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Abstract

The Averaged Null Energy Condition (ANEC) states that the integral along a com-
plete null geodesic of the projection of the stress-energy tensor onto the tangent
vector to the geodesic cannot be negative. ANEC can be used to rule out space-
times with exotic phenomena, such as closed timelike curves, superluminal travel and
wormholes. We prove that ANEC is obeyed by a minimally-coupled, free quantum
scalar field on any achronal null geodesic (not two points can be connected with a
timelike curve) surrounded by a tubular neighborhood whose curvature is produced
by a classical source. To prove ANEC we use a null-projected quantum inequality,
which provides constraints on how negative the weighted average of the renormal-
ized stress-energy tensor of a quantum field can be. Starting with a general result
of Fewster and Smith, we first derive a timelike projected quantum inequality for a
minimally-coupled scalar field on flat spacetime with a background potential. Using
that result we proceed to find the bound of a quantum inequality on a geodesic
in a spacetime with small curvature, working to first order in the Ricci tensor and
its derivatives. The last step is to derive a bound for the null-projected quantum
inequality on a general timelike path. Finally we use that result to prove achronal

ANEC in spacetimes with small curvature.
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Chapter 1

Introduction

In the context of General Relativity, it is always possible to invent a spacetime with
exotic features, such as wormholes, superluminal travel, or the construction of time
machines, and then determine what stress-energy tensor is necessary to support the

given spacetime according to Einstein’s Equations (units: A =c¢=1)
Gap = 8Ty - (11)

However, in quantum field theory, there are restrictions on T, that could rule out
exotic spacetimes. Two examples of these are quantum inequalities and energy con-
ditions.

Quantum inequalities (also called Quantum Energy Inequalities) are bounds on
the weighted time averages of the stress-energy tensor. They were first introduced
by Ford [17] to prevent the violation of the second law of thermodynamics. The

general form of a quantum inequality is

f°° dr F(O)Top(w(t))VOVP > -B, (1.2)

where w(t) is a timelike path parameterized by proper time ¢ with tangent vector V,
and f is a sampling function. The quantity B is a bound, depending on the function
f, the path w and the quantum field of interest.

Since then, they have been derived for a wide range of spacetimes, fields, and
weighting functions. We concentrate here on quantum inequalities for minimally cou-
pled scalar fields in curved spacetime. However, quantum inequalities for interacting
fields have been derived in 1+1 dimensions [4,10]. For systems with boundaries,
there are difference quantum inequalities [8,18], in which T in Eq. (1.2) is replaced

by the difference between T,; in some state of interest and Ty, in a reference state.



The bound B may also then depend on the reference state. However, such difference
inequalities cannot be used to rule out exotic spacetimes, at least in the case where
the exotic matter that supports the spacetime comes from the vacuum state in the
presence of the boundaries.

Pointwise energy conditions bound the stress-energy tensor at individual space-
time points. One example is the Null Energy Condition (NEC) which requires that

the null contracted stress-energy tensor cannot be negative,
Tapl™° >0, (1.3)

for £* a null vector. Classically, pointwise energy conditions seem reasonable, but in
the quantum context they are violated. Quantum field theory allows arbitrary neg-
ative energy densities at individual points, a well known example being the Casimir
effect. Even in the simple case of a minimally coupled free scalar field, all known
pointwise energy conditions fail and even local averages must admit negative expec-
tation values [7].

On the other hand, averaged energy conditions bound the stress-energy tensor
integrated along a complete geodesic; they are weaker and have been proven to hold
in a variety of spacetimes. One example is the Averaged Null Energy Condition
(ANEC) which bounds the null-projected stress-energy tensor integrated along a
null geodesic

f Tl > 0. (1.4)
vy

To rule out exotic spacetimes such as those with wormholes and closed timelike
curves, we would like to prove energy conditions that restrict the stress-energy tensor
that might arise from quantum fields and show that the stress-energy necessary to
support these spacetimes is impossible. We need a condition which is strong enough
to rule out exotic cases, while simultaneously weak enough to be proven correct.

The best possibility for such a condition seems to be the achronal ANEC [21],
which requires that v of Eq. (1.4) is a complete achronal null geodesic i.e., no two

points of v can be connected by a timelike curve. That is to say, we require that



the projection of the stress-energy tensor along a null geodesic integrate to a non-
negative value, but only for geodesics that are achronal. As far as we know, there is
no example of achronal ANEC violation in spacetimes satisfying Einstein’s equations
with classical matter or free quantum fields as sources.” Achronal ANEC is sufficient
to rule out many exotic spacetimes [21].

It has been proven that ANEC holds in Minkowski space and Ref. [11] showed
that it also holds for geodesics traveling through empty, flat space, even if elsewhere
in the spacetime there are boundaries or spacetime curvature, providing that these
stay some minimum distance from the geodesic and do not affect the causal structure
of the spacetime near the geodesic. This proof made use of quantum inequalities for
null contractions of the stress tensor averaged over timelike geodesics [14].

This work however, does not really addresses the possibility of exotic spacetimes.
The quantum inequalities on which it depends apply only in flat spacetime, so they
cannot be used to rule out spacetimes with exotic curvature. For that, we need limits
on the stress-energy tensor in curved spacetimes, the work presented here.

This thesis presents a complete proof of achronal ANEC for minimally coupled
scalar fields in spacetimes with curvature in a classical background that obeys NEC,
using a null projected quantum inequality. In the first chapter we present a general
quantum inequality derived by Fewster and Smith [15] that we use in later chapters
to derive a bound. In the second chapter we derive the bound for flat spacetime with
a background potential [25], a case similar to the curved spacetime one. In chapter
three we present the timelike projected quantum inequality in curved spacetime [26]
and discuss the importance of this result. In chapter four we use that result to derive
a null projected quantum inequality, which we proceed to use to prove achronal
ANEC [23]. Finally, in the Appendix we present a new class of coordinates, called
multi-step Fermi coordinates and use them to write the connection and the metric
in terms of the curvature [24], results we use throughout this work.

We use the sign convention (—,—,—) in the classification of Misner, Thorne and

*Except for the case of non-minimally coupled quantum scalar fields.



Wheeler [28]. Indices a,b,c,... denote all spacetime coordinates while 7, j, k... de-
note only spatial coordinates. We denote normal derivatives with comma and co-

variant derivatives with semicolon.



Chapter 2

Absolute quantum energy inequality

In this chapter we present a general quantum inequality derived by Fewster and
Smith [15], result which we are going to use throughout the thesis. First we consider

a minimally-coupled scalar field with the usual classical stress-energy tensor,
1 cd 1 2
Tap = Va® Vo = 5 9abg™ Ve®Val + S gappt” - (2.1)

where p is the mass. Following Ref. [15], we define the renormalized stress-energy

tensor

(T2 = T T ((6(2)6(2")) ~ H(2,2")) = Qgas + Cap. (22)

The quantities appear in Eq. (2.2) will be defined below. T;E,ﬁt is the point-split

energy density operator,
i : 1
T =Va® Vir = gar g™ Ve ® Var + §gab’ﬂ2 : (2.3)

The point-split energy density operator acts on the difference between the two-point

function and the Hadamard series,

1 1 ad ;
H(xz,2") = —+ Zvj(x,x')ai(a:,x')ln(

42 or(z,2") 5

0+(x,m'))
12

+ iwj(x,w')aj(x,x')], (2.4)
3=0

where o is the squared invariant length of the geodesic between x and z’, negative

for timelike separation. In flat space

o(z,2") = —nap(z - ") (z - 2")°. (2.5)



By F(o4), for some function F', we mean the distributional limit

F(o,) = 6l_i)rgl+ F(o.), (2.6)
where
oz, x') = o(x,x') + 2ie(t(z) —t(z')) + €. (2.7)

In some parts of the calculation it is possible to assume that the points have only

timelike separation, so we define

T=t—t (2.8)
and write
F(o.)=F(7) :liH&F(Te), (2.9)
where
Te =T — €. (2.10)

We have introduced a length [ so that the argument of the logarithm in Eq. (2.4)
is dimensionless. The possibility of changing this scale creates an ambiguity in the
definition of H, but this ambiguity for curved spacetime can be absorbed into the
ambiguity involving local curvature terms discussed below. The ambiguity in the
case of a field in flat spacetime with background potential is discussed in Ch. 3. For
simplicity of notation, we will assume we are working in units where [ = 1.

The function A is the Van Vleck-Morette determinant bi-scalar, given by

_det(Va ® Viyo(z,2')/2)

V=g9(x)\/~g(z')

The Hadamard coefficients are given by the Hadamard recursion relations, which are

Az,2") =

(2.11)

the solutions to

(O+p?)H(z,2')=0. (2.12)

The recursion relations for the minimally coupled field in a curved background are



[15]

(D+MZ)A1/Z+2007a07“+4v0+v0D0:0, (2.13)
(D + MQ)U]' + 2(j + l)vj+1’aa’a - 4](] + 1)1)j+1 + (] + 1)1)j+1|:|O' =0, (214)
2wy 0" + w100 + 201 0" —4v; + 1100 =0, (2.15)

(O+ u2)wj +2(J + Dwjs1,40" =45 (j + Dwjsr + (§ + 1)w;1 0o

+20541,40° = 4(2] + 1)vj41 + 02100 = 0. (2.16)

All the v;, and the w; for j > 1 are determined by the differential equations discussed
above, but wy is undetermined. Here we will follow Wald [40] and choose wp = 0.
From Ref. [15] we have the definition

H(z,z') = [H(m,x') + H(z', x) + iE(:z:,a:')] , (2.17)

N | —

where ¢ E is the antisymmetric part of the two-point function. We can write H;(z, z'),
j=-1,0,1,..., to denote the term in H involving o7 (with or without In (o)), and
Hjy to denote the sum of all terms up through H; . We will split up E(z,2") into

terms labeled E; that are proportional to o7, define a “remainder term”

J
Rj=E- ) Ej, (2.18)
k=—
and let
Hi(x,z'") = % [Hj(:v,x') +Hj(z',x) + iEj(x,af'))] (2.19a)
~ 1 .
Hijy(z,z") = 5 [H(j)(x,w') + Hjy(a!, ) + ZE(x,a:'))] . (2.19b)



The term @ in Eq. (2.2) is the one introduced by Wald to preserve the conser-
vation of the stress-energy tensor. Wald [38] calculated this term in the coincidence

limit,
1

Q= 521 (z,x). (2.20)

The term C,p handles the ambiguities in the definition of the stress-energy tensor
T in curved spacetime. We will adopt the axiomatic definition given by Wald [40],
but there remains the ambiguity of adding local curvature terms with arbitrary

coefficients. From Ref. [3] we find that these terms include

1) R?
(1) _ — 2 4 _ _ Yab
Hay =~ f V=gRd*z = 2R.q, - 294,0R +2RRy(2.21a)
1) OR
Ap, = —f‘/_— R®R,p = R.gy — DRy, — 2201
ab \/—_g5g“b g ab ;ab ab 9
cd
_ga—bR2 Rea | 2RRuchd - (2.21D)

Thus in Eq. (2.23) we must include a term given by a linear combination of Egs. (2.21a)

and (2.21b) to first order in R,
Cop =aMHy, +bPH,, (2.22)

where a and b are undetermined constants.*

A spacetime is globally hyperbolic when it contains a Cauchy surface, a subset
of spacetime which is intersected by every causal curve exactly once. Global hy-
perbolicity requires the existence of unique advanced and retarded Green functions.

We define w(t), a timelike path contained in a globally hyperbolic convex ' normal

*There are also ambiguities corresponding to adding multiples of the metric and the Einstein
tensor to the stress tensor. The first can be considered renormalization of the cosmological constant
and the second renormalization of Newton’s constant. We will assume that these renormalization
have been performed, and that the cosmological constant is considered part of the gravitational
sector, so neither of these affects Typ.

TA convex normal neighborhood N is one such that any point ¢ € N can be connected to any
other point p € N with a unique geodesic totally contained in N. For more detailed discussion of
normal neighborhoods and their properties see Ref. [22]



neighborhood N and for this path we can state the quantum inequality of Ref. [15].

o0 ood spli a 7 A
[CargAms v 2 - [T S [ges@ TV )] (60

v [Tt O)(-Qgu+ C)VIV. (2.23)

The Fourier transform convention we use is

F(k) or f[K] = f : d f(z)e™ . (2.24)

In the inequality we take the transform with respect to both arguments and evaluate

at & and —¢. The operator 8* denotes the pullback of the function to the geodesic,

(6" TS5 sy ) (1. 8) = (T H ) (), w(#)) (2.25)

a

and the subscript (5) means that we include only terms through j = 5 in the sums
of Eq. (2.4). However, we will prove that terms of order j > 1 make no contribution
to Eq. (2.23).

We will use the general inequality of Eq. (2.23) to provide a bound for the integral
of the renormalized stress-energy tensor in three different cases. In Ch. 3 for the
timelike projected T}, in flat spacetime with a background potential, in Ch. 4 for
the energy density in curved spacetime and in Ch. 5 for the null projected stress-

energy tensor in spacetimes with curvature.

10



Chapter 3

Quantum Inequality for a scalar field

with a background potential

As a first step toward deriving a bound for the quantum inequality in a spacetime
with bounded curvature we first derive a quantum inequality in a flat spacetime with
a background potential, i.e., a field with a mass depending on spacetime position.
This is a simpler system that has many of the important features of quantum fields
in curved spacetime. For a scalar field ® in a background potential, the Lagrangian
is

L= % [0,20"® -V (2)@?], (3.1)

the equation of motion is

(0+V(2)d =0, (3.2)

and the classical energy density is

Ty = = [(8:2)* + (V@) + V(2)@?] . (3.3)

| =

So the ng,lit operator of Eq. (2.3) contracted with timelike vectors, for a scalar field
with background potential V' becomes

V(x)+V(z')

5 , (3.4)

3
split _ 1
Tttl - 5 Z 8@8@’ +
a=0
where the potential is analogous to the mass of Eq. (2.3). Since we will take the
limit where x and 2’ coincide the location of evaluation of V' does not matter, but

the form above will be convenient later. The renormalized stress-energy tensor in



this case is

(Ti"(2")) = lim, T ((o(@)d(2)) - H(z,a")) - Q(a'), (3:5)

T

As discussed in Chapter 2 there is an ambiguity in the above procedure. In order to
take logarithms, we must divide o by the square of some length scale [. Changing the
scale to some other scale I” decreases H by §H = 2(vg+wv10 +---) In(1’/l). This results
in increasing T,y by limg (950 — (1/2)14p0°0. )0 H. Using the values for vy and vy
computed below, this becomes (1/12)(V gy — 17ep0V ) In(l’/l). Thus we see that the
definition of T, must include arbitrary multiple of (Vg —1qp0V). This ambiguity
can also be understood as the possibility of including in the Lagrangian density a
term of the form R(xz)V (x), where R is the scalar curvature. Varying the metric to
obtain T,; and then going to flat space yields the above term. The situation is very
much analogous to the possible addition of terms of the form R? and R, R in the
case of a field in curved spacetime, which give rise to the local curvature terms in
Eq. (2.22).

Thus we rewrite Eq. (3.5) to include the ambiguous term,
(Ti™ (")) = lim T ((¢(2)¢(2")) - H(z,2')) - Q') +CViis,  (3.6)

where C' is some constant. Whatever definition of T} one is trying to use, one can
pick an arbitrary scale [ and adjust C' accordingly.

So the quantum inequality of Eq. (2.23) becomes

f : dr g()(TE) (1,0) > -B, (3.7)

where

B= [TLEce0+ [Tagw@-cv, 3:5)

and

F(t,t') = g(t)g(t")T*P" Hs)((2,0), (t',0)), (3.9)

12



F denotes the Fourier transform in both arguments according to Eq. (2.24).
We work only in first order in V' but don’t otherwise assume that it is small. We

can express the maximum values of the background potential and its derivatives as

VI<Viax [Vl <V

ax

(3.10)
’V:Cbb| < Vrgax |V:llb8’ < Vrgzlix ’

where Vinax, Vihaxs Viax and V'l are positive numbers, finite but not necessarily

small.

Tsplit

i operator, then we compute the Hadamard series and

First, we discuss the
we apply the operator. After that we perform the Fourier transform, leading to the

final quantum inequality.

3.1 General considerations

We will now compute the quantum inequality bound B to first order in the potential
V and its derivatives. In the next subsection, we will make some general remarks
about terms in H coming from H, which are symmetrical under the exchange of =
and z’, and show that we need keep terms only through first order, not fifth order
as in Eq. (2.23). Then we will simplify the operator T22™ defined in Eq. (3.4). In

the next section, we will compute, order by order, the terms and H. We will then

take the Fourier transform to find the quantum inequality bound.

3.1.1 Smooth, symmetrical contributions

Define = (z —2')/2, t = (t +t')/2 and T =t —t'. Let

A(T):[:dEF(E+ TI- %) (3.11)

so that F(—f, €)= A(—g). The presence of the g functions in Eq. (3.9) makes F' have
compact support in t and ¢, so A has compact support in 7.

Suppose F' contains some term f that is symmetrical in ¢ and t’. Let a be the

13



corresponding term in A according to Eq. (3.11). Then a will be even in 7, so a will
be even also. If a € C!, then G € L?, and we can perform the integral of this term
separately, giving an inverse Fourier transform,
() d£’ N [ d£’ .
[T Sieo= [ Sa© = a). (3.12)
0o T —o0 27
In particular, if

lim f(1,¢) = (1), (3.13)

then

[T Eiceo= [Tagwrio. (3.14)

e
and if f(¢) = 0 there is no contribution.
Terms arising from H appear symmetrically in H. At orders j > 1 they have at

least 4 powers of 7, so they vanish in the coincidence limit even when differentiated

Tsplit

i - Thus such terms make no contribution to Eq. (4.4).

twice by the operators of

3.1.2 Simplification of T=P"

tt’

Tsplit

i of Eq. (3.4) in terms of separate derivatives

We would like to write the operator
on the center point Z and the difference between the points. First we separate the

derivatives in 705" into time and space,

tt’

3
> 04041 = 010y + Vg - Var . (3.15)
a=0

We can write the spatial derivative with respect to* Z in terms of the derivatives at
the endpoints,

V2=V2+2V, Vu+V2. (3.16)

“When a derivative is with respect to t or ¢’ (or = or z'), we mean to keep the other of these
fixed, while when the derivative is with respect to £ or 7, we mean to keep the other of these fixed.
When the derivative is with respect to Z we mean to keep = — z’ fixed.

14



Then Egs. (3.4), (3.15),(3.16) give

split
Ttt’

[atat, + % (V% -v2- vi,) + % (V(z)+ V(;p’)):l -

1
2
i [V2+0, -0+ 0y - 05 +20,0p +V(2) +V(2)],  (3.17)

where O, and O, denote the D’Alembertian operator with respect to x and z'.

Then using
1
872. = Z [8? - 26t8t, + 83,] s (318)
we can write
.1 - . . .
TP = 1 [(Oe+ V@) B+ (00 + V(') H+ViH] - 020 (3.19)

Consider the first term. The function H(z,z") obeys the equation of motion in z,
and so does E(z,z'). Thus all of H(x,') is annihilated by O, + V(z), except for
H(z', z),

(Ba+ V() H = (O + VIH( ). (3.20)

The quantities vj(x,2") are symmetric, so the only sources of asymmetry in H are
the functions w;, which are real but may not be symmetric, and the fact that the

imaginary part of o, (z,2") is antisymmetric. Thus

H(z',x) = H(z,2")* + 4L7r2 Z(wj(:c',x) - wj(az,:c’))aj(x, z'), (3.21)

where * denotes complex conjugation. Since O, is real, if we use Eq. (3.21) in
Eq. (3.20), we have (O, + V)H (x,2")* = 0, and we ignore Vwj, because it is second

order in V, leaving

(O +V(x)) H = 4%#!]1 Z(wj(x', x) —w;(z, x'))aj(:n, x'). (3.22)

15



By the same argument,

(O +V(2")) H = 4—;2511 ;(wj(x, z') —wj(2',x))o? (v, 2"). (3.23)

The first two terms in the brackets in Eq. (3.19) are the sum of Eqgs. (3.22), (3.23).
This sum is smooth, symmetric in  and z’, and vanishes in the coincidence limit.
Thus according to the analysis of Sec. 3.1.1, it makes no contribution in the Fourier
transform of Eq. (4.4), and for our purposes we can take

. 1 .
TN = L—Lvi - 83] H. (3.24)

3.2 Computation of H

Examining Eq. (4.15) we see that is sufficient to compute H for purely temporal
separation as a function of ¢, ¢/, and x, the common spatial position of the points.
The function H(t,t") is a series of terms with decreasing degree of singularity at
coincidence: 772, In7, 72In T, etc. For the first term in Eq. (4.15), terms in H that
have any positive powers of 7 will not contribute by the analysis of Sec. 3.1.1. For
the second term we need to keep terms in H up to order 72, because the derivatives
will reduce the order by 2.

The symmetrical combination H(¢,t") + H(t',t), will lead to something whose
Fourier transform does not decline rapidly for positive &, so that if this alone were
put into Eq. (4.4) the integral over £ would not converge. But each term in H (¢,¢") +
H(t',t) will combine with a term coming from iE(xz,z") to give something whose
Fourier transform does decline rapidly.

We will work order by order in 7.

3.2.1 General computation of £

We will need the Green’s functions for the background potential, including only first
order in V', so we write

G=G"+aW ... (3.25)
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The equation of motion is
(0+V(2)G(z,2") =0 (z-2). (3.26)
Using OGO (2, 2") = 6 (z,2") and keeping only first-order terms we have
0GW (z,2') = -V (2)G O (z,2"), (3.27)

SO

GO (z,2') = - f "GO (2, 2"V ("GO (" 2" . (3.28)

For t > t"” >t we have for the retarded Green’s function,

(0) 1 9 oy Lo -t - x"-x|)
Gy’ (a", 2") = %(5((#' -t - X" -x") = o x| . (3.29)
So we can write
1 2T A N
Gg)(ﬁﬂ,.’ﬂ,) -—— f Bx" / dt”é((t—t”)2—|x—xn|2)6(t t” |X, X |)V(t”,X”).
8T [x" = x/|
(3.30)

Integrating over the second delta function we find t” = t'+|x” —=x’|. Again considering

purely temporal separation and defining ¢"” = x” - x" and ¢" = |("'|, we find

2 _ " R
Gg)(t,t’)=—8%fd9fd§”(”2—5(7 CHQTC Vv ¢+ "), (3.31)

where [ dQ) denotes integration over solid angle, and Q) varies over all unit vectors.

We can integrate over ¢ to get (" = 7/2 and
(1) N 1 - T A
Gt t') ——WfdQV(t,x v 9. (3.32)

If we define a 4-vector = (0,€) we can write

1

GS’(t,t’) = 3902

f AV (7 + %Q) . (3.33)
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The advanced Green’s functions are the same with ¢ and ¢’ reversed. Since E is the

advanced minus the retarded function, we have

EW (¢t = 32% f Qv (z + gm sgnT. (3.34)
T

3.2.2 Terms of order 72

We now compute the various Hj, ﬁj, and Ej, starting with terms that go as ol or

772, These terms are exactly what one would have for flat space without potential.

Equation (2.4) gives

1 1
H_ " = =- ) 3.35
1, 2) dm2o,(z,2')  4An2(12-(2?) (3:35)
where
C=x-x% (3.36)
and
¢=1cl. (3.37)
Similarly, the advanced minus retarded Green’s function to this order is
o(r-=¢)-6
By (2.1) = Ga(e.a') - Gn(ea’) = L0000 g )
47 ¢
)
~ 1 1 1 - -
Hoy(t,4) = lim — |~ = ——— + 0T+ -0 =0 (3.39)
(508m2| 12-¢2 r2-(2 ¢
where
F(ry) = hH(f)l F(r+ie). (3.40)
Taking the € — 0 limit in 7, and 7_ gives the formula
1 1 :_,W5(T+<)—5(T—C) (3.41)

EAEEET ¢
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SO

- 1
H_(t,t") = Tk H_1(t,t") (3.42)

as discussed in Ref [15].

3.2.3 Terms with no powers of 7

We can find the Hadamard coefficients from the recursion relations, Eq. (2.13), (2.14).
To find the zeroth order of the Hadamard series we need only vg. For flat space,
04 =-2nu(2" —2")" and Oo = 8. Putting these in Eq. (2.13) we have

V(:CII)

(z" - I,)a’UO’a +9 = I

(3.43)
Now let " = 2" + A(z — x’) to integrate along the geodesic going from z’ to z. We

observe that
dvg(z", x")

o = (x-2") " q(z",2"). (3.44)
So Eq. (3.43) gives
dUO(x”7x,) "oy _ V(x”)
)\T +oo(x’,z") = YR (3.45)
or
d(Avg(2",2"))  V(z")
- ==, (3.46)
from which we immediately find
1 V !/ )\ _ !
vo(z, ') = fo Y f” ). (3.47)

Now we consider purely temporal separation so the background potential is evaluated

at (t' + A\1,x). We expand V in a Taylor series in 7 around 0 with ¢ fixed,

V(# +Ar) = V(E) + (A - %)Vt(t_) . %2()\ - %)%({) b (3.48)



We are calculating the zeroth order so we keep only the first term of Eq. (3.48), and

Eq. (3.47) gives
1
vt ) = 7V(#) + O(r)
and thus

1
1672

Hy(z,z') = V(z)In(-72),

and

1
Ho(z,z") + Ho(2',x) = —=V(Z) In|7].
472

We can expand V around Z,
V(a+ ) =V(@)+VO(@+ o),

where V(1) is the remainder of the Taylor series

T/2 .
V(@ +20) = V(z+Z0) - V(@) - fo dr Vi(z +rQ)Q.

Then from Eq. (3.34),

1
Eo(z,2") = —V(Z)sgnt
8T
Ro(z,2") = 1 fdQ v (z+ ‘LlQ) sgnT
’ 3272 2 .

Using

2In|r| + misgnr = In (-72),
we combine Egs. (3.51), (3.54a) to find

1

}NIO(tv 7j,) = 167T2

V(zZ)In(-72).

Combining all terms through order 0 gives

Hoy(t,t') = Hoq(t,t) + Ho(t,t') + %iRo(t, .

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54a)

(3.54b)

(3.55)

(3.56)

(3.57)
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3.2.4 Terms of order 72

Now we compute the terms of order 72 in H and E. First we need vg at this order,
so we use Eq. (3.48) in Eq. (3.47). The V; term in Eq. (3.48) does not contribute,

because it is odd in A —1/2, and the others give
! 1 - 2 1 =
vo(x,x') = ZV(Z‘) +7 %V,tt(l“) +oe (3.58)

Next we need to know vy, but since vy is multiplied by 72 in H, we need only

the 7-independent term v (z,x). From Eq. (2.14),
(O + V(2))vo(z,2") + 201 o (x, 2" )0 (2, 2") + v1 (2,2 ) Do (z,2") = 0. (3.59)

We neglect the V(z)vg term because it is second order in V. At x =2, 0, =0, so

—_

vi(z,x) = gg},l_n); Ogvo(x,z'). (3.60)

Using Eq. (4.62) we find
/ 1 ! ! ! 1 L 2 / !
Ogvo(x, ") = 1 j(; d\O,V (2" +N(x-2")) = 1 fo AN (OV) (2" +A(z-2")), (3.61)

and Eq. (3.60) gives

i (2,7) = %DV@). (3.62)

We also need to know wi, but again only at coincidence. Reference [38] gives

wy(z,x) = —gvl(x,x) = —éDV(m) ) (3.63)

Combining the second term of Eq. (3.58) with Eqgs. (3.62), (3.63) gives

, ™ ori.. 5. 1 _
Hi(t ') - V(@) In (=72) + §DV(SC)] . (3.64)

12872 |3
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Then Hy(z',x) is given by symmetry, so

7_2

6472

Hl(l',flfl) + Hl(xlvx) =

[gm(z)mﬂ . %DV(@] .

(3.65)

The calculation of Ej is similar to that of Ey, but now we have to include more

terms in the Taylor expansion of V around Z. So we expand

1 , 1 o
V(z+ %Q) = V(@) + SVa(@)Qr + Vi (@) + VO (z+ %Q) :

where the remainder of the Taylor series V(3 is

1 [/ 2
V(?’)(:E+§Q)=§fo dTV,ijk(a_:+7“Q)(%—r) QOO dr .

Since [dQQ' =0 and [dQQQ = (47/3)6Y, Eq. (3.34) gives

1
Ei(x,2") = MVJ@-(@)TQSgnT,
1
Ri(x,2") = 327T2/dQV(3)(:c+gQ)sgnT.

Again using Eq. (3.55), we combine Egs. (3.65),(3.68a) to get

7_2

ﬁl(l‘,.ﬁl) = 1287['2

[%m(-ff)v,ii : %DV(QT:)] .

Combining all terms through order 1 gives

Hyy (') = Hoy(t,¢) + Ho(t, ') + Hy(t,') + %z’Rl(t, t').

3.3 The T°Pit[

tt’

Using Egs. (3.9), (4.15), we need to compute

[T Sk,

™

(3.66)

(3.67)

(3.68a)

(3.68b)

(3.69)

(3.70)

(3.71)
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where

P41 = g(1)g() Eviﬁ(o)(t,t') - aﬁﬁ(l)(t,t')] . (3.72)

Using Egs. (3.42), (3.54b), (3.56), (3.57), (3.68b, (3.69), (3.70) we can write this

F(t,t") =g(t g(t)Zfz(tt) (3.73)
with

fi = 2:77% (3.74a)
f2 = 87T2 ——V(2) (3.74b)
f3 = 9612 Vi(Z) In (-72) (3.74c)
fi = e Vi) + Va(@)] (3.744)
fs = Rlﬂfdﬁvg [V(l)(ermQ)]isgnT (3.74e)
Je = i 2[d§232 [V(?’)( +UQ)zsgnT]. (3.74f)

3.4 The Fourier transform

We want to calculate the quantum inequality bound B, given by Eq. (3.8). We can

write it
8
B=>"B;, (3.75)
=1
where
4 edE % [ N (4 )6 )
Boo= [T2 [ Car [ " atgg() st e
- [ %[mdT/:OOdfg(f—z)g(f+Z)fi(fT)e_ifT,i=1...6(3.76a)
B - Lo dtg2(t)Q(t):—768 2[ dt g*(H)TOV (1) (3.76D)
Bg = —[:dtQQ(t)CVﬁ(t% (3.76¢)

using Egs. (2.20), (4.4) and (3.63).

23



3.4.1 The singular terms

For i = 1,2,3, f; consists of a singular function of 7 times a function of ¢ (or a

constant). So we will separate the singular part by writing

fi(t,7) = gi()si(T) . (3.77)
Then we define
Gir) = [ digiDg(i- g+ 7)., (378)
_ *° df *° ) . —i€T
Bi-["% Lo dr Gy(7)si(r)e . (3.79)

This is a Fourier transform of a product, so we can write it as a convolution. The G;

are all real, even functions, and thus their Fourier transforms are also, and we have

Bi= gy [Tae [T acier 00, (350

T 92

Now if we change the order of integrals we can perform another change of variables

n=£E+(, so we have

B [: a6 /C_oo dn Gi(m)3i(¢) = # [: dnGi(n)hi(n), (3.81)

T o2

where

nin) = [ dcsi). (3.82)

The arguments of Ref. [15] show that the integrals over £ in Eq. (3.79) and 7 in
Eq. (3.82) converge.

We now calculate the Fourier transforms in turn, starting with B;. We have

91(t)
s1(7)

(3.83a)

3
272
1
- (3.83D)
T4
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The Fourier transform of s; is [20]

§1(0) = 56°0(0).

SO

m(m = [ dcEci0m) = n'em).

From Eq. (3.81) we have
Bi=— [ an Gyt
V=507 Jo nGan)n .
Using f(€) =i€f(€), we get

d GIIII
Bi=sr [T @),

(3.84)

(3.85)

(3.86)

(3.87)

The function G is even, so its Fourier transform is also even and we can extend the

integral

1
B — f GIIII — _GIHI 0
1= 487r (77) ( )

For G1 we have

G1(7) = 5og [ dEg(E- D)o+ 1),

and taking the derivatives and integrating by parts gives

f dtg"(%)*,

By =

1672
reproducing a result of Ref. [15].
For By we have
— 1 £
0l) = V(D)
1
82(7') = 7'_2 .

(3.88)

(3.89)

(3.90)

(3.91a)

(3.91D)
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This calculation is the same as before except the Fourier transform of sy is [20]

$2(C) = 2m¢O(C) -

So we have

1
By = —§G§'(0),

where

Go(r) = 5 [ AV (D(E- Do+ 3).

After taking the derivatives

By=-— [T avOly®y @ - 09 O).
For B3 we have
s3(1) = In(-7?).
In the appendix, we find the Fourier transform of s3 as a distribution,
Salf1=4r [ dkf'(k) ]| - 477£(0).
From Eq. (3.82), we can write

ha(n) = [ dCsy (O -0),

which is given by Eq. (3.97) with f({) =©(n-(), so

ha(n) = =4m [ dCa(n - ¢ nlc] - 477©(n) = ~4xO(n) (I + 7).

Then Eq. (3.81) gives

2 [ L
By=-= [ anGa(n) (mn+2) == [ dnGa(m)nlal +7).

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

(3.100)



since G3 is even. The integral is just the distribution w of Eq. (B.10) applied to Gs,

which is by definition w[G3], so Eq. (B.11) gives

B3:—[Ood7Gg(T) In|r|sgnT, (3.101)
with
G (T)—_1 /mdtv--(f) (F- Dyg(t+ 1) (3.102)
=962 J oo @I T RIS ) '
SO
B -_L[wd Infrlsgnr [~ diVa(@g(i-2)g'(E+2) (3.103)
3= 52 _ drnjrisgnT | i) g 29 9/ :

3.4.2 The non-singular terms

For i =4,5,6, f; is not singular at 7 = 0. We include everything in

Fi() = [ difirDg(i- D+ ). (3.104)
Bi= [T [Tarrmei = [TCho=1 [Tae@h. 310)

The integral is the distribution © applied to Fj(=£)), which is the Fourier transform
of © applied to F;(-7). The Fourier transform of the © function acts on a function
f as [20]

ol1=ir [~ dT(j—_f(T))+7rf(O), (3.106)

where P denotes principal value, so

Biz—%P[:dT(%E(T))+E(O). (3.107)

The first of the non-singular terms is a constant: f; does not depend on 7. Thus
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Fy is even in 7, and only the second term of Eq. (3.107) contributes, giving

By=Fi(0) =———; [ dig(? [Viu(®) + Viu(D)] . (3.108)

12872

The functions f5 and fg are odd in 7 and vanish as 7 — 0, so in these cases only the
first term in Eq. (3.107) contributes and the principal value symbol is not needed.

Equations (3.74¢,3.104,3.107) give

1
25673

oo 1 oo _ _
Bs = f dr= [ dig(f-2)g(f+ %) [ A V2V (g + gﬂ) senr (3.109)
—00 T J—00

and Egs. (3.74f), (3.104) and (3.107) give

_ 1 o l oo __z B Z ) (3) ) m
Bo = =54 [oo dr [oo dtg(t 2)9(t+2)fd9‘97 [V (z+ 5 Q) sgnr
(3.110)

Here we can integrate by parts twice, giving

1 oo o _ofl 7, T (3),|7-|

Be = T 6473 [oo dr [oo dt o; [;g(t - §)g(t+ 5)] f dQV¥(z + EQ) sgnT.
(3.111)
From Egs. (3.53), (3.67), V(Y goes as 7 and V) as 72 for small 7, so the 7 integrals

converge.

3.5 The Quantum Inequality

Now we can collect all the terms of B from Egs. (3.76b), (3.76¢), (3.90), (3.95),
(3.103), (3.108), (3.109) and (3.111). Since Bz is made of the same quantities as By,

we merge these together. We find

1 Ly 1oy 1y 1 .y 1 v] v
B=—+-\1--15 - -1 — =1, + —1I: ——1I. -1 3.112
167T2[1 272 7373 T8 T 16r 0 4x 6] T (3:.112)

where

n - f dt g (1) (3.113a)
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= [ av@lde'®-g B ®)] (3.113b)
- /: dTln|7'|sgnT[: AEVi(Dg(-2)g'(+ 2) (3.113¢)
o= [T arg@? [2va®+ 2va) (3.1134)
- /“’dTl /oodfg(t_—z)g(f+ Z)/davgx/(l)(mmﬂ)sgm (3.113¢)

e f de dta2[ g(t——)g(t+ ]/dQV(3)(x+| [0 s (3.1131)
C [ i@Vl (3.113g)

o
I

In the case with no potential, only I; remains, reproducing a result of Fewster and
Eveson [9].

In Eq. (3.113c), In|7| really means In(|7|/l), where [ is the arbitrary length dis-
cussed in Ch. 2. The choice of a different length changes Egs. (3.113c) and (3.113d)
in compensating ways so that B is unchanged.

Equations (1.2,3.112,3.113) give a quantum inequality useful when the potential
V' is known and so the integrals in Eqgs. (3.113) can be done. If we only know that
V and its derivatives are restricted by the bounds of Eq. (3.10), then we can restrict

the magnitude of each term of Eq. (3.112) and add those magnitudes. We start with

1)< [T v Dle@g" @) - o (D9 D)< Vinax [ dE[gBlg" D]+ 9/ ()]
(3.114)

The cases of I?Y , X , and I;/ are similar. For [ g/ and Ié/ , it is useful to take explicit

forms for the Taylor series remainders. From Eq. (3.53), we see that

<l [ aavvie s Blvi s [ aoiel-onleivi.
(3.115)

UdQv v (z +| i

Similarly from Eq. (3.67) we have

I

‘f dQv(3>(@+gQ)‘ fdQ|VU 19107 QF (3.116)
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’T’ VIII

Vi X [ a0k -

ijk

VIII

max ?

We can then perform the derivatives in Eq. (3.113f) and take the absolute value of

each resulting term separately.

We define
Bo= [ a0+ 1))
Bo= [ [ty @)lgale -
ho= [ g
o= [Cat [ " atge)
Jo = [ _at [ " arlg@)lg(ol -
s [ Car [ ad [0l ()] +g (g (] (¢ ~1)?
and find
1] < Vinaxa
5] < 3Vl
] € SV
131 < 9nViids
| < 27T1+1V”’X(4J5+4J6+J7)
] < 811V

Thus we have

Lt oI (1.0) 2

(3.117a)
(3.117D)
(3.117¢)
(3.1174)
(3.117¢)

(3.117f)

(3.118a)
(3.118b)
(3.118¢)
(3.1184)
(3.118¢)

(3.118f)

1 11
{Il + §Vmax<]2 + Vrgax [Jg + (ﬂ + 487T2|C|) J4]

2r+1

T T @ + J7)]} (3.119)
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3.5.1 An example for a specific sampling function

An example of the quantum inequality with a specific sampling function ¢ is the

following. Consider a Gaussian sampling function
g(t) =% (3.120)

where ty is a positive number with the dimensions of t. Then the integrals of

Egs. (3.117), calculated numerically, become

Jy=3.75t5%  Jy=3.15t5"
J3 =270ty Jy=1.25t, (3.121)
Js =3.14t5  Jg = 3.57t

J7 = 3.5812,
so the right hand side of Eq. (3.119) becomes

1
“Ton2e {3.75 + 3.15Vinaxtg + (3.26 + 591.25|C|) Vil o + 2.86 Vi 1o} . (3.122)
0

3.6 Discussion of the result

In this chapter we have demonstrated a quantum inequality for a flat spacetime
with a background potential, considered as a first-order correction, using a general
inequality derived by Fewster and Smith, which we presented in Ch. 2. We calculated
the necessary terms from the Hadamard series and the antisymmetric part of the
two-point function to get H. Next we Fourier transformed the terms, which are, as
expected, free of divergences, to derive a bound for a given background potential.
We then calculated the maximum values of these terms to give a bound that applies
to any potential whose value and first three derivatives are bounded.

To show the meaning of this result, in the last section we presented an example

for a specific sampling function. By studying the result we can see the meaning of
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the right hand side of our quantum inequality. The first term of the bound goes as
t53, where ty is the sampling time, and agrees with the quantum inequality with no
potential [9]. The rest of the terms show the effects of the potential to first order.

These corrections will be small, provided that

Vinaxte < 1 (3.123a)
VIote < 1 (3.123b)
VIt < 1. (3.123¢)

Equation (3.123a) says that the potential is small when its effect over the distance
to is considered. Given Eq. (3.123a), Egs. (3.123b) and (3.123c) say, essentially, that
the distance over which V varies is large compared to tg, so that each additional
derivative introduces a factor less than ¢ ! Unlike the flat spacetime case the bound
does not go to zero when the sampling time ¢ty — oo so we cannot obtain the Averaged
Weak Energy Condition (AWEC).

Finally, it is interesting to note the relation of this result to the case of a spacetime
with bounded curvature. Since the Hadamard coefficients in that case are compo-
nents of the Riemann tensor and its derivatives, we expect that the bound will be
the flat space term plus correction terms that depend on the maximum values of the
curvature and its derivatives, just as in our case they depend on the the potential
and its derivatives. We will demonstrate that this hypothesis is true in the next

chapter.
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Chapter 4

Quantum Inequality in spacetimes with

small curvature

In this chapter we present a derivation of a timelike-projected quantum inequality in
spacetimes with curveture. First we consider a massless, minimally-coupled scalar

field with the usual classical stress-energy tensor,
1 cd
T = VOV ® - §gabg VPV . (4.1)

Let v be any timelike geodesic parametrized by proper time ¢, and let g(¢) be any
any smooth, positive, compactly-supported sampling function.

Let’s construct Fermi normal coordinates [27] in the usual way: We let the vec-
tor ep(t) be the unit tangent to the geodesic ~, and construct a tetrad by choos-
ing arbitrary normalized vectors e;(0),i = 1,2,3, orthogonal to eg(0) and to each
other, and define {e;(¢)} by parallel transport along 7. The point with coordinates
(29, x1, 22, 23) is found by traveling unit distance along the geodesic given by x‘e;(0)
from the point v(0).

We work only in first order in the curvature and its derivatives, but don’t other-

wise assume that it is small. We assume that the components of the Ricci tensor in

any Fermi coordinate system, and their derivatives, are bounded,

|Rab| < Rmax |Rab,cd| < Rg]ax |Rab,cde| < ngax . (423)
These lead to bounds on the Ricci scalar and its derivatives,
|R| < 4Rmax ’R,Cdl < 4Rg1ax ‘R,cdel < 4R;;1,ax ’ (42b)

since we are working in four dimensions.



Eqgs. (4.2) are intended as universal bounds which hold without regard to the
specific choice of Fermi coordinate system above. We will not need a bound on the
first derivative. The reason that we bound the Ricci tensor and not the Riemann
tensor is that, as we will prove, the additional terms of the quantum inequality do
not depend on any other components of the Riemann tensor.

Thus we can write Eq. (2.23) in our case as

[ drgATimy 0y > -, (43)

where

B = fooo %F(—&f) + [: dt g*(t) (Q -2aR ;; - g(Rtt,tt + Rijtt — 3R ii + Rii,jj)) ;
(4.4)
F(tv t,) = g(t)g(t’)TsphtﬁI(l)((tv 0)1 (tlv 0)) ) (45)

and E denotes the Fourier transform in both arguments according to Eq. (2.24).

4.1 Simplification of 7Tsplit

The T:tr,’lit operator of Eq. (2.3) for a massless field can be written

. 1 3
Tfﬁht = 5 |:8t8t/ + z 0281/] . (4.6)
i=1
To simplify it, we will define the following operator,

3
V2 =V2+2Y 000+ Vo, (4.7)
=1

which in flat space would be the derivative with respect to the center point. Then
Egs. (4.6) and (4.7) give

split
L

[8@, + % (V2-vZ- Vfc,)]

N |~
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1
= 3 [VZ+0, -0} + 0y -5 + 20,0y ], (4.8)

where O, and O, denote the D’Alembertian operator with respect to x and z'.
Because we are using Fermi coordinates and are on the generating geodesic, the
D’Alembertian and Laplacian operators have the same form with respect to Fermi

coordinates as they do in flat space. Then using

1
&:Zpﬁa@@+%L (4.9)
we can write
G~ 1 - - - -
T H = [OoH + 0y H + ViH] - 02H (4.10)

Consider the first term. The function H(x,z") obeys the equation of motion* in x

and so does F(x,z"). Thus
-1 ,
DwH=§|:|mH(CL’,SL‘). (4.11)
As we discussed in Sec. 3.1.2 we have
* 1 1
H(z',z) = H(x,2')* + o) Z(wj(a:', z) - wj(z,z"))o’ (z,2"), (4.12)
J
Since O, is real, O, H (z,2")* =0, and we have

0. H = #Dr ;(wj(fﬂ'w) —wj(z,2"))o? (z,2"). (4.13)

In the coincidence limit Eq. (4.13) vanishes. There is no j = 0 term because wg = 0.
In the j =1 term, we have o, which vanishes at coincidence unless both derivatives
of the O are applied to it, in which case w; cancel each other, and for j > 1, even

0,07 vanishes.

“In general the sums in Eq. (2.4) do not converge and we should work only to some finite order
in 0. In that case H(x, ') obeys the equation of motion to that order.
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The second term in brackets in Eq. (4.10) gives
| :
Oy, H = WDx/ Y (wj(z,2") —wj(a’, 2))o’ (z,2"). (4.14)
i Y
j

Adding together Eqgs. (4.13) and (4.14), we get something which is smooth, symmetric
in z and z’, and vanishes in the coincidence limit. Following the analysis of Sec. 3.1.2,
such a term makes no contribution to Eq. (4.4) and for our purposes we can take

o~ 1 -
TPt = L—lvﬁ - 63] H. (4.15)

4.2 General computation of E

The function E is the advanced minus the retarded Green’s function,
E(x,2") = Gs(z,2") - Gr(z,2'), (4.16)

and ¢F is the imaginary, antisymmetric part of the two-point function. The Green’s
functions satisfy
6 (z -z

0G(z,2") = T (4.17)

Following Poisson, et al. [30] and adjusting for different sign and normalization con-
ventions,

1
G(z,2") = yp (2U(z,2")0(0) + V(2,2")O(-0)) , (4.18)
7r
where U(xz,2") = AY?(z,2') and V(z,z') are smooth biscalars.
For points y null separated from ', V is called V' [30] and satisfies

. 1 .
Vao® + [§DU+Z]V: -au, (4.19)

)

with all derivatives with respect to y. Now V is first order in the curvature, so
we will do the rest of the calculation as though we were in flat space. Under this

approximation, we will neglect coefficients which depend on the curvature, and also
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evaluate curvature components at locations that would be relevant if we were in flat
space. The distance between these locations and the proper locations is first order in
the curvature, so the overall inaccuracy will always be second order in the curvature
and its derivatives.

Thus we use 07 = =2(y — 2’)* and Oo = -8 in Eq. (4.19) to get

(y=2)"Valy) + V() = 58U (). (4.20)

Now suppose we want to compute V at some point z”. We need to integrate along

the geodesic going from z’ to z”. So let y = 2’ + A(z” — 2') and observe that

WOVID 3T 9y = M@ ')V V() = (g -2') ViV (9) = 50U (),
(4.21)
V(" 2) :% JA L aAOU(y) (4.22)

The function V obeys [30]
0,V (z,2")=0. (4.23)

Let us consider points x and z’ on the geodesic ~, which in the flat-space approx-
imation means they are separated only in time, let Z = (x + 2")/2, and establish a
spherical coordinate system (r,6,¢) with origin at the common spatial position of
x and 2. Now V(z,2") can be found in terms of V and its derivatives evaluated at

the time ¢ (the time component of Z) using Kirchhoff’s formula,
1 . . .
V(z,x') = o / d§) [V(ac", x') + %%V(x",x') + %%V(m",m')] , (4.24)

where the derivatives act on the first argument of V, [ dS2 means to integrate over

all spatial unit vectors Q, and we now set

2 =7+ (7/2)Q (4.25)
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with the 4-vector €2 given by Q with zero time component.
Now define null coordinates v =t+7 and v =t—r. Then 2" has uw =7, v =0. The

derivative 9/0u can be written (9/dt+ d/0r)/2 and so

V(x,x'):%/dQ%[uf/((uﬂ)Ql,x')]u:T, (4.26)

where 0 is 0 with unit time component. From Eq. (4.22),

)

1 u
uV (5%0) = 5 fo du' (OU) (! [2)01, 2", (4.27)
with the D’Alembertian applied to the first argument, and so
1
Vw.a') = o f A0, U (2" 2. (4.28)
0

We are only interested in the first order of curvature, so we can expand U, which

is just the square root of the Van Vleck determinant, to first order. From Ref. [33],
1 r1
AY? (g, 2 = 1—5 fo ds(1-5)sRap(sz+(1-s)z')(z—2")"(x -2 ) +O(R?), (4.29)
so in the case at hand we can use
"o_r /2, 01 1 1 ! ayb
Ua"a') = A" 2y = 1= 5 /0 ds(1 - 8)sRap(y) XX (4.30)

where y = sa” = (su”,sv"”,0"”,¢") is a point between 0 and z”, and the tangent
vector X = dy/ds. We are interested in O,~U(z",0). To bring the O inside the

integral, we define Y = sX = (su”, sv”,0,0), and

1

U (a”,0) = 3 [0 " ds(1-8)5 00 [ Rup(y) X X*] :-% fo ' ds(1=5)s0, [ Rap(y)Y Y]

(4.31)
For the rest of this section, all occurrences of u, v, 6, ¢, and derivatives with respect

to these variables will refer to these components of y or Y.
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Now we expand the D’Alembertian in Eq. (4.28), in terms of an angular part,

2
2 1 0 (sin a) 4 0 (4.32)

- % (me L) — =7
Ve (v—u)2sinf 00 00 +(v—u)281n026¢2

and a radial and temporal part, which we can write in terms of derivatives in v and

v,

P 4 (ﬁ—ﬁ). (4.33)

ovou wu—-v\Ou OJOv

The angular part vanishes on integration, leaving

V(a;,:v')=—ﬁfd@foldss(l—s)[ﬁuﬁv—ﬁ(@u—av)](Rab(y)Y“Yb). (4.34)

Outside the derivatives, we can take v = 0 and change variables to u = s7, giving

Vi) = _47373 fdQ/OTd“(T‘“) [40uBy = O + 0] (Rap(y)Y Y )4.35)
= ‘47373 /deOTdU(T—U)au[(u&,—1)(Rab(y)Y“Yb)]_ (4.36)

We can integrate by parts with no surface contribution, giving

Vi) - 47373 [ a0 [T du(i - u,) (R ()y ) (4.37)
= 471_17_3fd9 [OTduu2 [—uRyuw(y) = 2Ry (v) + Ruu(y)] -
Now

Rab = Gab - (1/2)gabG, (4.38)
where G is the Einstein tensor and G its trace. Thus

1
Am73

V(z,z') = fdQ /OTduu2 [~uGuuu(y) = 2Guu(y) + (1/2)G(y) + Guu(y)] -
(4.39)

Now define a vector field Qq(y) = Gap(y)Y?. Then

Qa;c = Gab;c(y)yb + Gab(y)Yb;c . (4'40)

39



We write the covariant derivative only because we are working in null-spherical coor-
dinates, rather than because of spacetime curvature, which we are ignoring because
we already have first order quantities.

Since the covariant divergence of G vanishes,
gacQa;c = gacGab(y)Yb;c . (4.41)

In Cartesian coordinates, Y? = ¢°, and yb; e = 52, which means that (in any coordinate
system).

gaCQa;c =G. (4.42)

Explicit expansion gives

4 1 0, . 1
(o—uy2 [@%“m(’@@) e QW] !
(4.43)

gacQa;c = 2(Qv,u +Qu,v) - ﬁ(@u _Qv) -

but the angular terms vanish on integration. Now we expand the derivatives in u

and v and set v = 0, giving

Qv,u = UGuv,u + Guv (4448,)
Qu,v = UGuu,U + Guv y (444b)

SO
[ A9 (2uCup + 2uCu + 8Guy — AGun) = f d0G. (4.45)

Substituting Eq. (4.45) into Eq. (4.39), we find

1
4773

V(z,a') = [ 0 fo " dud? [uGp () + 2Gus () - Guu(y)] (4.46)

and integration by parts yields

V) =1 [ d9Gue -5 [T dud Gl +Gut]|. (@D
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Now

%/deonUUQ (Gu(y) + G (y))
_ %fdQ[onuuQ (G*(y) - G™ (y))(4.48)

/ dQ fOTdUUQ (Guo(y) + Guu(y))

which is 4 times the total flux of G** crossing inward through the light cone. Since
this quantity is conserved, Gta;a =0, we can integrate instead over a ball at constant

time ¢, giving
T/2 9 3 1 5
4/dﬂf0 drr G“(:E+rQ)=?fdQ[0 ds 2G (z+5(7/2)Q)  (4.49)

SO

V(x,a:’):%fdﬂ[%[Gtt(x")—Grr(a;")]—foldss2Gtt(x;’)], (4.50)

where z!/ = T + s(7/2)2, and

0(0) 1
1/2
GR(J:¢$,) = A / (x,x')? + 32772

f dQ{% [Gu(2") = G (2]
—/:dSSQGtt(a:;')} (4.51)

r-x-X|)-0(r+|x-x|)

4rr|x - x/|

E(z,2") = AY?(z,2) (4.52)

1 1 1
+327T2 / dﬂ{§ [Gtt($,,) - GTT‘(x”)] - A dS SQGtt(;C;,)} Sgl’l’]’ .

4.3 Computation of H

Tsplit

oo First we consider the term in

We now need to compute H(z,z') and apply

H(z,z") that has no dependence on the curvature. It has the same form as it would
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in flat space as shown in Ref [15] and Ch. 3

1

Hoy(z,2") = H o (2,2") = PRy
+ I

(4.53)

In Sec. 4.4, we will apply the fully general TZI?M from Eq. (4.15) with Vz defined in
Eq. (4.7) to H_y(z,2").

All the remaining terms that we need are first order in the curvature, so for these
it is sufficient to take Vz as the flat-space Laplacian with respect to the center point,
z. For this we only need to compute H at positions given by time coordinates ¢ and
t’ but the same spatial position.

As we discussed in Sec 3.1.1, we only need to keep terms in H with powers of 7 up
to 72, but we need E exactly. The terms from H alone give a function whose Fourier
transform does not decline fast enough for positive ¢ for the integral in Eq. (4.4)
to converge. Thus we extract the leading order terms from ¢F and combine these

with the terms from H. This combination gives a result that has the appropriate

behavior after the Fourier transform.

4.3.1 Terms with no powers of 7

First we want to calculate the zeroth order of the Hadamard series. The Hadamard
coefficients are given by Eqs. (2.13,2.14) for a massless field. To find the zeroth
order of the Hadamard series we need only vg(z,2"), which we find by integrating
Eq. (2.13) along the geodesic from z’ to x. Since we are computing a first-order
quantity, we can work in flat space by letting vy’ = 2’ + A(z — 2’) and using the

first-order formulas Oo = -8 and 0 = -2(y' - 2’)®. From Eq. (2.13), we have
1
(v = 2") w00 + 00 = JOA (Y 2"), (4.54)

and thus

vo(w,2') = 411 [01 AANOAY?) (2" + Az - 2'),2"). (4.55)

by the same analysis as Eq. (4.22).
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Using the expansion for A2 from Eq. (4.29) gives

vo(z,2') = —é /01 d\ fol ds(1-3s)sOy[Rap(sy’ + (1-s)z")(y - 2)(y' - x')b]

= _% 5 ' d\ fol ds(1- s)s[()\s)Q(DRab)(:c' + sz —2"))(z -2 (z-2")°
+2X\sR y(x" + s\ (z —2")) (z - 2")’ + 2R(2" + sA(z - x'))] . (4.56)

We can combine the s and X integrals by defining a new variable o = sA

foldAfolds(l—S)Sf()‘s):/old)‘/oAda(%_i_i)f(g) (4.57)
=f01d0f(0)[;1d/\(%_i_z):foldgf(a)[_§+£‘_)\22:|:

:%foldgf(o—)a—o—)?. (4.58)

Then, changing ¢ to s, we find

vo(z,2') = —% ; ' ds(1- 8)2[32(DRab)(x' +s(z—-2"))(z-2")(z-2")°
+25R y(a" + s(x — ")) (z - 2")’ + 2R(2" + s(x - ac’)):| . (4.59)

or when the two points are on the geodesic,

1,1
vo(t,t') :_Efo dS(l—8)2[82(5Rtt)(1',+87')7'2+4S7’]CdRct7d(.7}’+8T)7'+2R($I+ST):|.
(4.60)

In the second term we use the contracted Bianchi identity, nCdRCtvd = R /2, giving

1 1 d
2 [0 ds(1-s)*sTR (' +57) =2 fo ds(1- s)gsd—R(a:' +8T)
s

=-2 Alds(l—s)(1—3s)R(a:'+ST), (4.61)
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so the final expression for v is

1
UO(t7t’) =74

6 Jo 1 ds(1- S)[82(1 —$§)ORy (T + (s-1/2)7)m2 +4sR(Z + (s - 1/2)7) |.

(4.62)
To calculate Hy we only need the zeroth order in 7 from vg, so the first term does

not contribute. In the second term, we make a Taylor series expansion,
1
R(z+(s-1/2)7) = R(Z) + Ry(2)7(s - 1/2) + §R7tt(§:)72(s -1/2)*+0(7%), (4.63)
but only the first term is relevant here. Thus

vo(t,t') = _411 folds(l _$)sR(F) = —2—143(;3). (4.64)

We also need to expand the Van Vleck determinant appearing in the Hadamard

series. From Eq. (4.29),

1 1
A2t 1) =1 = S Ru(2)7* = S Ru(2)7" + O(70). (4.65)

Keeping the first order term from Eq. (4.65) and using Eq. (4.64), we have

1

HO(xa 33") = 4871'2

Rtt(:z)—lR(;f)ln(—T_?) . (4.66)
[t -5

Now we can add the Hy(x',x) which is the same except that ¢ and ¢’ interchange

1
2472

Ho(z,2") + Hy(2',2) = [Ri(Z) — R(Z) In|7|] . (4.67)

Next we must include E from Eq. (4.52). We can expand the components of the

Einstein tensor around T,

Gap(2") = Gap(E) + G4 (2") (4.68)
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where Gi})) is the remainder of the Taylor series
GG = e - G = [ dr G er )’ (469)

To find Ey, we put the first term of Eq. (4.68) into the second term of Eq. (4.52).
We use Gy, = Gy Q7 and [ dQQQ = (47/3)6Y and find

Ey(wa') - 8%{1Gtt<x>—1c;ﬁ<x>— [ ds2Gu(@) s
= EG(x)sgnT———R(az)sgnT (4.70)

For the remainder term Ry, we put the second term of Eq. (4.68) into the second

term of Eq. (4.52),

1
Bow,a') =5

1 1
0 {5 [ ") - D) - fo ds S2G§§)(x;’)}sgm.(4.71)
Using
2In|7| + misgnt = In (-72), (4.72)

we combine Egs. (4.67) and (4.70) to find

Ho(t,t') = Ru () - —R(m)ln( 72)] (4.73)

4872

Combining all terms through order 0 gives
- ~ - 1
H(O) (t, t’) = H,l(t, t,) + Ho(t, t’) + §iR0(t, t,) . (474)

4.3.2 Terms of order 72

Now we compute the terms of order 72 in H and E. To find vy at this order we take

Egs. (4.62) and (4.63) and include terms through second order in 7. The first-order
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term vanishes, leaving

/ 1 — 1 1 2 =
vo(z,z') = —ﬁR(fL‘)—l—G ; ds(1-s)[s°(1-s)ORu(T)
+25(s = 1/2)°Ryu(z)]7° + . .. (4.75)
11 1
_ —ﬂR(x)—E( Rtt(x)+§R,tt(x))T2+....

Next we need vy but since it is multiplied by 72 in H we need only the 7 inde-

pendent term. From Eq. (2.14)

Ovg + 201 0% + 0100 =0, (4.76)
Atz=2' 0*=0so
1
vi(z,r) = = lim Ogvp(z,2"). (4.77)
8 z—a’

Using Eq. (4.59) in Eq. (4.77), the only terms that survive in the coincidence limit

are those that have no powers of x — 2’ after differentiation, so

1
7}1(33,1,‘) =7

1 1
ds(1-5)*s’0R(Z) = ——0OR(Z). 4.
6 Jo s(1-s)"s"0OR(Z) 150 R(z) (4.78)

Equations (4.62), (4.75) and (4.78) agree with Ref. [6] if we note that their expansions
are around z instead of Z.
The wy at coincidence is given by Ref. [38],

wi(z,7) = —gvl(az,x) _ ﬁm}z(i’) | (4.79)

Combining Eqs. (4.75), (4.78), and (4.79), and the fourth order term from the
Van Vleck determinant of Eq. (4.65), and keeping in mind that ¢ = —72 when both

points are on the geodesic, we find

1 1

Hi(z,2') = 03] 3

Rua(®) - 30R() - 5 (ORa(@) + SRu(@) ) 1n (—75]72 .
(4.80)
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Then Hy(z',x) is given by symmetry so

6

Hy (0" )+ Hy (2, 2) = — [lRmt(f) - iDR(i‘) _ % (DR,-,-(.@) . %R,tt(f)) 1n|7'|] 2.

16072
(4.81)

The calculation of Fy is similar to Ey, but now we have to include more terms

to the Taylor expansion,
" T T2 i ] 3,
Gab(-%' ) = Gab(.f) + EGab,i(f)Qz + gGab’ijQZQJ(E) + Gab (.T} ) , (4.82)
where the remainder of the Taylor series is

T/2 2
Ggi)(x”)=% fo erab,ijk(mTQ)G—r) QIQIOk. (4.83)

Now we put Eq. (4.82) into Eq. (4.52), and again use G, = G;;Q°Q7. The first
term of Eq. (4.82) gives Ep, which we computed before, and the second term gives
nothing, because [dQQ! = [dQQ'QIQF = 0. Using [dQQIQY = 47/369 and
[dQQIVORQ! = (47/15) (59 5% + 67§t + §167%) | the third term gives

1 1 _ 1 _ 1 _
Ey(z,2") = ——192W[5Gii,jj($)+ng‘j,ij(x)—§Gtt,z‘z‘($)
Lo |2
+[0 ds s G ii(T) [T sgnt (4.84)

320 [EGW'J’(“) + 3G (%) - §Gtt,ii($):| 2sgnr.

Using the conservation of the Einstein tensor, 0 = n“meb = Gy — Gij; and 0 =

n®Gyap = Gt — Gir; we can write
Gijij (T) = Guu(T) - (4.85)
So

1 1 3
Bi(e,a') =~ (§G,-i,jj(g:~) + Gon(T) - 5Gm(gz)) sgnt. (4.86)
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Now Ggp = Rap — (1/2) R, so

Gii = (3/2)Rtt—(1/2)Rii (4.87&)

Gtt

(1/2) Ry + (1/2) Ry . (4.87b)

Putting these in Eq. (4.86) gives

1 1 1
Ey(z,2") = ~ 960~ (Rz‘z‘,jj(f) + ERtt,tt(j?) + —Rii,tt(f)) T2 sgnT]
1

9607

(DR“(w) + 1Rtt(m))7 sgnT]. (4.88)

The fourth term of Eq. (4.82) gives the remainder

1
Ry(z,2") = 3217r2 fdQ{%[Ggf)(m")—G,Ei)(m")]—[o dss2G§f)(a:;')}sgnT. (4.89)

To calculate Hy, we combine Eqs. (4.81) and (4.88) and use Eq. (4.72) to get

(e’ =T [lRtt,tt(f) - %DR(E) - % (DRM-(JE) . %R,tt(f)) In (—TE)] .

64072 | 3
(4.90)
All terms through order 1 are then given by
~ ~ ~ . 1
Hyy(t,t") = Hoa(t,t') + Ho(t,t") + Hi(t,t") + 5z’Rl(t, t'. (4.91)

4.4 The TPt [

tt’

We can easily take the derivatives of Hy and H; using Eq. (4.15), because they are
already first order in R. However in the case of the term V%ij_l we have to proceed

more carefully. From Eqs. (4.7) and (4.53) we have

- 1 3 02 9 0 o2 1
%H_ = e —_— = 2— " —_— (—)
Vatl-1 472 ; 8(1:1)2 " Ozt Oz " a(z')?2 )\ o,
~ Z %o . Foates
- 203 “ a(xz)Q 3331‘33;/1' d(z'%)2

(4.92)
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where we used 9o/0z' = 0o/dx" = 0 when the two points are on the geodesic.
From [6], after we shift the Taylor series so that the Riemann tensor is evaluated at

Z, we have

0?0
O(z')2
&0
0o
oxtox"

2 1 1
= —2’!’]”‘ - gRitit(j)TQ - §Ritit7t(f)73 - gRitit,ttTél -+ 0(75)(4933)

2 1 1
= =20 — ng‘tz‘t(f)T2 + §Rz‘tz‘t,t(€?)73 - ng‘tz’t,ttT4 +0(7°)(4.93b)

1 7
2m45 — gRitit(j)Tz - ERitit,ttT4 + O(TS) . (493C)

From Egs. (4.92) and (4.93), and using Ry = — Ry we have

~ 1 2 3
V%H—l = —m [ﬁRtt(f) + ZRtt,tt(a_:) . (494)

From Eqgs. (4.5) and (4.15), we need to compute

[ % kg, (4.95)
where
F(t,t") = g(t)g(t') EViPIm)(t,t’) - 83ﬁ<1)(t,t’)] : (4.96)

In the first term in brackets it is sufficient to use I:[(O)(t,t' ), because higher order
terms in H are smooth, even in 7, and vanish at coincidence, and so they do not
contribute, as discussed in Sec. 3.1.1. In the second term, two powers of 7 are
removed by differentiation, so we need H, ay(t,t").

Using Eqgs. (4.53), (4.71), (4.73), (4.74), (4.89), (4.90), (4.91) and (4.94) we can

combine all terms in F' to write
! ! 6 A
F(t,t") = g(t)g(t") Y fi(t,t), (4.97)
i=1
with

fi = 721 (4.98a)
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1

fr = (g Ri(®) TR (@)] (4.98b)
Js = Wlﬁz[‘Rttvtt(w”%Rii,tt(x)—Rtt,ii(wHgRii,jj(m)]ln(—r_Q) (4.98¢)
fi = 3237@[_4_; tttt($)+7Rttu(ﬂf) ;Rn’,jj(w)] (4.984)
fs = 25éﬂ2 [dQV%{é[thl)(x”)—Gﬁ)(x" [ dSSQG(l)(x" }isgnT
(4.98¢)
fo = _#/dgaz{%[Ggf)($,,)_G7(~§)($,,)]—f01d882G§f)($g)}isgnr.
(4.98¢)

4.5 The quantum inequality

We want to calculate the quantum inequality bound B, given by Eq. (4.4). We can

write it
8
B=) Bi, (4.99)
i=1
where
. o dg 0 (o3} , P A / ’Lé(t’*t)
Bi = | = | _dt ] dt'g(t)g(t)fi(t,t)e
T —o0 —c0
- fwgfwdewdfg(f— D)g(t+ o) filt,m)e €7 i=1...6
0 ™ J-o0 —00 2 2
(4.100a)
Bro= [ _dtg’ - f O 4.1
! [oo dtg Q) = 3840 2 dt g*(t)OR(F) (4.100Db)
Bg = —[ dtg2(t)|:2aR7ii(j)_Q(Rtt,tt(i’)+Rii,tt(f)_3Rtt7ii(f)

+Rii,jj(1’)):| (4.100C)

using Egs. (2.20), (2.22), (4.4) and (4.79). The first 6 terms have the same 7 depen-
dence as the corresponding terms in Ch. 3. So the Fourier transform proceeds in the
same way, except that instead of dependence on the potential and its derivatives, we
have dependence on the Ricci tensor and its derivatives. After the Fourier transform,

we see that B4 and By have exactly the same form so we merge them in one term.
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Thus
B= L+ Iy = I+ o I~ I~ I 4.101
167r2[1+122 123 T 2a0™ Tq6x 0 T apo | (4.101)
where
no= [ g (4.102a)
1= [Tt R TR @) 009" (D) - o (D' (D) (4.1020)
) o [1 1
I = f dr ln|T|sgan dt [gRtm(:ﬁ)+3Rh’tt(z)_Rtt’ii(j)

+§Rﬁ,jj<x>]g<t‘— D+ ) (1102)

If f dtg(f)2|: - 171Rtt,tt(-'z‘) — Rii,tt(i') + 13Rtt,ii(i') - 5Rii,jj(:f):| (4.102d)

- [ dT—f dEg(E-T/2)g(F+7/2) fdQv{ (G ") - D)
_[0 ds s* [thl)(m;')]}sgnT (4.102¢)

Jr [oodrfoodfaz[%g(t_—T/Q)g(t_+T/2)]/dQ{ [ (") - 69 ()]
f dssQG(3) )}sgnT (4.102f)

.~
I

0 b
I [oo dt gz(t)[%R,ﬁ(fﬂ) - i(Rtt,tt(fE) + Rij 14(%) — 3Ry,14(T)

+Rii,jj(ff)):| . (4.102¢g)

If we only know that the Ricci tensor and its derivatives are bounded, as in Egs. (4.2),
we can restrict the magnitude of each term of Eq. (4.101). We start with the second

term

|15

IA

[ : df |Rii(z) - TRu(2)||9(D)g" (F) - ¢' (D)g' (D)

10Rnas [ dilg(Dlg" (D] +'(D7]. (4.103)

IA

Terms I f, 1, f“ and [. fb are similar. For [, é% and [ é%, we need bounds on the components

of G. From Eq. (4.87b), |G| < 2Rmax. Since Eq. (4.2) holds regardless of rotation, we
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can bound G, at any given point by taking the z-axis to point in the radial direction.
Then Gy = Gyp = (1/2)[ Ry — Ryy — R22 + Ryt | and |Gry| < 2Riax. Taking derivatives
of G just differentiates the corresponding components of R, which are also bounded.
Using

In particular, since there are 3 terms in V2, we have |V2Gyl, |VZG,r| < 6RI, ..

these results and Eq. (4.69) for the remainder we have

‘fdﬂv{ (6D (") - 6P ") / dssQG(l)(m")H

s%lfdﬂ{i[IV2GTT,Z-(£)I+|VZGtt,i(f)|]+fo dss?"VQG“’i(E)'}'Qi'

1 4
< Ry 54|T‘ > f dﬁlﬂzl=%l | R o - (4.104)

For I}t we use Eq. (4.83) for the remainder

1
‘fdQ{ G(3)(x”)—G§f’)(x”)]+f0 dss2G$)(m;’)}‘

P , - N
<o Q{—[yamjk(xn+|Gtt,ijk(x)|]+ [ dsslGu @)l
7(2 1
Rfﬁaxw f Q| ||Q[|0F| = MMS - (4.105)
144 2, 24

After we bound all the terms and calculate the derivatives in IZ¥ we can define

P [: dt[g(®Dlg" (O] +9'(t)"] (4.106a)
Js = [: dt[: dt'|g'(t")|g(t)Inft' - ¢] (4.106b)
i [: dtg(t)” (4.106¢)
Jo= [ Ca [T argw) (41064)
o= [T [T arlg@atol -4 (4.1060)
Jro= [:dt[:dt/ [9(D1g" () +g' (g ()] (' =1)*  (4.106f)

and find

1% < 10Rmaxo (4.107a)
% < GRI’;WJ3 (4.107b)
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IR < 258R" _J, 4.107¢
4 max
4
15 < %Riﬁaﬂs (4.107d)
7(2 1
1§ < (Z—;—)Rgl,ax (45 +4Js + J7) (4.107e)
IR < (24]a| + 11p)R"  Js. 4.107f
7 max
Thus the final form of the inequality is
2 /ren 1 5
_[RdTg(t) (T3 )w(,0) 2 = 1672 I + ERmaxJZ (4.108)

2 4
R! . [3—3J3 + (£ +167%(24]al + 11|b|)) J4]

RIII

max

[1637r+ 4, (27 + 1)

4 .
967 0" 102x (‘]6+‘]7)]}

Once we have a specific sampling function g, we can compute the integrals of

Egs. (4.106) to get a specific bound. In the case of a Gaussian sampling function,
g(t) =e 11, (4.109)

we computed these integrals numerically in Sec. 3.5.1. Using those results, the right

hand side of Eq. (4.108) becomes

max

_ﬁ%g (3.76 + 2.63 R t2 + [3.42 + 197.9(24]a] + 11[b])] Rl th + 6.99 R, £3}
(4.110)
The leading term is just the flat spacetime bound of Ref. |9] for g given by Eq. (4.109).
The possibility of curvature weakens the bound by introducing additional terms,
which have the same dependence on ty as in Ch. 3, with the Ricci tensor bounds in

place of the bounds on the potential.

4.6 Discussion of the result

In this chapter, using the general quantum inequality of Fewster and Smith we

presented in Ch. 2, we derived an inequality for a minimally-coupled quantum scalar
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field on spacetimes with small curvature. We calculated the necessary Hadamard
series terms and the Green’s function for this problem to the first order in curvature.
Combining these terms gives H and taking the Fourier transform gives a bound in
terms of the Ricci tensor and its derivatives.

If we know the spacetime explicitly, Eqs. (4.3), (4.101), and (4.102) give an
explicit bound on the weighted average of the energy density along the geodesic.
This bound depends on integrals of the Ricci tensor and its derivatives combined
with the weighting function g.

If we do not know the spacetime explicitly but know that the Ricci tensor and its
first 3 derivatives are bounded, Eqgs. (4.106) and (4.108) give a quantum inequality
depending on the bounds and the weighting function. If we take a Gaussian weighting
function, Eq. (4.110) gives a bound depending on the Ricci tensor bounds and the
width of the Gaussian, tg.

As expected, the result shows that the corrections due to curvature are small if

t and R

max

the quantities Rmaxts, R

max

tg are all much less than 1. That will be
true if the curvature is small when we consider its effect over a distance equal to
the characteristic sampling time ¢y (or equivalently if ¢y is much smaller than any
curvature radius), and if the scale of variation of the curvature is also small compared
to tp.

In all bounds, there is unfortunately an ambiguity resulting from the unknown
coefficients of local curvature terms in the gravitational Lagrangian. This ambiguity
is parametrized by the quantities a and b.

Ford and Roman [19] have argued that flat-space quantum inequalities can be
applied in curved spacetime, so long as the radius of curvature is small as compared to
the sampling time. The present chapter explicitly confirms this claim and calculates
the magnitude of the deviation. The curvature must be small not only on the path
where the quantum inequality is to be applied but also at any point that is in both
the causal future of some point of this path and the causal past of another. All such
points are included in the integrals in Eq. (4.102¢) and (4.102f).

Is is interesting to consider vacuum spacetimes, i.e., those whose Ricci tensor

54



55

vanishes. These include, for example, the Schwarzschild and Kerr spacetimes, and
those consisting only of gravitational waves. In such spacetimes, the flat-space quan-
tum inequality will hold to first order without modification. There are, of course,
second-order corrections. For the Schwarzschild spacetime, for example, these were

calculated explicitly by Visser [35-37].



Chapter 5

Average Null Energy Condition in a

classical curved background

In this chapter we present the proof of the achronal ANEC in spacetimes with cur-
vature using a null-projected quantum inequality. It is structured as follows. First
we state our assumptions and present the ANEC theorem we will prove. We begin
the proof by constructing a parallelogram which can be understood as a congruence
of null geodesic segments or of timelike paths. Then we apply the general inequality
presented in Ch. 2 to the specific case needed here, using results from Ch. 4. Finally

we present the proof of the ANEC theorem using the quantum inequality.

5.1 Assumptions

5.1.1 Congruence of geodesics

As in Ref. [11], we will not be able to rule out ANEC violation on a single geodesic.
However, a single geodesic would not lead to an exotic spacetime. It would be
necessary to have ANEC violation along a finite congruence of geodesics in order to
have a physical effect.

So let us suppose that our spacetime contains a null geodesic v with tangent
vector £ and that there is a “tubular neighborhood” M’ of 4 composed of a congruence
of achronal null geodesics, defined as follows. Let p be a point of 7, and let M, be
a normal neighborhood of p. Let v be a null vector at p, linearly independent of ¢,
and let z and y be spacelike vectors perpendicular to v and £. Let ¢ be any point
in M), such that p can be connected to ¢ by a geodesic whose tangent vector is in
the span of {v,z,y}. Let v(q) be the geodesic through ¢ whose tangent vector is the
vector £ parallel transported from p to ¢. If a neighborhood M’ of v is composed

of all geodesics v(g) for some choice of p, M, v, z and y, we will say that M’ is a



tubular neighborhood of ~.

5.1.2 Coordinate system

Given the above construction, we can define Fermi-like coordinates described in
Appendix A on M’ as follows. Without loss of generality we can take the vector
v to be normalized so that v,¢* = 1, and = and y to be unit vectors. Then we
have a pseudo-orthonormal tetrad at p given by E(,) = ¢, E(,) = v, E(,) = z, and
E(,) =y. The point ¢ = (u,v,z,y) in these coordinates is found as follows. Let ¢
be found by traveling unit affine parameter from p along the geodesic generated by
vE(yy + TE ;) + yE(,. Then ¢ is found by traveling unit affine parameter from ¢
along the geodesic generated by uE(,y. During this process the tetrad is parallel
transported. All vectors and tensors will be described using this transported tetrad
unless otherwise specified.

The points with u varying but other coordinates fixed form one of the null

geodesics of the previous section.

5.1.3 Curvature

We suppose that the curvature inside M’ obeys the null convergence condition,
R VeVl 20 (5.1)

for any null vector V. Equation (5.1) holds whenever the curvature is generated
by a ‘“classical background” whose stress tensor obeys the NEC of Eq. (1.3). We
will refer to this as a “classical background”, but the only way it need be classical is
Eq. (1.3).

We would not expect any energy conditions to hold when the curvature is arbi-
trarily large, because then we would be in the regime of quantum gravity, so we will
require that the curvature be bounded. In the coordinate system we described we
require

|Rabcd| < Rmax (52>
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and

|Rabcd,a| < R, |Rabcd,aﬁ| < R” |Rabcd,a5'y| < Rm

max’ max? max

(5.3)

in M', where the greek indices «, 8,7+ = v,2,y and Rmax, Riaxs Binaxs Ponax Are€

finite numbers but not necessarily small. Also we assume that the curvature is

smooth.

5.1.4 Causal structure

We will also require that conditions outside M’ do not affect the causal structure of

the spacetime in M’ [11]*

J(p,M)nM'=J"(p,M") (5.4)

for all p e M'. Otherwise the curvature outside M’ may be arbitrary.

5.1.5 Quantum field theory

We consider a quantum scalar field in M. We will work entirely inside M’, and
there we require that the field be massless, free and minimally coupled. Outside M’,
however, we can allow different curvature coupling, interactions with other fields,
and even boundary surfaces with specified boundary conditions.

Because M may not be globally hyperbolic, it is not completely straightforward
to specify what we mean by a quantum field theory on M. We will use the same
strategy as Ref. [11]. Our results will hold for any quantum field theory on M that
reduces to the usual quantum field theory on each globally hyperbolic subspacetime
of M. The states of interest will be those that reduce to Hadamard states on each
globally hyperbolic subspacetime, and we will refer to any such state as “Hadamard”.

See Sec. IT B of Ref. [11] for further details.

*This condition is equivalent to J ™ (p, M) n M’ =J (p, M') for all pe M.
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5.2 The theorem

5.2.1 Stating the theorem

Theorem 1. Let (M,g) be a (time-oriented) spacetime and let v be a null geodesic
on (M,g), and suppose that ~ is surrounded by a tubular neighborhood M’ in
the sense of Sec. 5.1.1, obeying the null convergence condition, Eq. (1.3), and that
we have constructed coordinates by the procedure of Sec. 5.1.2. Suppose that the
curvature in this coordinate system is smooth and obeys the bounds of Sec. 5.1.3,
that the curvature in the system is localized, i.e., in the distant past and future the
spacetime is flat, and that the causal structure of M’ is not affected by conditions
elsewhere in M, Eq. (5.4).

Let w be a state of the free minimally coupled quantum scalar field on M’ obeying
the conditions of Sec. 5.1.5, and let T" be the renormalized expectation value of the
stress-energy tensor in state w.

Under these conditions, it is impossible for the ANEC integral,
A= f ATt (T(N)), (5.5)
to converge uniformly to negative values on all geodesics T'(\) in M'.

5.2.2 The parallelogram

We will use the (u,v,x,y) coordinates of Sec. 5.1.2. Let r be a positive number small
enough such that whenever |v|,|z|,|y| < r, the point (0,v,x,y) is inside the normal
neighborhood N,, defined in Sec. 5.1.1. Then the point (u,v,z,y) € M’ for any w.

Now consider the points
®(u,v) = (u,v,0,0). (5.6)

With v fixed and w varying, these are null geodesics in M'. (See Fig. 5.1.) Write
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0= (u,v,0,0)

(0,v,0,0)

(O’O’O’O)

Figure 5.1: Construction of the family of null geodesics ® using Fermi normal coor-
dinates

the ANEC integral
Av) = /wduTuu(Q(u,v)). (5.7)

Suppose that, contrary to Theorem 1, Eq. (5.7) converges uniformly to negative
values for all |v| < 7. We will prove that this leads to a contradiction.

Since the convergence is uniform, A(v) is continuous. Then since A(v) < 0 for
all |v| <7, we can choose a positive number vy < r and a negative number —A larger
than all A(v) with v € (—vg,v9). Then it is possible to find some number wu; large

enough that

/ug()v) du Ty (P(u,v)) < —A/2 (5.8)

for any v € (—vp,v9) as long as

ur(v) > w (5.9a)

u-(v) < -uj. (5.9b)

As in Ref. [11], we will define a series of parallelograms in the (u,v) plane, and

derive a contradiction by integrating over each parallelogram in null and timelike



directions. Each parallelogram will have the form

v € (-vp,vp) (5.10a)

u € (u-(v),us(v)), (5.10b)

where u_(v),us(v) are linear functions of v obeying Egs. (5.9). On each parallel-
ogram we will construct a weighted integral of Eq. (5.8) as follows. Let f(a) be a

smooth function supported only within the interval (-1,1) and normalized

1
[1 daf(a)®=1. (5.11)

Then we can write

[UO dv f(v]vg)? /ur:) du Ty (P(u,v)) < —vgA/2. (5.12)

vo

We can construct this same parallelogram as follows. First choose a velocity V.

Eventually we will take the limit V' — 1. Define the Doppler shift parameter

1
5= Y (5.13)
1-V
Let a be some fixed number with 0 < a < 1/3 and then let
t() = (5_aT . (514)
AsV -1, - oo and £y — 0.
Now define the set of points
ot t
Sy (n,t)=2(n+ —,—). 5.15
v(n,t) =2(n 7 \/55) (5.15)

We will be interested in the paths given by ®y(n,t) with n fixed and ¢ ranging
from -tg to tp. In flat space, such paths would be timelike geodesic segments,

parameterized by ¢ and moving at velocity V' with respect to the original coordinate
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Figure 5.2: The parallelogram ®(u,v), v € (-vg,v9), u € (u_(v),us(v)), or equiva-

lently @y (n,t), t € (~to,t0), 7 € (=10,70)

frame. In our curved spacetime, this is nearly the case, as we will show below. Define

N = Ui+ t05/\/§
vy = to/(\/i(S)
u(v) = £no+ 0%

(5.16a)
(5.16b)

(5.16¢)

so that wu, satisfies Eqgs. (5.9). Then the range of points given by Eq. (5.6) with

coordinate ranges specified by Eqgs. (5.10) is the same as that given by Eq. (5.15)

with coordinate ranges

—1p < t<iy

Mo < M<No

The parallelogram is shown in Fig. 5.2.

The Jacobian
1
V26

‘8(u,v)
a(n,)

(5.17a)

(5.17b)

(5.18)
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so Eq. (5.12) becomes

70 to
f dn ft 47 T (B (1, £) ) £ (£10)2 < — A2 (5.19)
=To —to
We will show that this is impossible.

5.2.3 Transformation of the Riemann tensor

Since we are taking § — oo, components of R with more u’s than v’s diverge after the
transformation. Components of R with fewer u’s than v’s go to zero and components
with equal numbers of u’s and v’s remain the same. We want the curvature to
be bounded by Rpa.x in the primed coordinate system, which will be true if all
components of the Riemann tensor with more u’s than v’s are zero. We will now
show that this is the case in our system.

All points of interests are on achronal null geodesics, which thus must be free of
conjugate points. Using Eq. (5.1) and proposition 4.4.5 of Ref. [22], each geodesic

must violate the “generic condition”. That is to say, we must have
0 Ryjearely) = 0 (5.20)

everywhere in M'.

The only nonvanishing components of the metric in the tetrad basis are gy, =
gvu = —1 and g, = gyy = 1. The tangent vector £ has only one nonvanishing compo-
nent £* = 1, while the covector has only one nonvanishing component ¢, = —1. Thus
Eq. (5.20) becomes

o Ryjuurely) = 0. (5.21)

Let 7, k, I, m and n denote indices chosen only from T {z,y}. Choosing a =m, e = n,
and b= f =v we find
Ryuun =0 (5.22)

TThis notation applies only in this subsection and not the rest of the thesis
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for all m and n. Thus

Ruu=0. (5.23)

Equation (5.23) also follows immediately from the fact that since Ry, cannot be
negative, any positive Ry, would lead to conjugate points.
If we apply the null convergence condition, Eq. (5.1), to V' = E(,) + €E(,,) +

(62/2)E(U), where € < 1, we get
Ruu + 2Rmue + O(€2) 2 0. (5.24)

Since Ry, = 0 from Eq. (5.23), in order to have Eq. (5.24) hold for both signs of e,

we must have

Ry =0. (5.25)
Since Ry = —Rumou + gijjmku,
Rumou = 97" Rjmpu - (5.26)
Now we use the Bianchi identity,
Riyumsn + Riunusm + Riumn:u = 0. (5.27)

From Eq. (5.22), Riyumn = 0. The correction to make the derivatives covariant
involves terms of the forms RauumvnEl(a) and RlaumvnEﬁ"). Because of Eq. (5.22),
the only contribution to the first of these comes from a = v, which we can transform
using Eq. (5.26). For the second, we observe that 0 = v,,(E®) . E®) = 2y, B() .
E® = 2VnE1(f), so a = v does not contribute. Furthermore Riymnu = Riumn,us
because the u direction is the single final direction in the coordinate construction of
Sec. 5.1.2, and so in this direction the tetrad vectors are just parallel transported.

Thus we find

deumn

du = gjk [ijkuvnEl(U) + R]lkuvnESL}) - Rjnk:uval(v) - lek:uvar(zv)]
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+(leum + Rlukm)vnEék) + (lenu + Rlunk)vaq(Lk) . (528)

Eq. (5.28) is a first-order differential equation in the pair of independent Riemann
tensor components Ry qy and Ryy.y. By assumption, the curvature and its derivative

vanish in the distant past, and therefore the correct solution to these equations is
Riymn =0. (5.29)
Egs. (5.26) and (5.29) then give
Rymou =0. (5.30)

Combining Egs. (5.22), (5.29), and (5.30) and their transformations under the
usual Riemann tensor symmetries, we conclude that all components of the Riemann

tensor with more u’s than v’s vanish as desired.

5.2.4 Timelike paths

The general quantum inequality of Ch. 2 we will use for this proof is applied on
timelike paths. So we are going to show that the paths ®(n + 6t/\/2,t/\/26) are
indeed timelike. Differentiating Eq. (5.15), we find the components of the tangent
vector k = d®y/dt = (1/7/2,1/\/2) in the Fermi coordinate basis. The squared
length of p in terms of these components is gopk®k®. We showed in Appendix A that
Jab = Nab + hap, where hgp at some point X is a sum of a small number of terms (6 in
the present case of 2-step Fermi coordinates) each of which is a coefficient no greater
than 1 times an average of

Ropea X2 X€ (5.31)

over one of the geodesics used in the construction of the Fermi coordinate system.
The summations over d and ¢ in Eq. (5.31) are only over restricted sets of indices

depending on the specific term under consideration. From Egs. (5.15) and (5.16a)
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the points under consideration satisfy

lu| < wi/d+V 27 (5.32a)
ol < T0/V2 (5.32b)
x = y=0. (5.32¢)

From Eq. (5.14), the first term in Eq. (5.32a) decreases faster than the second,
so we find that all components of X are O(tp). Using the fact that the components

of the Riemann tensor are bounded we find
hap = O(Rmaxts) (5.33)
SO
Jark®k? = =1 + O(Rmaxt?) . (5.34)

Thus for sufficiently large §, and thus small tg, &k is timelike.

5.2.5 Causal diamond

The quantum inequality of Ch. 2Kontou:2014tha is applied to timelike paths inside
a globally hyperbolic region of the spacetime. So this region N must include the
timelike path from p = @y (n,—tg) to ¢ = Py (n,ty), and to be globally hyperbolic it
must include all points in both the future of p in the past of ¢, so we can let N be

the “double cone” or “causal diamond”,

N=J"(p)nJ (q). (5.35)

We have shown that the curvature is small everywhere in the tube M’, so we must
show that N ¢ M.

From the previous section, we have that the metric can be written as

Gab = Nab + hap (5.36)
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where hgp consists of terms of the form RgpqX?X¢. The double cone in flat space
obeys

|z, lyl, [v] < 70, (5.37)

so the same is true at zeroth order in the Riemann tensor R. Thus at zeroth order,

hab = O(Rmaxt() , (5.38)
and so at first order in R,
],y [o] < T0(1 + O(Rmaxt?)) - (5.39)
Since to < r for large &, we have
|z, [yl lv] <. (5.40)

and N c M’ as desired.

5.3 The null-projected quantum inequality

We can write the general quantum inequality of Eq. (2.23) for w(t) = ®v(n,t) for
a specific value of 7 and the stress energy tensor contracted with null vector field
0% =y as

[ argA T ) 2 -8, (5.41)

where

ood N oo
B = \/[)‘ fF(—f,é) a [oo dtg2(t) (2aR yu + DR i) (5.42)

where we used that g, = 0 so the term @ doesn’t contribute at all, R, = 0 according

to Sec. 5.2.3 and

F(t,¢') = g(0)g () TT Hiyy (w(t), w(t)), (5.43)
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F denotes the Fourier transform in both arguments according to Eq. (2.24).

5.4 Calculation of ng,litf](l)

To simplify the calculation we will evaluate the TI:I(l) in the coordinate system
(t,x,y,z) where the timelike path w(t) points only in the ¢ direction, z direction is
perpendicular to it and x and y are the previously defined ones. More specifically ¢

and z are

L (5.44)

a:t%, z7=t\;;, (5.45)
and are connected with u and v,
a=6"tu,  0=dv. (5.46)
The operator Tjg%“ can be written as
TP = 5720504 . (5.47)

If we define ¢ = z— 2" and @ as the @ coordinate of Z, the center point between x and

' we have

uu’

oplit _ %5—2 (%85 (02 + 2000, + 3?)) (5.48)

5.4.1 Derivatives on fl_l

For the derivatives on H_q it is simpler to use Eq. (5.47). We have

OwOaH- = ! (a 0 )(i) (5.49)

472 \ Ozt 9z't ) \ o,
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In flat spacetime it is straightforward to apply the derivatives on H_;. However in
curved spacetime, there will be corrections first order in the Riemann tensor to both
o and its derivatives.

We are considering a path w whose tangent vector is constant in the coordinate

system described in Sec. 5.1.2. The length of this path can be written

s(z,2") = fol d/\\/gab(w(/\) %Cfl—f = fol A gap(x") Aza Az . (5.50)
where Az =z — 2’ and 2" = 2’ + AMAx since dz®/d) is a constant.

Now o is the negative squared length of the geodesic connecting x’ to x. This
geodesic might be slightly different from the path w. However, the deviation results
from the Christoffel symbol I'f, which is O(R). Thus the distance between the two
paths is also O(R), and the difference between the metrics on the two paths thus
O(R?). Similarly, the difference in length in the same metric due to the different
path between the same two points is O(R?). All these effects can be neglected, and

2

so we take o = —s°.

Now using Appendix A we can write the first-order correction to the metric,
Gab = Nab + Fap + Fpa (551)

where F;, is given by Eq. (A.28) because the first step for z = y = 0 is in the ¢
direction and the second in the @ direction. By the symmetries of the Riemann

tensor the only non-zero component is
1 o
Fﬁf,(il?”) —_ v/O d)\,(]. _ )\,)Rﬁfu}a(A,IE”u, xliv)x/lux/lu , (552)

where we took into account the different sign conventions. Putting these in Eq. (5.50)

gives

1
s(z,z") _/0 A 2A25 ALY + 2F55 Az Az (5.53)

1 ~ -
A d)\\/ﬁ(‘/A.TﬁAxﬁ+%F{,@(Axv)g/Q(AgL’u)_l/Q)
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So to first order in the curvature,

1 S
o(z,z') = -s(x,2")? =72+ (2 -2 fo d\Fy3 Az’ Ax® (5.54)

We define the zeroth order o,

o (z,2") = -72+ (2, (5.55)

and the first order,

oM (z,z")

1 - .
9 fo ANFos Az Aa = (5.56)
1 1 o
—2/0 d/\_/o d\ (1= N)Rpasa(N "™, ") 2" 2™ Az Ax® =

1 14 - ~ -
—2/0 dA/O dy(? - y) Rapa(y, ") Az’ Az® .

where we defined ¢ = 2" and changed variables to y = A’/. Now in first order

1 1 o

and the derivatives

(55590) ()
oz% oz'* ) \ o,

Now we can take the derivatives on o

(1)

U,ﬁ

Similarly

)
L
I

. o©® (502’ (5.57)
4 12 ) 220 ) a1
y = i T_ﬁg( ) _ = (0711 — 0 ) - T_ila’m‘/ (5.58)
- /-ld/\Aﬁ /édy(f—y)Rgﬁ@g(y 2" Az Az
0 or Jo ’
1 l ~ ~ -
= —2/0 d/\)\/o dyRasas(y, ") Az’ Ax" . (5.59)

1 o rt . o
-2 dA(1 - —_— d - AR "YAx Az?
[ ara -2+ [ dy(e -y Rosaly.a") 20" Aa

1 J4 - - .
9 fo dA(1-)) fo dyRasas (v, ") Az” Ax® (5.60)
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For the two derivatives on (1)
1 . _ o
g(ﬂl%, =_9 /0 dM(1 = M ARgpas (2, 2"") Az Ax" . (5.61)

Now we can assume purely temporal separation, so Az’ = 7/ /2. Then the deriva-

tives on H_q are

oo -2 1 ¢ _
TV - 45—(4-12 [y [ dy(e- ) Roaa(.a™) (562)

w2l
1 L .
—2\/5/0\ d)\(l - 2)\) L dyRM,gg(y, .THU)T

1 R
+ ﬁ d)\(l - )\))\R{Lﬁﬂf)(fﬁﬂu, x”v)TQ) .
Let us define a vector k = (X, 1) in the @, 9 coordinates, let Zp = (\'z%, 2°) and

1
7 =Tk (A= 12k = S (N (1 +2),1" - 7). (5.63)

V2 V2

where z = (z+2")/2 and t" =t' + A7. Then Eq. (5.62) can be written

5—2

4274

+24/2(1 - 2)) fol dN (2% + (A =1/2)7/V2) Ragas (z})7 (5.64)

split 13 1 1 / AY < 2 "
TR, = 4—]0 X 12/0 AN (1= N)(E + (A - 1/2)7/V/2)? Roasa (2!

-(1- )\))\R%M(az")72]) .
We can rewrite the middle term in the brackets,

/(;1 dA(1 = 2X\) Razas (T + (N = 1/2)k/V/2) 7

2
V2
: (5.65)

kﬂ;

1 A-1/2
fo dA(1 - 2)\)[Rmaa($k)T + /o dr Rigiis o (Tk + 7kT[V/2)

7,2

1 A-1/2
fo dA(1-2)) [0 dr Rusas. o (@ + kT [V/2)k

S
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We can combine the A and r integrals the following way

1 A-1/2
fo dA(1-2)) fo dr Rasasa(Tx + rkT/V/2)

= _/:jjszRaaaﬁ,a(ﬂﬁk+T/€T/\/§)(1/4—r2) (5.66)

If we change variables back to A = r + 1/2 the whole term becomes

- [ aNE Rusana(e + (- 1/2)kr VIR L 5.67
Sy AN [ NT R+ O 120k VR T (5.67)
Putting that result in Eq. (5.64) gives
Tsplit]fl 5__2 4- ld)\ 12 ld)\l(l—)\’)( ”ﬁ)QR“M( "
uu! -1 47_117_[_2 0 0 x o\ Lk
1
—4273 (N - 1/2)? fO dN Rapas () (5.68)

1 _
47201 N) fo AN 7 Rags. o () )k - (1—A)ARﬂﬁa@(x”)T2]}.

The derivatives on .FNI_l can thus be written as

; 1 _ 1 _
TPHE ) = g(cl +y1(t, 7)) + ﬁyz(tﬂ') ; (5.69)

uu’

where ¢ is a constant and the y;’s are smooth functions of the curvature,

1
yi(F,7) = fo ANY; ("), (5.70)
where
" 35_2 1 / / "N\ 2 "
it ):-—2[0 AN (1 = XY (2" Ryasa (2l (5.71)
T
and
" 6_2 2 1 ! "
N(t") = | -4v20-1/2) fo N Rasas (2 (5.72)

1 i
+(1- )\))\( -4 fo dN'Z" Ragan,a (g )k + Rfu}aﬁ(ﬂﬁﬂ))] :



5.4.2 Derivatives with respect to 7 and u

In Ch. 4 we calculated H (1), but only for points separated only in time. Let us use
coordinates (7, Z,X,Y’) to denote a coordinate system where the coordinates of =

and z’ differ only in T. We state again these result in that coordinate system,
- - - - 1.
H(l)(T, T’) = H_l(T, T’) + H()(T, T’) + Hl(T, TI) + EZRl (T, T’) s (573)

where

1
4r2(T =T —ie)?’

H (T, T') = (5.74)

Ho(T,T") = T [RTT(a;) - %R(aé)ln(—(T—T' —ie)2)] , (5.75)
H(T,T") = %[%RTT,TT(SE)_%DR(E) (5.76)
-3 (BR@ R @) - ).
Ro(T,T") # / dQ{%[G%(X")-G%(X")]

1
—fo ds SQGg}T)(X;’)}sgn(T—T’). (5.77)
where X" =z + ((T'-T")/2)Q2 and
(1) " " _ (T-1)/2 _ I
GOL(X") = Gup(X") - Gap() = ]O drGap (7 +rQ)Q! (5.78)

and

1
3272

1 2 ~(3) " /
-[0 ds 2GS (x7) bsgn (T -T") | (5.79)

Rl (T7 TI)

[ dQ{% (G2 (x) - 6 xm)]
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where Gfg is the remainder after subtracting the second-order Taylor series, which

can be written

T-T'

1 IT-771/2 2
GYp(X") = 3 /0 drGap, 1k (2 +182) ( - r) Q7% . (5.80)

When we apply the 7 and @ derivatives from Eq. (5.48), we can take (T, Z, X,Y') =

(t,z,z,y). and calculate
02Hy,02Ry,0*Hy, 0> H,,0°R; . (5.81)

Applying @ derivatives on Hy gives

- 1 1
82H0 = 48? I:Rtt’{“](.i') - §R7ﬁﬁ In (—Tg):l . (5.82)

For the derivatives with respect to 7 we have

1

O*Hy = y R(z), (5.83)
and
~ 1 1 1 1 1
672_ 1= W I:gRtt,tt(i') - §DR(i’) - § (DR”(.@) + §R7tt(i‘)) (3 + 111(—7'_2))] .

(5.84)

Applying @ derivatives on Ry gives

1 I71/2 1
8§R0 = 3 [ dQ) fo dr V%{§ [Gtt,i(x'") = Gy i(z" ]
1 .

- /0 ds SQGttvi(xg’)}Qz sgn T, (5.85)

nr

o =X+ srid.

where 2" =7 +rQ) and x
Now we have to take the second derivative of Ry with respect to 7, which is T-T"
in this case. This appears in three places: The argument of sgn in Eq. (5.79), the

limit of integration in Eq. (5.80), and the term in parentheses in Eq. (5.80). When
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we differentiate the sgn, we get 6(7) and §’(7). but since Gfg ~ 73, there are enough
powers of T to cancel the § or ¢, so this gives no contribution. When we differentiate
the limit of integration, the term in parentheses in Eq. (5.80) vanishes immediately.

The one remaining possibility gives

I71/2
872—R1 = 12871’2] / { Gttz]k(x ) Gr'rz]k(xm)]

—/0 dSSQGttyijk(l‘;”)}QinQkSgnT. (5.86)

5.4.3 Derivatives with respect to (

To differentiate with respect to ¢, we must consider the possibility that  and z’ are
not purely temporally separated. We will suppose that the separation is in only the ¢
and z directions and construct new coordinates (7', Z) using a Lorentz transformation

such that (7'-7T",0) in the new coordinates is (7,¢) in the old coordinates. Then
T-T =+\/72-¢2, (5.87)
and the transformation from (¢,z) to (7, %) is given by

N A (5.88)

\/7_27_@(7'

with the x and y coordinates unchanged. Then
=A . (5.89)

Now let M be some tensor appearing in H;. The components in the new coor-

dinate system are given in terms of those in the old by

Mapc... = A4ABAG .. M. (5.90)

75



We would like to differentiate such an object with respect to ¢ and then set ¢ = 0.

The only place ¢ can appear is in the Lorentz transformation matrix, where we see

_1 0 1
Oc A% =T (5.91)
¢=0 10
and similarly,
10
NG| =777 . (5.92)
¢=0 0 1

To simplify notation, we will define P and @Q to be the matrices on the right hand

sides. Reinstating x and v,

01 0 0
1 0 00
P = (5.93)
00 00
00 0 0
1 0 0 0
01 00
Q = (5.94)
00 00
00 0 0
Now we can write the derivative of Mypc...
OcMapc..| = Oc(AGABAG...) Mo (5.95)
¢=0 ¢=0
= [(QCAZ)&”B(SCC---+5j(84A%)5CC---+...]Mabcm
¢=0
1 a b cc a pb cc 1 abe...
= T—(PA(SB(SC cee 4 6APB(SC DR -)Mabc... = T_pABC...MabC---
abce...

where p%’5¢  is a rank-n matrix of 0’s and 1’s.
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With two derivatives, we have

ZMape..| = OFAGABAL...) M. (5.96)

¢=0 ¢=0
= [(ag @686, - + 5z(a§A%)5g---+ ..

(DAY (BN - + (B A% )T (DAL - + ]Mb

¢=0

1 a C a C
= T—E(QAé%cSC---+6AQ%5C---+...

+ PSPEGS -+ PYOBPE -+ .. ) Mape..

(n-1)n

abce...
= EQABC‘..Mabc...

where Cﬂf’é’é... is a rank-n matrix of nonnegative integers.

There are also places where T —T" appears explicitly in H,. We can differentiate

it using Eq. (5.87),

o(T-T") = 0 (5.97)
¢=0
F(T-T") = 7! (5.98)
¢=0
We have to calculate the following terms
0¢Ho,0,0;Ho, 9F Hy, 0,0 Hy1,0; Ry, 0-0c Ry . (5.99)
Let’s first apply one ¢ derivative ¥ on Eq. (5.75) using Eq. (5.95),
r7 1 ab =
Or aCHO o = _mptt Rab(‘r) ) (5100)

#The Lorentz transformation technique we use here is not quite sufficient to determine the
singularity structure of the distribution 841:10 at coincidence. Instead we can use Eq. (4.29) to
compute the non-logarithmic term in Hy for arbitrary = and #’, which is then — R, (%) (z - 2')*(z -
2')?/(487%0, ). Differentiating this term gives Eq. (5.100) and explains the presence of 7 instead
of 7 in the denominator. The first term of Eq. (5.101) arises similarly.



and two ( derivatives using Egs. (5.96) and (5.97),

0 Ho

1 “ _ _
T (¢ Rap(7) + R(7)] - (5.101)
¢=0 -

Then we apply one ¢ derivative on Hj,

0: (aﬁl

) ) ﬁ [p?tzidRab’Cd(j) (p“ DRab(7) +ptt 'R ab(l‘)) (In(-72) + 2)]
(5.102)

¢=0

and two ¢ derivatives on Hj,

O?H
¢ 64072 3

1 1
[ Qtttthab cd(T) = _Rtt (7)) +OR(T) - —(q“bDRab(:c)
2z=0

+qftb%R’ab(x)) In (=2) + ; (DRii(j:) N %R,tt(x)) (1+1n (_TE))] .

(5.103)

Finally we have to apply the derivatives on the remainder R;. We have to apply
the ( derivatives on two places, the Lorentz transformations and the ijj)g. Since the

three terms are very similar we will apply the derivatives on one of them

o [ oG

f dQ(—ptbG“)( ")+ %G,ﬁ?(my)agw

¢=0
(5.104)
where we defined Y = (1/2)A(T - T")2. We observe that 9:Y|c—o = (1/2)p¢Q* and

taking into account the properties of Taylor expansions,

0

(3)
8Ya (z+Y)

=G ("), (5.105)
¢=0

where Gg)c is the remainder of the Taylor expansion of Gy after subtracting the
first-order Taylor series.

So Eq. (5.104) becomes

o [ dQG;?’%(mY

f a0 (6 ) + SEDEH) (5100
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Using G®) from Eq. (5.80) and
@), I71/2 - T o
Gabc( )= /0- drGap,ije(T + 7€) (5 - r) Q'Q7 (5.107)

Eq. (5.106) becomes

. e o\ L,
8<fdQG§§T)(X+Y)|C=0 = fdeO d?”(a—r) (PttbGab,ijk(ﬂﬁm)(§—;)

1 .
+§p;‘tht,ija(xm))QZQJQk (5.108)

Applying the 7 derivative gives

Irl/2 1 72
o, (84 f d0GP)(z ) _ f a0 fo dr[(z—%)p?tbGab,ijk(xm)
¢=0

1 o
+Zp?Gtt,ija(xm):|QZQ]Qk (5.109)

The same procedure can be applied to all three terms so the final result is

1 |71/2 L \[1, o w 1
) = @/d(l/(; dT{(Z—ﬁ) |:§(ptt _Prr)Gab,iJ’k‘(m )

! 2_ab m 1 pg "
= ), @550 Gabig (v ) | + 7| 5 (Grrga(2™)  (5.110)

or (8<R1(T, T

¢=0

1 . .
—Grr,ija(ﬂf/”))—fo dss°p} Gy ija (2’ ]}QZQJQk SgNT.

For two ¢ derivatives we can apply both on the Lorentz transforms, both on the

Einstein tensor or one on each,

2
3) /= C] 3 ” 3 a
02 [ aef@ Vs = [ dﬂ( LG ") + g G (B4 V)oY 0y

¢=0
318/ Gz +v)a2ve (5.111)
¢=0
ab
Py O (3) c
+2— (JI + Y)@CY ) .
T oYe o
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80
We observe that

. I 01
o2yl =fo —hior (5.112)
=0 or 27 27

where we defined h{ = qf - 5;- while

RY'  =0. (5.113)

¢=0

Using properties of the Taylor series as before, we can write

62

WG;S) (.f + Y) = G(l) (.CC”) , (5114)

tt,ab

so Eq. (5.111) becomes

0 [ doGf) @

f dQ[Qtt G(3)( II) _ngtlzlb(xll)p bQ’LQj
— (2ptt PGS (") + G (x”)h])w]& 115)

Using GO from Eq. (5.78) and G and G®) from Eqgs. (5.107) and (5.80) this

becomes

8CfdQG( (z+Y)

[ f|7|/2 [(1 - 1)2% Gab zgk:(f'?m)

1 1
+1Gtt,kab(:p,,,)pz p] (_ - _) (2Gab ch(x"’)p?tbpf

¢=0

4 27

+Gtt,ljk(m"')hé)]QinQk (5.116)

For all three terms

e (1 eV
- 327T f / {(___) [2 gfb_qmlz)Gabz]k(gcm)

1
/ dss? qtt ab”k(:ﬂ'”] —pzpj[ (Gt kab(z") = Grp pan(2"""))

OFR1(T, T")

¢=0

,
/ dss* Gt pap (! )] (1 - 2—) [pf(l??tb ~ ) Gap je(z™)

+§(Gtt,ljk($m) ~ G (z™)) R (5.117)



f dss® (205D G jie (2 )+Gm]k(x"')hl]}smmk

5.5 The Fourier transform

Egs. (5.69), (5.82), (5.83), (5.84), (5.85), (5.86), (5.100), (5.101), (5.102), (5.103),
(5.110) and (5.117) include all the T*""* (1) terms. To perform the Fourier transform
we are only interested in the 7 dependence of these terms. To simplify the notation

we define functions ¢;,

52[&;8@,]:[_1 - %( - %ag + 02+ 0 + 2@@;)1% + %agmo

spht H( 0

1 - 1.
_5((93 + 0% +20:0¢) (H1 + 5le) ]

7| e+ )+ (D ) ()

+eq (1) +C5(t,7')], (5.118)

where ¢;’s for i = 1,2,3,4 are smooth and have no 7 dependence and c5 is odd, C

and bounded. The explicit expressions of ¢;’s are

1
= =3 (5.119a)
T
o= — - R(z) + | pff - qi Rap(7) (5.119b)
4872
e = : _5Rﬂﬂ($) p +qi DRab(j)J"_ Ptt ""qi ab(ﬂ?) (5119C)
192072 ’ W9
— 1 5R ”"(7)—ER (7) abcd_i_qtt%d +DR"(7)+1R (7)
C4 = 96072 tt,aa\L 5 ab,cd\ L ) | Pttt 9 i T 5 (T
1
+pi DRy (T) + p?t”§R,ab(fE)) (5.119d)

|71/2
cs5 = 256772f drfdﬂ( { Gttz((li"’) Gr”(xm) f ds s Gm(:c"'}

{ [Gtt Uk(xm) Grr uk(xm) f dss Gtt zyk(x, ,)

42 1 ab ab " m
+ 1—? 2 Prr)Gabije (") = f dss® ptt Gap,ijk (7
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p‘f" 1
L Grtgra (@) = Grrgra@™) = [ dss*pi Gt ra )

2
1 r 1
+2(§—7—_) [2 tt_qu)Gabljk(x ") - / dss” Qtt abwk(x ):|

1

1 s
+§p?p?|:§(Gttvkab(xm) - Grr,kab(xm)) - A d‘954Gtt7kab($;,,):|

1 r ¢ a 1
(55 [t - Gusnea + G ) Grrana

—f dss® (2p5p% G Gab jke(xy') + Gt ljk(az"’)hé}Qij)Qii SgnT. (5.119¢)
0
As mentioned in Sec. 5.4.1 the functions y; depend on 7 but are smooth.

We will Fourier transform these terms following the procedure of Ch. 3 starting

form the most singular one

Blzf ﬁf drGy(r)—e ¢, (5.120)
0 T J-o0o T
where
Gl(T):f""dg(cﬁyl(mz))g(t‘— %)g(h%). (5.121)
Then
1
By =G 122
1 24G1 (0) (5.122)

Now the only dependence on 7 of ¥ is in the form of ¢/, so we can write

diyl(t 7) ] NG (t")-—[Old)\()\—l/Q)Yl(t+()\—1/2)7-) (5.123)

Then we integrate by parts and put the derivatives on the sampling functions g

oo 4
Bi= 15 ‘“—[‘” o ‘“(g - A) Yl(t")][g""@ﬂﬂ ~ag"(Dg() + 39" (D]
(5.124)

For the ¢; term, since it is a constant, we can integrate by parts the sampling



functions and recover the well-known flat space result, which is the first term of

1 oo _ 1 oo _
Bi=o; [ dierg" (6 + 755 | dtin(Dlg" (D)g(?) ~ 49" (Dg(F) + 39" ()]
(5.125)
where we performed the X integral and defined
572121 1t ;
i) =25 2 [N (- N @ R () (5.126)
w= 80 Jo
For the second most singular term, proportional to 7-2 we have
B, = / “ / drGo(r)—e 4. (5.127)
0 T J-o0 TZ
where
Go(r) = [ diea(®) + ot (6~ 5) 9 £+ ) (5.128)
We can use the results of Ch. 3 to get
1 14
By =~5G3(0). (5.129)

Again the only dependence on 7 of ys is in the form of ¢’ so we can integrate by

parts
1 o NETINE )
I L CORY AT EERY RO FOVORVIOR R
¥ I COR O] PEGYOR G (5130
where
-2
jZ(E):—%[\/ﬁ‘[old)\,(glfiﬂRﬁ{,a57a(i‘k)ka+%Rg@a@(fk))+éRagag(f)] (5.131)

The three remaining terms have Fourier transforms given in Ch. 3, so after using

Eq. (5.42) we have

[ " AT (w(t))g(t)? < -B, (5.132)
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where

B=47 25:1} : (5.133)
=0

where
I = i [ :dtg"(t)201 (5.134a)
o= [ g (gt - 49" (Dg(t) +3¢" O ir () (5.134b)
b= 3Dl 0 o) (5.1310)
I :2[mﬁ[wﬁywmummﬁw%@w (5.134d)
L - [:ﬁmﬂ%@upmdw) (5.134¢)
I - %%[:ﬁ[:ﬁ};ﬂmﬂﬂ%@ﬂﬁ (5.134f)

where we added

c6(t) = —2aR 3z(t) — bR za(t), (5.135)

which is the local curvature term.

5.6 The bound

Among the terms in B there might be some components of the form Rgp.q 5 which
might diverge after boosting to the null geodesic. However we can show that these
derivatives are not a problem since we can integrate them by parts. Let’s assume
that we have a term of the form

L= [t [t Lulg@)g(#))eRupeaa (), (5.136)

oo

where L[g(t)g(t")] is a function that contains the sampling function g and its deriva-

tives and ¢ a constant. If we define ¢ as the time component of T we can reorganize
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this term as follows

I, - f df f dr L (7,0) Rupea. 1 (T) - (5.137)
The u derivative on the Ricci tensor can be written as
Rabcd,ﬂ = Rabcd,t - Rabcd,ﬁ . (5138)

The term can be reorganized the following way by grouping the terms with ¢ and

v, x,y derivatives

I, - f di f dr L (7, D) (A% Ry 1 (7) + AR o o (), (5.139)

where A?Lde“' are arrays with constant components and the subscript n denotes the
term they come from. Here the greek indices «, 3, = ¥,2,y. The term with one
derivative on « can be bounded while the term with one derivative on ¢ can be

integrated by parts

L= [dt [ ar(D (6 m) A Rapea(2) + L(E )AL Rapeg(2)) + (b8
(5.140)
where the primes denote derivatives with respect to t. The sampling function is C'*®
so L'(7,t) is still smooth and the boundary terms (b.t.) vanish. Now it is possible

to bound this term
< [Tdr [T ar(E @)l R +1LE DO RY), (5141)

where we defined

m

alm = N |Agbed B (5.142)
abed af...

m

The same method can be applied with more than one @ derivative.

Now we apply this method to the integrals of Eq. (5.134). Iy has no dependence
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on the curvature so it doesn’t need to be bounded. I; can be written as

I = [: dtL1(t)a- fol dN' (1-X) (") Rasas (Tk) (5.143)

where a,, are constants and

L1 (F) = ¢"" (D)g(F) - 49" () g(F) + 39" (1)*. (5.144)

Now we can take the bound where a_; includes the constant integral of A’ and the
result is

[0 <1272 [9]a 1 Runax (5.145)

where Jflk)[g] are functionals of the sampling function g, where the number in the

parenthesis shows the dimension of the integral,

1
TNg] ~ —

i (5.146)

Their explicit forms are given at the next section.
I5 includes only one derivative of the Riemann tensor. We can reorganize the

terms based on the number of ¢ derivatives as in the example

) 1 -
I = f dtLo(t) (AgdeRabcd(t_) + ]0- d)\'(@oii‘uRaﬁm,a(fk)ka + @1Raﬁaﬁ(:fk))) ;
(5.147)

and

Lo(t) = g(B)g" (H) - g'(1)*. (5.148)

We observe that

0
a T ]{:a = — . 14
R o(Zk) pra (5.149)

Now we can integrate by parts the term with the derivative

1 oo 0
_ !/ U N s
CLO-[O d\ [oo dtLo(E)CC 8t—Ruvuv($k)
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_ a fo Ly f : dF (LY (D)7 + Lo(F)) Rasan (1) - (5.150)

So I becomes

[ee]

) 1
I, = f dt_{Lo(f)AgdeRade(t_)-i-—/o d)\,(aoLE)(t_)quaf){“;(ij)

+a1L0(£)Rﬁﬁﬂ@(1_7k))} , (5.151)
where a; has been redefined to include a; — ag. Then we can take the bound
1] < (75 Tglag” +12“17§” (910 ) Runas (5.152)
We continue with I3 which has the form

Iy = [ drln|r|sgnr f dtLl(t,T)(AgbcdRabcd,tt(f)+Agb6daRabcd,at(f)

+A§"’CdaﬁRab0d,a5(x)) , (5.153)

where

Li(t,7)=g(t+71/2)d' (t-7/2). (5.154)

After integration by parts

Iy = [_drifrlsenr [ - dt‘( ()AL Rapa(7) = L (6, 7) AT Rt (7)

+L1(t’T)AtlledaBRabcd,aﬁ(x)) . (5155)
Taking the bound gives
2 2
s < 3 5™ [g)al™ R (5.156)
m=0

Reorganizing I, based on the number of ¢ derivatives gives

o= [ dt‘LQ(f)(AsbcdRabcd,m) + A8 R o0 (7) + AgdeaﬁRabcd,aﬂ(x))
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- DA Ras(D) - T (DA R (0) (5.157)

+L2 (E)A;dea/BRabcd,ozﬁ (f) ) )

where
Ly(t) = g(t)*, (5.158)
and the bound is
2
L) < 3 I [glaS™ RO (5.159)
m=0

Finally the remainder term is

() S 1
Is = f dff drLs(t,7) _[ e /0 d)\{Agde()" 2) Rabed 11 (M)
+Agbcda()\’ Q)Rabcd,att()‘g) + Agdeaﬁ()\, Q)Rabcd,a,@t(AQ)

+ AgbedeB () Q)Rabad,am(m)}z’ sgn T, (5.160)

where we changed variables to A = /7 and now arrays Agde'” have components that

depend on A and € and
Ls(t,7)=g(t—7/2)g(t+7/2). (5.161)
After integration by parts

0o co ‘7’|/2
I, = f drf dtfdQ[O dr{Lg” 7, D) AL Q) Ropea(AQ)
+La(7,8)" AL (N, Q) Raped.o (M) + Lz (7, 1) AP (X Q) Rap s (AQ)

+ Ly (7, 1) ASP1P (), Q)Rab,am(m)}i ST (5.162)

We define constants agm)

gy
abedand af...

——
m

) e
fdﬂfo dAASd @B (3 ) (5.163)
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and now we can take the bound

3
151 < 3 I8 [gla™ RE. (5.164)

max
m=0

5.7 The inequality

Putting everything together gives

3 3 0 B
B<lp+ Y Y JF™glal™ R + S 127" TG [g)an Rmax (5.165)

m=0n=0 n=-1

1 2 3 3 3
() _ (@ = @ - ) _ (@

where a5’ = a; = 0 because they have no corresponding A arrays
and
T = [T g + 4l Dlg(E) + 39" (D)) (5.1662)
1P = [ aewg" @)+ g0 (5.166b)
1 = [ aeg @le" @) +gmlg" o)) (5.166¢)
KD = [ Zar [ mle- ¢ (19" @9/ ()] + 29 (g ()] + 9(B)lg" ()
(5.1664)
J0 = [ar [ mle- o] (19 )9 + 9(®)lg" (1) (5.166¢)
JO - [oodt/:oodt'|ln|t—t'|‘|g'(t’)|g(t) (5.166f)
B =2 [ g 02 + 19" (0)lg() (5.166)
g0 - 2[°°dtg’(t)2 (5.166h)
9 = [ ~ dtg(t)? (5.1661)
K2 = [ Tar [Tl @lg(t) + 319" (59 ()] + 319’ (1) (#)] + 9(Dlg" ()]
(5.1667)
KO = [Ta [T alg" @le(e) + 2l 09 (] + ()l ()] (5.166K)
KO = [ e [ arllg gt + 9l ()] (5.1661)
JY - f :dt f :dt'g(t)g(t') (5.166m)
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If we define

3
B™M[g] =Y I [glal™, (5.167)
n=0

and

B™[g] = ™ [glan, (5.168)

and change the sampling function g(t) = f(t/to), Eq. (5.165) becomes

[ tartoa@? < Sl [ s 3 BORgE

1272

+ Z |4 B[ f]Rmaxt(lf”} (5.169)

n=-1

Now we will use that result to prove the achronal ANEC.

5.8 The proof of the theorem

We can apply Eq. (5.169) in the coordinate system that brings path ®y to rest. We

will simplify the inequality by defining

14 1 144
F=[f@ﬁM=%ff@mfﬁ, (5.170)
and
Fm = lB<m>[f] : (5.171)
to
70 = Lo, (5.172)
to

So Eq. (5.169) becomes

[ T .0 f(tj10)? > (5173)

1
520
523

max

0 ~ —
{12 2F+ Z F(m)R(m)tm+2+ Z |xu’1—nF(n)Rmaxt(1)+n}
T

n=-1
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Integrating in n gives

[ an [ Tu@v.0) 010 2 57
~7o —to

3 o
70 { 1 F+ Z F(m)R(m)t6n+2+ Z |jU|1—nF(n)Rmaxté+n}
m=0

023 | 1272 max =

Terms of the form F (m)RI(nTZ))(t(’)"+2 go to zero as tg — 0. Also terms of the form

o o 2
7% BO Rypascto + |5 2BC R ~ %te + Z—g ~ 1250 (5.175)

So the bound goes to zero like

70 2a-1
52—1% ~ ¢ (5.176)

Since a < 1/3 the lower bound in Eq. (5.176) goes to zero faster than the upper
bound of Eq. (5.19) which is

[ Py [ dr Tou(@v (0, 0)) £ (£t0)? < —Ato)2. (5.177)

1o —to

and goes as tg ~ 6. This contradiction proves Theorem 1.
The ambiguous local curvature terms do not contribute in the limit 7y — oo

because they are total derivatives

t
f ™ f " dt(~2aR uu (%) — bRuu (7)) = 0 (5.178)
=10 —to
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Chapter 6

Conclusions

In this thesis we presented the derivation of quantum inequalities and a proof of
the averaged null energy condition in curved spacetimes. Using a general quantum
inequality derived by Fewster and Smith [15], we first derived a bound for a quantum
inequality in flat spacetime with a background potential, a case with similarities to

the curved spacetime case,

1
1672

1 11
St AT 0.0)2 gl I Vs Vi (51 - aseil) ]

Hr+1, 27+1
R [ 17;; Js + 24; (4J6+J7)]},(6.1)

where the J; integrals are given in Eq. (3.117). We then calculated the bound for a

timelike projected quantum inequality in curved spacetime,

1 5
dt g(t)(T7e™), (t,0) > — I + = Rax J- 6.2
YR N OO Rt S 4 T 2 ©2)

2 4
‘R [3—§J3 . (4_3 +167%(24]al + 11|b|)) J4]

R [1637r+14 7(2m +1)

max

J5+

4Js+
967 Tozr (Mot 7)]}’

where the J;’s in these case are given in Eq. (4.106). The importance and application
of these results, for example in the special case of vacuum spacetimes, is discussed
in Chapters 3 and 4. Next we presented the derivation of a null projected quantum

inequality in curved spacetime

[\

3 3
~Iy= 30 > I [glalM RG

m=0n=0

[ atg®ATEn) )

0 ~
- Z "fu|1_n‘]7(13_n)[g]aanaX7 (6'3)

n=-1
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where JT(Lm) integrals are presented in Eq. (5.166). Finally we used this result to

prove achronal ANEC in spacetimes with curvature,

f Tyl 0Pd) > 0. (6.4)

Y

As discussed in the introduction, Ref. [21] showed that to have an exotic space-
time there would have to be violation of ANEC on achronal geodesics, generated by a
state of quantum fields in that same spacetime. The result discussed above concerns
integrals of the stress-energy tensor of a quantum field in a background spacetime;
we have so far not been concerned about the back-reaction of the stress-energy ten-
sor on the spacetime curvature. Thus we have shown that no spacetime that obeys
NEC can be perturbed by a minimally-coupled quantum scalar field into one which
violates achronal ANEC. This analysis is correct in the case where the quantum
field under consideration produces only a small perturbation of the spacetime. Thus
no such perturbation of a classical spacetime would allow wormholes, superluminal
travel, or construction of time machines.

What possibilities remain for the generation of such exotic phenomena?

Could it be that a single effect both violates ANEC and produces the curvature
that allows ANEC to be violated? The following heuristic argument casts doubt on
this possibility. Suppose ANEC violation and NEC violation have the same source.
We will say that they are produced by an exotic stress-energy tensor Tuyotic. This

Texotic gives rise to an exotic Einstein curvature tensor,

Gexotic = 87Tl1231anckTexotic . (65)

It i Gexotic that permits Teyxotic to arise from the quantum field. Without Gexotic, the
spacetime would obey the null convergence condition, and so, since Texotic Violates

ANEC, it would have to vanish. A reasonable conjecture is that as Gexotic — 0,
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Texotic = 0 at least linearly.” We can then write schematically

|Texotic| S l_2|Gexotic| ’ (66)

where [ is a constant length obeying [ > Ipjanck. The parameter [, needed on dimen-
sional grounds, might be the wavelength of some excited modes of the quantum field.
Equation (6.6) is schematic because we have not said anything about the places at
which these tensors should be compared, or in what coordinate system they should

be measured. Combining Egs. (6.5) and (6.6), we find

|Texotic| S (lPlanck/l)2|TexotiC’ ) (67>

which is impossible since [ > pjanck-

Given the assumptions of this work, it appears that the only remaining possibility
for self-consistent achronal ANEC violation using minimally coupled free fields is to
have first a quantum field that violates NEC but obeys ANEC, and then a second
quantum field (or a second, weaker effect produced by the same field) that violates
ANEC when propagating in the spacetime generated by the first field. The stress-
energy tensor of the second field would be a small correction to that of the first, but
this correction might lead to ANEC violation on geodesics that were achronal (and
thus obeyed ANEC only marginally), taking into account only the first field.

There is also the possibility of different fields. We have not studied higher-spin
fields, but these typically obey the same energy conditions as minimally-coupled
scalars.

If one considers quantum scalar fields with non-minimal curvature coupling, the
situation is rather different. Even classical non-minimally coupled scalar fields can
violate ANEC [1, 2], with large enough (Planck-scale) field values. However, as the
field values increase toward such levels, the effective Newton’s constant first diverges

and then becomes negative. Recently an even stronger result has been proven; the

*Not, for example, changing discontinuously for infinitesimal but nonzero Gexotic Or going as
G2

exotic*®
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effective Newton’s constant has to change sign between the two asymptotic regions on
different ends of the wormhole [5]. Such situations may not be physically realizable.
If one excludes such field values, some restrictions are known, but there are no
quantum inequalities of the usual sort [12,13], and there are general [34] and specific
[31, 32] cases where conformally coupled quantum scalar fields violate ANEC in
curved space. It may be possible to control such situations by considering only
cases where a spacetime is produced self-consistently by fields propagating in that
spacetime, but the status of this “self-consistent achronal ANEC” for non-minimally

coupled scalar fields outside the large-field region is not known.
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Appendix A

Multi-step Fermi coordinates

In this Appendix, we generalize the Fermi coordinate construction to allow an ar-
bitrary number of arbitrary subspaces (and an arbitrary number of dimensions d),
rather than just a timelike geodesic and the perpendicular space. First, we construct
the generalized coordinate system, then we compute the connection, and finally we
compute the metric in the generalized Fermi coordinates. Results shown in this Ap-
pendix are used throughout the main body of the thesis. Here Greek indices a, 3. ..
refer to tetrad components while latin a,b,... to coordinate basis. This notation is

not used in the rest of the thesis.

A.1 Multi-step Fermi coordinates

Consider a d-dimensional Riemannian or Lorentzian manifold (M, g). We will start
our construction by choosing a base point p € M. We decompose the tangent space
T, into n subspaces, T}, = Aél) X A](,Q) X Ay(,g) col X Al(,n) so that any V € T}, can be
uniquely written as V' = V(1) + V(o) + V(3) +... + V(;,). We choose, as a basis for T}, d
linearly independent vectors {E(,)} adapted to the decomposition of T}, so that for
each m=1...n, {E(a)|a € ¢y} 1s a basis for Az(,m), where ¢y, ca,...c, is an ordered
partition of {1...d}. Thus each V{;;,) = ¥nec,, ¥ E(q). The vectors {E(,)} need not
be normalized or orthogonal.

The point corresponding to coordinates x® is then found by starting from p and
going along the geodesic whose whose tangent vector is V(y), parallel transporting
the rest of the vectors, then along the geodesic whose tangent vector is V(), and so
on. An example is shown in Fig. A.1. With that general construction of multi-step

Fermi coordinates we can define a general Fermi mapping ¢ = Fermi, (V') given by

qoy = P
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Figure A.1: Construction of 3-step Fermi coordinates in 3 dimensions. We travel
first in the direction of E(y), then E(y), then E(3), parallel transporting the triad as
we go.

qay = exp,(V(1))

a2 = expy,, (Vi) (A1)

From that general construction we can return to the original Fermi case by choosing
c1 = {t} and c2 = {z,y,z}. In the Lorentzian case, we could also choose a pseudo-
orthonormal tetrad E,, F,,E;, E,, with £, and E, null, £, - E, = -1, and other
inner products vanishing, and ¢p = {u} and ¢; = {v, z,y}.

For later use we will define

Viemy = 2, 2"Ba) =2,V (A2)
aeciUcU--UC, =1
Viem) = Vistm-1)) = Vism)) = Vim) (A.3)

Then we can write q(p,) = Fermip(Vi<m))-

A.2 Connection

We will parallel transport our orthonormal basis vectors E(,) along the geodesics that
generate the coordinates, and use them as a basis for vectors and tensors throughout
the region of M covered by our coordinates. Components in this basis will be denoted
by Greek indices. We will use Latin letters from the beginning of the alphabet to

denote indices in the Fermi coordinate basis. Of course at p, there is no difference
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between these bases.

Latin letters from the middle of the alphabet will denote the subspaces of T}, or
equivalently the steps of the Fermi mapping process.

We would like to calculate the covariant derivatives of the basis vectors, Vg E(,),

which are connected with connection one-forms, see for example Ref. [39] by
WBas = nvévﬂEga) ) (A4>

because we are using a orthonormal tetrad basis.
We can then calculate the covariant derivative of any vector field V = VBE(ﬁ)
along a curve f(\) as

- _ - Y
o an TV

B B o
DVF dv (68)\) E(ﬁv) (A5)

To evaluate VgE(,) at some point ¢; = exp,(X), consider an infinitesimally
separated point gy = expp(X + E(n)dac). The covariant derivative of E(,y at ¢ is
the difference between E(,)(qz2) parallel transported to g1 and the actual E(,)(q1),
divided by dz. That difference is the same as the change in F,) by parallel transport
around a loop following the geodesics from ¢; backward to p, the infinitesimally
different geodesics forward from p to g2, and the infinitesimal distance back to ¢;.
We can write this loop parallel transport as an integral over the Riemann tensor.

Let us first consider the Riemannian case, as shown in Fig. A.2. The total parallel
transport can be written as the sum of parallel transport around a succession of small

trapezoidal regions whose sides are AE(g) and XdA. By using the definition of the

Riemann tensor we have
1
VsE], = fo AR 55(AX)AX? | (A.6)

Here R is evaluated at the point exp,(AX), which we have denoted merely A\X for
compactness.

Equation (A.6) reproduces Eq. (13) of Ref. [29]. Note, however, that Eq. (A.6)
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p

Figure A.2: The covariant derivative VgFE(,) is the change in E(,) under parallel
transport along the path q; - p - g2 — ¢1, divided by dz. The parallel transport
can be decomposed into a series of transports clockwise around trapezoidal regions
with sides AE(gydz and XdA.

P P

Figure A.3: Original and displaced geodesics for Fermi coordinates with n = 3 and
m=3, 2, and 1.

is exact and does not require R to be smooth, whereas that of Ref. [29] was given as
first order in R and was derived by means of a Taylor series.

We see immediately that the covariant derivative of any F(,) at X in the direction
of X vanishes. This happens simply because changes with dX in the direction of X
correspond to additional parallel transport of E(,).

Let us now consider the general case where there are n steps, and compute
VpE(q)- Since the coordinates are adapted to our construction, the index 8 must be
in some specific set ¢,,, which is to say that the direction of the covariant derivative,
E(g), is part of step m in the Fermi coordinate process. We will write the function
that gives that m as m(3). Some particular cases are shown in Fig. A.3.

If m =n (leftmost in Fig. A.3), only the last step is modified. The integration
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p

Figure A.4: Part of the calculation of VgE(,) in the case n = 2, m(8) = 1. The
geodesic of the first step has been modified, causing the geodesic in the second step
to be displaced. The parallel transport integrates the Riemann tensor over a series
of rectangular regions between the 2 second-step geodesics.

is exactly as shown in Fig. A.2, except that it covers only the final geodesic from

X(<n) to X(n)7
1
Vs, = fo A R a55(X (cny + AX ())AX (- (A7)

If m < n, then we are modifying some intermediate step, and the path followed
at later steps is displaced parallel to itself. In that case we get an integral over
rectangular rather than trapezoidal regions, as shown in Fig. A.4. For general m
there is a contribution for each step j > m. The j = m contribution integrates over
trapezoids that grow with A, while the j > m contributions integrate over rectangles

with fixed width dz. We can write the complete result

n 1
VaEL, = D fo AN (VR w55 (X () + AX () X (A.8)
j=m

where m = m(f) and
1 j5+#m
ajm()\) = (AQ)
A j=m.

Equation (A.8) is exact and includes Eqgs. (A.6,A.7) as special cases.
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Consider the case where ¢; consists only of one index. If m > 1, there isno j =1
term in Eq. (A.8). If m = 1, then § is the single index in ¢;, and X€1) = 0 unless
0 = B, so the j = 1 term in vanishes because Rq+s55 is antisymmetric under 6 < f.
Thus there is never a j = 1 contribution to Eq. (A.8) when there is only one index
in cq.

Now suppose X lies on the first generating geodesic, so X =0 for j > 1. Then
all j > 1 terms vanish in Eq. (A.8). So if ¢; consists only of one index, all Christoffel

symbols vanish at X. This is well known in the case of the usual Fermi coordinates.

A.3 Metric

Now we would like to compute the metric g at some point X. Specifically, we would
like to compute the metric component g, in our generalized Fermi coordinates.

We will start by considering the vectors Z(,) = d/0z®. These are the basis
vectors of the Fermi coordinate basis for the tangent space, so the metric is given
by gab = Z(a) - Z(p)- Thus if we compute the orthonormal basis components Zzla) we
can write gqp = nagZF‘a)Z(Bb).

Again we will start with the case of Riemann normal coordinates. Let W (¢, s) be
the point exp, s(X +1E,)). Define Y = 9W /0t and V = 0W [0s. Then Y (X) = Z,)

and VP = X8+ tég. The components of Z(,) at X can be calculated by integration,

1Y P(sX)
Z0,(X) =Y?(X) = /0 ds=—2=, (A.10)
Because the orthonormal basis is parallel transported we can write
d DY?
Zyh = ) A1l
ds ds ( )
By construction, the Lie derivative LyY =0 and thus [22, Ch. 4]
DY DV
= (A.12)

ds  dt
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From Eq. (A.5) we have

DVF#  avP
— = —+ VY” Bo_sb el B 2
% d + V7Y VQE(W) =0, +s6,V VQE(V) +O(R?). (A.13)

where we have retained J; instead of writing VQE?V) to make it clear that the
covariant derivative is with respect to the orthonormal basis.

From Eq. (A.6) we have
8 ! 8 s_1 s 3 5
VQE(,Y)(SX)=fO AR 50 (AsX)sX =;f0 AAAR® 5. (AX)X?  (A.14)

Taking t =0, V is just X. Combining Egs. (A.10-A.14), we find

1 S
720,(X) /0 ds [5§+5ng dMR%a(AX)X‘sXV] L O(R?)

1
58 + 62 fo A1 - VR 5. (AX)X°X7 + O(R?).  (A.15)
From Eq. (A.15), the metric is given by
1
Gab = Tt + 2625 ta fo A1 = \)Ranss(AX) X X7 + O(R). (A.16)

Equation (A.16) reproduces Eq. (14) of Ref. [29]*.
Next let us consider the case where there are n steps in our procedure. We will

define a set of functions W; as
Wj(S) = Fermip(X(<j) + SX(])) (A17)

The path Wj(s),j = 1...n,s = 0...1 traces the geodesics generating the Fermi

coordinates for the point X. Now consider Z,) = 9/0z®. Let m =m(a), so Z(4)(p) €

“Ref. [29] uses the same sign convention for R%g,s as the present thesis, but the opposite
convention for g,» and consequently also for Rags.
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A;m) . Then let

SX(j) j<m

W;(s,t) = Fermi, Xy +5(X(j) +tE)) j=m (A.18)

X(<j) + tE(a) + SX(j) j >m

Let Y = 0W /0t and V = W /0s as before. To find Z,) we now must integrate over

a multi-step path from p,

oy’ (W (s))

2} (X) = Z[ ds

(A.19)
The generalized version of Eq. (A.13) is

0 j<m
DVA(W;(s,t)) dVP
dt S dt

+VIYOVLEL ) = 14f +553v7vaE(i) +O(R?) j=m

S VIVaE(, + O(R?) j>m.
(A.20)

Now

J 1 s5(s) s
vaE(i)(Wj(s)):k;nm L7 iV sa Xty + AX )Xy (A21)

where

1 k=+j
skj(8) = (A.22)

s k=j.

The k = j term is analogous to Eq. (A.14), while the others have no dependence on
s.

Combining Egs. (A.11,A.12,A.19-A.21) we get

2y (X) =67 + F + O(R?) (A.23)
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5 n J 1 sk;5(s) 3 é Y
=y ¥ fo ds f AN g (M) B 50 (X <y + AX (1) X () X
j=mk=m

n J 1
Y fo Ak (Mg (VR 350 (X (i + AX (1) X0 X7, (A24)

j=mk=m

where m = m(a) and

1 k+j
bii () = ) (A.25)
1-X k=3
Thus the metric is
ab = 0523y Z (py = Nab + Fab + Fya + O(R?) (A.26)

where

a,B— Z Z / d)\akm()\)bk]()\)Rafygg(ka)+AX(k))X(k)X () (AQ?)

j=mk=m

where m = m(f).

Florides and Synge [16] construct coordinates by taking geodesics perpendicular
to an embedded submanifold. Our construction for n = 2 is of this kind in the case
where all basis vectors with indices in ¢; lie tangent to the surface generated by all
first-step geodesics. This will be so if R,~s3 = 0 everywhere on this surface whenever
7,0, € c; and a € co. In that case, Eq. (A.27) agrees with Theorem I of Ref. [16].

Now, consider again the case where ¢ contains only one index. As discussed with
respect to Eq. (A.8), if 8 € ¢1, there is no nonvanishing k = 1 term in Eq. (A.27).
Thus gup = nap everywhere on the first generating geodesic. This is also well known
in the usual Fermi case.

Now suppose c; consists only of one index and furthermore n = 2. The only

possible term in Eq. (A.27) is then j = k=2, so

1
Fag = fo dX a2 (N) (1= X) Ry (X1 + AX(2) X0 X7, . (A.28)
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where m = m(8). Equation Eq. (A.28) is equivalent to Eq. (28) in Ref. [29] in the

case where the generating curve of the Fermi coordinates is a geodesic.

A.4 Regularity of the coordinates

Riemann normal coordinates cannot in general be defined over the entirety of a
manifold, because there might be points conjugate to the base point p. At such a
point, some infinitesimal change to the coordinates would yield no change to the
resulting point, and the metric would be singular.

Similar considerations apply to Fermi normal coordinates [27]. No trouble can
occur in the first step, because that consists merely of traveling down a geodesic.
Along the geodesic, and thus by continuity in some neighborhood surrounding the
geodesic, Fermi normal coordinates are regular. If we attempt to extend beyond this
neighborhood, we may find points that are conjugate to the generating geodesic. In
such places the metric will become singular.

The situation here is more complicated. The metric will be singular whenever
an infinitesimal change in coordinates fails to yield a change in the location of the
resulting point. But when there are more than two steps, the result can no longer
be described in terms of conjugate points. Nevertheless, it is easy to see that one
if one chooses a sufficiently small neighborhood around p, all multi-step Fermi coor-
dinates will be well defined, since any such coordinates approach Riemann normal
coordinates when all coordinate values are sufficiently small.

In case ¢ contains only one index, multi-step Fermi coordinates will be well
defined in a neighborhood of the initial geodesic, because when all coordinate values
except for the first are small, the multi-step Fermi coordinates approach the regular
Fermi coordinates. There is no particular advantage to having a single index in any
later ¢,,.

One can get a simple condition sufficient for the existence of multi-step Fermi
coordinates in a small region by looking at Eqs. (A.26) and (A.27). As long as

|Fap| < 1, the metric g, cannot degenerate. Thus the coordinates will be well
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defined if [29]

| Ranpsl(X)? < 1 (A.29)

throughout the region of interest, for all a,~, 3,9,¢. In the case where there is only
one index in ¢q, there is no contribution to Fg from X(l). Then it is sufficient for
Eq. (A.29) to hold for € > 1. Thus if the first step is one-dimensional, it can be

arbitrarily long [27], as discussed above.
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Appendix B

Fourier transforms of some distributions
involving logarithms

In this appendix will compute the Fourier transforms of the distributions given by

u(t) = In|7| (B.1)

v(T) In(-7%). (B.2)

We write u as a distributional limit,

u = hr(r)k Ue (B.3)
where
ue(r) = mfrle (B.4)

so its Fourier transform is

ﬁe(k) = f dr lan’e_dT‘eZkT =2Re [ dr lnTe(Zk—E)T - —2Re m .
- 0 €e—1k
(B.5)
Thus the action of 4 on a test function f is
- v+ In(e - ik)
a[f]=-2 hm Re/ dk— F(K). (B.6)

The term involving ~ is

-2 hm 3 dk: f(k:) =-271vf(0). (B.7)



In the other term we integrate by parts,

9 lim Ref dkln(e Zk)f(k) - —1i%l+lm[°°dkf’(k)[1n(e-z‘/.c)]2
“Im [: dk f' (k) [l |k| - i(n/2) sgn k]2

e—>0*

wfoo dk f' (k) In |k| sgn k

and thus

- [: dk f'(k) In k| sgn k — 27 £(0)

(B.8)

(B.9)

Since the Fourier transform of the constant ~ is just 2wyd(k), the transform of

w(r) =In|r| +~

is just
=7rf dk f' (k) In |k| sgn k

Now

v(T) = lin%ln(—(r —i€)?) = 2In|7r| + misgnT.

The Fourier transform of sgn acts on f as [20]

2¢P[°°dk%=—2i[°°dkf’(k)1n|k|,

Putting Egs. (B.9,B.13) in Eq. (B.12) gives

. fom dk (k) In|k| - 47 £(0).

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)
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