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Abstract

Due to the microscopic roughness of contacting materials, an additional thermal resistance arises
from the constriction and spreading of heat near contact spots. Predictive models for contact re-
sistance typically consider abutting semi-infinite cylinders subjected to an adiabatic boundary con-
dition along their outer radius. At the nominal plane of contact an isothermal and circular contact
spot is surrounded by an adiabatic annulus and the far-field boundary condition is constant heat
flux. However, cylinders with flat bases do not mimic the actual geometry of contacts. To remedy
this, we perturb the geometry of the problem such that, in cross section, the circular contact is sur-
rounded by an adiabatic arc. When the curvature of this arc is small, our solution is semi-analytical.
Then, we employ a series solution for leading-order (flat-base) problem and use Green’s Second
Identity to compute the increase in contact resistance without needing to resolve the temperature
field. Complimentary numerical results for contact resistance span the full range of geometric pa-
rameters, i.e., contact fraction and protrusion angle of the arc. The results suggest as much as a
10-15% increase in contact resistance for realistic contacts for typical contact sizes and asperity

slopes.
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1 Introduction

Flux-based thermal resistance, R”, subsequently referred to as thermal resistance, is the temperature
drop (AT), per unit heat flux (¢”) in the direction of heat flow as per
AT

R/, — 7 (1)

In general, it may capture multi-dimensional conduction and convection effects. In the elementary

case of one-dimensional, steady-state, Cartesian heat conduction, it becomes

L
R// _ 2
D= 7 (2

where L is the length of the material through which heat conducts and £ is its thermal conductivity.
When conduction is multi-dimensional on account of the size and geometry of the heat source at the
base of the domain, the total thermal resistance (R]'), is based upon the mean heat flux §” through

it and can be decomposed into

R = Rip +R, (3)

where Rg’p is the spreading resistance, i.e., the additional temperature drop (AT;) due to spreading
or constriction of isotherms per unit heat flux in the direction of heat flow. When the base of the
domain is flat, it is expressed as

AT

/!
Ry="r @

where AT = Tyource — Tsource plane as per the chapter by Yovanovich in the Handbook of Heat Trans-
fer [1]. The concept of spreading resistance on account of the width of a heat source being smaller
than that of a semi-infinite, Cartesian domain is illustrated in Fig. 1 for an isoflux source as per a
solution by Mikic [2].

For one-dimensional, steady-state, Cartesian heat transfer between solid materials 1 and 2, in

the idealized limit where temperature continuity is imposed across a flat interface between them,
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Figure 1: Isotherms (dashed curves) and adiabats (solid curves) for a two-dimensional temperature
field when an isoflux heat source is of smaller width than the semi-infinite, Cartesian domain
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the thermal resistance (Rj_,

) is
L L
Rigea = o T

&)
This expression assumes temperature continuity at solid-solid interfaces. We note an additional
resistance to heat flow resulting from the scattering of energy particles due to differences in the
vibrational properties of the contacting materials may arise, yielding a temperature discontinuity;

however, this resistance, known as Kapitza resistance, is assumed to be negligible in the above

expression. In reality, the thermal resistance to heat transfer though the materials (Rl.,,) is

L L
Riea = o + s + Ry (6)

where R/, is the thermal contact resistance, henceforth referred to as contact resistance. It captures
the additional resistance to heat transfer that arises due to the roughness of real surfaces. A conse-
quence of the roughness of real surfaces is that, typically, only 1-2% of the available surface area of
two contacting surfaces is in physical contact, with the contact occurring only of the tips of asper-
ities, leaving an interspatial gap for the vast majority of the available surface area. As the thermal
conductivity of the interspatial fluid (typically air) is generally negligible compared to the thermal
conductivity of the contacting materials, heat flowing between the two surfaces will constrict or
spread to the contact points. This constriction and spreading gives rise to contact resistance and
the phenomenon is depicted in Fig. 2 as per the solution by Crowdy [3] and discussed by Hodes
et al. [4] in the context of contact resistance. When the lengths of materials 1 and 2 are large
compared to the scale of the pitch of the contacts, as tends to be the case in real systems, contact
resistance may be interpreted as a temperature discontinuity at the nominal plane of contact. The
typical approach to the modeling of contact resistance is to use surface profiles and thermophysical
properties of the contacting materials to develop a distribution of contact locations. This distribu-
tion is combined with spreading resistances expressions that arise from the modeling of a single
contact. Because of this, much research has been done on the modeling of single contacts, our
focus here.

Considering heat conduction between geometrically-identical contacting materials not neces-
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Figure 2: Illustration of contact resistance in Cartesian-geometry domain with materials of differing
conductivities.



sarily of equal thermal conductivity, it follows from the symmetry arguments discussed in Cooper
et al. [5] and generalized by Das and Sadhal [6] that the contact regions are isothermal. Thus the
contact resistance problem reduces to a spreading resistance one. Decomposing the temperature
field in an arbitrary spreading domain with isothermal contact spot into a one-dimensional (1D)

and perturbative (p) part, Eq. (3) becomes

/! /! /!
Ry Rig Rgp
A\ A\

Tsource — T TlD,source - TlD,oo Tp,source - Tp,oo
5! = 1 + 1l (7)
q q q

where Tiource 1s the total source temperature in the problem. Tip source and 7p source are the tempera-
tures on the source of the 1D and perturbative problems after the problem has been decomposed as
per Eq. 3.Tip . and T}, - are those far from the source plane in the 1D and perturbative problems,

respectively. We then get a solution for spreading resistance in an arbitrary domain such that

R — AT, _ Tsource — TlD,source I, — TlD,oo 8
sp 7 - g’ - 3" ®)

This definition gives a means of calculating the spreading resistance in a contact with arbitrary
shape by either specifying a temperature drop and solving for heat flux, or vice versa. In the case of
a flat contact with isothermal contact spot, the perturbative problem has no average temperature and
thus disappears as z — oo, restricting 7. = Tp « and yielding AT; = Tyource — Tiource as discussed
before.

Contact resistance for single contacts is well documented in the literature. We note that for
rectangular and circular-cross section domains, we refer to flux channels, defined as a rectangular
flow channel with constant average heat flux throughout the domain, and flux tubes respectively.
Cooper et al. [5] solve the canonical problem for the spreading resistance in a semi-infinite flux
tube with a circular isothermal source surrounded by an adiabatic annulus along its base. A heat
flux distribution resulting in an almost isothermal source was used to avoid a mixed boundary

condition along the base of the domain and the results are accurate to within 2% for contact radius

to cylinder radius ratios up to 40%. Mikic et al. [2] supported and expanded on the results from [5],



developing results for contact resistance in flux tubes with constant heat flux at the source, as well
as solving for contact resistance in flux channels with various contact spot boundary conditions.
Negus and Yovanovich [7] used a superposition of flux distributions to extend the results of [5] to
higher ratios of contact radius to cylinder radius. Hunter et al. [8] discretized the integral equations
developed by Sneddon [9] to solve for spreading resistance in a flux tube for a frue isothermal
contact, solving for the so-called constriction alleviation factor, also called constriction resistance
parameter, from which spreading resistance follows. The analysis of these authors and the vast
majority of subsequent ones assume a flat plane of contact. This is in contrast to the topography of
real surfaces, in which micro-scale roughness is relevant.

Modelling for contact resistance generally uses values of the average height and slope of the
asperities on contacting surface to define a relationship between the distribution and size of con-
tacts to load pressures between contacting surfaces and hardness of the materials as per models by
Cooper et. al [5] and Greenwood and Williamson [10]. The height and slope values can be cap-
tured through surface topography measurement techniques such as profilometry or taken from the
mean square roughness values for the the manufacturing technique used in creation of the contact-
ing surfaces. These distributions are coupled with spreading resistance expressions from simplified
models of single contacts with a flat plane of contact as discussed above. Combined they give a
model for contact resistance on a macro-scale. We develop spreading resistance expressions for
non-flat contacts that better mimic the topology of real surfaces, and thus, when integrated into
existing models, can give a better estimation of the contact resistance between contacting surfaces.
As contact resistance is particularly important for contacting materials with high thermal conduc-
tivity, engineers can use our expressions to better design systems with applications from heat sinks

for electronics packages to the cooling of nuclear reactors.

2 Previous Work

Instead of focusing on the non-flatness of contacts, later work has mainly focused on solving for
spreading resistance assuming flat plane of contact increasing complexity, e.g., computing spread-

ing resistance through stacks of thin materials as is often seen in microfluidics packaging appli-
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cations. This is made clear by comprehensive reviews of spreading and contact resistance by
Yovanovich [11] in 2005 and later Razavi [12] in 2016. Notably, however, some authors have
examined the effect of non-flatness on single contacts. Madhusudana [13] used finite difference-
simulation to quantify spreading resistance in conically-capped flux tubes. A flat, circular, isother-
mal source was placed at the truncated tip of a conical cap on a semi-infinite flux tube. They
considered the cases in which the gap created by this conical cap was adiabatic and filled with a
fluid of low thermal conductivity. Sano [14] analytically studied the effect of non-flatness on elec-
trical contact resistance for a single contact by modeling the shape of the contact as a hyperboloid
of one sheet. This enabled them to solve for spreading resistance in a non-flat halfspace. Das
and Sadhal [6] considered the Cartesian-geometry problem for flat contacts between semi-infinite
materials of different thermal conductivities adjacent to sparsely distributed, circular-arc geometry
gaps, not assumed to be of equal protrusion angle, filled with a third material of finite thermal
conductivity. Bipolar coordinates were used and further details are provided by Das [15] and Das
and Sadhal [16]. Das and Sadhal [17] then used their solution to the single-gap problem as a basis
for the (symmetric) multi-gap one to capture higher-order interactions between gaps. To preserve
analytical tractability, it was further assumed that the gaps were thin, which simplified the temper-
ature distribution in them and their interaction. The temperature field was computed to O[(1 — }/)6] ,
where 7 is the contact fraction, from which the contact resistance follows, although the closed-form
expression is not provided due to its length.

Notably, this paper was inspired, in part, by work done calculating apparent thermal and hy-
drodynamic slip lengths for flows over biomimetic superhydrophobic surfaces. For example, when
both problems are made dimensionless, solving for the apparent hydrodynamic slip length in linear-
shear flows in the Cassie state over parallel ridge-type superhydrophobic surfaces is identical to
solving for thermal spreading resistance in Cartesian coordinates with an isothermal contact spot
[18]. Indeed, solving for one immediately provides the result for the other [4]. As such, we are
able to pull liberally from the robust literature on apparent slip lengths in the solution of our prob-
lem. The methodology and setup of the perturbation analysis in this paper is outlined by Sbragaglia

and Prosperetti [19] and Lam et al. [20] in their work on apparent hydrodynamic and thermal slip,

11



respectively, along superhydrophobic surfaces.

Our goal is to capture the effect of the non-flat nature of real contacts on spreading resistance
in a flux tube, where the correspondence with superhydrophobic surfaces no longer holds. We use
a boundary perturbation of the solution of Hunter et al. [8] to model the annulus outside of the
contact spot as an adiabatic-arc, rather than a flat one. The analysis follows the use of Green’s
Second Identity by Crowdy [21]. In using this technique, we find contact resistance to the first
order in €, where € is one half the dimensionless curvature of our arc, without fully resolving
the correction to the temperature field due to boundary deflection. We quantify the increase in

dimensionless contact resistance due to the curvature of the boundaries.

3 Methodology and Solution

We require the formulation of two problems, i.e., the temperature field of a flat contact Ty as shown
in Fig. 3a and that of a non-flat contact 7" as shown in Fig. 3b. Again, we only need to consider the
spreading resistance problem from which contact resistance for a symmetric contact follows [6].
We define ¢ as the contact radius, b as the cylinder radius, and ¢ = ¢/b as the constriction ratio.
The contact anglec, is that between the tangent of the adiabatic-arc where it intersects the contact
and the horizontal. It can be directly computed from knowledge of the average asperity slope of
a surface. A positive contact angle corresponds to the arc penetrating into the solid, the relevant
geometry for contact resistance.

For problems, 7y, and the non-flat contact problem, 7', heat conduction is governed by the

Laplace equation in axisymmetric, cylindrical coordinates.
V2T =V’T =0 9)

There is no singularity at r = 0, and an adiabatic boundary condition exists along the outside surface
of the cylinder such that
0Ty dT

W:EZO for rZO,b (10)

A constant heat flux leaves the domain as z — o as per

12
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Figure 3: a) Dimensional flat contact problem. b) Dimensional non-flat contact problem. c) Di-
mensionless flat contact problem. d) Dimensionless non-flat contact problem.
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We prescribe an isothermal boundary condition at the contact spot such that
TO - T - Yéource fOI' O < r < C, = 0 (12)
The adiabatic condition along the region outside the contact spot is

oT;
ZO0_0 for c<r<b (13)
0z

n-Vi' =0 for c<r<b

where n is the normal vector to the adiabatic-arc.

3.1 Identification of the Small Parameter

Since the choice of the exact shape of the adiabatic surface is somewhat arbitrary, we choose to
model the non-flat region outside of the contact spot such that it is circular in radial cross section.

The shape of this circle, of radius R, is given by

A <\/R2—(r—b)2—\/R2—(b—c)2) (14)

If we assume that R is large compared to b, i.e, R/b >> 1, then Taylor expanding the square roots

e U o ) R G N R N

The (+) sign corresponds to the arc protruding upwards as in Fig. 3b, while the (—) sign corre-

yields

sponds to it protruding downwards and is relevant to spreading, but not contact resistance. We
non-dimensional length by b and we place a tilde over our dimensionless quantities. The shape of

our arc is defined as
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i= —éﬁ(?)+0(~—> (16)

a7)

and

q(F) =F-1>—(1-9) (18)

with ¢ = ¢/b, the constriction ratio. Positive and negative & correspond to the arc protruding
upward and downward, respectively. We note that € represents half the dimensionless curvature of

the arc, and from geometry we find
sin(¢)

2(1-9)

Regarding thermal contact resistance, the fraction of the projecting area of mating surfaces in con-

€= (19)

tact is typically 1%-2%. This corresponds to approximately 0.1 < ¢ < 0.15 therefore, even for an

unrealistically high contact angle with magnitude 90 degrees, € is, at most, approximately 0.6.

3.2 Dimensionless Problem and Solution

In this section, we review the solution of Hunter et al. [8] which gives the dimensionless tempera-
ture field and dimensionless contact resistance of a flat contact. Then, we use reciprocity methods
to find the dimensionless contact resistance of non-flat contacts without fully resolving the temper-

ature field. We define the dimensionless temperature fields as

N T, 3 T
Tp=—2 T=

(20)

71801,11‘C€ Tsource

and lengths are nondimensionalized by b. We choose our scheme to result in unit temperature
at the source. The dimensionless problem formation for the flat and non-flat contact problems is
shown in Figs. 3c and Fig. 3d, respectively. From Eq. (8), it is clear that solving for spreading

resistance in a flux tube geometry requires specifying a temperature drop and solving for heat flux,

15



or vice versa. To solve the flat contact problem we do the former, calculating the dimensionless
heat flux through a semi-infinite cylinder with a specified temperature drop due to constriction or
spreading (ATp ) as per the next section. Later we assign this calculated heat flux to the non-flat
contact problem to solve for the dimensionless temperature drop due to the combined effects of
constriction or spreading and non-flatness (ATC) ATO’C is given by ATQC = TQSOM% — fO,source plane
since it is for a flat contact and AT, = (Tsource — TiD source) — (Teo — TiD ) as per Eq. (8) made

dimensionless.

3.2.1 Flat Contact Problem

The governing equation is Laplace’s Equation in axisymmetric (7, Z) cylindrical coordinates and the
boundary conditions are the following. It follows from Eq. (??) and our subsequent prescription
of mean temperature of zero along z = 0 that in the dimensional problem ATp . = Tsource, imply-
ing Ry, = Tsource/d". Then defining non-dimensional spreading resistance as R(, = R{k/b, the

boundary conditions on Laplace’s equation in the dimensionless problem become

T():l 0<r<o¢
7=0 21
Ty 1
97 R,
T
52 =0 =1 (23)
r

where R;’p is unknown. Using separation of variables shown in Appendix A, the series solution

which satisfies the homogeneous boundary on 7 =1 and as 7 — oo is

- 1 °°
TQ(?,Z) = —RTZ‘F Z QL,ZICnJO(lnF) exp(—?LnZ) (24)

sp,0 n=1

where Jj is a Bessel function of the First Kind and C,, are unknown coefficients. The eigenvalues

Ay satisfy J1(A4,) = 0. Applying Eq. (21) yields dual-series equations for C, as

16



1=Y 2, 'CJo(AF) for 0<F<¢ (25)
n=1

J — Y Cado(AF) for ¢ <F<1 (26)

sp,0 n=1

0=—

Sneddon [9] provides a semi-analytical means to solve a more general form of these dual-series

equations. It follows from his result that, for the case at hand,

< 1
/!
Y R 27)
PO 2 O h(r)de
Cp= 2 /¢h() (t)d (28)
"= 5~ t)cos(tA,)dt
13(An) Jo
where A(t) is defined as the solution to the integral equation
¢ 2
h(r) — / ()G (1, u)du = = (29)
0
where
4 4 [~K
Gi(t,u) =—+ 1) 21} (y) — ycosh(uy)cosh(ty)]dy (30)

x ' 72Jo yh(y)

and /; and K are first-order modified Bessel Functions of the First and Second Kind respectively.
We discretize and evaluate the integrals numerically using quadrature. We invert the resulting
matrix to determine the discrete values of A(z) from which R/s/p,O and C,, are computed via Egs. (27)
and (28). We note that for the flat contact problem it is not necessary to evaluate C,; however, these
coefficients are needed for the non-flat contact problem. Our spreading resistance results agree
with the solution from [5] to within 2% for 0 < ¢ < 0.4, but diverge quickly as ¢ — 1, since their

solution is valid only for ¢ << 1, but ours is valid for the whole range, 0 < ¢ < 1.
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3.2.2 Non-flat Contact Problem

Expressing the dimensionless temperature field for the non-flat contact problem, shown in Fig. 3d,

as a Taylor series in € < 1, it takes the form

T(7,7) =Ty+ T, +O(&%) (31)

where Ty is the temperature profile assuming a flat adiabatic region outside the contact spot, i.e the
flat contact problem, and 7; is the change to the first order in & that results from the deflection of

the boundary. The result is

) I -
T =2+ Y, A ' Cudo (M) exp(—2) +ET1 + O(2?) (32)

sp0  n=1
Since the far field boundary condition is constant heat flux for T/, then as 7 — o0,&7] must converge
to a constant, denoted as ATp such that as 7 — oo, Too — TlD’w +ATp. Noting that in a not-flat
contact with source temperature of 1 the temperature drop due to constriction or spreading is given
by AT. = (1— TlD’SOHrCG) —(T. - TlD’m), evaluated in this case asAT, = 1 — ATp.

It is convenient in the application of Green’s Second Identity to have the source temperature
in both problems be zero. To achieve this, we introduce dimensionless temperature fields T(; =
To — Teource, and T =7T- Teource, Where T(; represents the flat contact problem with zero source
temperature and T’ represents the non-flat contact one with zero source temperature. We now have

two dimensionless temperature fields,

) | - .
Ty= — 2+ X A ' Culo(AF) exp(~22) — 1 (33)
sp,0 n=1
~/ 1 > _ ~ ~ &7 o
P 2t XA o) expl—od) 181 + O (34)
sp, n=

Then in the limit as 7 — oo,

18



———Z— AT, +O(&*)
sp,0

Note that the gradients remain unchanged in the above transformation and both are still governed
by Laplace’s equation. See Fig. 4 for an illustration of both problems. Green’s Second Identity on

the domain D of the non-flat contact domain, states that

~/ ~/ ~/ ~/ ~/8T’ ~/8T’
25 2 — 0 _
///D (TOV T -TV TO> dv ﬁgD <T 37 1y 37 ) dA (35)

where 7 is the inward pointing unit normal. The volume integral disappears as both fields are

governed by Laplace’s Equation. Using the adiabatic boundary condition at 7 = 1, zero temperature
boundary condition at the source and adiabatic boundary condition along the meniscus and noting

the derivatives for the prime functions are the same as in the original functions, this simplifies to

~/ 8T0 T ~
—Ty—=-dA+ 36
// . oA Yon //Z——“ (36)
Evaluating the far-field integral yields
0 L, AT, L, AT // (37)
=g TAL ) | —m Z Ao | | mir
Rgpp R/s/p,O sp 0 —E&f
Plugging in for 7’ results in
oTi
0= (ATOC // (To+&T, - 1) PdA+O(?-:2) (38)
sp 0 7=—£7 on
Leaving
. . Ry - Ty )
AT, — ATy = —= // (T0+8T|—1) ——dA+O(&%) (39)
T F=—&f) on
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Figure 4: Domain D (dashed region) with all relevant boundary conditions

3.2.3 Linearizing Integrals along the Adiabatic-arc

Taking the outward facing unit normal vector as 7

T, 1 df 0T oT;
el — (g1 20 (40)
on ——eh | dFi JF =& 07 P
o (o7 \ 2
where |n|= 1+82<8—2>.

Using Taylor expansions of d7/d7 and d7/dZ about 7 = 0

oTi T,
= = =2 +0(® (41)
oF o " lz=0
870 aTO ~ o~ 82 ~() ~2
- = 2| —Ef = 0 42
az - az o €n 822 Z:0+ (8) ( )




Substituting Eq. (41), Eq. (42) and |n|= 14 O(&?), Eq. (40) becomes

il ::éﬁ(ii +0@0
on =& dir \ J7 |- @)
aTO ~ ~ 82 ~0 ~2
Sl e 20 4o
+ 0z :o+ ] 02 z:o+ (&%)

However, since the integral is evaluated outside of the contact spot, dTy/dz ‘2:0 =0, and Eq. (43)

becomes

T _ (d7 OT, _ 9T ~
o (R AR )o@ @)
O | gy dr =0 97 |:—g
Also, Taylor expanding 7 about 7 =0
Ty e = To|._o +O(8) (45)
Then,
_ 9%Ty

) +O0(8%) (46)

i.e., we can ignore 7; to the first-order in €. Using Eqgs. (46) and dA = 277d7

~ o 8T0 . ~ 1~ ~ dﬁ aTO
/zzéﬁ(ToJreTl—l) aﬁdA_ere/q) r<T0|Z:0—1) (E =

_ %1
22

7=0 d 7=0

) di + O(&%)
(47)

Thus, substituting Eq. (47) into Eq. (39) gives

N . . . dip Ty
AT, — ATy :28Rgp’°/¢ r(TO]Z_O_ 1) (_ =

) d7 + O(&%) (48)
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3.2.4 Solution for Spreading and Contact Resistances

From our prescription of dimensionless heat flux as 1/RY, ,, then R, = ATCR;’p o and we can solve

sp,0°

dimensionless spreading resistance in a non-flat contact such that

_ 9Ty

- 1 ~ dT[ aTo
/! ~
Ry, = RS, 0+ 2 (Rg, ) /(Pr(T0|ZO—1)<dr 9., o

The integral can be evaluating, with g(¢) and i(¢) given in Appendix B

) dFi+0(8%)  (49)
=0

Ry =Ry, o+ 28 (RY,) [8(9) —h(9)] (50)
This gives the expansion
R, =Ry 0 +ERY, | +O(8) (51)
with
Ry =2(Ri0) [(9) —h(9)] (52)

It is important to note that for a contact angle of 0, corresponding to a flat contact, € = 0 and we

retrieve the flat contact solution. The dimensional spreading resistance is given by

R// — _R// (53)

From this we can calculate an expression for R;. by adding two spreading resistance in series such

that
2b -
Ry =R,
where
1 1/1 1
— == —+— 54
-3t s) s

where k| and k, are the thermal conductivities of the contacting materials 1 and 2 respectively and

c and b are the contact spot radius and tube radius respectively. Often, this dimensional thermal
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contact resistance expression of a single contact is written as a heat transfer contact conductance

coefficient A, [5] such that

=% (55)

tc

4 Results

In the flat contact problem (0°), the adiabatic annulus on the base imposes a restriction on the heat
flow between the contacting cylinders. As constriction ratio is decreased, the constriction of heat
flow increases and thus spreading resistance increases. To solve the flat contact problem we numer-
ically evaluated the requried integrals to generate a 15000-by-15000 matrix used to solve for 500
C,, for 1000 evenly spaced constriction ratios in 0 < ¢ < 1. Using these calculated coefficients, we
then evaluated Eq. (49) for different contact angles in the same domain. Dimensionless spreading
resistance against constriction ratio is plotted in Fig. 5 for a range of contact angles from —30°
to 30°. In is worth noting that negative contact angles are not relevant to contact resistance, but
are included for completeness. In the limit as ¢ — 0, the resistance asymptotes to resemble that
of an adiabatic boundary at Z = 0, i.e, infinite resistance to heat flow. Conversely, in the limit as
¢ — 1, spreading resistance disappears, indicating all resistance to heat flow is one dimensional.
As the shape of the contacting cylinders is perturbed from the flat state, the spreading resistance is
noticeably affected. For arc protrusion into the cylinder, corresponding to ¢ > 0°, the total avail-
able volume for heat flow is decreased, increasing spreading resistance. Conversely, for o < 0°,
the available volume for heat transfer is increased, decreasing spreading resistance. Notably, the
effect of non-flatness is most apparent for lower constriction ratios, showing a 15% increase when
compared to the flat contact for o¢ =20° at ¢ =0.01. For 0.1 < ¢ < 0.2, the domain of constriction
ratios that most contacts demonstrate [7], and @ = 5°, we see a notable increase in spreading resis-
tance compared to a flat contact of approximately 3.5% when ¢ = 0.1 and 3.4% when ¢ = 0.2. For
o = 20°, we see a significant increase of approximately 13% when ¢ = 0.1 and 11% when ¢ = 0.2.
This significant increase highlights the importance of including contact geometry when calculating

contact resistance.
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Figure 5: Dimensionless spreading resistance versus constriction ratio, ¢, for selected contact an-
gles, a.
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Additionally, we see good agreement with the numerical results from Madhusudana [13] in
their analysis of conical-tipped cylindrical contacts with adiabatic gaps for small¢ and «. For their
geometry corresponding to a contact angle of o = 22.5°, they report a dimensionless spreading
resistance of around 8 for ¢ = 0.1 and around 2.4 for ¢ = 0.25 as per Fig 3 in their paper. Our
analytic method gives R;’p = 7.70 for ¢ = 0.1 and R;’p = 2.30 for ¢ = 0.1, differences of 4.00%
and 4.35% respectively. This agreement is especially expected at smaller contact angle because the
parabolic shape of our adiabatic-arc geometry closely resembles the conical shape of the contacts

in [13].

4.1 Model Validation

We validated our asymptotic model, and extended it to arbitrary contact angle, using the finite
element method. The partial differential equation solver in MATLAB was used to compute the di-
mensionless temperature field in the solid domain with the adiabatic-arc, Trpe. The dimensionless
temperature field was compared to that of the 1-D problem, 7ip, to find spreading resistance as per

Eq. (8) such that

U >l U U 7 7 7 7
Rsp,PDE = RgPDE - R]D,PDE = Rsp,() [(TPDE,source - TPDE,OO) - (TID,source - TID,OO)]

The axisymmetric Laplace equation with relevant boundary conditions was solved with the
finite element solver. The domain was discretized with an average of 500,000 elements. The mesh
was adapted and refined multiple times to ensure mesh independence and until the difference in
temperature drop between subsequent iterations was less than 0.001.

Table 1 compares dimensionless spreading resistance obtained in the perturbation method, R;’p,

to dimensionless spreading resistance obtained from the partial differential equation solver, R’;’p PDE-
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¢ a & R, Ry, ppE Percent Diff.
0.01 20 0.17 88.8 92.5 -4.21
0.01 15 0.13 86.0 87.9 -2.24
0.01 10 0.09 83.2 84.0 -0.93
0.01 5 0.04 80.3 80.5 -0.19
0.01 -5 -0.04 74.5 74.9 -0.49
0.01 -10 -0.09 71.7 72.6 -1.24
0.01 -15 -0.13 68.8 70.6 -2.53
0.01 -20 -0.17 66.1 68.7 -4.04
0.1 20 0.19 7.60 7.85 -3.26
0.1 15 0.14 7.39 7.52 -1.74
0.1 10 0.10 7.18 7.23 -0.73
0.1 5 0.05 6.97 6.98 -0.15
0.1 -5 -0.05 6.53 6.54 -0.16
0.1 -10 -0.10 6.32 6.36 -0.63
0.1 -15 -0.14 6.12 6.2 -1.35
0.1 -20 -0.19 5.90 6.04 -2.32
0.25 20 0.23 2.27 2.33 -2.53
0.25 15 0.17 222 2.25 -1.36
0.25 10 0.12 2.16 2.17 -0.56
0.25 5 0.06 2.11 2.11 -0.11
0.25 -5 -0.06 2.00 2.00 -0.11
0.25 -10 -0.12 1.94 1.95 -0.48
0.25 -15 -0.17 1.89 1.91 -1.04
0.25 -20 -0.23 1.83 1.86 -1.64

Table 1: Comparison of perturbaton method values, Ié;’p, to numerical values, Rg’pPDE

Percent difference is calculated as 100 (R, — Rsp ppE) /R¢,] such that percent difference is neg-

26



ative when I?’s’p < ESP,PDE. This happens when our asymptotic model underestimates spreading
resistance. We note that the perturbation analysis is expected to break down as the magnitude of &

increases due to increasing contact angle and solid fraction, i.e., that
> D!/ =2
R, poE = Ry + O(E7)

As expected we see excellent agreement with the analytical result for small contact angle and
increasing divergence for larger values of €. Figure 6 compares dimensionless spreading resistance
from our two models for the 0.1 < ¢ < 0.25, a range that captures the typical range of constriction
ratios for contact resistance problems [7]. After validating our model with numerical simulation
for small €, we also use the model to show when our analytical model diverges from the numerical
model. Figure 7 depicts Fig. 5 with numerics included. It is clear that the numerical model matches
our model fairly well for o < 20°, but at & = 30° and above it begins to diverge, with o« = 30°
showing around a 10% error.

We use the numerical simulation to extend the spreading resistance results to include contact
angles of up to both -90 and 90 degrees, completing the parameter space. Figure 8 depicts di-
mensionless spreading resistance for large positive angles up to 90 degrees, revealing a very large
increase in thermal resistance at high contact angles. As @ — 90°, the cross section of the adiabatic-
arc becomes the bottom half of a circle. Thus the adiabatic surface formed by this perturbed arc
constricts heat flow for greater distances from the source plane than for lesser contact angles. This
helps explain large asymptotic growth in ﬁ{ﬁDE as ¢ — 0. Figure 9 shows dimensionless spreading
resistance for contact angles from -40 degrees to -90 degrees, showing a significant alleviation of
spreading resistance at large negative angles due to the increase in overall volume available for heat

transfer.

5 Conclusions

We have developed analytical thermal spreading expressions for a single contact for realistic contact

geometries accounting for the non-flat nature of real contacts. The analytical model is applicable
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Figure 6: Dimensionless spreading resistance (solid lines) plotted with numerical results (x) for
range of constriction ratio and contact angle found in real contacts.
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Figure 7: Dimensionless spreading resistance (solid lines) plotted with numerical results (x).
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Figure 8: Dimensionless spreading resistance calculated numerically for contact angles higher than
40 degrees.
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Figure 9: Dimensionless spreading resistance calculated numerically for contact angles less than
negative 40 degrees.
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for arange of small protrusion angles and constriction ratios which are typical in the contact geome-
tries generated between contacting materials after machining [7, 22]. Our model shows that small
perturbations from a flat contact can have significant effects on spreading resistance. Importantly,
the non-flatness of contacts has the most significant effect on contact resistance at lower constric-
tion ratios, relevant to real surfaces. In addition, we conducted a finite element simulations that
validate our analytical results for small contact angle and constriction ratios. We use the numerical
simulation to complete the parameter space, evaluating spreading resistance for arbitrary contact
angles and constriction ratios. Constriction ratios and contact angles follow from modelling and
measurement used in existing models for contact resistance. Thus, our expressions can be easily
implemented into existing models to allow for better estimation of contact resistance and better
design of engineering systems in which contact resistance is important. Further work is needed to
include the presence of a conducting fluid in the gap, as well as determine the effect of interactions

between neighboring contacts on the overall contact resistance.

6 Appendix A: Separation of Variables Solution to Non-Flat
Contact

The governing equation is Laplace’s with the following boundary conditions

7=0 (56)

0Ty 1

55 = _R~_§'p 7 — o (57)
8—7:0 =0 7F=1 (58)
o7
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Assuming Ty = Y, R,(7)Z,(Z) we can plug into Laplace’s Equation such that

o)

V2| Y Ru(7)Za(2)

J (f3[22°_1Rn(f)Zn(5)]> +<92 (X1 Ra(7)Z0(2)]

1
=073 oF 072

S

n=1

We bring the sum notation and independent functions outside such that

oo ~ 7 oo 2 (7
y 289 9 (rM) 1Y R 2EE

072

For each n, separating the variables yields

1 [z 1 (PRa(A]  19[Ra(A)] _
z(z) 02 R(f)( o F o oF >_7L’%

=0

since R, (7) and Z,(Z) are independent and where A, is a constant. We have two ODES then,

92 [Ru(F)] | 19[Ru(7)]
a7 7 or

The solutions to these ODEs are known such that when A2 # 0

Rn(f’) = leo(lnf’) + CzYo(),nf)

where Jy and Y are the Bessel Functions of the First and Second Kind and

Z,(2) = Czexp(AnZ) + Cyexp(—AnZ)

When A, =0,

R, (F) = Cslog(F) +Ce

Z,(2) = C1Z+Cs
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‘We combine our solutions such that

To(F,2) = i [(C1Jo(AnF) + CoYo (A7) (C3 exp(AnZ) + Caexp(—Au2))] + (Cslog(7) + Cs ) (Cr2+ C3)
n=1

To(7,Z) and its partial derivatives have no singularity at # = 0 so C; = Cs = 0. Additionally, due to

57 C3 =0, and C; = —1/R{,. We are left with

To(7,2) = R” Z [Cudo (A7) exp(—A,Z)] + Cs

Applying 58, then the eigenvalues satisfy Jj(4,) = 0. Taking the average temperature in a cross

section

~ 1 1 ~ 1 - 1 - 1 -

To.ave = E/o 2nrTy(7,Z)dr = —ﬁz—kZ [?Ln CuJ1(Ap)exp(—Ay2) — A, CnJ1(0) exp(—?an)] +Cy
Sp

From the eigenvalue condition then,

can

To(7,2) = ——Z+ Z A, Codo(AnF) exp(—A, nZ)] +Cs

This field satisfies the same boundary conditions as before.

7 Appendix B: Evaluation of Integrals

All integrals were evaluated from solutions to integral solutions to combinations of various Bessel
functions as given by [1]. The integrals in the evaluation below were evaluated numerically during

calculations
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%—27" 2
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1
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where H, is the Struve function of the n-th kind.
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Nomenclature

Roman Symbols

nl Unit Normal

b Cylinder Radius

c Contact Spot Radius

he Thermal Conductance Coefficient

k Thermal Conductivity

k12 Thermal Conductivity of Material 1,2

L Length

Lip Length of Material 1,2

Greek Symbols

a Contact Angle

Y Contact Fraction

() Constriction Ratio

€ Small Parameter (1/2 Arc Curvature)

1 Shape of Adiabatic Arc

Mathematical Symbols

H, n-th Order Struve Function

ATO,C Dimensionless Temperature Drop due to Constriction (Flat Contact)
AT, Dimensionless Temperature Drop due to Constriction (Non-Flat Contact)
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AT Temperature Drop

AT, Temperature Drop due to spreading or constricting

R Dimensionless arc radius

152'1370 Dimensionless Thermal Spreading Resistance Flat Contact

R" Dimensionless Thermal Spreading Resistance Non-flat Contact

Dimensionless Thermal Contact Resistance
I?’{D ppe 1D Dimensionless Resistance

R’S’p_PDE Dimensionless Spreading Resistance

Ii’{’ PDE Total Dimensionless Resistance

T Dimensionless non-flat Contact Solution
T Dimensionless flat Contact Solution
TiD.o Dimensionless 1D Far Field Temperature

T]D_‘source Dimensionless 1D Source Temperature
Tip Dimensionless 1D Temperature Field
TPDE,M Dimensionless Non-Flat Far Field Temperature

TPDE’SOUWe Dimensionless Non-Flat Source Temperature

TrpE Dimensionless Non-Flat Temperature Field

L Modified Bessel Function of the First Kind
Jo,J1 Bessel Functions of the First Kind

K Modified Bessel Function of the Second Kind
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/!

R
R//
/!
R 1D
/!
Rideal
/!
RSp

Ric
Rl
T

Ty

’I'SOUI'CG

Heat Flux through Cylinder far from Contact

Arc Radius

Flux-based thermal resistance

1-D Thermal Resistance

Ideal thermal resistance between contacting materials

Spreading resistance

Thermal Contact Conductance

Total Thermal Resistance of the cylinder

Non-Flat Contact Solution

Flat Contact Solution

Contact Spot Temperature
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