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Abstract

This thesis is the culmination of a number of works [1, 2, 3] exploring the dynamics of scalar

fields, in the context of modifications of the cosmological standard model and quantum tunneling.

In Chapters 1 and 2, I provide an introduction, giving some background and motivation to the

topics considered, and outline the work covered in this thesis. In Chapter 3, we study a novel

theory of dark matter called Superfluid Dark Matter (SFDM). This model utilizes a scalar field,

which on large scales acts as Cold Dark Matter (CDM), and on galactic scales mediates a MONDian

force between matter. While this theory has a number of exciting phenomenological implications,

it utilizes a peculiar non-canonical kinetic term, which we show results in sickness in the theory,

such as ghosts and superluminal signaling, leading to a breakdown in causality. In Chapter 4 we

build upon the work outlined in the previous chapter by studying a scalar modification to GR that

mediates a new force. Although this scalar also has a non-canonical kinetic term, it is constructed in

such a way that it is manifestly causal and retains subluminal signaling. We show that this theory

is unique among scalar modifications of GR in that it becomes most important in high-density

regimes and use systems of binary neutron stars to constrain the theory. In Chapter 5, we study

quantum tunneling, a vital phenomenon connected with the dynamics of scalar fields. We examine

a real-time stochastic method of computing tunneling rates of scalar fields that aims to match the

Euclidean instanton. We show that while this method does not succeed in numerically matching

the instanton rates, it does match parametrically. We show that there is a way of modifying the

widths of the distributions used to pick the fields’ initial conditions that cures this disagreement.

Although this modification cannot currently be done a priori, this hints at a potential way the

real-time method could match the instanton in the future.
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Chapter 1

Introduction

Our current theoretical understanding of Cosmology stands on two foundational pillars: the Stan-

dard Model and General Relativity (GR). The Standard Model is a Quantum Field Theory (QFT)

that was developed through more than a century of hard work, and represents our best understand-

ing of the fundamental ingredients and interactions that comprise our universe. General Relativity

is a relativistic theory of gravity, which can be viewed either as a theory of how spacetime and

thus the motion of matter are distorted in the presence of energy, or as a theory of massless spin-2

particles called gravitons that mediate the gravitational force.

However, we know that both of these theories must be incomplete in some way. For the

Standard Model, one of the biggest mysteries is the true nature of dark matter (DM), the existence

of which is motivated by galactic scale data, the Cosmic Microwave Background (CMB), lensing

data, and much more. While there are many theories postulating the true nature of dark matter,

the most popular class of models can be described as Cold Dark Matter (CDM), where the “cold”

describes the non-relativistic nature of the substance. Although there are many CDM candidates,

there is some motivation both observationally and from theory to consider that dark matter may

be a light scalar. Light scalars are able to act as long-range force mediators, unlike heavy scalars

and fermions. This can have a number of important observational consequences in astrophysical

environments, such as thermal production in large numbers by the sun, perturbations in gravita-

tional wave emission, and shifts to galactic structure. These provide us with a strong pipeline to

potentially detect light scalars, which would give us our first direct observation of dark matter. I

will explore a number of light scalars such as these in this thesis.
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There are a number of reasons to believe that GR is incomplete as well. One of the biggest

open problems in fundamental physics is the incomplete unification of GR and the Standard Model.

The obvious way to do this would be to write down a QFT of the graviton, but this is difficult

because the graviton is unfortunately fundamentally non-renormalizable, which means that one

needs an infinite amount of new couplings in order to cure divergences that show up at high energies.

There are other issues even at lower energies, however, that may motivate us to modify GR. One

of these is the aforementioned dark matter, as well as dark energy, also called the “cosmological

constant.” This is an observed latent energy density in spacetime that sources the accelerated

expansion of our universe. The true nature of this energy is unknown and may find a solution

in a modification of GR. There is also the ever-growing Hubble Tension, which is the discrepancy

between observed Hubble constant values taken by instruments that look at galactic scale data

(such as SH0ES which looks at Cephied variables and supernovae) and those taken by instruments

that look at cosmological scale data (such as the Planck satellite which observes the CMB). This

has motivated cosmologists to modify GR as a potential solution to this problem.

The history of modifying GR is quite rich. Einstein himself began not with a spin-2 tensor

theory of gravity, but rather a spinless scalar theory, which mediated a gravitational force between

matter particles. However, this theory had a number of difficulties, including missing phenomena

such as the bending of light around massive objects and gravitational waves. Even right after

Einstein found better success in his spin-2 theory of gravity, there was already much discussion as

to how one could modify and extend the theory. There are at a first glance a number of ways one

could do this. Upon closer examination, we can discard the notion of adding a fermionic interaction

to GR, as fermions cannot mediate long range forces. We would not consider another spin-2 particle,

as it is well known that GR is the unique theory of spin-2 gravity. At first, spin-1 particles may seem

intriguing, as they can mediate a long-range force. However from other known spin-1 interactions

such as Electromagnetism, we know that such an interaction creates two opposing conserved charges

which tend to group up and cancel out, effectively rendering the resultant interaction to be short-

range. Therefore, one arrives at the conclusion that the most successful path to add a long-range

interaction to GR is by considering the addition of a scalar field. This line of thinking has given

rise to a long history of attempts to modify GR with a scalar field, which I will contribute to in

this thesis.
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We have given here some thought to the modification of the Standard Model and GR.

However, in modifying the fundamental laws of physics, one must be careful. Both the Standard

Model and GR are written in such a way that they are consistent with three foundational theoretical

principles. These principles are: Lorentz Invariance (the laws of physics are invariant under boosts),

causality (causes and effects are uniquely related), and unitarity (the norm of the wave function

is conserved). In general, arbitrary field theories have a tough time adhering to these principles,

and therefore display theoretical inconsistency. Therefore, when modifying these theories, we must

be cautious to ensure that any modification does not break these conditions. In my endeavors to

modify GR and my explorations of others’ attempts to do so, I will ensure that there is complete

adherence to these principles.

As we can see, the dynamics of scalar fields are important in the context of modifications

of the Standard Model and GR. Another particular aspect of scalar field dynamics that finds

relevancy in many areas of physics is quantum tunneling. This is the idea that unlike classical

particles, which if placed in an energy well are confined, quantum particles can over time acquire a

spread in their wavefunction large enough to be measured outside the well, effectively “tunneling.”

Quantum fields are able to do this in much the same way as particles, and one specific such field

that may have tunneled in our early universe is the Higgs field. This field is a scalar that is sitting

at a vacuum (local energy well) of its potential, but may be in a meta-stable configuration, as

the Higgs potential is known to turn over at a high energy scale. Quantum tunneling also has

deep connections in cosmology, particularly in the context of inflation, which is a period of rapid

expansion in the early universe thought to be driven by the dynamics of a scalar field called the

“inflaton.” The inflaton potential could be thought to have a similar metastable configuration as

well. Furthermore, from the world of string theory, we know that the compactification of string

theories can lead to a “swampland” of vacua in the low-energy theory, which would cause quantum

tunneling to become a highly important phenomenon.

Quantum tunneling is, as the name implies, a strictly quantum phenomenon. However,

in the context of quantum field theories, where one has a large number of degrees of freedom, an

exact calculation of this tunneling rate can be exceedingly difficult if not effectively impossible. One

method to estimate this rate which can be much easier calculationally is the Coleman instanton. The

idea for this method is inspired by the WKB approximation in non-relativistic quantum mechanics,
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which says that in the semiclassical limit, the rate of tunneling is given by Γ / e�SE , where SE

is the Euclideanized action, which we have obtained through the Wick rotation t ! it. One can

write down a similar expression in the field theory formalism, and show that we arrive at the

same expression for the tunneling rate, proportional to the negative of the Euclidean action. Thus,

the methodology becomes to find the solution that minimizes the Euclidean action, and therefore

provides the greatest contribution to the tunneling rate.

Although the Euclidean instanton is quite powerful, there are a number of reasons motivating

the development of alternative, real-time methods. One of the most significant reasons is that the

instanton assumes in its calculation an SO(4) symmetry, which in time-dependent backgrounds

is spoiled. Time-dependent backgrounds are vital for describing all important eras of cosmology,

for instance the early inflationary universe and the dark energy dominated expansion of today. A

real-time method would not require an assumption of such a symmetry, and thus would be able to

tackle tunneling in these time-dependent backgrounds. In Chapter 5, we will examine a proposal

for precisely such a method.

1.1 Outline of Work

I will outline here the structure of this work.

In Chapter 2, I will provide some background information that will help contextualize the

work of this thesis. I will motivate and describe special relativity, then move on to describe the

theory of GR and tests that validate it. I will then provide a brief cosmological overview of how

the energy content of our universe and spacetime evolve, and give a short history of the universe.

I will finish with describing the phenomenon of quantum tunneling, and a powerful tunneling rate

approximation method called the instanton.

In Chapter 3 I will describe the work done in [1]. We discuss Superfluid Dark Matter

(SFDM), a novel theory of dark matter which behaves as cold dark matter on cosmological scales,

and through a symmetry breaking transition mediates a MONDian gravitational force between mat-

ter on galactic scales. We show that while this theory is quite exciting for its numerous interesting

observational consequences, it unfortunately suffers from a number of theoretical inconsistencies,

such as superluminal signaling and the appearance of ghosts. We generalize this model and exam-
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ine various alternative formulations, and show that these all suffer from some sort of breakdown in

causality.

In Chapter 4 I will discuss the work done in [2], which was inspired by the work outlined

in Chapter 3. We consider modification of GR consisting of a scalar field with a non-canonical

kinetic term. This kinetic term is designed to be manifestly local and subluminal, and avoid any

breakdown of causality. This scalar will mediate a new force between matter similar to gravity but

with a faster scaling with distance F / 1=r2+q, where q = 0 for gravity and q > 0 for our theory.

We show that this new force becomes most important in high-density regimes such as neutron stars

and black holes, and examine a number of key observational consequences of this fact for the orbits

and mergers of binary neutron stars. We use these to constrain our theory.

Chapter 5 reflects the work done in [3]. We examine a novel real-time stochastic technique

for estimating an interesting dynamical behavior of scalar fields in a meta-stable vacuum: quantum

tunneling. We show that this method, while it does parametrically match the usual method of

estimating field theory tunneling rates, the Euclidean instanton, it generally overestimates this

rate, for a number of potentials examined. This discrepancy persists even when accounting for

renormalization effects, and when examining the single particle quantum mechanics case.

Finally, in Chapter 6, I will summarize this work and offer some concluding remarks.
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Chapter 2

Background

2.1 Special Relativity

Galileo Galilei, in his work Dialogue Concerning the Two Chief World Systems, described a thought

experiment. He imagined a ship, with a number of animals and insects in the cabin beneath. He

asked the reader to imagine carefully observing the motion of these creatures when the ship is

standing still, and to do so again when the ship is moving uniformly with no fluctuations. He

proposed that you would discover that there is no change in the motion observed, and that you

would not be able to tell that the ship was moving. Here Galileo was describing the idea of Galilean

Invariance. This theory purports that the laws of physics are the same in all inertial frames, which

are observers moving at uniform velocity. Specifically, the Galilean transformation is:

~x! ~x+ ~vt

t! t

(2.1)

where ~v is the velocity between frames. As demonstrated by the equations above, another fun-

damental idea of Galilean invariance is the idea of universal time. Universal time means that all

inertial frames measure the passage of time in the same way; in essence, time and space can be

cleanly separated and considered independently. This invariance was upheld by Newton’s model of

gravitation:

~Fg(~r1; ~r2) = �
GNm1m2

j~r1 � ~r2j3
(~r1 � ~r2) (2.2)
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where clearly under the transformation ~x! ~x+ ~vt and t! t, the above eq. is invariant, as the ~vt

terms cancel.

A significant challenge arose for Galilean invariance when Maxwell formulated his equa-

tions governing Electromagnetism. Under these laws, while the Electric force retained Galilean

invariance, the real problem was with the Magnetic force:

~FMag = q~v � ~B (2.3)

The issue here is clear: this force is not equivalent between frames, as velocity is not invariant

under the Galilean transformation. Another way to see the issue is this: imagine a wire carrying

a current which involves charges moving at some velocity, creating a magnetic field and thus a

magnetic force on a test particle outside the wire. If one were to transform to a frame moving at

the same velocity as the current, the current would disappear, and so would the magnetic force,

breaking Galilean invariance.

The true invariance of fundamental physics turns out to not be Galilean invariance, but

Lorentz invariance. The theory describing Lorentz invariance and its applications is called Special

Relativity. Lorentz invariance is upheld under the following Lorentz transformation (or boost):

~x! ~x+
�
(
 � 1)(~x � ~n)� 
vt

�
~n

t! 
t� 
v

c2
~n � ~x

(2.4)

where 
 = (1 � �2)�1=2 is the Lorentz factor, � = j~vj=c, and ~n is the direction of boosting. In

Lorentz transformations, the separation of space and time that was present in Galilean invariance

is now missing. Instead, space and time are mixed, and should be considered together as spacetime.

I will describe the theory of the structure of spacetime and its relation to gravitation in the next

section.

2.2 General Relativity

General Relativity (GR) was a triumph by Albert Einstein in the successful merger of gravitation

and special relativity. In this section I will outline the theory of GR and its mechanisms in detail.
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In GR, the geometrical nature of spacetime plays a vital role, as ripples in the fabric of

spacetime are what cause gravitational effects in matter. The line element plays an important role

in describing the geometry of spacetime. The line element in Euclidean 3 dimensions is:

dl23 = dx2 + dy2 + dz2 (2.5)

which may seem familiar, as this is just the Pythagorean identity. When adding time to this picture,

one may be tempted to just add dt2, creating a Euclidean 4-dimensional line element dl24. However,

this is undesirable for a number of reasons, as time behaves differently in comparison to space. For

one, a Euclidean line element in 4-dimensional space is not Lorentz invariant, which as we have

seen is a vital feature of physically consistent theories. Furthermore, we know that time only flows

in one direction, and this is broken for dl24. In a spacetime described by such a line element, one

can easily construct closed timelike curves, which would violate causality.

So what is the general line element of spacetime? The line element of flat (curvature-free)

spacetime is:

ds2 = dl23+1 = dt2 � dx2 � dy2 � dz2 (2.6)

where I have labeled the line element with 3+1 to signify 3 space dimensions and 1 time dimension.

This line element is Lorentz invariant, and so is the same in all inertial frames. We can generalize

this line element to include any curvature in the following form:

ds2 =

3X
�=0

3X
�=0

g��dx
�dx� (2.7)

The vectors dx� = fdt; dx; dy; dzg represent the time and space differentials. The tensor g�� , often

called the metric tensor, can be thought of as a collection of functions indexed by � and � that

determine the curvature of spacetime. The line element of flat space written above can be recovered

by the metric tensor with gtt = 1, gxx = gyy = gzz = �1, and all other elements set to zero.

Perhaps the immediate question that one might ask is, what g�� best describes the spacetime
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of our universe? This leads us to the Friedmann-Robertson-Walker (FRW) metric tensor:

ds2 = dt2 � a2(t)

"
dr2

1� kr2
+ r2dΩ2

#
where k =

8>>><>>>:
0 Flat

+1 Spherical

�1 Hyperbolic

(2.8)

where we’ve moved to polar coordinates. This is the unique metric one obtains for a universe with

three properties: homogeneity, isotropy, and expansion. Our universe on large scales has exactly

these properties: it is isotropic (its structure appears the same in all directions), homogeneous

(it appears isotropic around all points), and expanding. The parameter k describes three types

of spacetime allowed under these constraints. For signals traveling in parallel, in flat space these

signals will stay in parallel. In spherical geometries they will eventually converge, and in hyperbolic

geometries they will diverge. From observations, we believe our universe is quite close to flat.

The factor a(t) is called the scale factor, and it denotes the expansion of our universe. The

scale factor today is set to be a(t0) = 1, where t0 is the age of the universe, and the scale factor

shrinks as we travel to the past. In essence, if we traveled back to a time when a(t) = 0:25,

two objects back then would be four times closer to each other than they are today (discounting

motion against the background expansion). The rate of this expansion is tracked using the Hubble

parameter :

H(t) =
ȧ(t)

a(t)
(2.9)

where the dots represent derivatives with time.

I have finished outlining an overview of how we can describe spacetime. Now I will describe

how spacetime affects matter (and in general all forms of energy). This interaction is controlled by

the Einstein �eld equations:

G�� = 8�GNT�� (2.10)

where GN is Newton’s constant. Let us examine the definitions of these two important tensors:

G�� = R�� �
1

2
g��g

��R��

T�� = (�+ P )u�u� � Pg��
(2.11)
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where �; � 2 f0; 1; 2; 3g, and we’ve adopted a notation here called Einstein summation, where for

shorthand we write a�a
� �

P
� a�a

�, a��b
�� �

P
�;� a��b

�� , and so on. In essence, a lowered index

paired with a raised equivalent implies summation. (The difference between raised and lowered

indices can be ignored for now.) The tensor G�� is the Einstein tensor, and is a function of

the Ricci tensor R�� . The Ricci tensor is a function of the metric tensor and its derivatives up

to quadratic order, i.e. R�� = f(g�� ; @g�� ; @
2g��). The Einstein tensor essentially represents a

measure of the curvature of spacetime, and in flat space G�� = 0. The other tensor T�� is the

stress-energy tensor, and contains information about the energy content of the universe. Although

in general the stress-energy tensor can take on any form, for a homogeneous and isotropic universe

the unique solution is called a perfect 
uid, and its tensor form is described above, where � is its

energy density, P is its pressure, and u� is its four-velocity relative to the observer.

Before we proceed to solve the Einstein equations and describe the evolution of matter and

spacetime under GR, I will first motivate why we should trust GR as the best theory of gravitation.

There has been a plethora of evidence to support the validity of GR. Originally, there were three

“classical” tests of GR proposed by Einstein. First was the precession of Mercury’s orbit, which

rotates at about 1/6 of a degree every century. This was the first sign that Newton’s model was

insufficient to describe gravity, as there is no precession in that model, but there is in GR. Secondly,

GR predicts that all forms of energy are affected by the curvature of spacetime, not just matter.

This means that light itself also bends around dense energy pockets, which was famously confirmed

by Eddington in 1919, at a value that was matched exactly by GR. Lastly, there is the gravitational

redshift of light, where the wavelength of light is stretched in the presence of a strong gravitational

field. This was observed in 1954 by Popper using measurements of light emitted by a white dwarf.

In modern times, scientists have significantly improved the accuracy of the classical tests

mentioned above, while also formulating further evidence for the validity of GR. Although for a long

time GR was the only viable theory of post-Newtonian gravity, over time competitors to GR were

formulated. Initially foremost amongst these competitors were Scalar-Tensor theories, which utilize

a dual setup of scalar and tensor force mediators. We will consider such a theory later in this work.

In order to study alternatives to GR, cosmologists developed the Post-Newtonian formalism, which

characterizes all deviations from Newtonian gravity in the weak-field limit. The Post-Newtonian

formalism is characterized by a number of parameters, which have all been tightly constrained by
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observation, and show that deviations from GR are highly limited. The deflection of light by the

sun has also in modern times been studied in the context of gravitational lensing, which is the

deflection of background sources of light by foreground objects, typically galaxies or clusters. This

phenomenon has also provided ample evidence for the validity of GR. Another phenomenon of GR

is time dilation of signals in the presence of a gravitational field, which motivated the formulation

of the Shapiro time delay test, where radar signals are bounced off of other planets and the dilation

effect is measured. This test has given agreement with GR at the 0.01% level.

The above tests provide strong evidence for GR in the weak-field limit. We can also find

verification of GR in the strong-field regime as well, in areas of high energy density. One fantastic

testing ground of this limit is systems of binary pulsars, which provide a perfect strong-field labo-

ratory environment. In particular, GR predicts the phenomenon of gravitational waves, which are

ripples in spacetime caused by the rotation of objects in spacetime (specifically for a system with a

dynamic quadrupole moment). Evidence for these gravitational waves first came from observations

of the Hulse-Taylor pulsar in 1974, where due to the energy radiated away in gravitational waves,

the system’s rate of rotation was slowing down, which was measured in the Nobel-prize winning

work. Direct detection of gravitational waves would come a few decades later in 2015, when the

team at the Laser Interferometer Gravitational-wave Observatory (LIGO) detected gravitational

waves emitted from a binary black hole merger. This was a great triumph of GR, as Einstein

had predicted that his theory would yield exactly such a phenomenon a century prior. Since then,

gravitational waves have been detected from a number of different sources, pointing to an exciting

future in multi-messenger astronomy.

Now that I have given a brief overview of the theory of GR and evidence for it, I will examine

its consequences for the energy content of our universe.

2.3 Cosmology

The stress-energy tensor has a useful property that it is covariantly conserved, i.e.:

r�T�� = @�T
�� + Γ���T

�� � Γ���T
�� = 0 (2.12)
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where Γ��� is the Christo�el connection, and is itself a function of the metric tensor and its deriva-

tives. Using this conservation law, one can show that the fluid in our universe evolves under the

following continuity equation:

�̇+ 3H(�+ P ) = 0 (2.13)

The energy content of our universe can be roughly divided into three categories:

• Matter: In the context of cosmology, “matter” refers to any substance which is essentially

pressure-less, i.e. P � 0. Using this with the continuity equation gives us that:

�M /
1

a(t)3
(2.14)

This scaling has an intuitive explanation, namely that energy densities scale inversely with

volume, and volume straightforwardly scales as V / a(t)3. This category includes all visible

matter in the universe, as well as dark matter.

• Radiation: As the name suggests, this category contains all light in the universe. However,

included here is also relativistic matter, for which the energy is dominated by kinetic energy.

For both these substances, the pressure is approximately P � �=3, which gives us the scaling:

�R /
1

a(t)4
(2.15)

This scaling is modified because in addition to the scaling of volume mentioned above, for

radiation the energy also scales inversely with the scale factor as E / 1=a(t). For the most

part in our universe’s history, most of relativistic matter has been dominated by neutrinos,

which are only recently starting to become non-relativistic and pressure-less.

• Dark Energy: Recent observations have shown that our universe’s expansion is accelerat-

ing, and that the energy content of just matter and radiation aren’t enough to explain this

expansion. To account for this issue, cosmologists theorize that our universe is dominated by

a substance called dark energy that has a latent static energy density:

�DE / a(t)0 = const. (2.16)
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This substance has the unique equation of state P = ��. The true nature of dark energy is

still an exciting open question.

In summary, the energy content of our universe can be described by various equations of

state P = w�, where w takes on varying values depending on the substance considered. This leads

to differing evolutions of the energy density with the expansion of the universe, which leads to

epochs of different substances being the dominant source of energy density in our universe. I will

return to this phenomenon later in this section.

Having now described the evolution of energy sources in our universe, let us relate the

evolution of these sources to the evolution of the scale factor, which can be done by solving the

Einstein equations. Inserting the FRW metric into the Einstein tensor, and the perfect fluid tensor

into the stress-energy tensor, we obtain the Friedmann equations:

 
ȧ(t)

a(t)

!2

= H2(t) =
8�GN

3
�� k

a(t)2

ä(t)

a(t)
= �4�GN

3

�
�+ 3P

� (2.17)

where � and P signify the total contributions from all substances in the universe. Although for

completeness I’ve included the contribution from non-zero curvature, henceforth I’ll set k = 0. We

can write the first Friedmann equation in a slightly different form that can be quite illuminating.

Let’s first define the critical density today:

�crit;0 =
3H2

0

8�GN
� 10�5GeV

cm3
(2.18)

where 1 GeV is about the mass of a proton, and the subspcript 0 here and from here on represents

values today. This density corresponds to a flat k = 0 universe, and the energy density of our

universe today is quite close to this value. Let’s also define the dimensionless parameter:

ΩS;0 =
�S;0
�crit;0

(2.19)

where S represents the substance being considered. Taking this all together, we can rewrite the
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first Friedmann equation as:

H2

H2
0

= ΩR;0a
�4 +ΩM;0a

�3 +ΩDE;0 (2.20)

I will conclude this section on cosmological review by giving a brief history of the evolution

of the universe. While we don’t have a current understanding of the exact beginning of our universe,

or whether it even had one, we can certainly say something about the earliest few minutes of its

history. Cosmologists believe the earliest known period of our universe’s history was a period of

rapid expansion called in
ation. During this time, the universe grows by a factor of about 1078

in volume over a period of approximately 10�34 seconds. This inflationary period helps explain a

number of key features of our current-time universe, such as its flatness, and the fact that large

parts of our sky seem causally connected. After inflation ends, the energy used in expanding the

universe is released in the form of a plethora of Standard Model particles. In the stage following the

end of inflation, despite the expansion of spacetime attempting to drive particles apart, the rate of

interactions is high enough such that the universe is in equilibrium, often called the thermal bath.

As the universe continues to cool a number of important processes occur, namely the Electroweak

and QCD phase transitions, which cause a significant change in the interactions between particles in

our universe. These occur at temperatures of about 100 GeV and 150 MeV respectively (or through

T = hEi=kB where kB is Boltzmann’s constant, about � 1015 K and � 1012 K respectively).

Eventually, when the universe is cooled enough, matter starts to decouple from the ther-

mal bath. This happens at different times for different species, as they have differing interaction

rates. If dark matter is thermally produced in the early universe (for some models, such as axions,

the production is non-thermal), the dark matter decouples first due to its weak interactions with

photons. Neutrinos due to their own weak interactions follow suit. When the universe is about

3 minutes old, protons and neutrons begin to fuse and form atomic nuclei in a process known as

Nucleosynthesis. The universe is at a temperature of about 100 keV (or about � 109 K).

As we saw from the first Friedmann equation, radiation scales fastest inversely with the scale

factor, so although the universe was initially radiation dominated, when it’s about 60,000 years old

the radiation has diluted enough that matter becomes the dominant source of energy density in

the universe.
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When the universe is about 380,000 years old, the universe has cooled enough such that

electrons and nuclei begin to fuse and create the first atoms. The drop in availability of free

electrons drastically reduces the interaction rate between photons and matter, and photons finally

decouple and begin free streaming across the universe. This is what is observed today as the Cosmic

Microwave Background (CMB). The CMB provides us with strong evidence of our earlier claim

that the early universe was in a thermally equilibriated bath, as the CMB forms a near perfect

blackbody spectrum. In fact it is the most precisely measured blackbody in nature. At this point

the universe is quite cold, about 1 eV (or � 10; 000 K).

As the universe continues to cool further and further, gas clouds begin to form through

gravitation, which eventually condense into the first stars when the universe is a few million years

old. After about a billion years, these coalesce into galaxies, and eventually form the familiar

night sky we see today. At an age of 9 billion years we will note one last event, which is the

beginning of the domination of dark energy. Returning again to the first Friedmann equation, we

see that although matter does scale slower than radiation, it scales inversely and will eventually

dilute as well. This leaves the only substance in our universe that does not scale with the universe’s

expansion: dark energy. This is the substance that has dominated our universe’s energy density

for almost the last 5 billion years, and drives the accelerated expansion we see today.

2.4 Dark Matter

In 1933, Swiss astrophysicst Fritz Zwicky made a startling realization while studying galaxy clusters:

that in order to explain the speed at which mass rotated around the edges of galaxies, there would

need to be an amount of mass 400 times greater than what was visually observable permeating the

galaxies. He called this mass Dunkle Materie, or dark matter. Although this claim was certainly

interesting, Zwicky’s data wasn’t quite accurate enough, as it would turn out later that the actual

amount of mass needed was closer to 5 times the luminous matter. Increased accuracy in the data

came in the 1970s, when Vera Rubin showed using galaxy rotation curves this same effect in more

detail, illustrated in Fig. 2.1. As we can see, from the visible matter that we observe, the orbital

velocities of outlying stars should decay with distance. However, it seems to often flatten, or even

increase with distance. In order to understand why this implies more mass than we observe, imagine
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spinning a yo-yo in a circle. In order to make the yo-yo go faster, one can intuit that we would

need to pull harder on the mass at the end of the string, which is characterized by the relation

between forces and orbital velocity, shown below. Analogously, a clump of matter rotating around

the center of our galaxy feels an inward force as well, in this case not through the tension in the

string but through the gravitational pull of the enclosed masses. This leads us to the following

conclusion:

arot = agrav ) v2
r

R
=
GNMenc

R2
) vr =

r
GN
R

p
Menc (2.21)

Therefore, in order for a clump of mass at a fixed distance to be moving faster than we predict it

to be, it must be feeling the influence of a larger Menc than we observe, implying missing mass in

the form of dark matter.

Figure 2.1: A plot of the galactic rotation curve of Messier 33 [4]. The dashed curve is the
expectation from visible matter, the data points are observed rotational velocities, and the solid
line is the expectation from added dark matter.

In modern times the evidence for dark matter has found support in many areas of cosmology.

One important area is the study of gravitational lensing, which as discussed above is the bending

of background light in the presence of a foreground gravitational field. As the strength of lensing is

determined by the gravitational strength, i.e. the mass, of the foreground object, lensing provides

a strong probe for the masses of galaxies and clusters, which have been shown to similarly be too

large to be comprised solely of visible matter. The formation of large scale structure in our universe

also provides strong evidence for dark matter. Visible matter interacts with light, and in the early
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Figure 2.2: A plot of the angular power spectrum of the CMB [5]. The blue points are data
measured by the PLANCK satellite, and the red line is the fitted ΛCDM model.

universe this causes perturbations in visible matter to become washed out. These perturbations

are what lead to structure formation, so there must be a mechanism for perturbations in matter to

persist. This comes in the form of dark matter, which does not interact, or at least interacts weakly,

with light, and thus retains its perturbations, and through gravitational effects causes structure to

form in visible matter at later times.

Perhaps the best evidence of dark matter is the CMB (described above), which has been

measured to extraordinary precision today. Although the CMB power spectrum is a near-perfect

blackbody spectrum, there are small anisotropies (in the order of 1 in 100,000) due to perturbations

in the early universe. These anisotropies can be decomposed into an angular power spectrum, shown

in Fig. 2.2. (This data was collected by the PLANCK satellite.) The red line is a model called

the ΛCDM model, which essentially models the universe with three components: dark energy (Λ),

Cold Dark Matter (CDM), and Standard Model particles. As is clear, this model gives fantastic

agreement with the CMB power spectrum, and provides perhaps the strongest evidence for dark

matter.
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2.5 Tunneling

I have up to this point provided background on a number of topics relevant to the exploration

of scalar field dynamics in our universe. One dynamic phenomenon I have yet to cover which is

associated with the quantum nature of scalar fields is quantum tunneling, which I shall explore in

more detail later in this work. In cosmology, the tunneling of scalar fields finds relevance in the

inflationary paradigm. Most models of inflation drive expansion using a scalar field sitting high

in its potential. Inflation ends when this scalar, called the in
aton, finishes rolling and settles

into a minimum of its potential, triggering reheating. However it is possible in certain models

that this minimum is actually meta-stable, and would have some chance of tunneling to some true

potential minimum, which would cause bubbles of true vacuum to form and potentially have a

significant effect on early universe physics. We also have some motivation from string theory to

explore tunneling, as through compactification it is known that there is created a “swampland”

of many many minimums in the potential, which a field could tunnel between as well. For these

reasons the exploration of quantum tunneling is vital to fully understanding scalar field dynamics,

and I will provide some background on this phenomenon in this section.

To start, I will examine quantum tunneling in the relatively simpler context of quantum

mechanics. As a demonstration, let us examine an electron in a potential well encountering an

energetic barrier, as depicted in Fig. 2.3. Classically, if the electron does not have enough energy

to climb the barrier, it will not be able to pass over, and will remain forever stuck in the minimum

it is in. However, in quantum mechanics an electron stuck in a potential well will over time have

some increasing probability to be measured past the barrier. If measured there, one can say that it

has “tunneled,” having penetrated the barrier. For this reason, the initial potential minimum that

the particle sits in is called “meta-stable” or “false,” as that minimum is not truly stable due to

the tunneling effect to the “stable” or “true” minimum.

This phenomenon exists as well for fields in QFT. While the rate of tunneling can be difficult

to calculate exactly in quantum mechanics, it is prohibitively more difficult in QFT due to the

increased number of degrees of freedom. Aside from a few special systems, the exact calculation of

the tunneling rate is effectively impossible, which calls for the use of approximation methods. The

primary method of estimating tunneling rates in QFT in the literature is the Coleman instanton
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Figure 2.3: A depiction of the difference in particle motion against barriers between classical and
quantum mechanics [6].

or Euclidean instanton.

In order to explore this method, let us first examine the path integral for the amplitude

between two points in quantum mechanics:

hxf jxii =
Z xf

xi

Dx exp

 
iS[x]

~

!
where S[x] =

Z
dt

 
1

2
ẋ(t)2 � V (x)

!
(2.22)

This path integral can be thought of as a sum of all the contributions of all paths between the points

xi and xf . Classically there is only one path traveled by the particle xcl, which is the one that

extremizes the action S[x]. However, quantum mechanically this constraint is relaxed and there are

contributions from paths outside of the classical one. If we have a particular arrangement however,

where the distance scale over which the potential varies is much larger than the wavelength of the

field, we can make an approximation called the WKB approximation. This essentially examines the

path integral in the semiclassical limit, which can be thought of as the limit where ~ is quite small.

In this limit, the path integral can be shown to be dominated by the classical path. Therefore the

amplitude can be approximated by inserting the classical path back into the action.

However, in the case of barrier penetration, as we have just seen, there is no classical path.

This can be ameliorated by a technique called Wick rotation, where the time is replaced by t! i� .

The path integral is now:

hxf jxii =
Z xf

xi

Dx exp

 
� SE [x]

~

!
where SE [x] =

Z
d�

 
1

2
x0(�)2 + V (x)

!
(2.23)

where the primes denote derivatives with respect to � . The Euclidean action SE is now the action

for a classical particle with an upside-down potential �V (x). An example double well potential,
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Figure 2.4: A double well potential, showing a classical ball, as well as its upside-down version.
Also shown here is the instanton solution for this potential, showing the interpolation between the
meta-stable minimum and the stable one.

along with its upside-down version, is shown in Fig. 2.4. As is clear, while there is no classical

solution for the original double well from the meta-stable minimum to the stable one, there is for

the upside-down potential. Therefore, in the semi-classical limit, the path that dominates the path

integral is the classical solution to the Euclidean action.

Analogously, the same thing is true for the field theory approach. One can write the QFT

path integral for the amplitude to tunnel between two points. After Wick rotating, the path

that dominates is the classical solution to the Euclidean action, which is given by the Euclidean

Euler-Lagrange equations:

@2�

@�2
+r2�� dV (�)

d�
= 0 (2.24)

In order to arrive at our final result, we will employ one more step: we will assume that the solution

that minimizes the Euclidean action and solves these equations will be O(4) symmetric, meaning

that it will have 4-dimensional rotational invariance. (It has been shown in the literature that

configurations that break this symmetry have larger Euclidean actions and therefore have a smaller

contribution.) This means that our field will only rely on one radial parameter �(t; ~x) = �(�),
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where � =
p
�2 + ~x2. This will simplify our equations to become:

d2�

d�2
+

3

�

d�

d�
� dV (�)

d�
= 0 (2.25)

In order for the Euclidean action to be finite, this solution needs to approach the false minimum at

infinity, i.e. lim�!1 �(�) = �MS, where �MS is the meta-stable minimum. We must also assume that

�0(�)j�=0 = 0, as otherwise the field would be singular at � = 0. These boundary conditions, along

with the simplified Euclidean Euler-Lagrange equations above, yield us a unique field configuration

which minimizes the Euclidean action, therefore dominating the path integral and providing us

with a strong estimate of the tunneling amplitude. This solution is called the instanton (as shown

in Fig. 2.4), and by inserting this instanton solution back into the Euclidean action, we can obtain

an estimate for the tunneling rate. The instanton is a powerful tool for estimating tunneling rates

that we will examine further later in this work.
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Chapter 3

Acausality in Superfluid Dark Matter

and MOND-like Theories

3.1 Introduction

Modern cosmology is built on a rather simple model of the universe: contents of baryonic matter

(and radiation), a cosmological constant Λ, and cold dark matter, together known as ΛCDM, with

dynamics controlled by general relativity. These pieces are highly compelling, since they are all

allowed by general principles of (local) Lorentz symmetry and quantum mechanics at low energies.

A range of observations of large scale structure and the detailed fluctuations of the CMB [7] support

this ΛCDM model, establishing its place as the dominant model of modern cosmology. Playing a

critical role on large scales is cold dark matter, which forms the cosmic web, galactic halos, and so

forth. Dark matter is a priori a very reasonable idea – some new stable, massive particle beyond

the Standard Model. Altogether the proposal of dark matter seems highly compelling.

3.1.1 Galactic Tension

While cosmological observations are in broad agreement with the ΛCDM model, there have been a

number of claims of possible tension between ΛCDM and galactic scale observations. In particular,

one of the strongest empirical correlations in extragalactic astronomy is the Baryonic Tully-Fisher

Relation [8], which relates the baryonic massMb of galaxies to their asymptotic rotational velocities
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vr as Mb / v4
r . However, it has been argued that a simple treatment of ΛCDM, namely in a simple

collapse model, predicts that the scaling relation is differentMb / v3
r [9]. This discrepancy has been

seen in some simulations as well [10]. It is also the case that the observed relation has rather little

scatter, while naive modeling of dark matter suggests significant scatter. At this stage it would be

premature to conclude that this falsifies vanilla cold dark matter, as a full accounting for feedback

effects from baryons, further numerical modeling, etc., may alter this conclusion. But the current

tension is intriguing.

Furthermore, there are possible other challenges to ΛCDM from observations of dwarf satel-

lite galaxies in the local group which show that the most massive dark matter subhalos in our

galaxy are too dense to host any of our most luminous dwarf satellites [11]. These dwarf satellites

also have been observed to be co-rotating in planar formations that are difficult to explain using

vanilla ΛCDM [12, 13]. In addition there are observed to be cores at the centers of galaxies, without

an obviously compelling explanation [14]. Therefore there is some motivation to seek a new theory

which alleviates the issues of ΛCDM on galactic scales. At this stage, the most reasonable null

hypothesis is that ΛCDM will ultimately prevail, but it is worthwhile having an open mind.

A radical alternative theory to dark matter is to modify gravity on large scales to so-called

MOdified Newtonian Dynamics (MOND) [15, 16, 17, 18]. This postulates that at low velocities

and weak gravitational fields, Newtonian gravity is replaced by a modified Newtonian force law:

FG = m�(a=a0) a where FG = GMencm=R
2 is the standard gravitational force, and � is a function

of the acceleration. This function is assumed to have the asymptotic behavior of � ! 1 for large

a, while � ! a=a0 for small a relevant to galactic halos. This means that on galactic scales

the acceleration is a =
p
a0GMenc=R, rather than the usual a = GMenc=R

2. Hence, for circular

motion with a = v2
r=R, one has (v2

r=R)
2 = a0GMenc=R

2, giving Menc / v4
r matching the observed

Baryonic Tully-Fisher Relation. The observed constant of proportionality is matched by taking

a0 � 10�8 cm/s2.

Such a model is entirely phenomenological, without any known microscopic construction. In

fact, since general relativity is the unique local theory of massless spin 2 particles [19, 21, 22, 23, 24,

25, 26, 27, 28, 20], one might think there cannot be any Lorentz invariant formulation of MOND.

However, that is not true; by including one or more new scalar degrees of freedom, one can lift

MOND to be Lorentz invariant in various ways that we will discuss (e.g., [29, 30, 31, 32, 33]). One
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might also think that these extra degrees of freedom imply that one is necessarily including dark

matter anyhow [34]. However, that is also not true; in the most standard formulations of MOND

(as opposed to the upcoming superfluid models we will analyze), the new scalar(s) are essentially

always off-shell throughout the universe, acting as virtual force mediators, not dark matter.

On the phenomenological level, while MOND has been successful on galactic scales at mod-

eling rotation curves [35, 36] and the aforementioned dwarf satellite structures [37], it faces severe

observational problems on cosmological scales. On large scales, the universe is almost homogeneous

and isotropic, allowing for simple theoretical and semi-analytical work. Here it is found that while

ΛCDM works remarkably well, the MONDian models fail to reproduce the observed CMB power

spectra [38] or the observed fluctuations in the matter power spectra [39]. There may be issues on

smaller scales as well [40].

3.1.2 A Unified Framework

Hence MOND and ΛCDM seem to perform well on different scales. An ideal solution may therefore

be a kind of hybrid model which behaves like MOND on galactic scales, but asymptotes to CDM

on cosmological scales. This idea was developed in recent years in the very interesting and novel

work, known as SuperFluid Dark Matter (SFDM) [41, 25, 42, 43], and acted as motivation for the

present study. The key idea is that the scalar(s) that are needed to be introduced to mediate a new

gravitational force can also be on-shell and act as dark matter on cosmological scales. On galactic

scales, it undergoes a phase transition to a new superfluid phase, with a novel scaling in its effective

theory, allowing it to mediate a type of MONDian force between baryons. The superfluid phonons

mediate a MONDian force by coupling directly to the baryon density �B. Specifically, the idea is

to build a theory with some new massive complex scalar dark matter Φ.

On large scales, its relevant Lagrangian is that of a regular massive scalar minimally coupled

to gravity as (signature �+++)

LSFDM =
p
�g

�
�1

2
g��@�Φ@�Φ

� � 1

2
m2jΦj2 + : : :

�
(3.1)

ensuring that it reproduces the successes of ΛCDM on cosmological scales. On galactic scales, one

introduces some non-trivial dynamics that causes the field to organize into a condensate. Then
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one decomposes the field in terms of its magnitude and phase as Φ = � ei(�+mt), where the phase

� = �(x; t) is the Goldstone from the spontaneous breaking of a phase symmetry. The dynamics

need to be of a very special variety so that the effective non-relativistic Lagrangian of the Goldstone

is of the form:

LSFDM = �Y
p
jY j+ � � �B + : : : (3.2)

where �, � are constants, �B is the baryonic mass density, and

Y = �̇ �m�N �
1

2m
(r�)2 (3.3)

is a special combination of field derivatives and the Newtonian gravitational potential �N .

The reason this type of low energy Lagrangian is pivotal to get the requisite MONDian

dynamics can be explained as follows: Consider the static limit and let us ignore ordinary gravity

for simplicity. Then Y � �(r�)2=(2m) (plus a small chemical potential correction from �̇), which

is evidently negative; we shall return to this point later in the chapter. The Lagrangian is then

LSFDM � �� ((r�)2=(2m))3=2 + � � �B, and the Euler-Lagrange equation for � is

� 3�

(2m)3=2
r�(r�jr�j) = � �B (3.4)

The nonrelativistic equation of motion for a baryon subject to this fifth force is that its acceleration

is a = �r�. For a spherically symmetric mass density �B, we can solve this pair of equations to

obtain

a = �sign(�)

s
j�j3(2m)3=2Menc

12�j�j
r̂

R
(3.5)

Hence so long as the coefficient � of the fractional power in Eq. (3.2) is positive, this force produces

attraction, with magnitude of acceleration of a =
p
a0GMenc=R, with a0 � j�j3m3=2=(�G). This

matches the desired MONDian behavior, as described above, by choosing the quantity j�j3m3=2=�

accordingly.

Later we shall recapitulate concrete Lorentz invariant models in the literature that achieve

all these desired features (as well as develop some variations). Altogether this appears to be very

promising.
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3.1.3 Outline of this Work

The form of the low energy Lagrangian Eq. (3.2) features some peculiarities, in particular the

fractional power of the kinetic term Y in LSFDM. In this work, we are driven by the question if any

Lorentz invariant version of the above SFDM construction exists that avoids pathologies and that,

furthermore, could arise from a sensible UV completion. In fact there is a long history of addressing

this kind of question on the space of effective theories that can have a possible UV completion; for

example, see Ref. [44]. If some version of string-based conjectures are correct, then most effective

theories cannot be realized within string theory. But here we focus on a much more well established

consistency criteria: we would like to know whether there are signs of inconsistency from causality

breakdown within the effective theory itself. This would mean they cannot have a UV completion

in the usual sense of Wilsonian effective field theory. Such an imposition makes sense without direct

appeal to any string-based conjectures, but are reinforced if the conjectures are true.

As a well known example, Lorentz invariant effective theories that at first sight appear local,

can sometimes turn out to exhibit some form of non-locality upon closer examination. In particular,

when certain inequalities are violated on the coefficients of higher dimension operators, the effective

theory can exhibit superluminality around non-trivial backgrounds, and cannot possess a regular

Lorentz invariant UV completion [44]. Perhaps even more seriously is the direct breakdown of the

Cauchy initial value problem.

In this chapter we will focus on a set of causality and locality constraints on a family

of Lagrangians involving various powers of some relativistic kinetic term X, so-called K-essence

theories, as these are relevant to the various superfluid models, and related models, that are able to

achieve some of the desired galactic phenomenology. For related work on using constraints on pure

MOND models, see Refs. [45, 46]. The basic idea is as follows: Suppose a scalar field ’ sets up some

condensate background ’b, such as that from a superfluid. In that case, high energy scalar particles

will propagate along an effective metric G��’ that we can derive from the K-essence Lagrangian.

This propagation maintains a basic notion of causality if this effective metric is globally hyperbolic

[47], otherwise catastrophic instabilities ensue and/or the initial value problem is compromised.

A necessary condition of hyperbolicity is that the signature of G��’ must match the Lorentzian

signature of the spacetime metric. We will utilize this constraint, as well as related constraints
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from subluminality and cluster decomposition (where cluster decomposition is a test of locality

that is satisfied if the Hamiltonian can be expanded in a standard expansion of ladder operators)

to examine the causal structure of a range of theories including LSFDM. While there has been

previous work on identifying forms of superluminality in pure MOND models, our work here on

the general breakdown of hyperbolicity in SFDM, plus results in other models, is new.

This chapter is organized as follows: In Section 3.2, we develop causality constraints for a

class of K-essence models. In Section 3.3 we show how theories with a known UV completion obey

these conditions. In Section 3.4, we present some very simplistic Lorentz invariant models that

exhibit MONDian behavior. In Section 3.5, we describe the basic dark matter superfluid model

and show explicitly how it behaves as MOND on small scales and asymptotes to CDM on large

scales. In Section 3.6, we extend the constraints we developed in Section 3.2 to a model with a U(1)

symmetry, which we then apply to the relativistic superfluid Lagrangian, proving general results.

In Section 3.7 we examine alternative formulations of SFDM. Finally, in Section 3.8, we conclude.

3.2 Causality Constraints on Field Theories

Let us consider a class of so-called K-essence models (e.g., see [48, 49, 50]), in which the kinetic

term for some scalar field can be a generic function, i.e., an action of the form

S = �
Z
d4x
p
�g [F (X;’)] (3.6)

where

X � 1

2
g��@�’@�’ (3.7)

We will work in the � + ++ signature. The classical equations of motion that follow from this

action are

�
F 0(X;’)g�� + F 00(X;’)@�’@�’

�
@�@�’

= �2X@F 0

@’
+
@F

@’
(3.8)
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where primes mean derivatives with respect to X, and the spacetime derivatives can be lifted to

covariant derivatives in a curved spacetime. One may also include a potential for the field, which

will be unimportant to our discussion.

Now in order to access the causal structure of this classical equation of motion, let us suppose

that the field has some background solution ’b, which may be a function of space and/or time.

Then let us study a small perturbation " around this background solution as

’ = ’b + " (3.9)

Even though ’b may depend on space and/or time, we are interested in perturbations " that are

much more rapidly changing. This is an essential diagnostic to learn about the causal structure

of the theory, since signal speeds are associated with the high energy limit of particles on top of

the background in a Lorentz invariant theory. Note that this is to be contrasted to the low energy

collective phonon excitations, which propagate at the sound speed. In Ref. [51] the focus was on

ensuring the sound speeds were subluminal, but this is only one requirement for consistency. The

more general requirement is that high energy particles exhibit subluminality too; we shall return

to this discussion in Section 3.7.3.

When we substitute Eq. (3.9) into Eq. (3.8) and work to O(") we only keep terms that

involve two derivatives acting on ", since first derivative or zero derivative terms are subleading in

this limit. This leads to the equation for high energy perturbations

G��’ @�@�" = 0 (3.10)

where we have defined

G��’ = F 0(Xb; ’b)g
�� + F 00(Xb; ’b)@

�’b@
�’b (3.11)

From the point of view of the high energy perturbation ", the tensor G��’ is playing the role of an

effective background metric.

In order to ensure that perturbations on this effective metric exhibit standard causal evolu-

tion, one demands that the metric maintains the same �+++ signature. One can verify that two

of the eigenvalues of G��’ are both F 0, hence these must both be positive. In addition, one finds
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that the determinant of the metric is

Det[G��’ ] = �F 0(X;’)3(F 0(X;’) + 2XF 00(X;’)) (3.12)

which needs to be negative. Altogether, in order to ensure global hyperbolicity, we need the F

function to obey the following pair of conditions

(A) A � F 0 > 0 (3.13)

(B) B � F 0 + 2XF 00 > 0 (3.14)

which is in agreement with the work of Ref. [45] (also, see Ref. [52]). Relatedly, the corresponding

Hamiltonian exhibits a derivative instability if either of these conditions are violated. If the back-

ground mainly depends on time, then the instability will be in the temporal direction, indicating a

ghost.

Another important condition for a theory to possess a sensible Lorentz invariant UV comple-

tion is that it avoids superluminal signal propagation. To assess this, one first divides the equation

of motion by F 0(Xb; ’b) to obtain a more regular looking wave equation. Now to illustrate the basic

idea, consider a background ’b that mainly depends on time t. Ultimately, it is important that it

also have some spatial dependence in order to produce a localized region that asymptotes to the

vacuum at infinity; this allows one to compare signal speed through the medium ’b to light speed

in vacuum. But here we shall use a mainly time dependent background to illustrate the idea; the

spatially dependent case can be easily derived too, with the same final result. On the other hand,

we allow high energy perturbations to depend on both space and time as usual. Furthermore, let

us focus on flat space g�� = ��� . Then Eqs. (3.10, 3.11) become

�
�
1� F 00

F 0
’̇2
b

�
"̈+r2" = 0 (3.15)

Thus we see that the speed of propagation of the perturbation is c2
signal = 1=(1� (F 00=F 0)’̇2

b). Now

since we already need to remain in the regime in which F 0 > 0 in order to ensure hyperbolicity,

and we have ’̇2
b > 0, then the signal speed will be superluminal, c2

signal > 1, if F 00 > 0. Hence the
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condition for subluminality is

(C) C � �F 00 � 0 (3.16)

We note that if one of (A) or (B) are violated, then there is no regular wave propagation, and so this

signal speed is no longer directly meaningful. However, if both (A) and (B) are violated, then there

is once again a notion of wave propagation as the entire metric has flipped sign. In this case, the

condition for subluminality is that condition (C) is also violated; we shall return to this situation at

the end of Section 3.6.3. However, if (A) and (B) are both violated, the corresponding Hamiltonian

would pick up an overall minus sign, which means a potential instability when coupling to matter.

In the following sections, we will examine these conditions (A), (B), (C) for a variety of real

scalar field theories. Collectively, we shall refer to any such violation as a form of “acausality”;

we are therefore using this as a generic name to include, superluminality, breakdown of standard

hyperbolicity, and ghost behavior. We will generalize these conditions to a complex field in Section

3.6.1 and then examine them in detail in the SFDMmodels. We emphasize that these are not merely

“strong coupling” problems; they represent real breakdown in aspects of the causal behavior of the

purported Lorentz invariant theories. They strongly suggest that the effective theories are not

applicable in the relevant regimes of interest.

3.3 Examples of Consistent Causality

3.3.1 Canonical Action

As a first very simple example, consider a theory with a canonical kinetic term and potential

Fcan = X + V (’) (3.17)

Then we trivially satisfy the above conditions. This represents the standard action for a scalar.

This can of course play the role of cold dark matter, but does not obviously give rise to the correct

galactic behavior.
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3.3.2 DBI Models

As another example, consider the rather more non-trivial action for the so-called DBI models

(arising from extra dimensional models) which have been put forth as models of inflation [53, 54]

FDBI = 2T
p

1 +X=T + V (’) (3.18)

where T is related to the tension and is allowed to be a function of ’, i.e., T = T (’), or just a

constant. Note that in the small energy density regime X � T , this simplifies to FDBI � Fcan,

and so is standard. However for values of X=T , the departures are significant. This model is not

especially relevant to the problem of galactic behavior; we are simply including it here as a concrete

example of a K-essence Lagrangian. Let us compute the above values of A, B, and C. We find

A =
1p

1 +X=T
> 0 (3.19)

B =
1

(1 +X=T )3=2
> 0 (3.20)

C =
1

2T (1 +X=T )3=2
> 0 (3.21)

As indicated, A, B, and C are evidently positive, satisfying the above constraints. Since the DBI

model has been argued to have an embedding in string theory, and therefore has a UV completion,

it was to be expected that it obeys all these causality conditions.

In this model, one might be concerned that the field evolves to obtain 1 + X=T < 0.

However, this is not actually a concern. To see this, we can compute the energy density, by forming

the Hamiltonian density H. In flat space, it is easy to show

H =
2T + (r’)2p

1 +X=T
+ V (’) (3.22)

This shows it is unlikely for 1 +X=T to pass through zero under time evolution, because then the

energy density is blowing up, which would likely increase the integrated energy and the energy

would not be conserved. Hence the phase space can be self-consistently restricted to the regime

1 +X=T > 0, and conditions (A), (B), and (C) are always satisfied.
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3.3.3 Perturbative Theories

Often when one is exploring an effective field theory, one stays within the domain in which the higher

dimension operators are small compared to the leading order operators. Of course this is required

for their contribution to the scattering of elementary particles, for otherwise one would likely be

beyond the cutoff of the effective theory. However, this is not a general rule when expanding around

some condensate background (as an example, inflation often involves super-Planckian field values,

even though it is a sensible effective field theory). For the upcoming superfluid models, we will

in fact need to enter the regime in which the condensate background allows the higher dimension

operators to be as large, or larger, than the leading operators.

In any case, for the present discussion let us restrict our attention to the perturbative regime,

where higher dimension operators are small. We shall consider a pure kinetic model, with a tower

of operators of the form

F = X +
X

n=nmin

gnX
n=Λ4(n�1) (3.23)

where gn is a coefficient of the nth term, with n an integer starting at nmin � 2, and Λ is some mass

scale that sets the standard cut off on high energy scattering. The leading term X represents the

usual kinetic term, while the sum represents interaction terms in a theory with a shift symmetry

’! ’+’0. One could also include other terms, such as Galileons, which we shall return to briefly

in Section 3.7.1; but we will not focus on those terms in the discussion here. The natural value of

n for the leading interaction is nmin = 2. However, as we shall discuss in the upcoming superfluid

models, it will be important to also consider a special case where g2 = 0 or small and the leading

behavior is instead provided by n = 3, or higher.

Working perturbatively and tracking only the leading order contributions we have

A � 1 > 0 (3.24)

B � 1 > 0 (3.25)

C = �
X

n=nmin

n(n� 1)gnX
n�2=Λ4(n�1) (3.26)

So by working perturbatively, the hyperbolicity conditions (A) and (B) are trivially satisfied because

the kinetic structure is dominated by the canonical kinetic term.
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For the subluminality condition (C), we see that if the g2 term is significant, then we

immediately obtain the condition g2 � 0, which is the familiar sign theorem of Ref. [44] (taking

into account ∆L = �F ). If, on the other hand, the g2 term is small, we can also turn our attention

to the g3 term. Together they say that the subluminality condition is

�g2 � 3 g3X=Λ
4 � 0 (3.27)

For g3 > 0 (which will occur in the upcoming superfluid dark matter models), this condition puts

a bound on the value of X to be X � �g2 Λ
4=(3 g3). For g2 = 0, this would restrict X � 0,

which would be immediately violated by almost all solutions. For g2 < 0, but small, this puts a

potentially tight bound on the regime of validity of the effective theory to avoid superluminality.

It is therefore an important question whether such an effective theory is useful; we shall return to

related issues when we discuss the superfluid model in Section 3.6.3.

3.4 Simplistic Lorentz Invariant MOND Models

3.4.1 Non-Smooth Lagrangians

Arguably, the simplest and most naive way to build a Lorentz invariant theory that achieves the

MONDian dynamics is simply to start with the desired low energy Lagrangian Eq. (3.2) and by

brute force lift it to be Lorentz invariant by replacing Y ! X and �B ! TB, where TB is some

Lorentz invariant source, such as the trace of the baryonic energy-momentum tensor. Hence the

simplest incarnation of a Lorentz invariant theory with some kind of MONDian dynamics is that

the scalar field ’ has Lagrangian

L = ��̃X
p
jXj � �̃ ’ TB + : : : (3.28)

Recall that X = g��@�’@�’/2, hence in the limit in which we ignore gravity, it is X = (�’̇2 +

(r’)2)=2, and so in the static limit it is X = (r’)2=2. This means X / �Y (up to small

corrections). Furthermore, since TB = ��B in this limit, we recover the static limit of Eq. (3.2),

by re-scaling �̃ and �̃ appropriately. This indicates the MONDian dynamics follows.

33



While this formally achieves both MONDian dynamics within a Lorentz invariant theory,

this Lagrangian is clearly highly peculiar. A fractional power in a Lorentz invariant theory is very

unusual. In the quantum theory, this does not possess a standard expansion in terms of creation and

annihilation operators that act on particle states, which fundamentally is what defines quantum

fields. Correspondingly, there will presumably not be a usual form of cluster decomposition in

order to maintain locality [55]. In addition, we know that on large scales, this MONDian dynamics

performs poorly observationally, as we outlined in the introduction.

We will fix all these problems shortly by turning to the novel superfluid dark matter models

in the following sections. However, for now, let us proceed and test the causal structure of this

theory against the above causality conditions. It is simple to check that with the above action

F = �̃X
p
jXj, the conditions for hyperbolicity are

A =
3 �̃

2

p
jXj > 0 (3.29)

B = 3 �̃
p
jXj > 0 (3.30)

Since we know �̃ > 0, as required to achieve MONDian dynamics as in Eq. (3.5), these first two

constraints are satisfied. Finally, the quantity relevant to signal speed propagation is

C = � 3 �̃X

4jXj3=2
(3.31)

In order to remain subluminal, C � 0, we therefore need X � 0. Since X = g��@�’@�’ is a kinetic

term, one normally cannot restrict its range of values, so this condition would normally be violated.

Furthermore, in the MONDian regime, we have X � (r’)2=2 > 0, meaning that the condition

is definitely violated in this regime. So although this above simple Lorentz invariant model obeys

global hyperbolicity, it permits superluminality around non-trivial backgrounds.

3.4.2 Smooth Lagrangians

On the other hand, studying the above theory perturbatively is not particularly meaningful, because

it does not have a regular kinetic term and so does not behave well in the standard vacuum. In

this case, any conclusions about superluminality can be taken with a note of caution. In any case,
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the fractional power in the Lagrangian means this simple theory fails all sorts of standard tests for

sensible quantum field theories, such as cluster decomposition. One can improve the situation by

lifting the action to various smooth forms. An example that we can consider is

F =
X + �̃X3=Λ6

(1 +X6=Λ24)1=4
+

1

2
m2’2 (3.32)

which now has a well defined expansion around the vacuum. This recovers the above action in the

Λ! 0 limit. At small energy densities, this theory recovers the canonical form for a massive scalar

F = X +m2’2=2, while at large energy densities it asymptotes to F = �̃X
p
jXj+m2’2=2. The

kinetic term appears to give the desired MONDian phenomenology. Some related examples are

given in Ref. [42].

We will not repeat it, but it should be clear that subluminality again breaks down here in

the MONDian regime. Furthermore, this theory can also violate hyperbolicity, depending on the

value of �̃Λ2. We find that this hyperbolicity problem can be avoided for all X, so long as the

following inequality is obeyed

�̃Λ2 > 0:1041 to obey (A) (3.33)

�̃Λ2 > 1:6191 to obey (B) (3.34)

Now, since this theory possesses a power series expansion around the vacuum X = 0, we

can treat this as a kind of effective theory. However, when operating in the high energy density

regime relevant to MOND, X � Λ4, one may be beyond the cut off of the effective theory, thus

entering a non-unitary regime. So this is not clearly a well behaved model in the usual sense of

effective field theory. It would be advantageous to have a model that could avoid this potential

breakdown in unitarity.

Moreover, there is a pressing phenomenological problem with this theory, and that is related

to the mass m. In order for the MONDian force to be long-ranged, one would require m to be

extremely small, presumably no larger than 1=Lgal, where Lgal is the size of a galaxy. However,

this also presents a potential problem if this is to simultaneously act as dark matter on large scales,

because various analyses, such as Lyman � forest, etc., suggest that the dark matter mass cannot
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be so tiny [56, 57, 58, 59, 60]. This motivates one to find another model in which the mass m can

be appreciable in order to act as cold dark matter on large scales, and yet simultaneously mediate a

long-range MONDian force despite this mass. This leads us to the discussion of the SFDM models

in the next section.

3.5 Superfluid Model

A useful idea would be to introduce a massive complex field that undergoes spontaneous symmetry

breaking, with a massless Goldstone that can mediate the desired long-range force. This leads us

to the novel superfluid dark matter models from the literature, as we now describe.

3.5.1 Complex Field

In the very interesting Ref. [61], a model of dark matter was introduced that exhibits MOND

behavior on galactic scales, while relaxing to standard CDM behavior on cosmological scales. This

model involves a complex scalar field Φ. A fully relativistic version of the theory is given by

F =
1

2

�
X +m2jΦj2

�
+

Λ4

6(Λ2
c + jΦj2)6

�
X +m2jΦj2

�3
(3.35)

where we have updated the definition of X to that which is appropriate to a complex field with a

U(1) symmetry, namely

X = g��@�Φ@�Φ
� (3.36)

In addition there are assumed to be terms that couple Φ to baryons, such as ∆L = �
 Λ � Tb=MPl,

where Tb is the energy-momentum tensor of the baryons, � is the phase of Φ (see ahead to Eq. (3.38)),

and 
 is a dimensionless coupling. This is essential for � to mediate a new long-ranged force. Such

a term introduces a small explicit breaking of the U(1) symmetry, which is a shift symmetry in �,

although it may be technically natural.

A curious feature of the above Lagrangian is that the same mass m appears both in the

first term and the cubic term. This appears fine-tuned from the top down point of view, although

somehow natural from the bottom up point of view as it will lead to a scaling regime. In any case,

we will not address this issue further here.
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Note that this form of the action avoids any fractional powers, so it may be thought of

as some kind of effective theory, and furthermore we can enter an interesting scaling regime for

jΦj � Λc. This action is missing a natural operator, which is the quadratic power / X2. However,

we will reinstate this later in Section 3.6.3, finding qualitatively similar results. Then in Section

3.6.4 we will generalize this to all possible models with the desired scaling.

The CDM regime occurs for small values of Φ and X. In this regime, the action simplifies

to

F � 1

2

�
X +m2jΦj2

�
(CDM regime) (3.37)

which is a Lagrangian for a standard massive scalar, and therefore behaves as CDM (at least for

length scales larger than its de Broglie wavelength). It is of the form of Eq. (3.17) and to this

leading order analysis would appear to obey conditions (A–C); however, we shall return to this

issue later.

3.5.2 Phase Transition

If we were to treat the higher dimension operators in Eq. (3.35) perturbatively, then the hyperbol-

icity conditions (A) and (B) would still be satisfied because the extra terms would be small in this

regime (although the subluminality condition (C) would still be a potential issue). But this is not

the MOND regime. The point of the extra terms is that they become as important as the other

terms in some new regime, giving rise to the MOND phenomenology. In such a regime, it is less

clear that the hyperbolicity conditions are obeyed.

In this other regime, we decompose the field into modulus � and phase � as

Φ = � ei(�+mt) (3.38)

The extraction of the phase factor mt in the exponent allows for an identification of the non-

relativistic regime, since the fast oscillations are extracted, and then we can assume that the

remaining functions � and � are slowly varying in space and time.

In order to determine the resulting low energy effective action, it is useful to express X in
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terms of � and � . By writing the metric in the nonrelativistic limit as

ds2 = � (1 + 2 � N )dt2 + dx2 + dy2 + dz2 (3.39)

and working only to linear order in � N , dropping all two-derivatives terms, since the �elds �; � are

slowly varying in the low energy regime, it is readily found the following relation

X + m2j� j2 = ( r � )2 � 2m � 2 Y (3.40)

where

Y � _� � m � N �
(r � )2

2m
(3.41)

which is the same function we reported earlier in the introduction. One can check that this expan-

sion is valid for � 2
c < � m.

In the MOND regime, the �eld � is heavy and can be integrated out. At tree-level (classical)

it can be shown that it is linked to the value of the phase �eld to leading order in a gradient expansion

as

� 2 = �
p

2mjY j (3.42)

Then by self-consistently dropping spatial gradients acting on � , we can insert Eq. (3.42) into

eqs. (3.40) forX and then into Eq. (3.35) to obtain the e�ective action

F = �
2�(2 m)3=2

3
Y

p
jY j (MOND regime) (3.43)

which achieves the desired kinetic part of the MONDian low energy action Eq. (3.2) with � =

2�(2 m)3=2=3 and � = 
 � =MPl . The corresponding value for the turnover acceleration isa0 �


 3� 2=MPl . This is all in agreement with the work of Ref. [61].

One can check that in the MOND regime it is indeed self-consistent to ignore the gradient

terms acting on � as follows: As we mentioned earlier, the acceleration is related to the gradient of

� by r � = a=� �
p

� m 3=2M enc=� r̂=R �
p


M enc=MPl r̂=R. Hence we can estimateY as

Y � �
(r � )2

2m
� �


 M enc

M Pl m R2 (3.44)
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So if we compare the gradient term to the non-gradient term in Eq. (3.40) we have

(r � )2

2m � 2 Y
�

1
mR2Y

� �
M Pl


 M enc
(3.45)

For any reasonable value of the dimensionless coupling
 , this ratio is minuscule because there

is a factor of the mass of the galaxy on the denominator. Hence the strategy of ignoring spatial

derivatives of � is indeed justi�ed in the MONDian regime.

As an aside, we note that this model predicts the polytropic equation of stateP / � 3, which

does not accurately describe the cores of galaxies, as shown in Ref. [62]. But we shall not focus on

that issue further here.

Importantly, we see that this clever idea is achieving the MONDian dynamics from a reason-

able type of Lorentz invariant starting point, along with CDM on large scales. It avoids the problem

of the cluster decomposition faced by the simplistic fractional power starting point of Section 3.4.1,

as well as the issue of explaining why there is a mode light enough to mediate a long-ranged force

faced by the smooth version of Section 3.4.2.

3.6 Test for Causality in Super
uid Model

3.6.1 Causality Constraints in Models with U(1) Symmetry

In this case we have a complex scalar. This can be broken up into a pair of real scalars� j , with

j = 1 ; 2, as

� = ( � 1 + i � 2)=
p

2 (3.46)

We can then decomposeX = X 1 + X 2, with X j = 1
2(@�j )2 (with this de�nition, the leading order

kinetic and mass terms in Eq. (3.35) will have a factor of 1=4 when written in terms of these real

�elds, which is unconventional). Each scalar obeys the full relativistic equation of motion

2X

j =1

�
@F
@Xj

� �� � ij +
@2F

@Xi @Xj
@� � i @� � j

�
@� @� � j

= �
2X

j =1

@2F
@Xi @�j

@� � i @� � j +
@F
@�i

(3.47)
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The U(1) symmetry of the model ensures that@F=@Xj = F 0 and @2F=@Xi @Xj = F 00. Hence this

simpli�es to

2X

j =1

�
F 0� �� � ij + F 00@� � i @� � j

�
@� @� � j

= �
2X

j =1

@F0

@�j
@� � i @� � j +

@F
@�i

(3.48)

which generalizes Eq. (3.8) to a two-�eld model organized by aU(1) symmetry.

We again decompose the �eld into a background piece� b
j and a high energy perturbation

" j as

� j = � b
j + " j (3.49)

The linear equation for " j is easily obtained by keeping only the terms that involve two-derivatives

on " j
2X

j =1

h
F 0� �� � ij + F 00@� � b

i @
� � b

j

i
@� @� " j = 0 (3.50)

(with F 0 and F 00both evaluated on the background values). To solve a set of linear di�erential

equations, one would normally take a Fourier transform. However, the dependence on space and

time in the background � b
i complicates this. Nevertheless, we can proceed by again using the

fact that � b
i varies slowly, while " j varies rapidly. To proceed lets identify the normal modes by

decomposing" j as an approximate plane wave as

" j (t; x) = ~" j (t; x) ei k � (t; x ) x �
+ c:c (3.51)

where ~" i and k� are assumed to be slowly varying. By inserting this in to Eq. (3.50), we self

consistently only allow derivatives to act on the x � in the exponent and ignore the other derivatives;

this is usually known as the \geometric optics" limit. Since there are a pair of �elds, this becomes

a 2� 2 matrix problem

0

B
@

F 0k2 + F 00(@� � b
1k� )2 F 00@� � b

1k� @� � b
2k�

F 00@� � b
1k� @� � b

2k� F 0k2 + F 00(@� � b
2k� )2

1

C
A

0

B
@

~"1

~"2

1

C
A = 0 (3.52)

40



where k2 = � �� k� k� . In order for this to possess nontrivial solutions, we require the determinant

of the matrix to vanish. The determinant is easily found to be

F 0k2[(F 0� �� + F 00(@� � b
1@� � b

1 + @� � b
2@� � b

2))k� k� ] = 0 (3.53)

This gives the dispersion relations for each of the two normal modes of the system. The �rst normal

mode arises from setting the �rst factor here to zero, i.e.,k2 = 0. This is the standard relation for

a massless degree of freedom. We recover this here since the theory has a Goldstone mode which

moves on a null light ray.

More interesting is the second normal mode, which arises from setting the term in the square

brackets [: : :] to zero. If we form the linear combination

 = @� � b
1@� "1 + @� � b

2@� "2 (3.54)

then we obtain the normal coordinate for this second mode. It obeys the corresponding di�erential

equation

G��
� @� @�  = 0 (3.55)

where we have again introduced a kind of e�ective metric

G��
� = F 0g�� + F 00(@� � b

1@� � b
1 + @� � b

2@� � b
2) (3.56)

This generalizes eqs. (3.10, 3.11) to the second normal mode of this two-�eld model. The cor-

responding hyperbolicity and subluminality conditions are then immediately the same conditions

(A{C) in eqs. (3.13, 3.14, 3.16), where the prime now means a derivative with respect to the fullX .

3.6.2 Application to Super
uid Model

Let us take the derivatives that are relevant to the tests for consistency with causality. To express

the results for A; B; C it is useful to rescale them as

A =
~A

� (�)
; B =

~B
� (�)

; C =
~C

� (�)
(3.57)
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where � (�) � (� 2
c + j� j2)6 is manifestly positive. So checking on the signs ofA; B; C is equivalent

to checking on the signs of the numerators~A; ~B; ~C. These numerators are given by

~A = (� 2
c + j� j2)6=2 + � 4(X + m2j� j2)2=2 (3.58)

~C = � � 4(X + m2j� j2) (3.59)

with ~B conveniently given in terms of these as

~B = ~A � 2X ~C (3.60)

Clearly we haveA > 0, so condition (A) is satis�ed. However, there is ambiguity in the signs ofB

and C, so it is unclear whether the other two conditions are satis�ed. Nevertheless, this can readily

be determined, as follows.

Since we wish to take the non-relativistic limit, it is important to note that factors like

_�;
(r � )2

2m
(3.61)

are both relevant and both contribute to Y . To make this manifest, one can rescale spatial co-

ordinates asx = x0=
p

m, and then the above pair of terms scale as_�; (r 0� )2=2. So even in the

non-relativistic limit, where m is large compared to the spatial variation in these �elds, both of

these terms can play a role.

When we are in the MONDian regime, we can use the smallness of (r � )2 as established in

Eq. (3.45) to simplify Eq. (3.40) to

X + m2j� j2 � � 2m � 2 Y (3.62)

This allows one to readily estimate ~C. Furthermore, one can check that theF 0 contributions to B

are sub-dominant to the 2XF 00contributions in this regime. Hence we easily obtain ~B � � 2X ~C.

Then to the most leading order, we have the even simpler estimateX � � m2� 2. Putting this
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altogether, we �nd that in the MONDian regime we have

~B = 4 m3 � 4� 4 Y (3.63)

~C = 2 m � 4� 2 Y (3.64)

where � is given by Eq. (3.42). Hence we see that the signs of bothB and C are determined by

the sign of Y . But this is a serious problem, as we explain: Recall that we earlier said that in the

MONDian regime, we have

Y � �
(r � )2

2m
(3.65)

which is evidently negative (there can be a chemical potential contribution too, but the MOND

regime still corresponds toY < 0). This ensures that B is negative. Thus the relativistic per-

turbations about the super
uid model of Eq. (3.35) fails the condition of hyperbolicity. Since the

background mainly depends on time due to the fast varyingeimt factor in Eq. (3.38), this hyper-

bolicity breakdown is in the temporal direction, meaning the theory carries a ghost.

Since C is also negative, it suggests a potential breaking of subluminality also. However,

once hyperbolicity is broken there is no longer a meaningful signal speed that can be de�ned.

Nevertheless, we can also identify a breakdown of subluminality in the usual sense: Suppose we

have yet to fully enter the above MOND regime, but are in the transition region from CDM towards

the MOND regime. When we are deeply in the CDM regime, we haveB � F 0 � 1=2 > 0, and

hyperbolicity is obeyed, and we have regular wave propagation. However there can be regions of

phase space in whichC = � F 00 is still negative, so there will be superluminality. For example,

consider a semi-relativistic region of space in whichX = �j _� j2 + jr � j2 happens to be small,

then B � F 0 can be positive, whileC can be negative. Altogether, in some intermediate regime

with C < 0 and superluminality, or deeply in the MOND regime with B < 0 and hyperbolicity

breakdown, this is all in tension with standard notions of causal propagation and consistency.

This is in contrast to some of the earlier examples, such as the DBI models, which obey the

hyperbolicity and subluminality conditions at every point in space and time in all of phase space.

It is also in contrast to the earlier examples of \simplistic Lorentz invariant MOND models" of

Section 3.4 which obey the hyperbolicity conditions (although they disobeyed the subluminality

43



condition).

3.6.3 Including Quadratic Term

In the above model, there is an omission of another natural operator, namely a quadratic term

(X + m2j� j2)2. For completeness, let us also include this term. It can potentially be quite important

from the point of view of causality, because if it enters the Lagrangian with a positive coe�cient,

then it can help to avoid problems of superluminality [44]. This was also included brie
y in the

work of Ref. [61]. The full action is

F =
1
2

�
X + m2j� j2

�
+

� 4

6(� 2
c + j� j2)6

�
X + m2j� j2

� 3

�
g � 2

2(� 2
c + j� j2)3

�
X + m2j� j2

� 2
(3.66)

where g is a new coe�cient that sets the size of this new term. We now �nd that the coe�cients

~A; ~C controlling the causality constraints are altered from Eqs. (3.58, 3.59) to

~A = (� 2
c + j� j2)6=2 + � 4(X + m2j� j2)2=2

� g � 2(� 2
c + j� j2)3(X + m2j� j2) (3.67)

~C = � � 4(X + m2j� j2) + g � 2(� 2
c + j� j2)3 (3.68)

with Eq. (3.60) still applicable to obtain ~B . So by choosingg > 0 one can hope to satisfy the

second and third conditions as it may help to ensure that ~C > 0. On the other hand, g > 0 may

introduce a problem with the �rst condition. As we shall see, in the super
uid regime, no value of

g will succeed in avoiding the causality problems.

By again decomposing the �eld � in terms of modulus � and phase � in the super
uid

regime, one can again solve for� to leading order. The result in Eq. (3.42) can be found to be

altered to1

� 2 = �
q

g m Y +
p

4 + g2 m jY j (3.69)

Note that the argument under the square root is always positive for any value ofg or Y , both

1 In Ref. [61] there appears to be a sign error in the �rst term under the square root in their Eq. (96).
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positive or negative; so this is well de�ned. The corresponding values of~A; ~B; ~C are found to be

~A = m2 � 4 � 4 ~a(g; y) Y 2 (3.70)

~B = 2 m3 � 4� 4 ~b(g; y) jY j (3.71)

~C = m � 4� 2 ~b(g; y) jY j (3.72)

where the functions ~a; ~b are de�ned as

~a(g; y) = (4 + 3 g2) + 3 g
p

4 + g2 y (3.73)

~b(g; y) = (2 + g2)y + g
p

4 + g2 (3.74)

where y � Y=jY j = � 1 is the sign of Y . From the form of Eqs. (3.70, 3.71, 3.72), we see that all

other factors are positive, and hence causality is determined by the signs of these dimensionless

functions ~a and ~b.

The two branches of the functions ~a and~bare plotted in Figure 3.1. Note that if ~b > 0 on both

branches it would help to allow the theory to avoid causality problems by ensuring ~B > 0; ~C > 0.

However, we see that for the lower branchy = � 1 (i.e., for Y < 0), we have~b < 0. Although for

larger values ofg this function rises, it never crosses zero. In addition, we see that the function

~a is positive for jgj < 2=
p

3; we therefore must remain in this regime to avoid breaking the �rst

hyperbolicity condition (A). Altogether, since Y � � (r � )2=(2m) < 0 in the MOND regime, we

once again have thatB < 0 and the theory violates hyperbolicity.

Interestingly, for g > 2=
p

3, we violatebothhyperbolicity conditions on the Y < 0 (magenta)

curves. This means that the e�ective metric alters its entire sign. In such a regime there is again

some kind of causal evolution with all A; B; C negative (although there are potential problems

when coupling to ordinary matter due to a negative Hamiltonian for " j ). However, one can show

that this is precisely the regime in which one loses the MONDian phenomenology, as the e�ective

action then carries the wrong sign (F = � � Y
p

jY j with � < 0) and the force becomes repulsive

(see Eq. (3.5)). So this shows that the MONDian regime is precisely at odds with causality.
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Figure 3.1: A plot of the functions ~a(g; y) and ~b(g; y) as a function of coe�cient g; see
Eqs. (3.73, 3.74). Dashed curves are ~a(g; y) and solid curves are~b(g; y). Orange curves arey = +1
(i.e., for Y > 0) and magenta curves arey = � 1 (i.e., for Y < 0).

3.6.4 General Analysis

In fact we can prove the violation of hyperbolicity in the most general theory of this form. In

particular, consider the most general form ofF for the SFDM by allowing for any arbitrary sum

over terms as

F = ( X + m2j� j2)
X

n=0

gn
� 2n

�
X + m2j� j2

� n

(� 2
c + j� j2)3n (3.75)

Note that with g0 = 1=2, g1 = � g=2, g2 = 1=6, g4 = g5 = : : : = 0, we recover the model studied

above. Each term here carries precisely the scaling that is needed to achieve the e�ective action

F = � � Y
p

jY j in the MONDian limit. Also by taking g0 > 0 we can recover CDM on large scales.
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Now what is important to notice is that inside the sum is a function of only one variable.

We can express this in a general way by summarizing this as

F (X; �) = ( X + m2j� j2) F
�

� 2(X + m2j� j2)
(� 2

c + j� j2)3

�
(3.76)

where F is some dimensionless function of its dimensionless argument

Z �
� 2(X + m2j� j2)

(� 2
c + j� j2)3 (3.77)

As an example, the model studied above is the functionF (Z ) = 1 =2 � Z =2 + Z 2=6. In fact we

will be able to make a general proof for anyF , regardless of whether or not it possesses the above

regular series expansion (i.e., we can even allow for fractional powers or various other non-analytic

functions in this discussion).

With this decomposition, we can use the chain rule to readily obtain theA and C parameters

that determine causality as

A =
@F
@X

= F + Z F Z (3.78)

C = �
@2F
@X2 = �

� 2

(� 2
c + j� j2)3 (2 FZ + Z F ZZ ) (3.79)

where FZ � @F =@Z and FZZ � @2F =@Z 2 indicates derivates with respect to the argumentZ .

Combined with B = A � 2XC , we obtain all three parameters.

Now in the MOND regime we always have Eq. (3.62) andj� j = � � � c, this allows us to

simplify F as

F � � 2m � 2 Y F
�

�
2� 2 m Y

� 4

�
(3.80)

Now recall that in the MOND regime we need this to becomeF = � � Y
p

jY j, with � > 0 to ensure

attraction. So we immediately see that we need

F > 0 (Attractive Force) (3.81)

Furthermore, Eq. (3.80) shows that F is acting as an e�ective potential for � ; so we need�
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to sit at its minimum. This means its derivative with respect to � must vanish, i.e.,

@F
@�

= � 4m � Y F �
16m2 � 2 Y 2

� 3 FZ = 0 (3.82)

SinceY � � (r � )2=(2m) < 0 in the MOND regime, the prefactor in front of F in this equation is

positive. Since we already learnt thatF must be positive for an attractive force, this equation tells

us that the derivative must be positive too

FZ > 0 (Attractive Force) (3.83)

Note that Z = � 2� 2mY=� 4 > 0 in MOND regime and hence we see from Eq. (3.78) that

A > 0 (3.84)

So the �rst hyperbolicity condition is always obeyed whenever we have an attractive MOND force.

Conversely, if we had a situation in which A < 0, then we must have a negative value ofF ,

and hence a negative� giving a repulsive force; as we saw occur in the previous subsection with

g > 2=
p

3.

Now in order to have a heavy massive� that we can reliably integrate out, we need that the

second derivative ofF with respect to � is positive (if it were negative, we would have a tachyonic

instability). The second derivative is readily found to be

@2F
@�2

= � 4mY F +
16m2� 2Y 2

� 4 FZ �
128m3� 4Y 3

� 8 FZZ (3.85)

Let us now use Eq. (3.82) to solve forF in favor of FZ and re-arranging, leads to

@2F
@�2

=
128m2� 2Y 2

� 4

�
1
4

FZ �
m� 2Y

� 4 FZZ

�
(3.86)

By demanding that this is positive, so that perturbations in � are stable, we obtain the inequality

m� 2Y
� 4 FZZ <

1
4

FZ (Stability) (3.87)
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Now let us see what this implies for the causality parameterC. In the MOND regime Eq. (3.79) is

C = �
2� 2

� 6

�
FZ �

m� 2Y
� 4 FZZ

�
(3.88)

Using the stability requirement Eq. (3.87) to bound the second term here, leads to an upper bound

on C of

C < �
3� 2

2� 6 FZ (3.89)

Since we earlier derived that we must haveFZ > 0 in order to have an attractive force (as it is

enforced byF > 0), we see from Eq. (3.89) that we must haveC < 0.

Finally, we can always estimate B � 2m2� 2C, using � X � m2� 2 � X + m2j� j2 in the

MOND regime. Hence we obtain that B must also obey

B < 0 (3.90)

Thus proving that the second hyperbolicity condition is broken for this entire class of models;

ensuring ghost behavior of high energy perturbations (andC < 0 means superluminality can

occur in phase space in some intermediate transition regions that happen to haveX small, as we

mentioned earlier).

3.6.5 Mass Scales and Regime of Validity

Let us discuss in some more detail, the speci�c parameters of the above theory. It is suggested in

Ref. [61] that the mass may take on the valuem � eV. Regarding � and � c it is suggested that

these scales may be comparable on galactic scales, with �c smaller. However, beyond that there is

some ambiguity in their values; it is suggested that their value depends sensitively on the state of

the system. The proposal is that on cosmological scales, one has �� m, while on galactic scales,

one has � � m. In order to achieve such a dramatic change in values, it is suggested that � is an

extremely sensitive function of temperature, such as � = � 0=(1 + � (T=Tc)1=4). The idea is that in

the super
uid phase, the system thermalizes, heats up, and then � drops appreciably.

If one takes this seriously (though to our knowledge, there is no concrete evidence that this

actually occurs) then one might question the high energy analysis of the above subsections, where

49



we assumed the perturbation" could be relativistic. One might think one could avoid this regime

by assuming that on galactic scales the scale �c, which may act as a cut o� on the e�ective theory,

takes on low values, preventing any treatment of relativistic perturbations and thus avoiding any

concerns about acausality. In fact concerns of instability were already claimed in Ref. [61] to be

avoided due to thermal e�ects; but this was all done at the level of the low energy non-relativistic

theory.

However, we do not think this is actually a problem with our analysis of high energy (rel-

ativistic) perturbations for the following reasons: one is always allowed to consider any classical

�eld con�gurations, and study high energy perturbations above it. The fact that such a con�gu-

ration may try to thermalize seems to be a separate issue. What one can say is that if one sets

up a non-thermal background ' b, as we have done here, it should not thermalize quicker than the

speed of its relativistic perturbations. In fact the perturbations were shown to allow for regions of

hyperbolicity breakdown (deep in MOND-like regime) and superluminality (in transition region).

Hence it would be potentially problematic for the theory if thermal 
uctuations were even faster

and altered this analysis. This would seem to require another form of acausal behavior to explain

away another.

Moreover, if one were to insist that the cut o� is always much lower than m, then the so-called

relativistic completion is not really a full completion at all, as most reasonable Lorentz invariant

e�ective theories should make sense to energies above the particle mass; else one is appealing to

the breakdown of unitarity to save the theory, which is another potential problem.2 Hence we

conclude that the acausality demonstrated in this section is in fact a property of thetheory itself,

even if the proposed MOND regime involves somewhat di�erent parameters. Nevertheless, a further

study of relativistic perturbations in thermal states, and a more complete analysis of state space,

is desirable.
2 In Ref. [63], it was argued that the model of Eq. 3.35 has a non-Wilsonian UV \self-completion", which is an

attempt to handle the presence of higher dimensional operators, which could otherwise lead to unitarity violation
in high energy scattering. If true, this would reinforce our claims, because then we could certainly perform a high
energy computation. Note that the analysis of that paper does not address the issues of acausality found here.
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3.7 Other Models in the Literature

In this section, we brie
y discuss a few other interesting formulations of SFDM and their various

features from the point of view of causality and locality.

3.7.1 Higher Derivative Model

In Ref. [43], another approach was taken to extend the super
uid model of Ref. [61]. The full

relativistic Lagrangian there includes the terms

L = M 2
Pl

�
R
2

+
� X
m2

� �
1

1 + � 2 +
(@X)2

9m4a2
0
� 2

�

+
� 4

n

�
�

X
m2 �

1
2

� n

+ : : : (3.91)

where a0 is the MOND parameter, R is the Ricci scalar,M Pl is the Planck mass, and

X =
1
2

(@�) 2 (3.92)

is the kinetic term of some Lorentz invariant Goldstone �eld � (in Ref. [43] they use notation

Y � � X ). Also, � is another scalar �eld that acquires a vacuum expectation value in the MOND

regime, engineered such that the model reproduces the desired MOND phenomenology. This model

is somewhat more complicated than that of Eq. (3.35), noting the non-minimal coupling ofX and

� to gravity in Eq. (3.91) and the spontaneousZ2 symmetry breaking (and that we are writing only

terms that are relevant to our discussion here).

A potential problem we wish to comment on is that the theory contains a term of the form

� L = � � X (@X)2 (3.93)

where � = M 2
Pl �

2=(9 m6a2
0) > 0. In this model, � is typically slowly varying; we will treat it as a

constant here for simplicity, and focus on the dynamics ofX . We shall expand around a background,

as we did earlier, by writing � = � b + ". For a simple analysis, let us take the background to be

a function of time only, while allowing " to depend on both space and time. We work to quadratic
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order in the perturbation " , and �nd the Lagrangian for these perturbations is

� L 2 = 2 � _� 2
b

�
•� 2

b + _� b
...
� b

�
(r _" )2 (3.94)

We see that the only term that appears is a term with a mixed time and spatial derivatives acting

on " . Hence, whether the perturbations are well behaved or not is determined by the sign of

•� 2
b + _� b

...
� b; if it is positive, then it is standard, while if it is negative, then it violates hyperbolicity

and is a ghost.

In the MOND regime, one has � = m t + � , where � is slowly changing. This means that

if we say that � changes with a characteristic rate �, then � � m. This allows us to estimate

•� 2 = •� 2 � � 4� and _�
...
� � m

...
� � m � 3� , and hence this second term dominates. This means the

sign of the Lagrangian Eq. (3.94) is determined by the sign of
...
� . So if

...
� < 0, then there is a

breakdown of hyperbolicity. Note that this is evidently not a heavy ghost mode, as it arises from

a massless� mode in a second order in time equation of motion. Instead it is a light ghost mode,

and so cannot be easily ignored. To our knowledge, there is no consistent way to restrict phase

space to always forbid
...
� < 0, and therefore this hyperbolicity breakdown can occur within the

theory. By coupling " to other degrees of freedom, there can be a ghost-like instability due to the

corresponding inverted Hamiltonian.

One may wish to �rst rewrite Eq. (3.91) in the Einstein frame, which will lead to some

potential for the �elds V = V(X; � ) in the Lagrangian with the canonical Einstein-Hilbert term.

However, this rewriting of (3.91) is anticipated to necessarily still contain terms � � X (@X)2;

whatever Weyl transformation and rede�nition we e�ect to make the gravitational kinetic term

canonical will not disrupt the presence of this term. This suggests that while such a theory may

be an alternative to the model in Eq. (3.35), it includes further problems.

A second potential problem we would like to comment on, arises from the term on the second

line of Eq. (3.91). For integer powersn, we can expand this around the vacuum, giving the leading

terms

F =
(� 1)n+1 � 4

2n� 1m2 X +
(� 1)n+1 � 4

2n� 1(n � 1) m4 X 2 + : : : (3.95)

We see that if n is even (which includes then = 2 case that is highlighted in Ref. [43]), then the

52



�rst term here is a ghost. While if n is odd, then the second term here violates the condition

for subluminality, i.e., the leading interaction has � F 00< 0. Finally, if n is non-integer (which

includes the n = 5=2 case that is also highlighted in Ref. [43]), then this term in the second line

of Eq. (3.91) would not be well de�ned for X=m 2 + 1=2 > 0. To avoid this problem in all of phase

space, one would require an absolute value in order to avoid problems when studying 
uctuations

around the vacuum. Note that this is very di�erent to the DBI models studied earlier, due to a

di�erent overall sign inside the square root in Eq. (3.18), and so those are well behaved around the

vacuum. (As pointed out in Ref. [43], the MOND regime obeys the inequalityX=m 2 + 1=2 < 0,

but we are examining the plausibility of embedding such theories into microphysics, for which one

cannot normally restrict the phase space in this way.) If one were to then include an absolute value,

the Lagrangian would have a singular structure and would fail basic locality tests, such as cluster

decomposition.

3.7.2 Inverse Operators

In Ref. [64] another interesting class of models was developed. In this case the authors needed to

include a term of the form

� L / �
	 �

1	 2 + 	 �
2	 1

j	 1jj 	 2j
(3.96)

in order to obtain the desired MONDian phenomenology. This is certainly a peculiar interaction.

Since it involves inverse operators, it is anticipated to fail the cluster decomposition principle for

a basic notion of locality [55]. We can be more concrete about this as follows: Usually one should

form an e�ective �eld theory in order to track its regime of validity. We can alter this theory in

the following way to de�ne a kind of e�ective theory

� L / �
	 �

1	 2 + 	 �
2	 1p

(j	 1j2 + � 2)( j	 2j2 + � 2)
(3.97)

where we have introduced a new energy scale �. This theory now permits a regular series expansion

around the vacuum 	 1 = 	 2 = 0. The cuto� of this e�ective theory is now � �. In order to recover

the model with MONDian dynamics of Eq. (3.96) one would need to send the cuto� � ! 0. This

re
ects the idea that it carries a kind of non-locality as follows: For non-zero �, we have a cuto�
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length scaleL c � 1=�. In some sense, any e�ective theory is not strictly local because one cannot

localize particles on scales smaller than this scaleL c. If one now sends � ! 0, then the cuto�

length scaleL c ! 1 , which means that one cannot de�ne locality on any �nite scale in the usual

sense.

3.7.3 Split Role Model

Finally, we mention an attempt to reconcile what Ref. [51] describes as a tension between a super-


uid in equilibrium and a signi�cant super
uid energy density by splitting these two roles between

two di�erent �elds. This chapter studied another K-essence theory of the form

L =
1
2

�
X � � + � 2

�

�
X � � m2��

�
� 4

4
� 4

�

+ F
�
X + + X � � m2�

� �� + � B (3.98)

where X � � @� � � @� � � for two real scalars � � , � � is a canonical real scalar component and

F (X ) = 2 � X
p

jX j/3. The shift symmetry of � � is identi�ed as corresponding to the chemical

potential of the super
uid in the shift _� � ! _� � + � . Only � + is coupled to baryonic matter � B ,

separating these two roles of the super
uid (we note that the energy density� B is not Lorentz

invariant, but it was the choice of Ref. [51]).

By perturbing around a background solution, the sound speed of� + propagations were found

to be superluminal,

c2
+ = 1 + 
 2 � 1 (3.99)

where
 is the cosine of the angle between the gradients of the background �eld and the perturbation.

However, by modifying the theory to include mixing between � �

F
�
X + + X � � m2�

! F
�

X + + X � � m2 + C[@� � + @� � � ]2
�

(3.100)

Ref. [51] found the sound speed becomes

c2
+ =

1 + 
 2

1 + C� 2 (3.101)
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While the sound speeds are still superluminal in some region of parameter space, the author points

out one can chooseC and truncate to some parts of phase space where the sound speeds are always

subluminal.

However, we would like to emphasize that this is only addressing the sound speeds of the

theory, which are collective excitations of the super
uid. This does not address the issue of the

structure of propagation of elementary high energy particles on the super
uid background; these

are in fact acausal, as shown earlier in this chapter.

Furthermore, this theory prevents standard cluster decomposition as it is a singular action.

So modifying (3.98) with (3.100) fails to �x the major problems of this class of models. Ref. [51]

includes an appendix which describes a way to lift Eq. (3.98) to a smooth Lagrangian, but the form

of the theory arrived at by this process is simply of the form of a multi-�eld version of Eq. (3.35).

So it again fails the conditions for global hyperbolicity (in MOND regime) and subluminality (in

transition regime) as we have shown in Sec. (3.6).

3.8 Conclusions

We have studied several models that exhibit MONDian phenomenology on galactic scales. We

focussed on the so-called super
uid dark matter models that also relax to standard CDM on larger

scales. We found that, while such an approach provides a novel dark matter model that can conform

to the observed galactic velocity dispersion, each Lorentz invariant model contained some form of

acausal behavior that could not easily be resolved.

We found that the most basic types of Lorentz invariant models in Eqs. (3.28, 3.32), which

exhibit the MONDian behavior, violate the condition (C) for subluminality of high energy pertur-

bations, Eq. (3.16). One might have hoped that the super
uid dark matter models, which seem to

be built on more reasonable Lagrangians, would be better behaved. However, the super
uid dark

matter models share their own potential problems. The primary model we considered was that of

Eq. (3.35). In Section 3.6, we began by generalizing the causality conditions to a complex �eld.

We then applied these to this class of models. We found that this theory in fact violates condition

(B) for hyperbolicity, Eq. (3.14), leading to ghost behavior of relativistic perturbations. The corre-

sponding Hamiltonian of perturbations indeed has a 
ipped sign of its temporal derivative terms.
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This is a breakdown in some forms of causal propagation. Formally condition (C) was violated

too, although the speed of propagation becomes unde�ned in this regime. Nevertheless, it can

lead to superluminal behavior in parts of phase space in intermediate transition regions from CDM

to MOND (such as a region of space that happens to be semi-relativistic). We then generalized

the basic model, establishing a general proof that they all violate these basic conditions for causal

propagation.

Altogether we note that in the transition from CDM towards MOND, the sound speed can

become large, leading to superluminality and a regular form of acausality. Then deeper into the

MOND regime, hyperbolicity is broken. This means that Lorentz invariant e�ective theory is failing

even before we enter the MOND regime, and so this regime does not appear to be present with any

standard e�ective theory.

In this class of models, there is a subtlety associated with the scales and the regime of

validity of the e�ective theory. Normally a consistent Lorentz invariant e�ective theory has a cut

o� well above the particle mass, allowing for the study of high energy (relativistic) perturbations,

as we have done here. However, one might try to (i) lower the cut o� or (ii) appeal to thermal

corrections to avoid potential problems. Either option can be problematic, as we discuss:

(i) Lowering the cut o� to below the particle mass means severely restricting the use of the

Lorentz invariant completion and thereby appealing to very low energy new physics. Furthermore

if the cut o� is so low, then for all intents and purposes, these purported Lorentz invariant theories

do not exist as reliable theories in the �rst place. Indeed as we have shown, the Lorentz invariant

formulations su�er various forms of acausality. So in that sense, precisely because of this work, they

don't possess sensible Lorentz invariant completions. Finally, one might consider higher derivative

corrections to the e�ective action. Since again we only need moderately relativistic perturbations,

then if these terms were important it would mean an extremely low cut o� and likely to lead to

other ghosts through the higher derivative terms becoming active at such low scales. Altogether it

seems unlikely that higher derivatives could cure the problem. Let us furthermore note that the

present theories fail some of the \sign theorems" of the literature, and it is generally agreed that

higher derivatives cannot cure this problem.

(ii) A thermalization process that avoids the existing non-thermal (relativistic) ghosts and

superluminality seems di�cult to achieve in a consistent way, without producing new problems in
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the underlying quantum �eld theory. Let us note that the super
uid regime is really already the

low temperature phase of the theory. So it does not seem at all clear that one can appeal to �nite

temperature corrections to alleviate the problems of the theory. Again perturbations in the theory

that are relativistic are either superluminal or violate hyperbolicity. Appealing to thermal e�ects

to avoid this seems rather unlikely. All these topics deserve further consideration.

In Section 3.7 we commented on some other related models. In particular, we mentioned

the model in Eq. (3.91), which we see contains higher derivative terms, which we found can exhibit

a kind of hyperbolicity breakdown, and other terms that can also feature ghosts or superluminality.

We stress that the problem is not that the low energy non-relativistic e�ective theory carries fraction

powers, but that some of the corresponding Lorentz invariant completions do too; this would cause

problems with cluster decomposition, but smoothing the theories to avoid this did not alleviate

the superluminality breakdown. We also considered a theory with inverse interaction operators,

as in Eq. (3.96). While the theory without this term is taken to be standard, this interaction

term violates a basic notion of locality as the cluster decomposition principle and is not part of a

standard consistent e�ective �eld theory. Again the non-local character seems essential to achieve

the MONDian phenomenology. Finally we mentioned a two-�eld model that splits the roles of

dark matter and the MONDian force carrier, Eq. (3.98). In this work it was pointed out that

superluminality of the sound speeds could be cured by deforming the theory. However, this did not

at all address the issue of acausality in the high energy (relativistic) perturbations.

In summary, if one can accept such novel theories, they can provide various desired phe-

nomenological results on galactic and cosmological scales. This is very interesting at the phe-

nomenological level. However, with the forms of acausality, including ghost instabilities, superlu-

minality, and other kinds of non-locality established in our work, it brings into doubt whether one

can embed such e�ective theories within microphysics. Furthermore, they would resist having a

(standard) Lorentz invariant UV completion. On the other hand, an observational con�rmation

of these models would therefore be a spectacular discovery of completely new behavior in nature,

never encountered in standard quantum �eld theory, and would have profound consequences.

57



Chapter 4

Causal Modi�cations of Gravity and

Their Observational Bounds

4.1 Introduction

It is interesting to explore potential deviations in gravity from general relativity. However, building

theoretically consistent alternatives is very di�cult. This is because general relativity is the unique

Lorentz invariant, causal, theory of massless spin 2 particles at large distances [19, 22, 23, 24,

26, 27] (and even the assumption of Lorentz invariance may be partially relaxed in favor of only

assuming rotations and locality [25, 28, 20, 21].) The only option then to obtain anything new

within the framework of special relativity is to introduce some other representations of the Lorentz

group. Generically, these cannot be fermions, as they cannot mediate long-ranged forces. It is also

quite di�cult to make use of a new spin 1 particle because it necessarily makes opposites attract

and likes repels, so systems tend to �nd ways to neutralize this force, as they do for standard

electromagnetism. Therefore, the only reasonable possibility is to introduce one or more spinless

particles. If these particles are su�ciently light, they may give rise to a new long-range attractive

force. This acts as a plausible form of modi�ed gravity. The lightness of such particles is not,

however, protected by any obvious consideration. We cannot appeal to degree of freedom counting,

as we can for spins � 1, nor can we appeal to chiral charge assignments, as we can for spins = 1=2,

to explain its lightness. Nevertheless, scalars that are assumed to couple universally are somewhat
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robust against quantum corrections, as we will recap in the next section.

However, standard scalar couplings, at �rst sight seem to be immediately ruled out by solar

systems tests, which require any new force to be several orders of magnitude weaker than gravity.

To avoid this, many authors have appealed to screening mechanisms that hide the new force in high

density environments, by transitioning from a / 1=r2 force law to a / 1=r2+ q force law with q < 0.

Such models include massive gravity [65], Galileon models [66], etc, that may be relevant to dark

energy, or MOND [15, 16, 17, 18, 29, 30, 31, 32, 33], super
uid [41, 61, 43, 64] models, etc, that may

be relevant to dark matter. However, as we will recap in the next section, in a Lorentz invariant

theory, there is a close relationship between the scaling of the force and the speed of high energy

perturbations. In particular, if the force is slower that standard 1=r2, there is superluminality. So

if we invoke the absence of superluminality as a principle, then we must exclude these models. In

fact it is believed that such low energy e�ective �eld theories cannot possess any Lorentz invariant

Wilsonian UV completion. Superluminality, or another issue of breaking of hyperbolicity, we shall

refer to as forms of acausality (see ahead to Section 4.2.3).

On the other hand, this same argument lends itself to a new interesting possibility: what

if q > 0 and the force risesfaster than standard 1=r2 in high density environments? Instead these

give rise to healthy subluminal perturbations, and hence, may conceivably possess a sensible UV

completion. By invoking a small coupling to matter, we can trivially evade the solar system bounds.

This may not be so relevant to dark energy or dark matter. But what is exciting instead is that the

new force can transition to a new regime in which it starts to compete with general relativity in very

high density environments. This is our new idea that we will explore in this work. In particular,

we will be interested in neutron star systems, which are some of the highest density environments

in the universe. (We will also comment on black holes). We will begin by studying leading order

corrections to orbital motion, �nding an important correction to the precession of systems such as

the Hulse-Taylor binary. We then move to consider the modi�ed structure of neutron stars. And

we study scalar radiation from mergers. Our primary constraints are summarized ahead in Fig. 4.2.

This chapter is organized as follows: in Section 4.2, we introduce this new class of models,

standard solar system bounds, and develop basic theoretical constraints. In Section 4.3, we compute

corrections to orbital motion from the new scalar force, applying this to the Hulse-Taylor system.

In Section 4.4, we establish the modi�ed Tolman-Oppenheimer-Volko� equations for neutron star
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equilibrium and solve them numerically. In Section 4.5, we analytically compute the scalar wave

emission in both the linear and nonlinear regimes and corrections to tensor mode power, and

comment on mergers. Finally, in Section 4.6, we discuss our �ndings and mention possible future

directions.

4.2 A Class of Causal Scalar Field Models

In this work we introduce a scalar � to mediate a new long-range force. We know that a generic

scalar with non-universal couplings to matter will lead to a breakdown of universal free-fall (weak

equivalence principle) and is ruled out observationally. However, generic non-universally coupled

scalars are not associated with any symmetry and so are expected to be quite massive anyhow, and

therefore irrelevant at large distances.

Instead let us suppose there exists a scalar that happens to be universally coupled like the

graviton. While the graviton's universal coupling is guaranteed by Lorentz symmetry, a scalar's

universal coupling is evidently not. Nevertheless an assumed universal coupling is surprisingly

stable against renormalization. In particular any matter loops do not alter this coupling [67].

Corrections from loops can generate a mass for� , though that will be at least Planck suppressed.

In particular, a matter particle running in a loop will tend to induce a mass m� � c � 2=(4�M Pl ).

Moreover, for a conformally coupled scalar, the mass is in some sense tied to the generation of the

cosmological constant. So by tuning that to be small, we should work to next order, giving the

scalar-matter loop contribution of [68] m� � c2� 3=((4� )2M 2
Pl ) where � is the cuto� on the e�ective

theory, M Pl = 1=
p

8�G is the (reduced) Planck mass, andc is a dimensionless coupling (shortly

we replace notation c ! � M Pl ). Of course if the cuto� is pushed towards the Planck scale, then

one expects a heavy scalar. However, for a low cuto�, the Planck suppression can lead to a rather

light scalar. Such a scalar could therefore potentially give rise to a new long-range force. So a

universally coupled scalar (or \conformally coupled", as we will discuss) is potentially interesting.

Let us then build an action for a very light scalar � coupled to (standard model) matter

 i and gravity g�� . The graviton must be minimally coupled (at leading order) of course, and the

universal coupling of the scalar is similarly implemented by a rescaling of the e�ective metric. So
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let us de�ne a kind of e�ective metric

~g�� � f (� ) g�� (4.1)

where f (� ) is a function that we can choose. By coupling to matter this way, we see that it is the

same as saying matter is moving in a new metric ~g�� that is conformally related to the original

metric g�� , and hence this is a \conformally coupled" scalar.

We shall assume without loss of generality that the vacuum of the theory is at� = 0, and

here we can takef (0) = 1, recovering a standard metric. We shall also assume that for small� ,

f (� ) has a linear correction

f (� ) = 1 � 2 � � + : : : (4.2)

Such a linear term will lead to � mediating a long-ranged force. The parameter� , which has units

of inverse mass, sets the strength of the coupling. As we shall see, solar system constraints will

demand that � is smaller than 1=MPl . Sincef (� ) represents a breaking of a shift symmetry for� ,

it is technically natural for � to be arbitrarily small (later we shall discuss this further).

The full action in this work is taken to be (signature + - - -, with c = ~ = 1)

S =
Z

d4x
p

� g
�

R
16�G

+ f (� )2L M ( i ; ~g�� ) + K (X )
�

(4.3)

The �rst term is the standard Einstein Hilbert term, the second term is the matter Lagrangian with

its conformal coupling to � , via ~g�� = f (� )g�� . We shall assume thatL M includes the Standard

Model Lagrangian, though it may include dark matter as well (dark matter will not play a central

role in the present work).

Finally, and very importantly, we have introduced a kinetic term for the scalar K (X ), where

X �
1
2

g�� @� �@� � (4.4)

is the Lorentz invariant kinetic term. In order to obtain some novel dynamics, we need to consider

non-canonical choices forK (X ), which we will discuss shortly. Applications of non-standard kinetic

terms to dark energy, in
ation, and �fth forces include Refs. [48, 49, 50, 69, 70, 71, 72, 73].
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4.2.1 Standard Solar System Bound

To set the stage, let us note that if we pick the canonical value

K (X ) = X (4.5)

then we know that � will simply lead to a standard / 1=r2 force law (between non-relativistic

matter). Such a new force is constrained by solar system tests of gravity, requiring the coupling�

to be much smaller than 1=MPl , the spin 2 coupling. More precisely, the equation of motion for a

canonical � is

� � = � TM
f 0(� )
2 f (� )

(4.6)

where f 0 � df=d� and the box operator here is standard for a scalar in curved spacetime, i,e.,

� =
1

p
� g

@�
� p

� g g�� @� �
�

(4.7)

and TM is the trace of the energy momentum tensor of the matter \M" sector

TM = g�� T (M )
�� (4.8)

with T (M )
�� computed from the full matter Lagrangian including the conformal factor f (� ) (i.e.,

T (M )
�� can depend on� also).

In the weak �eld regime relevant to the solar system, such di�erences are unimportant. We

have to leading order f (� ) � 1, f 0(� ) � � 2� and TM � � � 3P, where � and P are the energy

density and pressure of matter computed in the absence of� , respectively. This gives

� � � � (� � 3P) (4.9)

Since the right hand side vanishes for light, we know that� does not lead to any light bending, and

this puts a serious observational constraint on these models. To leading approximation, the value

of � from the sun and planets in the solar system is then obtained by solving the static limit of the

above equation (and ignoringP), which is just the Poisson equation�r 2� = �� . We can compare
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this to the Newton potential � N in the Newtonian gauge, which obeysr 2� N = 4 �G� = �= (2M 2
Pl ),

yielding

� � � 2�M 2
Pl � N (4.10)

So in the solar system,� and the Newton potential � N are proportional to each other, with a

constant of proportionality � 2� M 2
Pl . Then a convenient way to calculate the consequence for light is

to simply return to the fact that all matter is now coupled to the e�ective metric ~g�� � g�� (1� 2�� ),

which can then be expanded as [74]

~g�� � (1 + 2 � N (1 + 2 � 2M 2
Pl ))dt2 � (1 � 2� N (1 � 2� 2M 2

Pl )) jdx j2 (4.11)

Since we �x the Newton's constant G to match non-relativistic behavior, then the ratio of these

corrections represent an e�ective alteration in the bending of light �� compared to general relativity

� GR = 4GM=b. To leading order the relative correction is therefore

��
� GR

= 4 � 2M 2
Pl (4.12)

The tightest bound on this comes from the Cassini probe of

��
� GR

� 2:5 � 10� 5 (4.13)

Hence we obtain a (well known) bound on the scalar coupling of

� �
2:5 � 10� 3

M Pl

(4.14)

Such a small coupling may at �rst sight seem \un-natural" or \�ne-tuned". But from the e�ective

�eld theory point of view it is not. Since � introduces a soft breaking of a shift symmetry in � , it

is technically natural for it to be arbitrarily small, i.e., in the limit as � ! 0, the shift symmetry

is recovered and it will not be generated. So any small, but non-zero,� is very stable against

renormalization. On the other hand, whether such a small� is reasonable from the point of view

of quantum gravity is less clear; we will comment on this in the discussion section.

So, as anticipated above, such a scalar needs a coupling to matter that is even weaker than
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that of spin 2. More precisely, the force between a pair of non-relativistic massive objectsM 1 and

M 2 is

F � = M 1� r � 2 = �
� 2M 1M 2

4�r 2 r̂ (4.15)

(r̂ is a radial unit vector). Compared to spin 2, we haveF� =FGR � � 2=(4�G N ) = 2 � 2M 2
Pl (times

M � 1M � 2=M1M 2 if pressure is signi�cant). So using the solar system bound on� , the new force is

constrained to be
F�

FGR
� 1:25� 10� 5 (4.16)

Since the scalar does not couple to relativistic matter, this small ratio is essentially anupper bound

on the ratio of forces. So for a canonical scalar it must remain essentially irrelevant to all physical

processes since it must be at least 5 orders of magnitude weaker than known e�ects from spin 2.

At �rst sight it would seem that this single observation of light bending eliminates any signi�cant

modi�cations to gravity, and one is stuck with the spin 2 theory which is general relativity.

4.2.2 Making � Relevant Again

To avoid this conclusion, wherein � is always irrelevant, one needs to make the scalar� non-

canonical. To do so, one needs to introduce non-trivial dynamics through the kinetic function

K (X ) (or related higher derivative terms, such as in Galileon models).

In much of the literature this involves kinetic terms that lead to screeningon solar system

scales, i.e., to a force that grows more slowly than 1=r2 in high density environments. On the one

hand, this is quite an exciting idea, as it could potentially raise the bound on� to be closer to

� 1=MPl . On the other hand, as we will discuss in the next subsection, this is unfortunately closely

tied to superluminality.

An alternative approach, which is the point of this chapter, is to consider models in which

the solar system bound on� remains in place, but the kinetic functions K (X ) leads to a new

force that can grow faster than 1=r2 in dense environments. This means that while the force can

remain negligible on solar system scales, it can rise to large values, for example near neutron stars.

Relatedly, the imposition of subluminality pushes us in this interesting direction, as we will show.

This will be our new idea and focus in this work.

We consider a class of models with kinetic functionsK (X ) that enjoy a new scaling regime.
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Although the speci�c details are not necessarily important, a concrete class of models that we will

examine is

K (X ) = �
�
p

((1 � X=� )p � 1) (4.17)

where � is a positive constant of units of energy density andp is a constant exponent. For small

values jX j=� � 1, we recover the canonical valueK � X , with low X series expansion

K (X ) = X + (1 � p)
X 2

2�
+ (1 � p)(2 � p)

X 3

6� 2 + : : : (4.18)

But for high density environments, with X large and negative, jX j=� � 1, we can enter a new

regime in which

K (X ) � �
�
p

(� X=� )p (4.19)

For reasons that will become clear in the next subsection, we will focus on the exponentp in the

range 1=2 < p < 1. Note that at the edges of this range, we have quite familiar theories: forp = 1

it is just a canonical scalar, for p = 1=2 the kinetic term is precisely that of the Dirac-Born-Infeld

(DBI) action for a scalar [53, 54]. However, the intermediate values ofp lead to some interesting

new physics. We note that in all regimes, including the largejX j=� � 1 regime, one can show that

these kinds of theories are rather stable against quantum corrections [75].

To see the new behavior, let us �rst write down the new equation of motion for� . In general

it is
1

p
� g

@�
� p

� g KX (X ) g�� @� �
�

= � TM
f 0(� )
2 f (� )

(4.20)

where K X � dK=dX . In the weak �eld regime, we can again sayf 0(� ) � � 2� and g�� � � �� . For

a static point source, this becomes a kind of nonlinear version of the Poisson equation

�r (K X (X )) r � ) = � T M (4.21)

with X evaluated at X = � (r � )2=2. Note that X can be large and negative; in such a regime our

expression in Eq. (4.17) remains real valued even for fractional powersp.

Consider a point source, with

TM = M � � 3(x) (4.22)
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where M � =
R

d3x (� M � 3PM ) �
R

d3x (� � 3P) is typically close to the the total energy of the

sourceM ; but is more precisely the integrated trace of the energy-momentum tensor. Then the

formal solution to the modi�ed Poisson equation is

K X

�
�

(r � )2

2

�
r � = �

� M �

4�r 2 r̂ (4.23)

In principle one can then solve forr � depending on the choice ofK . For the choice of K given

in Eq. (4.17) we can only do this numerically; see Figure 4.1. Importantly, we can derive limiting

values analytically, as

r � = �
�M �

4�r 2 r̂ �

(
1; r � r �

(r � =r)q; r � r �

(4.24)

where the exponent that is relevant in the near regime is

q =
4(1 � p)
2p � 1

(4.25)

and the transition length scale we have de�ned is

r � �

p
� M �

(2� )1=4
p

4�
(4.26)

This scale r � gives the characteristic boundary between two di�erent scaling regimes. We see that

for 1=2 < p < 1, we haveq > 0 and so the scalar introduces a new force that issteeper than

regular gravity in the r � r � regime. This is a kind of \anti-screening" that we will focus on in

this work (essentially the opposite of the Galileon or massive gravity models which \screen" within

the so-called Vainshtein radius). It means that even with � � 2:5 � 10� 3=MPl to obey solar system

bounds with a small / 1=r2 force law at r � r � , this new force can be relevant in very dense

environments as it can transition to this new steep scaling force law/ 1=r2+ q at r � r � . The ratio

of forces on a test particle in this regime is approximately

F�

FGR
� 2� 2M 2

Pl

� r �

r

� q
(4.27)

(times M � 1M � 2=M1M 2 from pressure corrections). So this extra factor can make the relative e�ect
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Figure 4.1: A plot of the �eld gradient jr � j (in units of �M � =r2
� ) as a function of radius r (in

units of r � ) from solving Eqs. (4.17, 4.23). For illustration, we have chosen the exponentp = 3=4
corresponding to q = 2. The full curve is in solid blue. The limits of Eq. (4.24) are also shown:
Large r � r � standard regime is in dotted black. Smallr � r � new regime is in dotted red.

of this new force quite important at small distances.

We also note that this is quite unlike standard extra dimension models [76]. For instance,

if one introduces a fourth spatial dimension of appreciable size, it is well known this leads to a

new / 1=r3 force law. This is very tightly constrained from table top Cavendish experiments,

requiring any extra dimensions to be extremely small and irrelevant in astrophysical environments.

However, what we have here is a transition scaler � that is environment dependent(in this narrow

sense, it is similar to the Vainshtein radius [77]). In particular, while � and � are �xed constants

of the Lagrangian, the massM � depends on environment. For light sources in table top Cavendish

experiments, the massM � is so small (perhaps a fraction of a kilogram) that the transition scale

r � is incredibly tiny as it scales with mass
p

M � . On the other hand, for very heavy sources, such

as a neutron star with a huge massM � � M sun , the transition scale can be astrophysically large,

allowing new novel dynamics to take place. This will be our interest.
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4.2.3 Hyperbolicity and Subluminality Constraints

With the above considerations laid out, one should consider in what regime is the above Lagrangian

well behaved theoretically. To this end we consider two serious theoretical issues: (i) ensuring

hyperbolicity of the equations of motion and (ii) avoiding superluminality. In this chapter, we shall

refer to this as ensuring \causality". Previous considerations of this topic include Refs. [44, 78, 45,

46, 47, 1, 79, 80].

By expanding around a background con�guration � 0 (see the analysis ahead in Section 4.5

for a related analysis) as� = � 0 + " one can show that small high energy perturbations" obey the

linear equation

G��
� @� @� " = 0 (4.28)

where a kind of e�ective metric G��
� is given by (here we follow our earlier work Ref. [1])

G��
� = K X (X 0)g�� + K XX (X 0)@� � 0@� � 0 (4.29)

(with K X (X 0) � dK=dX jX 0 and K XX (X 0) � d2K=dX 2jX 0 and X 0 = ( @�0)2=2 is the kinetic

term evaluated on the background� 0). In order to maintain hyperbolicity, we demand that the

e�ective metric G��
� carry the same signature of the underlying metric, which in our convention is

+ � �� . One can check that two eigenvalues ofG��
� are � K X which needs to be negative. While

the determinant can be shown to be

Det[G��
� ] = � K X (X 0)3(K X (X 0) + 2 X 0K XX (X 0)) (4.30)

which also needs to be negative. So there are two conditions to maintain hyperbolicity, namely

(A) A � K X > 0 (4.31)

(B ) B � K X + 2XK XX > 0 (4.32)
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By inserting the above form for K (X ) into these expressions, we obtain

A = (1 � X 0=� )p� 1 (4.33)

B = (1 � X 0=� )p� 2(1 � (2p � 1)X 0=� ) (4.34)

From the form of K (X ) it is clear that the physical phase space is the domain

X 0 < � (4.35)

Note that since X 0 = ( _� 2
0 � (r � 0)2)=2 we can have both positive or negativeX 0, but the physical

phase space bounds it from above. This guarantees thatA > 0 is always satis�ed (in fact this

justi�es our choice of signs in the de�nition of K to avoid negative energies). However, the sign

of B is less clear. We need the factor (1� (2p � 1)X 0=� ) > 0. If 1=2 � p � 1 then this is

guaranteed by Eq. (4.35). If p > 1, one can try restricting phase space further by demanding

X 0 < �= (2p� 1). However, if p < 1=2 then we can not reasonably restrict phase space appropriately,

as any reasonable theory must allow large negative values ofX 0 (where the gradients are dominant;

which are especially important near slowly varying sources) andB < 0, violating hyperbolicity.

For hyperbolic equations, we can compute the speed of these high energy perturbations.

One can check that the leading order perturbation from unity is

c2
s = 1 �

2XK XX

K X
(4.36)

where the � depends on whether the background is primarily time dependent (X 0 > 0 and � ) or

primarily space dependent (X 0 < 0 and +). In either case, the condition to avoid superluminality

is

(C) C � K XX � 0 (4.37)

By inserting the above for K (X ) into this expression, we obtain

C = (1 � p)(1 � X 0=� )p� 1=� (4.38)
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Again using the phase space conditionX 0 < � , we see that the system has superluminality ifp > 1,

has luminality if p = 1, and has subluminality if p < 1. In fact for p > 1, one can show that closed

time-like curves can be constructed and so there is a de�nite form of acausality here [78].

Altogether, the conditions for a hyperbolic and non-superluminal theory are

1=2 � p � 1 (4.39)

Importantly, this implies that the p > 1 regime, which leads toq < 0 and a slower force law and

screening, is associated with superluminality. While thep < 1=2 regime, which does not possess

spherically symmetric solutions at small radii anyhow, is associated with non-hyperbolicity. The

1=2 < p < 1 regime, which is hyperbolic and causal, is precisely the regime that leads to \anti-

screening" with a force/ 1=r2+ q (with q > 0), so that the scalar force can be quite important and

interesting in very dense environments.

As mentioned above, two familiar cases live at these boundaries: ifp = 1, then we have a

canonical scalar, while ifp = 1=2, the above action is the kinetic part of the DBI action which can

arise from the e�ective theory of a brane bending mode in extra dimension models. While neither

of these cases is especially interesting to give rise to novel long-range force laws, it is curious that

these two familiar cases are right on the edge of theoretical viability.

4.3 Corrections to Orbital Motion

4.3.1 Motion in Binary System

In this section we begin by computing the leading corrections to orbital motion of a binary system

from the new scalar force. We will be utilizing the orbit equation in the following analysis. Let us

give a quick derivation of it here.

For a non-relativistic binary system with a two-body potential V (r ), we can use the standard

one-body simpli�cation by moving to center of mass co-ordinates. We de�ne the reduced mass
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m = M 1M 2=M and total mass M = M 1 + M 2. The planar equations of motion are

dr
dt

= �

s
2
m

�
E � V (r ) �

L 2

2m r 2

�
(4.40)

d�
dt

=
L

m r 2 (4.41)

where r is radius and � is angle in the plane,E is the conserved energy, andL is the conserved

angular momentum. By dividing these equations to eliminatedt, we obtain the following di�erential

relation

d� =
L

m r 2

1
r

2
m

�
E � V (r ) � L 2

2mr 2

� dr (4.42)

If we now perform the standard substitution u � 1=r, we can represent the angular change in

integral form

� � = �
Z u

u0

du
q

2mE
L 2 � 2mV (u)

L 2 � u2
(4.43)

To make progress we need an explicit form for the potentialV (r ). As a starting point, let

us recap the standard case of general relativity, which in this limit is just the Newtonian form

V(r ) = � A
r , where A = GmM . In terms of u, this is V (u) = � A u. Inserting this, the integral is

simple. Re-arranging gives the famous elliptic orbit

r (� ) =
a(1 � � 2)

1 + � cos(� � � 0)
(4.44)

where the eccentricity � and semi-major axisa are given by

� =

r

1 +
2EL 2

mA 2 (4.45)

a = �
A
2E

(4.46)

(note that the non-relativistic energy E is negative in a bound orbit, so that � < 1 and a is positive).
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4.3.2 Orbital Motion for p = 5=6

We now wish to compute the correction to the motion from the new scalar force. In the linear

regime the scalar force is also/ 1=r2 and so this is immediately degenerate with the spin 2 force

in the non-relativistic regime. More precisely, it just adjusts the e�ective Newton constant from

the bare value in the Lagrangian to the observedG. Of course there are then residual e�ects when

studying the motion of ultra-relativistic motion, such as light, but this is not the focus of this

section. Instead, if we pass to the nonlinear regimer � r � , we obtain a new force/ 1=r2+ q which

is no longer degenerate.

Although an analysis for generalq is interesting, we shall illustrate the idea here with the

case ofq = 1, which corresponds top = 5=6. For this case, in the nonlinear regime the scalar force

on a test particle M 1 from a sourceM 2 is of the form

F � = �
� 2M 1M 2 r � 2

4�r 3 r̂ (4.47)

where r � 2 =
p

� M 2=((2� )1=4
p

4� ) refers to the transition scale from sourceM 2. However, we in

fact need to insert a two-body potential energy functionV (r ) into the non-relativistic theory. This

must be symmetric between particles 1 and 2. Since we don't precisely have superposition in a

nonlinear theory, the full potential energy function is nontrivial between objects of comparable

masses. For simplicity, we can approximate the pairwise energy function as

V (r ) = �
GmM

r

�
1 +

B �

2r

�
(4.48)

where we have de�ned a useful length scale associated with the scalar

B � = 2 � 2M 2
Pl r � (4.49)

(times M � 1M � 2=M1M 2 if pressure of sources is signi�cant). We will taker � = Max f r � 1; r � 2g. When

either M 1 or M 2 is much larger than the other, this is accurate. However, whenM 1 � M 2 there

may be an O(1) error in this estimate. Although we will enter the nonlinear r � r � regime, the

smallness of� 2M 2
Pl means that this new term can still be treated perturbatively with B � � r .
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Let's follow the methodology outlined above, and begin by �nding the orbit equation. We

insert this potential into Eq. (4.43) to obtain the integral

� � = �
Z u

u0

du
r

2mE
L 2 + 2mA

L 2 u �
�

1 � mAB �
L 2

�
u2

(4.50)

This shows the convenience of theq = 1 choice that we are making for illustrative purposes; the

term in the denominator inside the square root is still only a quadratic function of u. Therefore it

can still be integrated in closed form. Doing so and inverting gives

u =
1

r (� )
=

A m
L 2 � AB � m

 

1 +

r

1 +
2L 2E
mA 2 �

2E
A

B � cos
� r

1 �
m
L 2 AB � �

�
!

(4.51)

This is again an elliptic orbit; due to our special choice ofp = 5=6. However, one sees that the

argument of the cosine and the amplitude are altered.

4.3.3 Tensor Power Output and Rate of Change of Period

Since the orbit is corrected, one might wonder if there is a corresponding alteration in the tensor

power output. The (time-averaged) power lost into tensor modesPt has a well known form in terms

of derivatives of the quadrupole moment tensorQij

Pt = �
G
5

* � ...
Q ij

...
Q ij �

1
3

...
Q2

� +

(4.52)

where Q is the trace of Qij . For an elliptical orbit in the xy-plane, the quadrupole moment takes

the form

Qij = m r (� )2

0

B
B
B
B
@

cos2 � sin � cos� 0

sin � cos� sin2 � 0

0 0 0

1

C
C
C
C
A

(4.53)

and we have used angled bracketsh: : :i to indicate a time average.

Now, with r = r (� ) a given orbit, we have Qij as purely a function of � , which is quite

useful. We need one more tool before we can proceed; We notice that if directly compute
...
Q ij , the

�nal answer will involve several high-order derivatives of � . In order to remedy this, we can express
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_� using Eq. (4.41). Using this, we can at each derivative step replace_� with L=(m r (� )2), which is

an explicit function of � . This leaves us with no derivative terms in the
...
Q ij expression. With this,

we can �nd
...
Q ij and in turn the power.

Carrying out this algebra and working to leading order in B � we �nd that this leads to the

result

Pt = PGR

�
1 + 


2� 2M 2
Pl r �

a

�
(4.54)

where PGR is the standard Peter's power formula from general relativity of

PGR = �
32G4M 2

1 M 2
2 (M 1 + M 2)(1 + 73 � 2=24 + 37� 4=96)

5a5(1 � � 2)7=2
(4.55)

and the dimensionless coe�cient of our correction is


 =
12(24 + 104� 2 + 33� 4)

(1 � � 2)(96 + 292� 2 + 37� 4)
(4.56)

We see that typically the relative correction to the power �P t =Pt � 2
 � 2M 2
Pl r � =a is on the order

of the correction to the force �F=F � F� =FGR � 2� 2M 2
Pl r � =a, with r evaluated at a typical point

on the trajectory, i.e., on order the semi-major axisa. If the trajectory is highly elliptical, with

1 � � 2 very small, then there is a further enhancement from
 .

The orbit is no longer periodic in the presence of the scalar force. In this case, the usual

de�nition of its period that is relevant to observation is to de�ne the period T as the time it takes

from perihelion to perihelion. Using the above equations, we can write this as

T =
m
L

Z � �

0
d� r (� )2 (4.57)

where a completed orbit is no longer� � = 2 � , but it is now

� � =
2�

p
1 � m

L 2 AB �
(4.58)

By carrying out the integral we �nd that the dependence on B � drops out, and we are left with
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the canonical result

T =
�A

p
m

p
2 (� E )3=2

(4.59)

As the system emits power, it loses energy and its parameters change adiabatically slowly.

We can use this to compute the rate of change of period as

dT
dt

=
dT
dE

dE
dt

=
3�A

p
m

2
p

2(� E )5=2
Pt (4.60)

By re-writing the semi-major axis as a = � A=(2E) and re-writing energy in terms of period T , the

rate of change of period can be expressed as

dT
dt

=
dT
dt

�
�
�
�
�
GR

�
1 + 


2� 2M 2
Pl r �

a(T )

�
(4.61)

with a(T ) = ( G(M 1 + M 2)T 2=4� 2)1=3 is the Kepler law, which is unchanged in this special case.

Let us mention that for the Hulse-Taylor binary system [81], the measured value of the

intrinsic period change (after accounting for galactic corrections) and the value predicted by general

relativity is [82]
dT
dt

�
�
�
obs

dT
dt

�
�
�
GR

= 0 :9983� 0:0016 (4.62)

So this shows agreement at the� 10� 3 level; which is the famous success that general relativity

predicts the period shortening of the Hulse-Taylor system accurately due to tensor mode emission.

Hence our new scalar force must not alter this too much. This bounds our correction to be no more

that � 10� 3. Using the eccentricity of � HT � 0:617, we obtain 
 � 6:2. Hence on the scale of the

Hulse-Taylor system, which has a semi-major axis ofaHT = 1 ; 950; 000 km, the new force should

obey
F�

FGR
. 2 � 10� 4 on scaleaHT = 1 ; 950; 000 km (4.63)

Recall that the solar system's linear bound isF� =FGR � 1:25 � 10� 5. These moderately larger

values can arise as we transition into the nonlinear regime as assumed here. However, as we shall

now demonstrate in the next subsection, there is a much more serious constraint from precession.
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4.3.4 Precession

As mentioned above, in one orbit of angle� ! 2� , we see that the radius does not return to its

original value. Hence the orbit is not periodic and we have precession, even in this non-relativistic

limit. In this non-relativistic regime, the correction arises entirely from this new force. The shift

in the semi-major axis per orbit is

� � � =
2�

p
1 � m

L 2 AB �
� 2� �

� m A B �

L 2 (4.64)

where we have expanded to leading order inB � in the second step. To �rst approximation, the

angular momentum in a Keplerian orbit is given by

L �
p

A a m(1 � � 2) (4.65)

Inserting this into the above gives a leading estimate of the precession

� � � =
� B �

a(1 � � 2)
=

2�� 2M 2
Pl r �

a(1 � � 2)
(4.66)

Let us compare this to the famous result for the precession from the leading relativistic

e�ect in general relativity

� � GR =
6�GM

a(1 � � 2)
(4.67)

If we now form the ratio of these we obtain

� � �

� � GR
=

� 2M 2
Pl r �

3GM
(4.68)

We note that this is potentially quite signi�cant. Recall that � 2M 2
Pl r � =a is on the order of the ratio

of forces. While the typically orbital speed is vorb �
p

GM=a. Hence we can write this as roughly

� � �

� � GR
�

F�

FGR

1
v2

orb

(4.69)

Hence the e�ect is enhancedrelative to the ratio of forces.

As shown in the very interesting work Ref. [71] (which focussed on superluminal models),
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in the case of a roughly circular orbit (ignoring corrections from� ) one can readily obtain a general

formula for the precession for any kinetic functionK as

� � � � �
8�� 2M 2

Pl X K XX

K X (K X + 2XK XX )
(4.70)

One can check that in thep = 5=6 theory and deep in the nonlinear regime, this recovers our result

above (4.66) when ignoring ellipticity. More generally (see ahead to Eq. (4.131)) in this highly

nonlinear, but roughly circular limit, this becomes

� � � �
8� (1 � p)� 2M 2

Pl

2p � 1

� r �

a

� q
(4.71)

Curiously, in the regime of interest 1=2 < p < 1, this is always positive, as in general relativity.

However the magnitude can be very di�erent. By comparing to general relativity, and recalling the

force ratio (4.27), this once again exhibits the scaling mentioned above in Eq. (4.69).

In general this means that if we are deeply in the nonlinear regime these models give rise to

potentially very large corrections to the precession. This is because the e�ect from the scalar occurs

even in the non-relativistic limit, while the general relativistic result is precisely due to relativistic

corrections, and is� v2
orb suppressed. So for example, if the moon or mercury or the Hulse-Taylor

pulsar system is in the nonlinear regime, this put a severe constraint on the model by demanding

that the ratio of forces is extremely small to compensate for (i) the relative factor of 1=v2
orb and (ii)

the fact that the precession is well measured in these systems and in good agreement with general

relativity. One can of course proceed by demanding� is orders of magnitude smaller than the solar

system bound. But a perhaps more interesting way to proceed is to ensure that the transition

scale r � is smaller than the orbital radius in these systems so they are in the linear regime. By

demandinga � r � (where a is the semi-major axis of the orbit) we obtain the corresponding bound
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on the cuto� of the theory of:

� 1=4 � 0:2 eV
�

�
2:5 � 10� 3=MPl

� 1=2

(from moon; amoon = 3 :84� 105 km) (4.72)

� 1=4 � 0:9 eV
�

�
2:5 � 10� 3=MPl

� 1=2

(from mercury; amercury = 5 :79� 107 km) (4.73)

� 1=4 � 30 eV
�

�
2:5 � 10� 3=MPl

� 1=2

(from Hulse-Taylor; aHT = 1 :95� 106 km) (4.74)

Of these cases, the Hulse-Taylor system appears to place the most restrictive constraint, which is

reasonable since it involves extremely heavy objects in rather close proximity. On the other hand,

a direct comparison to theory in the precession of Hulse-Taylor is not easy, since the measured pre-

cession is in fact used toinfer the masses of the neutron stars, i.e., there is degeneracy. Conversely,

the moon and mercury have independent measurements to resolve degeneracies and so have a well

de�ned and successful prediction for the precession within general relativity.

4.3.5 Quasi-Linear Regime

Let us suppose that indeed we are not in fact in the fully nonlinear regime in a well measured binary

system (let's assume� 1=4 > 30 eV, for example), but instead we are in the quasi-linear regime. This

means that we can to �rst approximation use the linear scalar force theory. In the non-relativistic

limit this does not give rise to any precession as it also gives/ 1=r2 force, much like Newtonian

gravity. It does lead to a very small precession when relativistic e�ects are taken into account, but

since� 2M 2
Pl < 10� 5, this is even much smaller than the general relativity prediction, and so can be

ignored.

However, even if a system is deeply in the linear regime, i.e.,r � r � , as we will ensure

mercury or the moon is, there is still some residual nonlinearity in the theory which can give rise

to some precession. We would like to compute that here.

Let's consider general values ofp. For r � r � the modi�ed Poisson equation (4.21) exhibits

an asymptotic series expansion, which we �nd to be

r � = �
� M �

4�r 2 r̂
�

1 + (1 � p)
� r �

r

� 4
+ : : :

�
(4.75)
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It is simple to see why the leading correction is/ 1=r4 relative to the �rst; this is because the leading

approximation of r � / 1=r2 gives X / 1=r4 to leading order, and hence the leading correction to

K (X ) is 1=r4 suppressed; see Eq. (4.18). The leading term here does not lead to precession, but

the second term does. By inserting this into the above formula for the precession Eq. (4.70), we

obtain the leading order result

� � � � 8� (1 � p) � 2M 2
Pl

� r �

a

� 4
(4.76)

By noting that in this nearly linear regime, the ratio of forces is simply F� =FGR � 2� 2M 2
Pl , then

the ratio of precession has the scaling

� � �

� � GR
�

F�

FGR

� r �

a

� 4 1
v2

orb

(4.77)

This is much more reasonable. In this regime, the ratio of forces is already known to be bounded

by F� =FGR � 1:25 � 10� 5, as we discussed in Section 4.2.1. Moreover, the large 1=v2
orb factor can

be compensated by (r � =a)4 factor, which is self-consistently very small in this nearly linear regime.

In the next section where we study stability of neutron stars, we will show that we have a

bound on the cuto� of � 1=4 & 200 eV(� M Pl =(2:5� 10� 5))5=2 for p = 5=6. Using this as a convenient

reference, we can express the scalar precession for the moon, mercury, and Hulse-Taylor as

� � � � 4:6 � 10� 17
�

1 � p
1=6

� �
(200 eV)4

�

� �
�

2:5 � 10� 5=MPl

� 4

(moon) (4.78)

� � � � 1:0 � 10� 14
�

1 � p
1=6

� �
(200 eV)4

�

� �
�

2:5 � 10� 5=MPl

� 4

(mercury) (4.79)

� � � � 10� 8
�

1 � p
1=6

� �
(200 eV)4

�

� �
�

2:5 � 10� 5=MPl

� 4

(Hulse-Taylor) (4.80)

where in the Hulse-Taylor case we have only included an estimate, since the masses of the two

neutron stars are comparable and there is signi�cant ellipticity, so our treatment is not quite

precise in this regime.

The precession of the moon as it orbits the earth, according to general relativity is �� GR �

2 � 10� 10, which is nearly 7 orders of magnitude larger than the above representative value. Since

it is measured with accuracy of only a few signi�cant �gures, this is easily compatible. The pre-
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cession of mercury is well known to be beautifully compatible with general relativity's prediction

of 43 arc-sec/century; converted into radians per orbit, this is � � GR � 5 � 10� 7. This is nearly 8

orders of magnitude larger than the above value and hence this is also compatible.

Finally, the Hulse-Taylor binary has a measured precession of [82]

� � obs � 6:52342� 10� 5(1 � 10� 6) (Hulse-Taylor) (4.81)

The central value here is only 3 to 4 orders of magnitude larger than the above value. While the

uncertainty is fantastically small at the � 10� 10 level, which is in fact smaller than the above value

� � � . However, the prediction from general relativity is slightly unclear here, because the precession

is in fact used to infer the masses in the binary.

What we can say is that we should presumably not alter the inferred masses appreciably,

or else the prediction for the power emitted in tensor modes would be in error. The agreement

between the general relativity prediction for the power output (inferred through the period change)

is within an accuracy of � 10� 3, as we mentioned at the end of the last subsection. So a simple

interpretation is that we should not alter the precession by a (relative) factor of 10� 3. This brings

the observed value of 6:5� 10� 5 down to 6:5� 10� 8, which is approaching the above reference value

for the precession. Taking these parameters, we obtain the bound

� 1=4 & 125 eV
�

j1 � pj
1=6

� 1=4 �
�

2:5 � 10� 5=MPl

�
(Hulse-Taylor) (4.82)

Other competitive bounds arise from measurements of the double pulsar (PSR J0737-3039A/B)

[83], which is moderately more compact than the Hulse-Taylor system, though more circular, and

whose precession is measured slightly less accurately. In any case, we shall use Hulse-Taylor as a

useful guide.

We will obtain a complementary bound in the next Section. Combining the standard con-

straint from solar system tests in Eq. (4.14), with our new constraint from Hulse-Taylor precession

in Eq. (4.82) and the upcoming neutron star equilibrium constraint in Eq. (4.104) or (4.105), we

obtain the plot in Figure 4.2. The colored regions are ruled out, while the blank (lower right) region

is allowed. There can be further constraints from mergers, as we discuss later.
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Figure 4.2: Observational constraints on the model parameters: Coupling� on vertical axis and
nonlinear scale� 1=4 on horizontal axis. The blue region is ruled out by solar system tests of light
bending. The orange region is ruled out by precession of Hulse-Taylor pulsar binary; this assumes
p � 5=6, but it is rather insensitive to its value (assuming p is not extremely close to 1). The green
region is ruled out by altering neutron stars signi�cantly and is sensitive to the value of p; the solid
green line is for p = 5=6, the dashed green line is forp = 3=4. In general, for lower p the green
region becomes larger, for higherp the green region becomes smaller. The remaining lower right
region is allowed (depending onp) according to our analysis here (albeit other phenomena, such as
mergers, could a�ect this).

4.4 Hydrostatic Equilibrium of Stars

As we saw in the previous section, the constraint from Hulse-Taylor binary is that the new force

must remain considerably smaller than the standard gravitational force or the orbital motion will

be highly altered. In fact it must be the quasi linear regime, or the precession is altered too much.

Now even if this is obeyed, we should recognize that new scalar force will still enter the nonlinear

regime for dynamics on much smaller scales scales. For the casep = 5=6, this then gives a 1=r3

as opposed to 1=r2 force law, which is an appreciably steep rise. So by considering much closer

material, the force can rise to be quite large.

A very important issue to address is what happens at the surface or interior of neutron stars

themselves. Since they have a radius of� 10 km, this reduction in r by about 105 compared to
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Hulse-Taylor orbit is very large indeed. For the p = 5=6 and 1=r3 force law, this could lead to a new

force comparable to, or larger than, regular gravity. So in this section, we can use the existence

and stability of neutron stars to impose corresponding bounds on the parameters� and � . This

is important for p = 5=6 or for even smallerp values, where the rise in forces is even steeper. On

the other hand, this new analysis may not be so relevant forp that is only slightly less than 1, say

p = 11=12, giving rise to a 1=r2:4 force law, which is only a mild enhancement relative to 1=r2 when

we move in towards the surface of the neutron star� 10 km from the Hulse-Taylor orbit � 106 km.

4.4.1 Static and Spherically Symmetric

In the vicinity of a neutron star, we need the full equations of general relativity, as we are approach-

ing the strong �eld regime, along with the full equations for the scalar � . We will model a single

neutron star as spherically symmetric and in equilibrium it is static in its reference frame. To this

end we can decompose the metric into a standard form that exploits its spherically symmetry as

ds2 = g�� dx� dx� = e2� (r )dt2 � e2
 (r )dr2 � r 2d� 2 � r 2 sin2 � d' 2 (4.83)

where we have introduce two functions of radius� (r ) and 
 (r ).

The Einstein �eld equations take on the standard form, albeit we have a more complicated

source than usual. We write it as

G�� = 8 �G
�

T (M )
�� + K X (X )@� �@� � � g�� K (X )

�
(4.84)

where the �rst term on the right hand side is the energy-momentum tensor of the matter sector

(computed with the conformal coupling f (� )) and the remaining terms are the direct contributions

to the energy-momentum tensor from the scalar's kinetic term.

To make progress, we need to assume a form for the matter sector'sT (M )
�� . For simplicity,

we shall assume that the matter is described by a perfect 
uid, with energy density� and pressure

P. In the absence of the conformal coupling to� , this gives rise to the energy-momentum tensor

T̂ (M )
�� = �P g�� + ( � + P)U� U� (4.85)
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where the hat indicates that this is de�ned without the coupling to � . Here U� is the (covariant) 4-

velocity. For a static con�guration, the only non-zero component is Ut = e� to ensure normalization

(g�� U� U� = 1). Hence

T̂ (M )
�� = diag

�
� e 2� ; P e2
 ; P r 2; P r 2 sin2 �

�
(4.86)

Now let us re-instate the dependence on the conformal coupling to� . For a collection of

massive point particles, primarily carrying only gravitational interactions, their action is

SM =
X

i

� mi

Z
d�

r

g��
dx�

i

d�
dx�

i

d�

p
f (� ) (4.87)

where we have used the fact that they are coupled via ~g�� = f (� )g�� . Carrying through the

procedure to obtain the energy momentum tensor, we see that the �nal result in this case just

factorizes as

T (M )
�� = T̂ (M )

��

p
f (� ) (4.88)

4.4.2 Modi�ed TOV Equation

We now insert the above into the Einstein �eld equations. For the tt -equation, it is convenient to

trade in the metric function 
 (r ) for the enclosed massm(r ) through

e2
 (r ) =
�

1 �
2Gm(r )

r

� � 1

(4.89)

Then one �nds that the tt -Einstein equation becomes

dm
dr

= 4 � r 2� e� (r ) (4.90)

where the total e�ective energy density is

� e� =
p

f (� ) � � K (X ) (4.91)

with X taking on the value

X = �
1
2

�
1 �

2Gm(r )
r

�
(� 0)2 (4.92)
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where � 0 � d�=dr . One can prove that by integrating over all space, thenm(r ! 1 ) = M is the

conserved total energy of the system.

The rr -equation gives us a di�erential equation for � of

d�
dr

=
G(m(r ) + 4 �r 3Pe� )

r (r � 2Gm(r ))
(4.93)

where the total e�ective pressure is

Pe� =
p

f (� ) P + K (X ) +
�

1 �
2Gm(r )

r

�
K X (X )( � 0)2 (4.94)

Then by using using the covariant conservation of energy momentumr � T��; e� = 0 with � = r , one

obtains (� e� + Pe� )d�=dr = � dPe� =dr. So altogether we obtain a kind of updated version of the

Tolman-Oppenheimer-Volko� (TOV) equation [84, 85], where we simply need to replace� and P

by � e� and Pe� , to obtain

dPe�

dr
= �

G(� e� + Pe� )(m(r ) + 4 �r 3Pe� )
r (r � 2Gm(r ))

(4.95)

Also, we need the di�erential equation for � . We �nd this to be the following second order

ODE
1

e� (r )+ 
 (r ) r 2

d
dr

�
e� (r )� 
 (r ) r 2K X (X )

d�
dr

�
= ( � � 3P)

f 0(� )

2
p

f (� )
(4.96)

(f 0 � df=d� ) which can be further expanded out by using Eqs. (4.89) and (4.93) to eliminate
 (r )

and � (r ) from this equation completely.

Finally, we need an equation of state for our matter, relating pressureP to density � . We

shall be interested in neutron stars. As a �rst approximation (e.g., see Ref. [86]), we shall model

this as a system of free degenerate fermions. In reality there are signi�cant corrections to this from

QCD, but this is a useful starting point. It is well known that for free fermions at degeneracy the

energy density and pressure can be expressed as an integral over wavenumber, with cuto� at the
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Fermi wavenumber kF , as

� = 2
Z kF

0

d3k
(2� )3

p
k2 + m2

n (4.97)

P =
2
3

Z kF

0

d3k
(2� )3

k2
p

k2 + m2
n

(4.98)

wheremn is the neutron mass. This provides a parametric relationship between pressure and energy

density, through the Fermi wavenumber kF . At low and high densities, we have the limiting cases

P =
� 5=3

5� 2=3
n

; � � � n (4.99)

P =
�
3

; � � � n (4.100)

where we have introduced a characteristic neutron star energy density of

� n �
m4

n

3� 2 (4.101)

So our system of equations is (4.90, 4.95, 4.96), along with the de�nitions (4.91, 4.92,4.94)

and equation of state given implicitly through Eqs. (4.97, 4.98). In addition we need a choice of

kinetic function K (X ), which we take to be of the form speci�ed earlier in Eq. (4.17). And we need

a choice of conformal coupling functionf (� ), which we take to be

f (� ) = (1 � � � )2 (4.102)

which has the nice property that the right hand side of Eq. (4.96) is just � � (� � 3P).

We also need boundary conditions to complete the system. We imposem(0) = 0, so the

total enclosed mass of zero radius is itself zero. We impose� 0(0) = 0, so that the scalar's di�erential

equation is well behaved at the origin. Finally, for a localized source, we impose� (r ! 1 ) = 0,

since we are de�ning� = 0 as our asymptotic vacuum. We these boundary conditions imposed, we

then have only one free parameter, which we take to be the energy density at the center

� c � � (0) (4.103)
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Figure 4.3: The total integrated mass of the star versus the radius at which the density drops by a
factor of 50. The lower black dashed curve is for pure general relativity. The upper solid blue curve
includes our coupling to the scalar� with � = 2 :5 � 10� 3=MPl , � 1=4 = 7 :4 � 10� 7 � 1=4

n , p = 5=6.
The regime of stability is when the derivative is negative (right side of purple marker). The regime
of instability is when the derivative is positive (left side of purple marker).

which parameterizes a family of star solutions.

4.4.3 Numerical Results

We have numerically solved the above system of di�erential equations. For� = 2 :5 � 10� 3=MPl ,

� 1=4 = 7 :4 � 10� 7 � 1=4
n , and p = 5=6 the results are given in Figures 4.3, 4.4, 4.5, 4.6.

In Fig. 4.3 we plot the total integrated mass versus radius of the star. In this model, the

radius is not quite as sharply de�ned as in standard gravity, as the scalar �eld provides a pressure

that makes the density decrease towards zero less sharply (see below for discussion). For a concrete

de�nition, we have taken the radius to be the value at which the density drops from its central

value by a factor of 50; we have denoted thisR50.

In Fig. 4.4 we show the energy density� e� versus radius, comparing the standard general

relativity result (dashed lines) to the new result including the coupling to the scalar (solid lines).

The radius of the star is increased compared to the standard result. This occurs because there is

signi�cant pressure stored in the scalar �eld; see ahead to Fig. 4.6. This increased pressure can

therefore support even more mass from gravitational collapse. Correspondingly, the total energy is

signi�cantly higher, as seen in the bottom panel.

For small to moderate central core densities� c, the stars are stable. However, beyond a
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Figure 4.4: Top panel: Total energy density� e� (re-scaled byr 3 for convenience) in a neutron star
as a function of radius. The pure general relativity result is given by the dashed lines. The result
including the coupling to the scalar � with � = 2 :5 � 10� 3=MPl , � 1=4 = 7 :4 � 10� 7 � 1=4

n , p = 5=6 is
given by the solid lines. The central density� c increases from red (0:1 � n ) to blue (0:16� n ) to green
(0:25� n ) to orange (0:40� n ) to purple (0:63� n ) to black (1:0 � n ) as indicated by the bottom panel.
Bottom panel: The total integrated mass of the star. The lower open circles are for pure general
relativity. The upper �lled squares include our coupling to the scalar. The increase in mass in the
presence of the scalar is related to the extended radius of the star due to additional pressure from
the scalar �eld (see Fig. 4.6).

certain central density, there is an instability. This occurs for approximately the same central

density range as in standard general relativity. In the mass-radius �gure 4.3, the instability occurs

when the derivative dM=dR changes sign to be positive at small radii (e.g., see Ref. [86]). This

is at the purple point in the general relativity case (circle) and the new model case (square). So

we see that the minimum radius for stability (purple point) is shifted to moderately larger radii
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Figure 4.5: Top panel: The scalar �eld � as a function of radius in a neutron star. Bottom panel:
The corresponding kinetic term jX j in units of � . The parameters of the model and the color
choices are the same as in Fig. 4.4.

than in general relativity. So instead of the minimum radius of � 10 km, it may be 15 km, or so,

depending on parameters� and � . Enhanced radii are therefore a feature of this class of models.

In Fig. 4.5 we show the scalar �eld pro�le versus radius. Towards the center of star it is

roughly 
at. However, outside the star it falls o� as a power law. We have checked that outside

the star it indeed matches that expected from a point source, with asymptotic behavior given in

Eq. (4.24). In the regime plotted, we are only in the nonlinear regimer � r � , so here it scales

as / 1=r3 for p = 5=6 (q = 1). The lower panel of this �gure con�rms that we are deeply in the

nonlinear regime asjX j � � here. Of course at larger � r � it will transition to the linear regime.

In Fig. 4.6 we plot the ratio of the new scalar force to the spin 2 force. At the center of
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Figure 4.6: Top panel: The di�erence � P � P e� � P between the e�ective pressure that sources
gravitation and just the neutron pressure; we see that the scalar �eld creates a considerable amount
of positive pressure which explains the extended radius of the star seen in Fig. 4.4). Bottom panel:
The ratio of forces (accelerations) on a unit test mass in a neutron star of the scalarF� = � jr � j
and standard gravity in the Newtonian approximation FGR = Gm(r )=r2. The parameters of the
model and the color choices are the same as in Fig. 4.4. Note that outside the neutron star, the
ratio is decreasing, sinceF� / 1=r3 and FGR / 1=r2. However at very large radii r � r � , the ratio
is constant, but that region is not visible here.

star, the ratio approaches zero, since the center is highly relativistic and scalars do not couple to

relativistic matter. Outside the star, we see the ratio decrease, since the scalar force is/ 1=r3 (for

p = 5=6; q = 1), while the spin 2 force is / 1=r2. At very large radii they will both scale as 1=r2,

but this regime is not displayed. As the plots shows, the biggest correction from the scalar force

to the neutron star is therefore in the outer layers of the neutron star. For the parameters chosen

in the plot, the ratio of forces reaches an upper value of� 0:3.
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We can anticipate that if the ratio of forces is increases signi�cantly further, we will alter

neutron stars appreciably. In fact we already see from Fig. 4.4 that in the presence of signi�cant

coupling to scalars, the mass of the neutron stars is appreciably raised. Since current observations

are roughly compatible with general relativity, this indicates we should impose a bound on this new

force. However, since individual neutron stars are not fully understood, this bound is only rough.

For neutron stars (with p = 5=6 or p = 3=4), we can impose that the changes to the neutron star

are no more than a factor of 2 (the factor of 2 is illustrative; if we move this value moderately,

then there is only a small change in the constraint region), this provides the lower bound on our

parameter of

� 1=4 & 200 eV
�

�
2:5 � 10� 3=MPl

� 5=2

(for p = 5=6; q = 1) (4.104)

� 1=4 & 60 keV
�

�
2:5 � 10� 3=MPl

� 3=2

(for p = 3=4; q = 2) (4.105)

Note that this bound should not be too surprising. If we considered the case� � 1=MPl , then

this bound says that � 1=4 is constrained to be at least on the order of a GeV, which is roughly

the neutron mass. This naturally says that the cross over energy density to the nonlinear scale�

must be at least the neutron star density. However, for smaller� to accommodate solar system

constraints, the constraint on � scales accordingly.

Interestingly, for p = 5=6 when � is at this boundary with � = 2 :5 � 10� 3=MPl , the cross

over length scaler � is on the order of r � � 300; 000 km, which is less than half the solar radius.

This means that at the solar radius the scalar force has essentially transitioned into the linear

regime, and so standard solar system constraints should indeed be obeyed. If, on the other hand,

we lower � to be even smaller than 2:5 � 10� 3=MPl , while simultaneously still ensuring � obey the

neutron star bound Eq. (4.104), then the nonlinear regime is held �xed, while the linear regime

has a suppressed force and so solar system tests are even more easily obeyed. Furthermore, for the

Hulse-Taylor pulsar system, it has a closest approach (periastron) of� 750; 000 km, and semi-major

axis of � 1; 950; 000 km, so it is indeed in the nearly linear regime as required from the previous

Section. Also the double pulsar (PSR J0737-3039A/B) system has a semi-major axis� 900; 000 km

and is quite circular; so it is in the nearly linear regime too.
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For higher p values, the constraint on� becomes weaker, as the rise in force is more moderate.

Conversely, for lower p values, the constraint on � becomes stronger, as the rise in force is more

signi�cant. At the boundary, the transition scale r � is smaller for higher p and larger for lower p.

4.5 Scalar Wave Emission

A very interesting question is what happens during mergers. The LIGO/Virgo collaboration has

measured multiple black hole mergers, broadly compatible with the predictions of general relativity

[87, 88]. One might wonder if this puts a further bound on these scalar models. For a canonical

scalar the answer is no. Black holes neither source or are a�ected by scalars. One can picture this

as follows: as matter 
ows towards a black hole horizon it becomes ultra-relativistic, but scalars

do not couple to ultra-relativistic matter which have vanishing trace of energy momentum tensor

T. Furthermore, black holes do not source scalars as this would violate the black hole no-hair

theorem [89, 90]; the black hole should not \remember" that it was formed from material that was

coupled to a scalar as opposed to some other material that is not (if we allowed for non-universal

couplings). A no-hair theorem is less clear in the presence of a non-canonical scalar with unusual

kinetic terms. However, there is some work supporting this in the literature [91, 92]; this deserves

further consideration.

On the other hand, merging neutron stars will source and respond to� , perhaps until the

�nal stage of black hole formation. During the in-fall stage, the scalar radiation can be appreciable.

Here we would like to compute its amplitude and compare to that of general relativity.

4.5.1 E�ective Metric and Perturbative Scheme

To make progress, we shall closely follow the very helpful work in Ref. [93] (other useful work

includes Ref. [94]). In that work, the focus was on Galileon models. But we shall adapt much of

their method to our kinetic term.

We wish to study radiation from a binary system. Since our theory is highly nonlinear, we

cannot solve it exactly analytically. So to proceed, we need some perturbative scheme to operate in.

The idea is to take the background solution� 0 about which to expand to be given by the solution

from a point source. For a coupling function f (� ) = (1 � �� )2, the scalar's source (right hand side
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of Eq. (4.20)) becomes

J0 = � M � � 3(x) (4.106)

with M � =
R

d3x (� � 3P). To leading order, we can take a 
at spacetime backgroundg�� = � ��

and so the corresponding equation for the background� 0 = � 0(r ) is as given before in Eq. (4.23),

whose asymptotic solutions are given in Eq. (4.24). Let us suppose we have this function� 0(r ).

Now in order to analyze the binary, we wish to perturb around this as

� (x ; t) = � 0(r ) + " (x ; t) (4.107)

and we wish to �nd "(x; t) to leading order. For an orbiting binary system, " will oscillate in

time and carry scalar radiation out of the system. To proceed, it is convenient to return to the

action, expand to quadratic order in " , and dispense with the linear term which must vanish by

the Euler-Lagrange equations. Ignoring standard gravity, this gives an action for" of the form

S2 =
Z

d4x
�

1
2

G��
0 @� "@� " + " � J

�
(4.108)

where we have an e�ective metric, evaluated on the background� 0(r ) solution from the monopole.

In spherical co-ordinates, its value is found to be

Gtt
0 = K X (X 0) (4.109)

Grr
0 = � (K X (X 0) + 2 X 0K XX (X 0)) (4.110)

G��
0 = �

1
r 2 K X (X 0) (4.111)

G''
0 = �

1
r 2 sin2 �

K X (X 0) (4.112)

with X 0 = � 1
2(� 0

0)2.

For a binary system of point massesM 1 and M 2, the perturbed source � J is

� J = �
�
M 1 � 3(x � x1(t)) + M 2 � 3(x � x2(t)) � M � � 3(x)

�
(4.113)

with M 1 + M 2 = M � . Note that the integral of � J over space vanishes, so the perturbation"
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is not sourced by the monopole. The dipole is
R

d3x x � J = � (M 1 x1(t) + M 2 x2(t)), which for

non-relativistic sources is the total momentum, and hence it vanishes in the center of mass frame.

So to leading order," is sourced by the quadrupole moment, as is familiar in general relativity.

From varying the above action with d4x = dt dr d� d' r 2 sin � , the equations of motion take

the form

� 0" = � J (4.114)

where we have introduced a modi�ed box operator on the background de�ned by

� 0 � K X (X 0)
@2

@t2
�

1
r 2

@
@r

�
(K X (X 0) + 2 X 0K XX (X 0)) r 2 @

@r

�
�

K X (X 0)
r 2 r 2

ang (4.115)

where r 2
ang is the 2-dimensional angular Laplacian on the unit 2-sphere.

The relevant solution is given by the retarded Green's function

"(x; t) =
Z

d4y GR (x ; y ; t � ty) � J (y ; ty) (4.116)

where the retarded Green's function is for the modi�ed box operator

� 0GR = � 4(x � y) (4.117)

In order to solve the above type of wave equation, it is useful to obtain the mode functions

� lm! which obey the source free wave equation� 0� lm! = 0. Using spherical symmetry, these can

be decomposed as

� lm! = f l! (r )Ylm (�; ' )e� i!t (4.118)

Upon substitution, we see that f l! (r ) must obey the ordinary di�erential equation

�
� ! 2 +

l(l + 1)
r 2

�
f l! �

1
r 2K X (X 0))

d
dr

�
(K X (X 0) + 2 X 0K XX (X 0)) r 2 df l!

dr

�
= 0 (4.119)

From these mode functions, one can construct the retarded Green's function as

GR (x; y) = �( t � ty)W (x; y) (4.120)

93



where the Wightman function is

W (x; y) =
X

lm

i
Z 1

0
d! � lm! (x ; t) � �

lm! (y ; ty) (4.121)

In order to obey � 0GR (x; y) = � 4(x � y), we need to take a time derivative at t = ty and demand

the Wightman function give the spatial delta-function as

2K X (X 0)@t W (x; y)
�
�
�
t= ty

= � 3(x � y ) (4.122)

For a binary pair of equal massesM 1 = M 2 = M � =2 with orbital radius R and orbital

frequency 
, one can show (see Ref. ([93])) that the corresponding power output in the quadrupole

is

P� =
15
8

� 2 
 M 2f 22(R)2 (4.123)

where f 22 means the radial mode function evaluated atl = 2 and ! = 2
. The l = 2 re
ects the

quadrupole, and the ! = 2
 re
ects that after half a period the binary system returns to itself

from the point of view of gravity.

4.5.2 Scalar in Linear Regime

To set the stage, let us begin with the linear regime in whichK (X 0) = X 0. Then we obtain the

standard wave operator

� 0 = � =
@2

@t2
�

1
r 2

@
@r

�
r 2 @

@r

�
�

1
r 2 r 2

ang (4.124)

and so the corresponding radial mode functionsf l! must satisfy

�
� ! 2 +

l(l + 1)
r 2

�
f l! �

1
r

df l!

dr
�

d2f l!

dr2 = 0 (4.125)
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This is a standard form of the Bessel di�erential equation. The relevant solutions that are well

behaved at the origin are the Bessel functions of the �rst kind

f l! (r ) =
N
p

r
J l+1 =2(! r ) (4.126)

where N is a normalization factor. Note that this says that at large radii ! r � 1, the (real part

of) the mode functions scale with position and time as

R[� lm! ] /
cos(! r � ! t + 
 )

r
; (! r � 1) (4.127)

(where 
 is a phase). This is the standard asymptotic behavior of radiation propagating at speed

c = 1.

Inserting this into the condition Eq. (4.122), we have

2N 2

r

X

lm

Z 1

0
d! ! Y lm (�; ' )Y �

lm (� y ; ' y)J l+1 =2(! r )J l+1 =2(! r y) = � 3(x � y ) (4.128)

Integrating over ! gives a delta function in radius, then summing overlm gives a delta function in

angle. So this matches with a normalization factor ofN = 1=
p

2.

We insert this into Eq. (4.123) which means evaluatingf 22 at r = R. For low velocities, we

are in the small 
 r regime. In this regime, we readily expand to leading order, and �nd

P� =
4

15�

� 2M 2
� 


R
(
 R)5 (4.129)

This is a factor of � 2M 2
Pl =3 (times M 2

� =M 2, which is usually � 1) smaller than the spin 2 result

PGR =
12

15�
M 2 

M 2

Pl R
(
 R)5 (4.130)

Since we must already assume� � 2:5 � 10� 3=MPl to pass light bending solar system tests, then a

canonical scalar has power that isP� � 2 � 10� 6 PGR , which is very small. However, we now wish

to analyze the nonlinear theory to see if this can be signi�cantly enhanced.
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4.5.3 Scalar in Nonlinear Regime

Let us now go to the opposite limit in which we are deeply in the nonlinear regime. For the

monopole background,K (X 0) is approximated as in Eq. (4.19) and the gradient of� 0 is given by

the lower expression in Eq. (4.24). Hence we have

K X (X 0) =
�

r
r �

� q

; X 0 K XX (X 0) = ( p � 1)
�

r
r �

� q

(4.131)

This gives the following wave operator

� 0 �
�

r
r �

� q @2

@t2
� (2p � 1)

1
r 2

@
@r

��
r
r �

� q

r 2 @
@r

�
�

�
r
r �

� q 1
r 2 r 2

ang (4.132)

So now the radial mode functions satisfy the following update from Eq. (4.125) to

�
� ! 2 +

l(l + 1)
r 2

�
f l! �

1
r

df l!

dr
� (2p � 1)

d2f l!

dr2 = 0 (4.133)

We note that the �rst two terms here are standard. However, the �nal term now picks up a prefactor

of 2p � 1. For p < 1=2 this term changes sign, which is a re
ection of hyperbolicity breakdown, as

we already mentioned in Section 4.2.3.

Again the relevant solutions that are well behaved at the origin are Bessel functions of the

�rst kind. These are now

f l! (r ) =
N

p
r 1+ q

J� (k r ) (4.134)

where the order of the Bessel function� and its wavenumber k are given by

� =
1
2

p
1 + (2 + q)(2l + 2 l2 + q) (4.135)

k =
!

p
2p � 1

(4.136)

Let us again comment on the large radii behaviork r � 1. The (real part of) the mode functions

now scale with position and time as

R[� lm! ] /
cos(k r � ! t + 
 )

r 1+ q=2
; (k r � 1) (4.137)
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There are two interesting points about this. Firstly, recalling the wavenumber expression

Eq. (4.136), we see that the speed of the radiation is

cs =
p

2p � 1 (4.138)

for the wave in the nonlinear regime (before relaxing tocs = 1 in the linear regime). So if p > 1

then we have superluminal radiation, for p = 1 it is luminal, and for p < 1 it is subluminal. This

reinforces the point already made in Section 4.2.3.

Secondly, the scaling of/ 1=r1+ q=2 looks unusual at �rst sight as it is therefore no longer

scaling as/ 1=r which is standard for radiation. However, let us examine the momentum density.

The radial momentum density in our theory is given by

� r = � K X (X )
@�
@t

@�
@r

(4.139)

Expanding to quadratic order (and ignoring the linear term as it time averages to zero) we have

� r : = � (K X (X 0) + 2 X 0K XX (X 0))
@"
@t

@"
@r

(4.140)

In the nonlinear regime, the pre-factor here (K X (X 0) + 2 X 0K XX (X 0)) scales as/ r q. So if we

combine this with the above mode functions (4.137), we see that the overall scaling is the standard

/ 1=r2 scaling

� r /
sin2(k r � ! t + 
 )

r 2 ; (k r � 1) (4.141)

Then to obtain the power, we can use energy-momentum conservation in this� sector to obtain

the time-averaged power of

P� =
Z

d3x h_� � i = �
Z

d3x hr� � i = �
Z

d2S h� r i (4.142)

where we used the divergence theorem to integrate over a sphere. Sinceh� r i scales as/ 1=r2, the

time-averaged power through any concentric sphere is the same.
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4.5.4 Nonlinear Power and Comparison to Tensor Modes

Using the above results, we again insert into the condition Eq. (4.122). This is now modi�ed to

2N 2

r r q
�

X

lm

Z 1

0
d! ! Y lm (�; ' )Y �

lm (� y ; ' y)J� (! r )J� (! r y) = � 3(x � y ) (4.143)

Integrating and summing, we see that this matches for a normalization factor of

N =
r q=2

�p
2

(4.144)

To obtain the power, we again insert these results into Eq. (4.123) and focus on low velocities. To

leading order, we now �nd

P� =
15

16 �[1 +
p

25 + 14q + q2]
� 2M 2

�

�


R

� � r �

R

� q
�


 R
cs

� p
25+14 q+ q2

(4.145)

It is simple to check that for p = 1 ( q = 0) this recovers the canonical result in Eq. (4.129).

For 1=2 < p < 1 (q > 0), we obtain an interesting new relationship compared to the spin 2 result

Eq. (4.130). We see that on the one hand, we have anenhancementdue to the (r � =R)q factor.

This in fact is the familiar enhancement that we have from the ratio of forces; see Eq. (4.27). On

the other hand, we also have asuppressionby the �nal factor of (
 R)
p

25+14 q+ q2 � 5 (there is also

a correction from cs and the Gamma function, but this is typically only an O(1) correction). The

orbital velocity is vorb = 
 R, so we can summarize this all as

P�

PGR
�

F�

FGR
(vorb )

p
25+14 q+ q2 � 5 (4.146)

Hence the ratio of scalar power to the spin 2 power is even further suppressed than the ratio of

forces whenever 1=2 < p < 1 (q > 0), which is our regime of interest. Since we expect the ratio of

forces to never be much larger than 1, i.e.,F� =FGR . 1, as this could otherwise potentially disrupt

the neutron stars, we obtain an overall suppression by a power of velocity. This implies that the

scalar power is negligible in systems well before merging, as the motion is non-relativistic. Note that

the above result assumes all relevant scales are in the nonlinear regime. Since the wavelengths of

radiation can readily be so large as to enter the linear regime, this would not be directly applicable.
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However, as mergers take place, objects and their wavelengths can all enter the nonlinear

regime, and the above result can be applicable. Furthermore, orbital velocities increase and reach

an appreciable fraction of the speed of light, so this additional velocity suppression is essentially

removed. So the �nal stages of mergers may have signi�cant energy output corrections into the

scalar. The scalar radiation itself would be very di�cult to directly detect as � is small. But

nevertheless the binary system is losing energy at a rate that is di�erent from general relativity.

We should also consider the corrections to the tensor powerPt emitted. We previously

computed this earlier for the special case ofp = 5=6 with the correction given in Eq. (4.54). For a

general powerp, we can readily do the case for a circular orbit. We �nd the result

Pt = PGR

�
1 + 6 � 2M 2

Pl

� r �

2R

� q�
(4.147)

This agrees with Eq. (4.54) with � = 0 and a = 2R, but generalizes this to any power q =

4(1 � p)=(2p � 1). Generally, we have the scaling here�P t =PGR � F� =FGR , without any velocity

suppression.

Altogether, both the scalar wave emission and the correction to the tensor wave emission

can a�ect the observed signal at LIGO/Virgo or other GW interferometers. A precise comparison

to LIGO/Virgo data from neutron star mergers [95, 96] is beyond the scope of this chapter. This

all deserves further investigation.

4.6 Discussion

In this work we have developed a class of models which alters the behavior of gravity at macroscopic

scales, and yet obeys all hyperbolicity and subluminality constraints, as well as solar system bounds.

The coupling to matter remains at the standard bound of � � 2:5 � 10� 3=MPl . We found that

the scale of new physics that sets the higher dimension kinetic terms is bounded by� 1=4
1 & 125 eV

from Hulse-Taylor binary pulsar precession and a rough constraint of� 1=4
2 & 200 eV from stability

and structure of neutron stars (and both are scaled down by powers of (�= (2:5 � 10� 3=MPl )) if � is

lowered further than the current solar system bound). We also computed corrections to the power

emitted. We found that the scalar wave emission is even further suppressed by a power of velocity
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relative to the tensor wave correction; however, it may be important during a merger.

There are many interesting points to discuss. Firstly, one might wonder the plausibility

of having a scalar whose leading coupling to matter is very small� � 1=MPl . If the �eld were

canonical, then under all circumstances the strength of this new force would be weaker than spin

2 gravity. This is not in contradiction with the original form of the \weak gravity conjecture" [97],

in which spin 2 gravity is argued to necessarily be the weakest force, as that refers to a comparison

to repulsive spin 1 interactions. Other proposals do include extensions to scalars [98], though it

is less established. An interesting question is whether the non-canonical kinetic term alters this

analysis, since the force can rise and potentially become larger than gravity in su�ciently dense

environments. Let us also mention that if the scalar has appreciable couplings to very heavy �elds

it would more easily obey any such constraints (although by giving up universal coupling, it may

compromise the plausibility of the lightness of � ). Perhaps of more concern is that in the densest

environments, say near a neutron star surface, the �eld� can be super-Planckian in these models,

which appears to be in tension with a \distance conjecture" [99] (albeit one should re-analyze in

the presence of non-canonical kinetic terms). One possibility is that a UV completion might require

the e�ective theory to fail here and so the bound from neutron star equilibrium may be discarded.

This would still allow for other bounds, such as from precession, which remain in the sub-Planckian

�eld regime. These are interesting theoretical questions for future consideration.

In this work we studied the interaction between, and scalar/tensor emission from, neutron

stars as the densest known environments, as this new force is most important in such regimes. How-

ever, it is interesting to know what happens between black holes. As mentioned earlier, canonical

scalars obey a no-hair theorem and therefore do not alter the behavior of black holes. Whether this

remains valid from scalars with non-canonical kinetic terms is less clear, although some models are

found to do so [91, 92]. In particular, the singularity at the center of a black hole would probe well

beyond the regime of validity of the e�ective theory, so one might wonder if the new physics alters

the scalar no-hair theorem. An interesting direction would be to numerically study a collapsing

system with our new interaction and see if and how the new force vanishes as the black hole horizon

forms.

The cuto� of � 1=4
2 & 200 eV from the neutron star bound or the cuto� of � 1=4

1 � 125 eV from

the Hulse-Taylor binary are both very low scales compared to those associated with uni�cation
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physics. We might �rst mention that they are still much much higher than the standard cuto� in

other models, such as massive gravity, which is� m2=3
g M 1=3

Pl � 10� 13 eV. Furthermore, the length

scale associated with these cuto�s are around 1=� 1=4 . 10� 9 meters. This is a microscopic scale;

many orders of magnitude smaller than the size of a neutron star (� 10 km) or the Hulse-Taylor

binary ( � 106 km) on which we have made use of the e�ective �eld theory. So it is plausible

that such an e�ective theory may remain valid in these regimes. On the other hand, we are not

aware of an explicit UV completion of these models. Since, as we emphasized, they obey standard

hyperbolicity and subluminality bounds then a UV completion is plausible. The boundary case

of p = 1=2 is the DBI model, which has a UV completion in the form of a brane bending mode

in higher dimension models. But the relevant cases of 1=2 < p < 1 remain unclear. In any case,

since the energy scale cuto�s are somewhat low, the quantum induced mass for� (see discussion

in Section 4.2)) is anticipated to be extremely small; so this is at least self consistent. We further

note that if a small mass is included that leads to a screening on large scales, one may be able to

avoid the precession bound (orange in Fig. 4.2), while the neutron star structure bound (green in

Fig. 4.2) could remain intact (unless the mass was increased considerably).

Further work would be to perform a comparison to LIGO/Virgo data for the observed

neutron star mergers [95, 96]. This may place a further tighter bound on the theory through

constraining scalar wave emission or corrections to tensor wave emission. Here we can make use

of our results Eqs. (4.145, 4.147) (or forp = 5=6 the more general result Eq. (4.54)), albeit further

corrections may be needed in the �nal phases.

Another consideration is possible consequences for cosmology. On very large scales, the

scalar force relaxes to the linear regime. In this regime, the scalar forces between massive objects

is smaller than the standard gravitational force by F� =FGR = 2 � 2M 2
Pl , which from solar system

bounds is already constrained byF� =FGR . 10� 5. However, most cosmological measurements are

not currently at the level of 5 signi�cant �gures precision. Therefore one might anticipate only

weaker constraints on large scales. Finally, one can consider other high density environments, such

as the very early universe before big bang nucleosynthesis, such as above the QCD scale. Here the

known material is ultra-relativistic, so on the one hand, it should not couple appreciably to the

scalar, as it is conformally coupled. On the other hand, with our assumed non-standard kinetic

interaction, there are competing e�ects as the densities grow. So a close examination is worth
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considering.

102



Chapter 5

Quantitative Analysis of the

Stochastic Approach to Quantum

Tunneling

5.1 Introduction

Quantum tunneling plays a central role in many areas of physics, including diodes, nuclear fusion,

etc. In relativistic quantum mechanics of scalar bosons, it can play a central role in determining

the stability, or otherwise, of vacua. In particular, in the minimal Standard Model of particle

physics, the Higgs potential is only meta-stable, as it turns over at an energy scale ofO(1011) GeV,

depending on the top mass [100, 101, 102, 103]. It then goes negative, rendering our electroweak

vacuum meta-stable. Its lifetime from quantum tunneling has been estimated to be extremely long,

much longer than the current age of the universe, at least at zero temperature. During in
ation,

the situation can radically change, allowing the tunneling rate to be larger [104, 105, 106, 107, 108,

109, 110]. Furthermore, in the context of string theory, there are thought to be an exponentially

large number of meta-stable vacua in a multi-dimensional �eld space.

The computation of quantum tunneling can in principle be done by means of solving the

Schr•odinger equation directly. In the context of single particle non-relativistic quantum mechanics,

this is normally a task that can be completed with fairly minimal computing resources (which we
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shall return to later in this chapter as a testing ground). However, in the context of relativistic

quantum mechanics, one must necessarily deal with a large number of degrees of freedom, which

are conveniently organized into �elds. In this case, the direct solution of the Schr•odinger equation

for the quantum �eld theory is notoriously di�cult. It is then especially important to have e�cient

tools to provide approximate results. The most famous and celebrated approximation is to make use

of instantons [111, 112]. In this method, one performs a Wick rotation on timet ! i t to obtain the

Euclideanized equations of motion. The leading instanton is the bounce solution exhibiting maximal

symmetry, namely SO(d+ 1), where d is the number of spatial dimensions. This instanton method

can be very e�cient to implement and is usually thought to be an accurate approximation to the

true quantum tunneling rate when the theory is in a weakly coupled regime.

However, there are good reasons to develop alternate calculational tools. Perhaps of most

interest is in the context of cosmology; in this case one is invariably studying a system with a time

dependent background. This immediately spoils theSO(d + 1) symmetry of the Euclidean theory,

so such simple instantons do not exist in this standard form. There are many possible settings where

the time dependence of the background would be important: during cosmic in
ation, during pre-

heating after in
ation, during late time dark energy, etc. In fact in the case of today's tunneling

rates it is unclear if the static treatment is relevant: if the background is very slowly varying

compared to the time-scale for tunneling, and one can therefore ignore the breakdown of time

translational symmetry, then the tunneling is so fast our universe would have already tunneled. On

the other hand, if the tunneling is su�ciently slow that we have yet to tunnel, then the background

evolution matters and the static analysis is not clearly applicable. Furthermore, there are situations

in which the instanton solution does not exist, while tunneling is still thought to occur, e.g., see

[113]. So there can be many important cosmological situations in which the static instanton based

method can be sub-optimal and even inaccurate.

Therefore a much needed tool would be to have a formalism that tracks the dynamics of the

tunneling process in real time rather than imaginary time. This method could then track non-trivial

background dynamics that is relevant to cosmology and in other dynamical settings. This method

suggests to use the real time dynamical classical equations of motion, as opposed to the imaginary

time classical equations of motion which are at the heart of the usual instanton method. However,

if one uses the classical equations of motion, one wonders: where does quantum mechanics enter?
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In such an approach, the only place it can enter is in thechoice of initial conditions.

To elaborate on this, suppose we consider a scalar �eld� subject to a potential V (� ), and

suppose we expand around the false vacuum� f as V = 1
2m2

f (� � � f )2 + : : :. Classically, one

must specify initial conditions for the 
uctuations �� i and momentum conjugate � i = � _� i . Since

they are to evolve simultaneously in the classical theory, then they need to be drawn from a joint

probability distribution p(�� i ; � i ). In the true quantum theory, such a joint distribution does not

exist of course; one only has a wave function 	. So instead one must choose a related distribution.

A concrete proposal is to (i) approximate the wave function as the free theory ground state wave

function based around the false vacuum with massmf . Since the free theory ground state wave

function is Gaussian it possesses a Wigner distributionW that is positive de�nite and can act as

a joint probability distribution from which one can sample from p = W . By sampling from this,

one can then (ii) evolve under the classical �eld equation equations of motion. In doing so, one

�nds that bubbles form randomly. This provides a novel semi-classical picture of vacuum decay,

as implemented in the important work of Ref. [114], and provided the inspiration for the present

study.

By performing an ensemble average, one can show that this often leads toparametric agree-

ment with the logarithm of the tunneling rates in the instanton approximation, and so it is can be

potentially quite relevant and useful. We will refer to this as the \stochastic approach to quantum

tunneling". Pioneering work on this includes Refs. [115, 116], while a more recent update that

makes use of the Wigner formalism was done by some of us in Ref. [117]. Other relevant work

includes Refs. [118, 123, 124, 125, 126, 127, 128, 129, 130, 119, 120, 121, 121, 122].

It is di�cult to make the case for precise quantitative agreement between this stochastic

approach and the instanton approximation in Minkowski space (non-trivial backgrounds, including

in
ation, are not the focus of our present study). However, in the recent work published in PRL,

Ref. [114] provided very interesting numerical results that appeared to drastically improve the

situation. The authors implemented the stochastic method in 1+1-dimensions, by carrying out

detailed numerical simulations in which the �eld was drawn from a Gaussian distribution, and then

evolved classically. They computed the average time for bubble nucleation and deduced a tunneling

rate. This was carried out in the context of a particular potential V (� ), that we will discuss later;

see ahead to Eq. (5.17). They compared this tunneling rate to that obtained from the instanton
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method, claiming excellent agreement. This agreement was claimed to persist as the parameters in

the potential were altered and the criteria for tunneling was adjusted.

In this chapter we investigate this method carefully. We perform numerical simulations in

1+1-dimensions for a range of potentials. We also test the proposal in single particle quantum

mechanics. We �nd that the method requires one to assume initial conditions with standard

deviations smaller than those which arises from the Gaussian wave function. For the speci�c

potential examined in Ref. [114], we �nd that one needs to suppress the standard deviations by

a factor of " � 1=2. This leads to a factor of 4 change in the tail of the Gaussian distribution's

exponent, which leads to a very large reduction in the tunneling rate down towards the instanton

prediction; while the physical value of " = 1 leads to tunneling that is far more rapid. We show that

this problem is not unique to the speci�c potential chosen, but a�icts general potentials. Moreover,

we �nd that di�erent potentials require their own di�erent values of suppression factors " < 1 to

mimic the instanton results. We also test re-scaling the 
uctuations in �� i and � i di�erently, while

still obeying the uncertainty principle, and �nd that these problems persist. Finally, we test the

stochastic approach and its assumption of Gaussian initial conditions by directly comparing to

a quantum problem that we numerically solve with this initial condition. Although we cannot

e�ciently solve this quantum problem in the context of quantum �eld theory, we can do so in the

case of single particle non-relativistic quantum mechanics. By doing so, we �nd that disagreement

persists.

This chapter is organized as follows: In Section 5.2 we provide more details of the stochastic

method. In Section 5.3 we present our numerical results: a periodic potential in 5.3.1, a double well

potential in 5.3.2, addressing renormalization issues in 5.3.3, and other physical states in Section

5.3.4. In Section 5.4 we study the method in single particle quantum mechanics starting with an

exact Gaussian wave function. Finally, in Section 5.5 we conclude.

5.2 Stochastic Method

In this work we will be primarily interested in standard two-derivative actions. We will focus on

a single scalar �eld � , but will later also discuss the case of a single particle in non-relativistic
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quantum mechanics. The standard two-derivative action in Minkowski space is given by

L =
1
2

(@�)2 � V (� ): (5.1)

Here we are using the signature with + for time and � for space, and we work in natural units

~ = c = 1. Note that this can also describe some condensed matter systems if we replacec by the

appropriate sound speedcs.

Consider a potential that has (at least) two local minima; one is a false vacuum at value� f

and the other is a true vacuum at � t , i.e., V 0(� f ) = V 0(� t ) = 0 and V(� f ) > V (� t ). Further, we

will assume that they possess non-zero second derivatives at their respective minima, with

m2
f � V 00(� f ) > 0; m2

t � V 00(� t ) > 0: (5.2)

Some illustrative example are given in Figure 5.1. Although we will focus on starting around a

speci�c false vacuum� f , in principle there can be multiple true vacua that the system can tunnel

to. In a weakly coupled quantum �eld theory, the tunneling rate is usually thought to be well

approximated by Wick rotating t ! it , numerically obtaining the bounce solution, and computing

the corresponding bounce actionSB instanton. The tunneling rate to leading order is � / e� SB

with a pre-factor that can be determined too. We will return to these details later.

On the other hand, the basis of the stochastic approach is to (i) obtain stochastic initial

conditions for the �eld and its momentum conjugate, and then (ii) evolve classically. Let us de�ne

the perturbation from the false vacuum as

� = � f + ��; � = � _�: (5.3)

In order to obtain initial conditions, the stochastic approach normally makes use of the free theory

wave functional with respect to the false vacuum. The free theory Hamiltonian is given ind spatial

dimensions by

H free =
Z

ddx
�

1
2

� 2 +
1
2

(r �� )2 +
1
2

m2
f (�� )2

�
: (5.4)
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Figure 5.1: Potentials and initial condition : Middle pink curve: An illustrative periodic potential
V (� ) of the form Eq. (5.17). Upper brown curve: An illustrative double well potential V (� ) of the
form Eq. (5.21). We have indicated a false vacuum by� f and a true vacuum by � t . Lower purple
curve: a cartoon of the Gaussian approximation to the wave function squaredj	 free j2 (suppressing all
the spatial dependence for ease of presentation), which is used to construct the Wigner distribution
and then random initial conditions are drawn near the false vacuum in the stochastic approach.

This diagonalizes ink-space. The ground state wave functional is the Gaussian

	 free (�� ) / exp
�
�

1
2

Z
ddk

(2� )d ! k j�� k j2
�

; (5.5)

where ! 2
k = k2 + m2

f . Since this is a Gaussian wave function, it has a positive de�nite Wigner

distribution

Wfree (��; � ) / exp
�
�

Z
ddk

(2� )d

�
! k j�� k j2 +

1
! k

j� k j2
��

; (5.6)

The 2-point correlation functions for the �eld and momentum conjugate are

h�� �
k �� k 0i free =

1
2! k

(2� )d� d(k � k0); (5.7)

h� �
k � k 0i free =

! k

2
(2� )d� d(k � k0): (5.8)
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The stochastic method uses the Wigner distribution as a joint probability distribution to sample

�� and � from simultaneously. This sets the variance in the �eld and momentum conjugate's initial

conditions. By sampling from the above distribution for each k-mode, we obtain a representative

� back in position space.

To de�ne this precisely, let us consider a 1-dimensional box of spatial sizeL in which we

impose periodic boundary conditions � (L=2; t) = � (� L=2; t). The k-modes are then discrete,

obeying kn = 2 �n=L , where n is an integer. The system requires a cut-o� onn that we call ncut .

By sampling from the wave functional, we obtain the following stochastic initial conditions

�� i (x) =
1

p
L

ncutX

n=1

eik n x � n + c:c; (5.9)

� i (x) =
1

p
L

ncutX

n=1

eik n x � n + c:c; (5.10)

where the factor 1=
p

L is a useful pre-factor when switching from the continuum to the discrete in

a box of sizeL . Here the coe�cients ( � n ; � n ) are random complex numbers; they have uniformly

distributed phase on the domain [0; 2� ) and magnitude drawn from a Gaussian distribution, with

standard deviation given by

� � n �
p

hj� n j2i = " �
1

p
2! n

; (5.11)

� � n �
p

hj� n j2i = " �

r
! n

2
: (5.12)

Here the factors of 1=
p

2! n ;
p

! n=2 comes from enforcing thek-space standard deviations of

Eqs. (5.7,5.8).

Importantly, we have also included a pair of \fudge factors" " � ; " � in our expressions for

the standard deviations in Eqs. (5.11,5.12). The correct value to obtain the actual 
uctuations of

the free theory of Eqs. (5.5-5.8) is

" � = " � = 1 (physical value): (5.13)

If we re-scale the 
uctuations in �� i and � i , then the value assigned to the standard deviations can
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violate the uncertainty principle. One now has

� � k � � k =
" � " �

2
; (5.14)

rather than the usual value of just 1=2 (recall that we are setting ~ = 1). If we set " � = 1="� then

we are still saturating the uncertainty principle; these correspond to physical states in the Hilbert

space and and we will return to them in Section 5.3.4.

As we will see, it will be convenient to include the possibility of standard deviations that

are suppressed relative to the physical value by these factors" � ; " � . As an example, one of the

potentials we will be interested is the upcoming Eq. (5.17), which was the focus of the paper [114].

In this case we will �nd that we need to use the fudge factors of

" � = " � �
1
2

(Optimal value for Eq. (5.17)) ; (5.15)

in order to obtain reasonable quantitative agreement with the instanton approximation. Such values

are violating the uncertainty principle by a factor of 1/4 and cannot be associated with a Wigner

distribution. Now it is important to note that a change in the " 's by any O(1) number, changes

the distribution dramatically, as we will see quantitatively in the next Section. If one re-scales the

standard deviation by a factor of " = 1=2, then one is enhancing the coe�cient in the exponent

of the Gaussian by a factor of 4 in�� i and � i . Since one is often interested in situations at small

coupling, where tunneling is rare, then one is deep in thetail of the Gaussian in order to �nd a

con�guration that can organize into a bubble and tunnel. This means that a factor of a few changes

in the exponent (in either �� i or � i ) can translate into a huge change in the tunneling rate, as we

shall see.

In this work we will see that the physical value of " � = " � = 1 will produce tunneling rates

that are much larger than the corresponding rates from the instanton method, and one will indeed

need lower values of the" 's. We will explore di�erent potentials and di�erent dimensionality (both

d = 1 and d = 0) to see how " needs to change to force the stochastic method to show better

agreement.

In any case, once the initial conditions are speci�ed, then they are evolved under the classical
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�eld theory equations of motion

•� � r 2� + V 0(� ) = 0 : (5.16)

Due to the non-trivial initial conditions, there can occasionally be a su�cient amount of energy

accumulated in a region of space for the �eld to climb over the barrier, allowing a bubble to form

and then expand; this e�ectively mimics the idea of \tunneling". This simulation can be repeated

numerous times for an ensemble average to determine a tunneling rate. Then one can compare

to the familiar instanton rate, which in this context is usually thought to accurately describe the

quantum tunneling rate in the weak coupling regime. In the next Section we will carry out this

numerical procedure in detail.

5.3 Potentials and Numerical Results

In this section we will numerically explore several potentialsV (� ). We will then explore renormal-

ization issues and multiple choices for the initial 
uctuations.

5.3.1 Periodic Potential

As a starting point, we consider a periodic potential that was the primary focus of Ref. [114],

namely

V (� ) = V0

�
� cos

�
�
� 0

�
+

� 2

2
sin2

�
�
� 0

��
: (5.17)

HereV0; � 0; � are parameters. Formally, one can scale bothV0 and � 0 out of the classical equations

of motion, leaving just 1 dimensionless parameter� , which controls the relative heights of vacua.

However, in such re-scaled variables, the value of� 0 will reappear in the initial conditions, just as

it will appear in the quantum problem.

This potential is periodic and so it has an in�nite number of false and true vacua. For � > 1

it has meta-stable false vacua. An illustrative plot is given as the middle pink curve in Figure 5.1.

We can focus on the false vacuum at� f = � � 0 and determine the false massmf by expanding

around this point. A convenient aspect of this potential is that one can use cos(�=� 0) as a kind of

diagnostic as to whether one is close to the false vacuum or the true vacuum. The value of� = � (x)

varies from place to place, so it is useful to perform its spatial averagehcos(�=� 0)i . A value near
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� 1 means that the �eld is close to the false vacuum, while a value close to +1 means that the �eld

is close to the true vacuum.

We drew our initial conditions from the above Gaussian distributions, in accord with

the stochastic method, and solved the nonlinear classical �eld equation of motion. This was

done implementing a standard leap-frog integrator in Python as well as in Mathematica. We

checked that in our system the total energy changed by a small percentage on the order of

(0:1 � 0:01)%, and the errors in the �eld evolution were small as well. We have considered

two di�erent choices of cuto� in Eq. (5.9) and Eq. (5.10). First, we �xed kcut to the value

kcut = k? = (2 �=L )n? = 1024�= (25
p

2)
p

V0=� 0 similar to Ref. [114]. However, this cuto� is in

general so large that renormalization e�ects can become relevant. For this reason, we also con-

sidered lower cuto�s such as to be in a regime where renormalization is negligible, which we will

discuss shortly. The results for the spatial averagehcos(�=� 0)i for many di�erent random realiza-

tions (200 in this example) as a function of time are given in Figure 5.2 (top panel), with cuto�

given by k?. The �gure shows very distinctive behavior; for a while (on the order of (100� 200)=�

in this example) the system is just 
uctuating around the false vacuum. Then at some moment a

su�ciently large 
uctuation allows a bubble to form. The bubble expands out at approximately

the speed of light. It eventually �lls the entire box and one has completed the tunneling transition

to the true vacuum. We have chosen parameters for the potential� 0 = 1 :4 and � = 1 :2 for this

plot. However, qualitatively similar behavior occurs for other parameters.

We extract a tunneling rate from the ensemble by examining the timescale over which the

classical �elds \tunnel", using the prescription outlined in [114]. We declare a �eld as \tunneled" if

its value of hcos(�=� 0)i averaged over the box exceeds a threshold which is determined as follows. We

de�ne two terms �cT and � cT , which are the ensemble average and standard deviations respectively

of hcos(�=� 0)i over the box at t = 0. The threshold is then de�ned as �cT + n� � cT , wheren� is some

constant. Our results are consistent with the claim in [114] that the tunneling rate is invariant to

the choice ofn� between 5 and 25, so we choose its value to be 15 for our simulations. We show

the tunneling rates versus the potential width � 2
0 in Figure 5.2 (bottom panel) for an example set

of parametersV0=� 2
0 = 0 :008� 2 and � = 1 :2, consistent with those chosen for an analogous �gure

in [114] (� just sets units; one can set units� = 1 everywhere in this chapter).

Since we cannot solve the full quantum �eld theory e�ciently, we compare these results to the
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Figure 5.2: The periodic potential Eq. (5.17). Top panel: The spatial averagehcos(�=� 0)i versus
time for a set of random realizations in this model. The chosen potential width parameter is
� 0 = 1 :4 and we used the fudge factor of" = 1=2 to suppress the 
uctuations. Bottom panel: The
normalized tunneling rate � versus the e�ective width of the potential � 0 for two di�erent choices
of " , namely " = 1 (orange dots) and " = 0 :5 (blue dots). Tunneling rates have been computed
with ensembles of 200 realizations. In these �gures we have chosenL = 400=�; V 0=� 2

0 = 0 :008� 2,
� = 1 :2, and kcut = k?, similar to Ref. [114] (in practice we �x ncut = 518).

instanton approximation. In Figure 5.2 (bottom panel) the solid black line is the instanton result,

while the dashed grey line is from just the bounce action, i.e. �� e� SB with � � a constant numerical

prefactor which is �xed by imposing agreement with the numerical result for " = 0 :5; � 0 = 1. Recall

that to obtain the bounce action, one begins by obtaining solutions to the Euclidean equations of

motion with SO(d + 1) symmetry

� 00+
d
r

� 0 = V 0(� ); (5.18)

with boundary conditions � 0 ! 0 as r ! 0 and � ! � f as r ! 1 . The corresponding bounce
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action is

SB = Ad

Z
dr r d

�
1
2

(� 0)2 + V(� ) � V (� f )
�

; (5.19)

whereAd is the area of thed-dimensional unit sphere. The leading approximation for the tunneling

rate is

� inst = � 0

�
SB

2�

� d+1

e� SB ; (5.20)

where � 0 is a determinant prefactor which depends on the parameters of the potential. It is

straightforward to compute these bounce actions in these simple �eld theories. In this chapter, we

neglect renormalization e�ects in the determinant prefactor. However, we will discuss the issue of

loop corrections to the mass in Section 5.3.3. In the �gures we use the approximation �0 = Nm 2L,

where N is the number of nearby true minima (so N = 2 in (5.17) and N = 1 in the upcoming

(5.21)).

In the �gure we have compared the instanton rates to the stochastic method with" = " � =

" � . For the latter, we have included both the " = 1 (orange points) and the " = 1=2 (blue points)

choices for the initial 
uctuations. We see that the physical value of " = 1 greatly overpredicts the

tunneling rate, especially at large� 0, which is the weak coupling regime in which the instanton is

usually thought to be the most trustworthy. On the other hand, by suppressing the 
uctuations

with " = 1=2 (or " � 1=2), there is observed to be rather good agreement between the two methods.

The values in this latter curve (blue) are seen to be similar to the results in Fig. 2 of [114].

5.3.2 Double Well Potential

We will also consider the case of a double well potential. In particular, we consider the following

quartic potential

V (� ) = V0

 �
1 �

� 2

� 2
0

� 2

+ �
�

1 �
�
� 0

� !

; (5.21)

where � is another dimensionless parameter that controls the energy separation between the vacua.

An illustrative plot is given as the upper brown curve in Figure 5.1. In this case, we followed the

spatial average of the �eld, which is shown in Figure 5.3 (top panel) for a representative choice of

parameters. We then declare that a realization has tunneled onceh�=� 0i is larger than the location

of the maximum of the barrier which separates the false and true minima (the precise choice of
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threshold does not a�ect our results).

The tunneling rates from simulations using the stochastic method and the instanton are

given in Figure 5.3 (bottom panel), �xing kcut = k? (again with " = " � = " � ). Here we again see

that the physical value of " = 1 overpredicts the instanton tunneling. In this case, however, we

�nd that the fudge factor of " � 1=2 is not the optimal choice, as it was in the previous periodic

potential. We �nd that for this model with � � 1:18, the fudge factor " � 0:38 provides the best

�t.

This implies that there is no universal value for " , the amount by which one should suppress


uctuations in order to reproduce the instanton tunneling rates.

5.3.3 Renormalization and Lower Cuto�s

Let us now discuss renormalization e�ects. The one-loop quantum correction to the mass in 1+1-

dimensions in both cases above is given by [131]

m2
R = m2

B +
g
2

1
4�

log
�

k2
cut + m2

B

m2
B

�
; (5.22)

where m2
B is the bare mass computed asV 00(� = � fv ) for the potentials Eqs. (5.17), (5.21) de�ned

at the cuto� kcut . While g is a coe�cient given by g = V0=� 4
0(1 � 4� 2) for the potential Eq. (5.17)

and g = 24V0=� 4
0 for the potential Eq. (5.21). By imposing that the renormalized mass is not very

di�erent from the bare mass jm2
R � m2

B j < jm2
B j, so that renormalization e�ects are small, one can

�nd an upper bound on kcut . The choicekcut = k?, which was considered above to compare with

Ref. [114], turns out to be above this upper bound for the values of parameters considered here.

One may then wonder if better agreement between the stochastic approach and the instanton

approximation can be obtained for a lower choice of cuto� to reduce any renormalization e�ects.

We have considered this possibility and �xedncut = 10 for the potential of Eq. (5.17) and ncut = 16

for the potential of Eq. (5.21). For these choices, we have checked that renormalization is negligible

and a nucleating bubble is still well resolved. The results are presented in Figure 5.4 for both the

physical choice" = 1 as well as other choices of fudge factors that give rough agreement between

the two approaches (again with " = " � = " � ). Once again, we observe that the physical choice

" = 1 leads to an overestimate of the instanton rate of tunneling.
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Figure 5.3: The double well potential Eq. (5.21): Top panel: The spatial averageh�=� 0i versus
time for a set of random realizations in this model. Here� fv ; � ht ; � tv are the locations of the false
vacuum, the hilltop, and the true vacuum, respectively. The chosen potential width parameter is
� 0 = 2 and we used the fudge factor" = 0 :375 to suppress the 
uctuations. Bottom panel: The
normalized tunneling rate � versus the e�ective width of the potential � 0 for two di�erent choices
of " , namely " = 1 (orange dots) and " = 0 :375 (blue dots). Tunneling rates have been computed
with ensembles of 300-3000 realizations depending on the value of� 0. In these �gures we have
chosenL = 400=� , V0=� 2

0 = 0 :001� 2, � � 1:18, and kcut = k? (in practice we �x ncut = 183).

We �nd that the optimal fudge factors di�er from the ones used with kcut = k?. This

indicates that the optimal fudge factor is cuto�-dependent in this regime.

5.3.4 Other Physical Initial States

Finally, one can consider a class of fudge factors which arises from physical states, while being

di�erent from the most physically motivated value " � = " � = 1. By re-scaling the argument of the
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