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In recent years, a considerable amount of research in the area of computed tomography (CT) has been directed to the incorporation of the energy dependency of X-ray
attenuation into the reconstruction scheme. Considering energy dependency is crucial in order to characterize the chemical composition of materials under investigation
rather than simply providing relative attenuation images as is done in conventional tomography. In this thesis, novel iterative reconstruction techniques for polychromatic
dual energy and multi-energy CT, which incorporate energy dependency in different
ways, are proposed. Dual energy CT uses two different spectra at the source side to
obtain energy selective information, whereas multi-energy employs energy discriminating photon counting detectors.
The proposed dual energy algorithm has an emphasis on detection and characterization of piecewise constant objects embedded in an unknown, cluttered background.
Physical properties of the objects, specifically the Compton scattering and photoelectric absorption coefficients, are assumed to be known with some level of uncertainty.
Our approach is based on a level-set representation of the characteristic function of
the object and encompasses a number of regularization techniques for addressing both
the prior information we have concerning the physical properties of the object as well
ii

as fundamental, physics-based limitations associated with our ability to jointly recover the Compton scattering and photoelectric absorption properties of the scene.
In the absence of an object with appropriate physical properties, our approach returns
a null characteristic function and thus can be viewed as simultaneously solving the
detection and characterization problems. Unlike the vast majority of methods which
define the level set function non-parametrically, (i.e., as a dense set of pixel values),
we define our level set parametrically via radial basis functions (RBF’s) and employ
a Gauss-Newton type algorithm for cost minimization. Numerical results show that
the algorithm successfully detects objects of interest, finds their shape and location,
and gives an adequate reconstruction of the background.
The development of energy selective, photon counting X-ray detectors makes possible a wide range of new and exciting possibilities in the area of multi-energy CT
image formation. Under the assumption of perfect energy resolution, here we propose a tensor based iterative algorithm that simultaneously reconstructs the X-ray
attenuation distribution for each energy level. We use a multi-dimensional image
model rather than a vector representation in order to develop a novel tensor-based
regularizer. Specifically, we model the multi-spectral unknown as a 3-way tensor
where first two dimensions are in space and the 3rd dimension is in energy. This
approach allows for the design of a tensor nuclear norm regularizer, which like its
two dimensional counterpart, is a convex function of the multi-spectral unknown.
Additionally, we introduce a Tikhonov type regularization method called adaptively
iii

weighted !2 (AWL2), which penalizes the weighted quadratic sum of the differences
between neighbouring pixels, where the weights are updated at each iteration using a multiplicative update formula adapted to edge information. The solution to
the resulting convex optimization problem is obtained using the alternating direction
method of multipliers (ADMM). Simulation results shows that the generalized tensor
nuclear norm can be used as a stand alone regularization technique for the energy
selective (spectral) computed tomography (CT) problem. When combined with total
variation (TV) regularization of AWL2 it enhances the regularization capabilities of
these techniques especially at low energy images where the effects of noise are most
prominent. Moreover, AWL2 provides excellent edge preserving and noise reduction
capabilities with a simple quadratic formula that are superior to TV in the spectral
CT set-up.
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Chapter 1
Introduction

1.1

Overview of Conventional Computed Tomography (CT)

Computed tomography (CT) utilizes X-rays and produces cross-sectional images of
an object. These images are attained on a computer by processing the measurement
data, which is obtained by synchronous movement of the source and detectors around
the object. Since its invention by G.N. Hounsfield and A.M Cormack1 , which earned
them the 1979 Nobel Prize in Physiology or Medicine, CT has been most widely used
in the medical field [79, 16]. Yet, application areas of CT are expanding to airport
security [167], industrial non-destructive testing [36], geophysics [72] and archaeology
1

Allan McLeod Cormack, who introduced the theoretical foundations of CT, was a professor of
physics at Tufts University. In 1971, his ideas were realized by Godfey Hounsfield for the first
time in a commercial scanner. Hounsfield, being an electrical engineer, was not aware of the
work by Cormack at the time [159].
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2
[152], as it is fast and provides detailed structural information. Because it neglects
the polychromatics nature of the data, a traditional CT image shows the spatial distribution of X-ray attenuation, which contains limited information about the material
composition of the object. In recent years, several techniques have been developed,
which take energy dependency of attenuation and polychromacity of the source into
account to provide “quantitative” information that leads to material identification
[64, 153, 162]. These techniques are also referred as energy selective CT. Within the
scope of this work, we have developed novel image formation techniques for two different energy selective CT methods: dual energy CT and multi-energy CT, which are
expected to be critical topics of research in the near future [156].

1.1.1

Computerized Tomography and the Luggage Screening
Problem

Despite being almost 40 years old, CT technology is rapidly improving and its application areas are expanding. One of the most exciting promises of CT is its applicability
to airport security applications. Although the driving application of this thesis is luggage screening [167, 93, 129, 138], the algorithms presented here are also applicable
to CT for medical imaging and other image formation problems.
While transmission X-ray is primarily used for contraband imaging of hand luggages [109], the principle imaging technique for detecting illicit material inside checked
luggages at airports is CT [167]. One of the challenges of CT for security applications

3
is to be able resolve material type in order to identify illicit objects and reduce false
alarm rates. The key to material characterization is energy-selective reconstruction.
This can simply be done by comparing the relative change in contrast of transmission scan images from two different energies as, for instance, elements with low atomic
number will be relatively darker in the low energy image while metals and high atomic
number elements will be dark in both images [138]. Naturally, this approach reveals
limited information and leads to a rough classification, which is not sufficient for accurate identification of illicit materials [158]. Dual and multi-energy CT uses more
sophisticated methods for energy selective reconstructions. While the former exploits
the polychromatic nature of source spectra and physics based modelling of X-ray absorption, the latter utilizes newly developed energy selective measurement technology
to determine the attenuation at different energy levels separately.
In the following, we review the dual and multi-energy CT techniques and their
relevance to the luggage screening problem, before we conclude this chapter with a
summary of contributions and the outline of this thesis.

1.1.2

Polychromatic Dual Energy CT

As mentioned earlier, a conventional computed tomography (CT) imaging system
provides a monochromatic reconstruction of the linear attenuation coefficient distribution of an object under investigation. Dual energy techniques, however, allow for
more detailed chemical characterization of the material using measurements from two

4
distinct X-ray spectra. These methods have been applied in a range of application
areas including non-destructive material evaluation [46], medical imaging [73], bone
densitometry [92] and airport/seaport security [167].
The dual energy idea was initially proposed by Alvarez and Macovsky [5] who modeled the total attenuation of X-rays as a linear combination of photoelectric absorption
and Compton scattering coefficients with corresponding empirical energy dependent
basis functions. In detail, a cubic polynomial approximation of the polychromatic
measurement models was used to estimate sinograms, i.e., set of line integrals of an
object along the path between every source-detector pair for multiple measurement
angles (See, Chapter 2 for details), of photoelectric and Compton components. Once
sinograms were estimated, the filtered back projection (FBP) algorithm was applied
to obtain photoelectric and Compton coefficient reconstructions. The polynomial
approximation, however, was found to be accurate only for test subjects whose properties were “close enough” to data subjects used to obtain the model coefficients. Also
the sinogram estimation step amplified the noise leading to erroneous reconstructions
especially for the photoelectric component [5]. Later, basis material decomposition
methods, where attenuation coefficients of two or more materials constitute the basis
set for the total attenuation, were proposed [97]. For these methods, the reconstruction problem was reduced to estimation of the space-varying weight of each basis
material. This approach is accurate when the properties in the materials of interest
are, in a sense, spanned by the spectral characteristics of the basis material [169].
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Optimal selection of the basis set is generally application dependent with a variety
of approaches having been explored in the literature to date [56, 161, 65]. A review
of the accuracy of these methods can be found in [65]. The methods where the estimation of sinograms of basis components is followed by FBP reconstructions of the
corresponding images are referred as prereconstruction methods [170]. Alternatively
in the case of postreconstruction type of methods, filtered back projection is used to
form separate attenuation images from the high and low energy projection data which
are then mapped into basis material images [75, 46]. It is well-known that both of
these conventional approaches to the dual energy problem have poor noise properties
and are prone to inaccuracies in the measurement data as they use FBP [142, 39].
In addition to reconstruction methods based on FBP, significant work has been
directed toward the use of iterative image formation schemes for dual energy CT.
Such methods provide the opportunity to more precisely take into account the nonlinear relationship between the data and the material properties than is afforded by
FBP-based algorithms. Moreover, iterative techniques can be tailored to the underlying Poisson nature of the observations and provide a natural mechanism for
incorporating prior information into the image formation process [77]. Within the
context of dual energy CT, initial work on iterative methods focused on using the
algebraic reconstruction technique (ART) and basis material decomposition for iterative beam hardening correction [105]. More recently, iterative methods based on
maximum likelihood and maximum a posteriori (MAP) statistical principles have
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been developed for monochromatic and polychromatic dual energy reconstruction
problems [142, 39, 50] arising primarily in the medical imaging domain. Such methods have proven to be more accurate than previously proposed iterative and FBP
based approaches especially in low photon count (i.e., low SNR) scenarios.
While medical applications have motivated a significant majority of algorithm
development for dual energy CT, in recent years, there has been growing interest in
the application of this imaging modality to problems in airport and seaport security;
specifically the screening of checked luggage [167, 138]. Unlike the medical imaging
problem, the range of materials encountered in baggage screening is quite broad.
As such, it remains an open question as to whether and how material basis-type
decompositions of the attenuation coefficient can be applied in this context. Indeed,
the state-of-the art here is represented by the work of Ying et al. who consider the
recovery of the Compton and photoelectric coefficients directly in [167]. Following a
similar approach to [5], Ying et al. employ a prereconstruction imaging scheme in
which the sinograms for the photoelectric and Compton coefficients are obtained via
the solution of a non-linear constrained optimization problem. As was the case in
[5], high fidelity recovery of the photoelectric coefficient proved challenging due to
the domination of the Compton effect relative to the photoelectric for this class of
problems. Roughly speaking the signal to noise ratio associated with the photoelectric
component was far smaller than that of the Compton making stable recovery of the
former difficult. Consideration of these issues associated with the use of dual energy
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CT for luggage screening provides the impetus for the work in Chapter 4 of this thesis.

1.1.3

Energy Selective Multi-Energy CT

As dual energy CT uses two distinct source spectra (energy) to obtain information
regarding types of materials in the imaging medium, a multi-energy CT system uses
a single polychromatic spectra and distinguishes specific energy regions of at the
detector side. Energy selective detection is accomplished with the use of photon
counting detectors (PCDs) [130, 51], instead of the energy integrating detectors [160]
used in conventional and dual energy CT.
PCDs, which are also referred as energy discriminating detectors, have the ability to identify individual photons and separate the X-ray beam into its component
spectrum (classify them according to their energy). This property allows for the
recovery of spectral properties of the object being imaged and opens the door to
“color” CT technology with the simplicity of monochromatic reconstruction models
[54]. Multi-energy CT promises improved diagnostic medical imaging [131, 125] and
applicability to the security domain [68] due to its contrast enhancement and material
characterization capabilities.
Within an energy integrating detector, incoming photons are converted to electrical charge, which is accumulated on a detector. The accumulated charge is read out
and the output signal determined. The latter step is the source of so called detectorread-out noise, which degrades the image quality (see, examples in Chapter 3) [129].
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In a photon counting detector, on the other hand, an incoming photon is converted to
an electrical pulse, whose amplitude is determined by the energy of the photon and
the output signal is based on a counter that is incremented according to the charge of
the electric pulse [69]. This direct relationship between the counter and an incoming
photon with a certain energy eliminates the main cause of the detector-read-out noise.
Hence, in addition to their energy discriminating properties, PCDs offer better signal
quality compared to energy integrating detectors [8].
The possibility of reconstructing the total attenuation distribution as a function
of energy indicates the applicability of multi-energy CT to the luggage screening
problem, as accurately reconstructed attenuation curves of nominal objects in luggage
potentially lead to material identification.

1.2

Contributions of This Thesis

We explain the contributions of this thesis and the state-of-art related to algorithms
proposed in two subtopics regarding dual energy and multi-energy CT methods of
Chapter 3 and 4, respectively.

1.2.1

Contributions of the Dual energy CT Method

The purpose of the dual energy method described in Chapter 3 is to provide an efficient and robust iterative reconstruction algorithm that recovers the photoelectric
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and Compton coefficients. To date, the algorithms developed for the screening problem are rather similar to those developed for medical applications despite the fact
that the fundamental objectives of these two problems are somewhat different. In the
medical case, the processing goal is the creation of high resolution images capable of
supporting accurate diagnoses. For the security problem however, while one may still
desire a good “picture,” an additional goal is the determination as to whether a given
object contains illicit materials and if so, how are they distributed. Such materials of
interest will be embedded in an unknown and generally quite inhomogeneous background; however, prior information exists concerning the types of materials that may
be of interest. Our approach to bringing this and related prior information to bear on
the image formation process has not, to the best of our knowledge, been considered.
Motivated by these observations, we propose a variational approach to image
formation adapted to the problem of detecting and characterizing “anomalies” in
multiple physical parameters located in a cluttered and unknown environment. We
use a new, hybrid model and associated inversion methods for the determination of
the geometry and contrast associated with these anomalies along with a suitable pixellike representation of the unknown background. Should an anomaly not be present,
images of the physical properties are provided. In the case where anomalies do exist, in
addition to the images, we obtain an explicit representation of the shape, location, and
contrast of the objects. Thus, the method we propose here simultaneously addresses
both the detection and characterization problems.
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Second, we develop a new regularization scheme for problems in which there is a
mismatch in the sensitivity of the data to the various properties being imaged. As
noted above, for the dual energy CT problem, the Compton scatter effects tends to
dominate the photoelectric effect. Such challenges however are not limited to CT. For
example, when using diffuse optical tomography for medical imaging problems, we
have found sensitivity mismatch when attempting to recover multiple chromophore
concentration profiles [95]. More generally, the ideas considered here are of potential
use to a much broader range of so-called joint inversion problems where a collection of
heterogeneous sensors (acoustic, electromagnetic, optical, mechanical, hydrological)
are tasked with developing a single “picture” of a given region of space. With each
modality sensitive to its own constitutive properties of the medium, the modelling
and regularization ideas considered here represents a step in fusing information in
such scenarios. An example for such an inversion scheme arises in the geophysical
imaging context [52] where a joint inversion of DC resistivity and seismic refraction
is performed to model subsurface profiles where cross product of the gradients of
the reconstructed parameters are used to ensure that the profiles provided by the
inversion of each parameter are in total agreement.
While the approach we present here is potentially of broad use, in this thesis the
specific concern is its application to the dual energy CT for luggage screening problem.
Here, we view the work as a contribution to the use of iterative inversion schemes
for this class of problems. Like the MAP approach, image formation is cast as the
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solution to a variational problem comprised of terms reflecting a level of fidelity to the
data and prior information. In this context, the model we propose and the structure
of the prior information are new to the dual energy CT literature. In a bit more detail,
as was the case in [167], we consider here the recovery of the space-varying structure
of the photoelectric and Compton scattering parameters. While a basis-material
decomposition could be employed, as discussed previously, it is not clear at the present
time which materials are most suitable for the screening problem. Moreover, one
contribution of the work here is a new approach to stabilize the recovery of the
photoelectric coefficient. We model photoelectric and Compton scattering quantities
in a hybrid manner as the superposition of a parametrically defined anomaly (if it
exists) and a non-parametric background.
The anomaly model is comprised of a geometric component that is common in
the two images and contrast parameters that are specific to the photoelectric and
Compton images. In this thesis, we employ a newly developed parametric level set
based representation for the anomalies. Classical level-set methods were developed
for modelling propagation of curves by Osher and Sethian [114] and have been widely
used in image processing applications [33, 123] as well as for a variety of inverse
problems [43, 12, 48, 90, 168]. They provide a topologically flexible shape-based formulation, elegantly representing multiple objects with complicated geometries. The
number of unknowns associated with such a model however is equal to the number
of pixels in an image. As such they can be difficult to use when solving inverse
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problems [3]. Recently, level set methods have been defined based on low order basis
functions expansions for the level set function [81]. In the context of image segmentation and topology estimation gradient decent-type methods have been developed
for determining the unknown expansion coefficients describing the level set function
[98, 15, 116, 55].
An alternative parametric level set model specifically adapted to solving inverse
problems was considered in [3]. As discussed in [3], this model is especially attractive
as there is no need for reinitialization or narrow-banding; all issues frequently encountered with curve evolution methods for inverse problems. It suffices to incorporate a
regularization term that penalizes anomalies with large areas. Moreover, because the
order of the model is low (on the order of 10’s of unknowns) quasi-Newton methods
become quite feasible for the estimation of the parameters. With these advantages,
it is this model that forms the basis for the work here. We apply the parametric
level set idea to the dual energy CT problem where detection of the size number and
location of objects plays a crucial role. As such we demonstrate empirically that the
detection and localization of these objects becomes possible even if the photoelectric
image background reconstruction is not very accurate or a FBP based approach would
fail to provide reasonable results.
In addition to this approach for describing the shapes of the anomalies, the second
component of our anomaly model is the contrast of these object in both the Compton
and photoelectric images. Here we exploit the fact that, while the nominal background
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may be quite variable, for applications such as the one motivating this work, one is
searching for objects of specific composition. In other words, the physical properties
(Compton scattering and photoelectric coefficients) of any anomaly are known at
least to within some degree of precision. We interpret this type of information as
providing a set of allowable values for the contrast of the object in the photoelectric
- Compton coefficient space. By definition then, this set of values cannot be assumed
by any pixels not in the object; i.e., pixels in the background. These two constraints
are enforced explicitly in the variational formulation of the image formation problem.
While a parametric model is used to represent the anomaly, given the lack of
structure we assume for the background, a pixel-type approach is used to model
the nominal spatial structure of the photoelectric and Compton images. As noted
previously, the physics of dual energy CT are such that in noisy situations one can
recover the Compton image rather well but the photoelectric image tends to be far
less accurate [167, 5, 65]. In an attempt to improve this situation, here we take
advantage of the fact that the scene being imaged is the same for both parameters.
More specifically, because physical objects are represented by discontinuities in the
constitutive properties of the medium, one would expect that edges in both images
should be highly correlated. Hence, we introduce a correlation based regularization
scheme enforcing structural similarity between the gradients of reconstructed images.
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1.2.2

Contributions of the multi-energy CT Method

The purpose of the multi-energy method described in Chapter 3 is to provide an efficient iterative algorithm that simultaneously reconstructs images of X-ray attenuation
at different energies.
We propose an iterative reconstruction method for the multi-energy CT problem
where we model the multi-spectral unknown as a low rank 3-way (third order) tensor.
With the term tensor we refer to the multidimensional generalization of matrices,
i.e., matrices are two-dimensional (2-way) tensors. Recently, there has been considerable work on recovering corrupted matrices or tensors based on low-rank and sparse
decomposition [29] or solely on low-rank assumptions [27, 30, 149, 101]. Our goal
here is to adopt the generalized tensor rank formulation [134] to regularize the spectral CT problem. Similar studies where the multi-spectral unknown is modelled as a
superposition of low rank and sparse matrices had been conducted for 4D cone beam
CT [28] and spectral tomography [54]. In those efforts, the multi-spectral unknown is
represented as a matrix where each column is the lexicographically ordered collection
of pixels at a given energy. The authors applied low rank plus sparse decomposition
to this multi-spectral unknown where the matrix nuclear norm penalty is applied to
the low rank component.
We take a different approach and exploit the inherent tensorial nature of the
multi-energy CT problem allowing us to make use of a broader collection of tools
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for the analysis of these structures. To date, tensor decomposition tools such CANDECOMP/PARAFAC (CP) and [31], Tucker [150] decompositions have found application in data mining and analysis for chemistry, neuroscience, computer vision
and communications [1, 6, 89]. The higher-order generalization of singular value decomposition (SVD) or as multi-linear SVD [37] has been used for image processing
applications such as facial recognition [154]. Another type of tensor SVD was presented in [83], and has recently shown to be promising imaging applications such as
deblurring, [82] and facial recognition [84], where the goal is to get a compressed
representation of the given operator or data.
Despite being efficient tools for multidimensional data processing, to find these
decompositions requires the solution of a non-convex optimization problem that is
hard to solve and that has poor convergence properties. Moreover, for CP and Tucker
methods the number of components (unknowns) needs to be known a priori [1, 88, 25].
Generalization of these techniques analogue to truncated SVD type of regularizers
are far from obvious. Therefore, in an inverse problem set-up, where the problem
is estimating, as opposed to decomposing, one seeks for alternatives that lead to a
possibly convex optimization problem.
For the case of the multi-energy problem, we are motivated by the work in
[149, 101, 53] where the idea of matrix completion via nuclear norm minimization
is generalized to the tensor case using matricization (unfolding) operation. The unfolding operation refers to rearranging the columns of a tensor along a certain mode
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or dimension into a matrix [88] (see Chapter 4 for a more detailed explanation). The
multidimensional nuclear norm, or the generalized tensor nuclear norm, is obtained
by the summation of nuclear norms of the unfoldings in each mode. Successful results were reported for tensor completion for multi-spectral imaging [136], color image
impainting [134, 135] and multi-linear classification and data analysis [135, 149].
We propose to use this simple, yet effective generalization in the spectral CT
problem [128] where we assume the multi-spectral unknown is low rank in each of
its unfoldings and construct a regularizer. The resulting tensor nuclear norm (TNN)
regularizer is computationally cost effective and has satisfactory noise reduction capabilities. Reduced computational time is crucial especially for airport security applications, where real-time processing is necessary and accurate reconstruction of X-ray
attenuation as a function of energy is more important than overall image quality.
TNN regularization can be used when rapid material characterization is required and
the reconstruction quality may be less of a priority
Applying the low rank prior to the multi-spectral matrix, which has vectorized
images of different energies in its columns, is a special case of our tensor model where
only the unfolding in the energy dimension is considered. We seek a more powerful
regularization method for the case where the number of energy bins is limited and
redundancy in the spatial dimensions can be exploited with the incorporation of
unfoldings in spatial dimensions [101, 136]. One of the purposes of this work is to show
the efficiency of low-rank assumptions on the unfoldings in the spatial dimensions to
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design regularizers.
In addition, we combine the generalized tensor nuclear norm with total variation
(TV) in order construct a more efficient regularization technique. Typically, edge enhancement/preservation is crucial for all imaging applications. One of the most widely
used edge preserving regularization technique is total variation (TV) [120] which has
been applied to CT as well [133, 144]. This approach favours piecewise constant images with sparse edge maps and allows discontinuities, but tends to smooth out small
details [44] and may not perform well in recovering texture. When combined with
the tensor nuclear norm regularizer, its texture recovery capabilities can be slightly
enhanced. Although with the TV regularizer images at different energies are treated
independently, the low rank assumptions on the multi-dimensional unknown means
that the information gained at less noisy high energy measurements is implicitly used
at low energy reconstructions. This way, noise reduction capabilities of these edge
preserving regularization techniques are enhanced especially at low energy reconstructions. As materials are better distinguished at low energies reliable recovery of low
energy images is a significant quality of the algorithm.
Lastly, we introduce an iteratively re-weighted quadratic penalty method (AWL2)
that provides edge preserving capability with a simple quadratic formulation. Typically, edge enhancement/preservation is crucial for all imaging applications. Therefore, design of efficient edge preserving regularization techniques is subject of ongoing
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research. In general, regularization is achieved using a potential function that penalizes the differences between neighbouring pixels. The requirements for the penalty
function to be edge preserving are first given by Charbonnier et al. [34]. Further
extension for global convergence was given by Delaney and Bresler [40]. To design
such functions, one assumes that small gradients belong to noise and large gradients
belong to edges. Hence, small gradients are penalized more than larger ones. This
assumption is not always true in practice as small gradients may be due to finer
details in true image and large gradients may be due to noise. Additionally, these
penalty functions are not quadratic, which led the authors of [34] to propose the two
step gradient relaxation algorithm [111] called ARTHUR. With AWL2 we propose a
simple quadratic structure which is suitable for efficient minimization and has strong
edge preserving capability.

1.3

Structure of The Thesis

The remainder of the thesis is structured as follows. In Chapter 2, we initially introduce the image formation problem as a general concept and give the mathematical
background on the variational approach used for its solution. Following this general introduction, we give the details on the optimization methods used to solve the
minimization problems arise from the variational formulations of following chapters.
Chapter 2 is concluded with the introduction of the CT problem, fundamental X-ray
physics and the analytical solution methods.
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In Chapter 3, we explain our dual energy CT method. The first part provides the
polychromatic CT measurement model as well as the representation of total attenuation in terms of photoelectric effect and Compton scatter. Next, we describe the shape
based model via a parametric level set function and formulate the Compton and photoelectric images in terms of homogeneous objects of known properties and unknown
background pixels. Following the description of the image model, we describe numerical strategies for the solution, where we cast the inverse problem in an optimization
framework in which the solution is the minimizer of a cost function which consists of
a data mismatch term and regularization terms. To solve the optimization problem,
an alternating minimization algorithm for the shape and background parameters is
applied with the Levenberg-Marquardt algorithm employed in each phase. Lastly, we
conclude Chapter 3 with numerical examples.
Our multi-energy CT algorithm is explained in Chapter 4, where we initially
give the preliminaries on tensors and the notation that will be used throughout the
chapter. Next, we describe the measurement model and the multi-spectral phantom
in the form of a 3-way tensor, upon which we built our novel tensor nuclear norm
regularizer. We conclude Chapter 4 with the details of the ADMM algorithm that is
used in inversion and simulation results.
Chapter 5 consists of concluding remarks and thoughts about future directions.
In Appendix A, we derive give the explicit formulas for the Jacobian matrix associated with the dual energy problem of Chapter 3. In Appendix B, we consider a
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linearized and simplified version of the background reconstruction problem to give the
reader the intuition about the difficulties that arise in photoelectric absorption coefficient reconstruction and explain the motivation that derived us to use the correlation
based regularization introduced in Chapter 3. We derive lower bounds for the mean
square errors (MSE) in photoelectric absorption and Compton scatter coefficient estimation. We show the bounds are significantly different, that is the expected error
level of photoelectric image reconstruction is drastically higher than that of Compton image reconstruction. Finally in Appendix C, we explain concept of subgradient,
which generalizes the gradient operator to non-differentiable functions. Later, we give
the definition of the proximal operator and derive the closed form expression of it for
the functions that are used in Chapter 4.

Chapter 2
Background
This chapter serves as a general introduction to the mathematical concepts that are
used the thesis. The topics covered are the variational approach to the solution of
image formation problems, optimization techniques, conventional computed tomography and analytical reconstruction techniques. Later chapters in the thesis provide
specific examples of the techniques discussed here. References are provided for the
reader who is interested in further detail on each topic.

2.1

Overview of Image Formation Techniques

Although the main subject of this thesis is CT, the algorithms discussed are applicable to different imaging modalities. Here, we give give a general picture of the
image formation problem. Image formation refers to gathering information about the
internal structure of a medium from physical observations at or outside the boundary.
21
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The physical observations (or measurements) are related to the unknown quantity of
interest via a mathematical model that is generally referred to as the forward model.
For example, in ultrasound imaging, the medium under investigation is illuminated
with high-frequency (higher than 20 kHz) sound waves and the inner structure is
reconstructed from the measured reflected waves [49]. Ultrasound is used widely
in medical [145, 122] and industrial applications [143]. Diffuse optical tomography
(DOT), a growing field in medical imaging [19], uses near-infrared light to illuminate a
part of the body to reconstruct optical properties from the measured scattered light.
In ultrasound and DOT the forward models are the wave propagation physics for
sound and light, respectively. For CT, X-rays, which travel in straight lines, are used
for imaging purposes in medical [18], industrial [36], geoscientific [107] and security
[139] applications.
Throughout this thesis we consider the discrete case where the forward model is
denoted by K : Rn → Rm acts on a vector of parameter of interest x ∈ RN and
generates the measurement vector m ∈ RM
K(x) = m,

(2.1)

where N and M are the sizes of parameter and measurement spaces respectively. The
goal of the image formation problem is to recover x given m.
In practice, it is not possible to obtain noise-free data. The data are corrupted
with noise due to intrinsic physical properties (e.g., probabilistic nature of X-ray
absorption) or measurement errors. Hence, (2.1), more realistically, can be written
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as
K(x) = m + n,

(2.2)

where n ∈ RM is the noise vector.
The need for reconstructing an unknown quantity from indirect measurements
gives rise to an inverse problem, which, informally, can be defined as recovering the
cause given the effect. Formally, the aspects of an inverse problem can be understood
in the sense of Jacques Hadamard’s (1915) conditions for a problem to be well-posed,
which are given as [86]:
1. The problem must have a solution (existence)
2. The solution must be unique (uniqueness)
3. The solution depends continuously on data (stability)
An inverse problem is an ill-posed problem that fails to satisfy these conditions. This
is, in general, due to smoothing properties of the forward operator K. The remedy
for this problem is to provide prior information about x by means of regularization.

2.1.1

Variational Formulation and Regularization

In this thesis, we consider the variational approach to the inverse problems, where
the solution x̂ is obtained by solving an optimization problem:
x̂ := argmin$K(x) − m$22 + λR(x).
x∈RN

(2.3)
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Here, $.$p is the !p -norm defined as
$x$p :=

!"
n
i=1

|xi |

p

#1/p

.

(2.4)

The first term in (2.3) is called the data-mismatch term that penalizes difference
between the data and the model in the Euclidean sense. The second term, λR(x), is
called the regularizer, which is added to the cost to remedy the ill-posedness and λ is
the regularization parameter that tunes the importance of regularization with respect
to the data-mismatch.
The goal of the regularizer is to improve the accuracy and the stability of the
solution to (2.3) by adding prior information via the structure of R(x) to supplement
the information provided by the incomplete and noisy data vector m. The simplest
form of regularization is the so-called Tikhonov regularization [148]:
x̂Tik := argmin$K(x) − m$22 + λ$Dx$22 ,

(2.5)

x∈RN

T T
with Dx and Dy first
where D is the gradient matrix defined as D = [DT
x , Dy ]

difference matrices with periodic boundary conditions in the x and y directions, respectively. Tikhonov regularization favours smooth images of images with small norm
if D is replaced by the identity matrix.
In general there is no reason to believe that images are overall smooth or have small
norm. In fact, this assumption is often wrong as real-life images contain discontinuities (edges). Regularization is subject to ongoing research in the image formation
literature [120, 34, 20]. In Chapter 3 we implicitly regularize the dual energy CT
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problem using a shape based method. In Chapter 4, we give an iterative method to
adaptively build an accurate prior model for the multi-energy CT problem.

2.2

Optimization Methods

An optimization problem given in (2.3) can be solved using different algorithms depending on the structure of F (x). In this chapter, we briefly discuss the algorithms
used in the thesis and give the motivation behind their usage. For a throughout
discussion of general optimization problems we refer the reader to [17] and [23].
To start the discussion about optimization methods that are used in this thesis,
let us denote the cost function in (2.3) as
F (x) := $K(x) − y$22 + λR(x).

2.2.1

(2.6)

The Levenberg-Marquardt Method

The least computationally demanding option to solve (2.3) is to use the steepest
descent [17], where given an initial guess x0 , minimization is achieved iteratively as
xn+1 = xn + tn ∇F (x),
Here, ∇F (x) is the gradient,

n = 0, 1, 2, . . .

(2.7)





∂F (x)
 ∂xi 



 . 

∇F (x) :=  .. 
.




∂F (x)
∂xN

(2.8)
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and t is the step-size which can be found using an appropriate line search algorithm
[17]. Although the updates given in (2.7) are simple and require the calculation of
only the first order derivatives, the steepest descent method has poor convergence
properties and can require a large number of iterations to converge [17]. Moreover,
convergence tends to be even slower if the sensitivity of F (x) with respect to different
sets of elements in x is vastly different [2]. The information from second derivatives
is needed to correct the scaling of the iterates according to different sensitivities.
In Chapter 3, the dual energy CT problem is formulated as non-linear least
squares. Levenberg-Marquardt (LM) [17] is an efficient algorithm to solve non-linear
least squares that incorporate second order information. As LM is a variation of the
Gauss-Newton [17] method, we shall give its description first:
Consider the minimization problem
x̂ := argminF (x),

(2.9)

x∈RN

where F : RN → R is given as
m

1
1"
[fi (x)]2 = $f(x)$22 .
F (x) =
2 i=1
2

(2.10)

Provided that it exists, the derivative of f(x) : RN → Rm , which is called the Jacobian,
is defined as
[J(x)]ij := [J]ij =

∂fi (x)
∂xj

(2.11)

The first and second order derivatives of F (x) can be written in terms of the Jacobian
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as
F ! (x) = JT f(x)

(2.12)

and
!!

T

F (x) = J(x) J(x) +

m
"

!!

fi (x)fi (x)

(2.13)

i=1

Now, neglecting the second order terms in (2.13), the Taylor expansion of F (x) is
given by
1
F (x + h) = F (x) + JT fh + hT JT Jh + O($h$).
2

(2.14)

Note that the dependencies to x are discarded for the sake of clearness of the formulation. Minimizing (2.14) with respect to h gives the linear system for the GaussNewton step as
JT JhGN = −JT f.

(2.15)

Starting from an initial guess x0 , (2.15) suggests the update formula
xn+1 = xn + tn hnGN ,

n = 0, 1, 2, . . .

(2.16)

The Gauss-Newton step hGN is a descent direction only if the approximate second
derivative JT J is positive definite. The Levenberg-Marquardt method modifies (2.15)
as
[JT J + νI]hLM = −J(x)T f(x).

(2.17)

Proper selection of ν ∈ R+ ensures that hLM is a descent direction and eliminates
the need of a line-search step (see [104] for implementation details) and the iteration
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becomes
xn+1 = xn + hnLM ,

n = 0, 1, 2, . . . ,

(2.18)

which is terminated when F ! (xn ) or hnLM is sufficiently small:
* T n
*
*J (x )f(xn )* ≤ *1

or $hnLM $22 ≤ *2

(2.19)

where *1 ∈ R+ and *2 ∈ R+ are small. Refer to Chapter 3 to see the LM algorithm
applied to the dual energy CT problem.

2.2.2

Splitting Techniques and Alternating Direction Method
of Multipliers

For most of the image formation applications, the cost function F (x) consists of two
functions, e.g., (2.3), as
F (x) = f (x) + g(x),

(2.20)

where f (x) measures the fidelity of the model to data and g(x) is the regularizer.
It may not always be possible for formulate the problem in the leasts squares form
such that a Gauss-Newton type algorithm can be used. Moreover, in recent years
there has been growing interest in the case where g(x) is non-differentiable [141].
Nevertheless, in many occasions, two-step algorithms that treat f and g separately
in order to simplify the minimization process can be employed [10]. The formulation
of the multi-energy CT problem given in Chapter 4 results in such a cost function,
which is treated using a splitting technique. Specifically, we reformulate the problem
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so that the alternating direction method of multipliers (ADMM) algorithm, can be
used. Here, we give the general description of the ADMM algorithm, which can be
seen as splitting technique. Refer to [22] for more detail and the relation of ADMM
to popular optimization techniques such as Bregman iteration [57], Lasso [147] and
proximal methods [35].
ADMM can be used for problems in the form
minimize

f (x) + g(z)

(2.21)

subject to Ax + Bz = c,
where x ∈ RN1 , z ∈ RN2 , A ∈ RM ×N1 and B ∈ RM ×N2 . To solve (2.21), we first form
the augmented Lagrangian [17]
η
Lη (x, z, y) = f (x) + g(z) + yT (Ax + Bz − c) + $Ax + Bz − c$22
2

(2.22)

The last term in the augmented Lagrangian is included to ensure the robustness [17]
similar to the damping factor ν (equation (2.17)) of the LM algorithm. ADMM is a
three-step algorithm where first two steps minimize Lη (x, z, y) with respect x and z
in a alternating manner and the third step updates the dual variable y:
xn+1 := argmin Lη (x, zn , yn ) ,
x

zn+1 := argmin Lη (xn+1 , z, yn ) ,

(2.23)

z

yn+1 := yn + η(Axn+1 + Bzn+1 − c).
The optimality conditions on x̂, ẑ and ŷ for the problem (2.21) are primal feasibility
Ax̂ + Bẑ = c

(2.24)
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and dual feasibility
∇f (x̂) + AT ŷ = 0

(2.25)

∇g(ẑ) + BT ŷ = 0.

(2.26)

When f or g are non-differentiable1 , the gradients ∇f and ∇g are replaced by ∂f
and ∂g as
0 ∈ ∂f (x̂) + AT y,

(2.27)

0 ∈ ∂g(z) + BT y,

(2.28)

Here, ∂ denotes the subdifferential 2 [119] that generalizes the gradient operator to the
non-differential case. The subdifferential of a convex function h : RN → R, is defined
as follows:
∂h(x) := {u | u ∈ RN , h(x) + uT (y − x) ≤ h(y), y ∈ RN }.

(2.29)

Here, any u ∈ ∂h(x) is called the subgradient of h at x. Note that, when h is
differentiable ∂h(x) = {∇h(x)}. Finally, if x̂ is a minimizer of h, we have
0 ∈ ∂h(x̂),

(2.30)

which, explains replacement of the gradients with the subgradients in (2.27) and
(2.28). Now, since zn+1 is the minimizer of Lη (xn+1 , z, yn )
0 ∈ ∂g(zn+1 ) + BT yn + ηBT (Axn+1 + Bzn+1 − c).

(2.31)

1

We consider the non-differential case as it is relevant to the multi-energy method given in Chapter
4, where we formulate g as a non-differentiable regularizer.

2

The discussion on subdifferentials is repeated in Appendix B in more detail. Here, we briefly
give the definitions for completeness.
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Notice that, from third line of (2.23)
BT yn + ηBT (Axn+1 + Bzn+1 − c) = BT yn+1 .

(2.32)

Therefore, (2.28) is satisfied for all n and it suffices to check (2.24) and (2.27) for
optimality. The stopping criteria for the ADMM algorithm is then given as
$Axn + Bzn − c$22 ≤ *1

and $∂f (xn ) + AT yn $22 ≤ *2 ,

(2.33)

where *1 ∈ R+ and *2 ∈ R+ are small. Note that, as
xn+1 := argmin Lη (x, zn , yn ) ,

(2.34)

0 ∈ ∂f (xn+1 )AT yn + ηAT (Axn+1 + Bzn − c)

(2.35)

x

we have

n+1

= ∂f (x

T n

T

)A y + ηA B(z

n+1

n

− z ).

Therefore, the second condition regarding the dual feasibility can be replaced by
$ηAT B(zn+1 − zn )$22 ≤ *2 .

2.3
2.3.1

(2.36)

Computed Tomography (CT)
Overview of X-ray Physics

Computed tomography reconstructs the X-ray absorption characteristics of the imaging domain. This subsection summarizes the X-ray absorption physics and different
types of interactions associated with the interaction of X-ray photons with matter.
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Figure 2.1: X-ray passing through thin slab with linear attenuation coefficient µ.
The fraction of photons of same energy absorbed passing through a slab (see
Figure 2.3.1) is governed by Beer-Lambert Law [157], which is stated as
dI

µ = − dz
I

(2.37)

where µ [cm−1 ] is the linear attenuation coefficient. The interaction of individual photons by matter is probabilistic [157]. However, in the macro scale, X-ray absorption
is explained in a deterministic manner with Beer-Lambert Law. Deterministic modelling is needed for analytical formulation of CT image formation. However, one can
incorporate the probabilistic nature in a variational inversion method (see, Chapter
3 and 4). Integrating (2.37) gives the exponential attenuation formula
! +
I(z) = I0 exp −

z

!

#

µ(z )dz .

0

(2.38)

In practice an X-ray source emits photons with different energies. Moreover, the
linear attenuation coefficient µ depends on energy. A more accurate model is the
polychromatic formulation:
I(z) =

+

! +
I0 (E) exp −

z

!

#

µ(z , E) dz dE.
0

(2.39)
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Figure 2.2: Contributions of different physical phenomena to X-ray attenuation for
water as a function of energy.
The polychromatic model (2.39) is the base of the forward model of dual energy CT
method explained in Chapter 3.
Several physical phenomena contribute to the attenuation (absorption) of X-rays
in the energy range of CT (20-140 keV) [157]. These phenomena are Rayleigh (coherent) scattering, Compton scattering and the photoelectric effect, which differ from
each other in the way photons collide with electrons:
• Rayleigh scattering occurs when a photon collides with an electron whose binding energy is much greater than the energy of the photon. The incident photon
is scattered without any change in its energy. Rayleigh scattering is relatively
unimportant in the energy range of CT.
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• Compton scattering occurs when a photon collides with an electron whose binding energy is much smaller than the energy of the photon. The incident photon
transfers a portion of its energy to the electron which is ejected and the photon scatters with reduced energy. Compton scatter is the main cause of X-ray
attenuation for CT.
• Photoelectric effect occurs when a photon collides with an electron whose binding energy is slightly less than its energy. The photon is fully absorbed and the
electron is ejected. The photoelectric effect is prominent at low energies (¡40
keV).
For a more detailed discussion of different ways that X-rays interact with matter
refer to [157, 26]. Figure 2.3.1 shows these phenomena as a function of energy for
water3 . As observed from Figure 2.3.1, photoelectric effect decreases dramatically as
the energy increases. This spectral responsiveness of the photoelectric effect makes it
an important component of energy dependent CT applications. The effect of Compton
scattering is the main cause of attenuation at most of the spectrum. The contribution
of Rayleigh scattering is relatively small for all energies and it is generally neglected
in the attenuation modelling. Hence, the linear attenuation coefficient is assumed to
be a combination of photoelectric effect and Compton scattering
µ ≈ µphotoelectric + µCompton .
See [39, 4, 129] for other examples.
3

The data for Figure 2.3.1 is taken from XCOM: Photon cross sections database [13].

(2.40)
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Figure 2.3: Schematic description of parallel-beam CT measurement geometry.

2.3.2

Analytical Reconstruction Techniques

Classical CT produces cross-sectional images of the medium under investigation. Our
formulations are based on the two-dimensional parallel beam geometry (Figure 2.3),
where the source emits a beam of X-rays that traverse the medium in straight lines
unless attenuated. The methods of Chapter 3 and 4, as well as the conventional
approaches to CT, are easily generalized to fan-beam or more modern cone-beam
geometries [79].
Let us denote the two-dimensional linear attenuation distribution by µ(x, y) and
parametrize the lines, L(φ, t), that define X-ray beam paths with an angle φ and the
offset (from the origin) t as shown in Figure 2.3.2. The line L(φ, t) is defined by
x cos φ + y sin φ = t

(2.41)

and the integral (projection) of µ(x, y), denoted by p(φ, t), along L(φ, t) can be written
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Figure 2.4: Parametrization of X-ray paths (lines) with the angle φ measured counter
clockwise from x axis and the distance t from the origin.
as
p(φ, t) =
=

+

+

µ(x, y) d!
L(φ,t)

(2.42)

+∞
−∞

µ(x, y)δ(x cos φ + y sin φ − t) dxdy,

where δ(.) is the Dirac delta function [121]. The projection, p(φ, t), is called the
Radon transform of µ:
Rµ(φ, t) := p(φ, t).

(2.43)

Now, the single energy forward model given in (2.38) can be rewritten as
! +
I(φ, t) = I0 exp −

µ(x, y)d!

L(φ,t)

#

(2.44)

= I0 exp (−p(φ, t)).
Dividing each both sides of (2.44) by I0 and taking the logarithm, we have
p(φ, t) = − log

I(φ, t)
.
I0

(2.45)

The sinogram (CT data-set), which we denote by Rµ, is a collection of projections
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p(φ, t) for a given set of angles φ ∈ [0, π]. The goal of single energy (monochromatic)
CT is to reconstruct µ(x, y) given Rµ.
Analytical reconstruction, or the inverse Radon transform, is based on the Fourier
slice theorem which states that one-dimensional (1D) Fourier transform of the projection p(φ, t) with respect to variable t is equal to a slice of its two-dimensional (2D)
Fourier transform at the angle φ. To show how the Fourier slice theorem holds [140],
we start by defining the (t, s) coordinate system, which is the rotated version of (x, y)
by φ in the counter clockwise direction (Figure 2.3.2), as:
  
 
 t   cos φ sin φ  x
 =
 
  
 
s
− sin φ cos φ
y

(2.46)

Now, the projection integral (2.42) becomes
p(φ, t) =

+

+∞

µ(t, s) ds

with its 1D Fourier transform is given as
+ +∞
P (φ, ω) =
p(φ, t)e−i2πωt dt.
−∞
+∞

=

+

−∞

,+

(2.47)

−∞

+∞

-

(2.48)
−i2πωt

µ(t, s) ds e
−∞

dt.

Going back to (x, y) coordinate system, we have
P (φ, ω) =

+

+∞

−∞

+

+∞

µ(x, y)e−i2πω(x cos φ+y sin φ) dxdy

−∞

(2.49)

= p̂(ω cos φ, ω sin φ),
where p̂(u, ν) denotes the 2D Fourier transform of p(x, y). Equation (2.49) proves the
Fourier slice theorem and shows that given the sinogram, Rµ, i.e., p(φ, t) for a given
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set of angles φ ∈ [0, π], one can reconstruct µ(x, y) by taking the 1D Fourier transform
of all projections and applying inverse 2D Fourier transform to the result. However,
this approach is not immediately applicable in the case of experimentally collected
data, since to numerically invert the 2D Fourier transform, samples on a rectangular
grid, rather than a radial grid, are required. One solution to this problem is to
estimate the 2D Fourier transform samples on a rectangular grid by interpolation
[140, 18] which distorts the high frequency components as the radial samples are
sparser at higher frequencies. Therefore, direct implementation of inverse Fourier
transform is not used in practice.
As the projection data are related the 2D Fourier transform of the unknown µ(x, y)
in the polar grid, it is natural to consider the 2D inverse Fourier transform in polar
coordinates. Recall that the inverse 2D Fourier transforms is written as
+

µ(x, y) =

+

+∞
−∞

+∞

p̂(u, ν)ei2π(ux+νy) dudν.

(2.50)

−∞

To express (2.50) in polar coordinates, the following substitutions are made:
u = ω cos φ
ν = ω sin φ

(2.51)

dudν = |ω|dφdω.
Using the (ω, φ) coordinate system (2.50) becomes
µ(x, y) =

+

2π

0

µ(x, y) =

+

0

π

+

+

0

+∞

p̂(φ, ω)ei2πω(x cos φ+y sin φ) ωdωdφ
0
+∞

(2.52)
p̂(φ, ω)ei2πω(x cos φ+y sin φ) |ω| dωdφ.
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Figure 2.5: FBP reconstruction example. (a): True image with size 256x256 pixels
(b): Sinogram for 180 uniformly angles uniformly distributed in [0, π] and 367 sourcedetector pairs. (c): FBP reconstruction from full sinogram. (d): FBP reconstruction
from 30 uniformly angles uniformly distributed in [0, π] and 367 source-detector pairs.
Substituting (2.49) into (2.52) we arrive to the filtered back projection(FBP) algorithm:
µ(x, y) =

+

0

π

,+

0

+∞
i2πω(x cos φ+y sin φ)

P (φ, ω)e

-

|ω| dω dφ.

(2.53)

The term in brackets in (2.53) corresponds to filtering the projection data p(φ, t) with
a ramp filter whose frequency response is given by |ω|. The outer integral is the back
projection operation, which for all φ ∈ [0, π] projects the value p(φ, t) to the points
that are on the line, L(φ, t).
In the next section, we give the discrete representation of the projection and
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Figure 2.6: Pixel-based representation of µ(x, y) and schematic description of the
system matrix, A
back projection operations, which will be used in Chapter 3 and 4. For complete
discrete formulation of the FBP algorithm and other implementation details refer to
[140, 79]. As an illustrative example, Figure 2.5, shows the image, µ(x, y), its noiseless
projection data (sinogram) for 180 angles uniformly distributed in the interval [0, π],
FBP reconstruction using all the data in the sinogram and FBP reconstruction using
30 angles uniformly distributed in the interval [0, π]. Figure 2.5 also illustrates the
requirement of measurement data, which is densely sampled in [0, π] for successful
reconstruction [110].

2.3.2.1

Discretization of the Radon Transform

In order to incorporate the CT measurement model into the variational framework of
iterative reconstruction, a discrete representation of the projection operation (Radon
transform) given in (2.42) is required. We denote the projection vector by p ∈ RM ,
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which consist of the values of Rµ(φ, t), for M pairs of (φ, t). Moreover, we define
x ∈ RN to be lexicographically ordered collection of pixel values of µ(x, y). Now, p
is given by
Ax = p.

(2.54)

Here, A is called the system matrix and defined as follows:
A := {aij | aij represents the length of that segment of ray i passing through pixel j.}.
(2.55)
Figure 2.3.2.1 shows a schematic description of the system matrix A.

2.3.3

Iterative Reconstruction Methods for CT

The alternative image formation method to FBP is the general variational formulation given in (2.3). For the proposed dual energy and multi-energy techniques,
see Chapters 3 and 4. The main advantages of iterative techniques over FBP are
summarized in Chapter 1. Here we reiterate these main advantages to complete this
chapter:
• In reality, the X-ray source spectrum is not monochromatic (see Figure 3.2 for
specific examples of source spectra used in this thesis). Therefore, the assumption of a single-energy X-ray source that is needed for FBP method is not fully
accurate and the polychromatic model (2.44) is preferable to the monochromatic
one (2.38), whenever possible. An iterative technique allows the incorporation
of the polychromatic nature of X-ray source into the forward model [129, 39].
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• X-ray interactions listed in Section 2.3.1 are probabilistic by nature [157] and
the noise level of each measurement varies by the number of photons reaching
the detector. FBP treats each measurement equally, whereas an iterative reconstruction method can tune the importance of each data point according to
the estimated noise level [146, 142].
• The quality of FBP reconstruction with a limited number of projection angles is
dramatically low than iterative reconstruction methods [40, 132], as an iterative
method incorporates a priori information through regularization and maintains
reconstruction quality. Limitations on the number of projection angles may be
required due to physical constraints of the measurement system [91] or needed
for radiation dose concerns [85].
Having stated these advantages, we note that FBP remains as the main reconstruction algorithm used in commercial scanners [115], mostly due to long processing
times required by iterative techniques and familiarity of the medical community with
images formed by the FBP technique which has been used for decades. Nevertheless,
commercial scanners that use iterative reconstruction techniques have already been
introduced [70] and as the computer technology improves the iterative methods will
gain more importance [115].

Chapter 3
Polychromatic Dual Energy CT for
Simultaneous Object Identification
and Reconstruction
This chapter describes our approach to polychromatic dual energy CT. As mentioned
in Chapter 1, our method is specifically designed to detect objects of interest, whose
material characteristics are known a priori to some degree. In Section 3.1 we build
on the X-ray measurement model given in Chapter 2 and define the probabilistic
polychromatic forward model with realistic noise characteristics. The hybrid pixel
and shape based is described in Section 3.2, where details on the level set technique
for defining curves is explained. This chapter is concluded with the formulation of
the inverse problem and reconstruction examples.
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3.1

Polychromatic Computerized Tomography Formulation

As discussed earlier, typical X-ray sources used in CT applications generate an energy
spectra roughly between 20KeV and 140KeV [18], and in this energy range X-ray attenuation is dominated by Compton scatter and photoelectric absorption. We model
these these phenomena as a product of an energy and material dependent terms [5]
as follows
µ(x, y, E) = c(x, y)fKN (E) + p(x, y)fp (E)

(3.1)

where µ(x, y, E) is the total attenuation, c(x, x) and p(x, y) are the material dependent
Compton scatter and photoelectric absorption coefficients respectively. The quantity
fKN is the Klein-Nishina cross section for Compton scattering which is given as:
,
1 + α 2(1 + α) 1
− ln(1 + 2α)
fKN (α) =
α2
1 + 2α
α

+

1
1 + 3α
ln(1 + 2α) −
2α
(1 + 2α)2

(3.2)

where α = E/510.95KeV. Lastly, fp approximates the energy dependency of the
Photoelectric absorption and given as
fb = E −3 .

(3.3)

Table 3.1 lists the components of the attenuation coefficient given in (3.1) with their
units. As described in Section 2.3.2 of Chapter 2, the X-ray paths are parametrized
with the angle φ and the offset (from the origin) t of the source-detector pair. In
our polychromatic CT model the measured quantities are logarithmic projections
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Table 3.1: Description and units of the components of (1)
Quantity Description
Unit
µ(x, y, E)
c(x, y)
p(x, y)
fKN (E)
fp (E)

Linear attenuation coefficient
cm−1 .
Compton scatter coefficient
cm−1 .
Photoelectric absorption coefficient
KeV3 cm−1
Klein-Nishina cross section for Compton scat.
Energy dependency of photoelectric absorption KeV−3

obtained at several measurement points defined formally as:
p(φ, t) = − ln

Y (φ, t)
.
Y0

(3.4)

The quantity Y (φ, x! ) is modelled as the sum of a Poisson random variable accounting
for the probabilistic nature of the X-ray interactions and a Gaussian random variable
capturing the electronic readout noise [94]. Specifically,
.
/
Y (φ, t) = Poisson Y (φ, x! ) + Normal(0, σe )

(3.5)

where σe2 is the variance of electronic noise and mean, Y (φ, t), of the Poisson random
variable is defined via
!

Y (φ, x ) =

+

0
S(E)exp −fKN (E)Ac (φ, x! )
1

(3.6)

− fp (E)Ap (φ, x! ) dE + r(φ, x! ).
Here, S(E) is X-ray spectrum, r(φ, t) is the background signal caused by scatter.
Ac (φ, t) and Ap (φ, t) are the Radon transforms (see, Chapter 2, section 2.3.2) of
Compton scatter and photoelectric absorption coefficients respectively and given as
the following:
Ac (φ, t) =

+

c(x, y)δ(x cos θ + y sin θ − t)dxdy,

(3.7)
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Figure 3.1: Geometry of the Radon transform
Ap (φ, t) =

+

p(x, y)δ(x cos θ + y sin θ − t)dxdy.

(3.8)

Figure 3.1 depicts the geometry of the Radon transform. We call c(x, y) the Compton
and p(x, y) the photoelectric images. The blank scan, Y0 , is assumed to be constant
for all (φ, t) and given as
Y0 =

+

S(E) dE.

(3.9)

We define the reconstruction domain D ⊂ R2 as a two dimensional rectangular region
such that
D = {(x, y) : 0 ≤ x ≤ lx , 0 ≤ y ≤ ly }.

(3.10)

In order to obtain a discrete representation of (3.7) and (3.8) we assume that c(x, y)
and p(x, y) are piecewise constant on each pixel of a regular grid of Np pixels and
define the vectors c = [c1 , . . . , cNp ]T and p = [p1 , . . . , pNp ]T to be lexicographically
ordered collections of pixels values. Now, (3.7) and (3.8) can be rewritten in a matrix
form using system matrix A = {aij } where aij represents the length of that segment
of ray i passing through pixel j (see Chapter 2. Section 3.3).
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In this work we assumed parallel beam projections performed for Nθ different angles between 0 and 180 degrees. For each angle, X-ray intensities on equally spaced x!
points are recorded to give Nm measurements in total. The measurement is repeated
for low and high energy source spectra to constitute the vector mT = [mTL , mTH ] which
consists of 2Nm elements. Using the discrete grid and the system matrix A, the ith
measurement for low and high energy levels are written as follows:
[mL ]i = − ln

[YL ]i
Y0,L

(3.11)

[mH ]i = − ln

[YH ]i
.
Y0,H

(3.12)

and

Similar to the continuous case, YL and YH are vectors of additive Poisson-Gaussian
random variables given as
.
/
[YL ]i = Poisson [YL ]i + Normal(0, σe,L)

(3.13)

and
/
.
[YH ]i = Poisson [Y H ]i + Normal(0, σe,H ).

The corresponding means [YL ]i and [YH ]i are given as
+
0
[Y L ]i = SL (E)exp −fKN (E)Ai∗ c
1
− fp (E)Ai∗ p dE + rL,i

and
[Y H ]i =

+

0
SH (E)exp −fKN (E)Ai∗ c

1
− fp (E)Ai∗ p dE + rH,i .

(3.14)

(3.15)

(3.16)
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Figure 3.2: Normalized X-ray Energy Spectra
Here, Ai∗ is the ith row of A, SL (E) and SH (E) correspond to normalized low and
high energy X-ray spectra which are shown in Fig. 3.2. In our work, these spectra with
1 keV energy bins were obtained using SpekCalc, a free of charge software program
which calculates X-ray spectra from tungsten anode tubes where specifications such
as tube voltage and filtration thickness are assigned via a friendly user interface [117].
Distinct energy levels are obtained by alternating the tube voltage between 80 keV
and 140 keV. The total number of photons for SL (E) is 1.8 × 106 and for SH (E) is
3.6 × 106 . In practice the scatter signals rL,i and rH,i are not known a priori since
they are related to object properties (shape and chemical composition) and scanner
specification. However, scatter is a smoothly varying signal which can be estimated
and often assumed known [45] or characterized by constant primary-to-scatter ratio
[76, 38]. In this work we will neglect scatter contributions.
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3.2

The Parametric Level-Set Model and Representation of Compton and Photoelectric Images

Compton scatter and photoelectric absorption coefficients are the main interests of
our polychromatic CT problem and can be regarded as two different images to be
reconstructed. Each image is assumed to be formed by piecewise constant objects
of interest on an unknown background. For a domain Ω ⊂ D which represents the
support of the objects of interest, the characteristic function χ(x, y) is defined as



 1, if (x, y) ∈ Ω
(3.17)
χ(x, y) =


 0, if (x, y) ∈ D\Ω.

Now, the Compton and photoelectric images can be written as
c(x, y) = χ(x, y)ca + [1 − χ(x, y)] cb (x, y)

(3.18)

p(x, y) = χ(x, y)pa + [1 − χ(x, y)] pb (x, y).

(3.19)

and

Here ca and pa are Compton scatter and photoelectric absorption coefficients of the
anomaly (object of interest) and assumed to be constant; whereas cb (x, y) and pb (x, y)
are low order basis expansion representation of the background images given as
cb (x, y) =

Nb
"
i=1

βi Bi (x, y)

(3.20)
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and
pb (x, y) =

Nb
"

αi Bi (x, y)

(3.21)

i=1

where {βi } and {αi }, i = 1, . . . , Nb are the sets of Compton and photoelectric expansion coefficients to be determined and {Bi (x, y)} is the set of predefined basis
functions. The order of the expansion, Nb , is determined depending on the desired
resolution. Pixels or smoother alternatives as radial basis functions can be chosen
depending on the desired resolution. This approach provides us with the possibility
to reduce the number of unknowns significantly and is well suited for applications
where a coarser representation of the background is acceptable. The low order basis expansion formula proved to be successful for monoenergetic x-ray tomography
[48, 98].
The characteristic function χ(x, y) is defined to be the zero level set of an Lipschitz
continuous object function O : D −→ R such that O(x, y) > 0 in Ω, O(x, y) < 0 in
Ω\D and O(x, y) = 0 in ∂Ω. Using O(x, y), χ(x, y) is written as
χ(x, y) = H(O(x, y))

(3.22)

where H is the step function. In practice, H( and its derivative δ( which are smooth
approximations of the step function and Dirac delta function respectively, are used
[113]. For * ∈ R+ we have the following:

0
0 πx 11


1
2
1

1
+
if |x| ≤ *
+
sin

2
(
π
(



H( (x) =
1
if x > *







0
if x < −*

(3.23)
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and
δ( (x) =









1
2(

0
0 11
1 + sin πx
if |x| ≤ *
(
0

(3.24)

otherwise.

This kind of implicit (i.e. level set) representation of regions is a well-known approach
successfully applied to image processing [33] as well as image formation problems [42].
The object function O(x, y) is represented parametrically using a predefined basis set
as
O(x, y) =

L
"

ai pi (x, y)

(3.25)

i=1

where ai ’s are the weight coefficients and pi (x, y) are the functions which belong to
the basis set of P = {p1 , p2 , . . . , pL }. The shape estimation problem then is reduced
to the determination of a set of expansion coefficients using a quasi-Newton method
(see Section 5). As in [2], we eliminate the requirement of a reinitialization process as
well as implementation of narrow band methods which are essential for the standard
approach where a signed distance function is used for the level set function and
a curve evolution is performed. Additionally, well known properties of the level set
approach of such as topological flexibility and capability to represent multiple objects
is maintained [113].
In this work, we used exponential radial basis functions (RBF’s) for the background basis set {Bi (x, y)|i = 1, . . . , Nb } and object function basis set {pi (x, y)|i =
1, . . . , L}. Exponential RBFs are defined as
!

$r − ri$2
Φi (r) = exp −
σ2

#

.

(3.26)
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Here Φi : R2 → R is the ith RBF, r = (x, y) is the Cartesian coordinates vector, ri
is the center of the ith basis function and σ is the width which is fixed for all RBFs
in the basis set. Once the number of elements in the basis set is determined σ’s can
be determined by a least squares fit to images with simple geometries [127].
6
7
Let us gather all the parameters of our model in vector θ T = ca , pa , aT , β T , αT

where a = [a1 , . . . , aL ]T , α = [α1 , . . . , αNb ]T , and β = [β1 , . . . , βNb ]T . We define the
matrix B ∈ RNp ×Nb as the discretized basis matrix where [B]ij is the value of Bj (x, y)
at the center of the ith pixel. The vector of Compton background and photoelectric
background images can be expressed as Bβ and Bα respectively. We denote the
lexicographical order of discretized object function O(x, y) with the vector O ∈ RNp .
Hence, the discretized characteristic function χ is equal to H( (O). Now with these
discretizations, the vectorized Compton and photoelectric images are written as
c = χ ◦ ca + (I − χ) ◦ Bβ

(3.27)

p = χ ◦ cp + (I − χ) ◦ Bα,

(3.28)

and

where ◦ stands for element-wise (Hadamard) product of vectors. Now, for the set of
model parameters, θ, the high and low energy forward models can be expressed in a
7T
6
operator form K(θ) = KL (θ)T , KH (θ)T where
[KL (θ)]i = ln Y0,L − ln

+

0
SL (E)exp −fKN (E)Ai∗ c

1
− fp (E)Ai∗ p dE

(3.29)
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and
[KH (θ)]i = ln Y0,H − ln

+

0
SH (E)exp −fKN (E)Ai∗ c

1
− fp (E)Ai∗ p dE,

(3.30)

where the integrals are evaluated using an appropriate Newton-Cotes numerical integration rule [7].
In the solution of the inverse problem, calculation of the Radon transforms of
Compton and photoelectric images are obtained via the products of the matrix A
with the vectors c and p given in (3.27) and (3.28), respectively. Hence, we do
not apply the Radon transform to the characteristic function χ(x, y) or on the the
background basis functions, {Bi (x, y)}, individually.

3.3

Reconstruction Algorithm

In our variational framework, we seek for an estimate θ̂ of the unknown parameter
vector θ minimizing an objective functional F (θ) which is composed of a data misfit
term and regularization terms which incorporate prior information, subject to a set
of non-linear constraints as

F (θ, λ) =
minimize

1T 0
1
10
K(θ) − m Σ K(θ) − m
2

+ R(θ, λ)

(3.31)

subject to (pa , ca ) ∈ Γ
([Bβ]i , [Bα]i ) ∈
/ Γ,

for i = 1, . . . , Np .
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Figure 3.3: Region Γ for object of interest parameters
Here the constraints account for our prior knowledge about the physical properties
of the objects. We interpret this type of prior information as providing a subset
Γ of allowable values for the contrast of the object in the (pa , ca ) parameter space
which also corresponds to pairs of values that cannot be found in the reconstruction
of the background. While in general the set of allowable parameter values could be
comprised of a number of disconnected regions (as would be the case where there
were a number of possible chemical compounds of interest each characterized by its
own uncertainty set), for simplicity here we consider the case where the constraint
set is elliptical in shape. We define Γ ∈ R2 as an ellipse with the center (c0 , p0 ) major
axis σp and minor axis σc (see Fig. 3.3 for a symbolic representation). Now, we can
write two sets of non-linear inequality constraints g1 (pa , ca ) : R2 → R and g 2 (β, α) :
R2Nb → RNp regarding the object and background contrast values respectively as
g1 (pa , ca ) =

(ca − c0 )2 (pa − p0 )2
+
−1
σc2
σp2

(3.32)

55
and
g 2,i (β, α) = −

([Bβ]i − c0 )2 ([Bα]i − p0 )2
−
+1
σc2
σp2

(3.33)

, for i = 1, . . . , Np .
The optimization problem with these inequality constraints can be rewritten as
F (θ, λ) =
minimize

1T 0
1
10
K(θ) − m Σ K(θ) − m
2

+ R(θ, λ)

(3.34)

subject to g1 (pa , ca ) ≤ 0,
g 2 (β, α) ≤ 0.
Statistical inversion algorithms, where the exact log-likelihood of Poission distribution is used, have been successfully applied to medical imaging problems [50, 39, 45].
Sauer and Bouman [21] derived the weighted least squares data misfit term given
in (24) and (27) as a quadratic approximation of the Poisson log likelihood function which is successfully applied to dual energy CT problem [142]. In their work
the error terms are weighted by the number of counts at the detector such that
Σ = diag(m). Another approach which accounts for the additive Gaussion electronic
noise is given in [146] where the elements of diagonal matrix Σ are given with the
−1

formula [m]2i ([m]i + σe2 ) . In this work we assumed that each measurement is independent and of equal quality; hence set Σ = I. In our experiments we have observed
marginally better results with regular least squares function compared to weighted
least squares function with weights assigned as given in [146]. The regular least
squares approach had been successfully applied to limited data CT application and
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proved to be acceptable [137]. The weighted approach, on the other hand, has been
shown to provide better performance for problems in which high density materials
such as metals are present in the scene. Though clearly important for the luggage
screening applications, such problems will be considered in future work (see Chapter
5).
The regularizer R(θ) has two terms which penalizes over-sized objects of interest
and allows for the use of photoelectric absorption-Compton Scatter basis model.
R(θ, λ) = R1 (a) + R2 (α, β).

(3.35)

First is the commonly used penalty term [33, 43] that encourages objects of interest
to have a small area:
R1 (a) = λ1 $H(O)$1 .

(3.36)

As stated in (3.1) and (3.3), due to the E −3 energy dependency of photoelectric
absorption, especially for photon energies greater than 50 KeV, the contribution of
the photoelectric absorption to the total attenuation is very small compared to that
of Compton scatter [76]. Fig. 3.4 demonstrates a comparison of the contributions of
both phenomenon to the total x-ray attenuation for water as a function of energy. The
cross section data for this figure is taken from Xcom: Photon cross section database
[14]. For instance at 80 KeV the Compton scatter cross section is 1.7 × 10−1 cm−1
whereas the photoelectric absorption cross section is 5.77 × 10−3 cm−1 (i.e. roughly
30 times smaller). Hence, there is severe mismatch between sensitivities of the measurement model to these components. Therefore, for noisy data, reconstruction of
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Figure 3.4: Comparison of mass attenuation coefficients due to Compton scatter and
photoelectric effect for water.
the photoelectric component requires additional effort especially as the total attenuation of the scene increases. In the Appendix B, we perform a sensitivity analysis
of linearized version of the background reconstruction problem and show that the
lower bound of the error in the estimation of photoelectric absorption coefficient is
significantly larger than that of the Compton scatter coefficient.
One way to ameliorate such a situation is to introduce an appropriate regularization scheme. As we are reconstructing two different parameters (Compton scatter
and photoelectric absorption coefficients) of the same object, one would expect spatial co-variation between reconstructed images of these parameters. That is to say
orientation of the boundaries should be similar although intensity variations within
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individual images may differ. We exploit this a priori information by enforcing similarity between gradient vectors of the images of these parameters. This kind of
approach was previously used in the context of geophysical imaging where Gallardo
et al. performed a joint inversion of DC resistivity and seismic refraction to characterize 2D subsurface profiles [52]. Their approach to enforcing structural similarity
via a constraint in the optimization process required that the cross product of the
gradient vectors associated with the two properties should vanish.
In our case, however, we seek to incorporate this a priori information to regularize
our problem in a variational sense rather than imposing a constraint on the optimization process. As the boundary of the object of interest is identical in both images
(i.e., χ(x, y)) it suffices to deal only with background images. Herein we introduce
the following correlation type of metric
R2 (α, β) = λ2

,

$DBβ$22 $DBα$22
−1
[(DBβ)T (DBα)]2

-2

(3.37)

where D is the gradient matrix defined as D = [Dx Dy ] with the first difference
matrices Dx and Dy in x and y direction respectively. It is easily seen that R2
decreases as the correlation of the gradients increase in negative or positive direction
and vanishes when they are perfectly correlated or anti-correlated. We would like to
point out that (3.37) is a non-convex function of β and α. For a convex alternative we
refer the reader to the work of He et al [63] where a so-called cross-tracer prior which
favours common edge locations in the simultaneous reconstruction of two images was
used in the context of SPECT and dual energy CT.
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The constants {λi }i=1,2 associated with each term in R(θ) tunes the trade off
between the fidelity of the solution to the observed data, incorporation of a priori
information and regularization. Optimal choice of multiple regularization parameters
is a challenging problem. L-curve [11], generalized cross validation(GCV) [58] and the
discrepancy principle [108] are the most frequently used methods for optimal choice
of multiple regularization parameters. Although systematic selection of parameters
is provided with these methods, the problem is not straightforward and requires
running the optimization code several times. In this work, we tuned the regularization
parameters λ1 and λ2 by hand such that the values that give the best results judged
by the eye were assigned. Empirically speaking, for values bigger then an optimum
value of λ2 , reconstruction quality remains the same while number of iterations to
obtain that quality increases, therefore the process becomes more time consuming.
For the solution algorithm of (4.28), we were inspired by the exact penalty approach where the constrained problem is transformed to an unconstrained one so
that the transformed cost functional has the same minima as the original one. This
is achieved by adding a term penalizing infeasible regions to the objective functional,
then performing minimization using an appropriate unconstrained optimization technique. Using the exact L1 penalty approach [102] the constraints given in (4.28) yield
the following penalty term
8

P (r, ca, pa , β, α) = r g1+ (ca , pa ) +

Np
"
i=1

g+
2,i (β, α)

9

(3.38)

where f + (x) = max(f (x), 0) and r is the penalty parameter. According to exact
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penalty theorem [102], if µ are the Lagrange multipliers of the original problem, for
r > max(µi : i = 1, . . . , 1 + Np ) the local minima of (4.28) is also the local minima of
the following unconstrained problem:
1T 0
1
10
K(θ) − m Σ K(θ) − m
2

Fp (θ, λ, r) =

(3.39)

+ R(θ) + P (r, ca , pa , β, α).

Now, we use the following approximation for the max(x, 0) function:
1 √
max(x, 0) ≈ ( x2 + * + x).
2

(3.40)

With (3.40) our intent is to relax the optimization problem in (3.39) by giving a
differentiable approximation to the penalty term, yet borrow the nice properties of the
exact penalty approach (a similar approach had been investigated in the optimization
literature in the context of primal-dual exterior point methods [164]). The final form
of the optimization problem is then given by
Fp,( (θ, λ, r) =

1T 0
1
10
K(θ) − m Σ K(θ) − m
2

(3.41)

+ R(θ) + P( (r, ca , pa , β, α).
where P( (r, ca , pa , β, α) is
r
P( (r, ca , pa , β, α) =
2
+

!:

g12(ca , pa ) + * + g1 (ca , pa )

Np :
"
i=1

#

(3.42)

g 22,i (β, α) + * + g 2,i (β, α) .

As opposed to other methods to solve constrained optimization problems such as
quadratic penalty method where one needs to solve sequence of sub-problems with
increasing penalty parameter, when (3.42) is used as a penalty term it suffices to find
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one r that will be fixed during the minimization process. Moreover, the value of the
penalty parameter r can be determined relatively easier than λi ’s as the solution is
not prone to fail with changes in r and it suffices to, heuristically, set it large enough
so that the constraints are satisfied. We found this approach satisfactory for the
purpose and the minimization algorithm (Levenberg-Marquardt) of this work.
The minimization of the cost function in (3.39) is achieved by Levenberg-Marquardt
algorithm [106], which is described in chapter 2 in detail. To this aim the cost function
is rewritten in terms of an error vector * as
Fp (θ) = '(θ)T '(θ).

(3.43)

7
6
The error term has the form '(θ)T = 'T1 , 'T2 , *3 , 'T4 where each term is associated

with the corresponding term in the cost functional and given as
'1 = K(θ) − m,

(3.44)

;

(3.45)

'2 (a) =

λ1 H(O),

#
; ! $Dβ$22 $Dα$22
−1
*3 (α, β) = λ2
(Dβ)T (Dα)

(3.46)

and
'4 =

;
P( (r, ca , pa , β, α).

(3.47)

In order to employ Levenberg-Marquardt algorithm, calculation of the Jacobian
matrix J, whose rows are the derivatives of '(θ) with respect to each element in the
unknown parameter vector θ, is required. In detail, nth column of J is the derivative
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of '(θ) with respect to nth element in the parameter vector θ.
,

∂'(θ)
.
J=
∂{ca , pa , a, β, α}

(3.48)

These derivatives are easily obtained analytically (see, Appendix A).
We note that, although the parametric definition of the background and the level
set function efficiently decrease the dimensionality of the problem, in the case of
realistic size baggage screening problems, the Jacobian matrix given in (3.48) can be
very large and computationally burdensome to compute (see Section 3.4). In this case
one may consider incremental Gauss-Newton type methods where one uses a certain
portion of the data set at each iteration or simpler approaches such as diagonally
scaled steepest descent to compensate for different orders of magnitude/sensitivity of
different types of parameters [17].

3.4

Reconstruction Examples

To validate our method we performed reconstructions from simulated data according
to the data acquisition models given in (3.11) and (3.12). The background signals
rL and rH are simulated as white Gaussian noise. Parallel beam measurements are
simulated for 30 equally spaced angles between 0 and 180 degrees each with 150
source-detector pairs. We compare our results with the method proposed in [167]
which is based on estimation of two sinograms corresponding to Compton scatter and
photoelectric absorption then using a FBP method to reconstruct the final images.

63
Their work is also based on reconstructing Compton scatter and photoelectric absorption properties with a FBP approach; therefore it gives us the opportunity to compare
the performance of our method with the standard method that is proposed for luggage screening purposes. A Ram-Lak filter multiplied with a Hamming window was
used in the FBP inversion. We will call this method DEFBP (dual energy FBP). We
also applied thresholds to the reconstructed images to reveal regions χt of object of
interest defined by the region Γ (see Fig. 3.3). Specifically if reconstructed Compton
and photoelectric images are Ic and Ip respectively then χt can be calculated as
χt = χc ◦ χp

(3.49)

where χc and χp are given as



 1

[χc(p) ]ij =


 0

<
<
<
<
if <[Ic(p) ]ij − c(p)0 < ≤ σc(p)

(3.50)

otherwise.

In the minimization process we followed a coordinate decent type algorithm where
object boundary(shape) parameters ({ai }) are updated while contrast parameters are
kept fixed and then contrast parameters (β, α, ca , pa ) are updated while level set
parameters are fixed. Convergence is checked for each individual cycle using the
stopping condition [103]
$xk − xk−1 $ < *(1 + $xk−1 $) or k > kmax

(3.51)

where xk corresponds to vector of shape or contrast parameters at k th iteration, kmax
is maximum number of iterations and * is a small, positive number which is taken
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Figure 3.5: The value of the cost function F , versus number of iterations for the
example shown in Fig. 3.6.
10−6 . Once both cycles are completed the overall convergence is checked using the
same criteria given in (3.51) on the reconstructed photoelectric and Compton image
vectors.
Quantitative accuracy of reconstructions are determined by relative L2 -error which
is given as
EL2 =

$ Î − I $22
.
$ I $22

(3.52)

Here, Î is the reconstruction of either the Compton image or the photoelectric image
and I is the corresponding true image. The accuracy of the boundary reconstruction χ̂
compared to the true boundary χ is determined using the Dice’s coefficient. Assuming
χ̂ and χ are sets of points in space where the points are corresponding pixels of the
object of interest, Dice’s coefficient is given as
Dχ =

2|χ̂ ∩ χ|
.
|χ̂| + |χ|

(3.53)
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Here Dχ = 1 shows maximum similarity (i.e., the sets are identical) and Dχ = 0
shows the sets do not have a common point (i.e., the sets are disjoint).
For all examples, Nb = 676 RBF’s with σb = 6∆x where ∆x is the length of
one pixel, were used for background representation given in (3.20) and (3.21). This
corresponds to a RBF for every 4x4 super-pixel and 676 unknown coefficients for each
background image instead of 104 which would have been the case for a pixel based
reconstruction. For the level set function we used L = 144 RBF’s with σs = 10∆x as
the basis set. The level set function is initialized randomly whereas background parameters β and α are set to 8 × 10−3 and 80 respectively. These values are chosen so
that the contrast of initial background images were small. The regularization parameters, λ1 and λ2 were set to 0.1 and 10 respectively; whereas the penalty parameter,
r was set to 105 .
The first set of phantoms, which consist of objects with various shapes and constant intensities on a homogeneous background have the size of 20x20 cm and discretized into 100×100 pixels. We emphasize that the geometry of the photoelectric absorption and Compton scatter phantoms are taken to be same although the contrasts
are different as the images represent distinct physical properties of the medium. The
object of interest parameters that define Γ are set as the following: c0 = 0.19 cm−1 ,
σc = 0.05 cm−1 , p0 = 5000 KeV3 cm−1 , σp = 500 KeV3 cm−1 ; and the boomerang
shaped object on lower left is assigned as an object of interest (see first row of Fig.
3.6) with ca = 0.2 cm−1 and pa = 5000 KeV3 cm−1 . These parameters are in the range
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that correspond to real materials that may be present in a luggage and are chosen
generically to test our algorithm on objects with moderate attenuation properties.
In the first example the first phantom was used and dual energy measurements
are simulated for 60dB electronic noise. Fig. 3.5 shows the value of the cost function Fp (θ, λ, r) at 2nd , 6th and 10th cycles. We used MATLAB [60] on a desktop
computer with 2.66Ghz Intel Core 2 Quad CPU and 16 gigabytes of memory. The
total computation time of this particular example was 163 minutes. Note that our
code is not optimized or written for parallel computing. The bulk of the computation
time comes from the operations building the Jacobian matrix (see, (B.1) and (B.2).
These operations can be computed efficiently using fast and parallel algorithms [100]
in order to achieve a real-time reconstruction algorithm. Moreover, the computation
can be sped up by using a compiled code. Fig. 3.6 shows the actual phantoms for
Compton and photoelectric images, initializations for both images as well as the object boundary, reconstructions after 3 cycles of shape and contrast updates and the
end results after 11 cycles. In the rightmost column, the object boundaries are shown
with black solid lines where the yellow object shows the support of the true object of
interest. Fig. 3.7 shows the reconstruction using the proposed method without using
the correlation based regularizer R2 and DEFB reconstructions with 60dB electronic
noise and without electronic noise.

As observed from Fig. 3.6 and Fig. 3.7 our

method provides an accurate reconstruction of the boundaries of the object of interest as well as a reasonable reconstruction of the background images where different
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Figure 3.6: Simulation with the first phantom with 60dB electronic noise. First row:
Ground truth images. Second row: initial images. Third row: Reconstruction after
3 cycles of shape and contrast updates. Fourth row: Final reconstructions after 11
cycles. First column: Compton image. Second column: Photoelectric image. Third
column: Characteristic function, χ, of the object. The solid yellow is the true object
while the thin line represents the estimated boundary.
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Figure 3.7: Simulation with the first phantom with 60dB electronic noise. First
row: Proposed method without regularizer, R2 . Second row: DEFPB reconstruction.
Third Row: DEFBP reconstruction without electronic noise. First column: Compton
image. Second column: Photoelectric image. Third column: Characteristic function,
χ, of the object. The solid yellow is the true object while the thin line represents the
estimated boundary.
objects are clearly visible. On the other hand, DEFBP method provides reasonable
reconstructions only in the absence of electronic noise especially for photoelectric image. It is also observed that using the correlation regularization significantly reduces
error in the photoelectric image reconstruction. Quantitative evaluation of the reconstructions in the first example is given in Table 3.2. The correlation regularization
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Figure 3.8: Simulation with the first phantom with 40dB electronic noise. First
row: Proposed method. Second row: Proposed method without regularizer, R2 .
Third row: DEFPB reconstruction. First column: Compton image. Second column:
Photoelectric image. Third column: Characteristic function, χ, of the object. The
solid yellow is the true object while the thin line represents the estimated boundary.
reduces EL2 for the photoelectric image reconstruction by more than a factor of two.
For the second example the electronic noise is increased so that SNR was 40dB.
Results are demonstrated in Fig. 3.8. Error in the photoelectric image reconstruction
increased compared to the previous example where SNR was 60dB. Nevertheless, the
object boundaries are reconstructed quite accurately. Similar to previous case error
levels in the reconstructions obtained with DEFBP method are high. Indeed, even
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Table 3.2: Error analysis for the simulation using the first phantom with 60dB electronic noise
EL2
EL2
Method
Compton photoelectric
Dχ
Proposed method
Proposed method without R2
DEFBP
DEFBP without b.ground noise.
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129.57
0.3011
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Figure 3.9: Simulation with the duffle bag phantom with 40dB electronic noise. First
row: Ground truth images. Second row: Proposed method. Third row: Proposed
method without regularizer, R2 . First column: Compton image. Second column:
Photoelectric image. Third column: Characteristic function, χ, of the object. The
solid yellow is the true object while the thin line represents the estimated boundary.
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Table 3.3: Error analysis for the simulation using the first phantom with 40dB electronic noise
EL2
EL2
Method
Compton photoelectric
Dχ
Proposed method
Proposed method without R2
DEFBP

0.1014
0.1886
293.6438
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Figure 3.10: Simulation with the duffle bag phantom with 40dB electronic noise. First
row: DEFPB reconstruction. Second row: DEFPB reconstruction without electronic
noise. First column: Compton image. Second column: Photoelectric image. Third
column: Characteristic function, χ, of the object. The solid yellow is the true object
while the thin line represents the estimated boundary.
for the Compton scatter image, the objects in the scene can hardly be distinguished
by eye. See Table 3.3 for tabulated error values.
To construct the second phantom we took a DICOM image obtained from a CT
scan of a duffel bag and imposed Compton scatter and photoelectric absorption coefficients so that the circular object close to middle was an object of interest and
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Table 3.4: Error analysis for the experiment with the duffle bag phantom and 40dB
electronic noise
EL2
EL2
Method
Compton photoelectric
Dχ
Proposed method
Proposed method without R2
DEFBP
DEFBP without b.ground noise.

0.1365
0.1311
1.6702
0.1099

0.1913
0.2971
678.99
0.2258

0.7468
0.6325
0
0.5026

background was composed of low density clutter. The object of interest characteristics are set as the following: c0 = 0.3 cm−1 , σc = 0.05 cm−1 , p0 = 5000 KeV3 cm−1 ,
σp = 500 KeV3 cm−1 . Other parameters of the reconstruction scheme are kept the
same as the previous example. We performed the simulation with 40dB electronic
noise. Results are shown in Fig. 3.9, Fig. 3.10 and Table 3.4.
In the last example we intend to validate our method in the case where there is
no object of interest in the scene. We repeated the first simulation keeping all the
parameters but the definition of object of interest characteristics unchanged. For
the definition of Γ we used the following values: c0 = 0.12 cm−1 , σc = 0.05 cm−1 ,
p0 = 3000 KeV3 cm−1 , σp = 500 KeV3 cm−1 . The results are shown in Fig. 3.11.
In this example EL2 values for Compton and photoelectric images were 0.1046 and
0.1498 respectively. As a result of the absence of an object of interest in the scene
the algorithm returns a null characteristic function. The results are demonstrated in
Fig. 3.11 and Table 3.5.
In addition to the synthetic data generated by the measurement model given in
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Figure 3.11: Simulation with the first phantom with 60dB electronic noise in the
absence of object of interest. First column: Compton image. Second column: Photoelectric image. Third column: Characteristic function, χ, of the object. The solid
yellow is the true object while the thin line represents the estimated boundary.
Table 3.5: Error analysis for the experiment with the absence of object of interest
and 60dB electronic noise
EL2
EL2
Method
Compton photoelectric Dχ
Proposed method

0.1046

0.1136

-

(3.11) and (3.12), we generated data using a Monte-Carlo method. We used MonteCarlo N-Particle (MCNP), a software package distributed by Los Alamos National
Laboratory [24]. MCNP is a general purpose code for use in nuclear particle transport, where a variety of processes including Rayleigh scattering, Compton scattering,
and photoelectric absorption can be modelled. Using MCNP one can generate more
realistic data, where inconsistencies such as scatter, partial volume effect, and beam
hardening [38] are simulated.
We generated data for the same measurement set-up as the first example: Parallel
beam data for 30 equally spaced angles between 0 and 180 degrees each with 150
source-detector pairs. We added 60dB white Gaussian noise to this data to account
for the electronic noise. We also used the same set of parameters for the inversion. We
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Figure 3.12: Simulation with MCNP data with 60dB electronic noise. First row:
Ground truth images. Second row: Proposed method. Third row: First row: DEFPB
reconstruction. First column: Compton image. Second column: Photoelectric image.
Third column: Characteristic function, χ, of the object. The solid orange is the true
object while the thin line represents the estimated boundary.
generated a 20x20cm phantom with two objects: TNT and water, whose Compton
and photoelectric images are shown in the first row of Fig 3.12. The cross-section
data for these materials are taken from XCOM database [13]. The object of interest
in this case was TNT. Fig. 3.12 shows the reconstruction results from MCNP data.
We observe that our method can identify the object of interest and provides satisfactory Compton and photoelectric image reconstructions. The artefacts in the shape
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reconstruction and the lower qualitative reconstruction quality of the photoelectric
component compared to the first set of examples are indications of the complications associated with the processing of realistic data, which is not generated using a
matched model, for model based inversion. Nevertheless, we emphasize on the fact
that the reconstruction results for our method are still dramatically better than those
of the DEFBP method.

3.5

Conclusions

Our iterative polychromatic dual energy CT method, which reconstructs photoelectric and Compton scatter coefficient images as a means of characterizing chemical
composition of the scene. The hybrid shape-pixel based image model that we employ
allows the solution of image formation and identification (segmentation) of objects
of interest simultaneously. Moreover, we addressed the difficulties arise in the photoelectric component reconstruction, which is crucial for material characterization, by
a novel regularization technique based on the correlation coefficient of the gradient
vectors of Compton and photoelectric images. Simulation results show that the algorithm successfully detects objects of interest, finds their shape and location, and
gives a adequate reconstruction of the background images.

Chapter 4
A Tensor Based Model for
Multi-Energy CT
As discussed earlier, multi-energy CT achieves energy selective measurements by employing photon counting detectors, which results in a linear inverse problem. The
intrinsic multi-dimensionality of the problem allows tensor-based modeling the and design of an efficient regularizer based on low rank assumptions on the multi-dimensional
unknown. After a brief introduction of tensors in Section 4.1, we describe our tensor
based model in Section 4.2. In Section 4.3, we give the rationale behind the nuclear
norm minimization techniques, which motivated the tensor nuclear norm regularizer
explained in Section 4.4. In addition to the tensor nuclear norm regularizer, we designed a novel Tikhonov -type regularizer that not only enforces structural similarity
between the reconstructions at different energies, but also provides exceptional noise
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cancelling and edge preserving capabilities. This new regularizer is described in Section 4.5. We conclude this chapter with the details of the inversion algorithm in
Section 4.6 and 4.7, and reconstruction examples in Section 4.6.

4.1

Preliminaries on Tensors

In this Section, we give the definitions and the notation that will be used throughout
the chapter. For a more comprehensive discussion, we refer the reader to review by
Kolda and Bader [88]. A K-way tensor is a multi-linear structure in RN1 ×N2 ×...×NK .
The unfolding (matricization) operation is defined as the following: For a K-way
tensor, the mode-l unfolding χ(l) ∈ RNl ×

Q

k! "=l

Nk!

is a matrix whose columns are mode-

l fibers, where mode-l fibers are vectors in RNl that are obtained by varying the index
in lth dimension and fixing the others [88]. At least for 3-way tensors, it is easier to
visualize unfolding operations in terms of frontal, horizontal and lateral slices. Figure
4.1 depicts the 1st and 2nd unfoldings for a 3rd order tensor. Unfolding operation
corresponds to aligning the corresponding slices for each mode next to each other.
Folding and unfolding operators can be represented with permutation of lexicographically ordered vectors [149]. Specifically, the mode-l unfolding maps the tensor
element (i1 , . . . , iNK ) to the matrix element (il , j) according to [88]
j =1+

N
"

(ik − 1)Jk , where Jk =

k ! =1
k'=l

k−1
=

Im .

(4.1)

m=1
m'=l

Let us denote the vectorized form of χ by x and of χ(l) by xl . Then the relationship
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Figure 4.1: Mode-1, mode-2 and mode-3 unfoldings of a 3-way tensor χ. It is easy to
visualize unfolding operations in terms of frontal, horizontal and lateral slices. The
unfolding operation corresponds to aligning the corresponding slices for each mode
next to each other.
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between x and xl is
xl = Pl x x = PT
l xl ,

(4.2)

where Pl is the permutation matrix that corresponds to the lth unfolding operation
given by (4.1). Note that x and x1 are equal and P1 is the identity matrix. This
notation will be useful in Section 4.6.
Finally, the n-mode product of a K-way tensor χ ∈ RN1 ×N2 ×...NK with matrix
U ∈ RJ×Nn produces a tensor with size N1 × . . . × Nn−1 × J × Nn+1 × . . . × NK and
defined as
(χ ×n U)i1 ...in−1 j in+1 ...iK =

Nn
"

xi1 i2 ...iK ujin ,

(4.3)

in =1

where ×n is the n-mode product operation.

4.2

The Measurement Model and the Multi-spectral
Unknown as a Tensor

As discussed in Chapter 1, the polychromatic CT is based on the projection model
p(φ, t) =

+

! +
S(E) exp −

#

µ(r, E) dr dE
L(φ,t)

(4.4)

where µ(r, E) is the energy dependent attenuation coefficient, S(E) is the source spectrum and (φ, t) parametrizes the x-ray path L(φ, t). Under the assumption of infinitesimal detector bin width (i.e., perfect energy resolution), the polychromatic projection
given in (4.4) simplifies to a monochromatic one [54], where sk = S(E)δ(E − Ek ),

80
resulting in the following model for the data corresponding to the k th bin:
! +
p(φ, t; k) = sk exp −

#

µ(r, Ek ) dr for k = 1, ..., Ne ,

L(φ,t)

(4.5)

where Ne is the number of energy bins. We refer the reader to [126] for an example
of a fully polychromatic energy-resolved CT model.
In order to obtain a discrete representation of (4.5), we discretize each µ(r, Ek )
into images of Np = N1 N2 pixels: xk ∈ RNp for k = 1, ..., Ne where N1 and N2
refers to the number of pixels in spatial dimensions, x and y. We also discretize
the (φ, t) space into Nm source detector pairs and introduce the system matrix A ∈
RNm ×Np . Incorporating the Poisson statistics of X-ray interactions, the multi-energy
measurement model is written
yk,j = Poisson {sk exp [Axk ]j } ,

(4.6)

where k and j index detector bins and source-detector pairs respectively. Note that
the electronic noise can be neglected for PCDs. This is different than the dual energy
model, where energy integrating detectors were used (see Chapter 3, Section 3.1)
[69, 8].
Our goal is to develop an image formation method that treats all of the xk ’s in
a unified manner rather than reconstructing each independently of the others [68].
Towards this aim, we utilize tensors which are multi-dimensional generalizations of
vectors and matrices. Let us define the three-way (3rd-order) tensor χ ∈ RN1 ×N2 ×Ne ,
where first two are spatial dimensions the third dimension extends in energy.
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Figure 4.3: Multi-spectral phantom and the attenuation curves for existing materials.
Notice that the xk ’s are lexicographical ordering of the N1 ×N2 frontal slices. A depiction of the multi-spectral phantom used in this study along with the corresponding
attenuation curves are given in Figure 4.3. Note that the multi-dimensional structure
can be extended to higher dimensions for different classes of problems. For example,
one can consider a 5D dynamical problem with additional 3rd spatial dimension and
time dependency.
The goal of the multi-energy CT problem is to reconstruct χ given yk,j for k =
1, . . . , Ne and y = 1, . . . , Nm .

4.3

Low-Rank Modelling and Regularization

As mentioned before, low-rank modelling is an important tool not only for compressing [166] and analysing [154, 74] large data sets but also for regularization and
incorporation of prior information [96, 54, 78]. Traditionally, low-rank modelling is
applied to a matrix variable, which is assumed to be low order or of low complexity
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[47]. As the multi-dimensional generalizations, such as our multi-spectral unknown in
the form of a 3-way tensor, are closely related to the matrix case, we briefly describe
the rank minimization problem of matrices in this section.
Let the matrix X ∈ RN ×M denote the unknown variable that is assumed to be
low-rank. For instance, X can be the system parameters of a low-order control system
[47], a low dimensional representation of data [151], or adjacency matrix of a network
graph [67]. The problem of estimating X̂ with minimal rank from the output m of a
system K can be formulated as a minimization problem:
minimize
X∈RM ×N

rank(X)
(4.7)

subject to K(X) = m.
However, minimization of rank(X), which is a non-convex function of X, is a NP-hard
problem [118]. Consequently, Fazel et al. [47] proposed the replacement of the rank
function with the nuclear norm [47], which is defined as
min(M,N )

$X$∗ :=

"

σi (X),

(4.8)

i

where σi ’s are the singular values of the matrix X. This replacement results in the
following optimization problem.
X̂ := argmin $K(X) − m$22 + λ$X$∗ ,

(4.9)

X∈RM ×N

The minimization problem (4.9) is motivated by the fact that the nuclear norm provides the tightest convex relaxation for the rank operation in matrices [30]. The
replacement of rank with the nuclear norm is analogous to the use of the !1 norm as
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a proxy to the !0 semi-norm to achieve sparse reconstructions [41]. Analysis of this
convex relaxation technique and the equivalence of (4.7) and (4.9) are later analyzed
in [118].
The low-rank assumptions and the nuclear norm heuristics have been generalized
to the multi-dimensional case, i.e., to tensors, [101, 134]. Inspired by these works, we
developed the tensor nuclear norm regularizer, which is introduced next.

4.4

Tensor Rank and the Generalized Tensor
Nuclear Norm Regularizer

As the tensor nuclear norm is related to Tucker decomposition, we start with its
definition. The Tucker model [150, 88] is a multi-dimensional extension of SVD where
a K-way tensor χ ∈ RN1 ×N2 ×...NK is decomposed into a core tensor G ∈ Rr1 ×r2 ×...rK ,
which controls the interactions between the modes and K matrices, which multiply
the core tensor in each mode:
χ = G ×1 A1 ×2 A2 . . . AK ×K AK .

(4.10)

Here, columns of Al ∈ RNl ×rl can be considered as left singular vectors of model unfolding and rl for l = 1, . . . , K is referred to as the n-rank1 . In the general
Tucker model, Al ’s need not to be orthogonal. The special case of the Tucker model
1

The CP decomposition can be seen as a special case of Tucker where, the core tensor is superdiagonal. Therefore, r1 = r2 = r3 = r where the tensor rank due to CP, r, needs to be known a
priori [88].
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Figure 4.4: Tucker decomposition of a 3-way tensor. The core tensor G controls the
interactions between the modes and matrices that multiply the core tensor in each
mode
where Al ’s are orthogonal matrices is referred to as the Higher-Order-Singular-ValueDecomposition (HOSVD) [37]. The Tucker model can also be written in terms of
unfoldings. For the three-way case we have
χ(1) = A1 G(1) (A3 ⊗ A2 )T
(4.11)

χ(2) = A2 G(2) (A3 ⊗ A1 )T
χ(3) = A3 G(3) (A2 ⊗ A1 )T ,

where ⊗ is the Kronecker product. Figure 4.4 illustrates the Tucker decomposition
for the 3-way case. The equations given in (4.11) and definition of n-rank shows that
if a tensor is low rank in its lth mode (i.e., rl < min(Nl ,

>

k ! '=l

Nk! )), its unfolding in

the same mode is a low rank matrix. Due to this connection, the matrix nuclear norm
has been generalized to tensors by utilizing the unfolding operation in each mode in
order to estimate low-rank tensors via a convex minimization problem [134, 101, 53].
The generalized tensor nuclear norm for a K-way tensor is given as [134, 101]
N
1 "
$χ$∗ :=
$χ(k) $∗
N k=1

(4.12)
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We refer the reader to [134] for a thorough discussion about the relation of (4.12) to
Tucker decomposition and Shatten 1-norm of matrices.
The low-rank tensor set up is quite relevant to the multi-energy CT problem. Xray attenuation at neighbouring energies are highly correlated. Therefore, for spectral
CT, one expects the third unfolding, χ(3) to be low-rank [54]. However, structural
redundancies can also be exploited by enforcing low-rank structure on the other two
unfoldings. This approach is also similar to the methods that use the 2D structure
of images, instead of vectorized versions, in applications such as facial recognition
[165, 99]. To this end, we use a more general form [149] of the tensor nuclear norm
given in (4.12) as a regularizer:
Rnuc (χ) =

3
"
k=1

γk $χ(k) $∗ ,

(4.13)

where γk ’s can be regarded as regularization parameters that tune the importance of
each unfolding. A different parameter for each unfolding is assigned in order to make
the regularizer more flexible [149], in a way that low-rank assumptions on any mode
can be discarded if desired. For instance, see Section 4.6 for the examples where we set
γ1 and γ2 to zero. As mentioned in the last chapter, there exist methods for automatic
determination of these parameters, which are computationally burdensome. As in
the dual energy case we picked the parameters manually (see Section 4.8). Fig. 4.1
demonstrates first two unfoldings of the phantom with 12 energy levels given in Fig.
4.3. The rapid decay of the singular values provides an indication of the usefulness
(4.13) as a regularizer for multi-energy CT reconstruction.
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4.5

Adaptively Weighted !2 Regularizer (AWL2)

Before we give its formulation, we start this section with the motivation behind
the AWL2 method. The goal of the multi-energy tomography problem is to reconstruct structurally similar images of the X-ray attenuation at each energy. Therefore,
it is sensible to design a regularization scheme that uses the edge information obtained from higher energy measurements with higher signal-to-noise ratio (SNR) for
low-energy reconstructions. Towards this aim, we propose a weighted !2 norm type
Tikhonov regularizer, where the weights are inversely proportional to magnitude of
the gradient at corresponding pixel locations of the highest energy image.
Our method can be thought as a heuristic effort for iteratively refining the regularizer, hence the cost function, to enhance its edge preserving capabilities. The idea
of iteratively updating the cost function was used to improve the image restoration
capabilities of the TV regularization [112]. The method of [112] adds the residual of
the current estimate to the measurement (or corrupted image), which will be used at
the next iteration. There, the purpose is to add the small details that are lost in the
residual back to the restored image at the next iteration.
Our method, on the other hand, updates the regularizer to find the correct prior
model that is defined via the vector ω n where n counts the iteration number. Specifically, we consider a weighted Tikhonov-type regularizer defined as
√
R(x, n) = λEP $diag( ω n )Dx$2 ,

(4.14)
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We also give a stopping criteria for the iterations that refine the regularizer.

4.5.1

Description of the Method

These motivations can be formulated by considering the minimization of a cost function, whose variables are the unknown image x, and the vector ω. We design this
cost function such that the estimates xn and ω n mutually improve until the stopping
criteria is reached. To this aim, let us consider the monochromatic case, i.e. Ne = 1,
and at iteration n, the following cost function
√
F n (x, ω) = $Ax − m$2 + λEP $diag( ω)Dx$2 + DKL (ω, ω n−1 ).

(4.15)

Here, D ∈ R2Np ×Np is the gradient matrix as introduced before, ω ∈ R2Np is the weight
vector and DKL (., .) stands for the generalized Kullback-Leibler (KL) divergence [87]
defined for non-negative vectors as
DKL (ω, ω

n−1

) :=

Np
"
i=1

ωi log

ωi
− ωi + ωin−1,
n−1
ω

(4.16)

which measures the distance between the previous weight vector ω n−1 and the current
one, ω n . The first term in the cost function given in (4.15) is the data mismatch term,
whereas the rationale behind the inclusion of the last two terms are as follows: 1)we
want the weight, ωin+1, to be small if the ith element of the gradient, [Dx]i , is large;
√
the term $diag( ω n )Dx$2 serves this purpose. 2)We also want ω n to be close to
ω n−1 to retain the information obtained at previous iterates. The KL divergence
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term2 , DKL (ω, ω n ), is included for this purpose.
The idea of iteratively updating the cost function similar to (4.15) has been investigated in the literature in past. The non-stationary Tikhonov regularization method
proposed in [62] minimizes a cost function that consists of a weighted sum of data
mismatch term and the squared Euclidean distance between the optimization variable
and its previous estimate. Recently, the ideas of [62] has been generalized to Tikhonov
regularization in Banach spaces by replacing the Euclidean distance term in the cost
function by the Bregman distance associated with squared !p norm with 1 ≤ p. These
approaches are equivalent in Hilbert space, i.e., p = 2 [71]. Same ideas were used
for TV regularization in [112], where the Bregman distance associated with the total
variation (TV) functional was used for the goal of improving its image restoration
capabilities.
The common rationale of these iterative reconstruction methods is to improve the
performance of the TV or the Tikhonov regularization by adding the residual vector
back to the measurement vector at each iteration. Our approach is different as we
decouple the variables associated with the image and the prior and update the cost
function via updating the variables associated with the prior at each iteration. In
this sense, our approach is also related to the method of Haneda and Bouman [61]
where the log prior is approximated at each iteration via a quadratic function at each
iteration.
2

Other forms of distance ,e.g, Euclidean distance, could be used. However, the KL distance,
as explained below, results in the multiplicative weight update scheme [87], which naturally
preserves the positivity of ω n ’s and had motivated the ADWL approach.
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Now, we return to the minimization of the cost function given in (4.15). With the
initial weight vector ω 0 = 1, consider the alternating minimization approach as
ω n+1 := argmin F n (xn , ω),
ω∈R2Np
n+1

x

(4.17)
n

:= argmin F (x, ω

n+1

),

x∈RNp

The first step in (4.17) is a quadratic cost minimization, whereas the second step
gives a simple multiplicative update formula for the weights:
1
0
ωin+1 = ωin exp −λEP [Dx̂n+1 ]2i ,

i = 1, . . . , 2Np,

(4.18)

which decreases ωin+1’s inversely proportional to the squared magnitude of the ith
element in the gradient.
Inspired by the exponential update rule given in (4.18), we built the adaptively
weighted !2 (AWL2) in accordance with the following observations:
• We want the update function to be deceasing, which penalizes small arguments
more than large ones for better noise suppression and edge preserving capabilities [34]. We also
• We want the weight evolution to be adaptive in a sense that once larger gradients (or coarse details) are captured, there should be room for the appearance
of the smaller details. In other words, we would like the algorithm to preserve
small details. Therefore, we would like our multiplicative update function to
take the normalized weighted gradient as its argument. Normalization helps to

90
measure the relative magnitude of the edges; whereas using the weighted gradient prevents the large edge pixels to “reserve” the small weights for themselves
at every iteration. For example, suppose we obtained a very coarse estimate
of the unknown image at the first iteration, where the locations of large edge
pixels of the true image can be detected. Smaller weights will be assigned to
those large pixel locations, and those pixels will be allowed to have even larger
gradients at the second iteration. Now, if we use the gradient vector to update
the weights, the same pixels will continue to retain the smallest weights. On
the other hand, if we use the weighted gradient, the weights from the previous
iteration will reduce the relative importance of those large edge pixels and other
pixels with smaller edge magnitudes will be allowed to have weights that are
close to zero as well.
• As the update function takes the normalized weighted gradient as its argument,
its domain should be [0, 1]. Moreover, we want it to be a deceasing function,
which penalizes small arguments more than large ones for better noise suppression and edge preserving capabilities [34].
To this end, we propose the following update rule instead of (4.18):
n
n+1
ωin+1 = ωin f (d−1
]i ),
max ωi [Dx

i = 1, . . . , 2Np ,

(4.19)

where, dmax = max(ωin )i=1:,...,Np . The function f can be selected in accordance with
the motivations listed above. Specifically, it should be monotonically decreasing in
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its domain [0, 1], and it should assign larger weights to small arguments. In addition,
we expect f (1) to be strictly 0 so that larger gradients are slightly penalized and
the largest is not penalized at all. These deductions lead us propose the following
function for f : [0 , 1] → [0 1] (see Fig. 4.5.1):
f (t) = 1 − t2 .

(4.20)

Other choices for the function f with the properties above can also be used. We
obtained satisfactory results with (4.20). See Section 4.8 for examples.

Figure 4.5: The function f (t) = 1 − t2 .
In order to further demonstrate the intuition behind this weighting scheme, let
us consider the case where the true x ∈ Rm is given to us at every iteration. If we
construct the sequence {ω n }n=1,... using the update rule 4.19, one observes that as
n → $Dx$0
ωin →


6


 1, if Dx]i = 0


 0,

,

(4.21)

otherwise

where $.$0 gives the number of non-zero elements. Therefore, ω (Dx(0 acts as an edge
detector in this hypothetical scenario. Moreover, ω n tends to assign weights that are
close to 0 starting from large edge locations and moving to smaller ones. Hence, the
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Figure 4.6: The vector x, its gradient Dx and {ω n }n=1,...,6. Notice ω 6 is an edge
detector with zeros at edge locations and 1’s at non-edge locations.
algorithm starts recovering a coarser structure and adaptively identifies finer details
in later iterations. This is a desirable property for the image formation problem as
the estimation of a coarser structure is more stable and it is sensible to aim recovering
finer details adaptively by using the prior information from one step coarser estimate
obtained at the previous iteration. Fig. 4.6 gives an example of this behaviour for a
simple 1D example with x ∈ R20 and $Dx$0 = 6.
Now, let us go back our original problem of alternating minimization of the cost
function F n (x, ω) by (4.17). We need a stopping criteria as the exponential function
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in (4.18) or f in (4.19) may monotonicly decrease ωi ’s to meaningless regularizers at
the iteration continues. In addition, the cost function may be more complicated than
F n (x, ω) with additional regularization terms. In that case, one needs to fix the cost
function to have a meaningful optimization problem in hand. Due to these reasons,
we propose the following stopping criteria for the regularization refinement process:
√
√
$diag( ω n−1 )Dxn−1 − diag( ω n )Dxn $2 ≤ *EP

or n > nmax ,

(4.22)

where *EP ∈ R+ is small and nmax is the maximum number of iterations. Here, small
√
change in the magnitude of the weighted gradient diag( ω n ) indicates that no new
edge information is being introduced and the weight updates should be terminated.

4.5.2

AWL2 for Multi-Energy Reconstruction

We propose the following regularizer for the multi-energy CT problem:
REP (χ) =

Ne
"
k=1

√
$diag( ω n )Dxk $2 ,

(4.23)

where the weights are updated with (4.19) using the reconstruction of the highest
energy image xnNe at each iteration.
We also used REP (χ) where the weights are updated with (4.18). In that case, we
call (4.23) WKL regularization. See Section 4.6 for implementation of REP (χ) and
Section 4.8 for reconstruction examples.
As mentioned before, X-ray attenuation reduces as photon energy increases and
photon flux is higher at high energy bins. Therefore, we assume edge structures of
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each xi are similar and we use xNe to update ω n . This allows the more reliable
information of high energy measurements to be used at low energy estimates where
the edge information might have been lost due to high level of noise.

4.6

Inverse Problem Formulation

The measurement model given in (4.6) leads to the penalized weighted least squares
(PWLS) formulation [124], which gives quadratic approximation to the Poisson loglikelihood function for k th energy bin as
Lk (xk ) = (Axk − mk )T Σ−1
i (Axk − mk ).

(4.24)

−1
Here, [mk ]j = log(si /yk,j ) and Σ−1
k is a diagonal weighting matrix with [Σk ]jj = yk,j .

Adding Lk ’s and the regularization function R(χ) we obtain an objective function
which can be minimized via a convex optimization problem:
N

e
1"
minimize
Lk (xk ) + R(χ),
χ
2 k=1

(4.25)

where R(χ) is a combination of the tensor nuclear norm, Rnuc (χ) regularizer given
in Section 4.4 with the AWL2 regularizer of total variation (TV) regularization. The
TV regularizer considered here is the weighted superposition of isotropic TV operator
applied to frontal slices of χ as
T V (χ) :=

Ne
"

αk T V (xk )

k=1

:=

Ne
"
k=1

αk

Np
"
i=1

(4.26)
|(∇xk )i |
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where (∇xk )i = [(Dx x)i (Dy x)i ]T and αk ’s are regularization parameters. TV regularization favours images with sparse gradients, hence it works well for piecewise
constant image reconstruction. However, due its cartooning effect, it tends to be
problematic for texture recovery [44]. As we demonstrate empirically in Section 4.8,
combining the tensor nuclear norm regularizer with TV reduces the amount of TV
needed for reasonable noise cancellation and helps with recovering the texture.

4.7

Solution Algorithm via alternating direction
method of multipliers (ADMM)

ADMM is a combination of dual decomposition and augmented Lagrangian methods
[22, 17] and provides a simple splitting scheme that breaks down a cost function,
which is hard minimize into pieces that are more tractable and can be minimized
efficiently (see, Chapter 1). ADMM has been used for several problems including
tensor completion [101, 149]. We examine the solution algorithm according to the
structure of R(χ).

4.7.1

Tensor Nuclear Norm (TNN) and TV Regularization

The first case is when Rnuc (χ) is combined with T V (χ):
R1 (χ) = Rnuc (χ) + RT V (χ)

(4.27)
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First, the optimization problem given in (4.25) for R1 (χ) is reformulated as
N

3

e
"
1"
Lk (xk ) +
γk $Zl $∗ + T V (χ)
2 k=1
l=1

minimize
χ,Z1 ,Z2 ,Z3

(4.28)

subject to Zl = χ(l) , for l = 1, 2, 3.
To solve (4.28) we form the augmented Lagrangian as
N

Lη (χ, {Zl }, {Yl }) =

3

e
"
1"
Lk (xk ) +
γk $Zl $∗
2 k=1
l=1

+ T V (χ) +

3
"
?
@
Yl , χ(l) − Zl

(4.29)

l=1

+

η
2

3
"
k=l

$χ(l) − Zl $2F ,

where Yl ’s are dual variables, η > 0 is the penalty term and ../ is the inner product
in the sense of Frobenius norm defined for K1 and K2 ∈ RM ×N as
.K1 , K2 / =

M "
N
"

[K1 ]ij .[K2 ]ij

(4.30)

i=1 j=1

ADMM minimizes (4.29) for χ and Zk ’s in an alternating manner and then updates
the dual variables:
χn+1 := argmin Lη (χ, {Zl }n , {Yl }n ) ,
χ

:= argmin Lη (χn+1 , {Zl }, {Yl }n ) , for l = 1, 2, 3,
Zn+1
l

(4.31)

Zl

n+1
), for l = 1, 2, 3.
Yln+1 := Yln + η(χn+1
(l) − Zl

Using the permutation matrix notation given in Section 4.1 we can write
3
3
"
?
@ "
? T
@
Yl , χ(l) − Zl =
Pl yl , x − PT
l zl
l=1

=

l=1
Ne "
3
"
k=1 l=1

? T
@
{Pl yl }k , xk − {PT
l zl }k

(4.32)
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and
3
"
l=1

$χ(l) −

Zl $2F

=

Ne "
3
"
k=1 l=1

2
$xk − {PT
l zl }k $ ,

(4.33)

where {.}k refers to the index set of corresponding energy (e.g., 1, . . . , Ne for k = 1).
Hence, the χ update in (4.31) can be decoupled and each xk can be treated separately:
xn+1
k

:= argmin Lk (xk ) +
xk

3
"
?
l=1

+

3
"
l=1

T
{PT
l yl }k , xk − {Pl zl }k

@

(4.34)

2
$xk − {PT
l zl }k $ + αi T V (xk ),

which is a total variation regularized quadratic problem that can be solved using
various methods [32, 155]. We used FISTA [9] in this work.
With a straightforward reformulation one finds that the Zl updates can be obtained via the proximity operator of the nuclear norm as
* n
*
η * Yl
n+1
n+1 *
:= argmin $Zl $∗ + 2γl * η + χ(l) *
Zl
Zl

:= prox γl (.(∗
η

A

Yln
η

+

χn+1
(l)

B

∗

(4.35)

which has an analytical solution via the singular value shrinkage operator [27].
Specifically
prox γl (.(∗ (Z) = US γl (Σ)V T ,
η

η

(4.36)

where Z = UΣV T is the singular value decomposition of Z and Sρ(Σ) = diag({(σi −
ρ)+ }) is the shrinkage operator with t+ = max(t, 0) applied to the singular values.
The derivation of the singular value shrinkage operator along with a general discussion
of proximal operators are given in Appendix C.
We note that in Section 4.8 we show examples where R1 (χ) = Rnuc (χ) or R1 (χ) =
RT V (χ). Solution to these cases are straightforward variations where the latter case
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corresponds to reconstructing images for each energy independently using TV regularization.

4.7.2

TNN and AWL2 (or WKL) Regularization

Replacing TV with AWL2 gives
R2 (χ) = Rnuc (χ) + REP (χ),

(4.37)

where
REP (χ) = λEP

Ne
"
k=1

√
$diag( ω n )Dxk $2 ,

(4.38)

which transforms the χ update stage of the ADMM minimization given above into a
quadratic one and introduces the adaptive weight update step as the following.
1. Update χ:
:= argmin Lk (xk ) +
xn+1
k
xk

+

3
"
l=1

for k = 1, . . . , Ne .

3
"
? T
@
{Pl yl }k , xk − {PT
l zl }k
k=l

√
2
2
n
$xk − {PT
l zl }k $ + λEP $diag( ω )Dxk $ ,

(4.39)

2. If AWL2 is being used, update the weights with
n
n+1
ωin+1 = ωin f (d−1
max ωi [DxNe ]i ),

i = 1, . . . , 2Np ,

(4.40)

else if WKL is being used, update the weights with
2
ωin+1 = ωin exp(−λEP [Dxn+1
Ne ]i ),

where, dmax = max(ωin )i=1:,...,Np .

i = 1, . . . , 2Np ,

(4.41)
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Initialisation of weights are done such that ω 0 = 1 as described in Section 4.5. We
additionally note that, the minimization problem in (4.39) is a quadratic one that
can be solved more efficiently than (4.34) of case where the TV is used.
Update equations for Zn ’s and Y n ’s are identical to (4.35) and (4.36), respectively.

4.8

Reconstruction Examples

We compared following methods in our simulations:
1. Filtered back projection (FBP) [140] algorithm applied to each energy bin separately. A RamLak filter multiplied with a Hamming window was used in the
FBP inversion [140].
2. Only TV regularization at each energy bin separately (i.e., λnuc = 0 in (4.25)).
3. Only TNN regularization (i.e., αk = 0 for k = 1, . . . , Ne in (4.26).
4. TNN and TV regularization.
5. TNN and WKL regularization.
6. TV and AWL2 regularization.
We simulated multi-spectral data for 12 energies between 25 and 85 keV for 16
uniformly distributed angles between 0 and 180 degrees. We chose 25-85 keV range as
it covers the lower portion of the X-ray source spectra of 20-140 keV used in CT [18],
where materials are better differentiated (see Fig. 4.3). We assumed the X-ray spectra
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Figure 4.7: Ground truth for Phantom-1. Left: 25 keV. Right: 85 keV
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Figure 4.8: Phantom-1: Reconstructions results for 25 keV.
is uniform with 106 photons at each energy. We have used 2 different phantoms in our
experiments. In addition to the piecewise constant phantom (128x128 pixels) shown
in Fig. 4.3 and 4.7, which we call Phantom-1, we generated another phantom with
isotropic texture on the objects and with a small linear variation to the background for
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Figure 4.9: Phantom-1: Reconstructions results for 85 keV.
more realistic experiments. This second phantom is called Phantom-2 and is shown
in see Fig. 4.11. The simulations are performed in MATLAB [60] on a 8 core Intel
CPU with 16 gigabytes of memory. The linear attenuation values for the materials
in Phantom-1 are taken from XCOM: Photon cross sections database [13]. In order
to implement the singular value soft thresholding operation given in (4.35), we used
the PCA (principle component analysis) [59] algorithm given in [163], which returns
a rank k approximation of a n × m matrix in O(mn log k + l2 (m + n)) flops, where
l is an integer bigger than and close to k. Hence, we avoided the explicit calculation
of SVD at each iteration, which can be calculated in O(nmr) flops using a standard
QR decomposition based algorithm [59].
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Figure 4.10: Evolution of ω n for the TNN+AWL2 updates for the experiment with
Phantom-1. First row: n =1,3,5 and 7 second Row: n =2,4 and 6, 8 (last weight
update iteration). Weights corresponding to derivatives in x and y directions are
shown side-by-side.
In all examples we set η, γ1, γ2 , γ3 = 0.1. We let αi ’s reduce from 0.05 to 0.03 in a
quadratic manner from k = 1, . . . , Ne as low energy images need stronger regularization due to the higher level of Poisson noise. We tuned the regularization parameters
by hand so that the values that give the best results were assigned, as judged by the
eye. Refer to Chapter 3, Section 3.4 for the discussion on the methods for systematic
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Figure 4.11: Ground truth for Phantom-2. Left: 25 keV. Right: 85 keV
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Figure 4.12: Phantom-2: Reconstructions results for 25 keV.
selection of regularization parameters.
We display the reconstructions for the 25 keV and 85 keV bins as representatives
of high and low regions of the spectra. Fig. 4.8 and Fig. 4.12 show reconstruction
results for 25 keV images; Fig. 4.9 and Fig. 4.13 show reconstruction results for
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Figure 4.13: Phantom-2: Reconstructions results for 85 keV.
85 keV images for both phantoms. Table 4.1 and Table 4.2 give quantitative error
performance as well as the computation times. Fig. 4.10 shows ω n for n = 1, 2, ..., 8
where the adaptive evolution of the weight matrix and its convergence to an approximation of an edge map is demonstrated empirically for the simulation results with
Phantom-1.
Firstly, we observe that pure FBP fails to provide reasonable reconstructions due
to limited number of views and noise. Second, when TNN is used as the only regularizer, it provides considerable noise reduction while preserving much of the detail.
Additionally, it allows rapid processing relative to the other methods considered here.
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(see Table 4.1). Reduced computational time is crucial especially for airport security applications, where real-time processing is necessary and accurate reconstruction
of X-ray attenuation as a function of energy is more important than overall image
quality. TNN regularization can be used when rapid material characterization is required and the reconstruction quality may be less of a priority. When it is combined
with TV, the TNN regularizer enhances its detail preserving capabilities and drastically increases the reconstruction quality of low energy at the price of a substantially
increased computational burden.
Second, we point out that the best reconstruction quality is achieved when tensor
nuclear norm regularization is combined with AWL2 regularization. Especially for
Phantom-2, the reconstruction quality is considerably better both visually and quantitatively than other methods, and combined edge preserving and noise cancelling
capabilities of AWL2 is validated. In addition, comparison of the reconstruction results form the methods TNN+AWL2 and TNN+WKL shows the efficiency of the
heuristics that resulted in the desing of AWL2.
In the last example, we demonstrate the efficiency of the tensor model in constructing a regularizer based on low-rank assumptions. For this example we simulated multi-spectral data for 25 energies between uniformly distributed between the
same range of 25 and 85 keV with Phantom-1. Reconstructions for both data sets are
obtained via considering only the third unfolding (unfolding in the energy dimension)
by setting γ1 and γ2 to 0 in (4.13). This is equivalent to applying the low rank prior to
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Figure 4.14: Reconstructions results for Phantom-1 with TNN where γ1 and γ2 are set
to 0. First row: Reconstruction for 25 keV. Second Row: Reconstruction for 85 keV.
First column: Reconstruction for 12 energy bins. Second Column: Reconstruction
for 25 energy bins
the multi-spectral matrix whose columns are vectorized images at different energies.
Other parameters were kept the same. The results given in Fig. 4.14 show that the
tensor-based representation is needed to design useful nuclear norm regularization.
Although increasing the number of bins from 12 to 25 introduces more redundancy
in the energy dimension, the incorporation of unfoldings in the spatial dimensions is
still essential.
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Table 4.1: Error performance of different methods for Phantom-1
Method
E+2 (20keV) E+2 (85keV) Comp. time (sec)
FBP
0.4507
0.2010
4
TNN
0.0492
0.0335
25
TV
0.0149
0.0101
249
TV+TNN
0.0131
0.0127
3615
TV+WKL
0.0279
0.0280
1154
TV+AWL2
0.0027
0.0021
802

Table 4.2: Error performance of different methods for Phantom-2
Method
E+2 (20keV) E+2 (85keV) Comp. time (sec)
FBP
0.2102
0.1845
4
TNN
0.0583
0.0492
28
TV
0.0160
0.0202
284
TV+TNN
0.0093
0.0185
3911
TV+WKL
0.0273
0.0306
1255
TV+AWL2
0.0067
0.0099
845

Table 4.3: Error performance of the different unfolding trials with Phantom-1
Method
E+2 (20keV) E+2 (85keV) Comp. time (sec)
TNN
0.0341
0.0335
25
TNN, γ1,2 = 0
0.0708
0.0694
25
TNN 25 bins
0.0327
0.0314
64
TNN, 25 bins γ1,2 = 0
0.0713
0.0693
72
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4.9

Conclusions

In this chapter, we gave the details of our multi-energy CT algorithm where the multispectral unknown was modelled as a low-rank tensor. The TNN regularizer, which is
based in low rank assumptions on the unfoldings of the unknown tensor, proved to be
an efficient regularizer that allows fast processing. Additionally, the newly developed
AWL2 regularizer has good edge preserving properties and is capable of enforcing
structural similarity between images at different energies.

Chapter 5
Conclusion and Future Work

5.1

Polychromatic Dual Energy CT

In Chapter 3, a novel semi-shape based polychromatic dual energy CT algorithm
with an emphasis on detection of objects, whose physical characteristics in terms of
Compton scatter and photoelectric absorption coefficients are known to some degree,
is developed. The a priori knowledge about the object characteristics is incorporated
into the variational framework via constraints where Levenberg-Marquardt algorithm
is used for minimization. Parametric level set approach, where the level set function is described via low order basis expansion, is implemented. This shape model
is capable of representing various kinds of object geometries. Along with object of
interest boundaries, the algorithm provides a reasonable reconstruction of the background images. With the proposed hybrid method we aim to increase the detection
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rate of objects of interest in an unknown cluttered background. As demonstrated
in reconstruction examples in Section 3.4, accuracy of the photoelectric image reconstruction decreases as the electronic noise increases; however, object boundaries
can still be recovered accurately. Similar to other level set based inverse problem
methods, segmentation, hence detection, of the object of interest is simultaneously
achieved with reconstruction of background images. This property is advantageous
in airport security applications. Additionally, the use of the proposed correlation
based regularization technique improves the reconstruction quality. This regularization technique can be used in inverse problem applications where different parameters
of the same scene, whose sensitivities to measurement data are vastly different, needs
to be simultaneously reconstructed and spatial similarity between those parameters
is expected.
Future work should be directed to test the algorithm in the presence of metals or
similar highly attenuating objects, which would increase inconsistencies in the measurement data. Low photon count simulations and limited view tomography are also
interesting areas that can be investigated in future work. The level set framework
can be improved by a multi-phase framework so that multiple object types can be
assigned as object of interest and treated individually. Additionally, the basis set for
the level-set function can be constructed more adaptively. For instance, the widths,
the locations and the orientation of each element in the set can be allowed to change
during optimization to achieve greater flexibility. Consideration of different types of
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basis functions such as compactly supported radial basis functions and wavelets in the
representation of the background images is also a promising extension of this work.
Regularization parameters are assigned heuristically in this work. For a practically
more sound and effective method an automatic determination of regularization parameters is desirable. Finally, in order to make our method applicable to real-sized
problems, one should consider increasing the resolution and phantom diameter.

5.2

Tensor-based model for Multi-Energy CT

In Chapter 4 we described an algorithmic framework for iterative multi-energy CT
and showed that generalized tensor nuclear norm ideas can be used as regularizers
for multi-linear inverse problems. We also presented a Tikhonov-type regularization
scheme with an adaptive reweighing scheme (AWL2) that has excellent noise reduction and edge preserving properties. Ideas presented here can be extended to any
type of inverse problem where a multi-linear description of the unknown is possible.
Additionally, the tensor nuclear norm regularization can be generalized to higher dimensions. For instance, one can consider the 5D problem with an additional spatial
dimension and time dependency.
In future work, incorporation of low rank-sparse decomposition approaches [54] in
the tensor-based framework can be investigated. Sparse recovery, aided with nuclear
norm ideas, where the former defines the topological shapes (or objects) while the
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nuclear norm regularizes the overlying structure, is certainly promising. The applicability of Tucker and CANDECOMP/PARAFAC decomposition techniques especially
to reduce the dimension of the multi-energy data cube should also be considered.
These directions will allow the design of more sophisticated tensor nuclear norm regularizers. Another important extension would be to design an algorithm to estimate
the redundancy along different dimensions, which will allow one to quantify the requirement of low rank priors.
An important extension of this work is a convergence analysis of the AWL2 method
and its incorporation into the ADMM process. The sensitivity of the adaptive process
to the initial estimate of edge information and noise level should also be analysed to
determine the applicability of the method to different imaging modalities with varying
noise characteristics and level of ill-posedness.

Appendix A
Derivation of the Jacobian Matrix
of the Dual Energy Problem
The variational image formation problem of the dual energy CT method given in
Chapter 3 requires the calculation of the Jacobian matrix. Here, we give the explicit
expressions of the elements in the Jacobian matrix, which was given as
,

∂'(θ)
J=
∂{ca , pa , a, β, α}

-

(A.1)

in Chapter 3. We start with the error vector related to the data mismatch term:
'1 (ca , pa , a, β, α) = K(θ) − m.

(A.2)

For '1 we only give the derivatives regarding the low energy measurements. The high
energy case is identical except one should replace SL (E) with SH (E). The derivatives
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with respect to the ith element (ith measurement) are give as follows
∂*1,i
[A]i∗ (I − χ)
=
∂ca
[yL ]i

+

0
SL (E)fKN (E)exp −fKN (E)[A]i∗ c

1
− fp (E)[A]i∗ p dE

[A]i∗ (I − χ)
∂*1,i
=
∂cp
[yL ]i

+

0
SL (E)fp (E)exp −fKN (E)[A]i∗ c

1
− fp (E)[A]i∗ p dE

∂*1,i (ca [P]i∗ − Bβ) δ([P]i∗ )
=
∂ai
[yL ]i
1
− fp (E)[A]i∗ p dE

+

(cp [P]i∗ − Bβ) δ([P]i∗ )
+
[yL ]i
1
− fp (E)[A]i∗ p dE

(A.3)

(A.4)

0
SL (E)fKN (E)exp −fKN (E)[A]i∗ c
+

0

(A.5)

SL (E)fp (E)exp −fKN (E)[A]i∗ c

+
0
∂*1,i
[A]i∗ (I − χ)[B]∗j
=
SL (E)fKN (E)exp −fKN (E)[A]i∗ c
∂βj
[yL ]i
1
− fp (E)[A]i∗ p dE
+
0
∂*1,i
[A]i∗ (I − χ)[B]∗j
=
SL (E)fp (E)exp −fKN (E)[A]i∗ c
∂αj
[yL ]i
1
− fp (E)[A]i∗ p dE

(A.6)

(A.7)

The error vector regarding the regularizer that penalizes the area of the object
was given as:
1

'2 (a) = (λ1 H(O)) 2 ,

(A.8)

The corresponding derivatives are
1

(λ1 ) 2 PT δ(Pa)
∂'2
;
=
∂a
2
H(O)

(A.9)
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The error vector for the regularizer that correlates the edge maps of background
images was given as
*3 (α, β) = (λ2 )

1
2

!

$Dβ$22 $Dα$22
−1
(Dβ)T (Dα)

#

(A.10)

The derivatives with respect to its parameters are as follows
T T
T
1 2c1 (QBββ B Gβ − Gβ Bββ Q)Bβ
∂*3 (α, β)
= (λ2 ) 2
∂β
β T BT Gβ Bβ

(A.11)

T T
T
1 2c2 (QBαα B Gα − Gα Bαα Q)Bα
∂*3 (α, β)
= (λ2 ) 2
,
∂α
αT BT Gα Bα

(A.12)

and

where
Q = DT D,

Gβ = QBααT BT Q,

Gα = QBββ T BT Q,
(A.13)

c1 = $DBα$22 ,

c2 = $DBβ$22 ,

Lastly, the error vector corresponding to the constraints were given as:
'4 (r, ca , pa , β, α) =

;

P( (r, ca , pa , β, α).

(A.14)

We give the derivatives with respect to its arguments as follows:
g1 (ca ,pa )
1
2
(g1 (ca ,pa )+() 2

1
2

r (ca − c0 )
∂'4
=
A
∂ca
σc2

(g12(ca , pa )

+1

1
2

+ *) + g1 (ca , pa )

B 12

g1 (ca ,pa )
1
1 + 1
r 2 (pa − p0 )
∂'4
(g12 (ca ,pa )+() 2
=
A
B 12
∂pa
σp2
1
(g12 (ca , pa ) + *) 2 + g1 (ca , pa )

r
∂'4
=
∂βj

1
2

C

i [B]ij ([B]ij βj
σc2

− c0 )

g2,i (β,α)
1
2
(g2,i (β,α)+() 2

(A.15)

(A.16)

+1

B 12
A
1
2
(β, α) + *) 2 + g2,i (β, α)
(g2,i

(A.17)
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1

r2
∂'4
=
∂αj

C

g

(β,α)

2,i
1 + 1
2 (β,α)+() 2
(g
[B]
([B]
α
−
p
)
ij
ij j
0
2,i
i
B 12
A
σp2
1
2
2
(g2,i (β, α) + *) + g2,i (β, α)

(A.18)

Appendix B
Sensitivity Analysis of the
Background Reconstruction for the
Dual Energy Problem
As shown discussed in Chapter 3, reconstruction of the photoelectric effect is problematic as its contribution to total attenuation compared to Compton scatter is low.
In order to give the reader intuition about the problems in reconstructing the photoelectric absorption, we present a sensitivity analysis of the background estimation
problem for the dual energy problem described in Chapter 3. We consider a linearized
problem and additive Gaussian noise where we analyse the sensitivity of the reconstruction to small chances in the data. We assume no object of interest is present and
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consider the Jacobian matrices that correspond to background parameters for Compton scatter and photoelectric absorption. For sake of simplicity we further assume
that the Jacobian matrix is full rank1 and estimate the errors by the relevant diagonal components of the error covariance matrix of the minimum variance unbiased
(MVU) estimator. We provide lower bounds for errors associated with photoelectric
and Compton component estimation and show that the bound on the mean square
error (MSE) for the latter is significantly smaller.
Assume we have the measurement model for the low energy spectra SL (E) as in
(3.29). The derivatives of the forward model, KL (θ), with respect to βj and αj , are
obtained as
[Jc ]ij =

∂[KL (θ)]i
∂βj

[A]i∗ [B]∗j
=
[yL ]i

and

+

(B.1)

1
− fp (E)[A]i∗ Bα dE
[Jp ]ij =

∂[KL (θ)]i
∂αj

[A]i∗ [B]∗j
=
[yL ]i

1

0
SL (E)fKN (E)exp −fKN (E)[A]i∗ Bβ

+

0
SL (E)fp (E)exp −fKN (E)[A]i∗ Bβ

1
− fp (E)[A]i∗ Bα dE

(B.2)

The assumption is reasonable. For instance, in the first example given in Section 3.4, the size
of the Jacobian matrix associated with the data mismatch term is 5640×1354 and its rank was
calculated as 1352.
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where
[yL ]i =

+

0
SL (E)exp −fKN (E)[A]i∗ Bβ

1
− fp (E)[A]i∗ Bα dE.

(B.3)

The spectra SL (E) consists of M discrete energy levels, therefore we define the matrix
W with elements
0
[W]ik = SL (Ek )exp −fKN (Ek )[A]i∗ Bβ
1

(B.4)

− fp (Ek )[A]i∗ Bα .

Using an appropriate Newton-Cotes numerical integration rule [7] with a weight vector
ω we can rewrite (B.1) and (B.2) as
Jc = D1 R

(B.5)

Jp = D2 R

(B.6)

and

where D1 = diag(Wdiag(ω)fKN ), D2 = diag(Wdiag(ω)fp ) and [R]ij = [yL ]−1
i [A]i∗ [B]∗j .
But since D1 and D2 are diagonal, hence invertible, we can write
Jp = DJc

(B.7)

where D = D2 D−1
1 .
Now, we can perform a sensitivity analysis with the following linear system of
equations
Hf + n = δm

(B.8)
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where H = [Jc

DJc ], f = [δβ

δα]T . For simplicity here we assume additive white

Gaussian noise n ∼ N (0, Iσ 2). With (B.8) we investigate how small changes in the
measurement data are reflected to the inversion process in the presence of Gaussian
noise. If H ∈ RM×N , is full rank, the MVU estimator [80] is given as
f̂ = (HT H)−1 HT δm

(B.9)

with the associated error covariance matrix, cov(f − f̂ ) = E{(f − f̂ )(f − f̂)T )} given
by
ˆ = σ 2 (HT H)−1
cov(f − f)


−1

T
JTc DJc 
 Jc Jc

= σ 


T
T
2
Jc DJc Jc D Jc


2

−1
−1
 Λ1 Λ2 

.
= σ 

−1
Λ−1
Λ
3
4
2

(B.10)

The block matrices Λ1 , Λ2 , Λ3 and Λ4 are obtained using the matrix inversion lemma
and assumed to be invertible [77]. The trace of the covariance matrix can be used to
determine the quality of the estimator. Therefore, only Λ1 and Λ4 are of interest and
each is given as
2
−1 T
Λ1 = JTc Jc − JTc DJc (JT
Jc DJc
c D Jc )

(B.11)

T
−1 T
Jc DJc .
Λ4 = JTc D2 Jc − JT
c DJc (Jc Jc )

(B.12)

and

D and δα
D we have the estimation errors Tr(Λ−1 ) and Tr(Λ−1 )
For the estimates δβ
1
4

respectively. Now, the aim is to provide lower bounds for these traces. Let us rewrite
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(B.11) and (B.12) as
2
−1 T
Jc D)Jc
Λ1 = JTc (I − DJc (JT
c D Jc )

(B.13)

−1 T
Jc )DJc .
Λ4 = JTc D(I − Jc (JT
c Jc )

(B.14)

and

Then, define M = DJc and consider the reduced singular value decomposition (SVD)
of M as M = UM ΣM VTM and of Jc as Jc = UΣVT . Note that Jc and M are both
m × n with m > n and in reduced SVD Σ and ΣM are square and invertible. If we
incorporate reduces SVDs into (B.13) and (B.14) we have
Λ1 = VΣTM (UT [I − UM UTM ]U)ΣVT

(B.15)

Λ4 = VM ΣT (UTM [I − UUT ]UM )ΣM VTM .

(B.16)

−1
T −1 −1 T
Λ−1
1 = VΣ (I − KK ) Σ V

(B.17)

−1
T
−1 −1 T
Λ−1
4 = VM ΣM (I − K K) ΣM VM

(B.18)

and

Now, we can write

and

where K = UT UM ∈ Rm×n . Note that (I − KKT ) and (I − KT K) may not be
−1
invertible in general. However, we have assumed that Λ−1
1 and Λ4 are invertible;

therefore, (I − KKT ) and (I − KT K) must be invertible. Since V is orthogonal, Λ−1
1
−1
T −1 −1
and Σ−1 (I − KKT )−1 Σ−1 are similar. Likewise, Λ−1
ΣM are
4 and ΣM (I − KK )
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−1
similar. Hence, the traces of Λ−1
1 and Λ4 can be written in terms of these similar

matrices as
7
6
Eβ = σ 2 tr Σ−1 (I − KKT )−1 Σ−1

(B.19)

and
7
6
T
−1 −1
Eα = σ 2 tr Σ−1
M (I − K K) ΣM .

(B.20)

−1
T
Let us define mi = [I − KKT ]−1
ii = [I − K K]ii . Now, we have

Eβ = σ

2

N
"
i=1

N

" 1
mi
2
min(m
)
≥
σ
i
σi2 (Jc )
σ 2 (Jc )
i=1 i

(B.21)

and
Eα = σ 2

N
"
i=1

N

"
mi
1
≥ σ 2 min(mi )
.
2
2
σi (DJc )
σ
(DJ
)
c
i
i=1

(B.22)

But, we can write
N
"
i=1

1
CN 0>
2
k'=i σk (DJc )
i=1
> 2
σk (DJc )
1
CN 0>
σ12 (DJc ) i=1 k'=i σk2 (DJc )
> 2
= 2
σk (DJc )
σ1 (DJc )
> 2
N σk (DJc )
N
> 2
≥ 2
= 2
σ1 (DJc ) σk (DJc )
σ1 (DJc )

1
=
σi2 (DJc )

(B.23)

here σ1 (DJc ) is the largest singular value of DJc . If we plug (B.23) into (B.22) we
get
Eα ≥

σ 2 Nmin(mi )
.
σ12 (DJc )

(B.24)

Eβ ≥

σ 2 Nmin(mi )
.
σ12 (Jc )

(B.25)

Similarly, for Eβ we have
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Next, we use the following inequality [66] for the largest singular value of a matrix Jc
σ1 (Jc ) ≤ [$Jc $1 $Jc $∞ ]1/2 .

(B.26)

σ1 (DJc ) ≤ $DJc $1 $DJc $∞ ≤ d2max ($Jc $1 $Jc $∞ )

(B.27)

Using (B.26) we can write

where, dmax is max ([D]ii ). Now, (B.25) and (B.24) becomes
Eα ≥

σ 2 Nmin(mi )
d2max ($Jc $1 $Jc $∞ )

(B.28)

σ 2 Nmin(mi )
.
$Jc $1 $Jc $∞

(B.29)

and
Eβ ≥

The lower bound of Eα is d−2
max times bigger than that of Eβ . Our aim is to compare these lower bounds; hence at this point, we can be more concrete. For instance,
consider a homogeneous 20 × 20 cm area illuminated from angle φ = 0 by a parallel
beam of X-rays using the low energy spectra SL (E). For this set up, we performed
calculations corresponding three different scenario where the medium is filled with
water, plexiglass and aluminium. Photoelectric absorption and Compton scatter coefficients [39] of these materials and calculated d−2
max values are given in Table B. For
instance, in case the medium is water the value of d−2 is 4.3841 × 105 which is approximately 15 times bigger than than the ratio of the actual photoelectric absorption and
Compton scatter coefficients. Also note that the difference between the lower bounds
increases dramatically as the attenuation characteristics of the medium increases as
in the case of aluminium.
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Table
Analysis
1
0 B.1:3 Sensitivity
−1
Material
p KeV cm
c (cm−1 )
d−2
max
Water
4939.2
0.1907
4.3841 × 105
Plexiglass
3670.1
0.2157
4.3841 × 105
Aluminium
72887.5
0.4547
7.7815 × 106
The lower bound for the error made while estimating the perturbations in photoelectric absorption coefficients is significantly bigger than the error associated with
the estimation of perturbations in Compton scatter coefficients. From this point of
view, we expect a similar behavior in the original (nonlinear) problem especially since
Gauss-Newton (e.g., Levenberg-Marquardt) type algorithms rely on linearization of
the problem at the current estimate to find the next estimate at each iteration. We
can, therefore, conclude that photoelectric image reconstruction is more prone to error compared Compton image reconstruction. In this work we tried to address this
issue using the regularization term given in (3.37).

Appendix C
Proximal Operators of !1 and
Nuclear Norms
In Section 4.7 of Chapter 4 the updates for the auxiliary variables {Zl }l=1,2,3 are given
in closed form by the singular value shrinkage operator [27], i.e., Moreau proximity
operator of nuclear (Shatten-1) norm of matrices. Here, we first revisit the concept of
subdifferential and subderivative of convex functions. Then, we give the definition of
the proximity operator and derive its closed form expressions for !1 norm for vectors
in RN and nuclear norm of matrices in RM ×N .
The subdifferential of a convex function h : RN → R, is defined as follows:
∂h(x! ) := {u | u ∈ RN , h(x! ) + uT (x − x! ) ≤ h(x), y ∈ RN }.

(C.1)

Here, any u ∈ ∂h(x! ) is called the subgradient of h at x! . In other words, u is a
subgradient if the affine function h(x! ) + uT (x − x! ) is a global under estimator of
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Figure C.1: Subgradients of h at x! . The scalers u1 and u2 are in ∂h(x! ).
h. Figure C.2 illustrates this concept for scalar case. When h is differentiable at x! ,
cardinality of ∂h(x! ) is one and ∂h(x! ) = {∇h(x! )}. If at least one subgradient exists,
h is said to be subdifferentiable at x! .
Let us state the subdifferential the absolute value function h(x) = |x| as it will be
useful later:

∂|x| =










1

[−1, 1]






 −1

x>0
x=0 .

(C.2)

x<0

Optimality condition for non-differentiable convex functions is given in terms of
their subdifferential as the following: Let x̂ be a minimizer of h. Then we have
0 ∈ ∂h(x̂),

(C.3)

which follows directly from the definition of the subgradient: h(x̂) ≤ h(x) if 0 is a
subgradient.
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Figure C.2: The soft-threshold (shrinkage) function.
The proximity operator [119] of h is defined as follows:
E
F
1
2
proxh (x) := argmin h(y) + $y − x$ .
2
y∈RN

(C.4)

Now, we are ready to state the proximity operator of constant times the !1 norm,
i.e., h(x) = λ$x$1 . From (C.3) and (C.4) it holds that
0 ∈ ∂|yi | + (yi − xi ),

i = 1, . . . , N,

(C.5)

where xi and yi are the ith entries of the vectors x and y, respectively. Plugging (C.2)
into (C.5) we obtain
proxλ(.(1 = (|x| − λ)+ sign(x),

(C.6)

where t+ = max(0, t) is applied element-wise. The right hand side of (C.6) is the
so-called soft-threshold or shrinkage operation, which is defined as
Sλ (x) = (|x| − λ)+ sign(x).
Figure C.2 depicts Sλ (x).

(C.7)
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To finalize the discussion we show that the proximal operator of the nuclear
(Shatten-1 ) norm is given in closed form by the singular value shrinkage operator.
Specifically, for the matrix X ∈ RM ×N with the singular value decomposition (SVD)
X = UΣVT = Udiag(σ(X))VT , we want to show that
proxλ(.(∗ (X) = Udiag(Sλ (σ(X)))VT .

(C.8)

Let us begin with the statement of von Neumann’s trace inequality [66]:
.X, Y/ ≤ .σ(X), σ(Y)/ .

(C.9)

Using (C.9), we can write
1
1
$Y − X$22 + λ$Y$∗ = $Y − X$22 + λ$σ(Y)$1
2
2
1
≥ $σ(Y) − σ(X)$22 + λ$σ(Y)$1
2
,
1
≥ $Sλ (σ(Y)) − σ(X)$22 + λ$Sλ (σ(Y))$1
2
1
= $USλ (σ(Y))VT − Uσ(X)VT $22 + λ$Sλ (σ(Y))$1
2
(C.10)
where the second inequality is due to (C.6) and the last equality follows from the
unitary invariance of the matrix Frobenius norm. Equation (C.10) verifies that (C.8)
holds.
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