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Abstract
In this work, we study packings of bidispersed particles on spherical surfaces. The
literature tells us that in the case of a uniform monodisperse packing, curvature
necessitates a minimum number of defects to form. In the low bidispersity regime,
the initial crystalline order is disrupted leading to an overall disordered packing.
On the other hand in the high bidispersity regime, commensurate packing motifs
such as the small particles fitting into the interstices of the large restore some order
and promote a higher fill fraction compared to monodispersity. This variation in the
packing fraction is explained by various geometric effects and a percolation transition
of chains of non-hexatically coordinated particles that grow and eventually connect
to disrupt the neighbor graph.
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1. Background
1.1. Packing
The packing of spherical particles comprise a set of well studied questions in both
physics and mathematics. As early as the 16th century, English sailors on expeditions to the Americas considered the problem of predicting the number of cannonballs in a stack from a simple measurement of its dimensions [8]. English mathematician Thomas Harriot studied optimal packing configurations of what is now
known as the cannonball problem. He described his findings in correspondence with
famed astronomer Johannes Kepler. This later led to the famous Kepler’s conjecture, which stated that there existed two optimal close-packing configurations for
which the density was maximized.1 Two-hundred years later, Gauss proved this
conclusion for the special case of packings restricted to a lattice, and the generalized
form ultimately became one of the famous Hilbert problems of the 20th century
[15]. It was not until the new millennium that a formal proof of Kepler’s conjecture
was completed using computer assisted techniques from American mathematician
Thomas Hales[17].
In the over 400 year history of the study of sphere packings, many exciting variations have emerged exploring topics such packing in different dimensions, on various
surfaces, and the minimum conditions for rigidity[35, 7, 31]. As a whole, sphere
packings offer challenging theoretical problems, many of which are still open to this
day. Beyond mathematical curiosity, packings serve as a model for a varied set of
problems in physics. Systems such as granular materials, liquids, foams, and glasses
all have been studied through sphere packing models [37, 36, 29].
While the term “packing” is contextually understood, a rigorous definition is appropriate. A packing is a collection of particles that live in some space, either confined
1

√
These configurations, which both achieve an average density of π/ 18 are named face-centered
cubic (fcc) and hexagonal close-packed (hcp). See Fig. 1.1.
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Figure 1.1.: Hexagonal close packed (left) and face centered cubic packings (right).
Optimal solutions to the Cannonball problem.
to a surface or contained by a boundary[33]. There is no restriction to the shape
or size distribution of the particles, but in this work we focus on monodisperse
and bidisperse sphere packings—where the particles are either uniform or have two
possible radii. In the basic cannonball problem, the interaction between spheres is
described by the hard particle potential given by the following:

V =




∞ overlap exists
 0
otherwise

Namely, that particle-particle overlap is forbidden. In general however, there is no restriction to the interaction potential between particles—Lennard-Jones interactions
have been used to study molecular packings and Coulomb potentials have been used
to study the Thompson problem [34]. In this work, we will focus exclusively on the
simple hard particle case.
In hard particle packings, the mechanical structure of the system is of particular
importance. One commonly used quantity to study packings is the packing fraction
φ, defined as follows:

P

φ=

i

vi

V

Where vi is the volume of the ith particle and V is the volume of the container.
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Qualitatively, this parameter describes how efficiently a given packing fills the space
in which it lives. It is worthwhile to note that if the packing takes place on a
2D surface, then the volumes are replaced by areas. Using the metric of packing
fraction, we can begin to characterize different classes of packings.
In the low packing fraction regime, particle-particle interactions are limited, and
under high-temperature thermal fluctuations the overall motion is fluid-like [37].
As the temperature decreases, the motion of the particles is increasingly limited
until a point where it stops completely, and the packing become kinetically arrested
[13]. At this point the system forms a rigid structure—prohibiting any motion of
particles that contribute to its rigidity. Arrested configurations, while structurally
rigid, are highly disordered and fail to attain the maximum theoretical density of the
system. The formation of such packings closely relates to the process of quenching
in materials, which prevents the formation of well-ordered crystalline structures
through rapid cooling. Ultimately, they correspond to systems of high mechanical
stress where given sufficient thermal noise and long time-scales, rearrangements
of the configuration from one rigid structure to another—reducing the stress in
the process—can occur. This long-term rearrangement of configurations closely
resembles that of aging in glassy materials.
In the limiting case where both the internal stress and temperature of the system
approach zero, the packing becomes rigid as a function of its density as it undergoes a jamming transition [22]. An understanding of jamming and its properties is
imperative to the further discussion of packings.

1.1.1. Jamming
As stated above, a jammed packing is one that achieves rigidity as a result of increasing density. The particles crowd together and in general no free motion can
occur.2 Despite the rigidity, the system is disordered with respect to measures of
crystallinity. In a traditional crystal, the arrangement of particles is highly periodic
and symmetric. This regularity can be characterized by a high degree of structural
order that is mostly absent from jammed systems.
2

There exist particles in the system that are underconstrained and do not contribute significantly
to the rigidity of the system. These particles are commonly referred to as rattlers and unless
otherwise stated, we will not be considering these in our discussion.
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Within the confines of being mechanically rigid, there are multiple general jamming
categories that packings can belong to [32, 3]. These categories are broad and change
significantly depending on boundary conditions. The relevant categories (Fig. 1.2)
that apply to packings that live on a closed surface are as follows:

Figure 1.2.: Visualization of the first two jamming categories. Left: A honeycomb
packing in a rectangular boundary is locally jammed, but a collective rotation of
one of the honeycombs would unjam the packing. Right: A packing of spheres on
a square lattice results in a collectively jammed packing.
1. Locally jammed – A packing is locally jammed if all particles are prevented
from moving by their neighbors. Selecting any single particle and attempting
to move it in any direction would result in the creation of particle overlap.
2. Collectively jammed – A packing is collectively jammed if no subset of a locally
jammed particle configuration can be simultaneously moved to result in the
unjamming of the system.
3. Metric jammed – A packing is metric jammed if it is jammed both collectively and with respect to some deformation of the manifold on which the
packing exists. This plays an important role when packing on curved surfaces—configurations that would be underconstrained in flat-space are nonetheless jammed when considering the effect of curvature.
Underlying all the jamming categories is the concept of isostaticity where every
particle in a packing has the minimum number of contacts required for mechanical
stability under collective motions. This minimum number changes depending on the
dimension in which the packing lives, being N d where N is the number of particles
in the configuration and d is the dimension of the system [11]. When averaged over
the system, this leads to each particle having a mean contact number Z = 2d. For a
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packing in two dimensional space, this tells us that on average each particle should
have four neighbors in order to be collectively jammed. In the honeycomb packing
seen in figure 1.2, the mean contact number is about three, further indicating that
the system is merely locally jammed.
As alluded to above when introducing metric jamming, packing on a curved surface
can lead to jammed packings with less than the expected number of mean contacts,
but still maintain rigidity under collective motion. This behavior arises as a consequence of the nonlinear surface constraint on the configuration, and is relevant to
the work we will discuss here.

1.1.2. Packing on spherical surfaces
As discussed briefly in the section above, packing on a curved surface can significantly alter certain characteristics of a jammed packing. Here we will elaborate on
those differences.

Figure 1.3.: A monodisperse packing on a spherical surface. Note the coloring of
the particles—brown particles have five neighbors, white particles have six, blue
particles have seven, and purple particles have eight. Small scars are clearly visible
with gaps in the packing appearing nearby.
In flat space, the surface imposes no additional constraints on the configuration
of particles that lie on it. The densest arrangement of spheres on an infinite 2D
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flat surface is a perfect crystalline hexagonal tiling. Each particle has exactly six
neighbors whose centers form a regular hexagon about the central particle and results
√
in a packing fraction of φ = π/ 12 ≈ 0.906[6]. However on a spherical surface, this
exact configuration is not possible. The topology of the surface prevents a direct
mapping from flat space, and as a result defects—particles that have greater or fewer
than six neighbors—must form.
We can study these defects by assigning a charge to them q = 6 − c, where c is the
coordination number, or number of neighbors. This characterization tells us that
particles with five neighbors have a +1 charge and particles with seven neighbors
have a -1 charge.3 The net number of defects required is dependent entirely on the
topology of the surface; for a spherical topology the required net defect charge is 12.
As a result, an excess of particles with fewer than six neighbors will appear. It is
important to note that although the net defect charge is fixed for any given packing,
the total number of defects that form can be higher than the minimum. As seen in
Fig 1.3, opposite charged defects form chains or scars. These excess defects in the
form of scars significantly affect the structure of the packing, disrupting crystalline
regions and creating holes in the packing structure.
The formation and length of these scars is highly dependent on the system size.
Below some critical size, only the minimum number of defects form. Beyond that
threshold, excess defects begin to appear and the length of scars scales linearly
with the number of particles [4]. The presence of these defects visibly disrupts the
crystallinity and lowers the packing fraction in the monodisperse case to φ ≈ 0.86.
Through the presence of defects and scars that change the structure of the packing,
we see that curvature plays an important role on packings that lie on these surfaces.

1.2. Percolation theory
Of the areas of mathematics developed in the last century, random percolation
theory is one that has had an intimate and fruitful relationship with physicists.
Spurred on by the basic application of its methods to a general fluid flowing through
some medium by Broadbent and Hammersley in 1956, percolation theory has been
applied to far reaching physical systems [2]. The applications of its methods have
been used to better understand the conductivity of complex materials such as carbon
3

While less likely: four neighbors results in a +2 charge, eight results in a -2 charge, and so on.
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nanotube reinforced polymers [21], two-dimensional fluid turbulence [5], magnetism
in the three-dimensional Ising model [27], and the behavior of colloidal fluids [1].
The theory itself serves as a model of critical phenomena, such as phase transitions,
which arise in percolation problems as a result of simple mathematical rules. The
general structure of a simple percolation problem can be formulated as follows:
suppose you have a porous material and you pour liquid on top. What structural
characteristics of the material will allow liquid to travel through the holes and reach
the bottom?
Percolation theory models the porous material as a lattice of vertices, commonly
referred to as sites. Neighboring sites can have edges between them, referred to as
bonds. By randomly selecting a fraction p of either sites or bonds to be open, the
underlying graph grows and changes in structure. The choice of either selected sites
or bonds make up the two main types of percolation problems: site percolation and
bond percolation. We will briefly elaborate on these types to shed more light on the
mechanisms behind this process.

1.2.1. 2D percolation on a square lattice
We will start by considering a two dimensional square lattice of sites where all the
bonds are broken between them—in the fluid model of percolation, this corresponds
to fluid being unable to pass through the bond.4 This will be our starting point for
the bond percolation problem, where the parameter that determines the fraction of
open bonds starts at p = 0. As we increase the fraction of open bonds to p = 0.2, we
begin to see small disconnected clusters forming. Figure 1.4 illustrates this initial
formation of the network.
As p grows the small chains and clusters will ultimately grow and connect to form
large branching structures that span the majority of the lattice. After the fraction of
open bonds passes some critical threshold pc , the bond network undergoes a phase
transition—called a percolation transition—where the top and bottom of the lattice
are connected, and the fluid can percolate through. In the 2D square lattice that we
are treating as our exploratory case, this threshold for the bond percolation problem
is pc = 1/2. Figure 1.5 illustrates this behavior.
4

The 2D square percolation problem was chosen for pedagogical simplicity. The results of the
percolation problem are dependent on the lattice and dimensionality of the problem, but the
methods are identical.
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Figure 1.4.: The bond percolation on a 2D square lattice as the open edge fraction
goes from p = 0 to p = 0.2. Note that while some edges connect with others to
form chains, the overall structure remains disconnected.

Figure 1.5.: As the open bond fraction increases past the percolation threshold
pc = 1/2, the bond network spontaneously becomes connected. In the lattice on
the right, the open bond fraction is p = 0.55.
While the bond percolation threshold for this specific lattice is a nice rational number, the vast majority of percolation problems are not so clean. If we explore instead
the site percolation problem—where we select a fraction of available sites rather than
bonds—on an identical lattice, we achieve a different result as seen in figure 1.6. Despite being at the bond percolation threshold in the center lattice, the total number
of formed edges is restricted due to the deficiency of available sites. As before, increasing the selected fraction higher results in a percolation of the lattice, allowing
fluid to flow from top to bottom. For the square lattice in two dimensions, the
site percolation threshold has been found to be pc ≈ 0.59, with further degrees of
numerical accuracy being disputed [9, 19].
These critical values of percolation problems are fundamental to understanding the
behavior of the system, so computing them is of utmost importance. In general,
however there is no simple method for computing them exactly. Some specific simple
lattices allow them to be theoretically determined, but there is no guarantee that will
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Figure 1.6.: The site percolation problem as the fraction of selected sites grows
from p = 0 → 0.5 → 0.7. Note that although the selected fraction of sites in the
middle lattice is much higher than the bond fraction (0.5 vs. 0.2) in figure 1.4,
the total number of bonds that appear are similar. This drives the threshold of
the site percolation problem higher. On the right, the lattice has surpassed the
critical threshold and the network percolates.
happen. Our initial look into bond percolation on a square lattice is one of the few
percolation problems that have an exact computation for their critical thresholds[20].
Other such known examples are the kagome, honeycomb, and triangular lattices
[30]. Except for those unique examples, the best that can be done is a numerical
computation of the threshold, which we will illustrate for the square lattice.
By computational performing the percolation problem—creating a lattice and selecting a given fraction p of sites or bonds—we can determine whether the resulting
network percolates the system. Repeating this process many times allows us to construct a relationship between the selected fraction and the probability that a given
network percolates the structure. For a larger version of our square lattice problem,
the resulting relationship is shown in figure 1.7.
As can be seen, the transition from is a non-percolating lattice to a percolating one
is very sharp, even for our relatively small system. The transition probability pc
can be mapped to the points on the curves where the probability of percolation is
0.5; upon careful examination of the figure this gives a bond percolation threshold
of pc ≈ 0.50 and a site percolation threshold of pc ≈ 0.59, in direct agreement with
the previously stated values.

1.2.2. General percolation problems
While our examination of percolation on the 2D square lattice touches on many
properties of percolation problems, it is restricting in the sense that it is tied to a
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Figure 1.7.: The probability that a given network percolates at a selected fraction
p, for the bond (blue) and site (brown) percolation problems on the square lattice.

simple system applied to a physical problem. When we spoke of percolation above,
we specifically defined it in terms of a finite lattice with fixed boundaries—that is
to say that percolation occurs when the top and bottom of the lattice are connected
through the bond or site network. However, this definition cannot apply to more
general cases such as lattices with periodic boundary conditions and infinite lattices.
In the case of periodic boundary conditions, the extension of our traditional definition of percolation is straightforward. Instead of requiring that a cluster simply
connect the two edges, it must span the entirety of the lattice in one dimension.5
When considering an infinite lattice, the concept must be extended as there is no
way to define “edges” in which clusters can percolate between. In this case, we
determine that percolation has occurred if there exists a cluster of infinite size. By
Kolmogorov’s zero-one law, we can determine that the existence of a percolating
infinite cluster is either 0 or 1, dependent entirely on the selected fraction p. To
connect to our exploration above, we note that the transition seen in figure 1.7 is
gradual, occurring over a span of the selected fraction. If we were to increase the
size of our lattice, the percolation threshold would become sharper as the system
5

The difference is subtle, but under our old definition, nearly all periodic lattices would be considered percolating, because the top and bottom edges are linked via the boundary conditions.
One bond crossing the periodic boundary would satisfy the condition.

14

size increased, ultimately approaching a step function in the infinite limit.
Percolation as discussed thus far has applied exclusively to the case of discrete
lattices. In the 1960s, the study of early wireless networks applied methods from
percolation theory to the continuum, such as general Euclidean space Rn [16]. The
resulting continuum percolation theory examined the creation of connected clusters
of nodes. In the example of wireless communication, radio towers have some given
range over which they can effectively transmit signals. Towers within the range
of each other can form a network, where any two towers within the network can
communicate. The probability that two randomly selected towers can communicate
can be modeled as a function of the tower density in a given region and exhibits a
percolation transition at some critical density.
The methods of percolation theory are simple as seen in the 2D square lattice example. By expanding them to general cases, we can allow for the study of wide ranging
phenomenon beyond the restrictions of simple lattices.

1.2.3. Universality of percolation properties
When studying the structure of percolating clusters, there are a number of inherent
properties of those clusters that are independent of the lattice type and are described
by a set of universal critical exponents. Very close to the transition, the percolating
clusters become fractal-like in nature and as a result certain characteristics can be
calculated from them such as the fractal dimension df . Conceptually, the fractal
dimension describes how the complexity of a fractal changes as you shift the lengthscale of your observation[24]. The classical example posed by Benoit Mendelbrot
determines that the coastline of Britain has a fractal dimension of somewhere between 1 and 2. This tells us that by decreasing the size of our measuring device,
the total length of the coastline increases, resulting in what is now known as the
coastline paradox[23].
In percolation theory, the clusters also have fractal properties. The general relationship for fractal dimension tells us that at the critical transition p = pc , the overall
size of the percolating clusters is related by a power law to some length measure of
the clusters, such as their radius:

15

s ∝ R df
In general, the universal critical exponents of percolation such as the fractal dimension do not depend on the lattice from which they are measured, but rather only
depend on the dimension of space that the cluster exists in.6 For a standard two
dimensional lattice, the fractal dimension has been found to be df = 91/48 ≈ 1.896,
whereas in three dimensions, the value is df ≈ 2.52 [10].
There are many other critical exponents that can be tied to observables of the clusters, but they are related to each other in such a way that few are independent—most
other exponents can be calculated from knowledge of just two. There is no strict
convention for choosing the fundamental critical exponents, but many choose a pair
such as (df , ν), where ν is exponent that describes the divergence of the correlation
length, ξ, near the percolation transition:
ξ ∝ |p − pc |−ν
These critical exponents are used to separate percolation problems into fundamental
universality classes, where they share similar properties. By measuring their values,
one can draw connections between seemingly disparate systems and achieve a greater
understanding of underlying structure.

6

The recent example of percolation on a weighted planar stochastic lattice (WPSL) has been
found to not share the same universality class as other 2D lattices.[18]
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2. Methods
2.1. Simulations
2.1.1. Arrested packings through surface relaxation
The bidispersed packings analyzed in this work were created using a surface relaxation algorithm written in the C programming language. The simulation begins
by randomly dispersing a set of N spherical particles on a spherical shell of radius
R = 1. By utilizing random sequential adsorption, the initial particle placement is
guaranteed to have no overlaps and the centroid of each particle lies on the surface
of the shell. Each particle, in addition to its position in 3D space, has an associated
radius that is determined by three simulation parameters: the large particle radius
r1 , the bidispersity b, and the intermix ratio χ.
After each particle has been assigned a position and radius on the spherical shell, the
simulation starts by first moving all the particles via diffusion sweeps. This process
takes each particle and attempts to move them in a random direction with the
magnitude of the move drawn from a Gaussian distribution of width σ = 2r1 × 10−3 .
Every move is constrained to the surface of the sphere via the method of Lagrange
multipliers. This guarantees that every particle remains on the shell up to some
tolerance, which is on the order of machine precision. If a proposed particle move
would result in the overlap of two or more particles, that move is rejected. In the
case where the packing becomes dense, i.e. as the simulation approaches arrest, an
adaptive step size is utilized to control the number of rejected moves. The magnitude
of diffusion moves is reduced to be σ = 10hsi, where hsi is the geometric mean of
the separation between each of the particles and their nearest three neighbors. This
allows the system to effectively diffuse as the simulation becomes more densely
packed.
Following the diffusion sweeps, we modify the shell itself via surface relaxation. This

17

relaxation step decreases the shell radius by ∆R, with the initial value ∆R = 10−5 .
Following the decrease, the particles are reprojected onto the new surface. This is
done by moving them along their radial vector—the vector from the center of the
large sphere to their old position—until their centers of mass lie on the new surface.
Following the projection onto the surface, any newly formed overlap is removed. We
assign an overlap energy penalty of the form Eij = ri dij , where dij is the overlap
between two particles defined as follows:

dij =




|xi − xj | − ri − rj overlap exists
 0
otherwise

This energy penalty is minimized using a gradient descent method until the interparticle energy is zero resulting in a packing with no overlap. In the event that the
energy minimization technique cannot remove the overlap, the surface relaxation
move is undone and the particles moved back to their previous positions. Following
a failed surface relaxation step, the step size is decreased ∆R → ∆R/2 and the
simulation continues.
Thus, the overall initial simulation runs as follows:
1. Place initial particles
2. Move individual particles via diffusion sweeps (20 diffusion sweep moves are
carried out between each attempted surface relaxation)
3. Relax the surface by some step ∆R and reproject particles onto the new surface
4. Undo newly created overlap, if unable to do so set ∆R → ∆R/2 and return
to step 3.
The stopping condition of the simulation is determined when ∆R = 2−14 ∆R0 , at
which point the packings are referred to as arrested. Running this simulation further
on an arrested packing, results in no change, but there may exist Monte Carlo moves
that can successfully rearrange particles in a way that allows for further relaxation
and increase of packing fraction.

2.1.2. Jammed packings through artificial aging
Our previous simulation method successfully creates arrested packings, but in order
to do proper analysis of our system, we need our packings to be jammed. By utilizing
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a method developed by Donev et al. [12], we can condition our arrested packings
to further increase the packing fraction and create fully jammed packings. The
method finds collective particle motions called unjamming motions that disrupt the
rigid arrested structure and allow for the packing to relax further. This process is
similar to the aging process in physical glasses and thus we refer to it as artificial
aging.

Energy minimization
We start by applying a logarithmic potential of the following form to each particle:

V (r) ∝

1
log(r + 1 − R)

where r is the radial distance from the center of the particle and R is the hard particle
radius. As r → R, V → ∞, which prevents the hard particle impenetrability from
being violated. Beyond that region, V acts as a soft repulsive potential between
neighboring particles. After the potential is applied, a gradient descent energy
minimization algorithm is run over the system. This energy minimization slightly
spreads out the particles without dramatically affecting the structure. The purpose
of this step is to allow the following linear programming step to more easily find
collective unjamming motions of the system.

Linear programming
Following the minimization, we can use Donev’s linear programming method to
search for unjamming motions of the system by solving
max BT ∆R
∆R
T

Virtual work

A ∆R ≤ ∆I
Impenetrability constraint
∆R · R = 0
Surface constraint
|∆R| ≤ ∆Rmax Boundedness
Where ∆R is the sought after collective unjamming motion of the system. A random
load, B, is applied to the particles, comprised of a set of random forces. The objective
function corresponding to virtual work is maximized when the unjamming motions
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are as large as possible given the load. The matrix A is called the rigidity matrix.
Its nonzero elements are unit vectors between neighboring particles. For example,
if particle i and j are neighbors, then
Aij =

~ri − ~rj
= −Aji
|~ri − ~rj |

is an element of A. ∆I is the matrix whose elements are the gaps between particles. This results in our first constraint requiring that the proposed motions in the
direction between particles cannot be larger than the gaps between those particles,
namely that the impenetrability is satisfied. Lastly, ∆Rmax is a constant set to be
significantly larger than the particle diameter, which keeps the solutions bounded
and prevents undesirable numerical behavior.
After an unjamming move is found, it is applied to the particle configuration. The
surface is then relaxed until the packing again becomes arrested. The process repeats
until the artificial aging process is unable to relax the surface any further. At this
point, we call the packing jammed and use these configurations for analysis.

2.2. Packing analysis
2.2.1. Radical tessellation
A central component of analyzing particle packings is determining the neighbor
network. While the concept of a neighbor is colloquially understood, a rigorous
definition must be employed in order for analysis to be accurate. In the planar
monodisperse case, the Voronoi tessellation is used to partition the plane into cells
generated by a particle’s position. The Voronoi cell for a particle i is defined as
Ri = {x ∈ X | d(x, Pi ) ≤ d(x, Pj ) for all j 6= i}
Where x is a point on the plane X, d denotes a distance metric (in this case the
Euclidean norm), and Pi denotes the position of the ith particle. This construction
assigns any given point in the plane to a cell belonging to a specific particle. Once
constructed, we say that two particles are neighbors if their Voronoi cells share a
common edge.
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While this method works for monodisperse systems, it is non-rigorous for bidisperse
ones and results in regions not assigned to any particle. In order to correctly define
neighbors in our bidisperse packings, we must generalize this method. Working with
different sized particles requires weighting of the cells such that the smaller particles
have less influence than the larger ones. In order to accomplish this, we utilize the
radical tessellation, which uses the radical plane as the separating plane between
cells [26]. For particles i and j, separated by a great-circle distance D (due to being
on a sphere), the radical plane is located at a distance:
D Ri2 − Rj2
+
Dr =
2
2D
We note that in the case where Ri = Rj , the radical tessellation reduces to the
Voronoi tessellation. Otherwise, if Ri 6= Rj , then the radical plane is closer to
center of the smaller particle. A diagram of this construction is present in figure 2.1.
Note that while the plane is closer to the surface of the larger circle, it is beyond
the point D/2 indicating that it does assign more space to the larger particle.

Figure 2.1.: Diagram of the radical plane M construction of two circles of unequal
radii.
This construction gives a rigorous partitioning of the plane, which allows us to define
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neighbors in the same way as the Voronoi tessellation but for bidisperse particles.
Construction of the non-hexatic subgraph
In our work, we seek to study how the non-hexatic particles create a network that
grows as the bidispersity increases. To do so, we must construct a graph known as
the non-hexatic subgraph—this is the neighbor graph where we delete the vertices
with exactly six bonds. As a clear example of this method, we consider figure 2.2.

Figure 2.2.: Sequential creation on the non-hexatic subgraph. Left: the radical
tessellation is used to partition the surface. Middle: The dual neighbor graph is
constructed and the non-hexatic vertices are selected. Right: Deleting the other
vertices gives the non-hexatic subgraph.
The general method is shown. We start by constructing the radical tessellation as
described in the above section—this partitions the surface completely into regions
that belong to each individual particle. Particles that share edges in the tessellation
are considered neighbors, we can construct the dual neighbor graph of this by assigning bonds between neighboring particles. From this we selected a subset of those
vertices that are non-hexatic. Deleting all other particles gives us our non-hexatic
subgraph.

2.2.2. n-atic order parameter
In packing analysis it is desirable to determine the local structural order of a system.
In this work, we look at a specific type of bond orientational order parameters known
as the n-atic order parameters. These order parameters are defined for a single
particle, j, as follows:
ψnj =
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1 X
exp(inθk )
Nj k

where Nj is the number of neighbors of particle j and θk is the angle between an
arbitrary reference direction and a given neighbor k. Qualitatively, the magnitude
of this parameter measures the n-fold rotational symmetry of the orientation of
its neighbors. A magnitude of 1 refers to perfect n-fold symmetric ordering and a
magnitude of 0 is a completely lack of symmetry. In monodisperse packings, the
hexatic order parameter φ6 is of particular importance due to the hexagonal nature
of the optimal arrangement of particles in 2D.
For the benefit of others who intend to calculate the structural order parameter,
there exists a computationally efficient manner to do so that avoids computing any
angles via trig functions. We note that from Euler’s formula, we can write the
exponential as follows:
exp(ix) = cos(x) + i sin(x)
Utilizing de Moivre’s formula, we note that we can write:
cos(nx) + i sin(nx) = [cos(x) + i sin(x)]n
For the structural order parameters, we write:
exp(inθ) = cos(nθ) + i sin(6x) = [cos(θ) + i sin(θ)]n
This is nothing more than a binomial expansion, which tells us that the real and
imaginary parts are as follows:
<(exp(inθ)) =

n
X

!

n
cos(θ)n−l sin(θ)l
l

l/2

(−1)

l even

=(exp(inθ)) =

n
X

!

(l+3)/2

(−1)

l odd

n
cos(θ)n−l sin(θ)l
l

If we have a configuration of particles organized around a central particle that lies
√
at the origin of the coordinate system, we can use the fact that cos(θ) = x/ x2 + y 2
√
and sin(θ) = y/ x2 + y 2 , which allows us to write our final formula as:
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Computationally, this avoids using any trig functions to calculate angles. Additionally, the binomial coefficients and the quantity (x2 +y 2 )n/2 only need to be calculated
once. Despite what looks like increased complexity, the changes make this calculation an extremely computationally efficient way to compute the structural order
parameters of a given particle configuration.

2.2.3. Radial distribution function g(s)
Monodisperse packings exhibit a high degree of crystallinity—having a structural
ordering that is regular and periodic. Bidispersity disrupts this crystallinity and
analyzing the breakdown of the structure provides insights into its mechanisms.
One measure of this crystal structure is to look at the radial distribution function,
g(s). Qualitatively, this function represents the probability that you would find a
particle at a given arc-length s. The computation of this function from our packings
is done by randomly selecting a fraction p of the particles. For each of the particles
in that set, we compute the arc length distance between it and all other particles.
By binning these distances into appropriately sized bins—where bin width is smaller
than the particle diameter—we construct a distribution of particles as a function of
arc length (Fig. 2.3).

Figure 2.3.: Separating the particles into bins allows us to study the local and long
range ordering of the system.
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From here to calculate the radial distribution function, we weight the distribution
by the bin area and particle density, summarized as follows:

g(s) =

n(s)
ρAbin

A perfectly crystalline structure would result in the behavior of g(s) to be periodic and non-decaying, with peaks persisting throughout the domain. As crystal
structure breaks down, the peaks of the distribution decay in correspondence to
the distance from crystallinity—in liquid and glassy structures, g(s) exhibits sharp
initial peaks that quickly decay to a value of 1, implying the materials exhibit no
significant long range ordering.

Figure 2.4.: Example of a g(s) graph of a highly crystalline material. Note the
sharp initial peaks and split peaks further on.
Figure 2.4 shows an example calculation of g(s) for a crystalline circle packing similar
to figure 2.3. Note the sharp initial peaks and split peaks further on with oscillations
that continue along the distance. We note that the lack of decay indicates long range
ordering and also that the overall function oscillates about the value of 1.
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3. Results
3.1. Packing fraction and bidispersity
In order to study the effect of bidispersity on the overall structure and ordering of
our sphere packings, we must first define a bidispersity parameter that encodes the
size relationship between the two different sized particles. In this work, we define it
as follows:

b=

r1 − r2
r1 + r2

A quick examination of this expression tells us that b is a parameter that varies on
the interval [0, 1]. When we have a monodisperse packing, that is r1 = r2 , then
b = 0. On the other hand as the smaller set of particles become vanishingly small,
r2 → 0, then b → 1. With this parameter defined, we can look at how various
measures that allow us to study packings change as b varies.
The first such measure that we will be looking at is the packing fraction—defined in
the background section as the covered fraction of the surface by particles. By doing
so we examine the effects of bidispersity on density and efficiency of the packing.
Indirectly, it can identify regions of high or low order and locate regions where closer
analysis is necessary.
We used our surface relaxation technique to create a set of packings over the full
bidispersity parameter set with a resolution of ∆b = 0.005. We used special conditioning to ensure force the arrested packings into jammed states.1 For each value
of N , we created a full dataset comprising of 20 jammed configurations per value
of b. Each configuration in this initial dataset has an intermix ratio χ = 0.5. The
relationship between packing fraction and bidispersity for this dataset is seen in
figure 3.1.
1

For a comparison between arrested and jammed packings, see Appendix A.
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Figure 3.1.: Packing fraction as a function of bidispersity, with different colored
lines referring to different particle numbers. The range from blue to brown goes
from N = 3200 to N = 60. Bidispersity’s relationship with packing fraction is
highly non-trivial seen through
√ multiple peaks and dips. The dashed line indicates
the Apollonian point at b = 3 − 1 ≈ 0.73.

The first thing to note is the features of the graph in the high N regime. In the
monodisperse case, b = 0, the packing fraction attains an initial maximum (for
N = 3200 this corresponds to Φ ≈ 0.865). A slight increase in the value of b results
in a sharp drop off of the packing fraction, where a minimum occurs at around
b ≈ 0.1. Beyond that point we see a transition in the effect of bidispersity as
packing fraction then increases at a relatively constant rate until a shoulder in the
packing occurs around b ≈ 0.4. It continues to increase until a global maximum is
reached with a value of Φ ≈ 0.875 at b ≈ 0.7. After the maximum, Φ decreases as
b → 1.
The general relationship between packing fraction and bidispersity persists at high
values of N , but in the low N regime the behavior is notably altered. As N decreases
from 3200 the primary features of the graph become less pronounced—the minimum
and maximum get closer together, and the very fine features such as the shoulder
appear to vanish. This happens as a result of two contributing effects: the hard
particle nature of the packings and the increased ratio of surface curvature to particle
radius. When N is small, each individual particle takes up a larger portion of the
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overall surface. These particles form commensurate motifs with others that do not
maximize the packing fraction in a given region. As a result of the impenetrability
constraints and the curvature effects, rearrangement into a more ordered, higher Φ
configuration is impossible. At especially low particle numbers, these configurations
are more distinct, covering a larger range of possible values of Φ. As a result,
decreasing the particle number increases the noise of the graph. Despite low N
effects, all packings exhibit and increase in packing fraction at sufficiently high
bidispersity.
To fully understand the effects that bidispersity has on sphere packings on curved
surfaces, we must fully explain the patterns present in this graph. Two primary
features are immediately obvious: the global maximum and subsequent decrease as
b → 1. First, as bidispersity increases, special configurations can occur where the
two particles sizes are commensurate to highly efficient packing structures. The
trivial occurrence of this phenomenon is at b = 0, where the monodisperse packing
forms a nearly perfect hexagonal tiling of the surface. At the maximum, we identify
√
the specific point bA = 3 − 1 ≈ 0.73 as the Apollonian point—where the smaller
particles can fit exactly into the interstices of the hexagonal tiling formed by the
larger particles, see figure 3.2. The dotted line in figure 3.1 indicates the theoretical
bidispersity where this packing would be allowed in flat space. Note, higher N packings exhibit their maximum closer to the flat space theoretical maximum, whereas
in lower N packing, it occurs earlier—another result of the effect of curvature on
the configurations.
The decrease of packing fraction beyond the Apollonian point is not a result of large
scale disorder, but rather the simple shrinking of the smaller particles. At b = bA ,
the large particles form a near hexagonal tiling, which is the optimal packing in
the absence of the small particles. As a result, small particles merely fill up the
extra space available to them. When they decrease in size, the area they previously
occupied becomes empty space. This point is corroborated further by examining the
packing fraction graph at b = 0 and b = 1. Note, that Φ(b = 1, N ) = Φ(b = 0, N/2),
namely that once the packing has attained the maximum bidispersity, it becomes
degenerate with a monodisperse packing of half the number of particles.
Aside from features of the graph at b >= bA , there are no immediate explanations for
the low to medium bidispersity regimes, which appear to be well mixed and exhibit
more complex packing configurations. There, we seek to explore these regions further
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Figure 3.2.: An example
of a perfect theoretical Apollonian packing, which occurs
√
at a value of bA = 3 − 1 ≈ 0.73.
to develop a more complete understanding of the structure.

3.2. Structural order parameters
In order to further understand the effect of bidispersity on the system, it’s important
to look at the local structure of the packings. In the monodisperse case, the packing
approaches one that is crystalline in nature, with a highly ordered hexagonal tiling.
The structural order parameters, one of which is the hexatic order parameter, allows
us study how the overall crystalline order of the packings change as bidispersity
varies. These parameters, called the n-atic order parameters, are defined as:

ψn = hexp(inθi )i
Where, n refers to the degree of the order, such as 6 for the hexatic order parameter,
and the average is taken over neighboring particles. The measure studies the nfold rotational symmetries of a local particle neighborhood. So if a particle has
a neighborhood with perfect 6-fold rotational symmetry, such as a monodisperse
hexagonal tiling, then that would correspond to a hexatic order parameter of 1.
Whereas a completely disordered neighborhood showing no symmetry would have
an order parameter of zero.
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Figure 3.3.: A N = 800 monodisperse packing with coloring indicating the hexatic
order parameter of each particle. White particles have ψ6 = 1, whereas, blue
means it is slightly below 1, and orange indicates low hexatic ordering.
As an example, consider the monodisperse packing shown in figure 3.3. Generally,
we see large regions of white particles, that have high degree of hexatic ordering.
As expected, the defects and scars of the packing that are required by the curvature
of the surface exhibit a low degree of ordering. Surrounding those scars is a light
blue region, showing that their influence goes beyond the local neighborhood and
notably affects the packing structure. We see in general, that this measure encodes
information about the crystallinity of the packings—high hexatic ordering results in
a high degree of crystallinity and thus increases the packing fraction.
We can use the average hexatic order parameter over a packing to measure how the
structure changes as a function of bidispersity. Figure 3.4 shows this relationship
for our dataset of jammed packings. As expected, the maximum average hexatic
ordering occurs in the monodisperse packing due to its similarities with the flatspace hexagonal tiling. The variation with particle number corroborates our initial
point that curvature has a greater effect on low N configurations. Despite being
monodisperse, ψ6 is smaller as N decreases implying the flat-space configuration
cannot be readily achieved.
As bidispersity increases, we see interesting behavior. The average value of ψ6

31

Figure 3.4.: Hexatic order parameter ψ6 as a function of bidispersity for various
particle numbers. The relationship is initially negative until a minimum at around
b ≈ 0.45, where it then becomes positive until the Apollonian point.
drops dramatically with only a small increase in b, indicated a breakdown of hexatic
crystallinity. It’s worth noting as a matter of coincidence that the inflection point
of the drop occurs near b ≈ 0.1, where we saw our minimum of packing fraction. It
continues to decrease until a minimum of hexatic ordering is achieved at b ≈ 0.45.
Beyond that point, hexatic ordering increases until the Apollonian point, where it
then flattens off.
Hexatic ordering in general is not a direct indication of the efficiency of the packing or
the packing fraction. In fact, we see the packing fraction increase in the regions where
ψ6 continues to decrease. However, it does tell us to what to degree the packing
is arranged in a commensurate hexagonal tiling. The initial decrease indicates a
sudden disruption of the crystallinity present in monodisperse configurations, which
does give some information as to why the packing fraction decreases at first.
When introducing the structural order parameters, we did so for a general n-atic
order parameter. This allows us to study whether other forms of overall ordering
become dominant for the configurations. Essentially, we want to answer the question: if the packings are no longer hexagonally ordered, is(are) there some other(s)
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well-ordered configuration that they do appear to model?

Figure 3.5.: n-atic order parameters as a function of b for N = 1600 particles, for
n ∈ [3, 10].
If we consider the n-atic order parameters, we can answer the above question. Figure 3.5 plots various order parameters for our full range of bidispersity. In doing
so, we see some notable behavior. First, the decrease of hexatic ordering is met
initially with an increase in all the other order parameters. We can interpret this as
an increase in the likelihood of seeing non-hexagonally coordinated particles in the
packing. Indeed, for the b < 0.4, the dominant order parameters are 5, 6, 7—corresponding to packings that contain a near hexagonal tiling with a number of defects
appearing.
In the range 0.4 < b < 0.6, we see the octatic (8) and decatic (10) order parameters becoming the dominant. While they do not become nearly as high as the
hexatic ordering of a monodisperse packing, they indicate the presence of specific
commensurate packing motifs that fill space.
Figure 3.6 shows examples found in our packings that exhibit high degrees of 8-fold
and 10-fold symmetries. These maxima of the order parameters correspond closely
to the region of the packing fraction graph where a shoulder occurs. We believe
that these commensurate packing motifs that are likely to appear in this region
explain that feature. Now, it is important to stress, that these configurations are

33

Figure 3.6.: Examples of highly efficient 8-fold and 10-fold packing motifs.
not made up of a highly ordered tiling of these space filling motifs.2 Their respective
order parameters become marginally dominant and just indicate an increase in the
likelihood of them. The prominence of the other order parameters in this region
indicate that our configurations are mostly disordered, with a slightly increased
likelihood of these space filling motifs, which in turn correspond to a slight shift in
the packing fraction.
In the high bidispersity regime, we see a resurgence of the hexatic order parameter,
explained by the configurations approaching the Apollonian point. At b = bA ,
the perfect Apollonian tiling exhibits high degrees of 12-fold ordering, which also
means it has a high degree of 6-fold ordering. The n-atic order parameters beyond
the Apollonian point are stable. The region beyond that is characterized by static
ordering made up of a near hexagonal tilling of large particles that is robust under
bidispersity variation.

3.3. Coordination number
The coordination number of a particle is simply its number of neighbors. In the
case of our bidisperse packings, we determine the neighbors of a particle via the
radical tessellation.3 Previously, we used the structural order parameters to give
us an indication of how the local neighborhood is ordered. Now we can look at
the coordination number for an additional measure of this structure, such as direct
identification of defects in low bidispersity packings as well as evidence for phase
2

In fact, the 10-fold motif shown is incompatible with long-range crystalline order. These structures are rarely seen in packings but do occur in quasicrystals [28, 14, 25].
3
For a more complete discussion on neighbor determination and constructing the radical tessellation, see section 2.2.1.
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separation.

Figure 3.7.: An example N = 800 packing with b = 0.1. Coordination number is
indicated by the coloring of the particles: 5, 6, 7 correspond to brown, white, and
blue, respectively.
Figure 3.7 shows a b = 0.1 packing colored by coordination number. The defects are
clearly visible as well as the gaps in packing that form as a result. In the figure, the
packing is well mixed, with an even distribution of large and small particles throughout. By looking at the coordination number between specifically sized particles, we
can examine whether that well-mixing persists. For example, if it were favorable for
phase separation to occur, we would see a notable decrease in the average number
of large-small particle contacts, as the system separated into regions of large and
small particles.
We examined the elements of what we call the coordination matrix, that is the
average coordination number for pairs of like and differently sized particles. As our
intermix ratio is a constant χ = 0.5, the relationship between the large-small and
small-large pairs is identical. In figure 3.8, we examine these quantities as a function
of bidispersity. While the relationship seems straightforward and symmetric, there
is important information present that must be noted.
First, in the high particle number regime, our main trends are consistent. The
large-large average coordination number increases as a function of bidispersity until
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Figure 3.8.: Examination of the average coordination number of large-large (top,
solid), large-small (middle, dashed), and small-small (bottom, dotted) pairs as a
function of bidispersity.
the Apollonian point, where it achieves an average coordination number of nearly
6—indicating the approach towards a hexagonal tiling. The small-small coordination number experiences an opposite effect. As b → bA , the average coordination
number drops to under 1. This corroborates the earlier made argument that in the
Apollonian region, small particles mostly fill in the interstices between large particles. It does not approach zero exactly, which indicates that some small particles
get trapped with others and are unable to escape—a testament to the hard particle
nature of our packing. The large-small average coordination number remains constant throughout, which definitively shows in the high N regime the systems remain
well-mixed and no phase separation occurs.
The analysis gets more interesting when we look at the variation in system size.
As N decreases, the large-large and large-small average coordination numbers also
decrease. Specifically, note that for N = 60, the large-large average coordination
number remains constant until b ≈ 0.4 and in the same region the large-small
relationship decreases in line with the small-small. This suggests that in these
regions, minor phase separation occurs in the form of large particles being separated
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by chains of smaller particles. Note, it is not complete phase separation, as the smallsmall coordination number decreases as well. Figure 3.9 shows a packing where this
occurs.

Figure 3.9.: Packing of N = 60 at b = 0.3, with chains of smaller particles enclosing
regions of large particles.
This behavior is most likely due to the fact that the large particles struggle to
rearrange as the effect of curvature becomes very strong. On the other hand, the
small particles have no difficulty rearranging in the same way as they do in higher
N packings as shown by the small-small coordination number failing to deviate
significantly from the other values of N . This allows for regions of more ordered small
particles to form, which in turn further prevent the motion of large particles and
suppress the large-large coordination number. Note, in the hexatic order parameter
(figure 3.4), nearly all of the configurations for different values of N follow the same
trend, except for notable exceptions in the N = 60, 80, 100 cases, where the value
remains higher. These are also the values of N for which the coordination number
analysis shows significant deviation. We believe that the minor phase separation
that occurs in these low N packings are responsible for those higher values of the
hexatic order parameter when the small particles form regions of high hexatic order.
As bidispersity increases further in the low N packings, the influence of the small
particles decreases correspondingly. Eventually, the small particles fail to prevent
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rearrangement of the large particles and no further phase separation occurs. We see
this manifested in the coordination number graph as the eventual increase in the
large-large coordination number and stabilization of the large-small coordination
number for b > 0.4.
The average overall number of neighbors gives us an indication of how far we are from
flat space. In monodisperse flat space, the average coordination number is exactly 6.
The average coordination number can be extracted from the coordination matrix by
c̄ = (LL+SS +LS +SL)/2. We see that in the high N regime, c̄ ≈ 6, indicating that
at sufficiently high particle packings, the curvature of the system only has relatively
minor effects that separate it from flat space. For low particle numbers such as
N = 60, we see that c̄ ≈ 4.5, showing that the effect of curvature is significantly
increased for these systems.

3.4. Radial distribution function g(s)
An additional measure of examining both the local and long range ordering of our
system is the radial distribution function, or in our case the arc-length distribution
function g(s), where s is the arc-length along the surface.4 This parameter measures
the probability that one would find a particle at any given distance s away from a
central particle. In crystals—materials that have highly regular ordering—we see
a clear consistent periodic form to g(s). By looking at this function for different
bidispersity values, we can see how the overall ordering of the particles changes.
Due to the fact that the packing is mostly crystalline in the monodisperse case, we
want to study how g(s) and therefore the crystallinity changes with slight deviations into bidispersity. Figure 3.10 shows g(s) for the monodisperse case and two
bidisperse values—one before and one after our minimum of packing fraction. First,
we examine the monodisperse case. Clear sharp initial peaks exist that decay as
we move farther out from the central particle, although small oscillations persist
throughout. Additionally, early on we see a notable set of split peaks, especially the
second peak. This is a key indicator of local crystallinity, which is present in our
monodisperse packings.
Increasing bidispersity to 0.06, we see that changes have occurred. The most prominent of which is the disappearance of the split peaks at small values of s. This
4

See section 2.2.3 for a discussion on how to compute it.
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Figure 3.10.: The radial distribution function g(s) for three separate low bidispersity values.
indicates that the local crystallinity of the system has been disrupted. While oscillations exist indicating non-random ordering of the particles, it no long resembles
that of a crystal. This corroborates the point that as bidispersity increases from the
monodisperse case, we break up the hexagonally ordered structure.
Beyond the minimum of packing fraction, at b = 0.13, we see further changes. The
split peaks remain absent, indicating that the system has not regained any of its
crystallinity. In addition, the long range peaks of the system have died out completely. This tells us that once the minimum is reached, all semblance of structured
ordering in the system has disappeared. This change in g(s) as bidispersity increases
gives us an important hint as to the reason behind our initial drop in packing fraction
from the monodisperse case—namely that the packing fraction minimum is caused
by some disruption of the long range crystalline order.

3.5. Hexatic and non-hexatic network
In order to more fully understand the packing fraction minimum that occurs at
b ≈ 0.1, we need to understand the structural changes in the packings that result
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in the disruption of crystallinity. In the monodisperse packing, the vast majority
of particles have exactly six neighbors. One measure we can use to study how the
system deviates from monodispersity is to look at the hexatic (φ6 ) and non-hexatic
fraction (1 − φ6 ) of particles—the fraction of particle that have either six or not six
neighbors.
As a quick note: in the packing literature where monodisperse packings are studied,
these types of particles are called defects. We refrain from using that term, because
as bidispersity increases the term defect becomes increasing a misnomer. As an
extreme example, we can consider a perfect Apollonian packing, where large particles
comprise a hexagonal tiling and small particles fit perfectly into their interstices. In
this case, there is a high degree of order and structure to the system, but the small
particles have only three neighbors and the large have twelve. It would make no
sense to refer to these particles as defects, because they are properly contributing
to the well-ordered structure of the system. The point of this is that particles that
would be considered defects in the monodisperse case may very well be ordered with
regard to bidispersity. As such, we will consistently refer to these types of particles
as non-hexatic particles to eliminate any confusion.

Figure 3.11.: The non-hexatic fraction of particles as a function of bidispersity.
Various particle numbers are shown, but mostly follow the same patterns.
In figure 3.11, we look at how the non-hexatic fraction of particles changes as a
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function of bidispersity. In the monodisperse case, we see that the majority of
particles have six neighbors. At high N , the fraction approaches 0.1, whereas on the
low end, it can be as high as 0.3.5 For slight increases in bidispersity the non-hexatic
fraction is stable, but a sharp transition occurs near b = 0.1 where 1 − φ6 increases
rapidly. All system sizes have similar behaviors in this region until b ≈ 0.4, where
it attains a maximum of around 0.9 that persists from there on out.
To better understand the growth of the non-hexatic fraction, we can look at the nonhexatic network. By taking the neighbor graph of the system—simply a graph whose
vertices are the particles, and whose edges are between neighbors—and deleting
all vertices that have six neighbors, we can construct the non-hexatic subgraph.
Figure 3.12 shows example subgraphs at varying bidispersity values ranging from a
monodisperse system to well beyond the packing fraction minimum. Starting from
the monodisperse case, we see the non-hexatic subgraph is mostly comprised of small
disconnected pairs and chains of particles.6 As b increases towards the minimum,
these chains grow to form large branching structures that cover significant areas of
the system as seen at b = 0.1. Slightly beyond that point, the branching structures
grow to the point that they combine and many small structures are replaced by a
few very large small ones. Eventually, the subgraph connects completely and spans
the entirety of the system. Save for a few small isolated chains, the whole subgraph
is one large connected cluster. Further increasing bidispersity simply results in a
non-hexatic subgraph that is more interconnected.
This growth and connection of the non-hexatic subgraph resembles the behavior of a
percolation transition. This connection can be modeled by thinking of the particles
themselves as the sites, where either the hexatic or non-hexatic fraction corresponds
to the selected fraction of sites in the percolation problem. This mapping is not
perfect, because the neighbor graph fundamentally changes as b increases, but it is
useful nonetheless. We used this connection to create a theoretical model problem
based on random percolation.
Starting with the closest thing we had to a lattice—the monodisperse neighbor
graph—we performed the random site percolation problem. We chose a fraction p
particles to add to the graph, whether or not two sites were connected depended on
5

While non-hexatic fraction may seem excessively high for small particle numbers, note that the
required number of non-hexatic for a spherical surface is 12. So the majority of non-hexatic
particles for low N can be explained by the topology.
6
In the literature, these chains are referred to scars.
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Figure 3.12.: Examples of the non-hexatic subgraph with the packing configurations from which they came at various values of bidispersity.
whether or not they were connected in the initial neighbor graph. By doing this, we
were able to compute quantities associated with the structure of the graph directly
from percolation theory.
One such quantity is the connected fraction of the selected graph, namely if we
perform the random percolation problem at a given fraction p, what is the probability
that the resulting graph is connected. In the left panel of figure 3.13, we show the
results. The two solid lines indicate the random percolation problem—black being
the connected fraction of the hexatic subgraph and gray being the connected fraction
of the non-hexatic subgraph. We see that a clear transition from disconnected to
connected occurs. For the non-hexatic graph the transition fraction is p ≈ 0.65,
whereas in the hexatic graph it occurs at p ≈ 0.35. In order to judge how well the
growth of the non-hexatic subgraph models that predicted by percolation theory, we
sought to find this same quantity in our packings. In the configurations, the hexatic
and non-hexatic subgraphs are not arbitrarily selected, they are generated as a result
of the packing process. As such, we use the fraction of non-hexatic particles (see
figure 3.11) to determine how to directly compare our packings with the random
percolation problem. The blue data points in the figure represent the results, we
see a clear connection between the measured quantities and the percolation theory
results. In the non-hexatic subgraph, we see it matches exactly, whereas in the
hexatic graph it is close, but not exact. The discrepancy between the theory and
measured quantity in the hexatic subgraph is not fully understood, but its relatively
minor and fails to change our conclusions. For direct comparison, the non-hexatic
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subgraph transition occurs at b ≈ 0.15, so we see that the non-hexatic subgraph
becomes fully connected shortly after the packing fraction reaches a global minimum.
Ultimately, the close correspondence between our measurement and the prediction
of random percolation theory indicates that the growth and connection of the nonhexatic subgraph is governed by a percolation transition.

Figure 3.13.: Left: The connected fraction of the non-hexatic (light) and hexatic (dark) subgraphs. Right: The fractional size of the largest cluster of the
non-hexatic (light) and hexatic subgraphs (dark). Solid lines represent random
percolation theory, data points are derived from the packings.
The connected fraction is a finicky quantity to work with, because fully connected
subgraphs can be easily disconnected by one or two rogue sites.7 In order to get
a better understanding of the system’s behavior, we looked at a quantity commensurate with our system: the size of the largest graph cluster. This quantity was
more robust under slight variations and we determined it appropriate for comparing
theory with measurement. The right panel of figure 3.13, we see the results. In both
the hexatic and non-hexatic case, we see a perfect match between the theoretical
quantity from random percolation and the measured value from our configurations.8
For the non-hexatic subgraph, the largest cluster starts from zero and gradually
increases until an inflection point at p = 0.5, where the fraction is 0.4. Beyond that,
the non-hexatic subgraph is mostly connected, at which point increasing the selected
7

In the b = 0.2 non-hexatic subgraph in figure 3.12, we see such an example. A highly connected
graph with a small chain that prevents it from being fully connected.
8
There does exist a slight deviation in the low p region of the non-hexatic subgraph. This can
be explained by the fact that the topology requires non-hexatic particles to meet a required
net defect charge in monodisperse packings (see section 1.1.2). These non-hexatic particles are
likely to be separated as connected scars rarely have large net disclinations, thus the non-hexatic
subgraph is likely more spread out in the packings compared to the random percolation theory.
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fraction adds particles to the subgraph in a linear fashion. The hexatic subgraph
exhibits an exact mirror of this behavior.
Near exact matching from random percolation theory to the measured quantities
of our packings clearly show that the growth and connection of the non-hexatic
subgraph is the result of a percolation transition. Furthermore, the growth of the
network and transition seem to occur right at the packing fraction minimum, suggesting that the disruption of crystalline order suggested by quantities such as g(s)
is a direct result of the percolation of non-hexatic particles throughout the system.
One tempting question to ask is: at what value of bidispersity does the percolation transition occur? After all, it would be particularly satisfying if the transition
matched exactly with the packing fraction minimum. We’ve skirted around specifying a value for the percolation transition thus far and it deserves explanation as
to why. In percolation theory on finitely sized lattices, the percolation transition is
defined to be the critical fraction pc when the top and bottom edges of the lattice
become connected by the network. On an infinite lattice, the transition is defined
to be critical fraction when the probability of an infinite cluster forming goes from
0 to 1. Neither of these definitions work for our packings. Although we have a
finitely sized system, there is no top or bottom edge between which percolation can
occur. Even applying the ideas of percolation on periodic boundary conditions fails
as the spherical surface muddies the meaning of a cluster that spans the length
of the lattice. The connected fraction quantity that we looked at clearly exhibits
a transition, but it must be stressed that this is not the percolation transition—a
percolating cluster need not include the entirety of the selected sites. What we are
left with is the decision to either define percolation in a new way for our system
or study the effects of the percolation without explicitly looking for the transition.
We chose the latter. Nonetheless, we can confidently say that due to our system
matching predictions from random percolation theory, a percolation transition has
occurred and explains the growth and connection of the non-hexatic subgraph.

3.6. Intermix ratio and percolation
To further study the connection between percolation theory and bidispersed packings, we look at the effect of altering the intermix ratio, χ = NL /N . We theorized
that by altering the intermix ratio, one could disrupt the percolation transition by
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impeding the growth of the non-hexatic network through decreasing the fraction of
small particle present in the system.

Figure 3.14.: Left: The packing fraction as a function of bidispersity as the intermix ratio varies from 0.1 to 0.9. Note χ = 0.5 that we’ve examined thus far is in
black. Right: The non-hexatic fraction as intermix ratio varies.
Figure 3.14 shows two quantities that we examined except now we vary the intermix
ratio. The left panel shows the relationship between packing fraction and bidispersity. We see that by varying the intermix ratio, we achieve significantly different
results. By decreasing the intermix ratio and therefore increase the number of small
particles, we significantly increase the maximum packing fraction at b = bA . This is
explained by the fact that the large particles comprise a rigid structure that accommodates the curvature of the surface with large gaps in it. The abundance of small
particles completely fill those gaps and as a result the maximum packing fraction
very nearly reaches the flat space monodisperse packing. On the other hand, increasing the intermix ratio dulls the features of the graph—the minimum and maximum
are barely pronounced and the packing fraction remains relatively constant throughout. The fraction of small particles is so low that they cannot significantly affect
the structure of the packing and thus the system remains robust under the effects
of bidispersity. These significant changes indicate that the intermix ratio does have
a significant effect on the packing, and by increasing it, we can remove the major
features of the packing fraction graph.
One characteristic of the percolation of non-hexatic particles in our packings is
the eventual inclusion of the entire packing in that network. In the case that a
percolation transition fails to occur, the non-hexatic network would fail to engulf
the system. By looking at the non-hexatic fraction in the right panel of figure 3.14,
we see that this is indeed the case. While the transition clearly occurs for χ <= 0.7,
at the highest intermix ratio the non-hexatic fraction fails to incorporate more then
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40 percent of the system. This indicates that the percolation transition can be
prevented by selected a sufficiently high intermix ratio for the packing.

Figure 3.15.: Example intermix ratio packings at b = 0.33. The left has an intermix ratio of χ = 0.1, whereas the right has intermix ratio χ = 0.9.
These results are made clearer when you look at the packings themselves. Figure
3.15 shows two example packings comparing two intermix ratios 0.1 and 0.9, for
b = 0.33. We first note that the low intermix ratio packing has large regions of
very high crystalline order with borders comprised of chains of large particles. It’s
worthwhile to note that the small particles prevent cluster of the large particles
and you rarely see them next to each other in more than a chain. These highly
crystalline regions contribute significantly to the high packing fraction that we see.
The high packing fraction configuration on the right is less dramatic. It looks mostly
like a monodisperse packing, some chains of non-hexatic particles have formed, but
generally the packing is well ordered. The small particles seen are often isolated,
unable to chain together and form a significant non-hexatic network which would
disrupt the crystallinity of the system.
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4. Conclusions
4.1. Summary of results
In this body of work, we examine the effects of introducing bidispersity—namely two
different radii—into particle packings on a spherical surface. From the literature,
we know that monodisperse packings exhibit a highly hexagonal crystalline ordering
with small numbers of non-hexatic particles that appear in scars to accommodate
for the curvature of the surface. The presence of these non-hexatic particles disrupt
local crystalline order and result in a packing fraction deficit compared to flat-space
packings. By introducing bidispersity into the system, the packings deviate further
from crystallinity. As a result, the overall structure of the packings changes in nontrivial ways as bidispersity increases. A summary of the most interesting results
from this work are as follows:
• The packing fraction of near monodisperse packings is characterized by a
hexagonal tiling with included non-hexatic particles to accommodate for curvature. At high N , the packing fraction approaches that of a flat-space packing
with long scar length accounting for the deficit. Low N packings exhibit a
notably lower packing fraction as the greater influence of curvature prevents
crystalline order.
• At b = bA , all packings achieve a packing fraction maximum where small
particles efficiently fit in the interstices of well-ordered large particles. As
b → 1, the packing fraction decreases to mirror that of a monodisperse packing
with N/2 particles.
• For 0.1 < b < 0.6, the packing fraction increases along with bidispersity. A
breakdown in the hexatic order parameter indicates that the packings have
become mostly disordered. The rise in the n-atic order parameters tell us that
some commensurate space filling motifs, notably those with 8-fold and 10-fold
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rotational symmetry, appear that account for a small shoulder in the graph at
b ≈ 0.4.
• The average coordination number over all particle pairs remains six in high N
packings, indicating similarities between flat-space packings. Low N packings
show a decrease in the likelihood of large-large and large-small particle contacts
which arises as a result of minor phase separation, where large particle motion
is restricted by curvature and small particles can move freely to efficiently
order and fill space.
• At b ≈ 0.1, the packing fraction rapidly approaches a minimum for high N
packings. This minimum is explained through the disruption of local and
long-range crystalline order seen in the decay of oscillations in g(s) before and
after the minimum. That breakdown is a result of the influence of the nonhexatic network that behaves according to random percolation theory. In low
N packings, the minimum is absent as the surface curvature prevents high
crystalline order from forming and thus it cannot be disrupted.
• Altering the intermix ratio results in significant changes in measured quantities. In the low χ regime where most particles are small, the packing fraction
maximum is significantly increased as large particles accommodate the curvature and small particle order efficiently to fill space. In the high χ regime, the
lack of small particles prevents major disruption of the crystalline order and
the packing fraction remains relatively constant throughout.
• The percolation transition that disrupts crystalline order can be fully prevented by increasing χ as the small particles are few enough that they cannot
form a disruptive non-hexatic network.

4.2. Future work
This project on packing bidispersed particles on curved surfaces revealed the inherent richness and intrigue of packing problems on curved surfaces. As part of a
spiritual continuation of this project, we began to look at the packing of monodispersed particle on open spherical surfaces under the influence of gravity. As a real
world analogue, we plan to study to problem of how marbles pack in a bowl. Our
desires are to understand how the presence of an open boundary affects the forma-
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tion of defects and how modifying the coverage fraction—and thus the experienced
curvature—changes the resulting structure of the system.
The new project has surpassed the proof of concept stage where we confirmed that
we could efficiently create these configurations using simulation techniques. Many
candidate algorithms were tried, including simulated annealing with varying schedules, a zero-temperature sequential particle drop simulation, and a basic attempt at
parallel tempering. We found the lowest energy packings came from those that were
developed via slow linear simulated annealing.

Figure 4.1.: Examples of monodisperse packings on open curved surfaces. Fivefold defects are visible in the configuration.
While no rigorous analysis has been done on these systems as of yet, we can look
qualitatively at them to understand some of their structure. As seen in figure 4.1,
the packings are primarily comprised of a hexagonal tiling. Despite the open edge
at the top of the bowl, five-fold defects still persist in the towards the center of the
packings. Also, from looking at the example configuration on the left, we see that
the defects are primarily mostly oriented slightly the potential minimum. There are
no definitive statements we can make about the orientation of the defects or the
overall structure of the system. Ultimately, at this stage the best we can do is make
observations. That being said, the system has promise to be an interesting problem
for future study and exploration.
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A. Arrested and jammed
configurations

In the simulation of our packings via diffusion and subsequent surface relaxation,
we create what we term arrested packings. These packings are configurations of
particles that become rigid, but possess a high degree of disorder and mechanical
stress. In theory, these configurations could be further relaxed with a collective
motion that breaks up the rigidity structure and unjams the system.

We created a supplementary packing process, called artificial aging that finds specific unjamming motions of the configuration and then executes them. By doing
so, we further relax the surface and create high packing fraction jammed configurations. Whether or not significant differences existed between arrested and jammed
configurations was an important question to our analysis. If they exhibited major
differences in their structure and configuration, they would have to be treated as
two systems with different analyses.
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Figure A.1.: Comparison of the relationship between packing fraction and bidispersity for arrested (brown) and jammed (blue) configurations, N = 1600.

Due to the fact that a lot of the overall structural information and trends are encoded
in the relationship between packing fraction and bidispersity, we can use this metric
compare the two packing configurations. As seen in figure A.1, the relationship is
similar in both cases. While it’s clear that the artificial aging increases the packing
fraction, the overall trends of the relation remain identical. In all cases, the artificial
aging process results in a simple upward shift of packing fraction by about ∆Φ ≈
0.01. Other trends such as the location of maxima and minima remain the same. As
a result, throughout this work, we analyze specifically jammed systems and allow
for our conclusions to apply to arrested configurations as well.
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