry probability is negatively correlated to
both cost factors but positively correlated with the volatility of price.
2. When exit happens, the exit probability is positively correlated with the
operation cost but negatively correlated with the volatility of price and
the capital expenditure.
In order to get the effect of such result, I gathered data in manufacture factor
from 3 main datasets. The first one is Statistics of U.S. Businesses (SUSB), which
is created to provide annual data for U.S. business establishments by geography,
industry, and enterprise size. The SUSB covers all North American Industry
Classification System (NAICS) industries except few exceptions, so I am able to
get establishments data in manufacture sector, such as the establishment births
and deaths for each year. Here I measured the entry and exit rate by
establishments, defined as a single physical location where business is conducted
or where services or industrial operations are performed. As I am trying to look
into the question of enter and exit choices of firms, this dataset is well-suited.
The second one is the Annual Survey of Manufactures (ASM). ASM provides
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sample estimates of statistics for all manufacturing establishments with one or
more paid employee. As far as I can see, ASM is the most comprehensive
database that contains cost data that I need, e.g. operational cost and capital
expenditures. Also ASM provides many potential control variables for the
analysis. The third dataset is the Producer Price Index (PPI) dataset from the
Bureau of Labor Statistics. The Producer Price Index is a family of indexes that
measures the average change over time in selling prices received by domestic
producers of goods and services. PPIs measure price change from the
perspective of the sellers. As the PPI covers the industry classification of NAICS,
this could be linked to the other two databases as a good source of price and
volatility. These three database together provide enough information for
estimation of parameters in the model.
Table 1. Partial listing of sample NAICS

The units of measurement I will be looking at are the 4-digit level NAICS data,
which are not firm level but subsector level data. In this way, the data still have
variety within years and formed a strongly balanced panel dataset. By combining
the three datasets I get 105 data points in manufacture sector each year from
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2005 to 2012. What I have for this 840 data are their operational costs, capital
expenditure, entry rate, exit rate, price index and other control variables like
value of shipments, value added and employments. According to the result of the
theoretical model, we should see an impact of cost structure and uncertainty in
price on the decision of investment which in turn leads to the change of entry
and exit rates.
Figure 2. Entry and Exit Rate in the Manufacture Sector
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Source: SUSB dataset from 2005 to 2012

Figure 2 is the chart I develop from the SUSB on the whole manufacture
industry. And we can see from the figure that financial crisis in 2008 may have a
substantial effect on the market. Firm exit rate is higher and entry rate is lower
after the financial crisis. What is more interesting is the entry rate is always
smaller than the exit rate, that could be indicating the market is matured with
enough quantities of firms. Also from Figure 2’, the size of the firm is really
34

influential on their entry and exit decisions, the smaller firms are always more
volatile than the bigger ones. The small firms are defined as having less than 5
employees, and the big firms are categorized as over 500 employees. It is
intuitive that the small firms are more unstable than the bigger ones facing the
economic shocks. Thus I would control the firm size when doing the analysis.

Rate of Entry and Exit

Figure 2’. Entry and Exit Rate for Different Firm Sizes
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Source: ASM dataset from 2005 to 2012

If we take another view from the ASM dataset, we should observe some
of the characteristics of the manufacture industry. The ASM provide us the basic
value information of the production data. The size of this industry is growing
according to the growing value of shipments and value added. And what is
interesting to know in this paper is whether the cost of running such business is
growing and is there any possibility that this growth is linked with the entry and
exit decisions.
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Figure 3. Value of Production in the Manufacture Sector
7,000,000,000
6,000,000,000

Firm Value

5,000,000,000
4,000,000,000
3,000,000,000

2,000,000,000
1,000,000,000

2012

2010

2008

2006

2004

2002

2000

1998

1996

1994

1992

1990

1988

1986

1984

1982

-

Year
Value added ($1,000)

Total value of shipments ($1,000)
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Such cost data is also in the ASM dataset. In the cost data section, they define
two variables that are in my favor. the total cost of materials and the total capital
expenditures. According to definition, total cost of materials refers to direct
charges actually paid or payable for items consumed or put into production
during the year, including freight charges and other direct charges incurred by
the establishment in acquiring these materials. It includes the cost of materials
or fuel consumed, whether purchased by the individual establishment from other
companies, transferred to it from other establishments of the same company, or
withdrawn from inventory during the year. So it fits the idea of operating cost in
my model. Total capital expenditures represent the total new and used capital
expenditures reported by establishments in operation and any known plants
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under construction. In my model this is the part of fixed cost that distributed into
each period. The cost structure then can be linked with the model’s setting of the
cost components.
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Figure 4. The Cost Structure of Manufacture Sector
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Table 2 shows the summary statistics for the combined dataset. It is likely
that with more entry or less exit there will be more overall cost, therefore the
total value is internally correlated with the entry and exit rate and cause bias in
the estimation of our model’s effects. In order to avoid this, I use the average data
with respect to the establishments. The fifth row of the table provides the gross
rate of entry and exit. I calculate this parameter because this could be a good
indicator of the width of inaction zone between trigger prices. A greater
probability of entry indicates you are near the entry trigger price; a greater
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probability of exit indicates you are near the exit trigger price. So if the gross rate
is high, then the inaction zone will be really narrow. This could be linked to the
result of the model and help interpret the hysteresis. Since I use the average
value for dependent variables, I also take average of the control variables.

Table 2. Summary Statistics
count

mean

sd

min

max

Average Cost of Materials($million)

840

21.66083

56.7655

0.756108

633.3329

Average Capital Expenditure($million)

840

0.934388

1.756913

0.012502

24.39987

Entry Rate (percentage)

840

7.146179

3.024448

0.456911
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Exit Rate (percentage)

840

8.472248

2.767138

0.465372

20.86052

Gross Rate (percentage)

840

15.61843

4.941714

0.922283
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Average Value of Shipments($million)

840

24.57589

61.35882

0.740002

819.2328

Average Value Added($million)

840

29.6475

67.20618

0.964993

777.8911

Average Employment

840

61.02918

60.01794

9.120782

593.2075

VIII.

Industry Analysis
From the theoretical model I have constructed earlier, I clarified that the

entry and exit is influenced by the cost structure and uncertainty. So base on the
setting of the model the core functions that I examine will be
Prit   0  1 Fit   2 M it  3 2   4 Rit  5 P   6i   7 t  

(34)

𝑃𝑟𝑖𝑡 is the probability of entry or exit, 𝐹𝑖𝑡 is the average capital expenditure,
𝑀𝑖𝑡 is the average cost of materials, 𝜎 2 is the volatility calculated from the price
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index, 𝑅𝑖𝑡 represents the control variables, P is the price index, η𝑖 , 𝜇𝑡 are the
fixed effect for NAICS and years. Since dataset contains time series data across an
8-year period, I also tried to modified the function with different type of time
series structure. Table 3 and Table 4 present the results from both OLS and fixed
effect.
Table 3 present the influence of all factors on entry rate of manufacture
industry. The effect of cost data on entry rate is negative, while the effect of
capital expenditure is not as significant as the cost of materials. However, the
consistency of the sign should indicate the negative relationship. The effect of
price volatility is negative in the OLS results, but significantly positive when
controlling for the NAICS fixed effect. When I control the difference between two
different sub-industries, say food manufacturing and equipment manufacturing,
the effect should be different than assuming they have the same characteristics
besides the control variables I picked. Therefore, the result of the regression is
exactly the model produced, one more million-dollar increase in the capital
expenditure of the business will result in 0.05 to 0.1 percent decrease in the
entry rate and one more million-dollar increased in the operational cost will
result in 0.05 percent decrease in the entry rate. Volatility is significantly
increasing the entry rate. The last column I use the time trend instead of the year
fixed effect to function as a robust check and the result is similar with the fixed
effect results.
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Table 3. Entry Rate of Establishment
VARIABLES
Capital Expenditure
Cost of Materials
Price Volatility
Value of Shipments
Value Added
Employment
Price
Constant

Observations
R-squared
Year FE

(1)

(2)

(3)

(4)

(5)

OLS

FE

FE

FE

FE

-0.0531

-0.116

-0.0468

-0.109

-0.0410

(0.140)

(0.153)

(0.165)

(0.194)

(0.176)

-0.0153*

-0.0152*

(0.00816)

(0.00834)

(0.0224)

(0.0297)

(0.0250)

0.120

0.700

1.970**

2.415**

1.993**

(0.906)

(0.964)

(0.955)

(0.989)

(0.928)

0.0192***

0.0164**

0.0312**

0.0243

0.0297**

(0.00630)

(0.00650)

(0.0121)

(0.0153)

(0.0139)

0.0198***

0.0215***

(0.00744)

(0.00749)

(0.0102)

(0.0141)

(0.0117)

-10.92***

-8.698***

-15.04

3.011

-10.81

(3.149)

(3.126)

(10.10)

(11.50)

(13.82)

0.00878

0.0241

0.00568

-0.00750*** -0.00680***

-0.0511** -0.0558* -0.0492*

0.0277*** 0.0265* 0.0265**

(0.00230)

(0.00231)

(0.0125)

(0.0172)

(0.0161)

8.164***

8.491***

6.396***

4.225**

-90.82

(0.373)

(0.452)

(1.416)

(1.845)

(120.1)

840

840

840

840

840

0.094

0.131

0.029

0.177

0.032

Yes

Yes

Number of NAICS

105

105

105

NAICS-FE

Yes

Yes

Yes

Year Trend

Yes

Robust standard errors in parentheses
*** p<0.01, ** p<0.05, * p<0.1

In Table 4 I present the exit case. First, operational cost is positively
influencing the exit rate once I put in the NAICS level fixed effect which
contradicts the result in the model. With the significant result in the fixed effect
model, there is a 0.03 to 0.04 increase in probability of exit with one more million
increase in the cost of material. But the result of price uncertainty is not
significant and oscillating in different cases. Even though there is significant
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result in the OLS model, we have no certainty to say the result is a valid proof of
the theory part. The cost of materials is negatively correlated with the exit rate
for most cases, but only significant in the OLS and year fixed effect model. I add
one robust check using year trend in the fixed effect model, the result of cost is
still significant but the volatility seems hard to capture.
Table 4. The Exit Rate of Establishment
VARIABLES
Capital Expenditure
Cost of Materials
Price Volatility
Value of Shipments
Value Added
Employment
Price
Constant

Observations
R-squared
Year FE

(1)

(2)

(3)

(4)

(5)

OLS

FE

FE

FE

FE

-0.00517

-0.00541

0.0390***

0.0447**

0.0358**

(0.00366)

(0.00368)

(0.0142)

(0.0182)

(0.0150)

-0.351***

-0.285**

-0.0395

0.0859

-0.0491

(0.132)

(0.114)

(0.0797)

(0.0637)

(0.0661)

-1.647

-1.789

-0.0366

0.105

-0.0761

(1.187)

(1.350)

(0.612)

(0.556)

(0.595)

0.0128***

0.0158***

-0.0325**

(0.00304)

(0.00311)

(0.0129)

0.0170***

0.0151*** -0.0319*** -0.0341** -0.0300**

(0.00285)

(0.00303)

(0.0115)

(0.0141)

(0.0117)

-12.14***

-14.22***

-9.809

-21.46**

-16.87*

(3.022)

(2.961)

(8.272)

(9.433)

(8.783)

-0.0284** -0.0299**
(0.0133)

(0.0133)

-0.0181*** -0.0188*** -0.00845** -0.00886* -0.00328
(0.00258)

(0.00255)

(0.00349)

(0.00451) (0.00441)

11.35***

11.19***

11.17***

11.44***

173.5***

(0.407)

(0.462)

(0.595)

(0.736)

(61.26)

840

840

840

840

840

0.093

0.144

0.062

0.264

0.075

Yes

Yes

Number of NAICS

105

105

105

NAICS-FE

Yes

Yes

Yes

Year Trend

Yes

Robust standard errors in parentheses
*** p<0.01, ** p<0.05, * p<0.1
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After I examined the result of entry and exit, I also did a test on the inaction
zone. From the intuition we know that if the entry trigger price is higher and the
exit trigger price is lower, we should have a broader range of inaction zone. With
a higher entry trigger price, we should have a lower rate of entry and with a
lower exit trigger price we should have less exit. Or in another view there is a
band of entry and exit floating around the current price, if the band is broader
then the probability of hitting entry and exit will both decline, if the band is
narrower we are likely to see many companies trigger their entry and exit
decisions. This made the gross rate of entry and exit to be a good proxy of width
of inaction zone. The lower gross rate would indicate a wider inaction area and
we could examine with data which factor could be the critical one to that.
Figure 5. Inaction Zone and Gross Rate
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0.24
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0.32
0.34
0.36
0.38

92

time

I add up the probability of entry and exit for dependent variable and did the
same analysis in Table 5. According to my model, the capital expenditure is
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viewed as the only factor that negatively linked with both the entry rate and the
exit rate, which would be a factor that lowers the gross rate. Other factor is
influencing the rate of entry and exit oppositely, without the precise setting of
parameters we cannot be sure how will they correlated with the gross rate.
Table 5. Gross Rate of Entry and Exit
(1)
OLS

(2)
FE

(3)
FE

(4)
FE

(5)
FE

Capital Expenditure -0.0205**

-0.0206**

-0.0121

-0.0111

-0.0134

(0.00944)

(0.00969)

(0.0150)

(0.0169)

(0.0170)

-0.404*

-0.401*

-0.0863

-0.0235

-0.0902

(0.223)

(0.226)

(0.181)

(0.183)

(0.182)

-1.527

-1.089

1.933*

2.519**

1.917*

(1.792)

(1.899)

(0.986)

(1.099)

(0.990)

0.0321***

0.0322***

-0.00125

-0.00418 -0.000207

(0.00720)

(0.00750)

(0.00984)

(0.0106)

(0.0112)

0.0369***

0.0366***

-0.00427

-0.00759

-0.00348

(0.00808)

(0.00830)

(0.00755) (0.00854) (0.00835)

-23.06***

-22.92***

-24.85

-18.45

-27.68

(5.309)

(5.338)

(16.25)

(18.82)

(20.49)

0.0152

0.00240

(0.0193)

(0.0181)

VARIABLES

Cost of Materials
Price Volatility
Value of Shipments
Value Added
Employment
Price

-0.0257*** -0.0256*** 0.000330
(0.00415)

(0.00425)

(0.0142)

Year

-0.0325
(0.0764)

Constant

Observations
R-squared
Year FE
Number of NAICS
NAICS-FE
Year Trend

19.52***

19.68***

17.57*** 15.67***

(0.687)

(0.813)

(1.216)

(1.529)

(152.2)

840

840

840

840

840

0.087

0.091

0.021

0.060

0.022

Yes

82.65

Yes
105

105

105

Yes

Yes

Yes
Yes

Robust standard errors in parentheses
*** p<0.01, ** p<0.05, * p<0.1
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We see that the capital expenditure is negatively related to the gross rate, but
not significant. To some extent we can view the negative relationship as an
indication of the fact that hysteresis is likely to be generated by fixed cost in the
manufacture industry. The operational cost looks the same and also could be
linked with hysteresis. The most interesting case will be the volatility, we
presume that volatility could be one of the important factor that cause the
hysteresis in related literature, thus it is not surprising when we see negative
results in the first two columns. The interesting part is that when I control for the
NAICS level characteristics, the result turns positive and remains significant.
Thus it might not be an influencing factor in causing the hysteresis. The plausible
reason for this is the volatility not only brings risk to the investment decision, it
also bring return to the asset. Thus the volatility is raising the entry probability
and thus it might also raise the gross probability.
However, there could also be other reasons in reality. First the price index is
not consumer price but producer price. Thus it may not reflect the real profit of a
firm. Second, since I get the volatility Ex Post, the higher the volatility, the higher
chance the price is moving dramatically during the year, which could be a reason
that biased this result. Also, the gross rate is only a proxy of the inaction
investment zone, and the bias could be due to the undetected correlations.
Combining the result of the model and reality, I would speculate that
volatility could be beneficial when considering enter and exit problems in the
market. We should focus on both the profitability and uncertainty that the risk
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brings rather than only the risk it brings. Also if we consider the cause of
hysteresis combining the theory and the regression result, the capital
expenditure is more suitable than the volatility considering the fact that in some
cases higher cost will lead to decrease in both entry and exit rates.

IX.

Conclusion
This paper analyzes the entry and exit decisions under uncertainty from

both theoretical and empirical points of view. The decisions of entry and exit are
influenced by the introduction of stochastic risk. I designed the output price of
such industry to follow a Geometric Brownian Motion. In order to solve the
optimal rate of investment, I used a general equilibrium model to separately
calculated the entry and exit cases and found out about the optimal rate of entry
and exit. Following the approach of related literature, the form of the value
function of such model is identified. Then I identified the different factors
affecting the solution. First, I saw the exit trigger price was influenced to be
lower than the Marshallian setting while the entry trigger price would depend on
the asset’s sensitivity to price and cost structure. Secondly, I identified that the
entry and exit rates are influenced by the cost and stochastic volatility of price.
Based on what I obtained in the model and comparative static, I formed the
regression formula in the empirical study. The empirical results provided
evidence to support the hypothesis about capital expenditure being influential on
the investment decisions and investment inaction zone. Thus capital expenditure
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was shown to be the most significant factor to cause the hysteresis. Also the
regression indicated that volatility could be positively linked with the entry rate,
whereas the results were changing when we use different regression models. The
theoretical reason for that would be the return of the project is related to the
risky component and the component drives the probability of entry up and
draws the entry trigger price down. The realistic reason could be the price is
producer price that may not reflect the profitability, and the proxy relationship
might be inaccurate. But still the time fixed effect and OLS provided results
indicating hysteresis was broadened by the increasing of uncertainty.
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