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The former Theorems Applied to Resolving of Problems
Problem 1
To draw Tangents to crooked lines.®

Seek (by prop 7th; or 3d, 4th and 2d, etc.) the motions of those
straight lines to which the crooked line is chiefly referred, and with what
velocity they increase or decrease: and they shall give (by prop 6t, or st
or 2d) the motion of the point describing the crooked line; which motion
is in its tangent.

Tangents to Geometricall lines

Example 1 [Fig. 10]. If the crooked line fac is described by the inter-
section of two lines ¢b and dc the one moving parallely, viz: ¢b || ad, &
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Figure 10
dc || ab; so that if ab=x, & bc=y=ad, Their relation is x* — 3yx® + ayxx

+10a

-2+ a: =0. To draw the tangent hcr; I consider that the point ¢ fixed
in the line cb moves towards ¢ parallely to ab (for so does the line cb (by
supposition) and consequently all its points): also the point ¢ fixed in the
line dc moves toward g parallely to ad (by supposition): therefore I draw
ce || ab and cg || ad, and in such propogtion as the motions they designe
and so draw er || ¢cb, and gr || dc, and the diagonal cr, (by Prop 6): that
is, if the velocity of the line cb, (that is the celerity of the increasing of
ab, or dc; or the velocity of the point ¢ from d) be called p, and the
velocity of the line cd be called ¢; [ make

ce:gc::p:q (icezer::hb:ch.)
and the point ¢ shall move in the diagonal line ¢r (by prop 6) which is

therefore the required tangent. Now the relation of p and g may be

found by the foregoing Equation (p signifying the increase of x, and q
of y) to be

5. That is, as we now say, a curve.
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4px® - Ipyxx + 30paxx + 2payx — 2py* — 3qx> + qaxx — 6qyyx—4qy* =0
(by Prop 7). And therefore
b= py _ 3yx® — ayxx + 6y3x + 4y*
q 4> —9yxx+ 30axx + 2ayx — 2y*°

which determines the tangent hc.

= Hence may be observed this General Theorem for drawing Tangents
to crooked lines thus referred to straight ones; that 1s, to such lines in
which y=bc is ordinately applied to x=ab at any given angle abc. vizS$
Multiply the termes of the Equation ordered according to the dimen-
sions of y, by any Adthmetical progression which product shall be the
Numerator: Again change the signs of the Equation and ordering it
according to x, multiply the terms by any Arithmetical progression and
the product divided by x shall be the Denominator of the value of hb,
that is, of x produced from y to the tangent hc.

2 L 0.
As if rx--r;—{= yy. Then first yy * +5 xx=0, produces 2yy,
- Tx
0 ~L -2
2 Lo 9
or 2rx — g Secondly, — gty produces rx s
Therefore y bh.
2rx
X
q
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m—=xx .
2qrx — 2rxx
Or else 1 . ph="2 :
2r qr—2rx
T_;x

Example 2 {Fig. 11]. If the crocked line chm be described by the
intersection of two lines ac, b circulating about their centers a and b,
so that if ac=x, and bc = y; their relation is

*—abx+cyy=0.

To draw the tangent ec I consider that the pcint ¢ fixed in the line be
moves towards f in the line ¢fL be (for the tangent to a circle is perpen-
dicular to its radius). Also the point ¢ fixed in the line ac moves towards
d in the line ed Lac and from those lines cd and cf | draw two others de
Il cg and ef || bc which must be in such proportion one to another as the
motions represented by them (prop 6), that is (prop 6) as the motions of

6. That is, y is the ordinate and x the abscissa. Note that the two did not have to be perpendicular
as they are in what we now call Cartesian coordinates.
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THE ‘DE ANALYSI PER
EQUATIONES INFINITAS’

[June 166971

From the original in the Library of the Royal Society, London'®

DeE ANALYSI PER EQUATION'ES NUMERO TERMINORUM INFINITAS.

Methodum generalem quam de curvarum quantitate per infinitam termi-
norum seriem mensuranda olim® excogitaveram, in sequentibus brevitér
explicatam potilis quam accurate demonstratam habes.

Basi AB, curva alicujus AD, sit applicata BD perpendicularis: & vocetur
AB=x, & BD=y; & sint a, b, ¢ &c quantitates date; & m, n numeri integri.
Deinde®

D

A B

Rea: L. Si are—y, exit —2—x = =Arex ABD.®

m-+n

(1) Somewhat incredibly, we have not been able to determine with precision the date
when this, perhaps the most celebrated of all Newton’s mathematical writings, was composed.
In our introduction we have suggested that the piece was written after Nicolaus Mercator
published his Logarithmotechnia in the autumn of 1668, and we may settle on September of that
year as a ferminus anie quem non. Probably it was composed over a period of a few days in the
early summer of 1669: at least, Newton communicated it to his college senior and Lucasian
mathematical professor, Isaac Barrow, about the beginning of July 1669 for on the 20th of that
month the latter wrote to John Collins that ‘A friend of mine here, that hath a very excellent
genius to those things, brought me the other day some papers, wherein he hath sett downe
methods of calculating the dimensions of magnitudes like that of M* Mercator concerning the
hyperbola, but very generall; as also of resolving &quations; which I suppose will please you’
(Correspondence of Isaac Newton, 1 (1959): 13-14). Newton’s ‘ papers’ Barrow sent along eleven
days later and the copy (see following note) which Collins made at that time before returning
the original to Barrow is firm proof that no major addition was made later to its text.

(2) MS rxxx1, No. 2. It would appear that this text was quickly returned to Newton by
Collins through Barrow’s mediation in 1669, and that it remained in its author’s possession
during most of his life. However, when in about 1709 William Jones conceived the idea of
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Translation

ON ANALYSIS BY EQUATIONS UNLIMITED IN THE
NUMBER OF THEIR TERMS

The general method which I had devised some time ago® for measuring the
quantity of curves by an infinite series of terms you have, in the following,
rather briefly explained than narrowly demonstrated.

To the base 4B of some curve AD let the ordinate BD be perpendicular and
let AB be called x and BD y. Let again g, b,¢, ... be given quantities and m,n
integers. Then®

Ruirk 1. If axm/» = y, then will [na/(m-+n)] x™+%/» equal the area ABD.®

making the selection of Newtor’s mathematical papers which he finally published as the
Analysis Per Quaniitatum Series, Fluxiones, ac Differentias: cum Enumeratione Linearum Tertii Ordinis
(London, 1711), he made a search of a wad of hitherto unexamined papers of Collins which
had recently come into his possession and found Collins’ copy (made by him in 1669). As
Jones says in his Prafatio, ‘licet neque Auctoris nomen, neque tempus quo scriptus fuerat ullibi
comparuerit; multa tamen continere ad D. Newront Methodos spectantia statim agnovi’.
Having subsequently, he added, been able to confirm Newton’s authorship from Barrow’s
1669 correspondence with Collins (which with so many cther invaluable items of the latter’s
hoard of manuscript was in Jones’ possession), ‘ Perspecto jam D. NewroNuM hujus Tractatus
Auctorem esse; ab eo sciscitatus sum num penes se adhuc esset autographum, quod quidem
ille exquirens invenit, & mihi tradidit, cum exemplari CoLLiNsiaNo ad verbum usque con-
veniens’. Jones never returned the ‘De Analysi’ to Newton but subsequently, with the latter’s
permission, placed it with Collins’ copy in the letters which he placed on deposit in the archives
of the Royal Society in 1712 to serve as the documentary foundation for the Society’s report
on the fluxion priority dispute which ultimately appeared the following March as Commercium
Epistolicum D. Jokannis Collins, et Aliorum de Analysi Promota: Jussu Societatis Regie In lucem editum.
Jones borrowed his Collins’ papers back again from the Society for a period in the late 1730%s,
but finally returned them in February 1741 ‘neatly bound in a Book of Guards with proper
Titles and References’ (Report on Leibnitz—Newton MSS in the possession of the Royal Sociely of
London (London, 1880) : 21). In thatsturdy volume Newton’s original has remained undisturbed
to the present day in company with Coliins’ copy, and on its flyleaf may still be read Jones’
scrawled identification, ‘N° 2. Sent by Dr. Barrow to M Collins in a Letter dated July 31.
1669’. We may add that Collins about 1677 made a secondary transcript of his copy for John
Wallis who was at that time writing the summary of English algebraical achievement which
appeared later as his Algebra (London, 1685). At Wallis’ death this transcript passed to his
fellow Savilian Professor at Oxford, David Gregory, and it is now in the latter’s papers in
the Library of the University of St Andrews’ (MS QA 33 G8 D3: 1-10).

(3) That is, in 1665 and 1666. See 1, 1, 3 and 2, 7: passim.

(4) The three ‘Regulz’ which follow revise, summarize and exemplify Proposition 8 of
the October 1666 fluxional tract (1, 2, 7).

(6) Since AB (x) is zero when B is at 4, the lower bound of the integral is zero and Newton

correctly evaluates J; * axmin dx. In examples 4 and 5 following, however, he avoids the diffi-

culty of having an integrand which is infinite when x = 0 by assuming a lower (or rather an
upper) bound 4da = co.

The Quadra-
ture of
simple Curves



A Treatise of the Method of Fluxions and Infinite Series, with

its Application to the Geometry of Curve Lines — 1671

HE Introduttion: Or the Solution of B
quations by Infinite Series, Page »

ProerLeEM I

From the Flowing Quantities given to find their
Fluxions, p. 27

Prosrewm IL

From the given Fluxions, to find the Flowing
Ruantitses, P 3%

Prorrewm III

To determine the Maxima and Minima of
Quantities, p. 6o

Proerewm 1V,

To draw Tangents to Curves. p. 62

ProsrLem V.

"o find the Quantity of Curyature in any
Gyrme. P' 81
ProRLEM

ProsreEm VI,
To find the Quality of Curvature in any Curve,

p- 104
Prosrem VII.

To find any Number of Curves that may be
Squared. p- 110

Prosrem VIIIL

To find any Number of Curves whofe Areas
may be compared with the Conick Sections.
p 112

Prosrem IX

To find the Quadrature of any Curve propofed.
p- 119

Prorrem X.

T0 find any Number of Curves that may be
recfified. p: 164

Prosrewm XI.

Do find any Number of Curves whofe Lines may
o¢ compared with any Curve affgned. p. 173

Prosrem XII
To determine the Lengths of Curves,  p. 180



NEWTON ON CURVATURE -1671

The Problem then is reduced to this, viz. To
find the Radius or Center of Curvature,

Imagine therefore that at three points of the
Curve &, D, d, perpendiculars are drawn, of which
thofe that are at D, 4, meet
in H, and thofe that are in
D, d, meet in b, and the
peint 4 being in the middle,
if there be a greater curvie
tude at the part D4 than at
Dd, then DH will be lef3
than db; but by how much
the perpendiculars dH and
db are nearer to the interme-
diate perpendicular, fo much
the lefs will the diftance be
of the points H and b, and
at laft, when the perpendi-
culars meet, the points will
coincide.  L.et them coin-
cide in the point C, and C will be the Center of
Curvature, at the point of the Curve D on which
the angles ftand ; which is manifeft of itfelf.

Bur there are feveral fymptoms ot propertits of
this point C, which may be of afe for its deter-
mination,
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Therefore let AB=x, BD=y, Cg=1, and gs

. . v * y
=z, Then jtwill be 1 : 2::4:y, orz==
X

Now let the momentum 3f of z be 2 x 0, (thatis the
product of the velocity and of an infinitely fmall

qpan_tit 9,) therefore the momentum De=xxo0, de
==y x0, and thence DF=xo-%, Therefore it is
~
Cg(1): CG:; (M:DF::)z'o:;m—]—-gg, that is,
k2

4-'. )
CG="", And whereas we are at liberty to

Fu
afcribe whatever velocity we pleafe to the Fluxion
of the Abfcils, towhich 35 tp an equable Fluxion the

reft may be referred, make ¥=1, and then y—=,
and CG="T"%; whence GD="1%, and DC

z %
e i A n AP Therefore
=
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Curves Values of the areas
Third order®D)
1. dzrt\jle+fz] =y. (2d[nf) x $R® =¢.
2. dzorLle+f21] = y. (2d[nf) (—&elf+3zn) R3 = ¢.
3. dz¥l[e+ /2] =y. (2d[nf) (5 (f* —Fs(elf)2 +32*) R® = 1.
4. dz¥1\J[e+fz1] = y. (2d[nf) (— o3P + &5 (%) 2 — & (elf )22+ 2% R® = .

Fourth order®t®

L dzyle+f21] = . (2dj7f) R = 1.
2. dehr1fle+fz1] = 4. (2d/nf) (~3elf +32) R = .

3. dzhrify[e+fzn] = y. (2d/nf) (&l — & (el)2 + 42 R = .

s dev i fferf] =y (2d]nf) (~ Al +B(ALN) 2 — S (elf) 2+ 3N R = .

To these let there be added the following more general theorems by means of
which the path is laid to deeper considerations.4%

Fifth order Values of the areas
L. (20ez0-1 4 (20 + 39) f20+1 1) x L J[e +/2"] = y. 2R3 = .
2. (20ez6-1 + (20 + 37) fz8+11
+ (20 + 69) g2f+21-1) x 3 J[e +fz1+ g2*7] = y. 2R3 = ¢,

Sixth order
1. (20e2°~1 + (20 +7) f29+171) x 1/2/[e +f27] = y. 2R = t.
2. (206291 + (20 +7) f204171 4 (20 + 29) gz0+21-1) 2R = ¢.
x 1/2J[e+f21 +gz%"] = y.

{541) Newton here (and in Ordo 4 following) takes R = \/[e+/27], so that y = dzA7-1R,
A =1, 2,3, 4, and therefore
2d (P 3)(p—5) &
o ot m B (L= 4 (B0 2
[o-t =3 SR G0
in which p = 2A+1.
(542) Here, similarly, y = dzA71/R, A = 1, 2, 3, 4, so that
24 1 (q 1)(g—3) e
t= dz=—zm—nR( {g=1){g=3) au...),
fy nf = 2) D

where ¢ = 2A—1.

(543) The justice of this observation will be apparent in his second table following, where
the integrals of complex ‘curves’ are evaluated by suitably compounding corresponding
‘areas’. In all six remaining ‘orders’ the entries in the left-hand column follow at once by
finding the fluxion of (that is, differentiating) each corresponding ‘arez valor’ on the right.



Tranption to the Method of FLux10NS.

And thus much for the Methods of Computa-
tion, of which I fhall make frequent ufe in what
follows. Now it remains, that for an illuftration of
the Analytic Art, I fhould give fome fpecimens
of Problems, efpecially fuch as the rature of
Curves will fupply. Now inorder to this, I-thall ob-
ferve that ull the difficulties hereof may be reduc-.
ed to thefe two Problems only, which I fhall pro-
pofe, concerning a Space defcrib’d by local Motion,
any how accelerated or retarded,

1. The length of the Space deferit’d being continu-
ally (that is, at all-times) given 5 to find the velocity
of the mation at any time propos’d.

11. The velocity of the motion being continually given s
1o find the length of the Space defcrib’d at amy time
propos’d.

Thus in the Equation xx=y, if y reprefents the
length of the Space at any time defcrib’d, which
(time) another Space ¥, by increafing with an uni-
form celerity x, meafures and exhibits as defcrib’d :

then 2xx will reprefent the celerity, by which the
Space y at the fame moment of time proce:ds to
be defcrib’d, and contrariwife. And hence it is,
that in what follows I confider things as generated
by continual Increafe, after the manner of a Space;
which a thing or point in motion defcribes.

But fince we do not confider the time here,
any farther than as it is expounded. and mea-
fured by an equable local motion ; and befides
whereas things only of the fame kind can be com-
par’d together, and alfo their velocities of increafe
and decreafe : therefore in what follows I thall have
no regard to time formally confider’d, but fhall
fuppole fome one of the quantities propos’d, being
of the fame kind, to be increas’d by anequable
Fluxion, to which the reft may be refer’d, as it were
to time ; and therefore by way of analogy it may
not improperly receive the name of Time. When-
evér therefore the word Time, occurs in what fol-
lows, (which for the fake of perfpicuity and diftin-
&ion I have fometimes ufed,) by that word I would
not have it underftood as if I meant Time in its
formal acceptation, but only that other quantity,
by the equable increafe or fluxion whercof, Time
is expounded and meafured. ‘



