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Abstract

Sketch-based program synthesis is a popular code generation technique that takes an in-

complete program written in a high level language and produces a completed program that meets

some correctness specification. A major challenge for sketching is that the size of the search space

for that program’s missing parts may be large enough that even if a solution exists, finding one

in practice is intractable. Traditional sketching systems also lack support for when a user prefers

one solution to another based on properties difficult to state with assertions, such as minimizing or

maximizing some quantity. Because the results of synthesis depend on the amount and quality of

information available to the system, users must carefully design sketches to be complete enough

with a rich enough specification that they synthesize quickly and produce a desirable program.

This dissertation explores two novel approaches to leverage information within a sketch

to improve synthesis. The first approach, Sketcham, augments an existing sketch-based system

with an additional transformation to modularize a sketch by automatically generating mocks from

its test suite. The second approach introduces a new sketch-based system using the functional core

language Scimitar powered by the optimization-aided synthesis algorithmOACIS. This algorithm

integrates a mixed integer linear program solver, enabling the user to add goal functions that

encode properties about syntactic or semantic properties they want to optimize, such as program

structure, resource usage, or other domain specific behavior.

These approaches establish viable new avenues for users to improve their ability to syn-

thesize programs by augmenting the information about program structure and objectives available

to these solver aided systems. Example sketches showcasing these algorithms demonstrate that

both approaches are applicable to diverse domains including numeric functions, string manipula-

tion, logistics, and resource management. The performance of these benchmarks shows that the

approaches presented are effective and capable of matching or improving on existing techniques.
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To my child
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“All right, then ask it something else! Whatever you like! Go on!

What are you waiting for? Afraid?!”

“Just a minute,” said Klapaucius, annoyed. He was trying to think of

a request as difficult as possible, aware that any argument on the

quality of the verse the machine might be able to produce would be

hard if not impossible to settle either way. Suddenly he brightened

and said:

“Have it compose a poem—a poem about a haircut! But lofty, noble,

tragic, timeless, full of love, treachery, retribution, quiet heroism in

the face of certain doom! Six lines, cleverly rhymed, and every word

beginning with the letter s!!”

“And why not throw in a full exposition of the general theory of

nonlinear automata while you’re at it?” growled Trurl. “You can’t

give it such idiotic—”

But he didn’t finish. A melodious voice filled the hall with the

following:

Seduced, shaggy Samson snored.

She scissored short. Sorely shorn,

Soon shackled slave, Samson sighed,

Silently scheming,

Sightlessly seeking

Some savage, spectacular suicide

“Well, what do you say to that?” asked Trurl, his arms folded proudly.

— Stanisław Lem

The Cyberiad: Fables for the Cybernetic Age

Translated from the Polish by Michael Kandel
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Chapter 1

Introduction

Human beings are better at creating programs than reasoning about them. Software Engineering
is difficult, and the problems we want to solve are often more complex than we believe and full of
edge cases. Even well made programs written by experienced engineers fail when confronted with
input from the real world, which is not always as well ordered as they had expected. Computers
are however very good at correctness. We would like it if we could leverage our computers to help
us create correct code.

This is the motivation for the study of program synthesis. The problem originates out of the
field of program verification, and was introduced by Manna and Waldinger’s seminal 1979 paper
Synthesis: Dreams→ Programs [MW79]. While verification strives to ensure that an existing pro-
gram meets some correctness specification, synthesis endeavors to use that specification to create
an entirely new program. There have been many approaches to tackling the problem, includ-
ing syntax-guided, inductive, and neural-symbolic techniques, with diverse applications across all
areas of computer science. [STB+06, SLAT+07a, SL08, Sol09, CSL10a, KMPS10, SGF10, GJTV11,
TB13, SSX+14, FCD15, JQSLF15, RDK+15, ADG16, ISSL16, JQFD+16, LSO16, PKSL16, YKDC16,
FMW+17, IPQ+17, Leu17, MFP+17, NWKF17, YWDD17, ERSLT18, WADM18, WDS18, WWD18,
ASMS19, ENP+19, HZZK19, KWPH19a,MRX+19, SA19, SRHN19, SSL19, GJJ+20, KMM+20,WK20,
HCDR20a, HQSW20a, EWN+21, IPP+21, KHDR21]

Program synthesis by sketching is a popular synthesis approach built around incomplete
programs called program sketches. Users submit sketches along with their correctness specifica-
tions to a synthesis system that then fills in their gaps to produce completed programs conforming
to those specifications.

As with other synthesis approaches, a major challenge for sketching is that while a given
sketch may be synthesizable, the size of the search space for that solution may be so large that
finding a result in practice may be intractable due to the fact that synthesis results are only as
good as the information a user puts into the program sketches. The less information provided to
the synthesis system, the longer it will likely take to get a result and the lower the likelihood of
a high quality result. Results can be improved by adding more high quality information to the
sketch and there are many ways for users to provide such extra information. A common one is
to write a more fleshed out program sketch. Another approach is to modify the specification. Yet

1



another is to manipulate the program’s meta information by setting synthesizer parameters.
In this work we explore two novel approaches that leverage such extra information in

differentways to improve sketch synthesis fromwithin bymodifying the systems themselves. Both
approaches are designed to increase the system’s knowledge of the problem without imposing
additional constraints. The first novel approach builds a new program transformation onto an
existing synthesis system that modularizes a program sketch by breaking it up using information
latent in the sketch’s own specification and separately synthesizing its pieces. While promising,
this strategy’s limits require us to set aside modularization and to regard the problem of improving
synthesis from a new perspective. The second novel approach overcomes the limits of the first
by introducing an entirely new sketching synthesis system based on a functional core language
which integrates a numerical optimization solver. This system includes fundamental changes to
the synthesis algorithm that, rather than transforming the program sketch, enable the user to add
goal functions that can direct the progress of synthesis.

The central claim of this dissertation is that augmenting the information about
program structure and objectives available to these solver aided systems leads to better
results, both when synthesizing programs and when searching for optimal program
values.

1.1 Contributions

Chapter 2 introduces Sketcham, a program transformation that modularizes the sketch by taking
advantage of information implicit in the original program specification. It modifies the sketch to
include a model of its own specification without the user needing to supply additional information
by traversing the original sketch looking for specifications of individual functions, then breaking
them apart to synthesize them individually. It schedules these in the synthesizer in order of de-
pendencies, so that each function is synthesized before those that depend on it. It then attempts
the complete sketch to verify the results. Doing so often results in speedups, but the modular
approach’s benefits are limited to programs that are highly separable and sufficiently complicated
that it is intractable to solve them directly.

Chapters 3 and 4 move beyond the limits of Sketcham. We add a fundamentally new
capability missing from existing systems, which is a larger departure from traditional synthesis
systems, as it requires three major changes. First, Chapter 3 introduces the optimization-aided
language Scimitar, describes its semantics, and gives a number of encodings used by the compiler
backend with an optimization solver to create an entire new synthesis system. Next, Chapter 4
uses Scimitar as the platform for the new sketch synthesis system Synthitar. This lets us replace
the traditional system solver with an optimization solver, adding the ability to specify objective
functions, which are goals that direct the solver’s decision making. This system also augments
the core sketch synthesis algorithm to enable constructing complement optimization programs
and modifies the subroutines that verify the generated program meets the user’s specification to
handle our encoding.

We now discuss the key ideas of this dissertation in more detail.

2



1.2 Modular Synthesis

Program synthesis by sketching, as embodied by the Sketch synthesis tool [STB+06], is a pop-
ular technique that has been applied to a wide variety of problems [CSM12, ERSLT18, IPQ+17,
ISSL16, JQFD+16, JQSLF15, MRX+19, SKR19, SLAT+07a]. A Sketch input (henceforth a sketch) is
a program written in a C-like language augmented with holes, unknown constants, and generators,
unknown expressions. The solution for a sketch is specified using test cases called harnesses, also
written in the Sketch language, that make assertions about the results of to-be-synthesized code.
Here is an example of a simple sketch written in the Sketch language [SL20]:

harness void double(int x) { assert ?? * x == x + x; }

This harness function takes an input x, and consists of a specification with a single constraint,
that for all values of x, x + x is equal to x times ??, which designates a hole. The correct assign-
ment for this hole is 2, which Sketch is tasked with finding. Sketch searches for a solution using
counterexample-guided inductive synthesis (CEGIS), which alternately synthesizes a candidate so-
lution and then uses a verifier to check the assertions; any counterexamples from verification feed
into the next round of synthesis [Sol09].

One key challenge of using Sketch is that it does not specifically supportmodular synthesis.
More precisely, even if an input sketch is divided into a number of functions that call each other,
Sketch solves them all together. This approach potentially limits scalability, as formulas created
by Sketch can grow quite quickly as function calls are inlined. A Sketch user could potentially
work around this issue by manually replacing calls to to-be-synthesized functions with calls to
Sketch models [SSX+14], which are mocks, i.e., functions that, in place of full implementations,
approximate the desired behavior with a specification in the form of assertions about individual
cases. However, writing additional specifications is both time consuming and redundant with
developing the original sketch.

Explicitly, a program’s assertions encode the desired behavior of the functions they refer
to. For a sufficiently decomposable problem, these same assertions also implicitly define the be-
havior that callers rely on. Properly collected, these assertions can formmocks that the synthesizer
could use to break apart the program into modular components without the developer needing to
explicitly include new information.

In Chapter 2, we introduce Sketcham (short for Sketch and Mocks), a novel technique that
converts a regular sketch problem into a modular sketch problem by automatically generating
mocks from harnesses. Sketcham is a program transformation that collects assertions referring
to functions into mocks. It operates at function granularity because functions are the most ba-
sic modular building blocks of programs. After grouping these assertions, the algorithm then
constructs new subproblems by replacing calls to these functions with their mocks. Any valid so-
lution to the overall problem will also satisfy these subproblems. They help the synthesizer make
better initial guesses as to what the finished product is going to be, but do not give the complete
overall solution. A valid overall solution is guaranteed by running the original problem with the
subproblem holes pre-filled.
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We implemented Sketcham as an additional pass to Sketch in three algorithms, one to
collect assertions, a second that generates mocks, and the last that constructs new harnesses and
adds them to the synthesis problem. We evaluated Sketcham on ten benchmarks including sim-
ple arithmetic, string manipulation, and list processing functions. We found that, for six of ten
benchmarks, Sketcham performs up to 5× faster than Sketch, for one benchmark Sketcham is
slower by a factor of up to 0.9×, and for the remaining three benchmarks performance is indis-
tinguishable. As expected, the main speed improvement was in the CEGIS synthesis phase rather
than the CEGIS verification phase.

1.3 Optimization-aided Programming

Our discussion of optimization-aided synthesis is broken into two parts. We begin by turning our
attention to the core underlying optimization-aided programming language. This language gives
users the ability to optimize some goal function subject to some constraints. Amixed integer linear
programming (MILP) solver determines the values needed by the code to achieve an optimal result
from that goal function.

MILP is a classic constraint optimization approach for problems with linear and integer
variables and constraints. It has applications ranging from simple to complex, including network
and logistics problems, and machine learning.

Despite the success of MILP, in practice it can still be very challenging to write MILP pro-
grams. The difficulty lies in MILP’s limited expressiveness, which means that MILP programmers
must use complex encodings to map the semantics of their problems into the MILP language. For
example, encodings enable MILP to be applied to domains such as boolean logic [Bra12], non-
linear functions like multiplication [Dom18] or piecewise linear functions [HV22], conditional
constraints [GAM22, HV19, RJG+12], and others [Wik24, Par88]. However, while such encodings
are effective, they require significant expert knowledge to use, and they make programs difficult
to maintain as they complicate and obscure the underlying problem.

This limitation makes it non-trivial to apply optimization principles to program synthesis,
as synthesis systems are programmed in high-level languages. Synthesizing non-trivial optimiza-
tion problems within the implementation of a particular sketch is challenging or even intractable
without direct access to an optimization solver.

In Chapter 3 we introduce Scimitar, an optimization-aided language that enables seam-
less integration of MILP constraint optimization problems into functional programs. Several re-
searchers have explored integrating constraint solvers into programming languages, e.g., logic
languages like SWI-Prolog [WSTL12], verification-aware languages like Dafny [Lei10], prover
languages like Why [Fil03], and the Rosette solver-aided language [TB13]. However, these lan-
guages focus on decision procedures such as satisfiability modulo theories (SMT), a generalization
of Boolean satisfiability (SAT). In contrast, the design and implementation of Scimitar show how to
integrate an optimization solver into functional programming. The key novelty of Scimitar is that
functional expressions containing function calls, conditionals, loops, and more, can be compiled
into optimization problems via a special minimize construct.
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We implement Scimitar in the Racket programming language, and use the popular off-the-
shelf Gurobi MILP solver [Gur23]. To demonstrate Scimitar’s features and explore its capabilities,
we show several examples. These included both traditional logistics problems and real-world pro-
gramming use cases such as an arena allocator. We measure median performance, giving evidence
that a dedicatedMILP solver compares favorably with themore general purpose SMT solver on op-
timization applications. Our evaluation splits out the solve time to better show the performance of
the algorithms on their own, excluding the performance of the compiler. The benchmark compile
times were <1ms–67ms for Rosette, ignoring one that timed out, and 30ms–2200ms for Scimitar,
7–400× slower than Rosette. The solve times for Rosette were <1ms–125000ms, ignoring one that
timed out, while Scimitar’s were <1ms–1000ms, 4–200× faster than Rosette. Combined, Scimitar
was from 45× faster than Rosette to 80× slower.

1.4 Optimization-aided Synthesis

With our optimization-aided language at hand, we are now prepared to move onto the second
part of our discussion of optimization-aided synthesis. The system we introduce here is designed
to optimize an objective function, leading to a synthesized program that maximizes or minimizes
some user-supplied goal.

As discussed above, program synthesis using CEGIS iteratively generates programs using
two competing SMT solvers: the synthesizer, which finds candidate solutions that meet a user-
supplied specification, and the verifier, which attempts to find counterexample inputs to these
solutions that violate the specification. To do so, the language compiles the high-level program
into a SMT formulamodeling the original. The solver then searches for any assignment to the holes
that satisfies the specification completely without any input counterexamples. However, there are
times when not just any hole assignment will do—users often want to find some assignment that
also satisfies properties difficult to state with assertions alone. A common desirable property is
to minimize some quantity, such as code size, execution time, energy, network or disk usage, etc.
One way to create heuristics that optimize these properties is via MILP.

Because any satisfying assignment is an acceptable solution, it is challenging for SMT-
based CEGIS synthesis to direct solving using other heuristics, including hyperproperties of holes
(e.g., a minimal number, or some order of preferences) without major changes to the user’s own
program. Any such changes would likely burden both solver and user significantly, as they would
only implement a simulation of the heuristic. An example would be to name all of the program’s
holes (e.g., using intermediate variables), then add constraints that impose the desired property on
the holes. Users should not need to resort to such ad hoc and unreliable techniques, and we can
overcome this by augmenting the synthesis system so they can express these properties directly.

In Chapter 4 we introduce the Optimization Aided Counterexample-guided Inductive Syn-

thesis (OACIS) algorithm, embodied in the brand new synthesis system Synthitar, that extends
Scimitarwith a generalized CEGIS algorithm using aMILP solver in place of the usual SMT solver.
Adding a synthesis query enables users to augment sketches with objective functions, goals that
specify how to direct synthesis. Objective functions with access to a sketch’s holes can encode
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important properties that the sketch itself cannot express, but that are nevertheless necessary or
desirable in any solution. By adding objectives, a user can influence the size, value, or shape of
program values and structure, either in isolation or in relation to other parts of the program.

The use of a numerical solver makes Synthitar particularly well suited to numerical prob-
lems, specifically those with holes that have floating point types. Because its objective functions
are written directly in the language, users can reference any of their program variables or func-
tions, making it more expressive as compared to more restrictive systems that can only minimize
syntactic properties such as program size.

The OACIS algorithm relies on three key novelties. First, unlike traditional SMT encodings,
a MILP-based approach requires special symbolic local variables both to encode internal program
structure during compilation, and to allow for more flexibility for users to model their domain.
These variables cause the traditional CEGIS loop to fail, as the verifier will find unreachable pro-
gram states rather than input counterexamples. To prevent this failure mode, OACIS replaces the
verifier with an additional specialized inner CEGIS loop. This gives rise to a generalized algorithm
we call General CEGIS, which we then specialize for both the outer synthesis and inner verifica-
tion loops. Second, while negating an SMT formula is straightforward, finding the complement
of an optimization problem is tricky as MILP has no built-in disjunction or negation, so detect-
ing an individual constraint’s violation is nontrivial. Our new Maximum Variable Delta (Max-∆)

Verification approach detects violations through the use of a special∆ variable to find worst-case
counterexamples. The Max-∆ algorithm goes hand in hand with our third novel contribution, a
new MILP inversion algorithm that, given an optimization-aided sketch, constructs its comple-
ment. The solution to this problem is a point that is infeasible in the original problem, exactly
what we need for a counterexample.

As an extension of Scimitar, Synthitar is also implemented in the Racket language. To
evaluate Synthitar, we give a suite of benchmarks that exercises various aspects of the lan-
guage, whose complexity ranges from simple mathematical expressions to an algorithm to cal-
culate square roots. We measure performance and convergence of OACIS, finding it to be linked
primarily to the size of the input domain and the structure of the complement problem.

1.5 Road Map and Publication History

The remainder of this dissertation is organized as follows:

• Chapter 2 presents Sketcham, which modularizes the Sketch synthesis system by trans-
forming harnesses into mocks, based on the Computer Aided Verification (CAV) 2021 paper
“Program Sketching by Automatically Generating Mocks from Tests” [BFRSL21].

• Chapter 3 introduces Scimitar, an optimization-aided functional language, first presented in
theOnward! 2024 paper “Scimitar: Functional Programs asOptimization Problems” [BFZ24a].

• Chapter 4 describes Synthitar, a complete synthesis system that extends Scimitar with
the OACIS algorithm.

• Chapter 5 concludes the dissertation and outlines potential avenues for future work.
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Chapter 2

Program Sketching by Automatically

Generating Mocks from Tests

2.1 Introduction

Program synthesis by sketching is a technique that lets userswrite program sketches in a high-level
language augmented with holes, unknown constants, and generators, unknown expressions, that
are synthesized by encoding their harnesses into Boolean satisfiability (SAT) formulas submitted
to a CEGIS solver. This approach is exemplified by the Sketch synthesis tool [STB+06]. Sketch’s C-
like language provides a rich set of language features, but it does not specifically support modular
synthesis, the ability to break a sketch apart to synthesize it in smaller pieces.

This chapter introduces Sketcham (short for Sketch and Mocks), a technique that con-
verts a regular sketch problem into a modular sketch problem by automatically generating mocks
from harnesses. It collects assertions referring to functions, groups them, then programmatically
constructs new subproblems by replacing calls to these functions with their mocks, radically sim-
plified versions that partially replicate the functionality of the original. More specifically, suppose
Sketcham is given a sketch in which function f calls g and g is tested by harness h. Sketcham
first converts h into a mock gm that has the same function signature as g but whose body encodes
the assertions from h. Then, Sketcham augments the original sketch, prepending new code in
which f calls gm instead of g, thereby allowing f to be synthesized separately from g. Thus, by
converting tests (harnesses) to mocks (specs), Sketcham enables modular synthesis without extra
work from the user. Section 2.2 gives an overview of Sketcham.

Sketcham generates the new, modular sketch problem using a sequence of three algo-
rithms. First, Sketcham traverses the original sketch to build a mapping A from function names
to a set of assertions in which each function is called. Note that we place some limitations of the
assertions—e.g., they can contain at most one function call—to guarantee we can always translate
them from harness assertions to mock assertions. Next, Sketcham traversesA, generating a mock
fm for each function f ∈ dom(A), where fm encodes the assertions in A(f). Finally, Sketcham
generates new mock harnesses that are the same as the original harnesses, except they call mocks
instead of the underlying functions. Section 2.3 presents Sketcham’s core algorithms.

7



We implemented Sketcham as an additional compiler pass to Sketch, which we evaluated
on ten benchmarks. We found a high variance in running time, both under Sketch and under
Sketcham. This variance is due to the use of randomness in the algorithm—the solver’s ran-
dom seed determines its initial conditions, which in turn determines how the solver proceeds to
search for the solution, and a good initial guess at a solution will make things proceed much more
swiftly than an unfortunate guess. To account for this difference, we used the Clopper-Pearson
method [CP34], repeatedly running each configuration (synthesis tool–benchmark combination)
from 11 to 1487 times to reach 95% confidence that the true median running time lies within 20%
of the experimental median, excluding failures and runs exceeding a 60 minute timeout. We found
that, for six of ten benchmarks, Sketcham runs up to 5× faster than Sketch; for one benchmark
Sketcham is up to a factor of 0.98× slower; for the remaining three benchmarks, performance is
indistinguishable. We examined one benchmark, deduplication of elements in an array, in detail.
We found that the performance improvement is largely due to amock that does a thorough job rep-
resenting the function it mocks, and that the performance improvement occurs during the CEGIS
synthesis phase rather than the CEGIS verification phase. Section 2.4 presents our evaluation.

In summary, Sketcham demonstrates that modular synthesis can be achieved by automat-
ically generating mocks from tests (specs from harnesses) without additional user effort.

2.2 Overview

To illustrate Sketcham, consider Figure 2.1a, which shows a simplified sketch whose so-
lution deduplicates an array of integers. This sketch makes use of Sketch holes ??, which are
unknown constants, and generators such as expr(vars, ops), which is an unknown expression
composed of variables vars combined with operands ops, including PLUS for addition and MINUS

for subtraction. The correct solutions for the holes and generators are shown in end-of-line com-
ments.

At the top of Figure 2.1a, function dedup takes a length n and array vs, and it returns the
deduplicated array and, by reference, the deduplicated array’s length sz (in Sketch, functions can
only have at most one return value, hence the return-by-reference sz). The dedup function begins
by calling another function, sort, to sort the array (line 3). Then it initializes sz to a hole and loops
through the array (lines 4-5). In each iteration, it computes an expression j of sz and i (line 6)
used in a conditional guard (lines 7-8) along with sz and the sorted and deduplicated arrays. If
the condition holds, the element at position i is copied into res and sz is updated; otherwise the
element is ignored. Finally, dedup returns the result array res.

The sort function (line 14) takes the length and array and returns a sorted array. This
particular sketch is for merge sort. Here the programmer knows that merge sort involves sorting
two sub-arrays but is not sure about the details. After some initialization, it makes two recur-
sive calls to sort sub-arrays (lines 16 and 17). Then it loops over the sorted sub-arrays, merging
the elements into array vs, which is returned. The loop guard (line 18) uses a different genera-
tor, exprBool(vars, ops), that generates arithmetic comparisons (<, <=, etc) among expressions
generated by calling expr(vars, ops).
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1 int[n] dedup(int n, int[n] vs,
2 ref int sz) {
3 int[n] svs = sort(n, vs); int[n] res;
4 sz = ??; // 0
5 for(int i = ??; i < n; ++i) { // 0
6 int j = expr({sz, i}, {PLUS, MINUS}); // sz - 1
7 if(sz == ?? || // 0 >
8 {| svs[i] (> | >= | < | <= | != | ==) res[j] |} ) {
9 res[sz] = svs[i];
10 sz = expr({sz, i}, {PLUS, MINUS}); // sz + 1
11 }}
12 return res;
13 }
14 int[n] sort(int n, int[n] vs) {
15 int mid = n/2, rem = n - n/2, i = 0, j = 0;
16 int[mid] vas = sort(vs[0::mid]);
17 int[rem] vbs = sort(vs[mid::rem]);
18 while(exprBool({i, j, n}, {PLUS})) // i+j<n
19 /* add vas[i++] or vbs[j++] to vs */
20 return vs;
21 }

(a) dedup and sort (simplified).

h_dedup

dedup

sort

h_sort

(b) Original harnesses.

h_dedup’’

dedup’

sort_mock

h_sort’

h_dedup’

dedup_mock

(c) Mock harnesses.

1 harness void h_sort(int n,
2 int[n] vs) {
3 int[n] svs = sort(vs);
4 for(int i=0; i<n-1; ++i)
5 assert svs[i] <= svs[i+1];
6 /* also elts(vs)=elts(svs) */
7

8 }

➪

model int[n] sort_mock(int n, 1

int[n] vs) { 2

int[n] svs = sort_uf(vs); 3

for(int i=0; i<n-1; ++i) 4

assume svs[i] <= svs[i+1]; 5

/* also elts(vs)=elts(svs) */ 6

return svs; 7

} 8

(d) Translating sort’s test harness into a mock.

Figure 2.1: Sketcham applied to deduplication via sorting

Harnesses and Mocks. To test the expected behavior of dedup and sort, the sketch also in-
cludes two harnesses, h_dedup and h_sort. Figure 2.1b shows the call graph of the sketch with the
harnesses, and the left side of Figure 2.1d shows a portion of h_sort (for the complete harness,
and for h_dedup, see Figure A.7). This harness calls sort and then makes assertions about the
results, e.g., that the output array is sorted. Harnesses are distinguished from regular functions
by the keyword harness, and their arguments are treated as universally quantified—the harness
must hold no matter the concrete value that one of its input variables takes on. Thus, h_sort tests
that for all n and arrays vs of length n, the sort function is correct.

To solve this synthesis problem, Sketch converts dedup, sort, and a harness into a single
SAT formula and then uses CEGIS to find a solution. This approach works, but the formula passed
to the solver is large, because it contains both functions’ worth of code, and complex, because
reasoning about the code in dedup requires simultaneously reasoning about the code in sort. Thus,
combining both functions into a single SAT formula potentially limits the scalability of Sketch.
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int doub(int m) {
return m * 2;

}
harness void h(int n) {
int out = doub(n * 10);
assert out == (n + n) * ??;

}

(a) Double.

model int doub_mock(int m) {
int out = doub_uf(m);
assume (0 == m%10) =⇒

out == (m/10 + m/10) * ??;
return out;

}

(b) Mock double.

Figure 2.2: The double function and its mock

The key idea of Sketcham is to observe that this sketch is actually modular—it has been
divided into two functions, each with their own tests. Sketcham takes advantage of this modu-
larity by creating a new synthesis problem that includes mock versions of functions in the sketch,
which can then be used to enable separate reasoning about each function.

The right side of Figure 2.1d shows sort_mock, the mock version of sort. The mock has
the same signature as sort, but instead of containing the actual sorting code, it contains asser-
tions from h_sort about sort’s expected behavior. In place of calling sort, the mock calls a fresh
uninterpreted function sort_uf on line 3. Such uninterpreted functions are symbols whose only
property is equality, so that for a = b, then f(a) = f(b). Then it makes assumptions (rather than
assertions) about the result array svs (line 5). While assertions place requirements on the postcon-
ditions which the synthesizer must satisfy to succeed, these assumptions make guarantees about
the precondition that must hold for the sketch to be valid. The mock then finally returns svs

(line 7). The mock itself is a Sketch model (indicated by the model keyword), and where the mock
is called, Sketch will replace the call with the assumptions in the model’s body [SSX+14].

Next, Sketcham creates new code that uses the mock, as shown in Figure 2.1c. (Here
the dashed, greyed boxes are for functions and harnesses that are generated but do not improve
solving time; see Section 2.4.2.) In particular, dedup' is the same as dedup, except it calls sort_mock
instead of sort, and h_dedup'' is the same as h_dedup but it calls dedup' instead of dedup.

The final sketch includes h_dedup'', h_dedup' (a trivial harness that calls a mocked dedup),
and h_dedup—in that order—aswell as the harnesses for sort. Sketcham searches for a solution for
each harness in order, i.e., it tries to solve h_dedup'' first. Notice that, critically, when Sketcham
solves h_dedup'', it need not consider the code of sort, but rather only its specification as encoded
in the mock. In practice, this means that Sketcham can solve h_dedup'' up to 18.1× faster than
Sketch solves h_dedup, a significant speedup.

Moreover, sort_mock encodes the specification of sort, so once Sketcham solves h_dedup'',
it has found a solution for h_dedup as well. To preserve correctness, Sketcham keeps the original
harnesses such as h_dedup, because mocks with partial specifications can lead to partially incorrect
solutions to the harnesses using them. However, even in these cases, the counterexamples they
generate can still help more quickly narrow the synthesis search space for the original harness,
and lead to an ultimately valid solution.
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Figure 2.3: Sketcham architecture

Quantifier Elimination. In Figure 2.1d, the translation from harness to mock was straightfor-
ward: the call to the mocked function becomes a call to an uninterpreted function, and asserts
become assumes. Sometimes, however, the translation is more complex. Consider the sketch in Fig-
ure 2.2a, which includes a function doub that doubles its input and a harness h that calls doub(n*10)
and asserts the result is (n+n)*?? for some hole.

Notice this assertion only describes arguments of the form n*10 for some n, i.e., implicitly
there must exist some m such that m = n*10 for the assertion to hold. This existential quantifier
introduces n, which our translationmust then get rid of. Sketcham performs quantifier elimination

[Bjø10, BM07] on such nested existentials, following the approach of Kuncak et al. [KMPS10].
Figure 2.2b shows the resulting mock. Here, in the assumption, n is replaced by witness candidate
m/10. Because m is an integer, we also add a precondition that m is evenly divisible by 10.

We note that Sketcham includes quantifier elimination for completeness, and in our eval-
uation we consider the sketch in Figure 2.2a. However, we did not find quantifier elimination
necessary for our other benchmarks.

2.3 The Sketcham Algorithm

Nextwemore formally describe Sketcham, which is implemented as a compiler passwithin Sketch
as shown in Figure 2.3. The presentation that follows reflects this Sketch implementation without
loss of generality of the core algorithm for converting tests to mocks. The Sketch frontend con-
sumes the input sketch and transforms it into the Sketch intermediate representation language
(Sketch IR), which is passed to the Sketch backend. Sketch IR encodes first-order logic augmented
with theories of arithmetic, arrays, functions, and more, as discussed below. When the backend
loads the IR, it performs transformations that are needed by the solver [SL08], including loop un-
rolling and function inlining, which emplace the body of a loop or function at each occurrence up to
some user defined number of repetitions. The output of all these transformations is a program p.
Standard Sketch then uses CEGIS to solve the synthesis problem, outputting a hole assignment
that the frontend uses to produce the solved sketch. Sketcham modifies this process by inserting
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p ::= (h | d)*
h ::= harness d

d ::= def f ( x , . . . , x ) { s* }
s ::= x := e | return e | assert ϕ | assume ϕ

e, ϕ, ψ ::= f ( e , . . . , e ) | uop e | e bop e | n | x | ?? x
uop ::= ¬ | -
bop ::= ∧ | ∨ | ⊕ | =⇒ | = | + | - | * | / | %

x, y ∈ variable names G ∈ graphs A : f → Φ

f, g ∈ function names Φ ∈ set of ϕ F : f → f

Figure 2.4: Sketcham’s fragment of Sketch IR

a mock rewriting phase, described below, that transforms p into the augmented program pm for
CEGIS.

We formalize Sketcham on the fragment of Sketch IR shown in Figure 2.4. This subset
of the grammar omits types, and we assume the sketch is type-correct. A program sketch p is a
sequence of harness and function definitions. A harness definition h tags a function definition as a
test harness. A function definition d is given named parameters1 and a body, which is a sequence
of statements. Statements s are assignments, returns, assertions, and assumptions. The most
critical expressions e in our algorithm are function calls f ( e , . . . , e ) with their arguments. The
detailed grammar for the remaining expressions is unimportant in the remainder of this section,
but for completeness we show expressions for unary and binary logical and arithmetic operations
uop e and e bop e; constants n; variables x; and named holes ?? x. Below, we sometimes use the
metavariables ϕ and ψ in place of e to indicate an expression used for Boolean-valued formulas.

Given the input Sketch IR program p as shown in Figure 2.3, Sketcham creates the output
sketch by first calling BuildAssertMap (Algorithm 1) to build mappingA from function names to
assertions from tests of those functions. Next, GenerateMocks (Algorithm 2) usesA to construct
mocks for functions in the domain of A, yielding program p′, which includes the original sketch
p plus those mocks. This step also returns a mapping F from the original function names to the
corresponding mock names. Finally, MockHarnesses (Algorithm 3) creates the output sketch pm,
which augments p′ with copies of the original sketch’s harnesses, except the copies call the mocks
instead of the original functions.

Critically, during this last step, holes are not renamed when the harnesses are copied.
Moreover, the newly generated harnesses are prepended to the sketch. Thus, when CEGIS tries
solving each harness in pm in order, it will first find solutions that are consistent with the mocks.
Then when it reaches the original harnesses (which must remain in case there is information in
them not captured by the mocks—see discussion of GenerateMocks below), CEGIS can use the
information it already derived from themocks to find the ultimate solution to the original problem.

The remainder of this section describes each step of the algorithm in detail. Below, we
1For simplicity, we assume parameter names are unique across the whole program.
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Algorithm 1 Mock rewriting: building the assertion map
Input: p - the sketch
Output: A - finite map of function names to sets of assert formulas
1: function BuildAssertMap(p)
2: A← ∅
3: Φ← {ϕ | assert ϕ ∈ p} ▷ all solver-reachable asserts in p
4: Φ0 ← {ϕ ∈ Φ | 0 = |f(. . .) ∈ ϕ|} ▷ asserts with 0 function calls
5: Φ1 ← {ϕ ∈ Φ | 1 = |f(. . .) ∈ ϕ|} ▷ asserts with 1 function call
6: for all f ∈ Φ1 do

7: Φf ← Φ0 ∪ {ϕ ∈ Φ1 | f ∈ ϕ} ▷ asserts with 0 calls, or 1 call to f
8: Ψ← Φ \ Φf

9: while Ψ ̸= ∅ do
10: X ← FV(Ψ) ▷ inputs and holes free in Ψ
11: Ψ← {ϕ ∈ Φf | X ∩ FV(ϕ) ̸= ∅}
12: Φf ← Φf \Ψ
13: end while

14: A[f ]← Φf

15: end for

16: end function

capitalize the names of sets of a given metavariable (e.g., Φ is a set of formulas ϕ, etc.), and we use
vector notation to indicate arrays (e.g., s⃗ is an array of statements s).

Building the assertion mapping. Each mock expresses the specification of an original func-
tion as it is encoded by that function’s tests. To start, Sketcham collects assertions from those tests
into an assertion mapping. Algorithm 1 builds the assertion mapping A from the input sketch p.
The algorithm begins by initializing A to empty and Φ to the set of all assertions from all tests
in p. It then selects two subsets of Φ. The set Φ0 contains all assertions that do not include calls
to any functions, and the set Φ1 contains all assertions that include exactly one function call. We
exclude assertions with multiple function calls so that mocks are standalone, to conform to the
technical requirements Sketch imposes on models. As a consequence, we exclude some terms that
present no such concerns (e.g., conjunctions of otherwise unrelated terms), as translating them to
assumptions may be much more complex or even impossible.

For each function f called in an assertion inΦ1, on line 7 we next compute the setΦf from
Φ0 (the assertions that hold throughout each test, including at calls to f ) and the subset of Φ1 that
refers to f . For example, consider the assertion in h_sort in Figure 2.1d. This code refers to the
result of calling sort(n, vs), so Φ1 = {ϕi(sort(n,vs))}, where the ϕis capture the assertions in
h_sort. Additionally, if we picked, say, a loop unrolling bound of 4, then Sketch would implicitly
assert n<4, resulting in Φ0 = {n<4}. In general, Φ0 might contain additional assertions that are
irrelevant to the calls in Φ1. For example, loop unrolling for harness h_dedup (not shown) might
add another bound m<4 to Φ0 for sort. However, such irrelevant assertions will not change the
resulting mock.

In some cases, we cannot add assertions in Φf to A because other assertions on the same
variables interfere. For example, suppose the sketch includes assert f(x) and assert g(x). Then
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Algorithm 2 Mock rewriting: generate mocks
Input: p - the sketch
Input: A - output of Algorithm 1
Output: p′ - the sketch augmented with mock definitions
Output: F - finite mapping from an original function name to its mock
1: function GenerateMocks(p, A)
2: F ← ∅, p′ ← p
3: for all f 7→ Φ ∈ A do

4: def f(x⃗){. . .}← the definition of f in p
5: fu ← FreshName(f)
6: s⃗← [ ]
7: Φ0 ← {ϕ ∈ Φ | 0 = |f(. . .) ∈ ϕ|}
8: Φ1 ← {ϕ ∈ Φ | 1 = |f(. . .) ∈ ϕ|}
9: for all ϕ ∈ Φ1 do ▷ convert asserts into assumes
10: f(e⃗)← the lone function call in ϕ
11: ϕu ← ϕ[f(e⃗) := fu(x⃗)] ▷ substitute uninterpreted function
12: Ψ← {xi = ei | 0 ≤ i < |x⃗|} ▷ equate parameters to arguments
13: ϕ′ ← (

∧
Φ0) ∧ (

∧
Ψ) =⇒ ϕu ▷ the condition where ϕ holds

14: ϕ′′ ← JFV(ϕ);Ψ ⊢ ϕ′K
15: s⃗.append(assume ϕ′′)
16: end for

17: fm ← FreshName(f)
18: F [f ]← fm
19: dm ← def fm(x⃗){

s⃗
return fu(x⃗)

}

▷ create the mock definition

20: p′.insert(dm)
21: end for

22: end function

Φf might not completely characterize f—the assertion in Φf is valid only if assert g(x) also
holds, which puts an unknown (until the full sketch is solved) constraint on x. Thus, in this case,
our algorithm discards the assertions in Φf . More specifically, on line 9, the loop removes any
ϕ ∈ Φf whose free variables overlap with free variables outside ofΦf . The process iterates in case
free variable dependencies cascade. For example, the existence of assert g(x) would eliminate
assert f(x-y), which would in turn eliminate assert f(y). The result is the transitive closure
of the allowable assertions about each function.

Generate mocks. Next, Algorithm 2 iterates through each function in the domain of A, gener-
ating a corresponding mock to add to the augmented sketch p′. As it does so, it also builds a map
F from function names to the names of the generated mocks.

For each f 7→ Φ ∈ A, GenerateMocks begins by finding the definition of f and creating a
corresponding freshly named uninterpreted function fu. It then initializes s⃗, the assumptions to be
inserted into the newmock body, to empty. Then, from each asserted formula ϕ ∈ Φ, the algorithm
creates a formula ϕu by substituting the single function call f(e⃗) in ϕ with a call fu(x⃗), where x⃗
are the formal parameters of f (line 11). Notice this call to fu is the same nomatter the original call
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Algorithm 3 Mock rewriting: mock harnesses
Input: p′ - the sketch from Algorithm 2
Input: F1 - the name map from Algorithm 2
Output: pm - the sketch augmented with mock harnesses
1: functionMockHarnesses(p′, F )
2: G← CallGraph(p′), pm ← p′

3: for i← 1, maximum mock call graph depth do

4: Fi+1 ← ∅
5: for all def g(y⃗){s⃗} ∈ Callers(G,domFi) do ▷ similarly, harness def
6: g′ ← FreshName(g)
7: d′ ← def g′(y⃗){

{s[f := f ′ | f 7→ f ′ ∈ Fi] | s ∈ s⃗}
}

▷ respectively, harness def

8: pm.insert(d′, before g)
9: Fi+1[g]← g′

10: end for

11: end for

12: end function

to f , which ensures the generated mock conforms to the technical requirements Sketch imposes
on models. To encode the actual information at the call site, we next add a precondition. The
algorithm constructs ϕ′ (line 13), which is an implication denoting that ϕu holds if the ancillary
asserts Φ0, and the equalities xi = ei from the call to f hold. One nuance we elide here is that
Sketch augments all function calls with an additional explicit path condition parameter. The path
condition records the branch taken for each conditional up to the point of the call, which makes
it easier for Sketch to translate the IR into a SAT formula. For soundness, we include this path
condition as a premise of ϕ′ and assign fu the path condition ⊤. Note that our implementation
trims Φ0 before adding it to ϕ′ to the subset containing only the variables in e⃗.

Next, the algorithm performs quantifier elimination on ϕ′, yielding ϕ′′ (line 14). More
precisely, JFV(ϕ); Ψ ⊢ ϕ′K eliminates variables in FV(ϕ) from ϕ′, searching for witnesses in Ψ.
Then, ϕ′′ is added to s⃗ as an assume, and the loop continues until all mappings for f have been
handled.

Finally, on lines 17-19 the algorithm computes a fresh Sketch name fm for f , adds a map-
ping to F , and creates function definition dm for fm. The function fm takes the same arguments
as f , assumes all formulas in s⃗, and returns fu on fm’s arguments. Thus, when fm is called, the
assertions about f from its original test suite in p are assumed on fm’s arguments, as we saw in
Section 2.2. The definition dm is added to p′, and mock generation continues until all mappings in
A have been traversed.

Newmock harnesses. The last step of Sketcham adds calls to the mocks generated by Gener-
ateMocks. One naïve approach would be to simply replace each call to f with a call to fm for all
f 7→ fm ∈ F . However, this will not work for two reasons. First, we need a full solution for the
holes in all functions, including those that are mocked. Replacing calls to f with calls to fm would
remove many constraints on the holes in f , underconstraining their solutions. Second, as we saw
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earlier the template for f might contain additional information excluded by BuildAssertMap, so
replacing f by fm might underconstrain f ’s callers.

Our solution is to create an output sketch that includes both the original sketch—including
all calls to f in their original form—and duplicate sketch code that calls fm in place of f . The
duplicated code refers to the same holes as the original sketch. Hence, information derived from
the duplicated code can potentially greatly speed up solving of the original code.

Algorithm 3 shows MockHarnesses, which creates this duplicate code. The algorithm
begins by constructing a call graph G from the sketch p′ from the previous step. Note that none
of the mocks in p′ are called yet, so the call graph is the same as for the original sketch. Next,
the algorithm duplicates the sketch one level of the call stack at a time, starting at the mocks
and working up toward the harnesses. To limit duplication, e.g., for mocks called by recursive
functions whose duplication would loop infinitely, the algorithm bounds the duplication depth.
For each level i, it iterates through all functions g ∈ Callers(G, domFi), meaning functions g
that call a function in the domain of Fi. It duplicates each such g, replacing calls to functions
f ∈ domFi with calls to Fi[f ], and then adds the duplicated function to the sketch. Since g has
now been renamed, g 7→ g′ is added to a new mapping Fi+1, and calls to it are duplicated in
the next iteration, repeating until reaching the root of the call graph or the maximum duplication
depth. Note the process is the same for both regular function definitions and for functions that are
harnesses.

For example, suppose harness h calls function g, which in turn calls function f , and as-
sume GenerateMocks created fm and gm. Then in the first iteration, MockHarnesses creates a
duplicate h′ that calls gm and a duplicate g′ that calls fm. In the next and final iteration, it creates
a duplicate h′′ that calls g′.

Whenwe insert the duplicate functions, we insert them before the original functions. Doing
so ensures that when we insert the duplicate harnesses that call the mocks, Sketch will solve those
harnesses before solving the original ones.

2.4 Evaluation

We evaluated Sketcham on ten benchmarks, running each from 11 to 1487 times until reaching
statistically significant results. We found that, for six of ten benchmarks, Sketcham performs up
to 5× faster than Sketch, for one benchmark Sketcham is slower by a factor of up to 0.9×, and for
the remaining three benchmarks performance is indistinguishable. We examined the benchmark
dedup (Figure 2.1) in depth and found that, as suspected, overall performance improvement is due
to improved synthesis time when using sort_mock.

Implementation. Sketcham comprises approximately 1075 lines of C++ codewithin the Sketch
backend. The user enables Sketcham with -mock and specifies the max mock duplication depth
via --bnd-mock-depth, which defaults to 3.

Because they clone and then rearrange the input Sketch IR program, the run time of Al-
gorithms 1-3 is approximately linear in the number of functions and the number of asserts in
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the sketch. Our implementation covers the features given as part of the Sketch IR fragment
in Figure 2.4, with the modification that we explicitly depict assignment, which Sketch IR does
not require because it structurally hashes expressions to yield a compact in-memory representa-
tion [SL08].

Benchmarks. We used the following benchmarks:

• double, the integer doubling program given in Figure 2.2.

• absval, the absolute value function, shown in Figure A.1.

• fib, the linear-time Fibonacci function. The specification requires its output to be equivalent
to the exponential time algorithm. See Figure A.2.

• datetime, a simplified implementation of the C strptime function. This function accepts a
format that it uses to parse a date/time string.

• boyerMoore, which implements the Boyer Moore string search algorithm [BM77].

• regex, a regular expression matching engine and compiler.

• spellcheck, a program that suggests a corrected version of its input using the Levenshtein
edit distance from entries in a dictionary. See Figures A.3 and A.4.

• minpair , uses edit distance to find the closest pair out of an array of values. See Fig-
ures A.3 and A.5.

• dedupi, deduplication with insertion sort, shown in Figure A.6, and dedupm, deduplication
with merge sort, shown in Figure A.7. We saw a simplified version of dedupm earlier in
Figure 2.1.

Sketch has a multitude of configuration options that can have a large effect on perfor-
mance. The middle portion of Table 2.1 gives values for the four options that differ across the
benchmarks: int type, whether Sketch uses symbolic integers (in either a bit-vector encoding or
a sparse encoding [SL08]) or native integers [SL20]; int bits, the number of bits per integer; loop
unroll, the maximum loop unrolling depth; and func inline, the maximum depth of function call
inlining.

We selected values for these options that reflected each benchmark’s design and demon-
strated pronounced run time differences from Sketch to Sketcham, as follows. double and absval

use Sketch’s defaults. fib tests recursively computing the Fibonacci sequence up to the tenth entry,
so function call inlining is set accordingly. regex is required to reject bad matches, which requires
higher unrolling and inlining. datetime, boyerMoore, spellcheck, andminpair need higher loop un-
rolling to iterate over long strings. These last three and both dedups also do much better using
native integers. The dedups also run unreasonably slowly with more bits or higher unroll, so we
reduced the amount of unrolling. In all our benchmarks, any configuration options not discussed
here were left as their defaults, including the mock duplication depth, with the default of 3.
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# # int int loop func Sketch runs Sketcham runs

lines holes type bits unroll inline total failed total failed

double 8 1 symbolic 5 8 5 17 0 17 0
absval 69 9 symbolic 5 8 5 17 0 17 0
fib 46 4 symbolic 6 8 10 20 0 65 0
datetime 177 3 symbolic 11 20 5 11 11 17 0
boyerMoore 136 16 native 7 13 5 17 0 153 19
regex 357 5604 symbolic 5 30 7 17 0 17 0
spellcheck 94 5 native 5 9 5 17 0 17 0
minpair 113 3 native 5 10 5 17 0 22 2
dedupi 73 1134 native 2 4 5 1487 88 762 23
dedupm 80 9008 native 2 4 5 648 281 88 16

Table 2.1: Benchmark config options and characteristics.

Methodology. All measurements were taken on a 3.2 GHz AMD Ryzen 5 1600 system with
32GB of RAM. We found that while most benchmarks consistently perform within half an order
of magnitude under both Sketch and Sketcham, in a few cases synthesis time varies by as much
as two and a half orders of magnitude. To account for this variance during our evaluation, we
repeatedly ran each benchmark until achieving statistical significance, between 11 and 1487 times,
as listed in the rightmost portion of Table 2.1. Each run was executed with the system otherwise
almost totally idle to minimize interference. While most runs completed successfully, we exclude
those that exceed a 60 minute timeout or fail to synthesize due to exhausting system memory or a
crash within Sketch. To give an idea of the problem size, the leftmost portion of Table 2.1 lists the
numbers of lines and holes per benchmark.

As other work has observed [GBE07], performance evaluation methodologies that lack
rigor can lead to misleading and incorrect conclusions. To avoid this problem, we collect enough
data to calculate a percentile’s confidence interval (CI) at a given confidence level (CL). We employ
the classic Clopper-Pearson [CP34] (or “exact”) method using the probabilities of the Binomial dis-
tribution to iteratively calculate confidence intervals for a given dataset. While other methods are
often used, many of these assume an underlying Gaussian distribution. The underlying distribu-
tions for our measurements are not known and do not appear to be Gaussian, a case the exact
method handles correctly.

Run time variance is not correlated across configurations, so the number of runs needed for
significance can differ from Sketch to Sketcham, as reflected in the “total” columns of Table 2.1. We
ran each configuration repeatedly until measurements met two statistical significance conditions.
First, that they reach a 95% CL that the population median lies within at most a 20% CI around
the sample median. For example, for a sample median of 100s, the population median might lie
between 90s and 110s, or between 98s and 118s, depending on the underlying distribution. Second,
the CI must range between the first and third quartiles to increase the confidence that the median
measurements adequately reflect the underlying distribution. In seven out of ten benchmarks these
two conditions were sufficient to yield CIs that did not overlap across Sketch and Sketcham, which
allows for statistically significant performance claims about these benchmarks.
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Figure 2.5: Total time (s). Times are drawn as notched box plots, which give the distribution’s
median inside a notch indicating its confidence interval. As usual, the box extends to the first and

third quartiles, and whiskers extend to the full distribution. To better focus on the data, we
truncate some whiskers. Note differing y-axis scales both here and below.

2.4.1 Performance

Figure 2.5 shows the running times of Sketch and Sketcham on our benchmarks. The distribution
of times is shown as notched box plots. The boxes extend from the first to the third quartile, with
the median shown as a mid-line. The CI is indicated by the notch. The whiskers extended to the
minimum and maximum values (some whiskers are truncated to allow for a closer view of the
median).

Following standard practice, we conclude that two configurations have a statistically sig-
nificant difference in performance if their CIs do not overlap, as there is then high probability that
the median times of the distributions are different. We see that for six of the ten benchmarks,
Sketcham is faster than Sketch, while one is marginally slower and three display no significant
performance change. We investigated each benchmark’s performance in detail, discussed next.
The performance differences we report are ratios of the run time of Sketch to Sketcham for a
given benchmark. Due to uncertainty we report speedup ranges for the median, comparing the
opposite extents of each CI. This comparison ranges from, at minimum, the ratio of the faster end
of Sketch’s CI to the slower end of Sketcham’s CI, up to, at maximum, the ratio of the slower end
of Sketch’s CI to the faster end of Sketcham’s CI.

The times shown are total run time, which can be broken down into synthesis, verification,
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and overhead time. For Sketcham, overhead can further be broken down into mock construction
and normal Sketch overhead. The total runtime overhead of mock construction is less than 0.4% for
all benchmarks except regex (3%) and both dedups (∼20%). In most cases, this time was dominated
by the GenerateMocks and BuildAssertMap phases.

The double benchmark’s performance is approximately the same in both cases. In fact, the
CIs overlap almost completely, suggesting the performance may be dominated by constant factors
in Sketch.

The absval benchmark is also approximately the same. It is another simple program that
Sketch solves very quickly, and as such the mocks only add to the verification time.

The fib benchmark asserts that, on integers 0 to 9, the to-be-synthesized linear-time Fi-
bonacci implementation returns the same result as an exponential-time implementation. In Sketch,
the calls to the exponential-time algorithm cause a slowdown. But since Sketcham replaces calls to
the exponential-time algorithmwith calls to a (constant-time)mock, Sketcham achieves a speedup
of 3.8–4.5×. While it is difficult to make out in the plot, the median and CI lie immediately above
the first quartile for Sketcham.

The datetime benchmark fails to synthesize in Sketch due to memory exhaustion, but it
consistently synthesizes in just a few seconds using Sketcham. Investigating further, we found
the bottleneck is a function that parses strings into integers in a loop that converts digits and
adds them to a running total. For example, the digit sequence abc is converted to the integer
100*a+10*b+c. This conversion loop is unrolled to the maximum bound by Sketch, and the input
strings are of varying sizes, which is encoded as a separate formula for each possible length. The
SAT conversion algorithm translates symbolic arithmetic formulas according to combinations of
possible values of their subformulas, which results in very large SAT formulas in this case. Later
in the conversion, these are merged back together in another quadratic operation. Due to the
number of formulas and overall formula size, this translation eventually exhausts memory. While
Sketcham technically faces the same issue, it does so after decomposing the sketch into smaller
formulas, and thus these limits are never approached.

The boyerMoore benchmark runs 4–5× faster under Sketcham than Sketch. The reason
is similar to the previous case. boyerMoore includes a generator that constructs arithmetic ex-
pressions that add and subtract a small set of values including a hole. Sketch constructs these
expressions recursively so they grow quickly, with the total number of terms determined expo-
nentially by the degree of function inlining, and the resulting expressions have high symmetry,
both factors that slow down solving, further compounded by the location of this expression deep
within the sketch. Because Sketcham breaks the problem’s dependencies, this expression can be
synthesized separately from the rest of the program, which proceeds much more quickly.

The regex benchmark’s overall performance using Sketcham is statistically significantly
slower by a factor of 0.98×, which is a minimal difference in practice. The main mocked function
here performs compilation of a regular expression into instructions for a virtual machine. Because
compilation is recursive, it is difficult to give a specification that Sketcham can use. It is instead
given by example with an exhaustive set of subproblems, which greatly increases the number of
harnesses to solve. While most harnesses keep similar performance and the slowest harness is 8%
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Figure 2.6: Breakdown of dedup runtimes grouped by harness (s)

faster in Sketcham, this is not enough margin to improve overall solve time.
The spellcheck benchmark using Sketcham sees a speedup of 1.5×, while minpair per-

forms roughly the same (0.89–1.04×). Both rely on the same Levenshtein edit distance algorithm.
The harness for this algorithm, which is themost time-consuming in either sketch, runs last in both
settings, which reveals the source of the performance difference between the two benchmarks.
minpair is dominated by synthesis time and spellcheck by verification time, which means that
harnesses for the minimum pair function are more difficult to synthesize than for the spellcheck
function, and so the former accumulates more state within the solver that is compounded when
solving the Levenshtein harness. This slows it down enough to decrease the overall performance.
On the other hand, the improvement of spellcheck is distributed across all individual harnesses, and
across both synthesis and verification time, more than making up for the time it takes to construct
and solve the mock harnesses.

Finally, the dedups show a notable performance improvement with Sketcham. In both
dedupi and dedupm, the problem is large and complex enough that plain Sketch struggles with
it. Sketcham eliminates the interactions of holes across the deduplication and sorting functions,
which speeds up synthesis by a factor of 1.3–1.9× for dedupi and 1.003–1.5× for dedupm.

2.4.2 Case Study: Deduplication

Next, we examine the performance of dedupi and dedupm in detail, as they illustrate the strengths
and weaknesses of Sketcham. We break our discussion into comparisons of solving time across
harnesses and comparisons of CEGIS synthesis time to CEGIS verification time.

Time to Solve Each Harness. Both dedupi and dedupm are structured the same way, and
Sketcham creates the harnesses and mocks shown in Figure 2.1c for both. Figure 2.6 breaks down
the total times for dedupi and dedupm, grouped by the harnesses for sort and for dedup. We ex-
clude overheads such as time spent in mock construction, parsing the input, and reassembling the
output.

We make several observations. First, comparing the first and third columns within each
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subfigure, we see the time for solving h_sort is the same for Sketch and Sketcham. This makes
sense because h_sort' adds no information—it calls mocked sort and then immediately asserts
the same specification as in the mock. Note that, while the trivial h_sort' harness could be elided
here, creating an analogous harness would be useful if the harness accidentally contained a con-
tradiction. In such a case, Sketcham would almost instantly decide the harness is unsatisfiable,
whereas Sketch could spend an arbitrary amount of time reasoning about the computation in the
actual called function before detecting the contradiction.

Second, comparing the second and fourth columns within each subfigure, we see that the
CI of h_dedup using Sketcham lies well below the CI using Sketch. The speed improves by a
factor of 3.2–4.7× for dedupi and 2.2–4.9× for dedupm. Examining this result in detail, we find that
Sketcham works exactly as intended: h_dedup'' calls the mocked sort, enabling it to synthesize
quickly and assign holes correctly, which are then simply verified when checking h_dedup (and
h_dedup' is trivial, similarly to h_sort').

Third, also comparing the second and fourth columns, we see the variance in performance
for Sketch is much greater than for Sketcham. Investigating further, we found this increase occurs
for two reasons. First, the specification in h_sort is weak enough2 that sometimes an incorrect hole
assignment for sort satisfies the verifier and is only discovered while synthesizing h_dedup, forc-
ing the solver to backtrack at great cost and simultaneously consider the holes in both functions.
Second, even when the solver finds a correct assignment for sort, it includes the entire formula
again while solving h_dedup, resulting in a much larger problem and corresponding variability. In
contrast, with Sketcham, h_dedup'' is decoupled from sort, eliminating these issues.

Fourth, we observe that both Sketch and Sketcham can solve h_sort about 10× faster for
dedupi than for dedupm. Overall, merge sort is more challenging for Sketch than insertion sort
(note that since Sketch finitizes the problem by, e.g., unrolling loops, asymptotic complexity does
not play a role). More surprisingly, synthesizing h_dedup is also faster for dedupi compared to
dedupm. We believe this occurs because synthesis of h_dedup must sometimes recover from a bad
hole assignment from h_sort, which will be quicker for dedupi, and because the easier synthesis
of dedupi means the solver accumulates less state, such as conflict clauses, that would otherwise
slow down solving subsequent harnesses.

Finally, we begin to get a clearer picture of the divergence between dedupi and dedupm. In
dedupi, h_dedup synthesis is the performance driver, and the improvement using Sketcham has a
significant impact on total performance improvement. In dedupm it is overshadowed by h_sort,
which dominates to the point that improvement elsewhere is not as significant a contributor. Com-
binedwith the overhead ofmock construction, this leads to a less pronounced improvement in total
performance.

Synthesis and Verification Time. Figure 2.7 shows the times for the CEGIS synthesis phase
and verification phase for each benchmark under Sketch and Sketcham. Not shown are the over-
heads of mock construction, parsing, etc., which for dedupi we found took 3–4s in Sketch versus

2In addition to the specification we have supplied, a complete specification of sort relies on the existence of a
permutation function over the array’s indices.
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Figure 2.7: Breakdown of dedup runtimes grouped by phase (s)

17–19s in Sketcham, and for dedupm took 90–96s in Sketch versus 201–207s using Sketcham.
We believe much of the difference between these could be eliminated with additional engineering
effort.

Looking at verification times in Figures 2.7c and 2.7d, we see that while the verification
times for Sketch and Sketcham are different, they are still relatively close: Sketcham is 0.81–
0.86× slower for dedupi and 1.12–1.16× faster for dedupm. In contrast, comparing synthesis times
in Figures 2.7a and 2.7b, we see a more significant speedup for Sketcham over Sketch: 1.59–2.55×
for dedupi and 1.28–2.28× for dedupm. Moreover, if we compare synthesis and verification time,
we see that the overall solving time for both benchmarks is dominated by synthesis time. Indeed,
we observed even greater synthesis speedups on other benchmarks including fib (4.2–5.1×) and
boyerMoore 5.2–6.9×, but the most extreme of which was spellcheck, which saw synthesis speed
up by 308.4–345.7× using Sketcham. Thus, we find that Sketcham’s performance improvements
come from reducing synthesis time by introducing mocks that decrease the number of holes that
need to be considered at once.

2.4.3 Discussion

In general, we found that Sketch’s performance is unpredictable in practice due to the use of
randomness in the algorithm. For example, in terms of overall solving time, our experimental
runs included several outliers (not shown in Figure 2.5) near the 60 minute timeout. In these
cases, Sketch essentially makes a very poor initial guess for the holes, and verification produces
counterexamples that do not add much information. Both Sketch and Sketcham exhibit this issue.

Moreover, often what seem like minor changes in the program sketch or configuration
options can result in totally different solver behavior, and hence performance. One example of
this was boyerMoore, which turned out to be non-linearly sensitive to the loop unrolling parameter.
This benchmark was also extremely fickle about the problem formulation—holes in what seemed
to be innocuous locations would lead to timeouts in both Sketch and Sketcham. Another example
is dedup, which initially had a specification that omitted a requirement that the output array did
not have a negative length. Without this constraint, the performance benefit of Sketcham was
overwhelmed by the variability of the solver exploring ultimately impossible scenarios.
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Overall, our results suggest that while Sketcham can’t always outperform plain Sketch,
it performs best on problems split into functions whose tests cover the behavior the sketch actu-
ally relies on while being easier to compute than the functions’ actual implementations. While
Sketcham affected the performance of both CEGIS phases, the best improvements were observed
when the solving time of dependencies was dominated by the synthesis phase. For programs with
these properties, Sketcham can exhibit a performance improvement of asmuch as 5× overall, with
synthesis time improvements alone of up to 345.7×. Moreover, in some cases, such as datetime,
Sketcham can solve problems that are out of reach of plain Sketch. For programs where these
properties do not hold, Sketcham performance is typically similar to plain Sketch.

2.5 Related Work

There are several threads of related work.
Program Synthesis with models. As discussed earlier, our work builds on work by Singh et

al. [SSX+14], who proposemanually createdmodels for Sketch. While Sketcham relies on the core
algorithm of that work, Sketcham frees the Sketch user from needing to write models, because
we create mocks automatically from normal sketches. Mariano et al. [MRX+19] use algebraic
specifications to model libraries. In contrast, our approach derives specifications from the input
program’s assertions, without requiring the programmer to add annotations.

Deriving mocks and specs from tests. Saff et al. [SAPE05] use the capture and replay of
actual test executions to automatically generate mock dependencies with the goal of speeding
up test execution. Fazzini et al. [FGO20] further generalize this capture-and-replay technique to
consistently model the environment of a mobile app under test, allowing for testing apps that
use an inconsistent resource like a database or network device. Both of these target normal testing
rather than synthesis. Nguyen et al. [NWKF17] leverage symbolic execution over input-output test
pairs to perform program repair. However, they use these tests to model individual expressions
instead of modeling entire functions. The insight underlying these approaches is similar to ours,
however Sketcham is capable of both input-output pairs and general properties, and does not rely
on either concrete or symbolic execution of tests.

Component-based synthesis. Gulwani et al. [GJTV11] model programs using logical input-
output relations to synthesize loop-free bit-vector programs. Shi et al. [SSL19] combine many
solutions that each only partially meet a specification into one that meets the entire specification.
Both approaches limit the synthesis search space by building their solutions from the bottom up,
from a selection of base components. Smith and Albarghouthi [SA19] prune the search space using
bottom up algebraic rewriting of the program into an equivalent normal form. In contrast to these,
Sketcham derives its benefits from breaking apart input sketches from the top down, at function
level granularity.

Modular synthesis using symbolic or actual execution. Samak et al. [SKR19] derive specifi-
cations of class methods using symbolic execution and use them to synthesize a replacement shim
class one method at a time. Van Geffen et al. [VGND+20] use symbolic execution to model abstract
virtual machines to modularly synthesize a compiler one instruction at a time. In contrast, because
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our approach derives mocks directly from the input’s assertions, we need not consider the code
itself when modeling it. Hua et al. [HZZK19] modularize the synthesis of library calls through
execution of actual partial programs. In contrast, we attempt to avoid called functions entirely by
relying on their inferred specifications.

Other approaches. Bodík et al. [BCG+10a] finalize incomplete programs using angelic non-
determinism. In contrast, Sketcham does not introduce arbitrary angelic values, but instead con-
strains any angelic-like behavior using a function’s inferred specification. Huang et al. [HQSW20a]
use a divide-and-conquer strategy to iteratively split synthesis problems according to heuristics.
In contrast, Sketcham splits problems structurally in a single pass. Polikarpova et al. [PKSL16]
speed up synthesis throughmodular verification using refinement types. In contrast, our approach
achieves a similar kind of modularity without being type-directed.

2.6 Summary

Modular synthesis is the technique of breaking apart large synthesis problems to synthesize their
pieces individually. Sketcham is an approach to modular synthesis in the Sketch language that
uses specification meta information learned from a sketch’s existing harnesses themselves to con-
struct mock implementations of functions. The mocks can be used in place of calls to the originals,
decoupling the use of a function from its implementation. By constructing new subproblems in
this manner, each function can be synthesized in relative isolation. The algorithm presents these
subproblems to the synthesizer in order of dependency, followed finally by the original sketch to
guarantee correctness. During our evaluation, we observed that Sketcham can speed up synthesis
by as much as a factor of 5×, and was at worst a marginal 0.98× slower.

Ultimately, while the Sketcham approach is a promising approach that can benefit synthe-
sis, it is limited to highly complicated yet highly decomposable sketches. Program transformations
in general are also often costly, and when applied outside of their domain are just as likely to slow
synthesis down more than solving the problem as it was originally stated. For a more broadly ap-
plicable approach, we have to leave behind modularization and explore an entirely new sketching
synthesis system that, rather than finding satisfying solutions, searches for optimal ones. In the
next chapter we change gears to look at the optimization-aided core language of that system.
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Chapter 3

Scimitar: Functional Programs as

Optimization Problems

3.1 Introduction

This Chapter explores the optimization-aided language Scimitar, that enables seamless integration
of mixed integer linear programming (MILP) constraint optimization problems into functional
programs, a necessary building block for optimal synthesis. Unlike the imperative Sketch language
discussed in the previous chapter, the functional paradigm is stateless, a design feature which helps
to simplify modeling optimization problems.

MILP has limited expressiveness, which prevents users from easily encoding complex se-
mantic concepts. Scimitar overcomes this using a high level language with a compiler that trans-
forms a user’s program into MILP using expert encodings.

Our approach is inspired by the Satisfiability Modulo Theories (SMT) solver-aided language
Rosette. Like Rosette, Scimitar combines functional and symbolic reasoning in the same pro-
gram, but unlike Rosette, Scimitar is optimization-aided—specifically by a MILP solver—rather
than SMT-aided. Scimitar provides the (minimize o e) construct, which minimizes the objec-
tive o with respect to the constraints in the body expression e. This expression contains function
calls, conditionals, loops, and more. It is compiled by Scimitar into optimization problems, which
relieves Scimitar programmers of the burden of encoding these constructs by hand, enabling a
level of abstraction not available in normal optimization problem representations. Section 3.2 gives
two examples demonstrating our language design while explaining Scimitar’s behavior in detail.

Another difference is that Scimitar separates host semantics from the solver semantics
used in the body of minimize. This distinction is important because it allows users to distinguish
between normal execution and optimization solving. Host semantics behaves the same as any
normal functional language, while solver semantics translate source code into MILP problems
in standard form, which it then submits to a solver. Scimitar also includes a type system that
tracks variable bounds, which are required by optimization solvers. Section 3.3 gives a grammar
and formal semantics for Scimitar that precisely captures how functional and optimization code
interact.
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Scimitar uses a wide range of encodings to lower functional programming features to
optimization code, while Rosette relies directly on its underlying SMT solver, Z3, for its smtlib2
encoding and built-in translations. Scimitar has encodings for features such as multiplication,
booleans, conditionals, and dynamic vector indexing. Since solver problems cannot model infinite
loops or recursion, Scimitar must also perform function call inlining and loop unrolling during
compilation, which emplace the body of a loop or function at each occurrence up to some user
defined number of repetitions. Section 3.4 describes these encodings.

Finally, the applications of these languages are quite distinct. Users who are focused on
numerical applications that require optimal values should generally prefer to use Scimitar, while
those interested in purely discrete logical domains or have no need for optimal values will ben-
efit more from using Rosette. Concrete examples of applications given by Rosette’s developers
include formal verification of systems such as Just-In-Time (JIT) compilers, synthesis of GPU ker-
nels, program repair, and model checking. On the other hand, Scimitar targets applications such
as logistics problems, resource allocation, and design optimization. Section 3.5 presents Scimitar
benchmarks in different domains to demonstrate the capabilities in our system’s design. We mea-
sure performance, giving evidence that a dedicated MILP solver compares favorably with the more
general purpose SMT solver on optimization applications.

3.2 Examples

Scimitar is a unique language design that lets a user seamlessly combine optimization with clas-
sical computation. It combines these paradigms through an integrated MILP solver, which is
controlled via constraint assertions and an optimization construct. Scimitar provides functional
features including recursive, anonymous, and (limited) higher-order functions; conditionals; let
bindings; and values including numbers, booleans, and tuples.

This section introduces Scimitar via two examples, a recursive summation function and
an arena allocator. Section 3.5 walks through several more examples.

3.2.1 Sum from Zero to N

Scimitar programs are written as a specialized language within Racket. In addition to standard
functional language features, Scimitar includes a form (minimize o e), where expression o is the
objective function to minimize subject to constraints in the expression e over some set of symbolic
variables scoped to that term. These are variables whose values are to be decided by the solver,
declared using the (symbolic) term. For example, Figure 3.1 shows a simple Scimitar program
that finds the minimum value of the symbolic variable n subject to the constraint

∑n
i=0 i ≥ 100.0.

This constraint uses the recursive function sum-to-n, defined within the minimization expression
with two variables n and acc. On line 6, if n is zero, sum-to-n returns acc. Otherwise it recurses,
decrementing n and adding n to the accumulator. When executed, the final result is n = 14.

Normal program semantics executes with a known n and calculates a final value sequen-
tially. On the other hand, solver semantics must model the whole program at once, divining the
initial n from the constraint on the result value.
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1 (minimize n
2 (define n (symbolic))
3 (letrec
4 ((sum-to-n

5 (lambda (n acc)

6 (if (= n 0.0) acc

7 (sum-to-n (- n 1.0) (+ n acc))))))

8 (assert (>= (sum-to-n n 0.0) 100.0))))

Figure 3.1: Example of a recursive function

The recursion in sum-to-n effectively creates a constraint against the conditional branches
at each recursion depth. Recursion is handled via inlining, which relies on a sentinel constraint
to indicate dynamically to the solver that the inlining depth has been reached. The constraint on
line 8 is finally satisfied when n+ (n− 1) . . .+ 0.0 ≥ 100.0, and the value of n is chosen.

In solver semantics, the entire if expression on lines 6-7 is active, including the guard and
both branches. Branches taken can be picked dynamically, and can even decide the guard. This
example forces the solver to choose between branches according to the accumulator value rather
than n.

However, during normal execution both branches cannot be active simultaneously, so the
solver must have a way to enable one and disable the other depending on the result of the condition
expression. Enabling branches dynamically can not be done directly, but it can be accomplished
indirectly using the encoding Jif c then t else fK = c · t + (1 − c) · f . The condition expression
(= n 0.0) has a binary type, and we use that as the indicator variable c. If c is true, the result
of the true branch t is multiplied by one, and the false f by zero, and vice versa. I.e., if c = 0,
then 0 · t + (1 − 0) · f = f , which selects the false branch. We expand this multiplication using
McCormick envelopes, discussed below in Section 3.2.2.

Scimitar’s functional language compiler translates this example to a restricted constraint
language via this encoding as well as many others. From there, the optimization language compiler

outputs a matrix format understood by Scimitar’s virtual machine, which repeatedly invokes a
MILP solver and decodes the optimum into a continuation, a pair of a function and its input values,
to then load and execute.

This example demonstrates how in the high level language users can reason about each
constraint sub-problem independently, and Scimitar does the heavy lifting of composing these
into an overall problem. By considering a term in isolation, users can ignore its structural relation-
ship with adjacent terms. While such decomposability does not make reasoning about the solver’s
decision process for a particular program any easier, it does provide some guarantees about the
program’s construction. This is in contrast to normal optimization problems, where users must
put in effort to tie parts of their problem together, which later on could represent a maintainability
hurdle. Our goal is to allow users to implement certain classes of problems, including traditional
optimization problems such as those presented in Section 3.5.

28



1 (define arena (Init-Arena))
2 (define (Allocate size)

3 (let ((bucket-ix (Bucket-For-Size size)))

4 ...

5 (Update-Arena-Dist arena)

6 (Grab-Block bucket-ix)))

Figure 3.2: Allocate example: Allocate

3.2.2 Arena Allocator

The previous section gives a basic example of a top-level minimize expression, but in gen-
eral Scimitar allows such expressions within the body of a larger program, which enables iter-
atively solving the problem. Figures 3.2 and 3.3 explore Scimitar’s host-solver boundary with a
more complex example.

This Section demonstrates a memory allocator like malloc. Some malloc implementations
use an arena of buckets based on allocation size, with allocations drawn from the least greater sized
bucket. When users request a block of memory, the allocator retrieves one from the appropriate
bucket. Because the dynamics of memory allocation cannot be predicted, it is impossible for an
algorithm to perfectly balance the arena statically. Over time, some buckets are used more than
others, and the logical solution is to dynamically rebalance the buckets to prevent that.

Figure 3.2 defines Allocate, a stateful allocator function that follows this design. It is
responsible for the mutable state, including the current arena as well as the history of arenas, used
for hysteresis. Line 1 initializes the global constant arena, the number of buckets for each size.
The exact blocks the arena uses are managed outside of the optimization, and are not shown.

Line 3 selects the bucket containing the requested block, which is then updated to ensure
one is available. This bucket is used in various other operations that we omit for brevity. The
call to Update-Arena-Dist on line 5 rebalances the buckets according to the user’s algorithm. We
discuss our implementation of Update-Arena-Dist below. Finally, line 6 returns a new block to
the user.

A straightforward way to rebalance buckets is to use heuristics such as high water mark or
average value. Most heuristics may not be optimal overall, and some might not be easily specified.

Our implementation adjusts the number of slots within each bucket via an optimization
problem. For explanatory purposes, we give an outline for one possible version of this in Figure 3.3;
our evaluation includes a benchmark with a different approach to the problem in Figure D.2. The
solution to this problem redistributes slots from an underused bucket to an overused one within
the arena. It passes values back and forth cyclically until finally settling on a result that satisfies
both host and solver. The goal of the implementation is to try to approximate an optimal future
bucket layout based off of knowledge of past allocation behavior. Note that we make a number
of simplifying assumptions here—a real implementation must handle all the complexity of a real
system.

This example uses three new features—for, vec-ref, and functions over vectors. Iteration
(for ([i (range n)]) e) can perform some computation e for index i from 0 through n. Vector
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7 (define (Update-Arena-Dist old-arena)
8 (let ((new-arena

9 (optimum-ref optimal-arena

10 (minimize mem-usage

11 (define optimal-arena (symbolic))
12 (define mem-usage (symbolic))
13 (define derate (symbolic))
14 (define adjust-bucket (symbolic))
15 (assert (>= optimal-arena

16 (... history derate)))

17 (for ([b (range bucket-count)])

18 (if (vec-ref adjust-bucket b)

19 (assert (... derate outliers))

20 (assert (... derate))))

21 ;; ... plus additional constraints to

22 ;; establish the relationship between

23 ;; mem-usage and optimal-arena ...

24 ))))

25 (if (Converges? new-arena old-arena)

26 (Set-Arena new-arena)

27 (Update-Arena-Dist new-arena))))

Figure 3.3: Allocate example: Update-Arena-Dist

indexing (vec-ref v k) retrieves the kth index of the vector v. Both the index k and the upper
bound n can be concrete values or symbolic variables. We discuss these in Section 3.4.

Line 7 defines Update-Arena-Dist, a recursive function that calculates a new arena by
minimizing the total memory according to various constraints until it converges. On line 10 we
cross the host-solver boundary via the minimize expression, going from normal functional seman-
tics to Scimitar’s solver semantics. Note how the syntax does not change across the transition,
allowing programmers to focus on the semantics of their problem. See Section 3.3.1 for more de-
tails. This minimize expression introduces the symbolic optimal-arena, mem-usage, derate, and
adjust-bucket variables. The result of the expression minimizes the total memory used by the
new arena, while retrieving the arena itself. The constraints shown make up the core heuristic,
which relies on the two symbolic variables derate and adjust-bucket to incorporate weighted
allocation trends into the current arena via hysteresis. We omit a few constraints establishing the
relationship between the total memory and the new arena. Conceptually, these constraints flow
the minimization of the memory usage down to the individual buckets, weighted by their sizes.

The implementation of that heuristic uses the three features mentioned above. We deter-
mine derate dynamically by looping over the boolean vector adjust-bucket (up to the parameter
bucket-count), starting on line 17. We access each bucket one at a time to determine the manner
in which derate is constrained. The number of true buckets is upper bounded by a parameter set
by the system. The conditional considers both derating possibilities simultaneously. If true for
a particular bucket (line 19), its derating factor is constrained by a call to a function, including
some outliers parameter known to the system. If false (line 20), derate is constrained by some
different function that does not depend on the outliers.
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e ::= x | v | symbolic | letrec f ⇐ e in e

| if e then e else e | e ; . . . ; e | λ x . e | e e
| for x ⇐ e do e | sum x ⇐ e of e
| e + e | e · e | ref e e | ( e , . . . , e )
| assert C | optimum-ref x e | minimize o e

C ::= e ⪯ e

v ::= () | n | α | ⟨ e , . . . , e ⟩
o ::= x | n | α | o · o | o + o

x, y ∈ vars n ∈ Z α, β ∈ R
f , g ∈ funcs

Figure 3.4: The Scimitar source language

The interaction between the two variables is subtle, and it may be the case that attempting
to optimize the new arena according to the hysteresis criteria may fail some non-linear alloca-
tor convergence criteria. The algorithm transitions on line 25 back to the host semantics, then
tests whether the new and old arenas converge. If the new arena has converged, then on line 26
the algorithm sets the arena and returns. Otherwise (line 27) it recurses with the new value. A
real implementation would schedule rebalancing on some cadence instead of recursing, and after
convergence to the steady state distribution would presumably switch to some cheaper but more
approximate algorithm such as high water mark.

Note that unlike Figure 3.1, this recursion uses host semantics. Rather than creating a
single optimization problem, host semantics generate a series of optimization problems executed
one at a time. This execution strategy is made easy by the design of Scimitar’s virtual machine,
which directly integrates continuations, easily allowing for such chaining (see Section 3.3.3). We
discuss recursion using solver semantics in Section 3.4.2.

3.3 Functional Language

Figure 3.4 shows Scimitar’s source language. The language includes named variables x; values
v; the symbolic variable constructor; a letrec f ⇐ e1 in e2 expression that defines a function f ,
whose body e1 is always a lambda; conditionals if e then e else e; lambdas λx . e and function
application e e; sequences of expressions e ; . . . ; e, executing each expression for the constraints
it might introduce and returning the result of the final expression; loops for x ⇐ e do e that iterate
through a tuple, assigning each tuple element in turn to x and evaluating the loop body; a native
summation operation sum x ⇐ e of e that is more efficient that summing via a loop; addition e + e;
multiplication e · e1; vector indexing ref e e; and tuples ( e , . . . , e ).

The language also includes the assertion form assert C, which generates the constraint C.
Without loss of generality, in the grammar we write constraints as e ⪯ e where, as is standard in
the optimization literature,⪯ stands for≥,=, or≤. To specify the optimization goal, the language
has solve expressions of the form minimize o e, where the objective o indicates the expression to
be minimized under the constraints generated in the body e. Objectives o are a syntactic subset of
expressions. The result of aminimize expression is a solution record, a data structure with concrete
assignments for all variables mentioned in the objective. The form optimum-ref x e returns the
solution for x from the solution record e. Note that while the grammar here is limited tominimize,
our implementation also supports a maximize solve expression.

1Note that Scimitar does not support multiplying two continuous variables—see Section 3.4 for details.
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o =

n∑
i=1

αi · yi + α · y + β

minα1 · y1 + . . .+ αn · yn + β; C ⊢ e⇝ y

JoK = cTx JCK = Ax ⪯ b
solve(argmin cTx s. t. Ax ⪯ b)→ x⋆ JvK = x⋆

minimize o e ⇓ v

Solve

e ⇓ v

optimum-ref x e ⇓ v[x]
OptRef

Figure 3.5: The solve rules of the functional host semantics
The judgment form here is the usual big-step e ⇓ v

Values in Scimitar are unit, numbers, and vectors. One deviation from the usual func-
tional language semantics is that Scimitar does not support general lists, with list syntax instead
denoting fixed-width tuples. The omission of variable-length lists is due primarily to Scimitar’s
inability to express general algebraic data types, a limitation born from the solver’s requirement
of a finite problem size (see Section 3.3.4 for more details).

As stated previously, programs in this language are sent to the functional language com-
piler, which outputs code in O, the optimization problem language. O is almost a strict subset
of the grammar presented in Figure 3.4. The only exception is the addition of a form to declare
named constraint problems we term primatives. For a complete formalization, see Appendix C.

3.3.1 Semantics

Scimitar uses two sets of semantics: functional host semantics and functional solver semantics.
Scimitar crosses this host-solver boundary via solve expressions.

Top-level code outside of solve expressions has the standard scheme-like semantics. Fig-
ure 3.5 gives a specification of the functional host semantics’ minimize and optimum-ref rules.
The Solve rule minimizes some objective o subject to the constraints induced by the expression e

to produce the solution record value v. The user supplies the objective o in a form that Scimitar
can compile down to the equation o =

∑n
i=1 αi · yi + α · y + β.

To evaluate e, we switch to the functional solver semantics. Instead of executing e as in
the host semantics, the solver semantics derive an equivalent optimization problem, if it exists,
via angelic nondeterminism [BCG+10b]. The solution to this problem is an assignment for the
objective that, when substituted into the body of e, yields a program that correctly obeys the host
semantics. The judgment form used in the solver semantics is trace-based. The relation e ⇝ y

states that the solver can only reason about the operation e in a context where the solver is aware
of some result variable y. The solvability of this relation is contingent on the existence of some
equifeasible MILP problem that minimizes an objective subject to constraints C over the objective
and result variables. For such an equifeasible MILP problem to exist, the variables and constants
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in its objective and result must be a superset of those requested by the user-supplied objective
o. While angelic in theory, in practice C and y are intermediate products of compilation. For a
complete discussion of the functional solver semantics, please see Appendix B.2.

The Scimitar objective and constraints are converted to the solver’s vector and matrix for-
mat argmin cTx s. t. Ax ⪯ b known as standard form. Standard form minimizes the function cTx,
where x is a vector comprised of all program variables ⟨y1, . . . , yn, y⟩ for the solver to decide, and
c is the given coefficient vector ⟨α1, . . . , αn, α⟩ (we ignore β since it doesn’t impact the argument
values). In the constraints Ax ⪯ b, the term A is the matrix of coefficients, and b is the vector of
bounds. Once assembled, this standard form problem is submitted directly to the solver.

The result is the vector of the optimal values of x, known as the optimal point x⋆. We
convert x⋆ into the opaque Scimitar solution record v, whose members are accessed by OptRef.

3.3.2 Types

Scimitar includes a type system built around vector shapes and value sets. The language includes
a variety of types, but they are ultimately converted into Iµ (vectors of shape µ over some interval
I). Of particular interest are the set of reals R and the set {0, 1}. We discuss types in detail in
Appendix B.1.

3.3.3 Virtual Machine

Scimitar’s virtual machine uses a CPS execution model internally. The compiler breaks code
blocks into parameterized continuations, which it stores in a table with an associated key. The
virtual machine loop looks up a key, loads the continuation, applies parameters, and finally exe-
cutes it. When complete, each continuation returns the key for the next one to execute.

Because Scimitar supports first class functions, optimization problems can take advantage
of this execution model by using continuations to direct control flow dynamically across the host–
solver boundary (for more on this topic, see Sections 3.2.2 and 3.3.1).

3.3.4 Solver Awareness

To use Scimitar, users must sometimes be aware of the solver’s behavior and configuration.
Solvers themselves have limits, like allowable solver values and finite problem size.

For example, different solvers have different numeric limits internally, which restricts the
algorithm’s precision and the values it can use. To control this behavior, Scimitar users may have
to configure the largest and smallest allowed values before compilation to ensure the solver can
handle all values needed by the program. For example, the contradict benchmark (Section 3.5) with
the default bounds is infeasible using Gurobi. By setting the bounds within 6 orders of magnitude
from largest to smallest value, it solves correctly. In general, multiplication and conditional con-
straints may introduce such precision issues. To avoid them, programmers must take care that
values used in those expressions have tighter bounds on their type (see Section 3.3.2).

While programs written by users may have unbounded behavior, problems in the solver
must be finite, which comes into play with constant propagation in loop unrolling, as we discuss
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Jx · yK ≥ xl · y + x · yl − xl · yl
Jx · yK ≥ xu · y + x · yu − xu · yu
Jx · yK ≤ xl · y + x · yu − xl · yu
Jx · yK ≤ xu · y + x · yl − xu · yl

Figure 3.6: Encoding of McCormick envelopes

in more detail in Section 3.4.2. If a loop’s bounds can be reduced to constant numeric values via
constant propagation, Scimitar unrolls the loop precisely that many times, propagating the loop
variable’s value for each iteration. However, if the loop’s bounds cannot be statically determined,
e.g., if they use unknown optimization variables, then Scimitar can not know howmuch to unroll.
The language must still finitize the program though, so it employs a common [SL20] approximate

solution to the problem by automatically unrolling the loop up to a user supplied loop unroll bound
parameter. The user has to be sure that Scimitar is configured with an unroll limit that is sufficient
to solve the problem. They must also take care that the limit is tight, because if it is too high, the
solve time can increase dramatically. The user must be aware of these limitations when designing
their programs.

3.4 Encoding Scimitar to Constraints

Scimitar uses a range of techniques and strategies to encode high-level program features. This
Section demonstrates some of the most important ones. We also discuss some of the areas where
Scimitar must take special care to avoid potential pitfalls.

3.4.1 Exact Encodings

Figures 3.6, 3.7, and 3.8 give the encodings used in Scimitar for several key language constructs
(described in Section 3.3): variable multiplication, conditionals, and dynamic indexing. Figure 3.9
presents the definitions of two libraries: Boolean algebra and variable comparison.

Variable Multiplication. Unfortunately, linear programs cannot multiply two variables, nor
can MILP programs without special constraint formulas that create a relaxation of the expres-
sion. For this discussion, we break apart variable–variable multiplication into three cases: general
continuous–continuous, binary, and integer.

The first is not possible in MILP, and requires a more powerful solver.
Scimitar does implement multiplication by a binary variable using the standard encoding

known as McCormick envelopes [Dom18], which can encode multiplication by any set with two
values. For the complete encoding see Figure 3.6. This encoding creates a convex relaxation that
simulates multiplying such a variable with any other integer or continuous variable, which ap-
proximates the original nonlinear function. This method relies on knowing the upper and lower
bounds (denoted by superscript u and l, respectively) of each variable. This simulated multiplica-
tion takes the product of these known constant coefficients with each variable individually, thereby
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Jx · y ∈ {0, 1}K ≥ xl · y
Jx · y ∈ {0, 1}K ≥ xu · y + x− xu
Jx · y ∈ {0, 1}K ≤ xl · y + x− xl
Jx · y ∈ {0, 1}K ≤ xu · y

Jx · y ∈ [0, 2n − 1]K =
∑n−1

i=0 J2ix · yiK
s.t. y =

∑n−1
i=0 2iyi

∀ 0 ≤ i < n . yi ∈ {0, 1}

Figure 3.7: Encodings of integer multiplication

Jif c then bt else bf K = c · bt + (1− c) · bf
Jif c then bt else bf K = ∀ rti ∈ free(bt).

vti = if c then rti else dti
∀ rfj ∈ free(bf ).
vfj = if c then dfj else rfj

bt[rt0 7→ vt0 ] . . .
bf [rf0 7→ vf0 ] . . .

Jref (v0 . . . vn) yK =
∑n

i=0 bi · vi s.t. y =
∑n

i=0 i · bi
1 =

∑n
i=0 bi ∀ 0 ≤ i < n . bi ∈ {0, 1}

Figure 3.8: Encodings of various useful language features

avoiding multiplying the two variables directly. Scimitar carries these bounds in the variable’s
type, which makes implementing this translation simple (see Section 3.3.2). Experts may find in-
troducing McCormick envelopes simple for small programs, but as the program grows it becomes
increasingly difficult to track and maintain them.

Multiplication by integer variables extrapolates on binary multiplication. For the full en-
coding, see Figure 3.7. Without loss of generality, we assume that y is the integer or binary variable.
In a given multiplication, the integer variable is decomposed by constraints that convert it into a
bitvector. These bits are then used in a binary multiplication constraint, and then all of them are
recomposed into the multiplication’s output. The binary multiplication is a specialized, simplified
version of the complete McCormick envelope.

Despite being a relaxation, the MILP solver algorithm guarantees that because one vari-
able is assured to be binary, the solution is valid for the original multiplication up to the internal
numerical limits of the solver.

If-Then-Else. Conditionals are implemented in two cases, shown at the top of Figure 3.8.
The simple case is used to encode conditional formulas that do not include any constraints.

Here, Scimitar encodes the guard as an indicator variable c that is multiplied by the branches bt
and bf , thus effectively “disconnecting” the other branch. By plugging true and false into c, we
can see that the corresponding branch value is returned.

The constraint case is necessary when encoding conditionals where one or both branches
contain constraints, and requires a more complex encoding. As with the simple case, to translate
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true = 1
false = 0

not(b) = 1− b
and(b1 b2) = b1 · b2
or(b1 b2) = b1 + b2 − b1 · b2
xor(b1 b2) = b1 + b2 − 2 · b1 · b2

cmp(n m c< c= c>) =
{ 1 = c< + c= + c>, 0 = c< · (m− n− ϵ),
0 = c= · (n−m), 0 = c> · (n−m− ϵ)}

Figure 3.9: Encodings of useful library functions

the constraints, we must disconnect each branch depending on the result of the guard. This is
more complicated here because asserts must only activate when their corresponding branch is
selected. We disconnect branches by replacing their variables with dummies. First, we collect the
real free variables rx from each branch, where x ranges over the free variables rti and rfi . For
each variable, we create a dummy variable dx. We then select between these one by one using the
encoding from the simple case, assigning each to the used variable vx. Finally, the branches are
encoded but substituting the real variables for the used ones.

This approach allows the solver to satisfy each branch’s constraints with variable assign-
ments that do not impact the rest of the problem. The dummies are unconstrained slack variables
that “float” without impacting the computation. Thus the active branch uses the real variables,
while constraints in the inactive branch have no effect.2

Dynamic Indexing. Dynamic vector and matrix indexing ref (v0 . . . vn) y is the process of se-
lecting a specific vector element vk using a variable y as the index. Dynamic indexing is required,
for example, in a recursive function with an argument representing the index into a vector, as dis-
cussed in Section 3.4.2. Because the index is a variable, the compiler does not know in advance how
to access the vector, and must leave it to solve time. Dynamic indexing is not a simple operation,
and needs constraints proportional to the size of the vector to break it apart. In contrast, selecting
an element using a constant is trivial, only needing a constant number of constraints to extract a
known offset. The implementation of dynamic indexing is shown at the bottom of Figure 3.8.

First, the encoding needs one-hot indicator variables bi for each index vi in the vector. Only
the indicator bk is nonzero, so the sum of all bi·vi is equal to the corresponding vector entry vk. The
variable y is translated into the one-hot encoding by scaling each indicator by its corresponding
index. For example, to select the third index, the third indicator variable b3 is multiplied by three.
This will then select the third vector element v3 as the result. The encoding is constructed this
way so that both constraints on vi and y affect the value of the ref, and so that constraints on the
ref affect the values of the vi and y.

2With one exception: if the programmer includes unsatisfiable constraints such as 0 = 1 in a branch that is not
taken, the problem will be infeasible overall.
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Boolean Algebra. The encoding of Boolean algebra is straightforward, as shown in the top set
of equations in Figure 3.9. The Scimitar library implementation uses one for true and zero for
false, and each Boolean operation can be modeled using simple sums and multiplications of their
arguments. By plugging true and false into each formula, we can see that the corresponding truth
table is satisfied.

Variable Comparison. Testing variables for equality or inequality is a necessary operation for
any numeric computation system. Scimitar’s library encodes it using one-hot indicators c<, c=,
and c>, each of which is true when one input is less than, equal to, or greater than the other,
respectively. The encoding of this test relies on some parameter ϵ, as shown in the cmp equations
at the bottom of Figure 3.9. Because they are mutually exclusive, if c= is true, it must be the case
that n−m is zero. Otherwise, this difference must be at least ϵ away in one direction or the other
(as the smallest value in our system, we do not worry about differences smaller than ϵ).

3.4.2 Approximate Encodings

Figure 3.8 omits some important encoding techniques for language constructs. One thing to note is
that unlike the exact encodings, in certain cases these techniques can lead to infeasible problems,
and some do not achieve the optimal result. The user must pay special attention to their use in
practice, as programmers often have sideband information that is not encoded directly into the
program and that is impossible to determine programmatically. Avoiding these bad cases may
require tweaking some runtime parameters, such as inlining and unrolling bounds, as we discuss
next.

Inlining. An optimization-aided language must inline all function calls, both normal and re-
cursive. As with traditional languages, function inlining directly replaces a function call with the
function body. Unlike traditional languages, optimization problems are unable to reuse code. Each
call to a function must be translated into a separate copy of that function’s constraints to allow
the solver to freely set its variables independently of the other calls to the same function.

Optimization problems are intrinsically bounded. Finitizing a recursive function is chal-
lenging because it can only be inlined up to some depth limit parameter supplied by the user at
compile time, and is unable to be invoked beyond this depth. When the limit is reached, Scimi-
tar compiles in a sentinel constraint with an associated path condition. Given a sufficient depth
limit, this path condition will not be met at solve time because the solver will be able to reach the
program’s base case. The sentinel is triggered when the solver has no choice but to meet its path
condition, which conditionally makes the program infeasible (as discussed above in Section 3.3.1).
As a consequence of this, recursion without a base case will always yield infeasible results. Note
that this design also makes it impossible for a user to distinguish whether their problem has no
solution or if a solution might be found by increasing the inlining depth limit—a fundamental
problem faced by all solver-aided systems with finite problem size.
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Loop Unrolling. Scimitar finitizes loops by unrolling them. We discuss two cases of loops:
known bounds and unknown bounds. Scimitar can completely unroll finite loops because the
number of iterations is known at compile time. If it is impossible to calculate the range of iteration,
such as when the upper bound of the type uses a solver variable, compilation falls back on a
translation to a recursive function using an index parameter. This translation produces a sequence
of index-guarded loop bodies up to a user-supplied unroll limit parameter. As with inlining, the
drawback of this approach is that the problem will be infeasible when the solver is unable to find
a solution within the number of unrolled iterations.

3.4.3 Other Considerations

Finally, to avoid explosion of the size of the compiled program, it is critical to optimize the whole-
program representation. This includes using compact code and data representations, type infor-
mation, compiler passes such as constant propagation, and constraint normalization.

Data and Problem Representation. It is critical to have an efficient representation for opti-
mization problems and their data. High level languages are highly compositional, with most terms
containing several subterms. During the translation to solver-level constraints, this can quickly
lead to large optimization problems, as translated subproblems will constantly have to be linked
up using conjoining constraints, introducing a constant number of extra constraints per subterm.
Because concatenating constraints is a frequent operation, the speed is critical. Thousands of in-
termediate constraints may be constructed, so this must take as little time as possible.

Unavoidably, the compiler may have to inspect or modify the contents of a given solver
constraint or value, e.g., when selecting an index, merging two constraints, splitting one constraint
into multiple, or scaling a value. An efficient representation can have an asymptotic speedup
for these operations. In Scimitar, we elected to represent optimization problems as normalized
sparsematrices augmentedwith typemetadata. Due to the compositionality discussed above, most
constraint rows reference very few variables, and those variables are often only used in adjacent
rows. Because the output problem generated by our compiler is very sparse and clustered around
the matrix’s diagonal, this is a very efficient representation.

Types. Scimitar’s types are invaluable for several reasons (see Section 3.3.2). Firstly, we must
track the type of data for the sake of the solver, whose internal representation requires variables
to be bounded. As usual, it is important to verify whether operations are even permitted on cer-
tain variables. Without types, it is impossible to implement the encodings we have mentioned,
e.g., McCormick envelopes and dynamic vector indexing, as they need to know the bounds and
shapes of their arguments. The approximate encodings mentioned above would also be impossi-
ble without tracking variable types, as we need them to check the path condition of the sentinel.
Finally, data flow and control flow across the host-solver boundary would not be possible without
types, since the compiler is not designed to introspect and infer the types of runtime data. Even if
the functional language values were themselves untyped, we must know the relationship between
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the functional language representation and the optimization language representation in order for
values to cross the boundary. We discuss types in detail in Appendix B.1.

Compiler Passes. The Scimitar compiler is comprised of several successive passes. Transfor-
mations such as constant propagation are critical to minimize the number of constraints. Because
assembling the final standard form problem is the most expensive step of compilation, the fewer
constraints that reach that phase, the faster the programwill compile. By eliminating or combining
redundant and coupled constraints, we can offset changes later in the pipeline where additional
constraints must be generated, such as in the case of McCormick envelope expansion. There is a
trade off, however, because the time spent performing preprocessing may actually exceed the time
spent in the solver. We found that in practice, most passes executed in a matter of microseconds,
or at worst, a fewmilliseconds. This is in contrast to assembling the standard form problem, which
was the compiler performance driver, and represents the biggest opportunity for performance im-
provements; see Section 3.5.

Constraint Normalization. One particularly important requirement for the compiler is to re-
formulate the constraints into a normalized representation by successively rewriting terms into
lower level representations and guaranteeing that some terms only appear in certain positions,
like requiring the left subterm of multiplication to be a number. It is important to eliminate terms
as early as possible, thereby requiring fewer redundant decisions. This is one reason we separate
the Scimitar grammar from the optimization language grammar. There are even cases where one
constraint must be split into two to create this streamlined representation. In addition to perfor-
mance, a side benefit of normalization is that it helps in simplifying subsequent compiler passes.

3.4.4 Pitfalls

While the encodings discussed above present opportunities to support a diverse selection of high
level language constructs, there are many challenging details that had to be carefully overcome or
avoided to implement Scimitar. We briefly discuss two of these issues.

Types. As powerful and necessary as types are in Scimitar, they are not trivial. The compiler
infers the types of variables and expressions, which is nuanced. The core feature of the type system
is the shape and bounds of vectors as mentioned in Section 3.3.2, and type information is required
to correctly lower many operations constraints.

Vectors of different bounds and shapes must often interact. Such interactions could be
problematic in a system that required strict type equality, as many expressions would not type.
Because vector types in Scimitar form a partially ordered set over their bounds and shapes we
can accommodate such interaction by performing subtype inference.

In some corner cases, such as general variable multiplication or indexing a vector by the
index of another vector, Scimitar cannot infer the type correctly, because the type system lacks
the richness to cover these cases. Scimitar currently requires type annotation for those cases, and
will produce a type error if they are missing.
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Higher Order Functions. Compiling higher order functions in Scimitar requires careful han-
dling of function arguments. There can be conflicts between supplying a function argument and
actually applying that parameter in the body of the higher order function. These conflicts arise
with functions that can not be fully inlined. In cases such as returning a function from another
function, Scimitar is not able to decide how that resulting function can be invoked. As a result,
Scimitar’s implementation of first class functions is incomplete.

3.5 Evaluation

To demonstrate Scimitar’s features and explore its capabilities, we developed several benchmarks:

• logistics is a traditional logistics example of optimizing for profit. Two versions of the prob-
lem are shown in Figures D.3 and D.4.

• pipes is a simple network flow problem demonstrating basic language features. This and
logistics show Scimitar’s applicability to classic optimization problems. See Figure 3.10.

• malloc is a full implementation of the program sketch described in Figures 3.2 and 3.3. We
give the core optimization problem for the evaluated version in Figure D.2.

• recitation minimizes the number of sections required to adequately serve the students from
a class. See Figure D.5 for the core of the benchmark.

• contradict tests a conditional that contains a contradiction.

• bounce recurses on a simple heuristic that bounces back and forth until converging. Our
implementation is shown in Figure D.1.

• sum-to-n is the problem presented in Figure 3.1.

• imp is a complete implementation of Winskell’s Imp language, which demonstrates Scimi-
tar’s full modeling power. We give an example of Imp program in Figure 3.11.

We discuss the design of each benchmark below and give its size in terms of source lines
of code (sloc), including the extra Racket support code required to decide program properties at
compile time such as input data formatting. For each benchmark, we also report Scimitar’s per-
formance in terms of compile and solve times. For several benchmarks, we wrote a corresponding
problem directly in the optimization language O. In these cases, we compare the performance of
the Scimitar-generated problem encoding to the directly written version. Most programs compile
faster inO, but the difference in performance is unpredictable. For several problems, we also com-
pare performance against Rosette versions of the benchmarks. We use Rosette’s optimize query,
which depends on Z3’s MaxRes algorithm. The performance differences are split between time
spent encoding programs and time needed by the underlying solver. Overall, Scimitar’s com-
pile times are two orders of magnitude slower than Rosette, but its solve times are an order of
magnitude faster.

Our benchmark code is available along with the Scimitar implementation [BFZ24b].
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3.5.1 Benchmarks

Logistics One of the classic domains addressed by optimization solvers is logistics problems.
We implemented an example logistics problem that optimizes and returns the maximum profit
expected from some commercial warehouse and trucking enterprise.

Originally, we implemented the benchmark in the optimization language—at the time,
Scimitar source language was not fully developed. We then continued to co-develop the source
language and the example. This back-and-forth drove the design of Scimitar, and caused us to
add support for dynamic loop unrolling, dynamic recursion inlining, and dynamic vector indexing.
Scimitar also influenced the implementation of the benchmark. Because solve-time conditionals
are central to Scimitar, as we ported to the functional language we replaced operations that were
implemented using MILP encoding techniques with structured code using for and if. Doing so led
to simpler and more intelligible code.

Overall, we found that Scimitar source language code is much easier to update and mod-
ify. Although the raw number of constraints generated by our compiler for a given problem is a
constant multiple greater than the number in the manual version, the Scimitar version is more
maintainable because as the input program grows linearly in size, the number of constraints in
the compiler output (and the manual version) grows quadratically. Because of the design of this
benchmark, most constraints in both the Scimitar andO versions are highly redundant, and some
are similar but have nuanced differences. This can make it difficult to maintain the O version if
the data changes. Furthermore, the Scimitar version can be much more easily changed, e.g., to
also optimize the number of trucks, while in a hand-written version doing so would require drastic
changes.

As a demonstration of the ease with which we can change the higher-level benchmark, we
measured two versions of the problem, one smaller and one larger. The logistics-s program has 1
product, 2 cities, 1 road, and 1 truck, while logistics-h has 4 products, 4 cities, 4 roads, and 8 trucks.
As stated previously, this increase in program size results in a disproportionately larger number of
rows and variables in the output, and a greatly increased solve time, as shown below in Table 3.1.

Our implementation of logistics is 145 Scimitar sloc, with 77 sloc of Racket support code.

Pipes Figure 3.10 shows an excerpt from the Scimitar code for pipes, which calculates the max-
imum flow through a pipe network, a classic optimization problem. For the flow to be valid, the
inflow and outflow of every junction must balance (lines 6-11) given each pipe’s capacity (lines 12-
17). Additional constraints matching source and sink flows have been omitted. Our implementa-
tion resembles the usual formal problem statement, but is written such that the programmer need
not directly encode each constraint and couple it to the data. A modest amount of extra sup-
port code is needed to preprocess the data from a graphlike representation into the format that
the algorithm expects. After the Scimitar program is compiled to the optimization language, the
constraints generated are similar to a hand-written version of the problem.

This basic problem demonstrates Scimitar’s capabilities on a convex problemwith no inte-
ger variables. The Scimitar code for this traditional optimization problem is simple to implement,
easy to understand, and straightforward to verify.
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1 (optimum-ref sink-out
2 (maximize sink-out

3 (define sink-out (symbolic))
4 (define pipes (symbolic))
5 ; omitted source and sink constraints

6 (for ([j (range (length num-is))])

7 (assert ; junction inflows = outflows

8 (= (sum ([i (range (vec-ref num-is j))])

9 (vec-ref pipes (vec-ref j-is `(,i ,j))))

10 (sum ([i (range (vec-ref num-os j))])

11 (vec-ref pipes (vec-ref j-os `(,i ,j)))))))

12 (for ([i (range (length pipes))])

13 (begin ; pipe flows in allowed range

14 (assert (<= (- (vec-ref pipes i))

15 (vec-ref pipe-flows i)))

16 (assert (<= (vec-ref pipes i)

17 (vec-ref pipe-flows i)))))))

Figure 3.10: The pipes problem

Pipes also serves as a good benchmark to compare with Rosette since the two implemen-
tations are virtually identical.

The pipes benchmark is 21 Scimitar sloc, with 113 supporting Racket sloc.

Malloc The malloc benchmark shows a more real-world utility, something a developer might
want to write as a part of their program. This benchmark is a version of the memory allocation
example presented in Section 3.2.2. The original example serves as framework that an author of
a memory management system could implement using their own criteria. The snippet shown in
Figure 3.3 is incomplete, and serves to explain the features of Scimitar. The benchmark implemen-
tation we measured uses a different heuristic that is more complex and fleshed out than the one in
Figure 3.3. Malloc also demonstrates interaction across the host–solver boundary, where variable
optimums in one iteration become parameters in the next iteration. The malloc benchmark is 29
Scimitar sloc, with 71 supporting Racket sloc.

Contradict, Bounce, Sum-to-n These benchmarks are toy examples that we used to demon-
strate the basics of Scimitar. The contradict benchmark attempts to minimize the expression
(if x (assert (= x 0)) (assert (<= x 1))). The true branch introduces a contradiction, and
Scimitar correctly determines x to be false. The bounce example recurses on the output of a toy
heuristic, passing the previous result into the next round until the values converge. We give the
code for sum-to-n in Figure 3.1.

Recitation This benchmarkminimizes rec-count, the number of sections required to adequately
serve the students in a class (thereby reducing the number of TAs, rooms, etc.). The problem guar-
antees that all registered students are assigned a section, and that recitations are only scheduled if
they meet a minimum registration count. Recitations are modeled using symbolic variables for the
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1 (:= y 0)
2 (:= x 0)

3 (while (<= y 5)

4 (:= x (+ x y))

5 (:= y (+ y 1)))

Figure 3.11: Example of an Imp program

possible section slots that could be scheduled and their attendance. To solve this, the program uses
rec-count as the upper loop bound (as discussed in more detail in Section 3.4.2). This construction
simplifies the representation, because the relationships between the students and sections can be
enumerated without worrying about the number of sections needed or precisely which ones are
selected. The recitation benchmark is 43 sloc for both Scimitar and supporting code, respectively.

Imp Winskell’s Imp language is a minimalistic imperative language supporting conditionals,
loops, and basic operations on numbers and booleans. For example, Figure 3.11 shows a simple
iterative summation program in Imp, akin to Figure 3.1. The code initializes two variables x and
y, then loops incrementing y and adds that to x until y is greater than 5.

We developed a compiler that translates an Imp source program to Scimitar source. We
chose this example to illustrate the versatility of Scimitar to handle more complex iterated do-
mains. Note that Imp is unlike other benchmarks, which are written directly as Scimitar source
programs. The compiler works by splitting Imp source into basic blocks, sequences of instructions
without jumps. Each basic block is compiled to a continuation that contains a minimize expres-
sion. As the compiled program executes, control flow from one basic block to another corresponds
to one continuation calling another in the virtual machine.

Mutable state is represented as an environment that gets passed from one continuation to
the next. For example, for Figure 3.11, the environment is a pair containing x and y.

Note that the compiler deliberately does not unroll loops in Imp. In theory, loops like
the one shown in Figure 3.11 could be unrolled. However, we wanted the compiler to support
full Imp semantics, including non-termination of loops such as (while true skip). Generally,
functionality which can not be shown to terminate or is unbounded in size can not be finitized by
Scimitar into an optimization problem; doing so requires stepping back into the host language.

The Imp compiler is 475 sloc. Unlike other benchmarks, the implementation of the com-
piler intermixes Scimitar and Racket code together, with no simple breakdown between the two.

3.5.2 Solver

Our evaluation used the popular off-the-shelf Gurobi MILP solver [Gur23]. We chose Gurobi be-
cause of its versatile and rich API and excellent performance. The sparsely encoded matrix and
vector representation our compiler uses is easily translated to Gurobi’s expected format, and from
there it is loaded using the solver’s FFI. Scimitar performs this translation immediately before the
solving step in the virtual machine. We attribute the time spent in this translation and loading
step to compile time.
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Table 3.1: Measurements in seconds for Scimitar, optimization language, and Rosette programs

Scimitar O Rosette
vars rows compile solve compile solve compile solve

pipes 161 179 34.9ms 0.60ms 0.60ms 18.8ms 0.45ms 0.0ms
logistics-s 268 293 53.5ms 2.0ms 1.4ms 21.3ms 2.2ms 30.8ms
logistics-h 10884 14026 478.7ms 1032.9ms 674.3ms 112.6ms 66.6ms >20m2

contradict 158 229 33.3ms 1.0ms 0.52ms 2.3ms 0.08ms 25.2ms
sum-to-n 11817 17990 1417.2ms 54.7ms —1 —1 >20m2 —
bounce 1858 2538 130.5ms 12.9ms —1 —1 1.1ms 51.1ms

recitation 34846 52514 2190.1ms 615.2ms —1 —1 49.7ms 125490.0ms
malloc 227 239 128.6ms 4.2ms —1 —1 8.7ms 189.4ms
imp-s 8171 10158 201.4ms 16.5ms —1 —1 —1 —1

imp-h 11068 13074 689.6ms 16.6ms —1 —1 —1 —1

1 These benchmarks do not have a corresponding non-Scimitar version.
2 This benchmark exceeds a 20 minute time out.

3.5.3 Results

Table 3.1 gives the median run time performance in milliseconds of each benchmark program and
the variable and row count for the compiled code. All measurements were taken on a 3.2 GHz
AMD Ryzen 5 1600 system with 32GB of RAM using Racket’s current-inexact-milliseconds
function.

Note that the comparisons of Scimitar to Rosette are, to a certain extent, comparing the
efficiency of Gurobi and Z3. Z3 implements primal simplex andMaxRes [Bjo22], while Gurobi uses
branch-and-bound [Gur23] (with relaxation to simplex), which we expect to be faster. However,
the benefit of using a dedicated optimization solver is also part of the benefit of using Scimitar.

The comparison of Scimitar to Rosette also measures the efficiency of our respective en-
codings. In both cases, this time is split between compile and solve time, though in different
ways. Scimitar’s encoding and high-level optimization are mostly performed at compile time,
with lower-level optimization left to Gurobi. In contrast, in Rosette, the encoding happens at com-
pile time, and the optimization happens at solve time.

Table 3.1 compares our benchmarks written in Scimitar, in the optimization language O,
and in Rosette. Generally, the performance bottleneck in Scimitar is the compiler, which compares
unfavorably with the others. Conversely, the solve time of Scimitar is dramatically better than
in Rosette. Surprisingly, the solve time of the optimization language version exceeds Scimitar
in some cases, which implies that the compiled version is more efficient than one that would be
written directly. This is because solver performance is unpredictable, and small changes sometimes
greatly affect running time.

Examining the results in more detail, we make several additional observations. The per-
formance of logistics-h as compared to logistics-s degrades non-linearly. The increase in size by a
factor of over 40× is because there is simply much more data to account for. The benchmark’s
complexity scales with the scaled sum of products of these parameters. As a result, the problem
has 14026 constraints and 10884 variables, many of which are binary. Unfortunately, while it is
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often possible to relax binary variables to continuous ones, in this case it is not possible because
all of them are indicator variables. In this benchmark, performance is wildly different across the
three versions. Both Scimitar and the optimization language version return correct results, but
the latter version is over nine times faster. The Rosette version is virtually the same as the Scimi-
tar version, but it exceeds a 20 minute time out, so we are unable to evaluate it. We do not know
if this timeout is an issue with Rosette or with Z3.

While Scimitar executes sum-to-n quickly, Rosette hits a 20 minute timeout while com-
piling. As such, there is no solve time measurement for this benchmark in Rosette.

The performance of recitation is over two orders of magnitude faster in Scimitar than in
Rosette. We believe this is because the benchmark optimizes over a loop bound, which we encode
efficiently.

While executing, malloc makes multiple solver calls, and the times presented reflect the
sum total across all runs. Because of the nature of this design, we think this particular benchmark’s
performance would benefit disproportionately from compiler performance improvements.

The two imp benchmarks alsomakemultiple solver calls, but unlikemalloc, which only has
a single problem that is solved repeatedly, imp changes between different problems dynamically.
The sizes given are the sum across all generated problems. Imp’s compiler performance reflects
the high number of individual problems that a given imp program uses. Both imp-s and imp-h are
similar. In fact, imp-s is basically a subset of imp-h. The size difference is linked to overall program
size. Both benchmarks are large overall compared to our other benchmarks due to the difficulty
of encoding an imperative programming language as a constraint problem.

It was not possible to replicate all Scimitar benchmarks using the optimization language.
The use of some key Scimitar features would require reproducing large chunks of the output
of the compiler. Additionally, Scimitar programs may solve problems successively, which the
optimization language is incapable of. For the imp compiler, while it would be possible to write
a similar optimization language program for a given Imp program that does not require these
features, it would represent an enormous engineering effort, on the order of writing the original
compiler. Likewise, we did not attempt to replicate imp using Rosette as such an implementation
would require a significant engineering effort.

The performance of these benchmarks is clearly correlated with the number of variables
and constraints.3 One nice feature of our encoding is that, while these numbers seem to suffer from
a blowup with increased number of variables v and rows r, growing at the rate of O(v · r), the
encodings that Scimitar produces are normally very sparse, leading to an increase that is closer
to O(v + r).

In summary, while Scimitar’s compiler is not the fastest overall, the improved solver speed
gives evidence that a dedicated MILP solver compares favorably with the more general purpose
SMT solver on optimization applications.

3The exception being malloc, whose performance is skewed because it is compiled multiple times within a single
execution.
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3.5.4 Analysis

Beyond raw solver performance, there are other differences that may influence the choice of one
language over another.

While Rosette can make use of Z3’s optimization capabilities, it remains a satisfaction-
oriented language. For problems where that is sufficient, Rosette would be preferable, and will
almost certainly outperform Scimitar. However, as we see here optimization is not its focus, and
for such problems Scimitar will be more performant.

Another reason to use Rosette is that its implementation incorporates a rich subset of
Racket’s features, while the current implementation of Scimitar is less complete.

Scimitar and Rosette naturally model data differently in accordance with the underlying
solvers, with Scimitar being built on top of primitive MILP concepts, while Rosette’s data is re-
stricted to types supported by SMT. Accordingly, data in Scimitar is built on top of procedures
and vectors over scalar sets, while Rosette’s core data types are booleans, integers, reals, bitvectors
and uninterpreted functions. While both languages track the types of variables, Scimitar infers
the types of variables and expressions, while Rosette requires type ascription and does not support
typing of expressions.

Finally, the applications are quite distinct, and despite considerable overlap, they target
different classes of problems. Those given by Rosette’s developers include formal verification of
systems such as JIT compilers, synthesis of GPU kernels, program repair, and model checking. On
the other hand, Scimitar targets applications such as logistics problems, resource allocation, and
design optimization.

3.6 Related Work

MILPEncoding Popular encoding techniques are diverse [Bra12, Dom18, HV22, GAM22, HV19,
RJG+12,Wik24, Par88] and implemented on a case-by-case basis in variousMILP frontends. While
Scimitar does not implement every technique listed, it aims to provide the programmer with an
environment where they do not have to think about the details of encodings.

Embedded Optimization Problems Systems such as cvxpy [DB16], JuMP [DHL17] and Mat-
lab [The20] embed mathematical programming within a general purpose language. These systems
are focused on dynamically constructing an optimization problem piece by piece, not on model-
ing a general purpose language. In contrast, Scimitar is not an embedded language. Instead, it
reasons directly about programs themselves, rather than constructing a problem out of pieces.

The classic constraint language is AMPL [FGK87]. Although featureful, it does not attempt
to model high-level language features.

Unique Computing Paradigms Rosette [TB13] explored embedding SMT solvers in a func-
tional programming language, and was an inspiration for Scimitar. Both are frameworks that use
symbolic expressions translated to constraints then submitted to a solver via an angelic execution
query. Both enable developers to write and reason symbolically about programs using high-level
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abstractions in the traditional functional style, including constraints over symbolic expressions.
The modeling language matches the host language, so there is less cognitive load when transi-
tioning across the host-solver boundary. While inspired by similar principles, Rosette is focused
on verification and synthesis, while Scimitar is meant for optimization.

Differentiable programming [AP20, Man12, BRNR17] is an approach to numeric program-
ming that uses automatic differentiation [BPRS18, HP13, PS08] to generate the derivative of a pro-
gram for use in algorithms such as gradient descent. This is a parallel to Scimitar’s approach—it
directly applies an alternative interpretation of a program, expanding that program’s semantics
to include the result. To do this, it must syntactically analyze the input program to generate the
derivative. Similar to Scimitar, this technique requires unique handling of conditionals, which
are normally discontinuous.

We designed Scimitar as a standalone language because of the unique demands of the
runtime system. The HANSEI [KS09] language is an example of using a similar approach to embed
its special computing paradigm, probabilistic programming, while making use of host language
features. As opposed to cvxpy and JuMP, the embedding is much more shallow, and HANSEI
programs hardly look different than programs in a standalone probabilistic language. Scimitar
cannot be similarly embedded because it must reason about global properties like control flow and
variable use that require an ability to reason about the implementation of every function.

Embedded Functional Program Some recent efforts have been made to encode high-level lan-
guage features using constraints. These languages compile programs in an imperative syntax to
constraints, which allows for the possibility of deciding satisfaction or performing optimization,
without requiring programmers to work directly in the constraint language.

BFDL [Bra12] is a high level language derived from Fairplay [MNPS04]. It offers encodings
of several language features into a constraint system including non-recursive function calls, fixed
iteration loops, conditionals, boolean algebra, integer arithmetic, comparison, user-defined structs,
and constant index array access. This is vaguely similar to Scimitar’s optimization language,
except that BFDL is focused on constraint satisfaction, whereas Scimitar ismeant for optimization.

CirC [OBW20] is a compiler framework for proof systems that uses ILP as one of its back-
ends, and can use that to discover output-maximizing inputs for a constraint set. It supports a
wide array of language features, as demonstrated by several frontends. The key distinctions are
that Scimitar optimizes over any program variable including ones that are used across nested
functions, and that solver invocations are nested within normal functional programs, which al-
lows the virtual machine to direct control flow according to optimization results.

High Level Constructs within Solvers MiniZinc [NSB+07] is a high-level, typed, mostly first-
order, functional constraint optimizationmodeling language. It offers facilities for abstraction such
as let-bindings and defining predicates and functions, but unlike Scimitar it cannot manipulate
these as first class. MiniZinc also has a stronger compile-time/run-time distinction compared to
Scimitar. MiniZinc compiles to the simpler FlatZinc format before being handed off to solvers.
Scimitar iteratively unfolds a problem to handle an a priori unbounded number of variables,
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whereas MiniZinc is more suited to problems with a well specified fixed domain.

3.7 Summary

Optimization-aided programming integrates numerical optimization solving into programs in a
natural style familiar to programmers. It abstracts away the requirements, restrictions, and limita-
tions inherent to underlying optimization algorithms and tools, so users can focus on the domain
of their own problem. This goal is achieved by automatically encoding many language features
users would expect such as solve-time conditionals, bounded inlining, and loop unrolling, which
the author of an optimization problem would normally have to write by hand. Merely by adding
constraints and cost functions to their program, programmers can leverage these powerful tools
and encodings to find optimal values for their computations without worrying about how these
values are derived. Our benchmarks demonstrate the benefit of using a dedicated optimization
solver in domains such as logistics and resource allocation as compared to a more general SMT
solver.

Scimitar as presented in this Chapter is however limited to the minimize query, and op-
timizing over locally declared symbolic variables. In the next Chapter, we extend Scimitar with
additional queries, making it into a complete program synthesis system.
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Chapter 4

Optimization Aided

Counterexample-guided

Inductive Synthesis

4.1 Introduction

While many program synthesis applications would find any solution sufficient that satisfies its
specification, there are times when a user prefers one solution to another. To fulfill such a desire,
the synthesis system must generate programs satisfying additional properties difficult to state
with assertions alone, such as minimizing or maximizing some quantity. Examples include fewest
disk writes, best worst-case packing for a buffer, least energy used, lines of code generated, etc.
Such heuristics, while feasible, are difficult for users to encode via existing approaches, and would
benefit from a paradigm explicitly supporting such an operation.

Optimization-aided programming is such a paradigm. It integrates mixed integer linear
programming (MILP) constraint optimization problems into functional programs, which enables
programming using user-specified objective functions that encode application goals.

In Chapter 2, we discussed sketch-based program synthesis using counterexample-guided
inductive synthesis (CEGIS) [STB+06], then Chapter 3 introduced optimization aided program-
ming using the Scimitar language. In this chapter, we combine these two techniques into a new
optimization-aided synthesis system, Synthitar. This system extends Scimitar with holes, uni-
versally quantified inputs, and an optimizing synthesis query, thereby allowing users to directly
express these more complex properties. To integrate them, we introduce the Optimization Aided

Counterexample-guided Inductive Synthesis (OACIS) algorithm that generalizes and extends the
CEGIS algorithm to use an optimization solver to handle objective functions. Section 4.2 gives
two examples that illustrate Synthitar and walk through a high level trace through OACIS.

To create Synthitar, we extend the Scimitar language with synthesis constructs in-
cluding holes (??), a universal quantifier expression (forall (...) ...), and a synthesis query
minsynth, and extend the virtual machine with an OACIS loop that makes use of these constructs.
Section 4.3 gives a grammar showing the precise changes from Scimitar.
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A significant design decision in Synthitar is how to define optimality in the context of
a synthesis problem. In Scimitar, objective functions are solved for their minimum or maximum
values, which is a unique global optimum. In Synthitar, however, there is a local optimum for
every combination of holes and inputs. There are different possible interpretations to what it
means to have an optimal value. Section 4.4 discusses four such strategies, each with its own
benefits and drawbacks. It compares them by example, and justifies Synthitar’s chosen strategy,
which selects the optimum that exceeds all others on at least one input.

OACIS requires three major extensions to CEGIS to be suitable for optimization problems.
We adapt the CEGIS loop into a more abstract version we call General CEGIS to allow those mod-
ifications. Recall that traditional CEGIS iteratively generates programs by determining values for
holes using two SMT solvers. One solver, called the synthesizer, finds candidate hole assignments
that meet a user-supplied specification. The second solver, called the verifier, attempts to find
counterexample program inputs to these solutions that violate the specification. To create OACIS,
first we replace the synthesizer’s SMT solver with a MILP solver. Second, we introduce a new
algorithm to construct MILP complement problems. Third, we modify the verifier to handle the
internal (or local) symbolic variables our encoding requires.

Searching for candidate hole assignments is similar enough to CEGIS that we only have
to replace the solver, but verification is not so simple. The need for local variables to capture de-
pendencies across constraints requires a strictly more powerful solver than a MILP solver alone.
Furthermore, we cannot simply negate an optimization problem and solve to find counterexam-
ples as CEGIS does, because problems are encoded as a flat conjunction of constraints—MILP lacks
the built-in disjunction and negation available in an SMT encoding. Our complement problem’s
construction makes use of encoding techniques including the use of a ∆ variable to model strict
inequality, giving rise to our Maximum Variable Delta (Max-∆) Verification approach. We lever-
age and extend concepts pioneered in the framework of delta-decision procedures [KSLG18], a
relaxation which allow one-sided numerical errors. Max-∆ finds worst-case counterexamples by
forcing the solver to violate some constraint from the original problem by the greatest margin ∆

possible. Section 4.5 describes the algorithm’s motivation in detail and gives the implementation
for General CEGIS. We use it to recover traditional CEGIS (to show it is at least as powerful), then
to construct the rest of OACIS. Afterward, we then give the implementation of Max-∆.

To evaluate Synthitar, we develop a suite of benchmarks that utilize various aspects of
the language to perform basic tasks. These range from simple mathematical expressions up to an
implementation of an algorithm to calculate square roots. We measure time spent in each phase of
OACIS, which we use to motivate a discussion about its performance drivers and the convergence
properties of Max-∆. Section 4.6 presents our observations about OACIS’s characteristics and
behavior on these benchmarks. We find that performance is linked primarily to the size of the
input domain and the structure of the complement problem.
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1 (minsynth (forall (y) (test-sqrt (: y nneg)))
2 (define max-iterations (??))
3

4 (define (test-sqrt y)

5 (let ((n (babylonian y)))

6 (assert (<= (abs (- (* n n) y)) error-tolerance)))

7 max-iterations)

8

9 (define (babylonian y)

10 (letrec
11 ((go (lambda (x_n gas)

12 (if (< (abs (- (* x_n x_n) y)) error-tolerance)

13 (begin (assert (= 0 gas)) x_n)

14 (go (* (??) (+ x_n (/ y x_n))) (- gas 1))))))

15 (let ((gas0 (symbolic)))
16 (begin
17 (assert (<= gas0 max-iterations))

18 (go (??) gas0))))))

Figure 4.1: Sketch for Babylonian square root method

4.2 Overview

To motivate Synthitar, we showcase these new additions using the example of synthesizing an
algorithm to calculate square roots. After that, to further illustrate how OACIS works, we trace
through its execution on an example synthesizing a loop guard.

4.2.1 Babylonian Method

The Babylonian method [Wik25] (also called Heron’s method) is the first known algorithm
for approximating square roots. The algorithm starts with some initial estimate of the root, and
continues until the result is within some tolerance of the true root. It iteratively approaches the
true root of a non-negative real number y by averaging the previous estimated root xn and the
quotient of y and xn:

xn+1 =
1

2

(
xn +

y

xn

)
But it is reasonable to ask—is 1

2 the best value for the averaging factor, or would scaling
by a different value improve the algorithm? And how do we choose the estimated initial value?
We can answer both of these questions by posing a synthesis problem: across all possible inputs,
what assignment to these two values leads to convergence in the fewest overall iterations?

Synthitar programs are written in an extension of the Scimitar language. It adds a new
synthesis construct, minsynth, a universal quantifier expression (forall (...) ...), and holes
(??). Recall that we also rely on symbolic variables to create local existential variables, which can
be assigned freely by the solver to satisfy the program for a given assignment of the holes and
inputs. For a discussion of the grammar, see Section 4.3.

Figure 4.1 shows a Synthitar implementation of the Babylonian method. The synthesis
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problem has three holes: the maximum number of iterations to converge, the averaging factor, and
the initial estimate. The objective is to minimize the number of loop iterations needed to converge,
inducing the synthesizer to choose values for the initial estimate and averaging factor that lead to
the quickest convergence.

The example is contained in a minsynth expression on line 1. To specify our objective,
we use the function test-sqrt, which we minimize for all inputs y. The type of y is ascribed
to be nneg, the set of non-negative numbers (up to a user-defined upper bound). On line 2 we
define max-iterations, the number of iterations required to converge, and assign to it a new hole.
The hole syntax (??) wraps the double question mark syntax used by Sketch in parentheses to
emphasize that it dynamically constructs a new hole.

The function test-sqrt encodes the specification for square root by calling (babylonian y)

on line 5 and then ensuring on line 6 that the square of the result is within error-tolerance of
the input. It then returns max-iterations, thereby causing it to be minimized by the synthesizer.

Inside our implementation on line 9, we have an inner function go that takes the current
estimate x_n and the variable gas that represents the number of iterations remaining. Depend-
ing on whether the square of the estimate is within error-tolerance of the input y (line 12),
either it returns successfully with zero gas (line 13) or iterates, averaging the estimate according
to some unknown factor, and decrementing gas (line 14). The initial call to go on line 18 takes the
initial unknown estimate and the symbolic variable gas0 which line 17 constrains to be at most
max-iterations. This variable is needed because max-iterations is a high watermark, and there
are some values of y that need fewer iterations—directly using max-iterations here causes the
benchmark to fail to synthesize.

To combine synthesis and optimization into a single algorithm, we must reconcile two
conflicting paradigms, which requires answering two complementary questions. First, what is the
meaning of “optimal” in the context of a synthesis system? Second, how can algorithms designed
for logical specifications be adapted to handle numeric specifications?

Traditional MILP optimization problem have only one optimum, because all variables are
existential. A solver’s goal is to find whatever variable assignment optimizes the objective. By
adding universally quantified inputs, optimization-aided synthesis runs into the issue that there
is rarely one single optimum for the entire input domain. The mechanism for selecting which
optimum to return is a crucial design decision for the synthesis system. In this example, the op-
timum we want is the smallest number of max-iterations such that the roots of all values of y
are calculated with satisfactory precision—in other words, the minimum worst case. That lines up
perfectly with Synthitar’s definition of optimality, which we call Best of the Best (BB). For a more
detailed discussion of definitions of optimality and why Synthitar chose BB, see Section 4.4.

Because Synthitar’s encoding is a conjunction of linear inequality constraints, it lacks
native disjunction and negation. The other key difference is the necessity for local existential
variables. To address these, OACIS uses a novel algorithm to find counterexamples, which we call
Maximum Variable Delta (Max-∆) Verification. In general, a counterexample to an optimization-
aided synthesis problem is any input assignment that causes the original problem to be infeasible—
a point in the problem’s complement space. In contrast, the Max-∆ approach locates the worst
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1 (minsynth
2 (forall ((: x (interval 0.0 1.0)))

3 (let ((h (??)) (g (symbolic)))
4 (assert (= g (+ (* 2.0 h) x)))

5 (if (> g 1.0)

6 (assert h)

7 (assert (<= 0.5 x)))

8 h)))

Figure 4.2: Sketch for a loop guard

possible candidate counterexample given some candidate hole assignment. In this example, that
means it should theoretically suggest counterexamples for y whose square roots are most out of
tolerance or that require the greatest additional iterations. After identifying such a candidate, it
is checked to ensure that there is no local variable assignment that could rule out this candidate.
If it can be ruled out, Max-∆ will produce the next worst candidate, and so on, until either a true
counterexample is selected or no more candidates can be identified. We explain precisely what
that means, the rationale, and give an algorithm for constructing that space in Section 4.5.

Running OACIS on this problem will yield an optimal hole assignment whose exact values
will depend on the user’s desired precision and the extent of the input domain nneg, but we should
expect the desired precision set by the user to correlate quadratically to the number of iterations,
and that the averaging factor will be a value very close to 0.5 as in the original algorithm. The
tighter the precision, the more error will appear when taking square roots of small values, so
the assignment to the initial value will be correspondingly smaller to compensate. In Section 4.6,
we run the benchmark with the relatively tight range nneg=[0, 5] and high error-tolerance of 1

9 ,
which results in an optimal hole assignment of max-iterations=3, an averaging factor of 0.49–0.5,
and 1.73–2.26 as the initial value, which roughly corresponds with our intuition.

4.2.2 Example OACIS Trace

To illustrate how OACIS behaves, we will now trace through the synthesis of the simple
contrived example given in Figure 4.2.

This example takes a single input x, whose type is ascribed to be the range [0.0, 1.0]. On
line 3 it declares a hole h and a local variable g. Then, line 4 constrains g to be a linear combination
of h and x. While that constraint makes the inclusion of the intermediate variable g redundant in
principle, in practice the Synthitar compiler actually creates an analogous fresh local variable
anyhow, and so we make it explicit for the sake of demonstrating how OACIS uses it. Next, de-
pending on the value of g, we either require h to equal 1, or constrain x to have 0.5 as its lower
bound. Because h is used directly in the assert on line 6, we can infer it must be a Boolean,
represented by the set {0,1}. From the types of x and h, we can further infer g’s type to be the
range [0.0, 3.0]. Finally, on line 8 the example uses h as its objective to minimize.

To synthesize, Synthitar encodes the entire program as a single optimization problem,
which it submits to OACIS. As in traditional CEGIS, OACIS starts by fixing some arbitrary value
for the input x and then solves for the holes. With a concrete hole assignment candidate in hand, it
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thenmust verify it by looking for a counterexample input. If it cannot find one, the hole assignment
solves the problem, otherwise the counterexample is used in the next round of synthesis.

As stated above, the approach to finding counterexamples is one of the key differences
between CEGIS and OACIS. To understand Max-∆’s behavior in practice, we now walk through
synthesizing the problem in Figure 4.2. For simplicity, we can set aside the context and trim the
problem statement to the two core expressions:

(assert (= g (+ (* 2.0 h) x)))

(if (> g 1.0) (assert h) (assert (<= 0.5 x)))

Note that for the sake of readibility, we preserve the high-level constructs if and >, which are
compiled away in the encoding the solver actually sees.

OACIS begins solving for h by randomly assigning x. For the purpose of this explanation,
we will choose x=0.5:

(assert (= g (+ (* 2.0 h) 0.5)))

(if (> g 1.0) (assert h) (assert (<= 0.5 0.5)))

This program is satisfiable for both h=0 and h=1. Because the objective is to minimize h, the
synthesizer will choose h=0, which forces g=0.5. Plugging these into the original problem gives:

(assert (= 0.5 (+ (* 2.0 0) x)))

(if (> 0.5 1.0) (assert 0) (assert (<= 0.5 x)))

Now OACIS begins searching for counterexamples using those assignments. In Max-∆,
we are most interested in the value furthest away from the set of feasible solutions to the original
problem. In this case specifically, the first constraint is violated by any value of x other than 0.5,
while the second is only violated when x is anything less than 0.5. As the range of x is [0.0, 1.0],
and 0.5 is the midpoint of that range, the assignments that most violate the constraints are the
two extremes, x=0.0 and x=1.0. We will choose x=1.0 as the counterexample candidate. However,
unlike traditional CEGIS, OACIS is not yet able to determine if this is a true counterexample. To
“double check” the counterexample, we plug the value back into the original problem along with
the hole, while leaving the local variable g, and submit this problem to the solver:

(assert (= g (+ (* 2.0 0) 1.0)))

(if (> g 1.0) (assert 0) (assert (<= 0.5 1.0)))

In this case, we discover that when g=1.0, there is a valid path through the code, so x=1.0
is a false positive and cannot be a counterexample after all. With this knowledge, we can rerun
Max-∆ which chooses x=0.0 as the counterexample candidate. Double checking this assignment
reveals that as both branches of the conditional lead to unsatisfiable asserts, there is no value of g
that works for x=0.0, which is therefore a true counterexample.

In the next step of synthesis, we extend our problem with a new copy, substituting the
value of the new counterexample. This new copy is akin to a different possible path through the
program, and accordingly, we have to be sure to give g a fresh name in the new copy, or the two
versions will be in conflict:

(assert (= g (+ (* 2.0 h) 0.5)))

(if (> g 1.0) (assert h) (assert (<= 0.5 0.5)))

(assert (= g_1 (+ (* 2.0 h) 0.0)))

(if (> g_1 1.0) (assert h) (assert (<= 0.5 0.0)))
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e ::= x | v | ?? | symbolic | letrec f ⇐ e in e

| if e then e else e | e ; . . . ; e | λ x . e | e e
| for x ⇐ e do e | sum x ⇐ e of e
| e + e | e · e | ref e e | ( e , . . . , e )
| assert C | optimum-ref x e

| minimize o e | minsynth o e

C ::= e ⪯ e

v ::= () | n | α | ⟨ e , . . . , e ⟩
o ::= e | ∀ x o

x, y ∈ vars n ∈ Z α, β ∈ R
f , g ∈ funcs

Figure 4.3: The Synthitar source language, with differences from Scimitar highlighted in blue

This program is only satisfiable for h=1, which forces g=2.5 and g_1=2.0 so we substitute
and search for a new counterexample. This time, no matter what counterexample candidate is
proposed, the checker validates it. We conclude that h=1 is the satisfying hole assignment.

4.3 Language

As stated above, the Synthitar language is an extension to Scimitar, whose grammar we repro-
duce in Figure 4.3. Wewill focus on the Synthitar extensions highlighted in blue, and only include
the base grammar in gray for context. The core difference from Scimitar is the newminsynth o e

term (as well as maxsynth, without loss of generality). This term invokes OACIS to synthesize
the expression e, while minimizing the objective function o. To construct their synthesis problem,
users can include holes using ??. Akin to the symbolic term, ?? does not introduce names—to name
these variables, they have to be bound by the user.

In Scimitar, we used a restricted objective function grammar to parallel the traditional
optimization objective structure. Such a formulation is overly restrictive to represent Synthitar
problems with universally quantified variables, so we expand the grammar to allow arbitrary ex-
pressions. Additionally, we extend objectives with the form ∀x o that allows users to introduce
a named universally quantified variable x that is in scope in the nested objective expression o.
These are the input variables used by OACIS. By nesting ∀ terms, we can introduce an arbitrary
number of input variables. Because this form is only available in objective functions, users cannot
introduce universally quantified variables at any other point in their program, guaranteeing well
formed OACIS problems. When all input variables are introduced, the objective function can be
completed using an arbitrary expression e.

4.4 Synthesizing Using Objective Functions

As mentioned in Section 4.2, a crucial design decision for optimization-aided synthesis is how to
define optimality. Feasible MILP problems have a unique global optimum. Feasible Synthitar
programs, on the other hand, have a local optimum for every possible combination of inputs and
holes. It is therefore necessary to choose which local optimum to return, and by extension, the
hole assignment that leads to that optimum.

In this section we will discuss four different possible definitions for the global optimum of
a synthesis problem: Best Overall (BO), Case by Case (CC), Best of theWorst (BW), and Synthitar’s
choice, Best of the Best (BB). While other definitions are possible, we feel that these four are the
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Table 4.1: Hypothetical results showing response time to different medication dosages. The first
column gives the dosage. The optimal value r⋆ is the best case number of hours for that dosage
to take effect. The pessimal value r† gives the worst-case number of hours for that dosage to take

effect.

Dosage r⋆ r†

2.0mg 3 h 5 h
1.5mg 6 h 9 h
1.0mg 7 h 8 h
0.5mg 7 h —

most intuitive and give the most meaningful results. With the help of variations on a simple exam-
ple, we will analyze each approach’s strengths and weaknesses, and justify Synthitar’s decision
to use BB.

Medication Dosing. To assist our discussion, we will make use of one more small example, a
hypothetical Synthitar program encoding a model of a medical trial to determine medication
dosing. The program’s objective is to choose a recommended dosage of a new medication that
across all patient profiles takes effect in the minimum time while avoiding adverse reactions in
any patient. The main hole in the model is thus the dosage, while as input it takes the metabolic
parameters for a given patient, which are used to model how the medication takes effect.

In Table 4.1 we show some hypothetical data that the solver may contend with to make
its decision. The first column gives four possibilities for dosing, from 0.5mg to 2.0mg. The next
columns give the optimal value r⋆, which represents the number of hours, ranging from 3 to 7, the
best case patient took to respond to the medication, and pessimal value r†, the response time of
the worst-case patient, ranging from 5 hours to no observed effect.

Regardless of the optimization strategy, the first step of synthesis is to select the optimal
value for any hole assignment for any input. In this case, the initial solution would be a 2.0mg

dose where r⋆ = 3. From here, however, the behavior of different strategies will diverge. We
will see how the differences between each definition of optimality may lead to different dosing
guidance. As part of this exploration, we will also see how each strategy responds to variations
on the example using modified data.

4.4.1 Best Overall

The first strategy we will consider is choosing a global optimum that is head-and-shoulders better
than all others. For the dosage example, the initial solution of 2.0mg has a pessimal objective
value r† = 5, which is smaller than r⋆ for the other possible hole assignments, making this dosage
the overall winner for the BO strategy.

More rigorously, to uncover the BO global optimum, we need two criteria: (1) whether this
hole assignment has any inputs for which the program is infeasible (correctness counterexamples),
and (2) whether the objective function’s pessimal result is worse than the optimum of some other
hole assignments (an overlap counterexample). This pessimal result is the value reached when
reversing the direction of optimization, i.e., if we are minimizing an objective function, then its
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pessimal value will be the maximum of an objective function (potentially infinite), and vice versa.
After finding that value, we merely need to find one other hole assignment with a conflicting
optimum—if none exists, then this hole assignment is the global optimum for the BO strategy. By
ensuring that one hole assignment’s pessimal objective value is better than the optimums for all
other assignments, we guarantee that this assignment is unambiguously better than all others.

It may appear that BO should be the obvious choice for a synthesis system, but it is not
so clear cut; to understand why, we will make a slight change to our medical trial. Say that a
dosage of 2.0mg actually causes an adverse reaction, which leads to the model failing for some
person. This reactionwould result in a correctness counterexample, and upon rerunning the solver
would choose a dosage of 1.5mg. However, this new solution is not the global optimum for the
BO strategy—its pessimal value r† = 9 is larger than the optimum of the other possible hole
assignments, which are overlap counterexamples. Because of that adverse reaction, the global
optimum for the BO strategy does not exist, and synthesis fails.

From this we can conclude that the BO strategy is powerful but fragile—if a global optimum
is chosen, it is as good or better than any result from any other strategy, but if there is no clear
winner, synthesis will fail. While it is an intuitive strategy, this drawback makes it a poor choice
for Synthitar.

4.4.2 Case by Case

The next strategy of interest chooses a global optimumwhose hole assignment’s objective function
is better for each input individually than that of any other hole assignment. Returning to the dosage
example, while the 2.0mg dosage is also the CC optimum, let us suppose we were to modify the
data such that 2.0mg and 1.5mg both cause adverse reactions. If that were true, according to this
strategy the choice of a 1.0mg dosage will actually succeed, as it is better on a case-by-case basis
than the 0.5mg dosage (assuming that the data is internally monotonic). However, when only the
2.0mg dosage causes adverse reactions as in the BO strategy, the CC global optimum does not
exist.

To succeed, after finding a candidate the CC strategy must guarantee that there is no other
satisfying hole assignment where the objective function is better for some particular input value.
More formally, for the objective function f(h, x) (over hole h and input x) and candidate hole
assignment h1, it must be the case that ∀h, x.f(h1, x) ⪯ f(h, x). Therefore an overlap counterex-
ample only occurs if some other hole assignment h2 ̸= h1 exists where the objective value on
some concrete x improves over h1’s objective value for the same x. This condition means that ev-
ery BO optimum is also a CC optimum, but unlike with BO, the results from overlapping objective
functions do not necessarily lead to synthesis failing.

The benefit of the CC approach is that if the global optimum exists, it uses the best hole
assignment no matter what individual input value is supplied. The approach’s largest drawback
is that it is computationally intensive, requiring a potentially intractable level of verification. We
decided that this made it a poor fit for Synthitar, and we did not explore it further.
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4.4.3 Best of the Worst

One less-intuitive strategyworth exploring is Best of theWorst, which chooses the global optimum
to avoid a worst-case scenario. Specifically, BW finds the optimum for the hole assignment whose
pessimal objective value is less pessimal than the pessimal value for all other hole assignments.

Recall that the CC strategy had no global optimum in the dosage example if only the 2.0mg

dosage causes adverse reactions. A strategy that only considers the pessimal value will succeed in
spite of that reaction, choosing the 1.0mg dosage. This makes the “least worst” a sensible choice
in the context of a drug trial.

The BW strategy generalizes the CC strategy by relaxing the individual optimality re-
quirement to not apply to the objective function value for every input, but only to apply only to
the objective function’s pessimal value, regardless of which input it is for. Formally, for the ob-
jective function f , candidate hole assignment h1, and input value x1, this strategy requires that
∀h.∃x2∀x.f(h1, x) ⪯ f(h1, x1) ∧ f(h, x) ⪯ f(h, x2) ∧ f(h1, x1) ⪯ f(h, x2). Observe that the
value x1 and existentially quantified x2 used in this formula are both inputs that yield the pessimal
objective value for the respective hole assignment. This condition means that every CC optimum
is also a BW optimum, but unlike with CC, the global optimum is also allowed to be entirely con-
tained by some other result. Accordingly, this approach no longer has overlap counterexamples.

The appeal is that by choosing a hole assignment with the best pessimal objective value,
it guarantees that no matter what the input is to the program, the worst result will still be better
than it would have been for any other hole assignment. The downside is that the BW strategy is a
minimax problem, the complexity of which far exceeds that of other strategies. Like with CC, this
led us to decide that it was a poor fit for Synthitar.

4.4.4 Best of the Best

The final strategy we will consider is the one used by Synthitar: Best of the Best, which directly
uses the initial solution as the global optimumwithout any further analysis. In the dosage example
modified so that the 2.0mg dosage causes adverse reactions, this strategy chooses the 1.5mg dose.
It makes this choice because r⋆ = 6h is shorter than the other dosages without adverse effects.

Conceptually, BB chooses a global optimum where the hole assignment’s objective func-
tion is better for at least some input than for all other holes for all inputs. That is, for the objective
f , candidate hole assignment h1, and input value x1, the formula ∀h, x.f(h1, x1) ⪯ f(h, x) must
hold. This generalizes the CC strategy to only apply to the optimal value regardless of input, simi-
lar (but opposite) of BW. This condition means that whenever the BO or CC optimum exists, it will
be the same as the BB optimum, but BB does not perform any further checks, meaning the internal
distribution of the objective function does not matter—it is chosen not by some group property,
but purely using its optimum as a group representative.

The largest appeal of BB in Synthitar is that by avoiding further analysis, it is theoretical
much cheaper while still giving similar results. The downside of the BB approach is that the hole
assignment chosen may only do really well in one particular case, and may by pessimal otherwise.

We deemed this tradeoff to be acceptable, which is why BB is Synthitar’s chosen strategy.
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4.4.5 Optimizing the Babylonian method

Let us revisit Section 4.2.1’s Babylonian method example to reflect on how each of these strategies
would behave. Recall that the example’s objective was to minimize the worst-case number of
iterations to convergence.

The full hole assignment from the initial solve depends on the user-defined bound for the
input domain nneg, but the assignment to max-iterations is guaranteed to be 0, meaning the
square root can be made to converge on the first try, because the solver will cheat and chose
an estimated initial xn equal to the root of the input. For non-degenerate definitions of nneg
where the upper bound is strictly greater than the lower bound, this will immediately lead to
a correctness counterexample, and the number of required iterations will shoot up. However,
because the objective is to optimize the hole max-iterations, once the verifier can no longer find
a correctness counterexample we are guaranteed to have found the global optimum for all four
strategies, as a hole assignment is a constant value, making the objective’s pessimal value equal
to the optimum.1

As we did for the medication dosage example, let’s see what happens when we tweak
the problem. Say we change our Babylonian method implementation to minimize the formula
(- (* 2 max-iterations) gas y). This objective has the effect of trying to balance minimiz-
ing the worst case while also improving results for small inputs. That is, it ensures that as y

increases, gas also rises closer to max-iterations, meaning that large inputs are more likely to re-
quiremore iterations to solve than small ones. Thus, for any given hole assignment, for nneg=[0, n],
the objective function will range from the optimal value (- max-iterations n) (where y=n and
gas=max-iterations) to the pessimal value (* 2 max-iterations) (with y=gas=0). A quick check
reveals that the objective function’s range for max-iterations=0 is [−n, 0], for max-iterations=1
is [1−n, 2], for max-iterations=2 is [2−n, 4], etc. As these data points show, as max-iterations
increases, the optimum increases from −n while the pessimal value increases from zero twice
as fast. Thus, every assignment to max-iterations will create an objective function range that
overlaps with its successor, and therefore there would be no global optimum for the BO strategy.
However, because this relative increase is monotonic, we know that the first solution that does not
have a correctness counterexample will be the global optimum for the CC, BW, and BB strategies.

Conversely, consider what would happen if the objective’s extent were to shrink, that is, if
the pessimal and optimal values were to approach each other as max-iterations increases. While
such cases are not the usual target for traditional optimization, non-linear behavior is much more
common in a software context. A programmer may make use of such an objective, for example,
to ensure that values in the middle of the input domain use fewer iterations (we will not propose
a specific objective, which can take many forms). The optimal hole assignment would have a
pessimal point that was worse than other less optimal hole assignments, and so synthesis would
always fail for the CC strategy, while the BW and BB strategies would pick different solutions for
the global optimum, at opposite ends of the distribution!

1This solution will actually be part of a family of equally valid results; because of numeric variation the solver
may return values for the initial estimate and averaging factor that are within a small perturbation of each other. This
variance is expected due to the nature of the problem.
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4.5 OACIS

The traditional CEGIS algorithm synthesizes programs by alternating between two solvers: the
synthesizer and the verifier. The synthesizer is tasked with proposing assignments to holes, while
the verifier tries to disqualify a given hole assignment by finding an input counterexample that
violates the program specification. This is an exists-forall problem:

∃h∀x.P (h, x)

This problem asks whether some hole assignment h exists such that all possible values of x satisfy
the formula P (h, x). The synthesizer fills the role of the exists solver, while the verifier takes that
of the forall solver.

Solving this problem is straightforward for SMT, but naïvely substituting a MILP solver as
the verifier runs into a problem. While the SMT representation can be encoded only in terms of
its holes and inputs, MILP problems use additional symbolic local variables both to allow for more
flexibility for users to model their domain using variables created with the symbolic term, and to
encode internal program structure during compilation.2 Due to the intrinsic structure of MILP
problems, we cannot completely avoid adding variables when making such encodings—they are
necessary to implement control flow, which spreads its state across multiple constraints, and are
also used by variable multiplication, vector indexing, and several other syntactic transformations.
Accordingly, regardless of whether a user creates one, all useful programs will contain many local
variables once compiled. The reason CEGIS using SMT does not require these variables is because
its internal model encodes program structure using named nodes, which are not solver variables
and do not need to be quantified over.

Accounting for local existential variables is not possible for the traditional CEGIS veri-
fier, which can only handle universally quantified inputs. Including local variables with no other
changes would allow the verifier not only to violate the specification, but to break the program
itself. To solve this problem, we must replace the original problem’s forall quantifier with an inner
forall-exists quantifier pair:

∃h∀x∃g.P (h, x, g)

Put another way, if any input violates the specification for all possible local variable assignments,
it is a counterexample, and this hole assignment is not valid.

4.5.1 General CEGIS Loop

To address this problem, we must adapt CEGIS by abstracting out the individual steps of the loop.
We call this generalized algorithmGeneral CEGIS, shown in Figure 4.4a. Just like traditional CEGIS,
given some program sketch P , GenCEGIS searches for an assignment σ that satisfies P ’s specifi-
cation. The difference from the original CEGIS loop is that rather than invoking fixed synthesizer
and verifiers subroutines, it takes these as the parameters Learner and Oracle, whose names
we borrow from the OGIS framework [JS17]. Additionally, it requires the problem preprocessing

2These are variables visible only to the solver, and are not to be confusedwith normal variables in the user’s program.
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Input: P : The original problem
Input: Learner: The solver that searches for candidates
Input: Oracle: The solver that invalidates candidates
Input: Xform: This function transforms the problem for the solver
Output: The variable assignment σ or INFEASIBLE token
function GenCEGIS(P , Learner, Oracle, Xform)

Px ← Xform(P )
Problems← Px

while true do
σ ← Learner(Problems)
if σ ̸= INFEASIBLE then

P ′ ← P [σ ↾S ]
σ′ ← Oracle(P ′)
if σ′ ̸= INFEASIBLE then

Problems← Px[σ
′ ↾R]∧Problems

else

return σ
end if

else

return INFEASIBLE
end if

end while

end function

(a) The General CEGIS Loop

Input: P : The original problem
Output: The hole assignment or INFEASIBLE token
function CEGIS(P )

GenCEGIS(P , SolveSMT, SolveSMT ◦ Not, Identity)
end function

(b) The traditional SMT configuration of the CEGIS Loop

Input: P : The original problem
Output: The hole assignment or INFEASIBLE token
function OACIS(P )

GenCEGIS(P , SolveMILP, Max-∆, Identity)
end function

(c) OACIS: The GenCEGIS Loop specialized for synthesizing MILP holes

Input: P : The original problem
Output: The input counterexample or INFEASIBLE token
functionMax-∆(P )

GenCEGIS(P , VerifyMILP, SolveMILP, InvertMILP)
end function

(d) Max-∆: The GenCEGIS Loop specialized for verifying MILP inputs

Figure 4.4: The General CEGIS Loop and its specializations
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function Xform. When supplied, these specialize GenCEGIS for a particular application.
To track the attempts to satisfy the specification, it creates the variable “Problems” and

adds Px, the result of Xform(P ). Note that each specialization performs additional initialization
of Problems excluded from the figure for simplicity. Then, it invokes the Learner to get a candidate
assignment σ. If σ is feasible, it contains values for not only the solver variables in the search set,
S, but also for the remaining solver variables in Problems. Using σ in its entirety would lead to an
error, so General CEGIS restricts it to just the variables in the search set. The algorithm substitutes
this subset, σ ↾S , into the original problem P to create P ′ which it then submits to the Oracle
to search for a counterexample assignment σ′. If it finds no such assignment, the Learner has
successfully found a satisfying assignment σ. However, if σ′ is feasible, the algorithm restricts it
to the set of refuted variables R then substitutes σ′ ↾R into the transformed problem Px and adds
its result to Problems. This accrues the counterexamples so that in the next loop, the Learner has
to find an assignment that satisfies all of them. This loop continues until either the search space is
exhausted and the algorithm produces the special INFEASIBLE token, or a solution is found. All
assignments returned include values for all variables in P .

While the use of Xform is somewhat awkward here, we chose this way to ensure that
the original problem P is what is handed to the Oracle, the importance of which we will see in
Section 4.5.4.

4.5.2 Recovering Traditional CEGIS

The General CEGIS loop is nearly identical to the traditional SMT CEGIS loop, which we recover
in Figure 4.4b. Clearly, the Learner corresponds to the synthesizer, while the Oracle is the veri-
fier. This specialization uses SolveSMT as its synthesizer, and no preprocessing due to using the
Identity function. As mentioned, CEGIS additionally initializes Problems using some initial as-
signment σ0 to the inputs, to get the synthesis problem started; this way the solver only sees a
plain exists problem:

Problems0 = ∃h.Px(h, σ0(x))

Synthesis yields the hole assignment σ which, when substituted into the initial problem:

P = ∃h∀x.P (h, x)
produces the problem:

P ′ = ∀x.P (σ(h), x)

However, SolveSMT is an exists solver, so it cannot directly handle the forall. This is why the
verifier is the composition SolveSMT ◦ Not, which in the context of Figure 4.4a will solve the
complement of the problem P ′:

¬P ′ = ¬∀x.P (σ(h), x) = ∃x.¬P (σ(h), x)

This formula can then be passed to SolveSMT to find a counterexample.
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4.5.3 OACIS

Using MILP as a solver backend requires a different approach. Recall our modified quantified
formula from above:

∃h∀x∃g.P (h, x, g)

Because there are two quantifier alternations, we can no longer use a forall solver by itself. The so-
lution we adopt in OACIS requires both an inner and an outer GenCEGIS loop. The specialization
of the outer GenCEGIS is shown in Figure 4.4c.

Similar to traditional CEGIS, OACIS uses a plain SolveMILP to search, and Identity for
preprocessing. Unlike CEGIS, we treat inputs as regular existential variables in the first round:

Problems0 = ∃h, x, g.Px(h, x, g)

Picking a fixed initial value prevents OACIS from correctly implementing the BB strategy because
inputs can participate in the objective function, and we must ensure that the solver is free to as-
sign to them whatever value optimizes the objective. Subsequent iterations use the corresponding
counterexamples; the existential copy of the inputs takes on different values according to whatever
optimum is reached. To refute, it invokes the lower GenCEGIS loop, Max-∆, on the problem:

P ′ = ∀x∃g.P (σ(h), x, g)

4.5.4 Maximum Variable Delta Verification

The Maximum Variable Delta Verifier algorithm Max-∆ is shown in Figure 4.4d. This algorithm
specializes the GenCEGIS loop by using the plain SolveMILP as the Oracle. The algorithm hinges
on maximizing and interpreting ∆, which is encapsulated by the Learner function VerifyMILP,
shown in Figure 4.7 and discussed in detail further below. We also finally see need for prepro-
cessing, which is specialized to the function InvertMILP, which is charged with constructing the
MILP complement of the synthesis target.

Contextualizing this specialization into Figure 4.4a, we can see that InvertMILP is called
at the start to precompute the complement Px, used to initialize Problems. There is an important
extra step before we can find a counterexample: the candidate hole assignment σh discovered by
OACIS in the outer loop included assignments to locals, with which we initialize the complement:

Problems0 = ∃x.Px(x, σh(g))

Next, the initialized complement is handed to VerifyMILP, which identifies a counterexample
candidate σ. When a candidate is identified, we can plug it to derive the equation:

P ′ = ∃g.P (σ(x), g)

which must be then double checked by SolveMILP to detect false counterexamples. Any local
variable assignment found in this step is evidence that the candidate input counterexample is
actually not a counterexample. If a valid local assignment σ′ is found, we add the complement
problem substitution Px[σ

′ ↾R] to extend Problems. Finally, if no local assignment is found, the
candidate input counterexample is promoted to a true counterexample—this is then returned from
Max-∆ to the outer synthesis loop, and the synthesis process moves on to the next candidate hole
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assignment. When no candidate input counterexample can be found for the identified paths, then
Max-∆ has failed to find a counterexample for the hole assignment, and OACIS succeeds.

TheMax-∆ approach is a large departure from traditional CEGIS, which only tasks verifier
with solving the lone problem¬P ′. At its root, the difference in approaches is a consequence of the
difference between SMT and MILP. As stated previously, the existence of local variables in MILP
requires the use of a forall-exists solver. As Max-∆ is defined in terms of GenCEGIS, it works by
accumulating valid local assignments into the variable Problems. If the algorithm were to invert
the Problems variable in its entirety rather than substituting the local assignments into copies of
the complement, VerifyMILP would only have to satisfy a single local assignment, rather than all
of them. By substituting them individually, we guarantee that all local assignments observed so
far will be taken into account when proposing candidate input counterexamples.

Properties of Complements. In the algorithm for Max-∆ in Figure 4.4d above, we needed the
preprocessing function InvertMILP to individually compute the complement problem for each
counterexample. This operation is the MILP equivalent of SMT’s logical negation. Inversion of
an SMT formula is trivial—negate the term, then distribute within the formula. Finding a MILP
problem’s complement is not so easy, but InvertMILP’s fundamental goal remains the same: to
construct a problem whose solutions are variable assignments that are infeasible in the original
problem. This is different than testing for a completely infeasible problem, as finding an infea-
sible point does not imply that the problem is either feasible or infeasible. We merely require a
point that causes at least one of the original problem’s constraints to be violated. To guide our
implementation of InvertMILP, let us consider the properties we want it to have.

In principle, a valid inversion function f for problems P with possible solutions σ should
satisfy these properties:

• well-definedness, i.e., that all problems have complements:

∀P.∃P ′.f(P ) = P ′

• complementarity, i.e., the original problem and complement have no solutions in common:

∀P.{σ | Solve(P ) = σ} ∩ {σ′ | Solve(f(P )) = σ′} = ∅

• covering, i.e., that all possible solutions either solve the original problem or its complement:

∀P, σ.Solve(P ) = σ ∨ Solve(f(P )) = σ

• involution under solving, i.e., that the set of solutions to the complement of a problem’s
complement is the set of solutions to the original problem3:

∀P.{σ | Solve(P ) = σ} = {σ′ | Solve(f(f(P ))) = σ′}

All of these properties are met by logical negation. Next, we investigate whether it is possible to
fulfill them when inverting a MILP problem.

3Note that, while a nice property for reasoning about the algorithm, involution under solving does not require f
itself to be involutive, i.e. P = f(f(P )).
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e ::= x | I | v | e + e | e · e
s ::= C | s ; s
op ::= ≤ | = | ≥
C ::= assert e op e

v ::= n | α

n ∈ Z α ∈ R x, I ∈ variables

Figure 4.5: The constraint language

Encoding the Complement. Before delving into the details of the algorithm, we briefly review
the constraint language it operates over, specified in Figure 4.5. The language consists of programs
s, which are either sequences s ; s or constraints C of the form assert e1 op e2, over expressions e
and inequalities op. Expressions include variables x, values v, addition e + e, and multiplication
e · e, while inequalities include the usual less-than-or-equal, equal, and greater-than-or-equal. Val-
ues are integers or reals. We distinguish variables I to serve as indicator variables in the algorithm.

With the language in hand, we now discuss the algorithm for encoding MILP problem
complements, given in Figure 4.6. Recall thatMILP problems are conjunctions of linear inequalities
over continuous and integer variables; for the problem to be feasible, the variablesmust be assigned
values such that all constraints are simultaneously feasible. That means that the complement space
is exactly the space of variable assignment such that at least one constraint is not feasible.

It is critical to note that while a constraint must be violated, the variable bounds must
be preserved. Otherwise, our verifier could produce out-of-range candidate counterexamples. In
fact, allowing bound violations would trivialize the algorithm, as we could ignore all of the original
problem constraints!

Because MILP does not include any built-in way to specify disjunction or recognize con-
straint violation, we will require a special encoding, which we implement starting with the overall
problem complement constructor InvertMILP, given in Figure 4.6a. Given some original pro-
gram’s body of constraints s, it delegates to the function Invert, finding corresponding comple-
ment constraints s′ and violation indicator variables I0+. . .+In. This is the first of the encoding’s
three key design insights. Each Ij represents a failure mode for some constraint in s—that is to
say, Ij = 1 if and only if the assignment the solver returns when solving s′ violates some original
constraint sk. These are explained in further detail below. InvertMILP constrains the sum of these
indicator variables to be at least one, thereby guaranteeing that we find a point in the complement
space, provided that one exists.

Figure 4.6b has two syntax-driven cases. The first, Invert(s1; s2), simply inverts the two
constraint groups and sums their violation indicators. This implementation is sufficient because
violation of any one constraint does not depend on any others, and is thus compositional overall.
Put another way, a violation of either constraint group individually is a violation of their combi-
nation.

The second case, Invert(assert e op 0), gives us the inverse of a single constraint. With-
out loss of generality, this formulation merely re-arranges the general assert e1 op e2 form for
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InvertMILP(s) = s′; I0 + . . .+ In ≥ 1

where {s′, I0 + . . .+ In} ← Invert(s)

(a) The overall problem complement constructor InvertMILP

Invert(s1; s2) = {s′1; s′2, I0 + . . .+ Ij + Ik + . . .+ In}
where {s′1, I0 + . . .+ Ij} ← Invert(s1)

{s′2, Ik + . . .+ In} ← Invert(s2)
Invert(assert e op 0) = {s′, I0 + . . .+ In}

where Ilt, Ieq, Igt ← fresh ∈ {0, 1}
I0 + . . .+ In ← Violation(op, Ilt, Igt)
s′ ← assert Ilt + Ieq + Igt= 1;

assert Ilt · (e+∆) ≤ 0;

assert Ieq · e = 0;

assert Igt · (e−∆) ≥ 0

(b) The constraint complement constructor Invert

Violation(≤, Ilt, Igt) = Igt

Violation(=, Ilt, Igt) = Ilt + Igt

Violation(≥, Ilt, Igt) = Ilt

(c) The violation equation constructor Violation

Figure 4.6: An algorithm for encoding MILP problem complements
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Input: P : The complement problem
Output: The input counterexample or INFEASIBLE token
function VerifyMILP(P )

σ ←Maximize(∆, P )
if σ ̸= INFEASIBLE ∧ σ(∆) ≤ ϵ then

return INFEASIBLE
end if

return σ
end function

Figure 4.7: The verification solver VerifyMILP

simplicity. The encoding’s second key design insight is that each constraint has three domains:
“less-than,” “equal-to,” and “greater-than.” In other words, exactly one of these mutually exclusive
situations will always be true for any variable assignment, either: (1) e < 0, (2) e = 0, or (3) e > 0.
Depending on the original constraint’s operator op, either one or two cases will signal success,
while the others are violations. In other words, if the original constraint is e ≥ 0, then e < 0

would be a violation; for e ≤ 0, e > 0 is a violation; and if e = 0, then e < 0 and e > 0would both
be violations. We create three fresh indicator variables Ilt, Ieq , and Igt, one corresponding to each
case. One or both of Ilt or Igt will indicate a violation, as captured by the function Violation,
shown in Figure 4.6c.

Finally, we reach the heart of the algorithm: the construction of the complement for a single
constraint. Each complement subproblem contains four parts: themutual exclusion constraint that
ensures exactly one indicator is active in each complement subproblem, and one constraint for
each of the three domains. The first thing to notice in the domain constraints is that because MILP
does not include strict inequality, we have to model it through the use of the ∆-offset encoding.
This is the third key design insight, and is where Max-∆ gets half of its name. The variable
∆ is global to all constraints in the complement, and its type is constrained to be positive. We
can see that e + ∆ ≤ 0 guarantees that e < 0, and conversely that e − ∆ ≥ 0 guarantees
e > 0. Now we can take the product of the ∆-offset encoding with the indicator encoding to
conditionalize each domain constraint. Thus, the constraint assert I lt · (e + ∆) ≤ 0 encodes that
either Ilt = 0 or e + ∆ ≤ 0 or both. That is to say, if Ilt = 1, the constraint is active and
must hold, but otherwise it is inactive and it may or may not hold; conversely, if the constraint
cannot hold, then it must be the case that Ilt = 0, otherwise it can be either. This is a one-way
implication, but earlier we stated that Ij = 1 if and only if the assignment the solver returns when
solving s′ violates the original constraint sk. This additional requirement is why the construction
includes all three domains: the mutual exclusion constraint forces exactly one indicator from each
trio to be 1, and the corresponding constraint must hold. These indicators are what transform a
nominally conjunctive MILP formulation into the disjunction required for a complement—because
only one Ij = 1 is necessary, the other constraints can be safely made inactive by setting their
corresponding indicators to 0.
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Maximizing ∆. Now that we have an encoding, we can turn our attention to the solver that
handles it, VerifyMILP, shown in Figure 4.7. This function invokes aMILP solver on a complement
problem P , maximizing the variable ∆ as its objective function. By doing so, it finds the variable
assignment which most violates the original problem.

Using the constraint assert I lt · (e + ∆) ≤ 0 to demonstrate, assume that Ilt = 1, and that
∆ is as large as possible. Thiswouldmean that the expression e is as negative as possible—if it could
be made more negative, then ∆ would be correspondingly larger. Likewise, e must be the most
extreme value over all others—if a different constraint could be made more extreme, by enabling
it the solver could find a larger value of∆, and would then set the indicator Ilt to 0, disabling our
original constraint. While it is true that any ∆ > 0 is enough to signal a violation, searching for
the largest∆ is a useful strategy for programs with linear constraints, as it simultaneously pushes
the solver away from the trivial solution∆ = 0while increasing the liklihood of eliminating large
swaths of the search space, an effect that we observed in some benchmarks.

In theory, this problem should always be satisfiable, because when ∆ = 0 we are able
to recover the original problem, which would mean that the solution is not a counterexample.
When this circumstance is detected, OACIS terminates. In practice we choose a concrete value
∆ ≤ ϵ as a cutoff to give users better control over the verifier’s performance, as well as to avoid
concerns about numerical tolerances and precision inherent to the solver algorithm. The value of
ϵ is application dependent and up to the user, and should be smaller than any number needed by
their program but no smaller to help lead to efficient termination.

Numeric Limitations of MILP. In practice, the complement properties we established above
are stronger than necessary for a correct inversion function. Only complementarity is strictly re-
quired for correctness—well-definedness, covering, and involution are only to guarantee complete-
ness. If we relax well-definedness, some programs will be inadmissible. If we relax covering, then
there will be some variable assignments that are infeasible for Solve(P ), but that Solve(f(P ))
will be unable to find. If we relax involution, then the set of solutions to f(f(P )) will be a subset
of the set of solutions to P rather than an identical set.

To design a practical inversion function, we must account for real world constraints im-
posed by existing numerical solvers that require InvertMILP to relax covering and involution.
Due to precision issues inherent in floating point, relaxing covering means that there may be vari-
able assignments that real solvers will be unable to discover in either the original problem or its
complement, for example, because of numerical tolerances needed by the solver to converge on
a solution. Relaxing involution in this context means these issues are worsened, as this undis-
coverable set of assignments in the complement is further increased in the complement of the
complement.

Thankfully, Max-∆ can easily sidestep the issue in the case of involution by keeping P
around, as we have done in General CEGIS. We are not so lucky with covering, however, as MILP’s
lack of strict inequalities necessitates the use of ∆ and ϵ, which creates the possibility that some
points are excluded from the complement’s solution space. Additionally, Synthitar’s implemen-
tation relaxes well-definedness, although only very narrowly, due to additional design decisions

68



in Scimitar’s constraint language. In practice, this means that some problems cannot be inverted,
and others may have counterexamples that can’t be identified because they are outside the preci-
sion specified by the user, which we discuss further in Section 4.6.2.

4.6 Evaluation

To evaluate Synthitar, we supplement the examples presented in Section 4.2 with a suite of
microbenchmarks that exercise various aspects of the language. We measured each benchmark’s
median run time performance in milliseconds during each phase of OACIS, along with number of
iterations it took to solve. We use our measurements to observe OACIS on different kinds of tasks,
and analyze its behavior and the implications.

4.6.1 Benchmarks

We group our benchmarks into five categories, described below: triv, eq, math, ite, and sqrt.

Triv. The triv category is a group of microbenchmarks limited to using holes and inputs in-
dependently of each other. This group includes the benchmarks triv-prim, triv-unit, triv-bu, and
triv-bit.

Eq. The eq microbenchmarks include constraints on the holes and inputs using simple expres-
sions including data structures, and is made up of the benchmarks eq-bit, eq-int, eq-vec, eq-tuple,
and eq-unit.

Math. We group microbenchmarks that constrain the holes and inputs via more complex math-
ematical and programming relations into themath category. These are slightly more complex than
the preceding categories, and include the benchmarksmath-sub,math-mul,math-square,math-lb,
and math-fun.

ITE. The ite benchmark group explores the behavior of loop guards. We previously discussed
the example ite-scale from Figure 4.2, to which we add a variation ite-choice that uses Boolean logic
in the guard.

Sqrt. We give a simplified version for sqrt in Figure 4.1. The real version has several minor
differences from the one presented. While most are superficial, the one significant change is that
Synthitar does not directly support floating point variable-variable multiplication or division,
and the benchmark uses helper functions to emulate it. For our measurements, we choose the
relatively tight range [0, 5] for nneg and high error-tolerance of 1

9 , to speed up synthesis. These
choices result in an optimal hole assignment of max-iterations=3, an averaging factor of 0.49–0.5,
and 1.73–2.26 as the initial value.
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Table 4.2: Solve time in milliseconds and iterations for each phase of OACIS for each Synthitar
benchmark, segmented by category

ts tv tc ns nv
triv-prim 0.5ms 0.4ms — 1 1
triv-unit 0.2ms 0.3ms — 1 1
triv-bu 0.2ms 7.3ms 0.2ms 1 2
triv-bit 0.1ms 6.4ms 0.1ms 1 2
eq-int 0.5ms 0.2ms — 1 1
eq-vec 0.2ms 0.1ms — 1 1

eq-tuple 0.7ms 8.0ms 0.2ms 3 1
eq-unit 0.1ms 0.1ms — 1 1
eq-bit 0.2ms 5.3ms 0.2ms 1 2

math-mul 1.0ms 587ms 0.2ms 3 1
math-square 0.5ms 0.1ms — 1 1

math-lb 0.2ms 0.1ms — 1 1
math-fun 0.1ms 9.1ms 0.1ms 1 2
math-sub 0.2ms 0.8ms 0.2ms 1 2
ite-choice 2.4ms 9.0ms 0.6ms 2 1
ite-scale 1.1ms 6150ms 48ms 2 74

sqrt 60 586ms 24ms 87ms 5 2

4.6.2 Results

Our evaluation focuses on two specific dimensions: performance of the different phases and con-
vergence of the algorithm.

Precision and Correctness. OACIS’s resulting feasible hole assignment is guaranteed to opti-
mize a problem’s objective function within the precision of a user supplied margin of error and
of Gurobi’s internal tolerances. The correctness of the results of Max-∆ is guaranteed up to the
granularity specified by the previously discussed user-specified parameter ϵ, and so all optimal
hole assignments are guaranteed to be free from input counterexamples up to the resolution of ϵ.
This definition deviates from the usual definition of soundness in synthesis systems, but does not
present a problem provided that users ensure that they design their problems accordingly. The
restriction on correctness is a consequence of the nature of discrete algorithms solving for con-
tinuous values. Indeed, if Max-∆ did not impose this qualification on its counterexamples, the
user would nevertheless be subject to the definition of floating point and all of its accompanying
soundness issues.

Performance. First, we look at the performance of each phase of OACIS. Depending on the
nature of user’s program, the algorithm may spend more time in synthesis, verification, or coun-
terexample checking.

Columns 2–4 of Table 4.2 give the median run time performance in milliseconds of each
benchmark during each phase. As with Scimitar, our evaluation used the popular off-the-shelf
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GurobiMILP solver [Gur23]. All measurementswere taken on a 3.2 GHzAMDRyzen 5 1600 system
with 32GB of RAM using Racket’s current-inexact-milliseconds function.

More specifically, the ts column gives the sum of the running time of all calls to the syn-
thesizer across all benchmarks in the category for a single execution of the benchmark suite. The
measurement shown is the median of 11 runs. Likewise for the time tv spent in the verifier, and
tc in the checker. Because we take the median across all runs for each phase independently of the
others, the three measurements for a given benchmark may not necessarily correspond to any sin-
gle run. As the bolded columns show, verification time vastly dominates most microbenchmarks,
with the most extreme examples in each category being triv-bit (97.0%), eq-bit (93.4%), math-mul

(99.8%), and ite-scale (99.2%), while sqrt spends virtually all of its time (99.8%) in the synthesizer.
No benchmark spent any significant time in the checker.

Convergence. Next, we break down the convergence of the algorithm. This is a measure of how
many calls were made to the synthesizer, and the worst case number of calls to the verifier within
a single execution of Max-∆.

The fifth and sixth columns of Table 4.2 measure the number of steps to get a result in
each benchmark. The ns column lists the number of iterations through the OACIS loop (calls to
the synthesizer) before synthesis succeeded for the median run. The nv column gives the high
watermark for number of iterations through the Max-∆ loop (calls to the verifier) for the median
run. We choose the high watermark rather than the total because in most of the benchmarks we
investigated, the verifier almost always finds true counterexamples on the first try if one exists,
but may run many times otherwise, which means that most verifier runs happen after finding the
optimal hole assignment. We do not give the number of calls to the checker, which is always nv−1,
as the only time Max-∆ does not run the checker is if the verifier did not find a counterexample,
which only happens once. Because most of our microbenchmarks are quite straightforward, most
converge within two calls to either phase, so we will devote the most discussion to math-mul (3
synthesis iterations), ite-scale (74 worst-case verifier calls), and sqrt (5 synthesis and 2 worst-case
verifier calls).

4.6.3 Analysis

To explain our results, we must consider the root cause of their behavior. To do so, we must un-
derstand a little bit about three different kinds of complement problems, which we dub empty,
pathological, and tractable. Empty complements are infeasible—either they contain constraints
that could never be feasible, such as 1 = 0, or combinations of constraints that lead to a contra-
diction, meaning there are no input counterexamples. Pathological complements arise when some
input is constrained directly to a local variable. These local variables are given concrete assign-
ments during verification, resulting in a complement that searches for a counterexample to just
that value. For example, for the constraint (assert (= x g)), the assignment g=5.0 would mean
that the complement would only need to find a counterexample to (assert (= x 5.0)). Such
constraints are extremely easy to violate because there could be a large number of possible input
counterexample candidates (is this constraint, anything in the domain of x other than 5.0). Unfor-
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tunately, the better the hole assignment, the more of those will be false counterexamples, meaning
that the checker will reject them and trigger another Max-∆ iteration. In the worst case, Max-
∆ will explore the entire input domain looking for an input counterexample. Even a single such
constraint is enough to make the complement pathological. Tractable constraints are those that
involve primarily inputs and holes, so named because these improve the rate of progress through
the algorithm, as they increase the odds that the verifier finds true counterexamples.

Of the sixteen microbenchmarks, synthesis dominates six: triv-prim, eq-int, eq-vec, eq-unit,
math-square, and math-lb. In each of these cases, the checker does not run even once, meaning
that the first call to the synthesizer picked a hole assignment for which the verifier can find no
counterexamples. The foremost reason for this behavior is that the five eq andmath complements
are all empty, making any hole assignment that satisfies the synthesizer an optimal one. This situ-
ation arises because for each of these, the holes are constrained independently of the inputs, which
are either unused or have a tightly constrained domain. In the case of triv-prim, the complement
is actually technically pathological, but the input domain is so restricted that this does not create
a problem in practice.

The remaining tenmicrobenchmarks were dominated by the verifier. The triv-unit, triv-bu,
triv-bit, eq-bit, math-fun, and math-sub benchmarks are all simple problems and synthesize very
quickly, but their complements are all pathological; however, their input domains are sufficiently
restricted that verification is still expedient. Both eq-tuple and math-mul are tractable problems—
while they synthesize quickly, the verifier can immediately find true counterexamples, so they
each require a few attempts before finding a solution. The ite-choice and ite-scale benchmarks
have the most complex synthesis problems so far, but their pathological complements drive up the
overall verifier time.

Of the microbenchmarks, math-mul and ite-scale are the most deserving of further dis-
cussion. Unlike most other microbenchmarks, these have a comparatively large input domain,
and use their inputs and holes in more elaborate constraints which are more demanding for the
verifier. The math-mul complement contains constraints that impose a non-linear relationship
between the inputs and holes—specifically, they include expressions that take the product of one
input with the square of the other—which results in the largest complement problem of all our
benchmarks. This added complexity works to our advantage, because it means that although each
verifier call may take more time, it is more likely to uncover a true counterexample, which is why
in the worst case nv = 1. The effect of the combination of a pathological constraint and a large
input domain is especially evident in ite-scale, where no individual verifier run takes more than
461ms, but it finds nv − 1 = 73 false counterexamples in its last iteration before giving up and
accepting the hole assignment.

Finally, the sqrt benchmark is overwhelmingly dominated by synthesis. The increase in
synthesis time is easily explained by the fact that the problem submitted to the solver contains
over ten times as many constraints and ten times as many variables than either ite, which in turn
have around ten times as many constraints and ten times as many variables as the remaining
microbenchmarks. Conversely, while its complement problem is pathological, the input domain is
small so counterexample candidates are chosen and double checked quickly. Furthermore, the time
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spent in the synthesis phase appears to rise exponentially with each additional counterexample,
with each call taking from four to ten times longer than the previous. This unexpected behavior
hints at some sort of underlying combinatorial conflict between the holes when confronted with
multiple input values to satisfy.

There are several high-level observationswe can derive from this analysis. Themost signif-
icant is that although the Max-∆ approach explores the counterexample search space efficiently,
pathological complements can negate that efficiency. For example, although math-fun includes
both pathological and tractable constraints, the verifier’s behavior is determined primarily by the
pathological ones. To make matters worse, in addition to user-specified constraints, pathological
constraints can appear during a Synthitar program’s compilation. This behavior is a weakness
of the implementation that could be improved with further engineering, but it remains a hard
problem to avoid in general. Another observation is that speed of checking is generally negligible,
meaning that the cost of the Max-∆ algorithm comes primarily from the number of times the ver-
ifier is invoked. Moreover, the final call to Max-∆ will almost always dominate the previous calls,
as the odds are good that the correct hole assignment will produce a lot of false counterexamples,
especially in pathological complements.

Possible future improvements to OACIS could ameliorate these concerns.

4.7 Related Work

Optimization in Synthesis To our knowledge, Synthitar is the first work that successfully
encodes programs as MILP problems for general purpose optimization-aided synthesis, but others
have explored other methods and applications of optimization in synthesis.

Most prominently, Synapse [BTGC16] employs the strategy of runningmultiple traditional
CEGIS loops in parallel with a central controller to propose candidate solutions, which it judges
according to some user-defined cost function κ expressible as a term in a decidable theory T , then
directs further search according to some gradient function. Unlike previous work, a Synapse cost
function can reason both about the program’s syntax and semantics, similar to Synthitar. The
work remains more general though, and assumes existing encodings for any T , so can not exploit
their structure as Synthitar does.

ReSyn [KWPH19b] introduces resource-guided synthesis, a technique that uses a refinement-
based type system to specify cost functions that perform amortized resource analysis. The work
focuses on type-driven synthesis of programs that are efficient with respect to memory, time, or
other domain specific resource metrics. While the type system is based on constrained linear
inequalities, they make use of SMT in a custom CEGIS-like algorithm rather than use numeric
solvers.

Stitch [BOW+23] is a tool for synthesizing library functions that uses a generic utility
function containing an compression objective that seeks to maximize the product of the size of
the abstraction and the number of locations where the abstraction can be used. The theory behind
the approach is that an objective function that measures how compressed the program is will lead
to compact or even minimal code generation. Unlike other approaches, it does not employ CEGIS
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or solvers, but introduces a technique called corpus-guided top-down search, which iteratively con-
structs and refines syntax trees that meet the specification and maximize the utility measure.

Euler [CSL12] is a system for solving unconstrained optimization problems posed as
sketches. While it is not a complete synthesis system, it includes many of the necessary core con-
cepts, including holes and objective functions. The grammar and semantics are a subset of what
Synthitar provides, and the algorithm’s end results are akin to a single pass through OACIS. They
accomplish their optimization via smooth interpretation, discussed in more detail below.

Generalizing CEGIS Synthitar is not the first attempt to generalize CEGIS. Abstract learning
frameworks [LMN16, NSM16, NGM+18] introduce a formalism that encompasses several CEGIS
formulations as well as other synthesis algorithms not generally viewed as CEGIS, and demon-
strate its application to novel domains. The framework formalism generalizes synthesizers and
verifiers in terms of learners and teachers (or oracles), along with their respective sample and hy-

pothesis spaces. OGIS [JS17] creates a conceptually similar formulation. Both of these approaches
are more formal than our work, and provide a more complete treatment. The goal of General
CEGIS is not to create an independent framework, just to increase the flexibility of CEGIS to adapt
it a new domain, and can be regarded as a specialization of these approaches.

Synthesizing Numeric and Constraint Programs Many attempts have been made to syn-
thesize programs that include numeric equations and arithmetic constraints. One example is Syn-
Mio [WGW23], a syntax guided synthesis (SyGuS) method that uses CEGIS to convert arbitrary
Boolean logic formulas by synthesizing MILP constraints that solve more efficiently than encod-
ings such as the ones used by Synthitar. Another, DSSynth [ABC+20] uses CEGIS to synthe-
size digital controllers for physical systems which include A/D and D/A converters using linear
time invariant models expressed as ordinary differential equations. DryadSynth [HQSW20b] ap-
proaches SyGuS problems over conditional linear integer arithmetic (CLIA) by employing a novel
divide-and-conquer strategy employing CEGIS. nay [HCDR20b] goes even further, proving that
CLIA SyGus problems over finitely many examples is decidable. Unlike Synthitar, none of these
make use of optimizing objective functions during synthesis, instead just focusing on correctness.

The smooth interpretation [CSL10b] algorithm uses Gaussian smoothing combined with
Nelder-Mead simplex search to synthesize optimal control parameters for embedded control ap-
plications by creating a continuous approximation of a discrete program then employing an opti-
mization objective that minimizes the error of the synthesized result. While it makes use of opti-
mization as a tool, it only does so within the algorithm, and does not accept arbitrary objectives
as Synthitar does.

Synthesizing Floating Point Programs CEGIS synthesis approaches often struggle in the
presence of floating point holes and inputs. Most existing work is concerned with correctness
of floating point theories in the context of SMT, but there has been some work specifically ad-
dressing synthesizing floating point values. Systems such as FPSyn [NJR22] and PINE [IDS20]
focus on guaranteeing correct roundoff error behavior via rigorously modeling floating point in
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restricted domains of predicates and inductive invariants.
Sketch’s approach to floating point [KCISL16, SLAT+07b, SLB25, IGKSL18] uses four dif-

ferent encodings for different circumstances. First, it encodes float literals as a lookup table using
a one-hot encoding augmented with some hard-coded ϵ, which is efficient when making decisions
about inputs and holes that can be drawn from that concrete set. Second, in some contexts it can
assign float variables to scaled temporary bitvectors, which allows reasoning about all values up
to the scaling resolution in the relatively small range of the bitvector width. Third, in contexts
where the actual floating point logic is not important, it can replace the entire computation with
an equisatisfiable problem over uninterpreted functions, or, since the reals form a field, over some
other field that is more amenable to synthesis. Finally, there has been exploratory work to sup-
port numerical optimization via symbolically computing derivatives of the sketch then running
gradient descent combined with Newton’s method.

These approaches are completely different than Synthitar’s approach to floating point—
our ability to synthesize floating point values is a natural consequence arising purely from the use
of a MILP solver.

Large Language Models Ever since the introduction of the Transformer model[VSP+17], no
discussion of a novel program generation technique is complete without acknowledging its rela-
tionship to Large Language Models such as GPT, Claude, and Gemini. The state of the art includes
a wide range of quality vs compute [SLB25], but it can be roughly divided into three tiers:

• Retail. This includes tools such as OpenAI’s ChatGPT, Microsoft’s Copilot, and Google’s
Gemini. These products are generally capable of reproducing or creating small variations of
code where many prior examples exist in its training set.

• Agentic. These are professional tools such as Devin4 and Cursor.5 While more powerful than
the retail tier, they struggle with more routine tasks like maintaining or adding features to
existing code, and excel at automating rare but formulaic activities like creating projects and
scripts. Their success relies on a large amount of search (often dozens of minutes to hours)
and good test cases—at their core, though, they use the same models as the retail tier.

• Google DeepMind[LCC+22, LGA+23, Goo24, RPBN+24, MMM+25] remains in a category
by itself. Over the last three years this group has demonstrated increasing ability on diverse
tasks, succeeding in feats like ranking highly against humans in code andmath competitions.
Their success has a caveat though—it often requires so much compute that it is not feasible
for others to reproduce, and therefore hard to characterize what it is and isn’t capable of.

Gu et. al [GJL+25] present a detailed survey of the current abilities of these offerings.
They present a taxonomy of software tasks and define measures to evaluate them. According to
their rubric, the Babylonian square root example from Figure 4.1 would be considered a function
scope, medium-high logical complexity code generation and optimization task. Of these sorts of
problems, the authors claim that:

4https://devin.ai
5https://cursor.com
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Optimizing real-world systems poses significant challenges due to the large scope
and high logical complexity of the task [. . . ]. Code optimization often has a large
search and solution space with competing objectives [. . . ].

Later on, they further comment on challenges faced by programs in Synthitar’s target domain:

Tasks such as writing [. . . ] performance optimizations have a high logical com-
plexity, often proving difficult for even the best human coders. Similar to solving
research-levelmath problems, these out-of-distribution domains are very hard for LLMs.

Part of the difficulty, they conclude, is that these tasks are largely absent from the training sets of
modern LLMS, as they are unique, domain-specific, and quite challenging for human beings.

Further complicating the matter is the complexity of knowing how to coax models to pro-
duce desirable answers. While Synthitar allows for precise logical specification of a goal func-
tion, methods for explaining an objective to the LLM in the natural language to code paradigm are
so mysterious they have launched an independent field of study, known as prompt engineering.
This topic has attracted attention from both academic researchers trying to characterize mod-
els [YSW+25, SBA+25, KdONML25] and the general public that want to make the best use of
them [DAI]. This situation hinders direct comparison between LLM approaches and symbolic ap-
proaches like Synthitar, as the tools necessary to design good prompts are still in their infancy,
and users currently lack the ability to know whether the LLM is unable to complete a task, or if
their prompt is merely insufficient.

Finally, LLMs perform especially poorly [SLB25] on over-constrained synthesis problems
with very few solutions, discrete problems which lack the benefit of gradients, and problems in
unique domains which lack the benefits of pretraining. It is this author’s opinion that the best
way to address this problem lies in a hybrid approach, by giving LLMs access to existing sym-
bolic tools and training them how to use them effectively. Some efforts have been made in this
direction, with the development of standard approaches such as Anthropic’sModel Context Proto-

col (MCP) [Ant24], which gives an LLM secure access to external applications. The agentic tools
mentioned above are already starting to take advantage of this ability, and we expect its use to
only increase. Whether such approaches will be the ultimate solution to the problem, or whether
LLMs catch up on their own, only time will tell.

4.8 Summary

Optimization-aided synthesis merges optimization-aided programming with sketch-based synthe-
sis, allowing users to specify objective functions that can encode application goals that are difficult
to state with assertions alone. These include syntactic or semantic properties they want to opti-
mize, such as program structure, resource usage, or other domain specific behavior. The OACIS
algorithm employed by Synthitar enables this merger by adapting CEGIS to synthesize mixed
integer linear programs, employing Max-∆ verification to find the most extreme counterexam-
ple. Our results show that this approach can be used to generate optimal programs, particularly
numeric algorithms and ones including floating point values.
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Chapter 5

Conclusion and Future Work

This dissertation introduced two novel approaches to leverage information within a sketch to im-
prove synthesis. First we presented Sketcham, which modularly decomposes program sketches
using information gleaned from their own test suites to break them apart into mocks without
needing the user to supply any additional information. Next we created the optimization-aided
language Scimitar, which combines functional and symbolic reasoning by leveraging a mixed in-
teger linear program solver to allow users to write programs including objective functions that
can choose optimal values for program variables. Finally, we extend Scimitar with synthesis lan-
guage constructs including holes, universally quantified inputs, and an optimizing synthesis query,
to create the full fledged Synthitar optimization-aided synthesis system, which employs the new
OACIS and Max-∆ algorithms. These efforts support our thesis statement from the Introduction:

The central claim of this dissertation is that augmenting the information about
program structure and objectives available to these solver aided systems leads to better
results, both when synthesizing programs and when searching for optimal program
values.

By modularizing sketches, Sketcham enables users to reason separately about callers and
callees. Constructing new subproblems using mocks allows each function to be synthesized in rel-
ative isolation, leading to performance gains of as much as 5×. Scimitar frees users from needing
expertise about encoding techniques that must normally be written by hand, including solve-time
conditionals, bounded inlining, and loop unrolling. Its quick solve performance supports the argu-
ment in favor of a dedicated MILP solver for optimization applications. Synthitar’s integration of
optimization with sketching gives users the power to direct synthesis with goals difficult to state
with assertions alone. Objective functions specifying such syntactic and semantic properties can
influence the size, value, or shape of program values and structure, letting users precisely express
how the system should prefer one solution to another.

We see several opportunities to extend and improve on this work. First, Sketcham’s
transformation currently excludes some more complex asserts that could potentially be usable
for mocks, e.g., those including conjunctions of otherwise unrelated terms, and additional Sketch
features such as complex harness types. Supporting these would drastically broaden the kinds of
programs the algorithm could be applied to.
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Ameaningful research direction for Scimitar would be to explore recursive algebraic data
structures, particularly variable-length lists. Support for these types would allow for a more com-
plete investigation of higher-order functions and optimizing of entire data structures. Another line
of research would be on the language’s type system. The typing algorithm is powerful but infor-
mal, and we believe that creating a formalized type inference system built on MILP is both possible
and desirable. One other possible direction is to move past MILP to more powerful, nonlinear ap-
proaches such as using a Quadratically Constrained Quadratic Programming (QCQP) solver. Doing
so would drastically increase the number of functions that could be modeled without a linear re-
laxation, not least of which is float–float variable multiplication, for which it is not practical to use
a MILP solver. Beyond expanding the language design, it would also be worthwhile to perform a
user study on the benefits and drawbacks of Scimitar as compared to the traditional optimization
problem approach.

Synthitar presents many avenues worth pursuing for further development. The most
significant is to integrate more techniques used by state of the art exists-forall-exists solvers into
OACIS. A prominant example of this would be to upgrade the Max-∆ algorithm to proactively
eliminate local variables during preprocessing via Skolemization. While it would be unable to
eliminate them entirely, Skolemization would drastically cut down on the number of pathological
constraints. Anotherwould be tomodularize the sketch in away similar to Sketcham, by grouping
constraints into mocks that fully determine some aspect of the original problem, thereby decreas-
ing the complement’s search space by limiting the number of possible false counterexamples. Also,
it would be interesting to explore definitions of optimality other than Best of the Best, further in-
creasing the power users can wield in the search of their perfect program. Finally, given the recent
advancements in program generation using LLMs, it is important to consider how our work might
compare to a potential LLM-based approach to optimal synthesis. Performing such an evaluation
could help determine with more certainty whether LLMs are capable of generating programs with
objective functions, and if so how their results and performance compare with ours.

We believe this work is evidence that synthesizing modular and optimal programs is not
only possible, but worthwhile, and that the approaches we present are valuable contributions to-
ward achieving that purpose.
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Appendix A

Sketcham Benchmarks

The following is a selection of Sketcham’s benchmark suite. For a detailed discussion of each
benchmark, see Section 2.4.

1 generator int constant() { int m = ??; return {| (-)? m |}; }
2 int abs(int n) {
3 if ({| n (< | > | <= | >= | == | !=) constant() |}) {
4 return pos(n);
5 } else {
6 return neg(n);
7 }
8 }
9 generator int xform(int n) { return {| n (+ | - | * | /) constant() |}; }
10 int pos(int n) { return xform(n); }
11 int neg(int n) { return xform(n); }
12

13 harness void ha(int n) { assert abs(n) >= 0; assert abs(-n) >= 0; }
14 harness void hp() { assert pos(1) == 1; }
15 harness void hn() { assert neg(1) == -1; }

Figure A.1: The absval benchmark
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1 pragma options "--bnd-inbits 6 --bnd-inline-amnt 10";
2

3 int fib_slow(int n) {
4 if (n <= 1) { return 1; }
5 return fib_slow(n - ??) + fib_slow(n - ??);
6 }
7

8 harness void h_fib_slow() {
9 assert fib_slow( 0) == 1;
10 assert fib_slow( 1) == 1;
11 assert fib_slow( 2) == 2;
12 assert fib_slow( 3) == 3;
13 assert fib_slow( 4) == 5;
14 assert fib_slow( 5) == 8;
15 assert fib_slow( 6) == 13;
16 assert fib_slow( 7) == 21;
17 assert fib_slow( 8) == 34;
18 assert fib_slow( 9) == 55;
19 }
20

21 int fib_fast(int m) {
22 int fib_inner(int n, int accum2, int accum1) {
23 if(n <= 1) { return accum1; }
24 return fib_inner(n - 1, accum1, accum2 + accum1);
25 }
26 return fib_inner(m, ??, ??);
27 }
28

29 int fib_hack(int n) {
30 return fib_slow(n);
31 }
32

33 harness void h_fib(int n) {
34 assume n < 10;
35 assert fib_hack(n) == fib_fast(n);
36 }

Figure A.2: The fib benchmark
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1 include "intops.skh";
2

3 adt StrAdt { Str {int n; char[n] s;} }
4 generator Str str([int n], char[n] s) { return new Str(n = n, s = s); }
5

6 int levenshtein([int a_n, int b_n], char[a_n] a_s, char[b_n] b_s) {
7 Str a = str(a_s), b = str(b_s);
8 int pad = ??;
9 int[b.n + pad][a.n + pad] memo = { {0}};
10 for (int i = 0; i < a.n + pad; i++) {
11 for (int j = 0; j < b.n + pad; j++) {
12 if(i == 0 || j == 0) {
13 memo[i][j] = i + j;
14 } else {
15 bit eqInd = a.s[i - 1] != b.s[j - 1];
16 memo[i][j] = min(min(memo[i - 1][j] + 1,
17 memo[i][j - 1] + 1),
18 memo[i - 1][j - 1] + eqInd);
19 }
20 }
21 }
22 return memo[a.n][b.n];
23 }
24

25 harness void h_levenshtein([int n, int m], char[n] s1, char[m] s2) {
26 // This case is not covered by the spec below
27 assert levenshtein("mother", "father") == 2;
28 // There are no really exemplary weak specs for edit distance
29 assume n >= 0 && n <= UNROLL_BOUND - 1;
30 assume m >= 0 && m <= n;
31 if (s1 == s2) { assert levenshtein(s1, s2) == 0; }
32 Str sa = str(s1), sb = str(s2);
33 int j = 0;
34 for(int i = 0; i < sa.n; i++) {
35 assume j <= sb.n;
36 if (j < sb.n && sa.s[i] == sb.s[j]) { j++; }
37 }
38 int delta_n = sa.n - sb.n;
39 if (j == sb.n) {
40 assert levenshtein(s1, s2) == delta_n;
41 assert levenshtein(s2, s1) == delta_n;
42 } else {
43 assert levenshtein(s1, s2) > delta_n;
44 assert levenshtein(s2, s1) > delta_n;
45 }
46 }

Figure A.3: The Levenshtein edit distance algorithm, used by both spellcheck and minpair
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1 pragma options "--slv-nativeints --bnd-unroll-amnt 9";
2 #define UNROLL_BOUND 9
3 #include "levenshtein.sk"
4

5 Str[n] spellcheck([int n], Str[n] sentence) {
6 Str[4] dictionary = {
7 str("etch"),
8 str("skeet"),
9 str("set"),
10 str("sketchy")
11 };
12 Str[n] result = sentence;
13 for(int i = 0; {| i (< | <= | ==) n |}; i++) { // i < n
14 Str original = sentence[i];
15 for(int j = 0; j < ??; j++) { // j < 4
16 Str dictword = dictionary[j];
17 int score = levenshtein(original.s, dictword.s);
18 if (score <= ??) { // score <= 1
19 result[i] = dictword;
20 }
21 }
22 }
23 return result;
24 }
25

26 harness void h_spell() {
27 Str[3] original_sentence = {
28 str("It"), str("is"), str("sketch")
29 };
30 Str[3] fixed_sentence = {
31 str("It"), str("is"), str("sketchy")
32 };
33 assert spellcheck(original_sentence) == fixed_sentence;
34 }

Figure A.4: The spellcheck benchmark
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1 pragma options "--slv-nativeints --bnd-unroll-amnt 10";
2 #define UNROLL_BOUND 10
3 #include "levenshtein.sk"
4

5 int min_edit_pair([int n], Str[n] strs, ref Str a, ref Str b) {
6 assert n >= 2;
7 int best_score = -1;
8 for (int j = ??; j < n; j++) { // 0 or 1
9 for (int i = ??; i < j; i++) { // 0
10 Str si = strs[i];
11 Str sj = strs[j];
12 int score = levenshtein(si.s, sj.s);
13 if (best_score == -1 || score < best_score) {
14 a = si;
15 b = sj;
16 best_score = score;
17 if (best_score == 0) {
18 return best_score;
19 }
20 }
21 }
22 }
23 return best_score;
24 }
25

26 harness void h_min1() {
27 Str a, b;
28 Str[5] ss = {
29 str("etch"), str("set"),
30 str("sketch"), str("sketches"),
31 str("sketchy") };
32 int score = min_edit_pair(ss, a, b);
33 assert score == 1;
34 assert a.s == "sketch";
35 assert b.s == "sketchy";
36 }
37

38 harness void h_min2() {
39 Str a, b;
40 Str[4] ss = {
41 str("daughter"), str("son"),
42 str("mother"), str("father") };
43 int score = min_edit_pair(ss, a, b);
44 assert score == 2;
45 assert a.s == "mother";
46 assert b.s == "father";
47 }

Figure A.5: The minpair benchmark
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1 pragma options "--slv-nativeints --bnd-inbits 2 --bnd-unroll-amnt 4";
2 include "generators.skh";
3

4 int[n] insertion([int n], int[n] vs) {
5 for(int i = ??; i < n; ++i) { // 1
6 int v = vs[i];
7 for(int j = expr({i, n, v}, {PLUS, MINUS}); // i - 1
8 exprBool({j, i, n}, {}) && // j >= 0
9 exprBool({j, i, n, v, vs[j]}, {}); --j) { // vs[j] > v
10 vs[j + 1] = vs[j];
11 vs[j] = v;
12 }
13 }
14 return vs;
15 }
16

17 generator bit elem([int n], int m, int[n] vs) {
18 for(int i = 0; i < n; ++i) { if(vs[i] == m) { return true; } }
19 return false;
20 }
21

22 harness void h_sort([int n], int[n] vs) {
23 int[n] svs = insertion(vs);
24 for(int i = 0; i < n; ++i) { assert elem(vs[i], svs); }
25 for(int i = 0; i < n; ++i) { assert elem(svs[i], vs); }
26 for(int i = 0; i < n - 1; ++i) { assert svs[i] <= svs[i + 1]; }
27 }
28

29 int[n] dedup([int n], int[n] vs, ref int sz) {
30 int[n] svs = insertion(vs);
31 int[n] result;
32 sz = ??; // 0
33 for(int i = ??; i < n; ++i) { // 0
34 int j = expr({sz, i}, {PLUS, MINUS}); // sz - 1
35 if(sz == ?? || {| svs[i] (> | >= | < | <= | != | ==) result[j] |} ) { // 0 >
36 result[sz] = svs[i];
37 sz = expr({sz, i}, {PLUS, MINUS}); // sz + 1
38 }
39 }
40 return result;
41 }
42

43 harness void h_dedup([int n], int[n] vs) {
44 int sz = 0;
45 int[n] dvs0 = dedup(vs, sz);
46 assert n == 0 || sz > 0;
47 int[sz] dvs = dvs0[0::sz];
48 for(int i = 0; i < n; ++i) { assert elem(vs[i], dvs); }
49 for(int i = 0; i < sz; ++i) { assert elem(dvs[i], vs); }
50 for(int i = 0; i < sz - 1; ++i) { assert dvs[i] < dvs[i + 1]; }
51 }

Figure A.6: The dedupi benchmark using insertion sort
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1 pragma options "--slv-nativeints --bnd-inbits 2 --bnd-unroll-amnt 4";
2 include "generators.skh";
3

4 int[n] merge([int n], int[n] vs) {
5 if (n > 1) {
6 int mid = n/2, rem = n - n/2, i = 0, j = 0;
7 int[mid] vas = merge(vs[0::mid]);
8 int[rem] vbs = merge(vs[mid::rem]);
9 while(exprBool({i, j, n}, {PLUS})) { // i + j < n
10 if(i < mid && (j == rem || vas[i] < vbs[j])) {
11 vs[i + j] = vas[i]; i++;
12 } else {
13 vs[i + j] = vbs[j]; j++;
14 }
15 }
16 }
17 return vs;
18 }
19

20 generator bit elem([int n], int m, int[n] vs) {
21 for(int i = 0; i < n; ++i) { if(vs[i] == m) { return true; } }
22 return false;
23 }
24

25 harness void h_sort([int n], int[n] vs) {
26 int[n] svs = merge(vs);
27 for(int i = 0; i < n; ++i) { assert elem(vs[i], svs); }
28 for(int i = 0; i < n; ++i) { assert elem(svs[i], vs); }
29 for(int i = 0; i < n - 1; ++i) { assert svs[i] <= svs[i + 1]; }
30 }
31

32 int[n] dedup([int n], int[n] vs, ref int sz) {
33 int[n] svs = merge(vs);
34 int[n] result;
35 sz = ??; // 0
36 for(int i = ??; i < n; ++i) { // 0
37 int j = expr({sz, i}, {PLUS, MINUS}); // sz - 1
38 if(sz == ?? || {| svs[i] (> | >= | < | <= | != | ==) result[j] |} ) { // 0 >
39 result[sz] = svs[i];
40 sz = expr({sz, i}, {PLUS, MINUS}); // sz + 1
41 }
42 }
43 return result;
44 }
45

46 harness void h_dedup([int n], int[n] vs) {
47 int sz = 0;
48 int[n] dvs0 = dedup(vs, sz);
49 assert n == 0 || sz > 0;
50 int[sz] dvs = dvs0[0::sz];
51 for(int i = 0; i < n; ++i) { assert elem(vs[i], dvs); }
52 for(int i = 0; i < sz; ++i) { assert elem(dvs[i], vs); }
53 for(int i = 0; i < sz - 1; ++i) { assert dvs[i] < dvs[i + 1]; }
54 }

Figure A.7: The dedupm benchmark using merge sort
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Appendix B

Formalization of Scimitar’s Source

Language

B.1 Types

Figure B.1 shows the Scimitar type system. Types provide guarantees about what the solver
receives in the compiled code, and enable several important features (see Section 3.4).

Types τ range over a scalar interval I with a size or “measure” µ, the unit type, tuples
τ × τ , records ⟨x : τ, . . .⟩, and functions τ → τ .

Tensors are given the type Iµ; vectors are a special case for µ = k. While any closed
interval I of the reals is a valid scalar type, the intervals of most interest to us are the reals R and
the non-negatives R+, the natural numbers Z, and the set {0, 1}, I.

Types are built on the idea that we can model any value with a non-recursive algebraic
type as a vector of type Rk; other types are sugar on top of this basic type. The implementation
flattens tensors, tuples, and records according to the dimensionality and range of their type.

I ::= R | R+ | I | Z
µ ::= k | k × µ
τ ::= Iµ | () | τ × τ
| ⟨ x : τ, . . .⟩ | τ → τ

k ∈ Z

Figure B.1: The Scimitar types

B.2 Additional Semantics

In Section 3.3.1 discussed the interface between host and solver semantics for Scimitar. The intu-
ition behind the functional solver semantics can be laid out using a complete trace-based seman-
tics, as presented in Figures B.2, B.3, and B.4. Because the whole program is evaluated at once,
we can’t analyze individual asserts in isolation to determine whether they will be violated. Even
something as simple as a = b could for example make the program infeasible, force a solution,
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α, β are global constants
minα · x+ β;⊤ ⊢ x⇝ x

Var
min 0;⊤ ⊢ v ⇝ v

Val

min og; Cg ⊢ eg ⇝ xg min ot; Ct ⊢ et ⇝ xt min of ; Cf ⊢ ef ⇝ xf
x is fresh Cx ≡ x = xg ∗ xt + (1− xg) ∗ xf
Ctg ≡ xg =⇒ Ct Cfg ≡ (1− xg) =⇒ Cf

C ≡ Cg ∧ Ctg ∧ Cfg ∧ Cx
min og + ot + of ; C ⊢ if eg then et else ef ⇝ x

ITE

min oi; Ci ⊢ ei ⇝ yi Cy ≡ yi = ⟨y1, . . . , yn⟩ n < unroll limit
min o1; C1 ⊢ eb[x 7→ y1] ⇝ x1

...
min on; Cn ⊢ eb[x 7→ yn] ⇝ xn
C ≡ C1 ∧ . . . ∧ Cn ∧ Ci ∧ Cy

min o1 + . . .+ on + oi; C ⊢ for x⇐ ei do eb ⇝ xn
For

min oi; Ci ⊢ ei ⇝ yi Cy ≡ yi = ⟨y1, . . . , yn⟩ n < unroll limit
xs is fresh Cs ≡ xs = x1 + . . .+ xn

min o1; C1 ⊢ eb[x 7→ y1] ⇝ x1
...

min on; Cn ⊢ eb[x 7→ yn] ⇝ xn
C ≡ C1 ∧ . . . ∧ Cn ∧ Ci ∧ Cy ∧ Cs

min o1 + . . .+ on + oi; C ⊢ sum x⇐ ei of eb ⇝ xs
Sum

Figure B.2: Scimitar’s functional solver semantics for variables, values, and loops.
The judgment form used here is trace-based: min o; C ⊢ e⇝ x
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n ≥ inline/unroll limit
ϕ;n; PC =⇒ ⊥ ⊢ e ⇓ e

InlineFail

min 0;⊤ ⊢ λx . e⇝ Lλx . eM
Lambda

ϕ = {f 7→ ef}
ϕ;n+ 1; C ⊢ e[f 7→ ef ] ⇓ e′
n < inline/unroll limit

ϕ;n; C ⊢ e ⇓ e′
Inline

min o1; C1 ⊢ e1 ⇝ Lλxf . ef M
min o2; C2 ⊢ e2 ⇝ x2

min of ; Cf ;⊢ ef [xf 7→ x2] ⇝ x

min o1 + o2 + of ; C1 ∧ C2 ∧ Cf ⊢ e1e2 ⇝ x
Apply

min of ; Cf ⊢ ef ⇝ vf
ϕ = {f 7→ vf} ϕ; 0; C′f ⊢ vf ⇓ v′f

min o; C ⊢ e[f 7→ v′f ] ⇝ x C′ ≡ Cf ∧ C′f ∧ C
min of + o; C′ ⊢ letrec f ⇐ ef in e⇝ x

Letrec

Figure B.3: Scimitar’s functional solver semantics: functions

or have no effect. Solver semantics that evaluate to concrete values prove difficult to specify, as
doing so is tantamount to presenting an entire solver algorithm, e.g. branch and cut. However,
our trace-based approach can give us some insight as to what the solver sees before it begins its
decision procedure.

The judgment formmin o; C ⊢ e⇝ x states that given someMILP problem that minimizes
some objective o subject to constraints C, we can find an equivalent Scimitar program expression
e that leads to the variable or value x. By “leads to,” we mean specifically that building the MILP
problem equivalent to the operation e requires the solver to be aware of x, which the problem may
use in other constraints. It represents knowledge that the solver has about this expression.

Using these rules, we can explore informally how a user should expect a program to behave
within a solve expression. The basic solver semantic concepts are variables and constraints, and
our objective is to accumulate these to feed to the solver. The judgment form is read as follows.
For an expression e on the right hand side of the turnstile, we introduce constraints C and a solver
objective min o on the left side. Together, these lead to either a variable x or a value v, where x
represents how the solver interprets the constraint(s) introduced by the expression.

Figure B.2 gives the rules for variables, values, conditionals and loops. Var is the only
case where an objective is introduced, an affine formula over the variable used in the statement
of the problem. Values (Val) can only lead to themselves. Conditionals (ITE) use the objectives
of all subexpressions, and the conditional behavior is represented in the constraints: first, we
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min o1; C1 ⊢ e1 ⇝ x1 . . . min on; Cn ⊢ en ⇝ xn

min o1 + . . .+ on; C1 ∧ . . . ∧ Cn ⊢ e1; . . . ; en ⇝ xn
Seq

x is fresh min o1; C1 ⊢ e1 ⇝ x1 min o2; C2 ⊢ e2 ⇝ x2

min o1 + o2; C1 ∧ C2 ∧ x1 + x2 = x ⊢ e1 + e2 ⇝ x
Plus

x is fresh min o1; C1 ⊢ e1 ⇝ v1 min o2; C2 ⊢ e2 ⇝ x2

min o1 + o2; C1 ∧ C2 ∧ v1 · x2 = x ⊢ e1 · e2 ⇝ x
TimesVal

x is fresh min o1; C1 ⊢ e1 ⇝ x1 min o2; C2 ⊢ e2 ⇝ x2

min o1 + o2; C1 ∧ C2 ∧ Jx1 · x2K = x ⊢ e1 · e2 ⇝ x
TimesVar

y is fresh min o; C ⊢ e⇝ x min oi; Ci ⊢ ei ⇝ i

min o+ oi; C ∧ Ci ∧ ref x i = y ⊢ ref e ei ⇝ y
VecIxVal

y is fresh min o; C ⊢ e⇝ x min oi; Ci ⊢ ei ⇝ xi

min o+ oi; C ∧ Ci ∧ Jref x xiK = y ⊢ ref e ei ⇝ y
VecIxVar

min o1; C1 ⊢ e1 ⇝ x1 min o2; C2 ⊢ e2 ⇝ x2

min o1 + o2; C1 ∧ C2 ∧ x1 ⪯ x2 ⊢ assert e1 ⪯ e2 ⇝ 0
Assert

x is fresh min o1; C1 ⊢ e1 ⇝ x1 . . . min on; Cn ⊢ en ⇝ xn
C ≡ C1 ∧ . . . ∧ Cn ∧ x = ⟨x1, . . . , xn⟩

min o1 + . . .+ on; C ⊢ ⟨e1, . . . , en⟩⇝ x
Tuple

Figure B.4: Scimitar’s functional solver semantics: other ops

introduce a constraint Cx that governs what the overall expression leads to. This equation reads
that depending on the binary variable xg , either xt or xf are non-zero. In Ctg and Cfg we use the
variable xg to enable or disable the constraint sets Ct and Cf respectively. This description is meant
to just give an intuition—our actual implementation is more subtle. For the exact encoding and its
explanation, see Figure 3.8. We structure our constraints like this to allow backwards reasoning
about xg . For and Sum are relatively straightforward. Sometimes we can statically decide what
the loop upper bound is and unroll the loop or sum completely. Otherwise the exact behavior
depends on reaching the unroll limit; when reached (discussed in Section 3.3.4), which we can
decide during solve time, a conditional contradiction constraint is introduced, which makes the
overall problem infeasible.

Figure B.3 shows the semantics for function definition, anonymous functions, and function
application. Like the unroll limit for loops, we make use of a dynamic inlining limit while inlining
functions, which we depict using a special judgment form. Given some function definition ϕ, an
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iteration limit n, and a conditional contradiction constraint C, Inline recursively replaces uses
of ϕ in the expression e, yielding the completely inlined expression e

′. We stop inlining when
the inline limit is reached (InlineFail), recognizing that from the solver’s perspective this point
is not reached due to recursive execution but when a certain constraint over the path condition
PC is uniquely feasible. I.e., the solver decides that the variables representing the path condition
can only take on the values corresponding to the situation where the inlining limit is reached.
For simplicity we take the path condition for granted, and exclude its construction from these
judgments.

Note that during function definition (Letrec) we pre-inline all functions up to this inlining
limit, and then inline it into the body of the letrec. The expression ef must be a function; this
restriction is verified during type inference. The Lambda rule evaluates to function values; no
environment is included, as all variables and values have been pre-substituted. Note that functions
only constrain the overall problem if invoked in an application. Otherwise, their constraints are
dropped. The Apply rule checks that the value of e1 is a function value1 before substituting the
actual into the body and applying it. The case where e1 is not a function cannot occur, as is caught
during type inference.

In Figure B.4 we give the rest of the rules. Most of these are self-explanatory, but we
want to draw attention to three. In variable multiplication, TimesVar, one of the two positions
must be an integer variable. For the complete encoding of integer multiplication, see Figure 3.7.
Dynamic vector indexing, VecIxVar, is given in the encoding in Figure 3.8. In an Assert rule,
after analyzing the subexpressions, we directly add the constraint without the expression leading
to anything.

1We hand wave a little here—these semantics allow for the possibility that e1 is actually a variable, i.e., they do not
guarantee a function value. Because of restructuring during solve expression processing, a function value is actually
guaranteed here.
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Appendix C

Formalization of O

The optimization problem language is shown in Figure C.1. Although we giveO a concrete syntax,
allowing users to code in it directly, the intention is for users to program exclusively in Scimitar.

With the exception of primitive declarations d, O is a strict subset of the grammar pre-
sented in Figure 3.4. The primitive declaration f (x1, . . . ,xn) (r) (y1, . . . ,ym) s introduces some
primitive f with inputs x, result r and local variables y, each of some type τ . Note that all variables
in a primitive must have type ascriptions, unlike in Scimitar’s functional language. Although that
programwas already type checked, we retain these types to assist in lowering to the solver format.
A primitive’s body is fundamentally a conjunction of constraints C. This form is an augmented
version of a typical mathematical programming problemmin cTx s. t. Ax ⪯ b augmented with the
explicit distinction between input, result, and local variables.

e ::= x | v | e e | ( e , . . . , e )
| e + e | e · e | ref e e | sum x ⇐ e of e

s ::= C | s ; . . . ; s | for x ⇐ e do s

C ::= assert e ⪯ e

v ::= () | n | α | ⟨ v , . . . , v ⟩

d ::= f ( x : τ . . .x : τ )( r : τ )( y : τ . . .y : τ ) s

n ∈ Z α ∈ R f, x, r, y ∈ variables

Figure C.1: The optimization problem language O

The semantics of O differ from
Scimitar’s in several important ways.

First, the looping constructs in O
must have known finite bounds, and re-
cursion is disallowed. Loops can not
have undetermined ranges with system-
wide upper bounds, as this capability is
taken care of when compiling Scimitar.
Additionally, no expression can contain
any constraints, sequences, or for loops,
which are now higher level statements s.

Notably absent expressions are lambdas, let bindings, and conditionals. These have been
completely stripped while compiling Scimitar. Lambdas are omitted because primitives in O
must be named, which avoids the complexity of scope and closed over variables. Let bindings are
undesirable for similar reasons. While conditionals might be useful at this level, we omit them to
keep the design of O closer to a constraint-focused optimization problem representation. Finally,
we can’t include solver blocks, as the solver is already O’s target. Of note, the dynamic vector
indexing and McCormick envelope encodings are performed in O rather than Scimitar.
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Appendix D

Scimitar Benchmarks

The following is a selection of Scimitar’s benchmark suite. For a detailed discussion of each
benchmark, see Section 3.5.

1 (letrec
2 ((go (lambda (prev upper)

3 (if (= prev upper)

4 upper

5 (go upper

6 (optimum-ref in

7 (maximize (: result real)

8 (define in (symbolic))
9 (define result (symbolic))
10 (letrec
11 ((foo (lambda x

12 (if (> x 3)

13 (if (< x upper)

14 (+ x 2)

15 3)

16 (* 2 x)))))

17 (assert
18 (= result

19 (foo in)))))))))))

20 (go (: 8 (ival 0 10))

21 (: 7 (ival 0 10))))

Figure D.1: The bounce benchmark
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1 (optimum-ref new-total
2 (minimize new-memory-usage

3 (define new-total (symbolic))
4 (define new-memory-usage (symbolic))
5 (define load-balance (symbolic))
6 (assert
7 (= (: new-memory-usage nneg)

8 (sum ([i (range (racket (bucket-count)))])

9 (* (vec-ref (racket bucket-sizes) i)

10 (vec-ref (: new-total (nnegty (bucket-count))) i)))))

11 (assert
12 (= (racket (floor (/ (bucket-count) 2)))

13 (sum ([i (range (racket (bucket-count)))])

14 (vec-ref (: load-balance (bitty (bucket-count))) i))))

15 (for ([i (range (racket (bucket-count)))])

16 (if (> (vec-ref (racket pending) i) 0)

17 ;; the logic of this constraint is that we want to have a few

18 ;; slack slots because this might be a busy bucket

19 (assert
20 (>= (vec-ref (: new-total (nnegty (bucket-count))) i)

21 (+ (vec-ref (racket new-used) i)

22 (* (racket (grow-factor))

23 (vec-ref (racket pending) i)))))

24 (begin
25 ;; prefer removing from buckets that have been unused

26 ;; overall as compared to the size the last time.

27 (assert
28 (>= (vec-ref (: new-total (nnegty (bucket-count))) i)

29 (* (racket (shrink-factor)) (vec-ref (racket total) i))))

30 (assert
31 (>= (vec-ref (: new-total (nnegty (bucket-count))) i)

32 (if (> (vec-ref (racket new-allocs) i) 0)

33 (+ (vec-ref (racket new-used) i)

34 (* (vec-ref (: load-balance (bitty (bucket-count))) i)

35 (vec-ref (racket new-allocs) i)))

36 (vec-ref (racket new-used) i)))))))))

Figure D.2: The optimization core of the malloc benchmark
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1 (product tacos 1 1.00)
2 (truck foodtruck 0.1 1000)

3 (city downtown 100 10000 (tacos 11000))

4 (city uptown 200 2000 (tacos 1000))

5 (road downtown uptown 10 9)

Figure D.3: The logistics-s benchmark

1 (product apples 3 0.50)
2 (product banana 2 0.25)

3 (product orange 4 0.75)

4 (product grapes 2 1.25)

5

6 (city smallville 1000 14000

7 (apples 400)

8 (orange 600) (grapes 50))

9 (city mediumville 1200 22000

10 (apples 1750) (banana 500)

11 (orange 3000) (grapes 2000))

12 (city bigville 900 40000

13 (apples 4000) (banana 5500)

14 (orange 5500) (grapes 4000))

15 (city nowheresville 100 15000

16 (apples 50) (orange 40))

17

18 (road smallville mediumville 40 20)

19 (road smallville bigville 60 10)

20 (road mediumville bigville 30 40)

21 (road nowheresville smallville 100 0)

22

23 (truck mega-rig 0.33 2000)

24 (truck the-monster 0.32 2000)

25 (truck big-bertha 0.30 1800)

26 (truck keep-truckin 0.25 1400)

27 (truck lonely-road 0.20 600)

28 (truck dusty-trail 0.19 600)

29 (truck little-guy 0.16 300)

30 (truck putt-putt 0.15 300)

Figure D.4: The logistics-h benchmark
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1 (optimum-ref (rec-count rec-scheduled rec-attendance)
2 (minimize rec-count
3 (define rec-count (symbolic))
4 (define rec-scheduled (symbolic))
5 (define rec-attendance (symbolic))
6 (define student-attendance (symbolic))
7 (for ([i (range (: rec-count (ival 0 (time-slots))))])
8 (begin
9 ;; attendance for the recitation; time slot must be between the minimum and the capacity
10 (assert
11 (<= (racket (rec-minimum-attendance))
12 (vec-ref (: rec-attendance (vecty (ival 0 (rec-capacity)) `(,(time-slots)))) i)))
13 (assert
14 (>= (racket (rec-capacity))
15 (vec-ref (: rec-attendance (vecty (ival 0 (rec-capacity)) `(,(time-slots)))) i)))
16 ;; different rec-scheduled entries are not the same; unscheduled ones should have zero attendees
17 (if (< (+ 1 i) rec-count)
18 (assert
19 (<= (+ 1 (vec-ref (: rec-scheduled (vecty (ival 0 (sub1 (time-slots))) `(,(+ 1 (time-slots))))) i))
20 (vec-ref (: rec-scheduled (vecty (ival 0 (sub1 (time-slots))) `(,(+ 1 (time-slots))))) (+ 1 i))))
21 '())
22 (if (> (+ 1 i) rec-count)
23 (assert (= 0 (vec-ref (: rec-scheduled (vecty (ival 0 (sub1 (time-slots))) `(,(+ 1 (time-slots))))) i)))
24 '())
25 ;; the sum of students available for the selected scheduled recitation must exceeds the attendance
26 (assert
27 (>= (sum ([j (range (racket (student-count)))])
28 (vec-ref (racket (student-availability))
29 `(,j ,(vec-ref (: rec-scheduled (vecty (ival 0 (sub1 (time-slots))) `(,(+ 1 (time-slots))))) i))))
30 (vec-ref (: rec-attendance (vecty (ival 0 (rec-capacity)) `(,(time-slots)))) i)))
31 ;; the sum of all students in attendence must equal the attendance for that recitation
32 (assert
33 (= (sum ([j (range (racket (student-count)))])
34 (vec-ref (: student-attendance (bitty (student-count) (time-slots)))
35 `(,j ,(vec-ref (: rec-scheduled (vecty (ival 0 (sub1 (time-slots))) `(,(+ 1 (time-slots))))) i))))
36 (vec-ref (: rec-attendance (vecty (ival 0 (rec-capacity)) `(,(time-slots)))) i)))))
37 ;; the number of recitations must exceed the number of time slots that have a non-zero attendance
38 (assert
39 (>= rec-count
40 (sum ([i (range (racket (time-slots)))])
41 (< 0 (sum ([j (range (racket (student-count)))])
42 (vec-ref (: student-attendance (bitty (student-count) (time-slots))) `(,j ,i)))))))
43 ;; This excludes the possibility that the student isn't available and did attend
44 (for ([i (range (racket (time-slots)))])
45 (for ([j (range (racket (student-count)))])
46 (assert
47 (= 1 (let ((a (- 1 (vec-ref (: student-attendance (bitty (student-count) (time-slots))) `(,j ,i))))
48 (b (vec-ref (racket (student-availability)) `(,j ,i))))
49 (- (+ a b) (* a b)))))))
50 ;; the sum of all student attendances must be at least the attendance requirement * student count
51 (assert
52 (>= (sum ([i (range (racket (time-slots)))])
53 (sum ([j (range (racket (student-count)))])
54 (vec-ref (: student-attendance (bitty (student-count) (time-slots))) `(,j ,i))))
55 (racket (* (student-attendance-requirement) (student-count)))))))

Figure D.5: The optimization core of the recitation benchmark
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