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Abstract

Neurons in the brain excite each other. Why does this not lead to a chain reaction, with

faster firing generating yet faster firing, and so fourth – or does it, sometimes? We study

this question first for a single integrate-and-fire neuron with synaptic self-excitation and self-

inhibition, in essence modelling recurrent synaptic connections in a network. Even for this

simple model, we supplement analytic results with numerical ones. We then study the same

question, using numerical simulations, for a single Hodgkin-Huxley-like model neuron with

synaptic self-excitation and self-inhibition, and finally for a network of Hodgkin-Huxley-like

excitatory and inhibitory model neurons. We found that in cases when there would be runaway

activity with purely self-excitatory, non-saturating synaptic currents in both the integrate-and-

fire and Hodgkin-Huxley-like models, adding inhibition tends to create bi-stability, i.e. a situa-

tion in which stable rhythmic firing can be “shocked” into runaway activity by a strong external

drive. This bi-stability was also reproduced in a neuronal network of excitatory and inhibitory

model neurons. In neuronal networks, in which excitatory synapses were modelled by satu-

rating synaptic currents, this transition appeared to be dependent on the species of excitatory

chemical synapse, as well as the strength of those synapses. From these findings, we may gain

a better understanding of the mechanisms behind runaway activity in a single neuron, as well

as runaway circuit activity in a neuronal network.
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1 Introduction

The field of mathematical neuroscience was in essence created by two biophysicists, Alan Hodgkin

and Andrew Huxley. They conducted a series of experiments during the 1940’s on the squid giant

axon to determine the ionic mechanisms which create a neuronal action potential, or “spike”. Their

experiments were conducted by using the space clamp technique on the giant squid axon, thereby

equilibrating spatial variations on the membrane potential, as well as the voltage clamp technique,

which kept the membrane potential at a constant. Through their experiments, Hodgkin and Huxley

created a fairly accurate and detailed model of the ionic mechanisms of potassium (K+) and sodium

(Na+), which are responsible for the phenomenon of neuronal spiking [1].

Neurons communicate both chemically and electrically with each other in the brain. Electrical

connections between neurons consist of tiny holes in the membranes of two neurons who are ex-

tremely close to one another (between 2 and 4 nm). These holes allow the passage of electrically

charged ions, mainly Ca2+, from the intracellular water of one neuron directly into the intracel-

lular water of another. Chemical connections between neurons occur between the tips of axons

(or branched arms) of the presynaptic neuron and the membrane of the postsynaptic neuron. At

a chemical synapse, the presynaptic neuron will release a chemical, known as a neurotransmit-

ter, into the synaptic cleft, the space between the axon of the presynaptic cell and the membrane

of the postsynaptic cell. Neurotransmitters are typically released after a neuronal spike. These

neurotransmitters will then bind to receptors in the membrane of the postsynaptic neuron, which

will allow a flow of electrically charged ions across the membrane of the postsynaptic neuron

through ion channels, thus changing the membrane potential of the postsynaptic neuron. Chemical

synapses can have either a hyperpolarizing (inhibitory) or a depolarizing (excitatory) effect on the

postsynaptic neuron, or both. Learning and memory are believed to be the result of long term

changes in synaptic strengths caused by synaptic plasticity [2].

Neuronal communication plays an essential role in the activity of the human brain. However,
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certain neuronal disorders may be caused by the malfunction of synaptic communication and the

processes of ion transport across the cell membrane. Epileptic seizures are characterized by ab-

normal, or hypersynchronous neuronal activity in the brain [3]. In schizophrenia, it is believed

that there is a malfunction in cotransporters, or proteins, which allow the passage K+, N+ and Cl−

across the cell membrane [4]. In both schizophrenia and epilepsy, evidence shows that there are

malfunctions in rhythms at gamma frequencies (25 - 100 Hz) [5], which are believed to play a

role in normal cognitive processes [6] [7]. Runaway circuit activity in the prefrontal Cortex and

hippocampus has been shown to play a role in both of these cognitive disorders, with intensified

gamma rhythms measured at the onset of epileptiform discharges [5] [8] [9].

In this paper, I will attempt to gain a better understanding of the connection between chemical

synapses and the phenomenon of “runaway activity”, or neuronal hyper-activity. First, I will try to

understand the transition from stable firing to runaway activity, using a basic model of a chemical

synapse, in the leaky-integrate-and fire model both analytically and numerically, and apply what I

learn from that basic model to a Hodgkin-Huxley like neuronal model, and in the end to a neuronal

network.

2 The integrate-and-fire neuronal model

Louis Lapicque first described his neuronal model, known as the integrate-and-fire (or IF)

neuron, in a paper originally published in 1907 [10], as follows:

C
dv(t)

dt
= I(t), (1)

which is simply the time derivative of the law of capacitance, CV = Q, or capacitance is charge

divided by voltage. In biological terms, the current, I(t), represents the flow of ions across the
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cell membrane from the extracellular water to the intracellular water, and the change in voltage,
dv(t)

dt , the change in membrane potential. When an input current is applied, v(t) will increase until

it reaches a constant threshold value, vthr. At this point in time, v(t) gets resets to some reset value,

vres < vthr. Thus, equation (1) will be supplemented by a condition of the form

v(t +0) = vres if v(t−0) = vthr,

which means if the left-sided limit of v at t is equal to vthr, then the right-sided limit of v at t will

be equal to vres.

In this model, the change in membrane potential is solely dependent on the term I(t). In his

model, Lapicque added an extra term, allowing for the representation of the flow of positive ions

from the intracellular water across the membrane into the extracellular water. This model is known

as the “leaky” integrate-and-fire neuron, and looks like the following:

C
dv(t)

dt
= I(t)+

veq− v(t)
R

, (2)

where R is the membrane resistance. The inclusion of this “leak” term allows for the representation

of the diffusion of positive ions into and out of the neuron if v(t) 6= veq. In the absence of any

external drive, the membrane potential will be driven towards veq. As in the non-leaky IF neuron,

once v(t) reaches some threshold value, vthr, it will be re-set to a reset value vres < vthr. Dividing

through by C in the above equation, we get

dv
dt

=
I(t)
C

+
veq− v

RC
.

Since RC is a time, we can replace RC with the term τ, or the decay time constant of the leaky

IF neuron. Let the current, I(t), be a constant such that I(t) = I. Also, since C is a constant, define

I = I
C . Thus, the leaky IF neuron can be represented by
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dv
dt

=
veq− v

τ
+ I. (3)

To good approximation, a biological neuron has a “spiking threshold”. An action potential

occurs as soon as the membrane potential crosses a threshold value. After spiking, the membrane

potential decreases very rapidly as the neuron releases many positively charged ions from its in-

tracellular water. After releasing these ions, the neuron will begin to slowly rebuild its membrane

potential, and the process repeats itself. In a biological neuron, this “spiking threshold” is around

−55 mV, and the “reset potential” somewhere around−80 mV. Lapicque’s model does not attempt

to mathematically model an action potential, however, when v reaches the spiking threshold, there

is a discontinuous jump in the model, and v is instantaneously reset to the reset potential. Since

an action potential occurs over such a short period of time (the course of a few ms) in a biological

neuron, Lapicque’s model is not so unrealistic.

Let vthr = −55 be the spiking threshold and vres = −80 the reset potential of the neuron. It is

possible to scale these values such that vres = 0, and vthr = 1, by doing the following.

Let w = v−vres
vthr−vres

→ v = w(vthr− vres)+ vres.

Thus, when v = vres, w = 0, and when v = vthr, w = 1.

By the chain rule, we know dw
dt = dv

dt
dw
dv .

dw
dv

=
d
dv

(
v− vres

vthr− vres

)
=

1
vthr− vres

dv
dt

=
veq− v

τ
+ I

Thus,
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dw
dt

=

(
veq−w(vthr− vres)− vres

τ
+ I
)

1
vthr− vres

=−w
τ
+

veq− vres

τ(vthr− vres)
+

I
vthr− vres

=−w
τ
+ Ī,

with

Ī =
veq− vres

τ(vthr− vres)
+

I
vthr− vres

.

Now,

dw
dt

=−w
τ
+ Ī,

with wthr = 1 and wres = 0.

Replacing w with v, and Ī with I, we have

dv
dt

=−v
τ
+ I. (4)

We can solve this linear differential equation using an integrating factor, u(t), as follows:

dv
dt

+
v
τ
= I,

which is of the form dv
dt + p(t)v = q(t). This is the term for an equation to which the theory of

integrating factors can be applied.

5



Let u(t) = e

t∫
0

p(s)ds
= e

t∫
0

1
τ
ds
= et/τ.

Now,

v(t) =

t∫
0

u(s)q(s)ds

u(t)
=

t∫
0

es/τIds

et/τ
=

τI(et/τ−1)
et/τ

= τI(1− e−t/τ).

Note, v(t) is an increasing function with respect to t, since

v′(t) = τI
( t

τ
e−t/τ

)
= tIe−t/τ > 0.

Also,

lim
t→+∞

v(t) = lim
t→+∞

τI(1− e−t/τ) = τI(1−0) = τI.

If the neuron is to spike, then lim
t→+∞

v(t)> 1, since v(0) = 0 and v(t) is a strictly increasing function

with respect to t, and 1 is the spiking threshold. Thus, if τI > 1, then v will reach 1 at a time T > 0,

such that

v(T ) = 1 =⇒ τI(1− e−T/τ) = 1 =⇒ τIe−T/τ = τI−1 =⇒ T = τ ln
(

τI
τI−1

)
.

Therefore, the integrate-and-fire model with periodic spiking will be as follows:

dv
dt =−

v
τ
+ I if v < 1

v(t +0) = 0 if v(t−0) = 1,

where τ > 0, I > 0, τI > 1. In other words, once the membrane potential of the IF neuron reaches

1, the potential will discontinuously jump from 1 to 0. This model will only “spike” if the external

current, I, is great enough such that τI > 1, where τ is the “leak” decay time constant.
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2.1 Self-Excitation in a Single Leaky Integrate-and-Fire Neuron

Now, we consider adding a self-excitatory current into a single leaky integrate-and-fire (LIF) neu-

ron. This self-excitatory current can be thought of as an excitatory chemical synapse in a biological

neuron (more on chemical synapses in the later sections). One can apply self-excitation in an indi-

vidual neuron to self-excitation in a neuronal network in the following manner: If we assume there

is a group of neurons firing in synchrony with one another (all neurons firing at the same time) with

all-to-all connections, then these neurons will excite each other equally after each action potential.

Since this network is firing in synchrony, this network can be thought of as an individual neuron

which self-excites after each spike. This form of simplification makes it easier to understand the

behaviours of a complex neuronal network with synchronous firing. (See last section for more on

neuronal networks).

This paper attempts to understand the connections between excitatory chemical synapses and

the phenomenon of runaway activity, or very fast spiking, in an individual neuron and in a network.

Thus, in order to understand this connection, we begin with the simple LIF neuron with a self-

excitatory current, which can be interpreted as an excitatory chemical synapse.

One can model self-excitation in an LIF neuron by adding a positive current which decays

exponentially with decay time constant τe as follows:

dv
dt =−

v
τ
+ I + J, v(t +0) = 0 if v(t−0) = 1,

dJ
dt =−

J
τe

, J(t +0) = J(t−0)+ ε if v(t−0) = 1.

In this model, the self-excitation current, modelled by the variable J, will decay exponentially

in between spikes, and will jump by a value of ε > 0 at the time of each spike.

In the long run, we would expect that the added excitatory current, J, will send the neuron into

a state of runaway activity, in which the increasing strength of the excitatory autapse after each

spike, ε, causes the term J to “blow up”. We can calculate what happens analytically as follows:
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Consider the moment right after the neuron has spiked, re-set, and had its effect on J, and let

this time be t = 0. At this time, v(t) = 0 and J = J0, for J0 > ε.

dJ
dt =−

J
τe

,

J(t) = J0e−t/τe .

Thus, we have the following:

dv
dt

+
v
τ
= I + J0e−t/τe ,

which is of the form dv
dt + p(t)v = q(t). Solve for v(t).

Let u(t) = e

t∫
0

p(s)ds
= e

t∫
0

1/τds
= et/τ.

Now,

v(t) =

t∫
0

u(s)q(s)ds

u(t)

=

t∫
0

es/τ(I + J0e−s/τe)ds

et/τ

=

I
t∫

0
es/τds+ J0

t∫
0

es(1/τ−1/τe)ds

et/τ

= e−t/τ

[
τI(et/τ−1)+ J0

1
1/τ−1/τe

(et/τ−t/τe−1)
]

= τI(1− e−t/τ)+ J0
e−t/τe− e−t/τ

1/τ−1/τe
.

Thus, for 0 < t < T , where v(T ) = 1,

v(t) = τI(1− e−t/τ)+ J0
e−t/τe− e−t/τ

1/τ−1/τe
. (5)
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Note: if τe > τ, then e−t/τe − e−t/τ > 0 and 1/τ− 1/τe > 0, which implies that the fraction

multiplying J0 will be greater than 0, having an overall positive effect on v(t). Also, if τe < τ, then

the fraction multiplying J0 will also be positive. Thus, adding the excitatory autapse will have an

overall depolarizing effect on the neuron. However, this equation is undefined for τe = τ. Assuming

τe = τ, for 0≤ t ≤ T , where v(T ) = 1, we have the following ODE describing the LIF model:

dv
dt

=−v
τ
+ I + J0e−t/τ.

Solving for the function v(t) using the theory of integrating factors as described before, we get

the following:

v(t) =

t∫
0

es/τ(I + J0e−s/τ)ds

et/τ

=

I
t∫

0
es/τds+

t∫
0

J0ds

et/τ

= e−t/τ

[
τI(et/τ−1)+ J0t

]
= τI(1− e−t/τ)+ J0te−t/τ.

Note, this function is also equal to the limit of the function v(t) with τe 6= τ as τe approaches τ.

lim
τe→τ

v(t) = lim
τe→τ

[
τI(1− e−t/τ)+ J0

e−t/τe− e−t/τ

1/τ−1/τe

]

= lim
τe→τ

τI(1− e−t/τ)+ J0 lim
τe→τ

e−t/τe− e−t/τ

1/τ−1/τe

= τI(1− e−t/τ)+ J0 lim
τe→τ

d
dτe

(e−t/τe− e−t/τ)

d
dτe

(1/τ−1/τe)

= τI(1− e−t/τ)+ J0 lim
τe→τ

t
τ2

e
e−t/τe

τ
−2
e

= τI(1− e−t/τ)+ J0te−t/τ.
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Thus,

v(t) = τI(1− e−t/τ)+ J0(te−t/τ), (6)

if τ = τe. And (5), for τ 6= τe.

The following plots show the voltage trace of the LIF neuron with self-excitation, as well as

the trace of the strength of excitation, J, for τ = 10, I = 0.11,τe = 3,ε = 0.1,J0 = 0:
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In this plot, the LIF neuron will reach a stable firing state and J will decay to value very close

to 0 between each spike. The interspike interval slowly increases until the system of differential

equations reaches a state of stability. If we increase the decay time constant for the excitation

current (from τe = 3 to τe = 10), thus allowing for a longer lasting excitation current, we get the

following:
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In this plot, the interspike interval decreases for each spike interval and J continuously increases

with each interspike interval. We can define runaway activity for this model in the following

manner:

Definition: In the LIF model, runaway activity occurs when lim
k→+∞

Tk = 0, where Tk denotes the

k-th inter-spike interval, k ∈ Z+.

When does this occur in the LIF model with purely self-excitation? That is, given certain

parameters, τ, I, J0, τe, ε, when does lim
k→+∞

Tk = 0?

For both of these cases, in (5) and (6), we cannot solve explicitly for the inter-spike interval, T ,

or the time at which the membrane potential, v, will reach 1. However, we can calculate the value

of J after the next reset numerically. Let this value be denoted as ϕ(J0). Let t = 0 and T > 0 be the

time at which the neuron first spikes. Thus,

ϕ(J0) = J0e−T/τe + ε. (7)
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By treating J0 as our variable, and calculating ϕ(J0) after the neuron spikes, we can see what

will happen to J in the long run, and thus determine the final firing state of the neuron by the first

iterative method [11]. We have the following mapping:

R+ 7→ R+

J0 7→ ϕ(J0)

Plot J0 vs ϕ(J0) with fixed τ = 10, I = 0.11, ε = 0.1 and varying decay time constants, τe:
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With τe = 2 ms, a stable firing state with J0 slightly above ε is the only possible final firing

state given these parameters. And with τe = 20 ms, J0 will increase after each spiking interval. In

other words, for τe = 2 ms, ϕ(J0)→ x, for x ∈ R,ε < x < ∞. For τe = 20 ms, ϕ(J0)→+∞.

Lemma 1. lim
J0→+∞

T (J0) = 0.

Proof. Claim: Even if I = 0, v will reach 1 for sufficiently large J0. Furthermore, the time T at

which v reaches 1 converges to 0 as J0→+∞. Since a positive I will only decrease the interspike

interval, T , making the neuron fire even sooner, it is enough to prove the claim lim
J0→+∞

T (J0) = 0

for I = 0.

Assume I = 0.

Case I: τ 6= τe.
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Thus, our system of differential equations becomes

dv
dt =−

v
τ
+ J, v(t +0) = 0 if v(t−0) = 1,

dJ
dt =−

J
τe

, J(t +0) = J(t−0)+ ε if v(t−0) = 1.

For 0≤ t ≤ T , where T > 0 is the time of the first spike of the neuron, we have

v(t) = J0
e−t/τe− e−t/τ

1/τ−1/τe
.

Note, that this equation for v(t) is of the form J0g(t), and g is a very simple function: It is differ-

entiable, with g(0) = 0, g strictly increasing for 0 ≤ t ≤ T0 for some T0 > 0, g strictly decreasing

for t ≥ T0, and g(t)→ 0 as t→+∞.

To show this, we first solve for g(0), which will be g(0) = 1−1
1/τ−1/τe

= 0. Now, we solve for the

limit of g(t) as t→+∞.

lim
t→+∞

g(t) = lim
t→+∞

e−t/τe− e−t/τ

1/τ−1/τe
= 0.

If τ > τe, then 1/τ− 1/τe < 0 and e−t/τe − e−t/τ < 0, which implies g(t) > 0. If τ < τe, then

1/τ−1/τe > 0 and e−t/τe − e−t/τ > 0, which also implies g(t) > 0. Thus, g(t) ≥ 0 for t ∈ [0,∞].

Also, g(t) approaches 0 as t→+∞. Now, we solve for the first derivative of the function g(t):

g′(t) =
d
dt

g(t) =
− 1

τe
e−t/τe + 1

τ
e−t/τ

1/τ−1/τe
.

Setting g′(t) = 0, and solving for t, we find:

t =
ln(τe/τ)

1/τ−1/τe
.

Set this value of t to be T0. Now, we know for τ 6= τe, g(0) = 0, lim
t→+∞

g(t) = 0 and g(t)> 0. Thus, if

g(t) has only one critical point at t = T0, then g(T0) must be an absolute maximum of the function
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g(t).

Case II: τe = τ.

Thus, g(t) = te−t/τ. So, g(0) = 0. Also,

lim
t→+∞

g(t) = lim
t→+∞

t
et/τ

= lim
t→+∞

1
1/τet/τ

=
1
∞

= 0.

Solving for g′(t) and setting this equal to 0, we get:

g′(t) = e−t/τ− t
τ

e−t/τ = 0.

Solving for t at which g′(t) = 0, we get:

e−t/τ

(
1− t

τ

)
= 0 =⇒ t = τ.

Setting this value of t to be T0, T0 = τ, the function g(t) will reach an absolute maximum at g(T0),

namely g(T0) =
τ

e . Thus, for all values of τ > 0 and τe > 0, g(0) = 0, g(t)→ 0 as t → +∞, and

g(t) has an absolute maximum at t = T0 > 0.

Think about g(t) for 0 ≤ t ≤ T0. This is a strictly increasing, differentiable function, with

g(0) = 0 and gmax(t) = g(T0) = M for some M > 0. If J0 ≥ 1/M, then v(t) = J0g(t) reaches 1 at

some point in [0,T0]. This proves that for sufficiently large J0, the neuron with I = 0 will fire.

Furthermore, the time T ∈ [0,T0] at which J0g(T ) = 1 is the solution of g(T ) = 1/J0. Thus,

T = h(1/J0), where h is the inverse of the restriction of g(t) to the interval [0,T0]. Note that h(t) is

a continuous function with h(0) = 0, so h(1/J0)→ 0 as J0→ ∞, which implies T → 0 as J0→ ∞.

Thus, as J0 approaches ∞, the interspike interval, T , approaches 0.

Lemma 2. Without external drive, T > 0, lim
k→+∞

Tk = 0 or lim
k→+∞

Tk = ∞.
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Proof. We begin with the LIF model with purely self-excitation and no external drive (I = 0) as

described in the previous Lemma,

dv
dt =−

v
τ
+ J, v(t +0) = 0 if v(t−0) = 1,

dJ
dt =−

J
τe

, J(t +0) = J(t−0)+ ε if v(t−0) = 1.

For 0≤ t ≤ T , where T > 0 is the time of the first spike of the neuron, we have:

v(t) = J0g(t),

where g(0) = 0, lim
t→+∞

g(t) = 0, g(t) has an absolute maximum for some T0 > 0. Let M = g(T0).

Thus, the function v(t) has an absolute maximum at J0M. If J0 <
1
M , then v will never reach 1, and

the interspike interval will thus be ∞. If J0 ≥ 1
M , then v(t) = 1 for t ≤ T0. Now, once v reaches 1

at T ∗ < T0, v is re-set to 0, and the excitatory synapse is injected with a current of ε. Thus, at the

time of spike, T ∗, we have

ϕ(J0) = J0e−T ∗/τe + ε.

Solving for ε which will make ϕ(J0) = J0, we get

ϕ(J0) = J0 =⇒ J0e−T ∗/τe + ε = J0 =⇒ ε = J0(1− e−T ∗/τe).

Set this value of ε at ε∗. Now, if ε = ε∗, then the neuron will fire with a fixed interspike interval,

T ∗, since after each spike, J is re-set to the same value it was at the previous re-set, J0 ≥ 1
M . If

ε < ε∗, then ϕ(J0) < J0, which implies the neuron will fire with an interspike interval T1 > T ∗,

after the first re-set. After the next re-set, J0 will be re-set to a yet smaller value due to the larger

interspike interval. If ϕ(J0)≥ 1
M , then v will reach 1 with a larger interspike interval T2 < T1. This

process will continue until ϕ(J0) <
1
M , at which point v will not reach 1 for t > 0, and the neuron

will cease firing. If ε > ε∗, then ϕ(J0) > J0, which implies the neuron will fire with an interspike
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interval, T1 < T ∗, after the first re-set. After the next re-set, J0 will be re-set to a yet larger value due

to the smaller interspike interval, and v will reach 1 with a yet smaller interspike interval, T2 < T1.

By induction, the interspike interval will get smaller and smaller after each interspike interval, and

thus lim
k→∞

Tk = 0.

Thus, we have the following cases:

• If J0 <
1
M , v will never reach 1, and the interspike interval, T , will be ∞.

• If J0 ≥ 1
M , and ε < ε∗, then lim

k→+∞
Tk = ∞.

• If J0 ≥ 1
M , and ε = ε∗, then the neuron will fire with a fixed interspike interval, T ≤ T0.

• If J0 ≥ 1
M , and ε≥ ε∗, then lim

k→+∞
Tk = 0.

This shows, that without external drive, the LIF neuron will either fire with a fixed interval,

the neuron will cease firing after a number of spikes, or the neuron will hit runaway activity and

will fire with smaller and smaller spike intervals. It seems plausible that adding a constant external

drive, I > 0 which allows the neuron to fire without self-excitation, that is such that τI > 1, that

the number of cases would be reduced to either strictly runaway activity, or stable firing with a

fixed interspike interval. However, in order to show this, one needs to know the properties of the

function T (J0).

Lemma 3. T ′(J0)< 0.

Proof. Assume τe 6= τ. Also, assume t = 0 ms, and the neuron will spike at time T > 0. Thus,

v(T ) = τI(1− e−T/τ)+ J0
e−T/τe− e−T/τ

1/τ−1/τe
= 1.

Now, add µ > 0 to J0 and solve for v(T ):
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v(T ) = τI(1− e−T/τ)+(J0 +µ)
e−T/τe− e−T/τ

1/τ−1/τe

= τI(1− e−T/τ)+ J0
e−T/τe− e−T/τ

1/τ−1/τe
+µ

e−T/τe− e−T/τ

1/τ−1/τe

= 1+µ
e−T/τe− e−T/τ

1/τ−1/τe
.

Thus, since v(T ) > 1, we see that the neuron will reach a potential of 1 at a time Tµ < T . So,

increasing J0 will decrease T .

If τ = τe, we have:

v(T ) = τI(1− e−T/τ)+ J0Te−T/τe

Since Te−T/τe > 0 for t > 0, adding µ> 0 to J0 will also decrease the interspike interval. Therefore,

T ′(J0)< 0

Thus, for increasing J0, the interspike interval, T , will decrease. We showed in Lemma 2, that

without external drive, either runaway activity, stable firing, or no firing are the only possible firing

states. By adding a constant external drive, I > 0, such that spiking occurs without self-excitation

(I > 1
τ
), then this last case, where there is no firing as t → ∞, will no longer exist. Thus, it would

appear that with a strong enough constant external drive, the LIF neuron with purely self-excitation

will either hit runaway activity or will approach a stable firing state. However, in order to show this,

one needs to know more about the properties of T (J0), which is impossible to solve for analytically.

One could show these 2 cases are the only possible cases by showing 0< ϕ′(J0)< 1, or ϕ′′(J0)< 0.

We know T ′(J0)< 0. Thus,
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ϕ
′(J0) =

d
dJ0

(
J0e−T/τe + ε

)
= e−T/τe

(
1− J0

T ′(J0)

τe

)
> 0.

However, we cannot solve for an upper bound on ϕ′(J0) without knowing T ′(J0), which we

cannot solve for without knowing explicitly what T (J0) is. Looking at the figures of ϕ(J0), it

appeared that ϕ′(J0)< 1, however I do not have a proof which shows this. We can, however, show

when runaway activity occurs in the LIF neuron with purely self-excitation and a constant external

drive.

Theorem 1. In the LIF model with purely self-excitation, runaway activity will occur if ετe > 1.

Proof. We begin with the LIF neuron as described in (5). We can assume τe 6= τ. The LIF model

with purely self-excitation:

dv
dt =−

v
τ
+ I + J0e−t/τe if v < 1,

for 0 ≤ t ≤ T , where v(T ) = 1. We want to solve for the asymptotic behaviour of the function

ϕ(J0)= e−T/τe as J0 approaches +∞. In order to do this, we need to know the asymptotic behaviour

of T (J0) as J0 approaches +∞. We showed in Lemma 1, that lim
J0→+∞

T (J0) = 0. Thus, for 0≤ t ≤ T ,

and for J0→+∞, we have the following:

v(T ) = 1 = τI(1− e−T/τ)+ J0
e−T/τe− e−T/τ

1/τ−1/τe

= τI
[

T
τ
+O(T 2)

]
+

J0

1/τ−1/τe

[
T
τ
− T

τe
+O(T 2)

]
= IT + τIO(T 2)+ J0T +

J0

1/τ−1/τe
O(T 2)

= IT + J0T +

[
τI +

J0

1/τ−1/τe

]
O(T 2)

= T (I + J0)+ J0O(T 2),

where
∣∣O(T 2)

∣∣≤CT 2 for C > 0.
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Therefore, we have

T =
1

I + J0
(1− J0O(T 2))

=
1

I + J0
−O(T 2).

This implies,

T +O(T 2) =
1

I + J0

T (1+O(T )) =
1

I + J0

T =
1

1+O(T )
1

I + J0
.

Plugging this value into ϕ(J0), we can solve for the asymptotic behaviour of ϕ(J0) as J0 approaches

+∞. Note, as J0→ ∞, T → 0. Therefore, as J0→ ∞, O(T )→ 0. Thus,

ϕ(J0) = J0e−T/τe + ε

= J0(1−
T
τe

+O(T 2))+ ε

= J0

[
1− 1

τe(1+O(T ))(I + J0)
+O

(
1

(1+O(T ))(I + J0)

2)]
+ ε

= J0−
J0

τe(1+O(T ))(I + J0)
+ J0O

(
1

(1+O(T ))(I + J0)

2)
+ ε

∼ J0−
J0

τe(I + J0)
+ J0O

(
1

(1+O(T )+O(T 2))(I + J0)2

)
+ ε

∼ J0−
1
τe

+ J0O
(

1
(I + J0)2

)
+ ε

= J0−
1
τe

+O

(
1

I2

J0
+2I + J0

)
+ ε

∼ J0−
1
τe

+ ε.
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Therefore, ϕ(J0)∼ J0− 1
τe
+ ε as J0→+∞.

If ε > 1
τe

, then ϕ(J0) ∼ J0 + x, where x > 0. Thus, if ετe > 1, we will have ϕ(J0) ∼ J0 + x where

x > 0.

Thus, in the LIF neuron with purely self-excitation, we have shown that runaway activity will

occur if ετe > 1 and J0 is large enough. For ετe < 1, it appears the LIF neuron will approach a single

stable firing state with a fixed interspike interval. This has been the case in numerical experiments,

however, I was unable to show analytically that with self-excitation and ετe > 1, there are no stable

firing states, and with ετe < 1, there is only a single stable firing states, without knowing an explicit

formula for the function T (J0), for which is impossible to solve.

2.2 Introducing Self-Inhibition in the Leaky Integrate-and-Fire Neuron

In a biological neuron, there are both excitatory and inhibitory chemical synapses on the mem-

brane. The interplay between excitatory and inhibitory inputs into the neuron causes a wide variety

of behaviours in biological neurons which is still not fully understood. I am interested in analysing

the interplay between excitatory and inhibitory synaptic inputs into the neuron in the context of

runaway activity, in order to better understand how this phenomena could happen in a biological

neuron.

Now, we are interested in considering a LIF neuron which self-inhibits and self-excites after

each spike. However, we will model the self-inhibition current in a way that build-up of current is

not allowed, or a saturating synapse. A single ionic channel can be modelled in the following way

(take, for example, an AMPA-mediated receptor channel):

IAMPA = g j→ks j→k(t)(vAMPA− v(t)). (8)
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where g j→k is the conductance density of the AMPA receptor between neuron j and neuron k,

and s j→k(t) is the synaptic gating variable (fraction of AMPA receptor channels that are open), and

vAMPA is the reversal potential (or Nernst potential) of the ion/s involved in the AMPA opening of

an AMPA receptor channel.

So, we can model a self inhibitory current in the LIF model by allowing the reversal potential

to be 0, since that is the reset potential of the neuron, and thus an ion with a reversal potential of 0

will have an overall hyperpolarizing effect. Thus, the model for the self-inhibiting current, Ii, can

be modelled by the following:

Ii = gis(t)(0− v(t)) =−gis(t)v(t).

Model for the LIF model with self-excitation and self-inhibition:

dv
dt =−

v
τ
+ I + J−gisv

dJ
dt =−

J
τe

ds
dt =−

s
τi

v(t +0) = 0 if v(t−0) = 1

J(t +0) = J(t−0)+ ε if v(t−0) = 1

s(t +0) = 1 if v(t−0) = 1.

There are 2 new parameters in this model, namely: τi > 0 and gi > 0. One can think of the

inhibitory current in the following way: after the neuron spikes, at time T , all of the inhibitory

channels on the neuronal membrane are open. This is modelled by s(t), and the number of open

channels exponentially decays with time constant τi. The strength of the inhibitory current is

modelled by gi, and cannot reach a value greater than gi since 0 < s≤ 1 and 0≤ v≤ 1.

We cannot solve explicitly for the neuronal membrane potential, v(t). However, we can under-
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stand the behaviour of the neuron by looking at the function ϕ(J0) as described in equation (7). J0

denotes the size of J directly after a spike, and ϕ(J0), the size of J immediately after the next spike.

Plot ϕ(J0) as a function of J0 as before. Without any inhibition, there will be runaway activity with

both τe = 10 ms and τe = 20 ms.
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With gi = 0.25 and τi = 10 ms, there is still strictly runaway activity:
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With gi = 0.5 and τi = 10 ms, we have the following:
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Note, for τe = 10 ms, there is a possible stable firing state, where J decays to a value close to

0 in between spikes. However, if J0 starts at too large a value, then runaway activity will occur.

Here, there is a state of bi-stability, between a stable firing state and runaway activity. For τe = 20

ms, only runaway activity will occur. If the strength of inhibition is strong enough, gi = 0.8, then

there will be bi-stability for both τe = 10 ms and τe = 20 ms:
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These graphs raise the question: when does bi-stability occur in an LIF neuron with self-

excitation and self-inhibition?

Theorem 2. The asymptotic behaviour of ϕ(J0) as J0→ +∞ is independent of the self-inhibiting

current.

Proof. We begin with an LIF neuron with both self-excitation of self-inhibition, as described in

the system of equations at the beginning of the section. The self-inhibition current is dependent on

both the synaptic gating variable, s(t), and the membrane potential of the neuron, v(t):

Ii =−gis(t)v(t).

We know 0< s(t)≤ 1 and 0≤ v(t)≤ 1. Thus, we can take an overestimate of the self-inhibition

current (which will give us an underestimate of the membrane potential, v(t)), by setting s(t) = 1:

Ii =−giv(t).

23



The self-inhibiting current is now strictly dependent on v(t). We can now solve for an explicit

formula for the membrane potential, which we can call ṽ(t). Assume τe 6= τ. Thus,

ṽ(t) = I
(

1
1/τ+gi

)(
1− e−t(1/τ+gi)

)
+ J0

e−t/τe− e−t(1/τ+gi)

1/τ+gi−1/τe
.

Assume t = 0 ms, and the neuron will spike at time T̃ > 0. This is the same expression we

found for v(T ) with purely self-excitation, except with 1
τ

replaced by 1
τ
+ gi, which is a constant.

Since the asymptotic behaviour of T was unaffected by τ for a purely self-excited neuron, the

asymptotic behaviour of T̃ will be unaffected by 1
τ
+ gi, and the asymptotic behaviour of both T

and T̃ will be the same. Thus,

T̃ ∼ 1
I + J0

.

Let us denote the function ϕ(J0) as ϕ̃(J0) when using this model for self-inhibition (Ii =

−giv(t)). The asymptotic behaviour of ϕ̃(J0) as J0 approaches +∞ will be:

ϕ̃(J0) = J0e−T̃/τe + ε

∼ J0−
1
τe

+ ε.

This is the same asymptotic behaviour for the function ϕ(J0) that we found for the LIF neuron

with purely self-excitation as J0 → +∞. Let the function ϕ(J0) with purely self-excitation be

denoted by ϕe(J0). Thus, by the sandwich lemma [12],

ϕ̃(J0)≤ ϕ(J0)≤ ϕe(J0).

Thus, as J0 approaches +∞,

J0−
1
τe

+ ε≤ ϕ(J0)≤ J0−
1
τe

+ ε.
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So, the asymptotic behaviour of ϕ(J0) as J0 approaches +∞ with the self-inhibition current

modelled by Ii =−gis(t)v(t), will be:

ϕ(J0)∼ J0−
1
τe

+ ε.

Therefore, the asymptotic behaviour of ϕ(J0) as J0→+∞ is independent of the self-inhibiting

current.

So, the asymptotic behaviour of ϕ(J0) as J0 → +∞ is independent of the terms gi and τi.

Therefore, if there is runaway activity in the LIF neuron with purely self-excitation, (that is, if

ετe > 1), there will be runaway activity in the LIF neuron with self-inhibition in response to a

sufficiently strong and sustained stimulus, namely, if J is brought to high enough values.

Lemma 4. If ετe > 1, bi-stability will occur if the strength of the self-inhibition current is large

enough.

Proof. We start with the LIF neuron with self-excitation and self-inhibition as described at the

beginning of this section:

dv
dt =−

v
τ
+ I + J−gisv v(t +0) = 0 if v(t−0) = 1

dJ
dt =−

J
τe

J(t +0) = J(t−0)+ ε if v(t−0) = 1

ds
dt =−

s
τi

s(t +0) = 1 if v(t−0) = 1.

Assume ετe > 1.

Since ετe > 1, we know runaway activity will occur for large enough values of J0. We want

to solve for a value of gi which will push the function ϕ(J0) below the 45◦ line, ϕ(J0) = J0, for

some J0. Since ϕ(J0) = J0e−T/τe + ε, we know ϕ(J0) > ε, because T > 0. Therefore, for J0 < ε,

ϕ(J0)> J0.
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Assume K > ε. We want to solve for a value of gi, at which ϕ(K)< K. This would imply that the

function ϕ(J0) will cross the 45◦ line at least twice, thus forming a bi-stable state.

ϕ(K) = Ke−T̂/τe + ε < K

This implies,

T̂ > τe ln
(

K
K− ε

)
.

Since K > ε, we know K
K−ε

> 1, which implies that T̂ > 0.

Assume t = 0 ms, and the LIF neuron will spike at time T1. We want to solve for gi such that

T1 > τe ln
( K

K−ε

)
. For 0 < t < T1,

dv
dt

=−v
τ
+ I +Ke−t/τe−gie−t/τiv.

Let the self-excitation current be K instead of Ke−t/τe . This will give us an under-estimate of

T1. Assume this neuron now spikes at time T2, where T2 < T1. Thus, we have:

dv
dt

=−v
τ
+ I +K−gie−t/τiv.

At time T2, the neuron will cross 1 from below and will therefore spike iff:

dv
dT2

=−1
τ
+ I +K−gie−T2/τi > 0.

This implies

T2 > τi ln
(

gi

−1/τ+ I +K

)
.

Now, solve for a lower bound on gi such that T2 > T̂ . We want to solve for gi such that:

26



τi ln
(

gi

−1/τ+ I +K

)
> τe ln

(
K

K− ε

)
.

Thus,

(
gi

−1/τ+ I +K

)τi

>

(
K

K− ε

)τe

gi >

(
−1

τ
+ I +K

)(
K

K− ε

)τe/τi

.

Therefore, if this is true, then T2 > T̂ , which implies that T1 > T̂ , where T1 is the spike time of

the neuron with a decaying self-excitation current. Thus, if gi is large enough, ϕ(K) = e−T2/τe +ε<

K for K > ε with a constant self-excitation current. So, with a decaying self-excitation current,

ϕ(K) = e−T1/τe + ε < e−T2/τe + ε < K for this same gi.

Thus, for any value of J0, where J0 > ε, we can find a value of gi, where ϕ(J0)< J0, regardless

of the asymptotic behaviour of ϕ(J0) as J0→+∞, thus creating at least one stable and one unstable

fixed point for ϕ(J0).

Lemma 4 implies that bi-stability is always possible if the neuron will reach runaway activity

for large enough values of J0. One just has to increase the strength of the self-inhibition enough.

However, this does not rule out the possibility of multi-stability, in which there are multiple sta-

ble and unstable fixed points on the graph of ϕ(J0), which implies there are multiple fixed spike

intervals towards which the neuron is attracted, although this possibility has never been seen in

numerical simulation.

2.3 Shocking the LIF neuron into runaway activity

From the previous 2 sections, we have learned that bi-stability in an LIF neuron is only possible

with self-excitation and self-inhibition. We are interested in learning if it is possible to “shock” a
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given LIF neuron with bi-stability into runaway activity. This “shock” can be thought of as a brief

surge or injection of current into the neuron. In a biological system, this could be understood as a

stimulation of the neuron from some outside source (ie. loud noise, bright light). First, we begin

with an LIF neuron with self-excitation and self-inhibition:

dv
dt =−

v
τ
+ I + J−gisv v(t +0) = 0 if v(t−0) = 1

dJ
dt =−

J
τe

J(t +0) = J(t−0)+ ε if v(t−0) = 1

ds
dt =−

s
τi

s(t +0) = 1 if v(t−0) = 1.

Now, we assume both a stable firing state and runaway activity are possible for this neuron,

depending on the initial strength of the self-excitation current, J0. Take the example in the previous

section with τe = 10, gi = 0.5, τi = 10, ε = 0.2, τ = 10 and I = 0.11. For these parameters, the

graph J0 vs ϕ(J0) looks like the following:

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

J
0

φ(
J)

τ
e
=10

Student Version of MATLAB

Thus, we see that the neuron will ease into stable firing if J0 is below some critical value,

J0 ≈ 0.58. However, if J0 begins above this critical value, the neuron will get driven into runaway

activity. The main goal here is to see if we can push the neuron into runaway activity by some brief

surge in external current, given that J0 is below this critical value.

Assume J0 = 0.4, which is less than the critical value for ϕ(J0). Thus, the neuron will ease into

a stable firing state. The voltage trace of this LIF neuron will look like the following:
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Next, we add in a “shock” to the neuron by adding a current of 0.1 to the external current I

which lasts for 100 ms between 250 ms and 350 ms after the beginning of the simulation. Thus, for

0 < t < 250, I = 0.11 and for 250≤ t ≤ 350, I = 0.21 and for 350 < t ≤ 500, I = 0.11. This will

give the neuron enough time to ease into stable firing before introducing a “shock” to the system.

The voltage trace and trace of J will look like the following:
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The brief surge in external current has a strong excitatory effect, and is able to push the neuron

into runaway activity. One can see from the trace of J, that J gets pushed much above the unstable
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fixed point during this brief excitatory pulse (at time t = 350 ms, J ≈ 2.086), which then sends

the neuron into runaway activity. The excitatory pulse decreases the interspike interval, which will

increase the function ϕ(J0) for a given J0. Thus, if the pulse is strong enough, and sustained long

enough, the variable J will be pushed above the critical value.

From this, we see that shocking the neuron into runaway activity via a brief excitatory pulse

is possible for strong enough pulses with long enough duration, if and only if the neuron had a

bi-stable state to begin with.

3 The reduced-Traub-Miles neuron and Wang Buzsáki neuron

The reduced Traub-Miles neuron is a Hodgkin-Huxley like neuron proposed in a paper by Ermen-

trout and Kopell in 1998 [13] as a modification to the Traub-Miles neuronal model of an excitatory

neuron in the hippocampus [14]. The reduced Traub-Miles neuron:

C
dv
dt

= ḡKn4(vK− v)+ ḡNam∞(v)3(0.80−n)(vNa− v)+ ḡL(vL− v)+ I

dn
dt

= αn(v)(1−n)−βn(v)n

gK = 80 mS/cm2, gNa = 125 mS/cm2, gL = 0.1 mS/cm2

vK =−100 mV, vNa = 50 mV, vL =−67 mV

C = 1 µF/cm2

αn(v) = 0.032
v+52

1− e(−v+52)/5)

βn(v) =
1
2

e(−(v+57)/40)

αm(v) = 0.32
v+54

1− e(−(v+54)/4)

βm(v) = 0.28
v+27

e((v+27)/5)

m∞(v) =
αm(v)

αm(v)+βm(v)
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A spike train of the reduced Traub-Miles neuron with I = 0.3:
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The Wang Buzsáki neuron is also a Hodgkin-Huxley-like model proposed by Wang and Buzsáki

in 1996 [15] of an inhibitory interneuron. The Wang Buzsáki neuron:

C
dv
dt

= ḡNam3
∞(v)h(vNa− v)+ ḡKn4(vK− v)+ ḡL(vL− v)+ Iext

dh
dt

= 5(αh(1−h)−βh(h))

dn
dt

= 5(αn(1−n)−βn(n))

gK = 9 mS/cm2, gNa = 35 mS/cm2, gL = 0.1 mS/cm2

vK =−90 mV, vNa = 55 mV, vL =−65 mV

C = 1 µF/cm2

αh(v) = 0.07e(−(v+58)/20), βh(v) =
1

e(−0.1(v+28))+1

αn(v) = 0.01
v+34

1− e(−0.1(v+34))
, βn(v) = 0.125e(−(v+44)/80)

αm(v) = 0.1
v+35

1− e(−0.1(v+35))
, βm(v) = 4e(−(v+60)/18))

m∞ =
αm(v)

αm(v)+βm(v)

A spike train of a Wang Buzsáki neuron with Iext = 0.3:

31



0 100 200 300 400 500
−80

−60

−40

−20

0

20

40

t [ms]
v 

[m
V

]

Student Version of MATLAB

Note, with the same external drive, the Wang Buzsáki has a slightly faster firing frequency than

the reduced Traub-Miles neuron. The reset potential of the Traub-Miles neuron is much lower than

that of the Wang-Buzsáki neuron (this is due to the much weaker conductance densities of K+ and

Na+ in the WB neuron). Both of these neuronal are Hodgkin-Huxley-like models, and are both

a system of continuous different equations, which makes them much more biologically accurate

than the LIF model.

3.1 Modelling chemical synapses in a Hodgkin-Huxley-like neuronal model

The leaky integrate-and-fire neuron models the action potential of a neuron by a discontinuous

jump from the spiking threshold to the reset potential. In a biological neuron in the brain, an action

potential typically lasts for a few milliseconds, so modelling an action potential in this manner is

not an unreasonable abstraction. We modelled the self-excitatory autapse in the LIF neuron by the

variable J, which jumped to a value of J + ε after the membrane potential of the LIF neuron had

reached spiking threshold. The self-inhibitory autapse was modelled by the term −gis(t)v(t).

The LIF neuronal model gives us a chance to mathematically analyse when runaway activity

occurs in a self-excitatory and self-inhibitory neuron. Although the oversimplifications used in the

LIF neuron does not produce of the complicated behaviours of biological neurons in the brain, this

does not prevent us from gaining a better understanding of how and why certain behaviours may

come about in a biological system, and we can use what we’ve learned in the LIF neuron to better
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understand what is occurring in a biological neuron.

In a physical neuron, presynaptic signals are transmitted via the release of neurotransmitters

through the synaptic cleft. These neurotransmitters will then bind to receptors in the postsynaptic

cell, which causes the opening and/or closing of ion channels in the membrane of the postsynaptic

cell. The type of neurotransmitter released from the postsynaptic cell will determine the type of

effect that neurotransmitter has, either hyperpolarizing (inhibitory) or depolarizing (excitatory).

Most excitatory synapses in neural cells in the brain are activated by the neurotransmitter gluta-

mate. The behaviours of glutamate-mediated receptors in neuronal cells is very dynamic, and often

many different glutamate receptors may be present in a single synapse. The most common excita-

tory glutamate receptor in the brain is the AMPA (alpha-amino-3-hydroxyl-5-methol-4-isoxazole-

propionate) receptor. The ions involved in the opening of an AMPA receptor include postassium

(K+), sodium (Na+), and calcium (Ca2+), and has an overall depolarizing effect on the postsy-

naptic cell. AMPA receptors respond very quickly after binding with glutamate, with a rise time

constant of around 0.1 milliseconds, and decay fairly rapidly after binding opening, with a decay

time constant near 3 milliseconds [16].

Another very common type of excitatory glutamate-activated receptor in the brain is the NMDA

receptor. The effect of NMDA receptors is dependent on the membrane potential of the postsy-

naptic cell. This is due to an Mg2+-block on the channel itself, which is lifted if the membrane

potential is below – 50 mV. In contrast to AMPA receptors, NMDA receptors respond more slowly

after binding with glutamate, with a rise-time constant near 3 ms, and remain open for a very long

time, somewhere between 10 and 100 milliseconds [16]. Excitatory synapses in cerebellar granule

cells, the most common type of pyramidal cell in the brain, use glutamate as their neurotransmitter,

and therefore typically have an excitatory effect on postsynaptic cells [17].

GABA (gamma-aminobutyric acid) is another common neurotransmitter in the brain, and most

often has a hyperpolarizing (or inhibitory) effect in the postsynaptic cell. A common receptor
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which GABA can bind to is the GABAA receptor. The GABAA receptor is itself an ion channel

and allows the passage of chloride, Cl−, through the cell membrane. Cl− has a Nernst potential

of around – 67 mV, which means that if the membrane potential of a neuron is above the Nernst

poential, chloride will flow into the cell, having a hyperpolarizing effect. If the membrane potential

of the neuron is below the Nernst potential, chloride will flow out of the cell, having a depolarizing

effect [18]. Since spiking threshold of most neurons lies between – 40 mV and – 55 mV, the

opening of chloride channels will drive the membrane potential of the neuron towards a value

below spiking threshold. Therefore, GABAA receptors are typically considered hyperpolarizing.

Suppose we have a neuron k with inputs mediated by AMPA receptors. We can model neuron

k using the Hodgkin-Huxley model by the following:

C dv
dt = Hodgkin-Huxley currents + applied currents + IAMPA ,

where IAMPA is the density of excitatory current caused by the opening of AMPA receptors in the

membrane of that neuron. As described earlier in equation (8), this current can be modelled by:

IAMPA =
N

∑
j=1

g j→ks j→k(t)(vAMPA− v(t)), (9)

where g j→k is the conductance density of the AMPA-mediated receptor between neuron j and

neuron k, and s j→k(t) is the synaptic gating variable (fraction of AMPA receptor channels that are

open). Here, there are N presynaptic neurons which have synaptic connections with neuron k. This

can include neuron k itself, since a neuron may have a synaptic connection with itself, also known

as an autapse. vAMPA is typically taken to be 0 mV [21].

There are many different ways of modelling the synaptic gating variable of certain receptor

channels. One way of modelling synaptic gating variables with short decay time constants (τr �

τd), which was proposed by Alain Destexhe [19], is as follows. Let s j→k(t) be governed by the

differential equation
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ds j→k

dt
=

tanh(v j/4)+1
2

1− s j→k

τr
−

s j→k

τd
. (10)

Note: This equation is independent of the postsynaptic membrane potential, v(k), and strictly

depends on the presynaptic neuron. Thus, we can replace s j→k by s j. In a biological neuron, this

term is dependent on the membrane potentials of both the presynaptic and postsynaptic neuron.

Although unrealistic, modelling the synaptic gating variable in this way makes computation much

less time-consuming.

In order to understand this model, it is beneficial to remember the graph of tanh(x), which

looks like the following:
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A neuron has a resting potential of approximately – 70 mV, and a spiking threshold between –

40 and – 55 mV. Thus, in between spikes, v <−40, which means tanh(v/4)≈ 0, and the synaptic

gating will be approximately

ds j

dt
=−

s j

τd
,

an exponentially decaying differential equation with time decay constant τd . A spike in a neuron

in the brain typically lasts a few milliseconds, in which the membrane potential sharply rises to a

peak of about 40 mV, and sharply decays thereafter to a value below the resting potential. During

the action potential, for v > 10 mV, the function tanh(v/4) ≈ 1. Thus, during an action potential,

we have
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ds j

dt
≈

1− s j

τr
−

s j

τd

If τr is very small in comparison to τd (τr � τd), s j(t) will rise rapidly during the action

potential, and decay after the action potential is over. In this differential equation, s j(t) is bounded

by 0 and 1, which is to say that the fraction of synaptic gates that are open is between 0 and 1. This

model can be used for modelling AMPA receptor channels (τr = 0.1 ms, τd = 3 ms) and GABAA

receptor channels (τr = 0.3 ms and τd = 9 ms) [20]. The following images depict a voltage trace of

a reduced TM neuron with I = 0.3 and the trace of the synaptic gating variable of a self-excitatory

AMPA receptor channel (green) and a self-inhibitory GABAA receptor channel (magenta), with

gAMPA = 0.1 and gGABAA = 0.1:
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We can model synaptic gating variables with long decay time constants by adding a slight

modification to Destexhe’s model for synaptic gating variables with short decay time constants.

We add a new variable c, which can be considered as a non-dimensionalized neurotransmitter

concentration in the synaptic cleft. We can model the chemical synapse as follows:

dc
dt

= γ
tanh(v j/4)+1

2
− c

τr
(11)

ds j

dt
= c

1− s j

τr
−

s j

τd
, (12)
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for γ chosen in such a way that a spike in the presynaptic neuron causes c to raise approximately

to 1. For the Traub-Miles neuron, which will be explained briefly in the next section, the value

γ = 3 works well. This model can be used for modelling NMDA receptor channels(τr = 3 ms,

τd = 50 ms). The following images depict the voltage trace of a reduced TM neuron with I = 0.3

and the trace of the synaptic gating variable of a self-excitatory NMDA receptor channel (green)

and a self-inhibitory GABAA receptor channel (magenta), with gNMDA = 0.05 and gGABAA = 0.1:
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There are a myriad of possible ways neurotransmitters can bind to receptor channels, activating

the opening and/or closing of ion channels in the membrane of the postsynaptic cell. These are just

two possible ways of modelling different types of synapses. However, looking strictly at these two

models can be very helpful in determining when and how bifurcations (like those seen in the LIF

neuron with self-excitation and self-inhibition) in the firing state of a neuron arise.

3.2 Looking at Transitions in the Reduced-Traub-Miles Neuronal Model

Before looking at the Traub-Miles neuron, it would be good to remember what we learned from the

LIF neuron with self-excitation and self-inhibition. With strictly self-excitiation, there were only 2

possible firing states, namely runaway activity (ετe > 1) or a stable firing state with some interspike

interval T > 0 (ετe ≤ 1). With both self-excitation and self-inhibition, there were 3 possible firing

states: strictly runaway activity (ετe > 1 and weak inhibition), a bistable state between runaway
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activity and stable firing state dependent on J0 (ετe > 1 and strong inhibition), and a stable firing

state (ετe < 1).

We begin with a Traub-Miles neuron with strictly self-excitation. This means, after the neuron

fires, it will excite itself by activating excitatory channels on its membrane through the release of

neurotransmitters. We have two different excitatory synaptic channels, AMPA receptor channels

(τr = 0.1 ms, τd = 3 ms) and NMDA receptor channels (τr = 3 ms, τd = 50 ms). The synaptic

currents caused by the receptor channels can be modelled by Isyn = gs(t)(ve− v), where ve is

the Nernst potential of the ion/s used after the receptor channel is activated. The synaptic gating

variables can be modelled by equations (9), (11) and (12). Since both of these receptor channels

are excitatory, I will let ve = 0 mV.

Since the synaptic currents are modelled by a continuous system of differential equations in

the reduced Traub-Miles neuron, it is not as simple to understand how changing the strength of

the synapse will affect the final firing state as it was in the LIF neuron. However, treating the

conductance density as our variable, we can plot the strength of the conductance density against

the final firing period (by letting the simulation run for about 500 ms). The following plots were

made for Iext = 0.3, with the graph on the left side with strictly NMDA receptor channels and on

the right side with AMPA receptor channels:
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Next, we add a self-inhibiting synaptic current mediated by GABAA receptors (τr = 0.3 ms, τd = 9

ms). First, we make the conductance density weak, gi = 0.1 mS/cm2:
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With a stronger inhibition, gi = 0.5 mS/cm2, we see the following:
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The reduced Traub-Miles neuron with NMDA mediated receptors quickly decays from having

an interspike interval of 50 - 70 ms (≈ 14 - 20 Hz) to very rapid firing in each case. however, with

the AMPA mediated receptors, we see a smooth transition for both no and weak self-inhibition, and

a very sharp bifurcation from ≈ 15 Hz firing to very rapid firing (> 100 Hz) after the conductance

density of the inhibitory GABAA synapse crosses some threshold. This is the same behaviour

which we saw for the LIF neuron. Namely, there is a bifurcation between very fast activity and

stable firing if the strength of inhibition is large enough, and the strength of the self-excitatory

synaptic current crosses some threshold.

The following images depict the voltage traces of the reduced Traub-Miles neuron for strong

inhibition (gi = 0.5 mS/cm2), and weak excitation, (ge = 0.1 mS/cm2), with NMDA connections

on the left and AMPA connections on the right:
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As we see, the neuron spikes very rapidly with NMDA connections, and not as rapidly with

AMPA connections. We can understand why these images and the plots of ge vs. period are so

different by the following.

Looking at the case for gi = 0.5 mS/cm2 with AMPA connections, for ge small enough, the

reduced TM neuron will always have the same firing frequency after reaching a state of stability.

Assume the neuron has just spiked. The synaptic gating variable will have saturated to a value close

to 1, and will begin to decay shortly after the spike. However, the excitatory synaptic current from

the AMPA connection is not strong enough to overcome the inhibitory synaptic current from the

GABAA connections and push the membrane potential above spiking threshold, since the decay-

time constant for AMPA connections is small, τd = 3 ms. Thus, the inhibitory synapses overcome

the excitatory synapses, until the external drive Iext causes the neuron to fire.

Why don’t we see this in the case for the NMDA connections? This can be answered by the

effects of the long decay-time constant of the NMDA mediated receptors. The NMDA receptors

decay very slowly, with τd = 50 ms). Thus, after the neuron spikes, the synaptic gating variable

saturates slowly, and thereafter decays slowly. This process takes a fairly long time (much longer

than the inherent frequency of the neuron without any chemical synapses), and will overwhelm the

inhibitory synapse, even for small values of ge.

Note: Something funny happens in the bifurcation case with AMPA connections. Namely,

after ge crosses a threshold value, there is a little hump in the graph ge vs period. This is due to the

40



way I defined the period (namely the last spike time in the simulation subtracted by the second to

last spike time in the simulation). In the bifurcation case, the neuron doesn’t suddenly transition

from stable firing to very rapid firing. Instead, it transitions from doublet firings and bursts into

rapid firing. However, this still occurs over a very short range of conductance densities, which still

implies a rapid transition from gamma rhythms to very rapid firing. The following graphs of the

voltage traces depict this transition:
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A last comment: In the LIF neuron, we could define runaway activity as lim
k→+∞

Tk = 0, where Tk

denotes the k-th inter-spike interval, k ∈Z+. In the reduced TM neuron, the definition of “runaway

activity” is not so clear due to the mechanisms of an action potential. However, we can interpret

runaway activity as very fast spiking (> 100 Hz).
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3.3 The role of rise and decay time constants in the transition

In the previous section, we learned that the transition from stable rhythmic firing to very fast

firing (runaway activity) in a self-exciting, self-inhibiting reduced TM neuron differed for varying

excitatory synapses. For NMDA synapses, there was a smooth transition, and for AMPA synapses,

there was a rapid transition, dependent on the conductance densities of the synapses. AMPA

synapses have a very small rise time constant (τr = 0.1 ms), and a fairly rapid decay time constant

(τd = 3.0 ms). NMDA synapses have a longer rise time constant (τr = 3 ms) and a very long decay

time constant (τd = 50 ms). The rise and decay time constants seem to be responsible for these

varying transitions. Here we will try to briefly show whether a short decay time constant or a short

rise time constant is responsible for the rapid transition.

First, we start with a reduced TM neuron with self-excitation and self-inhibition. The self-

inhibition we model with GABAA synapses. We add in a self-excitatory synaptic current with

varying decay and rise time constants. We have 2 different models for chemical synapses, one

allowing for short rise time constants, equation (9), and one allowing for long rise time constants,

equations (11) and (12).

Now, we are interested in looking at how rise time and decay time constants affect the transition

from stable firing to fast firing (or runaway activity) in the reduced TM neuron. To do this, we can

plot varying synaptic conductance densities, ge, against the final firing period (measured after 500

ms) for each initialization of ge, as we did in the previous section. Here are the plots for long rise

time constant (left) using model (11) and (12), and short rise time constant (right) using model (9)

with τd = 5.0 ms and gi = 5.0:
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Note, there is rapid transition from stable firing to runaway activity for both a long rise time

constant (τr = 3.0 ms) and for a short rise time constant (τr = 0.1 ms), however, the transition

occurs for a much larger ge with the long rise time constant than with the short rise time constant.

Now, we raise the decay time constant to τd = 10.0 ms and do the same thing. We get the

following plots:
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There is a smooth transition for both long and short rise time constants. This would seem to

imply that a rapid transition is dependent on the decay time constant rather than on the rise time

constant in a self-exciting and self-inhibiting reduced TM neuron, however this will need to be

investigated in further depth before one can say this with certainty.
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3.4 Introducing the non-saturating excitatory synapse into the reduced TM

neuron

We return to our model for the self-excitation current as described in the LIF neuron. For the LIF

neuron, v ∈ [0,1]. After v reached spiking threshold, 1, v was reset to 0, and the self-excitation

current, J, was given an injection of current, ε > 0.

In the reduced TM neuron, after the membrane potential reaches spiking threshold vthr ≈−55

mV, the sodium channels open rapidly, allowing sodium ions to rush into the neuron, and potas-

sium channels open up shortly thereafter, allowing potassium ions to leave the neuron until the

membrane potential falls sharply to a reset potential, vres ≈ −95 mV. This action potential occurs

over an interval between 2 and 3 ms, and is modelled by the currents described in the model for

the reduced TM neuron, described in the previous section. We can apply the non-saturating self-

excitation synaptic current we used in the LIF neuron to the reduced TM neuron by the following:

dJ
dt =−

J
τe

, J(t +0) = J(t−0)+ ε if v(t−0) = 0.

Thus, there is an instantaneous injection of current, ε > 0 into J, at the time at which the

membrane potential v crosses 0 mV from below. This current will decay with time constant τe

until the membrane potential crosses 0 mV from below again. For chemical synapses with a short

rise time constant (ie. AMPA synapses), this is not such an unrealistic model for the self-excitatory

autapse. Note, the injection of current, ε > 0 is applied at the time when v crosses 0 from below.

This value is chosen, since the membrane potential will only reach 0 during an action potential,

and due to the Nernst equilibrium of Na+ in the model which is – 50 mV, the membrane potential

will surely cross 0 during an action potential. This ensures that the injection of current ε > 0 will

only occur during an action potential.

In order to understand the non-saturating excitatory current for the reduced TM neuron, assume

the neuron will fire with a fixed interpsike interval, T > 0.
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Let Jk = the value of J just after time kT , k ∈ Z+.

Thus,

Jk+1 = (Jk)e−T/τe + ε.

Jk will approach a fixed value, J∞ as k→ ∞. Thus, as k→ ∞, we have the following:

J∞ = (J∞)e−T/τe + ε

J∞ =
ε

1− e−T/τe
.

In order to model the non-saturating self-excitatory current for the reduced TM neuron, we

have to scale it by vthr−vres = 40mV. J is a non-dimensionalized synaptic gating variable, and has

no units. Thus, our model for the TM neuron with the non-saturating self-excitatory current will

look like the following:

C dv
dt = reduced TM neuron currents + applied currents + 40J

dJ
dt =−

J
τe

, J(t +0) = J(t−0)+ ε if v(t−0) = 0.

The following plot is a voltage trace and trace of the synaptic gating variable, J(t), without

self-inhibition, for τe = 3ms, ε = 0.2, and Iext=0.3 mA/cm2:
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This trace of J(t) is almost identical to that of the synaptic gating variable, se, for AMPA

connections, as described in the previous section!

For these parameters, J decays to almost 0 between spikes, and jumps to a value just above

ε as the membrane potential crosses spiking threshold at -55 mV, with T ≈ 40 ms. Thus, J∞ ≈
ε

1−e−40/3 = 0.200000323919883.

In the LIF neuron, we looked at the iterative function ϕ(J0). Now let’s do the same for the

reduced TM neuron, except we define this iterative function, ψ(J0), as follows:

ψ(J0) = J0e−T/τe + ε.

We are interested in looking for bifurcations with the reduced TM neuron similar to the bifur-

cations we saw with the LIF neuron. We can study these bifurcations by looking at the plots of

the iterative function ψ(J0). We begin with a reduced TM neuron with both a non-saturating self-

excitatory synapse and a self-inhibitory synapse as modelled in the previous section by a GABAA

synapse (IGABAA = gis(t)(vGABAA− v(t))). Recall, for GABAA synapses, τr = 0.3 ms, and τd = 9

ms.

The following plot of ψ(J0) was made for τe = 10ms, Iext = 0.3 mA/cm2, gi = 0.7 mS/cm2 and

ε = 0.3:
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There is one stable fixed point for the function ψ(J0) for these parameters, ψ(J0)≈ 1.825. Thus
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J∞ ≈ 1.825 which implies T ≈ 1.78ms. Thus, with these parameters, the neuron will fire with an

inherent frequency of about 550 Hz, very fast firing!

Now, we make the conductance density a bit stronger, gi = 1.5 mS/cm2, and we get the follow-

ing:
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There are 3 fixed points for ψ(J0) at ψ(J0)≈ 0.31, ψ(J0)≈ 0.57 and ψ(J0)≈ 1.54. The middle

fixed point is unstable, which means if J0 < 0.57, the neuron will ease into a stable firing state with

a firing frequency around 40 Hz with ψ(J0)≈ 0.31. However, if J0 > 0.57, then the neuron will be

pushed into runaway activity with a firing frequency around 450 Hz with ψ(J0)≈ 1.54. There is a

clear bifurcation here, similar to the bifurcations we saw in the LIF neuron. However, the range of

parameters for which this bifurcation occurs in the reduced TM neuron is very constrained.

3.5 Shocking the reduced TM neuron into runaway activity

We begin with a reduced TM neuron with the same parameters as described at the end of the last

section, in which a state of bi-stability between 40 Hz firing and 450 Hz firing exists. We start with

J0 < 0.57, which implies the neuron will ease into 40 Hz firing. Let J(0) = 0.3 and v(0) = 0 mV.

The voltage trace of the reduced TM neuron and the trace of J(t) will look like the following:
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The value ψ(J0) approaches 0.31, and the neuron reaches a stable firing state with a firing

frequency of 40 Hz. We want to see if it is possible to excite this neuron into runaway activity by a

brief excitatory pulse. We add an injection of external current for a duration of 100 ms with a value

of 2.0 mA/cm2, between 200 and 300 ms, after the neuron has reached its stable firing state. thus,

during Iext = 2.3 mA/cm2 between 200 and 300 ms, and 0.3 mA/cm2 for the rest of the simulation.

The voltage trace and trace of J(t) will look like the following:
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This “shock” of external drive pushes the value of ψ(J0) to a value much greater than 0.57 after

the injection is over. Thus, ψ(J0) then is attracted to the other stable fixed point at ψ(J0) ≈ 1.54,

and the neuron is therefore pushed well into runaway activity with a firing frequency of 450 Hz.

48



4 Application to Neuronal Networks

We begin with a neuronal network known as PING (Pyramidal-Interneuronal Network Gamma).

This type of network models a group of inhibitory interneurons (I-cells) and excitatory pyramidal

basket cells (E-cells). The ability of the PING network to model gamma rhythms (25-40 Hz), is

dependent on the number of connections between E-cells and I-cells and the interaction between

the two [22] [23]. Intensified gamma rhythms have been measured at the onset of epileptiform

discharges, which implies that gamma rhythms play an important role in epileptic seizures [5].

The PING network works in the following manner: a surge in firing of E-cells triggers other E-

cells as well as I-cells to fire. The other E-cells and I-cells are thus excited, and the excitement of

the I-cells cause the I-cells to fire. After firing, the I-cells have an inhibitory effect on the E-cells in

the network. This inhibitory effect from the I-cells brings the E-cells into somewhat synchronous

firing. And after the E-cells fire again, the cycle repeats itself.

We begin with a strong PING modelled by taking 80 E-cells (reduced Traub Miles neuron)

and 20 I-cells (Wang Buzsáki neuron). In this strong PING, the conductance densities for I-I

connections were taken to be gii = 0.5, for E-I connections, gei = 0.5, and for I-I connections,

gie = 0.5. The I-I connections and I-E connections are modelled by GABAA synapses and the E-I

connections are modelled by AMPA synapses. We start without any E-E connections gee = 0. The

E-cells are driven by a constant external current. The following rastergram was made for a strong

PING with all-to-all connections (each cell is connected to every other cell). The dots represent the

time of spike of each neuron (which was measured to be the time at which the membrane potential

of the neuron crosses 0 from below). Blue dots are Wang Buzsáki neurons and red dots are reduced

Traub-Miles neurons. Initializations of E-cells and I-cells are uniformly distributed between – 80

and – 50 mV.
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Now, we add E-E connections (modelled the same way as described before) in the strong PING.

First we add weak NMDA connections (τr = 3 ms, τd = 50 ms) with gee = 0.05. The NMDA

synapses between excitatory neurons increases inherent frequency of the E-cells by a factor near

2.
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Next, we make the NMDA connections slightly stronger (gee = 0.1). The network fires with an

intrinsically very fast frequency.
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With the NMDA connections yet stronger, (gee = 0.2), there is yet faster firing:
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This suggests that the PING network is very sensitive to NMDA mediated E-E connections.

Similar to what we saw with the individual TM neuron, there does not appear to be a bifurcation

between runaway activity and stable firing when NMDA connections are introduced.

Now, we get rid of the NMDA connections and introduce AMPA connections (τr = 0.1 ms,

τd = 3 ms) with gee = 0.26. Unlike with the NMDA connections, the AMPA connections have a

minimal effect on the intrinsic firing frequency of the neuronal network without the AMPA E-E

connections, and still fire with gamma rhythms even with gee = 0.26.
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If we increase the conductance densities of the AMPA E-E connections very slightly, by 0.01

(gee = 0.27), the E-cells begin firing with a much higher frequency for the first 50 milliseconds of

the simulation. However, the E-cells get overwhelmed by the inhibitory input of the I-cells, and

fire with the same intrinsic frequency as before.
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If we increase the conductance densities of the AMPA E-E connections again very slightly, by

0.01 (gee = 0.28), the neuronal network fires with a very fast intrinsic frequency (160 Hz).
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Similar to the behaviour which we saw for the single reduced Traub-Miles neuron, there is

a rapid transition in the neuronal network from gamma rhythms (35 Hz) to very fast rhythms

(160 Hz) for AMPA E-E connections, dependent on the conductance densities of the AMPA E-E

connections. However, there is no such transition for NMDA E-E connections.

One would expect that it would be possible to “shock” the neuronal network into runaway

activity by a brief excitatory pulse for values of gee just below the value at which runaway activity

occurs. Let gee = 0.27, which will produce the rastergram before the previous rastergram. We add

in a brief excitatory pulse (10 A/cm2) to the E-cells on top of the already constant external drive

to the E-cells (1.25 A/cm2) for a period of 50 ms between 100 and 150 ms. After doing so, we see

the following:

52



0 100 200 300 400 500

20

100

t [ms]

Student Version of MATLAB

This brief excitatory pulse is very strong and causes the neuron to spike at very fast frequencies

during the duration of the pulse. However, the neuron is not driven into runaway activity, and after

the pulse is over, returns immediately to gamma frequency firing. This raises the interesting ques-

tion of what variables the transition from gamma firing frequency to runaway activity is dependent

on. It would appear that the transition in the case with AMPA E-E connections is dependent on the

synaptic conductance density (gee), and not at all dependent on the synaptic gating variable (see).

4.1 Introducing the non-saturating excitatory synapse in the PING network

We begin with a PING network as described in the previous section with all-to-all connections,

I-I and I-E connections modelled by GABAA synapses and E-I connections modelled by AMPA

synapses. Now, we model the synapses in the E-E connections by the non-saturating excitatory

synapse we described previously,

C dv
dt = reduced TM neuron currents + applied currents + 40J

dJ
dt =−

J
τe

, J(t +0) = J(t−0)+ ε if vi(t−0) = 0 for 1≤ i≤ nume,

where nume is the number of excitatory neurons in the networks.

In this model, if any E-cell fires, it will instantaneously increase the synaptic current in the

neighbouring E-cells by ε. We want to see if it is possible to “shock” this network into runaway

activity with a brief excitatory pulse. We first initialize the E-cells and the I-cells at uniformly
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distributed values between – 80 mV and – 50 mV. Also, we initialize all synaptic gating variables

for E-E connections, all 80 Js at 0. We set the conductance density of I-I connections to be gii = 0.5,

E-I connections to be gei = 0.5, I-E connections to be gie = 1.5. Also, we set ε= 0.01. This implies,

if all E-cells are firing in synchrony, then after firing, they increase the synaptic current, J, of all

E-cells by ε∗nume = 0.01∗80 = 0.80. We also set τe = 10ms for all E-E connections. With these

initializations, we get the following rastergram of spike times in the PING network:
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The network has a very synchronous PING rhythm with E-cells and I-cells firing in almost

exact synchrony. If we change the initializations of all 80 Js from 0 to 0.5, we get the following

rastergram:
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Note, at the beginning of the simulation, the network fires with a faster intrinsic frequency for

the first 100 ms of the simulation, however, the interspike interval after 500 ms is exactly the same

for J0 = 0 and J0 = 0.5, at around 23 ms. This implies there is a stable fixed point for all J0s. If we

change the initializations of all 80 Js to 1.0, we get the following:
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For initializations of Js at 1.0, we get runaway activity. Now, we are interested if we can shock

this system from stable firing to runaway activity. We initialize all Js back to 0, and add a brief

excitatory pulse (10 A/cm2) on top of the already constant external current (1.25 A/cm2) into the

E-cells for a duration of 50 ms between 100 and 150 ms in the simulation. After doing so, we get

the following rastergram:
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There is a bifurcation between gamma frequency firing and runaway activity in the neuronal

network with non-saturating E-E synapses. Thus, it is possible to “shock” the network into run-

away activity with a brief injection of current into the E-cells. This is the same type of behaviour

we saw with the individual TM neuron and non-saturating self excitatory synapses. Therefore,

with hypersynchronous activity in the PING network and non-saturating E-E synapses, there is a

bifurcation between stable firing and runaway activity, dependent on the synaptic variable J.
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5 Conclusion

The neuronal and synaptic models described in this paper are very simple approximations of the

biological systems in the brain. However, the mechanisms underlying runaway activity in the brain

are still being explored in neuroscience today. Gaining a better understanding of these mechanisms

mathematically may help understand why and how this type of activity is seen in the brain.

This paper considers how runaway activity is produced in an individual neuron using a very

simple non-saturating self-excitatory synaptic current. Introducing a self-inhibitory non-saturating

synaptic current introduced a state of bi-stability, in which an excitatory “shock” to the neuron

can drive the neuron from stable firing to runaway activity. This type of behaviour was seen for

both an LIF neuron and a Hodgkin-Huxley-like neuron. The same behaviours were also seen in a

PING network, in which E-E connections were modelled using the non-saturating synaptic model

and all other connections modelled by saturating synaptic models. Applying a saturating synaptic

model to the E-E connections in a PING network produced similar behaviours, however, transi-

tion from stable gamma firing frequency to runaway activity was dependent on the strength and

species of E-E connections. A rapid transition from gamma firing to runaway activity was seen

for AMPA synapses, and a smooth transition from gamma firing to runaway activity was seen for

NMDA synapses. With AMPA synapses, a wide range of conductance densities produced gamma

rhythms in the PING network, before a rapid transition to runaway activity occurred dependent on

the conductance densities. The PING network with NMDA E-E synapses was very sensitive to

small changes in the conductance density, and gamma rhythms were only seen for very weak con-

ductance densities. Thus, it would seem more likely that in an epileptic network, AMPA receptors

play a stronger role than NMDA receptors, and if the conductance densities for E-E connections

are brought to high enough values, there can be a sharp transition from stable firing to runaway

activity. This rapid transition is most likely a result of the short decay time constant for AMPA

synapses. It has been found that AMPA receptor antagonists which block AMPA receptors ex-
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hibited powerful anti-seizure effects in in vivo and in vitro models [24]. My results support these

findings.

The ideas presented in this paper can be further explored in many different ways, for example

testing to see if bi-stability is achievable in an individual neuron and a network with multiple

types of excitatory chemical synapses present on the cell membrane using numerical experiments.

Also, this paper only explores the transition from gamma firing to runaway activity in a neuronal

network with all-to-all connections. More research can be done to test whether the connectivity

of a neuronal network plays a strong role in this transition. Further research can be explored into

how runaway circuit activity is produced in the brain, specifically whether a bi-stable state between

stable firing and runaway activity can be reproduced in a biological neuron, as well as a network.
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