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Abstract

Quantum Simulation of Renormalized Quantum Field

Theory Hamiltonians

Carter Mulford Gustin
ADVISOR: Prof. Gary R. Goldstein
ADVISOR: Prof. Peter J. Love

We are beginning to enter the ‘Early Fault Tolerant Quantum Computing’
(EFTQC) era which promises quantum advantage — useful problem instances that
can be solved more efficiently on quantum architecture in comparison to its classical
counterparts. One prospective field that may lead to the first demonstrations of
quantum advantage is quantum simulation. To this end, this thesis aims to formalize
quantum simulation of quantum field theories in the EFTQC era, which serve as a
source of potential quantum advantage.

Through newly developed quantum algorithms, we propose an end-to-end
framework for computing relevant physical properties from quantum field theories
that can be compared to experiment and lattice QCD. Quantum field theory Hamil-
tonians, renormalized via the Renormalization Group Procedure for Effective Par-
ticles, serve as the input, while the output is any interesting observable — hadronic
mass spectrum, parton distribution functions, etc.

Throughout this thesis, we answer the question of how do we assemble this
framework, and additional questions, such as: “When will quantum computers be
big enough to solve these problems”, and “Can we accelerate timelines to quantum

advantage for quantum simulation of quantum field theories in this new framework?”
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Chapter 1

Introduction

Quantum simulation, that is using quantum computers to simulate phenomena in
quantum physics, was the original motivation for quantum computing [Fey18a]. To-
day, quantum simulation is used to probe “quantum advantage” — useful problem
instances that can be solved more efficiently on quantum architecture. Determining
problems in fundamental physics where quantum computers may give quantum ad-
vantage over their classical counterparts has lead to the rapid expansion of this field.
The most ‘fundamental’ physics problems arguably arise in high energy particle and
nuclear physics, making these problems ideal candidates for quantum advantage.
The genesis of quantum field theories as a problem instance of quantum sim-
ulation comes from a ~ 15 year old paper by Stephen Jordan, Keith Lee, and John
Preskill [JLP12]. Since then, this field has rapidly expanded with the overwhelming
majority of work done using the framework proposed by Jordan, Lee, and Preskill.
The work in this thesis follows an alternative framework proposed by Kreshchuk
et al. in [KKG™22]. The main criticism of this work is that the results all come
from bare (unrenormalized) Hamiltonians, and do not lead to physical observables.
This thesis aims to quell this criticism and answer the question: “Are renormalized
Hamiltonians in the light-front formalism prohibitively more expensive for quantum
simulation than the corresponding bare unphysical Hamiltonians?” Furthermore,
this dissertation aims to formalize quantum simulation of quantum field theories in

the early fault-tolerant quantum computing era using a renormalization procedure



called the Renormalization Group Procedure for Effective Particles to produce phys-
ical, finite results. Aided by novel quantum algorithms based on a technique known
as block-encoding in which we have reduced the necessary computational cost, we
propose an end-to-end framework to compute physical observables from quantum
field theories. We attempt to answer an additional question: “Can we accelerate
timelines to achieve quantum advantage for quantum simulation of quantum field
theories?”

In this introductory Chapter, we discuss the history and basic mathematical
principles of quantum information and quantum computing. From here, we discuss
early fault-tolerant quantum computers and relevant quantum algorithms that are

the pillars of this era.

1.1 An Introduction to Quantum Computation

The conceptual birth of quantum computation has been largely attributed to a 1981
lecture given by Richard Feynman [Fey18a] at a physics conference at MIT [ACM24].
Feynman’s proposal revolved around a simple principle: the quantum wavefunction
lives in an exponentially large Hilbert space, so representing a wavefunction on a
classical processor, with classical bits, requires exponential overhead (e.g. number
of bits). Alternatively, given a processor that is instead built with quantum bits
(qubits), one can represent the same complex wavefunction with a linear number of
qubits. This exponential reduction in memory stems from quantum states obeying
the superposition principle and their ability to become entangled. As an important
and relevant historical note, quantum computation was postulated concurrently to
Feynman independently by both Yuri Manin [Man80] and Pauli Benioff [Ben79).
Fifteen years after Feynman’s original lecture on this subject, Seth Lloyd
proved Feynman’s conjecture in [LIo96]. In his work, Lloyd states simulation is “a
process by which one system is made to mimic another”. Today, quantum simula-
tion colloquially refers to two broad categories: the estimation of static properties,

e.g. energy estimation, or simulating quantum dynamics, e.g. time evolution of



a quantum state. Within the last ten years, we have seen experimental results of
quantum advantage for quantum simulation. These claims of advantage first came
from models such as the Ising chain [CMN™18] and the Hubbard model [DBK™22].
The first experimental realizations of quantum computers arose less than 10
years after Feynman /Manin/Benioff by Kazuhiro Igeta and Yoshihisa Yamamoto [TY8§].
The first demonstration of a quantum gate was performed by Chris Monroe et
al. [MMK™95], in which they entangled two qubits through a controlled-NOT gate.
In 2000, David DiVincenzo proposed his “DiVincenzo” criteria [DiV00] of what is

needed for a physical quantum computer:
1. A scalable physical system with well-characterized qubits
2. The ability to initialize the qubits to a simple fiducial state
3. Long decoherence times

4. A universal set of quantum gates to approximate the action of any qubit

operation
5. A qubit-specific measurement capability

In order to thoroughly understand this criteria, we discuss the basics of quantum
information and computation by describing quantum bits, quantum gates and mea-

surement.

1.1.1 Qubits

The fundamental unit of classical computation is the bit — a logical state that takes
on values of 0 or 1. The quantum analog to the bit is the qubit, which is the
fundamental memory unit of quantum computation. Qubits are represented by
quantum state vectors whose state can be expressed as linear superpositions of the

basis states |0) and |1), with coefficients € C:

1
) = al0) +B1) =« +6 = : (1.1)
0 1 B



subject to the constraint (1)[t)) = 1, which for a single qubit implies |a|? + |B]? = 1.
An arbitrary pure quantum state lives at a point on the surface of the Bloch sphere,

depicted in Fig. and can be written as

[t) = cos (g)\m + € sin (g) 1), (1.2)

where 6 € [0, 7] and ¢ € [0,27) .
The quantum state of a two-qubit system arises from taking the tensor prod-

uct of the two individual qubit states:

) @ [6) = (a0 [0) + Bo[1) ) @ (et [0) + B [1))
ap
oS
= oo |00> + P |01> + Boay |10> + Bof1 |11> = . (13)

Boa

Bo

We can also represent the above state in compact notation by mapping each binary
qubit state to its corresponding integer, i.e. apaq |0) + o1 |1) + Boa [2) + BoBi |3)-

In general, an n-qubit state can be represented by this compact notation

2" —1

) =D all). (1.4)
=0
We define the basis of states of the form { DERAS Z} as the computational basis.
States of the form [¢) ® |¢) are said to be separable: the overall quantum
state can be separated into a tensor product of individual quantum states of its
constituents. Any quantum state that is not separable is called entangled. For
example the normalized superposition of the computational basis states [00) and

|11), called a Bell state, is an entangled state, i.e.

5 (100) +111) ) # ) © |4 (15)

Sl



for any |¢) or |1).

If two states differ simply by a global phase, they will be indistinguishable
from each other, that is no experiment can be performed to distinguish one from the
other. For example, the basic superposition of the single qubit computational basis
states a'|0) + 3]1) is indistinguishable from the state: e*? (a |0) 4+ 5 |1) ), where €%
is a global phase. The differences in these states cannot be resolved by experiment

because Born’s rule will lose the phase information.

10), ;

1)

Figure 1.1: Bloch Sphere: An arbitrary pure quantum state lives on the surface
of the Bloch sphere and can be written |¢) = cos(%) 0) + ei® sin(%) 11).

1.1.2 Gates

Qubits are manipulated by action of quantum gates, analogous to classical logical

gates changing the state of a bit (or bits):

W) =Ulv). (1.6)
All gates in quantum computation must be unitary:

U'U=UU" =1. (1.7)



This is a strict requirement as it maintains the normalization of the wavefunction

(i.e. it satisfies the constraint outlined above that (| ) = 1.):

(W) = Wp|UTU |9y =1 <= U'U=UU' = 1. (1.8)

An example of a unitary gate is the quantum analog of the classical NOT

gate, the Pauli X gate, which switches |0) <> |1):

X0) =11)

X|1)=10).

In the computational basis (which all matrices in this Section will be written in),

the matrix form of Pauli X is

01
X =

10

Similarly, one can define the gates Pauli Y and Pauli Z:
Y = 7 = (1.9)

The Pauli gates can be interpreted about reflections of the qubit state around the
corresponding axis. The Pauli operators are n-fold tensor products of the Pauli
matrices ({,X,Y, Z}) on n qubits.

Another useful gate is the Hadamard gate, which maps the qubit basis states

to superpositions over the basis:

H10) = L (Jo) +11))

H1) =2 (]0)—1)).

The Hadamard gate also generates uniform superpositions over the computational



basis states:

H®"0)®" =

1 2=
NeT ZZ% |). (1.10)

There also exists a class of unitary gates which rotate the state vector around

the x,y, and z axes of the Bloch sphere, called arbitrary Pauli rotation gates:

cos g —1¢sin g CcoS % —sin g
R.(0) = Ry(ﬁ) = (1.11)
—18in g cos g sin g cos g
6—i9/2 0
R,(0) = . (1.12)
0 €i9/2

Sometimes, the R.(#) gate is written instead in the form diag(1,e), which is the
same up to an arbitrary global phase. This alternative way of writing it is nice

because it is simple to define two more useful gates from this: the S and T gates:

10 1 0
S = T= . (1.13)
0 i 0 eim/4
It should be obvious from this definition that S = R,(7/2) = VZ and T =
R.(m/4) = ZV/4.
Another class of gates are n-qubit gates. A canonical example of these is the
CNOT or controlled-X gate. The controlled-X gate acts on two qubits: a control

qubit and a target qubit. The gate itself is designed to flip the target qubit from

|0) <> |1) if the control qubit is in the |1) state. In matrix form:

1000
100

CNOT = (1.14)
0001
0010

The CNOT gate forms entangled states from separable states, which will be-

come obvious when we discuss the Bell state below. The CNOT is explicitly a



controlled-X gate, which leads one to define arbitrary controlled unitaries. These
unitaries are applied to target qubit(s) if the control qubit is in the |1) state. In

matrix form:

1 0
controlled — U = . (1.15)

0 U

We close this section on quantum gates with some common definitions about

groups of quantum gates [RWL25].

Definition 1.1.1 The Pauli group on n qubits, Py, is the set of all Pauli operators

with coefficients {£1,+i}

Definition 1.1.2 The Clifford group on n qubits, Cy, is the normalizer of the Pauli
group, that is conjugation of any operator O € P, with a member of the Clifford

group returns an element of the Pauli group.

Definition 1.1.3 The stabilizer group on n qubits S,, is a subset of the Pauli group

whose members all commute with each other and —I ¢ S,,.

From the last definition, we can define a state |¢) as a stabilizer state if S|¢) = |[¢)
VS € S,. By the Gottesman-Knill theorem [NC10], stabilizer states can be efficiently
reached by the state |0)®™ using only gates from the Clifford group. This implies
that stabilizer states can be efficiently simulated classically.

A set of quantum gates is universal if the set can approximate any unitary
up to some error. A common example of a universal gate set is {H,S,T, CNOT},
commonly referred to as “Clifford + 7”7 This is a popular choice for quantum

computing architectures which utilize the surface code.

1.1.3 The Circuit Model

The actions of gates on qubits can be realized diagrammatically by the quantum
circuit model. Each qubit in a quantum circuit is represented by a single wire in
which time progresses from left to right. Gates are represented by boxes or circles

and act on one or more qubits that live on the corresponding wire(s). A quantum
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|90)

Figure 1.2: State vector-circuit correspondence. Note this choice is convention
only and is referred to as big-endian notation.

a1
|20) ————— ]

Figure 1.3: Example Circuit Diagram: Circuit diagram that creates the Bell
state: %( |00) 4 |11) ) The rightmost gates are measurement gates which collapse

the wavefunction to a classical bitstring via measurement.

register is a collection of one of more wires, and generally are grouped based on
their function. The ordering of the qubit wires and relation to the qubit states is
a notational choice. In this thesis qubits are numbered from ¢y to ¢,, where ¢, is
the top-most qubit in the circuit model and the left-most qubit in the state ket, see
Fig.

In the case of multiple qubits, sometimes subscripts are given to the unitaries
to dictate which qubits they act one, while other times this is obvious from context.

For example, the operation
(CNOT,1)(1; ® Hp) |00)

first applies a Hadamard gate to qubit O (while applying nothing to qubit 1), followed
by a CNOT gate (with subscript (control qubit, target qubit)). In the circuit model,
this is represented by the circuit in Fig. In general, the qubits start in the |0)
state, unless otherwise stated.

The Toffoli gate extends the CNOT gate to include an additional control
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Figure 1.4: Toffoli decomposition: An aribtrary Toffoli gate can be decomposed
using seven T-gates, six CNOT’s, and two Hadamard gates.

qubit (i.e. two controls, one target). In matrix form the Toffoli gate is given by

100000
010000
001000

Toff = (1.17)
000100
000001
0000T10

The Toffoli gate must be decomposed into Hadamard and T-gates, where an explicit
decomposition is given in Fig.

For controlled operations, it is often common that one will want to control a
gate on the condition that the control qubit is in a state other than the |1) state. We
can define O-controlled gates to be controlled gates whose application on the target
state is contingent on the control qubit being in the |0) state. In the circuit model,
an open circle control (rather than the closed dot in Fig. signifies a control gate
acting on the target if the control qubit is in the state |0).

In many algorithms throughout this thesis, multiple qubits will be used as
controls. For example, a controlled-U gate, controlled by the computational basis
state |101) is shown as an example in Fig. Decomposing multi-controlled gates
into elementary gates is a challenging endeavour and the focus of much current

research. A further discussion on this decomposition will be done in Chapter 3.

10
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Figure 1.5: Multi-controlled Gate: The target qubit, gg is controlled by the
qubits g3, g2, q1 being in the computational basis state |101).

1.1.4 Measurement

Measurement is performed by the addition of measurement operations (rightmost
boxes in Fig. , generally at the end of a quantum circuit. Measurement col-
lapses the wavefunction onto a classical bitstring. Running multiple shots (state
preparation, circuit execution, and measurement) builds up a classical probability
distribution over computational basis states which gives insight into the final wave-
function after the action of the unitaries in the circuit. Measurement probabilities
are calculated via Born’s rule: p(m) = | (| M}, M, 1) |2, where M,, is a mea-
surement operator [NC10]. Measurement in a single basis is not sufficient to fully
reconstruct the final state vector.

For example, consider the Bell-state prepared by the circuit in Fig. Right
before measurement, the quantum state is %( |00) + |11) ) In the computational
basis, the possible measurement outcomes are the bitstrings 00 or 11. Performing
‘shots’ of the circuit, that is running the circuit and measuring the output multiple
times, allows one to build up statistics which can give information on the bitstring
makeup of the state. Given a noiseless circuit that prepares this Bell state, one
should only ever measure either 00 or 11 If you built a histogram of these results, as
the number of shots approach infinity, these measurements should become equally
likely by Born’s rule.

These measurements alone however do not tell you that the statevector before
measurement was %( |00) + |11) ) If you instead prepared a different Bell-state
%(\O@ —|11) ), you would obtain the same measurements in the computational

basis. In other words, measurements only in a single basis cannot fully reconstruct

11



the final state vector. In other words, the information about the —1 phase in front

of the basis state |11) is lost upon measurement.

1.2 Fault Tolerant Quantum Computing

Today’s quantum computers are plagued by noise — unwanted effects that affect
a quantum state and cause it to decohere. Quantum gates are never perfect and
lead to small errors in the quantum states. Even though these are small, when
you have a circuit with thousands to hundreds of thousands of operations, or if
you need thousands of circuit shots, these errors can dramatically affect the results
of the computation. We are currently in the Noisy Intermediate Scale Quantum
(NISQ) era of quantum computing, a phrase coined by John Preskill [Prel8]. This
is characterized by noisy quantum computers with upwards of a couple hundred
physical qubits and relatively shallow circuit depths. NISQ devices rely on error
mitigation, which is a post-processing technique to improve measurement results by
removing the effects of noise after the computation has been run.

The ultimate goal of quantum computers is to have them to realize quantum
error correction(QEC) [Sho95|, which corrects errors concurrently while the compu-
tation is running, rather than mitigating them at the end. QEC is necessary for any
quantum simulation due to decoherence of the wavefunction, and gates with small,
but nonzero error rates. Originally, QEC was thought to be impossible for three

main reasons [NC10]:

e No-—cloning theorem: Classical error correction is based on repetition codes
which copy classical bits to introduce redundancy. Quantum states, however,

cannot be copied.

e Continuous errors: Classical errors occur by bit flips: 0 +— 1, but quantum

errors can occur by bit flips and/or phase flips, e.g. |¢) = — [®).

¢ Destruction of quantum information under measurement: Measurement ex-

plicitly collapses the wavefunction. One cannot measure the wavefunction to

12



find out which error(s) occurred without losing the quantum information and

reducing it to classical information.

Despite this incorrect intuition, the field of quantum error correction has tackled
these problems and developed topological QEC codes such as the surface code [FMMC12]
and the color code [LBHT25], both of which utilize the stabilizer framework pro-
posed in Daniel Gottesman’s Ph.D. thesis [Got97].

Following NISQ, is the early fault-tolerant quantum computing era with
“MegaQuop” machines, also coined by Preskill [Pre25]. A fault tolerant quantum
computer is one characterized by collections of physical qubits which encode a sin-
gle logical qubit, with the property that the error rate of the single logical qubit is
less than the individual error rates of the physical qubits. One possible encoding of

physical qubits to a logical qubit is given as:

10y, =1000...)

1), = [111...).

These are called codewords. This necessitates the definition of logical qubit gates,
e.g. X — Xy. Transversal operators are those whose action onto logical qubits is
‘simple’ — the logical qubit gate can be preformed by applying the same gate on every
physical qubit. Under the surface code, Clifford gates are transversal. Different
quantum error correction codes define different transversal gates and codewords,
and are chosen dependent on the physical topology of the architecture.

By the Eastin-Knill Theorem [EKQ9], it is impossible for every operator in
a universal gate set to be transversal. Under the surface code, the T gate must
be implemented non-transversally, and is thus the “difficult” gate to apply in fault
tolerant quantum computing. Since Clifford gates can be efficiently simulated clas-
sicaly by the Gottesman-Knill Theorem [NC10], the introduction of a T" gate into a
gate set brings in the ‘magic’ of quantum computation.

Since T gates are non-transversal under the surface code architecture, an

alternative method based around ‘magic states’ can be used, which accomplishes

13
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Figure 1.6: Magic State Injection is the most efficient way to apply T gates under
the surface code architecture. Here, magic states (|T')) are prepared ahead of time
through magic state distillation and are injected into the circuit by this procedure.
If the ancilla qubit (storing |T")) is measured in the 0 state, 7" 1)) has been properly
applied to the system register. Otherwise, one must apply an .S gate to the system
register, leading to the state e!™/4T |1} which implies the T-gate has been applied
up to an irrelevant global phase.

the same effect as applying a T' gate. A magic state is formally defined as

1

T)=TH) = 7

(lo)+ €™ 1) ). (1.18)

Magic states encode the non-Clifford action of the T-gates onto states which can
be prepared ahead of time and ‘stored’ to be used whenever a T-gate is needed in
the computation. By preparing magic states ahead of time, in a sense the problems
from a non-Clifford gate has been evaded.

The act of ‘preparing’ and ‘using’ magic states are processes known as magic
state distillation and magic state injection respectively. Magic state distillation is
an algorithm which takes multiple noisy states that are close to a magic state and
purifies, or distills, them into a state which is arbitrary close to a perfect magic
state. Magic state distillation can be performed in advance of any computation so
that anytime a T gate is needed, a magic state can be injected into the circuit via
magic state injection Fig. This is currently the most efficient way of applying
T gates in fault tolerant quantum computing under the surface code and has been
experimentally demonstrated within the last year [SRRJT25]. A cheaper alternative
to distillation is through magic state cultivation [RGR™25] which reduces the cost

of a T-gate to roughly the same cost as a CNOT.
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1.3 Quantum Algorithms for Quantum Simulation

As quantum computers started to be formalized as a method of computation, people
began to develop quantum algorithms to assist in the goal of quantum simulation.
Two of the groundbreaking algorithms in quantum computing were (Peter) Shor’s al-
gorithm which factors a large integer N [Sho94], and (Lov) Grover’s search algorithm
which searches for a binary string z that satisfies some condition f(z) =1 |Gro96].
Famously, both Shor’s and Grover’s algorithms have a reduction in complexity when

compared to their classical counterparts, shown in Table

H Classical ‘ Quantum
Factoring || O <€N1/3 log?/ N) @) (N2 log N log log N)
Search O(N) O(VN)

Table 1.1: Algorithmic Complexity: Number of operations on N (qu)bits to
solve factoring and search problems both classically and with a quantum computer.
Quantum search complexity comes from [NC10]. The best classical factoring al-
gorithm is ‘number field sieve’ [LLI3]. Quantum factoring complexity comes from
[Sho94]. This table was adapted from William Kirby’s Ph.D. Thesis [Kir23].

Some other foundational algorithms that arose early in the development of
the field are Trotterization [Suz76l [HS05, Tro59], and the quantum fourier transform
[Cop02], which is an important subroutine in quantum phase estimation (QPE)
[Kit95]. Trotterization is a broad category of approximation schemes that allows
one to simulate approximate time evolution of a quantum wavefunction under a
Hamiltonian. QPE is an efficient algorithm for estimating the eigenvalues of a
unitary operator.

The field in the last decade has built off these foundational algorithms to
design new techniques. Block-encodings [CW12a, BC09] are a class of approaches
that allow one to ‘unitarize’ operators that are not themselves unitary. This is useful
because quantum computers explicitly take unitary operators as their input, but in
general, interesting operators, such as the Hamiltonian, are not unitary. Qubiti-
zation [LCI9b] is an extension of block-encodings, which modifies the standard

block-encoding, allowing one to faithfully encode the spectrum of a block-encoded
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operator within the spectrum of the block-encoded unitary.

Quantum Signal Processing (QSP) [LC17a] and the Quantum Singular Value
Transform (QSVT) [GSLWI19] are algorithms that construct block-encodings of
polynomials of operators. A 2021 paper by John Martyn et. al [MRTC21a] unifies
QSP & QSVT under a general umbrella of all quantum algorithms.

In this section, we give an overview of three quantum algorithms which are
the foundation of the work in this thesis. We begin with block-encodings, followed
by quantum phase estimation. We then end with qubitization, and describe how all

three of these algorithms works in concert.

1.3.1 Block-Encoding

As noted by Eq. quantum computers take in unitary operators as an input as
these operators preserve the norm of quantum states. Many interesting operators
one may want to study with quantum algorithms are non-unitary, such as a Hamil-
tonian. One must encode properties of the non-unitary operator of interest into a
unitary operator. One way to achieve this is by constructing the ‘time evolution
operator’:

Up(t) = e 1, (1.19)

which is unitary since exponentiated anti-Hermitian operators (iH is anti-Hermitian
if H is Hermitian) are unitary by Lie theory. Upg(t) must be decomposed into a
universal gate set, and in general requires some approximation scheme. The main
class of techniques to accomplish this is by Trotterization [Tro59] which aims to

approximate operators of this form by
e*i(A*f’B)t ~ Heiiclt. (120)
l

This field is extensively studied; however, we do not consider these approaches in
this thesis.

Rather we study block-encodings, which are a category of algorithms that

16



‘unitarize’ non-unitary operators by embedding them in a unitary occupying a larger
Hilbert space. For a non-unitary operator A, a block-encoded operator for A is:
Ala *
Ug = , (1.21)
*  x
where * represents sub-blocks of U4 that maintain the unitarity of Ua4, but are
otherwise arbitrary. The scalar a rescales A such that all the eigenvalues of Uy
have magnitude 1. Unless stated otherwise, U4 will specifically refer to a block-
encoding, rather than an arbitrary unitary encoding of A.

There are two registers in a block-encoding circuit: the system and ancillae
registers. The system register belongs to the Hilbert space of the operator that is
being block encoded, while the ancillae register are the additional qubits needed to
increase in the overall Hilbert space and make U4 unitary. The action of U on an
arbitrary quantum state in the system register |¢), with Hilbert space dimension
is

Ny, tensored with an ancilla state |0),,,.,

U [0, [0}y = 10)ane, (A/ax [0}, ) + By 1 1), (122)

where the subscript s refers to the system register and anc. refers to the register
of ancillae qubits. Equation shows that, given a state |¢), the block-encoded
unitary of A acts in the subspace of |1), as A/« |¢), when the ancilla register is
in the |0),,. state after Uy is applied. In general, there may be a contribution
from a subspace that is orthogonal to the encoded subspace, which we define to be
the subspace in which the ancilla register is in the all zero state. This orthogonal

contribution all falls into the state |L). The factor 3y is a complex coefficient that

depends on 1. If it is not immediately obvious why | L) is unavoidable, it is easier

T
when looking at Eq. |1.22|as matrix multiplication with |0),,.. [¢), = (1/} 0) , then

Afec %) (0] _[av (1.23)

*x  x 0 *
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Figure 1.7: LCU Block-Encoding Framework

where " is in general unknown and taken to be Sy |L).

Block-encodings can be interpreted as probabilistically applying non-unitary
operators A to a state [¢). After the block-encoding unitary is implemented in the
circuit, the ancilla register is measured, and if the state |0),,,. is measured then we
are projected into the proper subspace in the system register, g |4),, and the block-
encoding was applied successfully. If any other state (besides the all zero state) is
measured in the ancillae register, we will be projected into the | L) subspace, and

the block-encoding will be unsuccessful. The probability that the block-encoding is

properly performed depends both on A and [¢)). The success probability is

Psuccess — (1 24)

The success probability also depends on [¢)). Take, for example, A = |0) (0|, then
if [¢p) = |1), the success probability will be zero [RLTC21]. In general, the success
probability is actually irrelevant because very rarely are we interested in algorithms
that actually post-select on the index register to probabilistically apply A to [¢)).
A common block-encoding framework produces a block-encoding for an op-

erator written as a linear combination of unitaries (LCU) [CW12a], i.e.

L
A=Y ol (1.25)
=0
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Without loss of generality, we can assume a; € R>? since the phase of a coefficient
can be absorbed into the unitary by —ioyU; = oy(—iU;) = oqU]. LCU is built
of three unitaries: PREPARE (P), SELECT(S), and PREPARE' (PT), shown in

Figure The rescaling factor for LCU is the one-norm

N—
Z = [|a|1, (1.26)

1=0

which ensures the unitarity of U 4.
The PREPARE unitary creates a superposition of computational basis states
from 0 to [logy(L —1)], weighted proportionally to the coefficient of the i** unitary,

U, in the sum.
P‘O anc. Z

Implementing PREPARE can be achieved with the Grover-Rudolph algorithm [GR02]

(1.27)
|Ia \1

which creates an arbitrary superposition of computational basis states, weighted by
coefficients from a probability distribution.
The SELECT unitary applies the I*" unitary on the system register when the

ancilla register is in state |[). The way to implement SELECT can be seen explicitly

in Fig. [L.7

L-1
S=Y"|h{eU. (1.28)
=0
In this thesis, whenever there is a sequence of controls in the same manner as

SELSECT, it will be shown explicitly in circuit diagrams as it is in Fig. where

the gate In;, denotes Indexing over [ objects. All together,
Uy = PTSP. (1.29)

Theorem 1.3.1 Us = PTSP block-encodes A = A/||cal|;.
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Figure 1.8: Indexed controls over computational basis states.

Proof For Uy to be a block-encoding of A, we must show (0|qne. PTSP|0)ane. = A.

(Olane. PT SP10) 4.

(5 i ) (55 e e 20) (5 )

L-1
-y V Qg Ok Opy

anc.

U
wiieo  lalh
L1,
— U,
= el
=A (1.30)

Implementing controlled block-encodings are ubiquitous in many quantum

algorithms. Here, we describe an efficient way to compile them.

Lemma 1.3.2 IfU = AB then controlled-U can be compiled as controlled-A -controlled-B.

Proof

:(mwn®1+HMH®AB>
= (I @1+ [1){1® 4) (0)(0l © L+ 1)(1] © B)

=cA-cB (1.31)

By Lemmal|l.3.2] it appears that to implement a controlled block-encoding, one must
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Figure 1.10: The Quantum Phase Estimation Circuit

implement controlled-PREPARE, controlled-SELECT, controlled-PREPARET; how-

ever, there is a more efficient way.

Theorem 1.3.3 A controlled call to Uy = PSP can be implemented by only

controlling the SELECT unitary (see Fig. [1.9).

Proof The circuit on the right hand side of Fig. is

(1P1)

/

0)(0] @ 1+ [1)(1] @ §) (1P'1)

- (yo><0| ® PPT 4+ |1)(1| ® PSPT)

= (J0}0] ® L+|1)(1| @ Un ) (1.32)
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1.3.2 Quantum Phase Estimation

Given a unitary operator U and an eigenstate of this operator |\), the Quantum
Phase Estimation (QPE) algorithm computes an approximation to the correspond-
ing eigenvalue, A:

UN) = AN (1.33)

The eigenvalues of unitary operators explicitly have norm |A\| = 1, which implies
that the eigenvalue can be represented as e’ for some . This mapping is not
unique, however, since e? = /29 Therefore, § can be mapped to 8 = 27¢ with
¢ € [0, 1], or any similar interval of period 27. The convention we will use is § = w¢
with ¢ € [-1,1].

Fig. [[.10] shows a circuit diagram for quantum phase estimation. Under-

standing the QPE algorithm requires some prerequisite knowledge.

1. Binary Fractions: Similarly to how a fraction can be represented in base-10
(e.g. 0.625 =6x 1071 +2x 107245 x 1073, a fraction can also be represented
in base-2. For example, 0.625 =0 x 271 +1x2724+0x 2734+ 1 x 274, which
can be written as 0.0101. Therefore, we can represent a phase 0 < ¢ <1 as a

statevector such as ¢ = 0.625 <» 0.0101 «+» |0101) .

2. Phase Kickback: A global phase (¢ |¢)) of a quantum state is unmeasur-
able; however, relative phases (phases between superpositions of states such as
|0)+¢%°|1)) can be measured. Phase kickback is a technique that allows one to
create interference and ‘kickback’ a relative phase to an ancilla register that,
when measured, gives one access to the phase information [NCI10]. For the
same unitary described in Equation the phase kickback circuit is shown
in Figure The final state (before measurement) is

1+ e 1— el
Vﬁ:(———* —

s 0+ ——— 1)) ® ).

Measuring 0 in the ancilla register happens with probability cos?(m¢/2), while

measuring 1 occurs with probability sin?(7¢/2). In general, this measurement
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Figure 1.11: Phase Kickback Circuit

doesn’t reveal exactly what ¢ is, but it does reveal some information about it.
On the other hand, if one repeatedly measures this state and always measures

0(1), then one can be guaranteed that ¢ = 0(1).

. Quantum Fourier Transform: The quantum Fourier transform is function-
ally a change of basis from the computational basis to the Fourier basis, and is
analogous to the classical discrete fast Fourier transform. The algorithm cre-
ates a map &€ = (z9,...,2n5) € CY — ¥ = (yo,...,yn) € CV, where N = 2"

and

. 1 N-1 .
) = o 2 TN . (134
k=0

which is modeled after the discrete Fourier transformﬂ The action of this map

can be summarized as

N (’0> + 2mi0.0n 1) ) ( 10) + £27i0.0r,— 107, ’1>) (!O) 4 2mi0.01...0n \1>)
7) = NI .

Using binary fractions, phase kickback, and the quantum Fourier transform, the

quantum phase estimation algorithm can be described.

There are three main parts of the QPE algorithm. The first part is state

preparation. For the purpose of pedagogy, we assume one has access to an eigenstate

of U, |A\). This seemingly restrictive constraint will be lifted at the end of the

discussion of the algorithm, where it should become obvious that this constraint

!The discrete Fourier transform is given by

Yk

1 N-1
2mijk/N
LS

N o
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is not necessary at all. The state preparation step involves acting on the all-zero
ancilla register with H®", creating a uniform superposition of computational basis

states. At this point in the algorithm, the state is

1 n
|m1) = ﬁgm ® |A) -

Next, phase kickback is used to compute the phase information about the
eigenphase, and store it in the ancilla register. A cascading sequence of U 2 for
j € [0,n — 1] allows one to store information about the different digits in the binary
fractional expansion of ¢, i.e. for ¢ = 0.¢1¢2...¢,, U obtains information about
&1, U? determines information on ¢», etc.

After the controlled U?’ ’s, the state of both registers is

1
|7T2>_\/27

(( 0)+¢2700n [1) ) ([0)+20@n1n 1) ) L (([0)+2m0 010 1) )) DI) .

The state at this point in the circuit looks like the action of the quantum Fourier
transformation given above. Therefore, if one passes the ancilla register through
an inverse quantum Fourier transform, denoted (ZQFTT in the circuit, the Fourier
basis state that the ancilla register appears to be in, will be transformed back to
the computational basis, where the computational basis state that comes out is, by
definition of the quantum Fourier transform, |¢, ... ¢1¢0). This tells exactly what
the binary fractional decomposition of ¢ is, i.e. measuring the ancilla register gives
a computational basis state, which is an approximation to the true ¢. The number
of ancilla qubits used is generally referred to as the bits of precision for ¢ since
increasing n leads to a better approximation to ¢.

While one can in theory measure phases to arbitrary precision with the phase
kickback circuit (this is known as the Hadamard test) in Fig. by taking products
of U, this requires O(e~2) shots to reach precision e. The quantum phase estimation
algorithm requires O(e~!) shots to match the same precision [Lin22].

If the input state is not an eigenstate, all hope is not lost. Every state can
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be written in the eigenbasis of the unitary:

[¥) = Ay [A) (1.35)

A

The QPE circuit acts on every eigenstate in superposition, and the readout in the

phase register will give multiple peaks, one for each eigenstate.

1.3.3 Qubitization

A common goal in quantum simulation is estimating eigenvalues of a model Hamil-
tonian. Quantum phase estimation can be used to accomplish this only if the Hamil-
tonian, which is in general not unitary, is encoded into a unitary operator, Ug. An
additional caveat is that the eigenvalues of the unitary which encode H must also

encode the eigenvalues of H, i.e.
spectrum(Up ) = f(spectrum(H)). (1.36)

This is necessary so that when one measures the eigenphases in QPE, the spectral
information of the encoded Hamiltonian must be easily retrieved.

One way to achieve this is by constructing the time evolution operator Uy =

e~ which has eigenvalues e **»*. By running QPE on e~*#*, and reading out the

()

- We

eigenphase, one can easily extract the eigenvalues of H through: A\, =
now consider the question: “Does a block-encoded Uy, which definitionally encodes
H, also encode the spectrum of H.”

To answer this question, assume one has access to a block-encoded unitary
Uy with the additional property U12{ = 1. It turns out this is not a particularly
restrictive condition because given a Uy which does not satisfy this, only a slight
modification with minimal overhead is needed to satisfy this condition. We restrict
ourselves at first to this case for pedagogical purposes, and then discuss the more

general case in Chapter 3.
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In the basis { [0}y, [A)y [L)gne s b Unt is given by

Ut [0)ane. [N)s = A10) L= A2 |L) (1.37)

anc. anc. anc.,s

Un |1) L= [A210)gne. [A)s = AlL) (1.38)

anc.,s anc. anc.,s *

The action of Uy |L) in the second line may not be obvious at first, but it’s

anc.,s

easy to determine if you apply a second action of Uy on |0),,,. |¥),:

Ut (U 0) e IN) s = X 10} g g /1= A | D)

1 ’0>anc ’)\>s - S‘UH |0>anc. |A>s =V 1 - D‘PUH ‘L>anc.,s ’ (139)

where U} = 1 was used. This equation can now be written in terms of Up |L) ... .
to obtain the lower line above.

In this basis, Uy has matrix form

A NP\
Uy = _ _| | , (1.40)
V1= [A? -

or on a general input written in its spectral decomposition it breaks up into a direct

sum over the different eigenstates:

i V1= [\]2
U =P _ _| | : (1.41)
7 \/1 — ‘)\1‘2 —)\Z'

The eigenvalues of Uy (in each block of fixed \;) are £1. This should be expected
because Uy is unitary and self-inverse (and therefore Hermitian) so it’s eigenvalues
necessarily are j:lﬂ In other words, the spectral information is lost in the eigenvalues
of Uy, and therefore there is no map from the eigenvalues of Uy to the eigenvalues
of H.

Consider what happens instead when we simply move the minus sign in the

2Eigenvalues of unitary matrices are complex numbers with norm 1. Eigenvalues of Hermitian
matrices are real. Therefore, eigenvalues of matrices that are unitary and Hermitian must be =+1.
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matrix form of Uy from the bottom right to the top right. We will call this new
matrix Wy, which is colloquially referred to as the qubitization iterate [LC19a], or

the walk operator, named after the Szegedy quantum walk [Sze04al, [Sze04b), [Chi09a,

A —/1— |\
Wy = _ B ’ | , (1.42)
/1= |\? A

which also breaks up into a direct sum over eigenvalues on an arbitrary input:

Wi — D A —/1 =N (1.43)
H = . .
7 \/1— ‘5\1|2 5\1

The eigenvalues of Wy are X £ i/1 — [A[2. If we define cos(f) = A, then the eigen-

Chi09b):

values A & i1/1 — |A|2 become cos(#) & isin(f), or more compactly e**®. Therefore,

+i arcc"s(;\)7 which clearly encode X, and there is a well-

the eigenvalues of Wy are e
defined map from the eigenphases when running QPE on Wy to .
The walk operator may be written as an R, rotation about the angle 6 =

arccos (X) :
Wh = exp (iY arccos (5\)) . (1.44)

Furthermore, the walk operator has eigenvectors

1 .
‘W> = E(‘(»anc. ‘)\>s +i ‘J->anc.,s)‘ (145)

Powers of the walk operator generate Chebyshev polynomials [Lin22]:

— Jik(j\) ) —\/1- ’M?Uk—l(;‘) ’ (1.46)
V1= [A2Uk-1(N) Ty (M)

where Ti()\) and Uj_1(\) are Chebyshev polynomials of the first and second kind
respectively, which are efficient polynomials for approximating any L., function.
We know Upg does not encode spectral information while Wp does. Luckily,

there is a simple transformation from U to Wyy. In other words, it is unnecessary
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ﬁ Hl |
10)alA)s 71 (0} <0
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Initial state One application of Wy Two applications of Wpg

Figure 1.12: Walk Operator as a rotation: In the subspace defined by
{ 10} ane. [N s s L) ane.s } acts as a rotation by an angle § = arccos (5\) This is anal-

ogous to Grover search [Gro96].

to completely disregard the block-encoding, but rather a simple modification to it
is all that is needed. The map from Uy to Wy is accomplished by Wy = UgV. In
the same basis that Uy and Wy is defined in, V' = diag(1, —1). The matrix V is

generally written as a reflection about the ancillae register:

Ro=20), (0], —1. (1.47)

anc. anc.

Therefore, given a block-encoded unitary, the walk operator can be obtained by
Wa = UgR,, (1.48)

RYPRYES)

which is formally a rotation in the subspace { 10) yne.

}, since the prod-

anc.,s

uct of two reflections is rotation, and UIQ{ = 1 implies Uy acts as a reflection in this
subspace , see Fig.

In the LCU framework, Up is self-inverse if the SELECT unitary is self-
inverse. Furthermore, the SELECT unitary is automatically self-inverse if the uni-
taries U]s is indexes over are self-inverse (this will be proven in Ch. 3). Since the
Pauli operators are self-inverse, a block-encoded Pauli-LCU satisfies U% = 1, and
therefore, the walk operator can be constructed. Extending block-encodings to sat-
isfy U2 = 1 with minimal overhead when they do not natively satisfy this will be

discussed in Chapter 3.
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R ' .

Pl0)aH | Pl0)a ~ PREPARE' PREPARE
Wa| = SELECT

Figure 1.13: A construction for the walk operator built out of SELECT
and PREPARE unitaries if the SELECT oracle indexes over self-inverse uni-
taries [BGB™1§]

We choose to compile the walk operator in a slightly different form:
Wy = R,PT- 8, (1.49)

which necessitates the ancillae register to be of the form P |0) This is a common

anc.’

compilation strategy for the walk operator when used in QPE [BGBT18, PKS™1§],

and is shown in Fig. If the initial state is

10) phase @ Pl0)anc. [N)g (1.50)

phase

running QPE on the walk operator will output eigenvalues gtiarccos(3) [PKS™1§].
The eigenvalue of interest can then be easily extracted by reading out ¢ from the

phase register:

An = Fa COS(qu(n)). (1.51)

A plot of measurement results in QPE vs. ¢ will result in two peaks at =+ arccos (5\)
(note that there will be multiple peaks if the input of the system state is not an
eigenstate). Table summarizes two unitaries which encode H and how they can
be used in QPE.
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Method Unitary

Map ¢ — A, Disadvantages

Time Evolution
UH — efth

Trotter error.

7™
t

n =

Qubitization

Walk Operator (WH)

Rescaling factor,
ancilla overhead.

A = Facos (Wgﬁ(”))

Table 1.2: Methods to encode a non-unitary operator within a unitary
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1.4 Chapter 1 Summary

In this introductory chapter, we discussed the history of quantum computing from its
conception to current day. Then we gave a short overview of quantum information
and computation. Finally, relevant quantum algorithms for quantum simulation of
quantum field theories were summarized.

The remainder of this thesis is organized as follows. Chapter 2 follows the in-
troductory chapter about quantum computing with an introduction to quantum field
theory, with an emphasis on light-front field theory and renormalization. Chapters
1 and 2 also provide historical context for the work presented. Chapter 3 develops
an efficient quantum algorithm to simulate Hamiltonians that arise in light-front
quantum field theories. Chapter 4 shows how this framework works for an inter-
acting quantum field theory — Yukawa theory, and provides the first answer to the
question about the costs of quantum simulation in our framework. Lastly, Chapter
5 produces estimates for how expensive this framework is to produce results, given
a fault tolerant quantum computer, for quantum chromodynamics. We finish with

a conclusion in which we summarize this thesis, and propose future work.
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Chapter 2

Background

In this chapter, the relevant mathematics background on front-form quantum field
theory will be reviewed. We begin with a historical introduction to quantum field
theories, and describe common numerical approaches to solving these theories. Next,
the front form approach to quantum field theories is described, starting with the
definition of light-front coordinates, and then outlining the problems one can solve
with this formalism. Lastly, we discuss our renormalization framework, the renor-
malization group procedure for effective particles. This scheme is a perturbative

renormalization procedure that renders observables finite.
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2.1 A Historical Summary of Quantum Field Theory

Quantum Field Theory (QFT) arose out of the attempted merging of quantum
mechanics with special relativity. While conceptually and mathematically very de-
manding, QFT describes our world on the smallest of scales with greater accuracy
than any other theory in physics. On top of technical complications, it is also com-
putationally demanding, and requires the world’s largest supercomputers to obtain
accurate results and predictions.

The relevant energy scales of a given model determine the field theory that
describes it. Fundamental indivisible particles are described by gauge theories with
an underlying symmetry group. The first successful gauge theory studied in QFT
was Quantum Electrodynamics (QED), described by the group U (1), which underlies
the interactions between charged leptons and photons. QED was propelled in a
large part by Hans Bethe [Betd7], Freeman Dyson [Dys49], Sin-Itiro Tomonaga
[Tom46], Julian Schwinger [Sch48al, [Sch48b], and Richard Feynman [Fey50, Fey18b].
Tomonaga, Schwinger, and Feynman were jointly awarded the 1965 Nobel Prize in
physics, for the development of a covariant formulation of QED, as well as developing
techniques to compute observables at any order of perturbation theory. The claim
that quantum field theories provide theoretical predictions that are in the strongest
agreement with experiment is particularly true of QED [MTK™23].

A few years after the advent of QED, many new composite particles were
discovered [Fril2] leading Murray Gell-Mann to propose an underlying SU(3) sym-
metry group describing these composite particles, called hadrons. A theory be-
gan to arise of indivisible particles called quarks which obey SU(3) color symme-
try, such that any given quark takes on one of three possible “colors”: red (r),
green (g), or blue (b). The wavefunctions of the quarks are assumed to be color
singlets that fall into two categories: baryons with a color singlet wavefunction
rgb 4+ brg 4+ gbr — rbg — grb — bgr, or mesons with a color singlet wavefunction
7r + gg + bb. By the 1970’s, this symmetry began to be interpreted as a gauge

group, similar to that of QED. The theory that arose out of this was Quantum
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Chromodynamics (QCD), described by the gauge group SU (3), which underlies the
interactions between quarks via massless gauge bosons, called gluons. It is this the-
ory that eventually began to describe hadronic composite particles coming out of
colliders like CERN.

In 1973, David Gross and Frank Wilczek, as well as David Politizer indepen-
dently, proposed one of the most important properties of QCD: confinement and
asymptotic freedom |[GWT73| [Pol73]. Confinement and asymptotic freedom are two
sides of the same coin: they underlie the statement that at small distances (high
energies), quarks and gluons can be approximated as free particles. Contrastingly,
at large distances (weak energies), quarks and gluons are very tightly bounded. This
implies that there is an energy scale in which perturbation theory works very well,
but breaks down as the energy scale lowers. This is a fundamental property that all
perturbative QCD calculations must take into account.

Many textbook calculations in QFT are done, in general, by computing scat-
tering matrix (S-matrix) elements, or Green’s functions, which can be used to deter-
mine cross sections of particular events. This is done perturbatively with Feynman
diagrams. Corrections beyond ‘tree-level’ (lowest order) come from scattering dia-
grams containing loops, corresponding to integrals which in generally are formally
divergent. These diagrams may lead one to believe this approach to QFT is incor-
rect, as it cannot make physical predictions beyond leading order. To resolve this
problem, it is important to note that in an experiment, loops are not measurable.
The measurable quantities are the n-particles in and out of the scattering experi-
ment. Therefore, the mathematics describing the theory is not wrong, but just needs
to take experiment into account. Renormalization is a systematic method that fixes
the problem of loop divergences in scattering matrix elements, by fitting parameters
at a particular scale in a given theory to experimental observables. This allows one
to make non-trivial predictions of observables theoretically at a different scale

Techniques in renormalization came about largely due to the work by Murray
Gell-Mann, Francis Low |[GML54], Curtis Callan [Cal70], Kurt Symanzik [Sym70],
and Kenneth Wilson [Wil71] [AEWHR24]. Ken Wilson, the so-called ‘Father of the
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Renormalization Group’, connected the problem of scale dependencies in quantum
field theories with phase transitions in condensed matter physics. This laid the way
for the Renormalization Group [Wil83]. A derivative of Wilson’s renormalization
group, which aims to remove high-energy degrees of freedom, was developed jointly
by Wilson and Stanistaw Glazek. Coined the Renormalization Group Procedure for
Effective Particles (RGPEP) [GW93]|, this approach removes large differences in
energy in an interaction. This renormalization scheme will be described in detail in
this thesis.

In a 1949 paper, Dirac [Dir49] suggested an alternative parameterization of
space-time, rather than the standard equal-time parameterization, leading to a new
Hamiltonian formulation of QFT. Dirac shows that this parameterization, called
the front-form, along with the standard equal time frame and a lesser studied point-
form, are the three unique parameterizations of space-time that cannot be accessed
by a Lorentz transformation of one of the other. The main takeaway from this
paper is that the front form (light-front) formalism of quantum field theory is a
viable approach to QFT calculations. It turns out that the work of Sergio Fubini,
Giuseppe Furlan [FF65], John Kogut, Davison Soper [KS70], and Stephen Weinberg
[Wei66] all which studied the ‘infinite momentum frame’ is functionally the same
framework proposed by Dirac. This was shown by Henrich Leutwyler [LS78, [LKS70].
Stanley Brodsky, Hans-Christian Pauli, and Stephen Pinsky [BPP98| in their 1998
paper summarize all of these results, and show the benefits the front form provides,
which will be discussed in length throughout this thesis.

The front form formalism is the backbone of Deep Inelastic Scattering (DIS)
[Tay91, [FK72], and Deeply Virtual Compton Scattering (DVCS) [Ji97, [Die03], which
collectively refer to processes to probe the subatomic structure of hadrons. DIS
probes hadronic structure by scattering a charged lepton off a hadron: (h — I'X.
The process is ‘deeply virtual’ implying that the after the interaction with the lepton,
the hadron breaks up to a collection of unmeasured quarks and gluons, collectively
labeled X. Measuring the cross section at various scattering angles gives insight

to the internal structure of hadrons. DVCS is a similar process, but is given by
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IH — I'H'~, i.e. the hadron H doesn’t break up into quarks and gluons but re-
coils with the incoming lepton and produces a photon. These experiments yield
structure functions: Parton Distribution Functions (PDF), which come from DIS,
and Generalized Parton Distribution Functions (GPD), which come from DVCS.
PDFs describe the longitudinal momentum distribution carried by quarks and glu-
ons within a hadron, while GPDs describe both the longitudinal and transverse
momentum distributions.

PDFs and GPDs tie into renormalization groups via the Dokshitzer-Gribov-
Lipatov-Alterelli-Parisi (DGLAP) evolution equations [Dok77,(GL72,[AP77,|(GBM9S],
which describe how these distributions change with a change in the relevant en-
ergy scale (determined by the invariant four-momentum of the ‘probing’ virtual
photon, v*). These equations are based on the unproven, but experimentally con-
sistent, property of factorization, which is a principle that states that the ‘hard’
(perturbative) part of the scattering process can be separated from the ‘soft’ (non-
perturbative) part via a convolution. PDFs and GPDs describe the soft part of the
cross section, implying that computing these distributions are necessary in recon-

structing the full cross section.
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2.2 Computational Methods for Quantum Field Theo-
ries

The large number of degrees of freedom in quantum field theories require powerful
computational techniques to confirm theory and compare predictions with exper-
iment. The leading computational method for classical calculations of QFTs is
Lattice gauge theory. In particular, lattice QCD was developed by ideas from a
paper by Wilson [Wil74], and further developed by work from Kogut and Leonard
Susskind [KS75]. Today, there are multiple extensive collaborations who produce
extremely precise results [Lin23, IABCT26, [DNB™22, [KBB™22]. Formally lattice
QCD calculations are done with varying lattice size L and lattice spacing a, and the
results are extrapolated to L — oo and a — 0.

Current state-of-the-art calculations in lattice QCD have computed the pro-
ton mass as 960 + 13 GeV [YLBT18] in comparison to the experimental value of
938 GeV |NIS]. In this work, they also computed the proton mass decomposition
and show that roughly 9% of the total proton mass comes from the up and down
valence quarks. To decrease the computational time needed to perform these sim-
ulations, the pion mass is generally taken above the physical limit, and serves as
another extrapolation, such that m; — mgy pnys. This arises from the fact that
in Monte Carlo-based algorithms, the inverse fermionic propagator (i,0" —m f)*l
needs to be computed. State-of-the-art calculations, however, are becoming increas-
ingly more able to work at the physical pion mass, m, = 139 MeV |[ABCT26].

An alternative classical computational approach uses light-front field theory.
The light-front Hamiltonian corresponding to a particular theory is discretized via
Discretized Light-cone Quantization (DLCQ) and/or Basis Light-front Quantization
(BLFQ) developed by Pauli/Brodsky and James Vary et al. respectively.

The original work on quantum simulation of quantum field theories was done
by Stephen Jordan, Keith Lee, and John Preskill [JLP12]. They employ a discrete
lattice, in which the fields can be represented at each lattice point by a finite number

of qubits. Since their original paper, this has become the preeminant quantum sim-
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ulation of quantum field theories approach [PSCMAC21), EERS21), MTV20, BY06),
AZL7T21].

An alternative quantum simulation framework for quantum field theories was
proposed by Michael Kreshchuk et al. in Refs. [KKGT22, [KJK™21a, KJKT21h].
This work was based on a concept proposed by Wilson [Wil90], where he describes
an interesting potential connection between quantum chemistry and quantum field
theories by utilizing the front form. The extensive literature and research that has
gone into quantum chemistry makes this a particularly auspicious framework for

quantum simulation.
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2.3 Light-front Field Theory

Quantum field theory courses are generally taught from a Lagrangian approach and
compute physical predictions for experiments by computing S-matrix elements and
feeding the results into a formula for a cross section. Mentions of a Hamiltonian are
scant in most quantum field theory textbooks because it is not a Lorentz invariant
quantity, but rather a component of a four-vector. The light-front approach to
quantum field theory can be viewed as a Hamiltonian approach, and an alternative
to the standard formalism. In this Section, we describe the light-front approach to

quantum field theory, as well as its advantages and disadvantages.

2.3.1 An Introduction to the Front Form

The front form was proposed by Dirac [Dir49] as one of three possible parameter-
izations of Minkowski space-time. These three are unique in that there is not a
possible Lorentz transformation that will take one to another. Most textbook QFT
calculations are done in the equal-time coordinate system, but the front form has
many useful features.

Any relativistically invariant quantum field theory must maintain the sym-
metries of the Poincaré group. The generators of the Poincaré group are the four-

momentum vector P* and angular momentum tensor M*”. The Poincaré algebra

is [Ser19]
(PP =0 (2.1)
(M P = i(g"7 Pt — g7 PY) (2.2)
{M“”, M(Tp} _ i(g’”’M”p — MMV 4 g"P MOF — g‘WMU“)_ (2.3)

These are, what Dirac calls, ten fundamental quantities: P°, the energy, P’, the
momentum, J¢ = ¢7¥)J* [BPP9§], the angular momentum, and K = M%, the
boost operators. Dirac also claims that no parameterization of space-time allows

one to diagonalize more than seven of these ten operators simulateneously. The front
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(a) Instant Form (b) Front Form

Figure 2.1: Equal Time vs. Front Form

form parameterization admits seven mutually commuting operators, the maximum
possible that Dirac asserts. The operators P’ and M% are kinematical, that is their
forms are the same in the free and interacting theories. P® and M are dynamical,
meaning their forms in the interacting case are complicated. In the front form, the
kinematical components are: P+, P+ M=+ M2 M* and M2+,

The front form is defined by a reparameterization of space-time coordinates.
The light-front position vector is ## = (z*,z~,2Z1), where the light-front “time”
is taken to be 7 = 2% + 23, light-front “space” is taken to be 2~ = 20 — 23, and
the z! and 22 are left untouched. Collectively, they are conventially referred to as

7+ = (2',2?%). The metric in light-front coordinates is

02 0 0 02 0 0
50 0 0 L, 20 0 0
G = gt = (2.4)
00 -1 0 00 -1 0
00 0 -1 00 0 -1

The light-front four momentum is defined as p* = (p*,p~, p"), where the

light-front ‘momentum’ is p* = p°+p3, while the light-front ‘energy’ is p~ = p° —p?.
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For any massive particle, p* > 0 since

P ="+ p* = fm2 — (p)? — ()% — ()2 +p° 2 m.

The scalar dot product is

Play=pTag+pa_ —p T,
1 1
= §p+x_ + §p_x+ -tz (2.5)

Throughout this thesis, capital P* refers to the four-momentum of a collection of
particles, while lower-case p* refers to the four-momentum of a single particle. The

representation of the Dirac algebra used in this thesis is:

0 1 0 —1
7 = , v =
1 0 1 0
1 —ic?2 0 9 —ict 0
= ’ 42 = (2.6)
0 io? 0 ol

Quantum fields are initially defined on the hypersurface in Fig. tangential
to the light cone at ™ = 0. The light-front energy p~ generates translations in light-
front time z*. One can picture this as the hypersurface at ™ = 0 moving in 2™
while remaining perpendicular to the T axis.

Given the four-momentum of a collection of particles, P*, the invariant mo-
mentum squared is

PMP, = PTP~ — (P1)? = M? (2.7)

When Equation is quantized, such that P+, P~, and PL become operators, this

relation is interpreted as an eigenvalue equation:
(PP — (P12 [9) = M2 [y), (2.8)
where M? is the squared mass of the wavefunction |¢)). Recall that the kinematical
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components of P# are P+ and ]3{ and these two operators commute. This implies
that there exists a basis for the wavefunction |¢) in which P+ and PL are diagonal,

i.e.

Py = PT[y) (2.9)
PLiy) = B |p). (2.10)

After choosing a basis of fixed P* and pL (the eigenvalues of the corresponding
operators), one must diagonalize the ‘Hamiltonian’, P~ in this basis, giving the
eigenvalues M?2, the squared mass of the bound states.

One of the main goals of the light-front approach should now be clear. One
fixes the longitudinal and transverse momentum, and diagonalizes the following
eigenvalue equation for the light-front Hamiltonian to determine bound state masses
(M?) and wavefunctions (|¢)):

Py = |¥) (2.11)

Since P~ is a component of a four-vector, it depends on the reference frame chosen;
however, (PA’*I:’*— (P%L)Q) is Lorentz invariant. Therefore, when P s diagonalized,
the resulting M? spectrum will be the same regardless of the choice of PT and
PL. Lastly, the fact that the longitudinal boost operator is kinematic implies that
boosting to different values of PT is simple, compared to in the instant form in which
applying a boost to a wavefunction is as difficult as determining the wavefunction

(by diagonalizing the Hamiltonian).

2.3.2 The Free Dirac Field

The Lagrangian corresponding to a free Dirac field is:

Lp = &(mﬂau - m)i/). (2.12)
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The Euler-Lagrange equations lead to the form of the Dirac Equation:
(m“a# - m)¢ =0, (2.13)

whose solutions describe a free Dirac particle (a spin-1/2 fermion). The light-front
gamma matrices, 7 = (y¥,77, 1), satisfy the usual algebra: {y#,7"} = 2g*.

Projectors (A;) acting on the Dirac field must satisfy projector algebra:

1. Completeness

2. Idempotency

A P (2.14)

which project out the right and left-handed components of the Dirac spinor ¢ re-
spectively.
In light-front coordinates, a set of projectors can be defined by :

1 1 1 1
A1 = 77T = 240%% Ay = —yty~ = 240y~ 2.1
1= =57 2= 7T =57 (2.15)

such that A1y = 11 and Agyp = 1P9. Since A1 + Ao = 1, ¢ can be written as a sum:
Y =1 + o.

In front-form coordinates, the free Dirac equation is:

(%wa— + %7_8+ — iyt F —m)y =0, (2.16)
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Multiplying Equation by YV gives:
(iAla_ +iApdt — iyt G — 70m>¢ = 0. (2.17)

To simplify, note that A17° = 7°Ag, [A;, 7] = 0, and that the 0’s commute with
all of the gamma matrices. Now, after multiplying Equation by Aq, it reduces

to:

0~ by = ° (ﬁi G m)wg. (2.18)

Similarly, multiplying Equation with Ag gives:
i04hy = A0 (wL R m)wl. (2.19)

The distinction between Equation [2.18] and Equation [2.19| is significant.
Equation [2.1§] gives the light-front ‘time’ evolution of the field 1, while Equa-
tion [2.19 gives the light-front ‘space’ evolution of the field 3. There is no ‘time’
derivative acting on ¥y which implies that 9 is constrained by ;. Contrastingly,
11 is dynamical since it is being acted on by the ‘time’ derivative.

As an aside, a major difference between the instant form and the front form
has now presented itself. In the instant form, the projectors one defines, A; and
AR such that Ay = ¢r and Apyy = ¢, project out two dynamical spinors [PS95]:
io - OYr = miyr, and io - OYr, = miyr whose equations of motion are coupled.
Notably, both ¥z and 9, are acted on by 0%, the instant form time derivative, hence
both g and ¥, are dynamical. In the front form, the projectors one can define, A;
and Ag, project out one dynamical spinor and one constrained spinor. This reduces
the degrees of freedom in the Dirac spinors from 4 (in instant coordinates) to 2
(in light-front coordinates). A consequence of this comes from studying interacting
theories. Higher order interaction diagrams will appear in the canonical Hamiltonian
that don’t appear in the canonical instant form Hamiltonian. These are referred to as
‘instantaneous’ interaction terms, which will be studied when discussing interacting

theories. Eliminating fermion and gauge boson degrees of freedom leads to non-local
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interaction terms.
Equations and are coupled differential equations so one field can be
solved in terms of the other. Since 1) is the dynamical field, 1o should be solved in

terms of ¢1. To do this, an ansatz for the form of the free spinors is asserted [Hill6]:

1(z) = wi(p)e”

Po(x) = wg(p)efipx, (2.20)

such that A;w;(p) = w;(p).
Plugging [2.20] into Equations and give equations for the spinors
wi(p):
- 0(ml =l
P wy ="y (7 P +m)w2 (2.21)
phrws =20 (7 5+ m)wi. (2.22)

The constraint equation can give the form of ws in terms of wi:

,70 (,VJ_ 'ﬁJ‘ + m)

p+

wy. (2.23)

Wy =
Now the full spinor ¥ can be written purely in terms of the dynamical spinor, w;:
b= = (0" + 205+ m) i) (2.24)

el U S 1(p)- :

The equation Ajw; = wy implies that w; is an eigenvector of Ay with eigen-
value +1. In the representation of the Dirac algebra chosen (Equation , the

projector A is given as:

—
o

Ay = (2.25)

o o O
)

o o o O

o o o o
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Two valid basis eigenvectors of this projector matrix can be taken w§1) =271/2(1,1,0,0)

and w?) = 271/2(—1,-1,0,0)", which can be used as a basis for 1 via Equation

2:24] i.e. a valid basis for 1 is

1 R

= F(V +9°F 7+ m))ul” (2.26)
1 -

@ = F(P* +9°F ) Jwl?, (2.27)

By the fact {7°, 51} = 0, and defining 7y = (0 11,0x1)%"

1 +
o= = Py (2.28)
A pT 1,2 . 921
(io'p® —ioc“p" + m)ny
Similarly,
+
2 1 —DP X
Py (2.29)

R .
P7\ (io?p! —io'p? + m)ny
The spinor 1[)&1) is taken as the spinor uy(p), while ©(?) is taken as the spinor vy (p).

These spinors are not currently normalized in the standard way:

I_LA(p)uA/(p) = —1_)0(]))1))\/ (p) = 2m(5,\,\/. (230)
To normalize the spinors v and v, define o), = ioclp? — io?p' and compute:

J Y

B ]N|2 0 1 0
ux(p)uy (p) = W (p*m 0 (—ap + m)ny 0) Lo (0 1 m)
O'p m ’I’])\/

0

NP
~ (ph)?

<2mp+6)\7,\/). (2.31)

Similarly, the v spinor can be normalized. The full normalized form of the spinors
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can be sumarized:

1 2N
ux(p) = 7F (2.32)
P\ (iotp? —io?pt + m)ny
1 o A/
oA(p) = 7F (2.33)
P\ (io?pt —iolp? + m)n_y.
These spinors satisfy the Dirac equation:
(Y —m)ur(p) =0 (Y'pu +m)vr(p) =0, (2.34)
and are complete:
Y ur(P)ar(p) = "pu +m (2.35)
A
> oa(@)oa(p) = 7"py —m. (2.36)
A
The Dirac field for fixed helicity, color, and flavor can now be quantized:
derdZﬁJ_ . .
Vres(@) = [ T (bres @m®)e ™ +d) @ra@e™). (@37
) dp+d2ﬁi ~ ipT ~ —ipx
Ores@) = [ Form (e mmE™ + des@upe ™). (239)

The ‘ladder operators’ by,(p), d.(p), b (p), df (p) serve to create and annihilate par-

n '

ticles with fixed quantum numbers, n = {\, ¢, f} and momentum, pt,pt. These

operators obey anticommutation relations:

{bu(@), b, (0) } = {du(a), df, () } = la*|4md(q* — p*)(2m)20 (@ — 5 )bm

{bn(@), dn(®)} = {bh(@), df, ()} = {Bn(0) A} (P } = {du(0), b, ()} = 0, (2.39)

where n, m correspond to a set of discrete quantum numbers, and

5nm = 5>\,)\’6c,c’6f,f’
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A general field operator is the sum over all possible helicities, colors, and flavors,

and is given as

(@) =D Presle) (2.40)

A?C?f
It is beneficial to work in momentum space. To accomplish this for the
free Dirac field, 1 (x) must be Fourier transformed to momentum space, ¥(q). The

Fourier pair is given as

W(q) = / dr= 2 (2) (2.41)
+ 2ol
vw) = [ e ), (2.42)

The conjugate field can also be transformed:

B dq—i-dZ(ji

= | dmm Y0 (2.43)

V()
The —g comes from taking the conjugate of ¢(z) in its Fourier decomposition.
This will now depend on €’4*, rather than e~%®. Switching ¢ — —¢ changes the
exponential to e~%% with the consequence of changing ¢ in the conjugate field.
Now, to simplify 1/(q), the quantized Dirac field in position space in Equation

can be substituted. Using

=dmd(q" —p")(2m)*6P (Gt - p) (2.44)

=d(q¢ — p), (2.45)

the momentum-space Dirac fields are given as:

0(q" )ur(@)be,s(q) + 0(=g+)a(=q)dl ; \(—q)
gt | ’

Ve a(q) = (2.46)

where, again, the subscript ¢ on the ladder operators refer to ¢t and ¢, while

the subscript n refers to other relevant quantum numbers. The full fermionic field
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operator is then

¥(g) = Y Yerala) (2.47)

c?.f.7A

2.3.3 Bosonic Fields

Spin-0 scalar bosonic fields are represented throughout this thesis by the field ¢,

whose plane wave front form position space representation is given by:

_ [dpt a2t

0@) = | Jomm 00 (77 alp) + €7 al (). (2.48)

Here, the ladder operators af (p),a(p) create and annihilate respectively a boson in

with momentum p. These operators satisfy bosonic statistics:

|an (@), am(@)T] = g " [4m5(q" — p*)(2m)%6P (G — 5 )0m (2.49)

In momentum space, ¢(q) takes the form:

0(q")a(q) +0(—q")al(—q)
g '

o(q) = (2.50)

The quantized vector potential for fields with integer spin > 0 in terms of its dy-
namical degrees of freedom in position space is

dp+d2ﬁd‘ —ipT * ipT
Ao (0) = [ { gt (Gae @A +al D ™), (251)

where o is the polarization, and the polarization vector /(p) is given as:

2pt &L
h0) = (0,755 ), (2:52)
where
1
T SESENEIN
£ = 7 (030 + zy). (2.53)



In momentum space, the vector field is

Apola) =

0(q")ek(q)aa,0(q) + 0(_q+)€g*(_Q)a2,a(_Q).

lq"]
The full vector field is

Al(q) =) AL (q)
2.3.4 Light-front Hamiltonians

The energy-momentum tensor in position space for the fields ¢, is

- oL
- 8((%@)

e 06, — " L.
For the free Dirac field:

T = iy 0" + 6" (i pa — M)t — gL

= iy 9"

(2.54)

(2.55)

(2.56)

(2.57)

The energy-momentum tensor in momentum space can be calculated by taking a

Fourier transform of TH(x):

T (q) = /d:v_deLeiquW(:U)

B / dr~ d*F+e % i) (z)y" 0"y (x)

:/dm‘d2fLeiq‘”/ e_iqlxlﬁ(—(h)v”/ gy € 2T (o)
q1 q2

:/ /dm*dQ:fLei(q*ql’q2)%(—m)*y”q5¢(qz)
q1,492

- 0(g — 1 — @)(—a)7" g3 ¥(q2),
q1,92

where
/ _ dq+d2(jd_
q Am(2m)2

(2.58)

The Hamiltonian can be easily computed by plugging in ¢ = 0 into the
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momentum-space energy momentum tensor:

1

H= / dz~d*7H(x) = / dx—cﬂfiéw—(x) = 5T+—(q =0). (2.59)

For example, the free fermion Hamiltonian is:

- [ e (2.60)

A similar calculation can be done for bosonic terms or interactions. When there are

interactions present, the convention we use is the momenta ¢; always point inwards

N

towards the vertex, e.g.

(2.61)

2.3.5 Invariant Mass, Momentum Transfer

A quantity that will appear a lot throughout this thesis is the square of the sum of
two momentum four-vectors: (g; +q2)2. This quantity is positive for a ‘pair creation
(or annihilation)’ interaction term, but can be negative for a ‘scattering’ interaction
term.

First, consider pair creation:

This corresponds to a term in the Hamiltonian ~ 6(—q;)0(—q3 )0(q¢")d(q1 + g2 + q)
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which implies ¢* = ¢ + ¢4 > 0 (i.e. ¢ and go have the same sign). One can
define a relative longitudinal momentum x = ¢;"/¢*, which with the momentum
conservation implies 1 — x = q; /q" and z € (0,1). From here, we can compute

(1 + g2)%

(1 + @)’ =0 +6+2q ¢

— — 1 i
=mi+ms+aqia +a1 a5 — 241 - @

+ + +12(,,L)2 +12( ;L2 + 4+l L
+ -2 :
:m%<1+q%)+m%(1+%)+(Q1)<Q2) ((12)(J‘£1J)r 4% (6 aw)
q1 4y q1 92
2
m:  om3 ((1—2)at —aq5)
= +
A z(1—x)
> (my + mg)? (2.62)

Therefore, for pair creation or annihilation, (¢ + ¢2)% > (m1 + m2)?. Quite often,
for pair creation or annihilation, we refer to (¢ + ¢2)? as the invariant mass of the
two particles, and denote it M?,. Furthermore, if we define k* = (1 — x)qi- — 2¢s,
then

m? + k2 m3+ K2

2 —
Mis(z, k) = - + 1=z (2.63)

which will be a useful formula for computing loop integrals.

Next, consider a ‘scattering’ interaction term:

q1 %2
N

This corresponds to a term in the Hamiltonian ~ 0(—q1)0(g2)6(¢)d(q1 +q2+¢q) which
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implies ¢* = ¢ — ¢5 (and that sgn(q;") = —sgn(qy)). Therefore,

(1 + @)’ =0 +6+2q ¢

m2(1e B fm2(1 5 Ay @R + (@) at) — 207 o (af - a3
1 + 2 +
a4 92

+ " et — gt gt 2
i 9) (4 ) o )
AN +
Sm?(1+Zj+) +m§(1+3})
< (ml —m2)2. (2_64)

The last line can be easily computed in Mathematica by maximizing function a(1+
x/y) + b(1 + y/x) subject to the constraint sgn(x) = —sgn(y).

One last relationship that will be useful throughout this thesis is

2 2
. — (g1 +
Sar+ar+a3)(a +az +35) —5(ql+qz+q3)<Q3 (Zi ) ) (2.65)
3

This is tedious and messy to prove, but the gist of the derivation is to write out
explicitly ¢ + g5 + g3, substitute @+ = —qi — g5, which in g5 squares to give
a term of the form 2¢i - g3-. We can make the substitution 2¢i" - g3 = ¢% + ¢3 +
¢f gy + 4143 — (g1 + g2)®. From here, we group terms based on ¢7,¢3, (¢1-)%, (¢3)?
which leaves a term left over of the form (¢3 — (q1 + ¢2)%)(¢3)~!. For each of the
terms that were grouped, the are each multiplied by an expression of the form

(¢) ™t +(¢3) 7t + a3 (¢ ¢3) 71, which simplifies to zero. Similarly,

((h + CI2)2 - qg) . (266)

5(Q1+Q2_Q3)<Q1_+Q2__Q3_> :5(Q1+QQ—Q3)< o
3

2.3.6 Advantages and disadvantages of light-front field theory

Quantum field theories are difficult conceptually and expensive computationally
(both numerically and analytically). Any advantage one may find when studying

these theories must be used. As the saying goes, “there is no free lunch” and so
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with advantages come disadvantages. In this Section, we describe the pros and cons
of light-front field theory.
We begin by discussing the advantages. In general, the form of canonical

Hamiltonians in light-front field theory will be
H=Hy+ Hint.(g)a (267)

where Hj is the kinetic energy, or free, part of the Hamiltonian with well-known
eigenstates, and H;,; is the non-trivial interacting part, whose strength is deter-
mined by the coupling parameter, g. This fact, paired with the fact that the eigen-
values of the light-front Hamiltonian (after fixing Pt and ]51) are M2, makes the
problem appear as a non-relativistic eigenvalue problem in standard quantum me-
chanics.

Another advantage is usually described as “the light-front vacuum is triv-
ial/simple”. This statement hides some relevant physics, but nevertheless has truth
to it, which we will describe here. In the instant form, any state with zero longitudi-
nal momentum couples to the vacuum, that is it has a non-zero matrix element. For
example, (0| bipbj, |0) # 0. This implies vacuum fluctuations must be taken into ac-
count and complicate the theory. In the front form however, since massive particles
have p*™ > 0, the vacuum can only couple to itself since, for example, (0| b;r |0) =0,
implying all diagrams which generate vacuum fluctuations have a zero matrix ele-
ment [BPP9§]. Lastly, since the vacuum in the instant form is an eigenstate of the
Hamiltonian in every sector, to compute the mass of a bound state, one needs to
solve for the vacuum and an excited state and take the difference, whereas this is
unnecessary in the front form.

The last advantage was an original proposition by Dirac for the utility of
the front form [Dir49]. He states that the goal of any relativistic quantum theory is
to mutually diagonalize as many of the 10 Poincaré generators as possible (by the
commutation relations in Egs. it is not possible to mutually diagonalize

all 10). According to Dirac, the front form admits the largest number of mutually
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commuting operators — 7 out of 10 versus 6 out of 10 in the instant form. Addition-
ally, the boost generators do not change when interactions are included, so boosting
wavefunctions is ‘easy’, whereas in the instant form, boosting wavefunctions is as
difficult as solving the eigenvalue problem.

The major disadvantage of the front form stems from the issue of zero modes
— states with p™ = 0 — which is only possible for massless particles (since p* > m for
a particle with mass m). Zero modes are a problem because of the energy-momentum

dispersion relation

2 S1\2
m° + (p
o m )

pt

For a massless particle, p* can be zero which leads to infinitely large p~. While
all fermions we know of in the standard model have nonzero mass, two important
gauge bosons (the photon and the gluon) have m = 0, which implies zero modes
will be relevant in QED and QCD.

One way to mitigate zero modes is by imposing a vanishingly small, but
nonzero, mass on theoretically massless gauge bosons. This appears at first to
break gauge invariance of the theory since imposing U(1) or SU(3) symmetry of
the fermion fields in QED and QCD respectively implies the existence of a gauge
field A* with zero mass (note that Ward identities are preserved for U(1), but not
SU(N)). However, since we are working in a fixed gauge (AT = 0), this implies
that we do not need explicit gauge invariance. In the end, we can look at a limit as

the gauge boson mass goes to zero.

2.4 Probing Hadronic Substructure

A primary function of collider experiments is to understand the internal structure of
hadrons. Different processes can be measured to learn different types of information
about hadrons. In this section, we discuss two processes, deep inelastic scattering
and deeply virtual compton scattering, which resolve longitudinal and transverse

momentum distributions of quarks inside a hadron.
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Figure 2.2: Deep Inelastic Scattering

2.4.1 Deep Inelastic Scattering and Parton Distribution Functions

The parton distribution function (PDF) of a hadron is a probability distribution that
describes the probability of finding a quark (¢) in the hadron (h) with momentum
fraction z relative to the total hadronic momentum P*. Formally, it is defined by

[Sop97]
dz~

TP E ) |P), (2.68)

fq/h(w) =

where |P) is a bound state of the theory whose PDF one is interested in.

Collider experiments measure PDFs by studying the process ¢h — ¢'X via
deep inelastic scattering (DIS), shown in Fig. that is scattering a lepton with
four momentum ¢# = (me, E) off a hadron with mass M. The PDF has a strong
dependence on the four-momentum ¢ of the exchanged virtual photon v*. One rele-
vant Lorentz invariant quantity is the square of the virtual photon’s four momentum,
Q? = —q"qu. As Q? increases, the wavelength of the exchange boson decreases, re-
fining the probe, which allows the structure inside the hadron to be resolved on a
finer scale.

Besides 2, another important invariant quantity is “Bjorken z”, given by
rpj = %, where v = E — E' is the difference in the leptonic energy (which is also
invariant). The physical interpretation of the Bjorken-z variable becomes obvious
when looking at the momentum of the struck quark. Before the quark is struck by
the virtual photon with four-momentum ¢, it carries a fraction of the total hadronic

momentum . In the parton model, z ~ zg; [Gro].
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The DIS cross section can be given as

doprs ~ LW, (2.69)

where Lf “ is the leptonic tensor, which describes the coupling between the lep-
tons and the exchange photon and depends on the lepton involved, and W/Z, is the

hadronic tensor, which is formally given by
1 .
h _ 4, iq-z T
Wi = o / dize <P,S' [71(2), ,(0)] ]P, $). (2.70)

The leptonic tensor is calculable in perturbation theory; however, the hadronic
tensor is not |Gro.
Since the hadronic tensor is not calculable, one must write down the most

general form that it may take:
gV . .
WY =W ( — g™+ 79 ;’ ) + W, ( —p' 4+ pfq“) < -p’+ pfq”), (2.71)
q q q

where W1 and Wy are the structure functions of the hadron. These parameterize the
behavior of the hadronic part of the interaction, and depend on Q? and v[[IMS84].
Due to the complicated internal structure of hadrons consisting of quarks
which are strongly bound, the total cross section of DIS cannot be exactly calcu-
lated. The principle of factorization, which is unproven but has strong experimental
support, states that the cross section of DIS can be ‘factorized’ into a hard part
(calculable in perturbation theory) and a soft part (one that must be extracted

from experiment). That is, the factorization principle [CSS04| states
doprs = fq(x) @ dbopr, (2.72)

where d6y_.¢+ is the leptonic cross section and can be calculated with perturbation
theory, and f,(z) is the parton distribution function. The symbol ® is a Mellin

convolution integral.
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Figure 2.3: DVCS “Handbag Diagram” of the GPD

A major result in the theory of deep inelastic scattering is the DGLAP equa-
tion, which predicts the functional form of the PDF at various scales u? (called the
factorization scale) after an measurement at a particular scale, y3. The DGLAP

equation is given as

Ofa -~ as(1?)
Oln p? 27

Pap @ fo, (2.73)

where P, is a function that describes the probability that a parton of type b splits

into a parton of type a.

2.4.2 Deeply Virtual Compton Scattering and Generalized Parton

Distribution Functions

Notably, parton distribution functions measured by DIS do not give any information
about transverse momentum distributions of quarks inside a hadron. To obtain this
information, a new process must be studied — Deeply Virtual Compton Scattering
(DVCS). DVCS measures the process ¢h — I'yh/ and is shown in Fig. by what

is colloquially referred to as a ‘handbag diagram’ [BDM™20].
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The formal defintion of the GPD [Mez22] for a quark is

dz~

Hiw,6,1) = [ """ (=2~ /27 (= /2)l), (2.74)

where [p) and [p/) are initial and final hadronic states respectively. The two new
parameters, £ = —(p' — p)t/2P* and t = (p' — p)? are invariant and describe
momentum transfer in the transverse direction. The function HY gives a three-
dimensional view of the internal structure of the hadron in momentum space, and
can describe both longitudinal and transverse momentum fractions. There are four
unique GPD’s that describe distributions for different polarizations combintations
of the quarks relative to the hadron, but we only give the unpolarized helicity

conserving GPD here (H?) [Geol§].

2.5 The Renormalization Group Procedure for Effective

Particles (RGPEP)

A well known hurdle of quantum field theories is the appearance of divergent observ-
ables calculated beyond leading order. At first, many thought this would invalidate
the theory overall; however, today the technique of renormalization allows for fi-
nite observables to be calculated at any order of perturbation theory. There are
many ways to do renormalization, and in this thesis we study the renormalization

of Hamiltonians, which is the topic of this Section.

2.5.1 The Similarity Renormalization Group (SRG)

The similarity renormalization group (SRG) [SP00] is a very general method which
can be adapted towards problems that arise in this thesis. SRG defines a unitary
U(s), which when conjugating a matrix A, results in a new matrix, parameterized
by s:

A(s) = U (s)AU(s). (2.75)
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The transformation in Eq. is a similarity transformation, and defines the
similarity renormalization “group” (technically it is a semi-group). Notably, similar
matricesﬂ share many properties: eigenspectra, trace, and determinant, to name a
few.

The initial condition for Eq. is A(s = 0) = A, and s strictly increases
towards infinity. Generally, one wishes to choose a U(s) that leads to A(s) to
increase in ‘diagonality’ as s increases. There is not a clear definition of what is
meant by increasing diagonality in the literature; however, we try to quantify it by

the following definition

Definition 2.5.1 A matriz A(s) increases in diagonality with increasing s if

d 2

% aii(s)‘ > 0 (2'76)

d 2

- ain(s)| <0 (2.77)
ik

The evolution of the matrix A with s is governed by the differential equation:

d d

TA(s) = £<UT(3)AU(3))
= ) 40y + U1 (9 2 0(5) + 7 () 4220
= dUC;S(S)(U(s)UT(s))AU(S) + UT(S)A(U(S)UT(S))CZZS)
- dUC;(S) U(s)A(s) + A(S)UT(s)d[éis)
Now, using the fact that
t S S
0= %1 _ %UT(S)U(S) _ dU;ls( Jus) + U*(s)dfli ) (2.78)
to get
d B dU (s) dU(s)
d—SA(S) = —U(s) s A(s) + A(s)UT(s) A (2.79)

'Two matrices are similar if 3P whose inverse exists and B ~ A = B = P !AP. Here, we
explicitly assume this “P” is unitary, but it does not have to be for similarity.
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The evolution of A(s) is now determined by the differential equation

— [g(s),A(s)}, (2.80)

where G(s) is called the generator and is formally given by the differential equation:

dU(s)
ds ’

G(s) = —UT(s) (2.81)

which has the solution:

U(s) = Texp ( /0 ) ds’Q(s’)), (2.82)

where T is the ‘parameter-ordering’ operator, which orders the operators in terms
of increasing s. In practice, rather than choosing the unitary, U(s), one chooses the
generator, G(s).

The weakest constraint placed on G(s) such that Eq. is satisfied is that
it must be anti-Hermitian, that is G;j(s) = —Gji(s), since exponentiating an anti-
Hermitian operator generates a unitary. Satisfying this constraint alone, however,
will not in general lead to a matrix which ‘flows’ towards the diagonal as intended.

Some common generators in the literature which do satisfy this ‘flowing’

behavior are the Wegner generator [Weg94|, given as
G(s) = [diag(A(s)), A(s)] (2.83)
and the Mielke generator [Mie9§],
G(s) =M © A(s), (2.84)

where M is called the Mielke matrix, which has the form of —1’s along the upper
tridiagonal, and +1’s along the lower tridiagonal. The symbol ® is the standard

Hadamard product between two matrices, that is element-wise multiplication, rather

62



than standard matrix multiplication.
Next, we prove that the Wegner generator increases the ‘diagonality’ of a

matrix.

Theorem 2.5.1 The flow of A(s), under the Wegner generator monotonically in-
creases the two-norm of the diagonal matrix elements of A(s) and monotonically

decreases the two-norm of the off-diagonal matriz elements of A(s).

Proof Defining A(s) = {aij(s)}, the i7" component of the diagonal part of A(s) is

diag(h(s))ij = §;;Ai;(s). The ij" component of the generator is

Gs)] =

vj

|diag(A(s)), A(s)] (2.85)

v

= (diag(A(s)) . A(s)) = (A(s) . diag(A(s)))

ij ij

where

(diag(A(s)) - A ) Zdlag( ) ay;(s)

= Z(Lkazk ak] ) aii(s)aij(s) (2.86)

and

(A() d1ag< )) Zazk d1ag( ))k]

= Z azk 5k]akj ) = aij(s)ajj(s). (2.87)

Put together,

9i5(5) = (ai(s) = aj5(s) ) aij(s), (2.88)

where a;;(s) and aj;(s) were commuted in the second product since a,,,(s) are just
matrix elements (scalars) which always commute.

The commutator between g;;(s) and a;;(s), which is the right hand side of
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the Wegner flow equation, is

[dfzf)] =[] =3 (sl — aula ()
ij

= > (uis) + az;(s) — 2au(s) )aa(s)ay(s) (2.89)
l

To show that the sum magnitude squared of the diagonal elements are in-

creasing note that:

a aii(s)‘z = %(aii(s)f, (2.90)

since A is Hermitian the magnitude squared of the diagonal matrix elements is
just the square of the matrix elements (diagonal elements are real for Hermitian

matrices). Now

d

daZZ
s i (aiis) —2Za” (5)
=2 Z ai;(s [2@11 (A2 ) -2 Z ay(s)ai(s)ay(s )}
= 42 (a“ s)agi(s)ai(s)ay(s) — aii(s)a”(S)ail(s)ali(s))

= 42 [azl s)ayi(s)agi(s )(aii(s) - all(s))}

= 42 [|all 2a4(s (a,-,-(s) - a”(s)) + ]ali(s)|2au(s)<a”(s) - aii(s))},

i<l

where in the last line, the sum explicitly only goes over the upper triangle of A(s),
but still sums over the lower triangle by the addition of the second term in the last

line. From here,

2
42 lai (s (a” s) — all(s)) > 0. (2.91)
i<l
Therefore,
d

— >0 2.92
2 >0, (292

2
aii(s)‘

i.e. the magnitude squared of the diagonal elements of A(s) are monotonically
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increasing. Since the two-norm is the square-root of magnitude squares of terms,

and the square-root is a monotonic function, the two norm will be monotonically

increasing.

2
The trace of A(s) and (A(s)) are invariant under U(s):

% [A(s)] = % Tr [UT(s)AU(s)]
= dis Tr [AU(S)UT(S)] = dis Tr {A} =0
Similarly,
La[42(9)] = L [T (5) AU (5)U (5) AU )]
_ % T [U(s) 42U (s)| = %Tr 4% =0
Now from this,
0= % Tr [AQ(S)] = dii EZ: [AZ(S)L.Z.
= % %{: aik(s)aki(s) = % Z’Zk |aij(5)’2
-4 [ et + > aar(s)P].

(2.93)

(2.94)

(2.95)

It was previously proven that the first part of the sum in the last line monotonically

increases (the diagonal part of A(s)). The second part of the sum is the magnitude of

the off-diagonal elements. Since their sum must be zero, and the diagonal elements

are monotonically increasing, the off-diagonal elements must decrease:

d
—Z\aik(s)ﬁ < 0.
ds iz

(2.96)

A similar proof for Mielke’s generator can be found in the original paper, Ref. [Mie9§].
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2.5.2 The Renormalization Group Procedure for Effective Particles

as an extension of SRG

The model, or canonical, Hamiltonians that come from quantum field theory La-
grangians are ill-defined, that is any observable calculated from these Hamiltonians
will be divergent. In a sense, this is because we are asking too much from our Hamil-
tonians — we want them to describe a theory at any possible energy scale, and this
is an unreasonable expectation. Their response to this is to return to us divergent
observables.

Even though every matrix element of the QFT Hamiltonians are themselves
finite, divergences still appear in the spectrum. One can see where the divergences
come from by looking at the second-order perturbative correction to the energy

eigenvalues:

HyoH
E@ = —nkfn (2.97)
5 20 £

This sum runs over an entire column of the Hamiltonian matrix, which is formally
infinitely large, and there is no guarantee of convergence of this sum. Therefore,
the far off-diagonal matrix elements of H in general cause this correction to diverge,
and thus this is what accounts for the divergent spectrum. By applying a similarity
transformation to H such that it becomes band diagonal, this will force the sum in
Eq. to converge.

Before discussing renormalization, it is useful to discuss the preconditioning
step to any renormalization procedure — regularization. Regularization implements
a cutoff on the Hamiltonian such that any measured observables for the regular-
ized Hamiltonian will come out finite. The catch is that the observables will be
sensitive to the choice of cutoff, and thus this cutoff must be ultimately removed.

Regularization produces a new Hamiltonian via:
H — H(s,), (2.98)

which is formally the exact same Hamiltonian as H, but is only defined up to the
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a a(s)
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Figure 2.4: RGPEP Illustration on an arbitrary operator space: (a) A model
Hamiltonian, H can be described in two different bases, (b) A new Hamiltonian can
be defined which is unitarily equivalent to the model Hamiltonian.

cutoff, s, > 0.

Renormalization is a systematic procedure which redefines a theory to be
accurate in a limited energy range. In doing so, the observables one computes are
finite and well-defined. The renormalization group procedure for effective parti-
cles (RGPEP) is a particular type of renormalization scheme that is designed for
Hamiltonians written in terms of fermionic and bosonic creation and annihilation
operators.

RGPEP applies a unitary transformation U(s) to canonical QFT Hamilto-
nians analogous to what SRG does; however, the main difference is that while SRG
acts in a matrix picture, RGPEP stays in the ladder operator picture. The scaling
parameter s now has a physical intuition. s has units of L* and the more physical
parameter A = s~'/4 (in 3 + 1D) is roughly the width of the band. The parameter
A is interpreted as an energy scale.

To get a feel for what this means, consider the following toy model Hamilto-

nian described in a basis {a,al}:

H=aa+p8a. (2.99)

67



The same Hamiltonian can also be described in a new basis {a(s),a’(s)}:

H = a(s) a(s) + B(s) a'(s), (2.100)

where the bases are related by

a(s) = U(s)aUT(s) (2.101)
al(s) = U(s)alUT(s). (2.102)
(2.103)

This operator lives in a vector space shown in Fig. (a). Now, define a new
operator, H(s):
H(s) = a(s)a+ B(s)al, (2.104)

that is this operator is written in terms of the original basis, but with coefficients
from the new basis. This operator lives at a different point in this vector space, see

Fig. 2.4b). Importantly, H (s) is related to H via:

H(s) = a(s)a+ B(s)a’
= a(s)(UH()a(s)U (5)) + B(s) (UM (s)al (5)U (5))
= U'(s)(a(s)als) + B(s)al(s)) U (s)

=U'(s)HU(s), (2.105)

that is they are unitarily equivalent. Although they are different operators, their
spectra are identical.

It is important to note that since the spectrum of H(s) is identical to that
of H, the spectrum of H(s) will also be divergent. The source if this divergence
is different now however. Before, the divergence came from the far off-diagonal
matrix elements causing the second order energy correction to diverge. Now that

U(s) causes H to become band diagonal, this cannot be the same source of the
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divergence, since these matrix elements are zero (or vanishingly close such that the
sum will converge). In H(s) the divergence now appears in matriz elements along
the diagonal which themselves are now divergent.

This is beneficial; however, because as it will be shown more explicitly
throughout this thesis, constructing counterterms to cancel these divergences in
the diagonal matrix elements is a relatively simple task. After conjugating the regu-
larized Hamiltonian, H (s,) with U(s), one obtains H (s, s, ), which is band-diagonal,
but contains matrix elements along the diagonal which diverge in the limit s, — 0.

From here, one can add in appropriate counterterms X (s,) that only depend
on the regularization parameter. Each divergent parameter in the theory must have
a counterterm. Here, X (s,) is meant to represent a sum of all counterterms. We

now have a new operator:
H(s) = H(s,sr) + X(sy), (2.106)

the effective Hamiltonian, which will give an accurate representation of the true
energy spectrum which is decoupled from the high energy degrees of freedom that
cause divergences.

Lastly, we will discuss how U (s) is constructed in RGPEP. Starting from the
defining flow equation [2.80] in this thesis, we use what we call the kinetic energy

generator:

G(s) = [HO,H(S)] (2.107)

The differential equation with this choice of generator explicitly in the ladder
operator picture will be colloquially referred to as the RGPEP equation.

In general for quantum field theories, the RGPEP equation governing the
flow of H(s) with the generator in Eq. cannot be solved exactly, so it must be

solved perturbatively by expanding H(s) order-by-order in g:

H(s) = HO(s) + gHV (s) + g H® (s) + O(g°). (2.108)
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Even if a theory admits canonical Hamiltonian terms up to a particular order, say
n, the effective Hamiltonian also includes terms of order n’ > n. While not imme-
diately obvious why terms with orders greater than that in H are included in the
H(s) expansion, when the differential equation is solved order-by-order for physical
theories in future chapters, it should become clear that these terms will naturally
appear in the effective Hamiltonian.

Asserting this form of H(s) in Equation one obtains a differential

equation at each order in the coupling:

~dHO)(s)

Og’): ——— =0, (2.109a)
0(g") :gdH;ls)(S) = “H(O)(s),gﬂ(l)(s)},H(O)(s)], (2.109b)

O(g%) :gdez(S) = “H(O)(S),QQH@)(S)}7H(0)(8)]

_l’_

[H*(0)(s), gH ™M (s)), gH(l)(s)] . (2.109¢)

The solutions of each of these equations give the n'* order term in the effective
Hamiltonian, H (")(s). The nt"* order RGPEP equation depends on solutions to all

orders < n.

70



2.6 Chapter 2 Summary

In this Chapter, we reviewed the relevant background of light-front quantum field
theory that is the basis of the remainder of this thesis. In specific, we describe light-
front coordinates, their benefits, and their downsides. We give formulae for writing
down Hamiltonians for any theory of interest in momentum space. Following this,
we discuss hadronic distribution functions, which are natural to describe in light-
front coordinates, which makes them important observables for quantum simulation.
Lastly, we describe the Renormalization Procedure for Effective Particles which is
the renormalization framework used in this thesis. The background in this Chapter,
in addition to the quantum algorithms in Chapter 1 give a full theoretical basis for

the novel work in this thesis.
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Chapter 3

Ladder Operator Block

Encoding

In this Chapter, the Ladder Operator Block Encoding (LOBE) framework is out-
lined. LOBE constructs efficient block-encodings for sums of (products of) ladder
operators, which are the form that quantum field theory Hamiltonians in light-
front coordinates naturally take. First, we describe the framework and give results
compared to a standard block-encoding of the same operators transformed to the
Pauli basis. Then we describe the extension from LOBE to block-encodings that
are self-inverse. As we will show, this additional constraint comes at the cost of an
additional ancilla qubit, and some Clifford gates. This extension, however, is the
key to using LOBE in quantum phase estimation.

This Chapter is based on work which has been published in Quantum [SGS™25].
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3.1 The Ladder Operator Block-Encoding Framework

In this section, we discuss the framework we developed for compiling block-encodings
of linear combinations of ladder operators. Coined Ladder Operator Block-Encoding
(LOBE) [SGS™25|, LOBE generates a unitary which encodes a linear combination
of operators of fermionic and bosonic creation and annihilation operators. This
framework is particularly useful for this thesis because the Hamiltonians in the
light-front formalism are built entirely out of these operators. Therefore, block-
encodings of quantum field Hamiltonians with LOBE are more resource-efficient
when compared to a more standard approach (mapping to the Pauli basis and using

LCU).

3.1.1 Linear Combination of Operators

In our paper |[SGS™25], and the works of [BCC™ 15} [CKS17, [GSLW19, Lin22) JLP™25],
it is argued that the Linear Combination of Unitaries (LCU) block-encoding tech-
nique is a part of a larger framework. The linear combination of operators (LCO)

framework block-encodes operators of the form

L—-1
A=Y o0, (3.1)
=0

where O; corresponds to an arbitrary operator, which is not necessarily unitary, and
hence not an LCU. We again restrict a; € R>? without loss of generality.
The LCO framework is built upon a result from Ref. [GSLW19|, that if one

block-encodes each individual operator O; such that

O

UOl |0>anc. |,(7Z}>s = |O>anc. Tl

[9) + By [ L) anc.,s (3.2)

where each block-encoded Up, must use the same encoded subspace (]0) and

anc. )7

has a rescaling factor )\;, which depends on the structure of the O;. From here, we
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can define a new operator

A= aUo,, o = —o, (3.3)

where A > max );. Notably, a LCU block-encoding of A (U ) also block-encodes A:

A/ * & Up,
U = /ALco oS 1Uo,
* * ! * *
o0 *
*
o] A (3.4
l
* *

We refer to this as a linear combination of operators (LCO). The rescaling factor of

a LCO block-encoding is

L—1
Aco = Y laul, (3.5)
1

which is worse (in general) than the rescaling factor of pure LCU. Each U; will require
my block-encoding ancillae (ancilla qubits needed to generate the block-encoding).

Ifm= max my, then U ; will require m + [logy(L)] block-encoding ancillae.

3.1.2 An explicit LCO construction: Ladder Operator Block-Encoding

In this Subsection, explicit constructions of Up,’s are given when O; is a ladder
operator acting on fermionic and bosonic degrees of freedom. We have chosen to
reduce primarily the number of non-Clifford operations and secondarily the number
of block-encoding ancillae, at the expense of incurring “clean ancillae”. Clean ancil-
lae are what we define the ancilla qubits used as ‘scrap paper’ in our calculations,
that is ancilla that start and end in the |0) state and can be reused throughout the
circuit for different operations. Since many quantum algorithms (although not all)
require controlled block encodings (such as quantum phase estimation) we show all
compilations with an external control qubit.

Before giving explicit constructions, an encoding of the states from the Fock
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basis to a qubit basis must be chosen. For fermions, the Jordan-Wigner encoding

will be used to map fermionic Fock states to qubit states:

Ing,—1,---,n0) = |qr,—1,-- -, Qo) (3.6)

where n; = ¢; € [0,1], and I}, is the maximum fermionic mode number. If the ith
mode is occupied with a fermion, |n;) = |1), otherwise |n;) = (0).

Bosons are encoded such that each mode ¢ can be occupied by w; bosons,
where w; € [0,9; — 1] (in general, each more can have a different maximum occupa-
tion, but for simplicity, throughout we assume that Q; = Q Vi.) The occupancy of
a single bosonic mode is represented in the binary encoding [SMK™20|, where the
occupation of the i mode is written in binary on [logy(Q + 1)] qubits. The total

state is therefore the tensor product of each mode’s occupation state.

3.1.2.1 Fermionic Ladder Operators

The action of a block-encoded fermionic creation/annihilation operator must obey

Eq. Therefore:
Uy 173} 10)q = b} In;) 0}, + 511) (3.7)

Us; ) 10)q = bj |n5) [0) + B[L) (3.8)

Fig. shows our explicit construction of Ub; (a) and Uy, (b).

For the circuit in Fig. [3.1| (a), the bottom-right-most X gate flips the occu-
pancy of |n;), regardless if it is unoccpied or not. This is because if it is occupied,
then the first Toffoli gate will cause the ancilla qubit to flip, putting it out of the
encoded subspace. Therefore, if it is unoccpied, the ancilla will not flip since the
Inj) control doesn’t fire, and the X gate will flip the qubit to its occupied state.

The gate labeled Z corresponds to

Z=Q Z, (3.9)

i<j
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y
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i<j "
— I
Figure 3.1: Fermionic Ladder Operator Block Encoding: (a)A block-encoded
for a fermionic creation operator is given, U;. (b)A block-encoded for a fermionic
J

n;

annihilation operator is given, Up,.

and accounts for the parity of the occupancies of the preceding modes 7 < j. Con-
versely, for b;, the logic is the same; however, the ancilla gets flipped out of the

encoded subspace if |nj) = |0) to signify that the mode was zeroed out.

3.1.2.2 Products of Fermionic Ladder Operators

A naive block-encoding of a product of operators is based on a discussion in Gilyén
et al. [GSLW19|, where they state that given an operator written as a product of
two operators, A = BC, with block-encodings of the individual operators Ug, Uc,
then the product of Up and Ug results in a block-encoding of A, with rescaling

factor ApAc:

UsUC %) [0} e, 100ane,5 = U (C 1) [0)ne,co + B0 [1) ) 10)ane,

= BC 1) 10) e 10) ane.s + Bucn | L) (3.10)

Alternatively, we define a construction for a block-encoding of products of fermionic
creation and annihilation operators that doesn’t utilize this native approach.
Consider the operator blTbk. This operator acts non-trivially only on a Fock
state with a fermion in mode k and no fermions in mode I. Therefore, we want
the action of Ub}bl to encode the amplitude of a state it acts on in the encoded

I*" mode is occupied. A circuit that

subspace iff the j* mode is unoccupied and the
accomplishes this is in Fig. [3.2)(a).
Fig. (c) uses “clean ancillae”, i.e. ancillary qubits used as ‘scrap paper’.

These clean ancillae start and end in the |0) state and thus can be reused throughout
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n; —O— 2z
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0) DD~
(c) ctrl
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i<j —
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j<k<l
Nk £
ng &b
0) —B—o—D- 10)

Figure 3.2: Block-Encoding Products of Fermionic Ladder Operators In (a),
a block-encoding for the fermionic number operator acting on the i** mode (bzbi) is
given. In (b), a block-encoding for the product of two fermionic number operators
acting on the i*" and ;' modes (b;-rbib;r-bj) is given. In (c), a block-encoding for the

operator b;-bjbl with j # [ is given.

the circuit for other block-encoding operators. The logic of the circuit is as follows.

I*" modes. If mode

The left-most Toffoli gate picks up the occupancy of the j** and
j is unoccipied and mode [ is occupied, the control structure leads to the clean
ancilla to flip. Otherwise, the clean ancilla stays as |0), and then middle Toffoli
gate will flip the block-encoding ancilla qubit |0), to |1), thus putting it outside of
the encoded subspace. The last Toffoli gate is included in order to reset (clean) the
clean ancilla to |0) so that it can be used in another block-encoding operator later
on.

Lastly, the controlled ZX gates flip the occupancies of the states and apply
the phase factor. Again, this is applied to all states, but the ‘bad’ states that it
gets applied to (i.e. the states that it should zero out) will already be outside of the
encoded subspace, so this is copacetic.

This block-encoding circuit in Fig. ??(c) has an optimal rescaling factor (A =
1), requires a single block-encoding ancilla (|0),), and uses 8 T" gates. A thorough
discussion of using clean ancilla and ‘elbows’ (logical AND gates) to calculate T gates

is done well in Ref. [BGBT18] and adequately in Appendix More complicated

products of fermionic creation and annihilation operators can be created using the
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Figure 3.3: Block-Encoded Sum of Fermionic Operators: UbTer_
05

blueprint of Fig. [3.2fc).

3.1.2.3 Linear Combinations of Fermionic Ladder Operators

In general, block-encoding an operator of the form b} + b; would constitute an LCO
construction, that is, construct Ub} and Up, and use LCU to block-encode their sum.

There are interesting cases, however, that can be more efficiently block-
encoded, namely sums of Hermitian pairs, e.g. O + Of. Take, for example b} + b;
and note that this sum of operators acts on the j*" mode (disregarding the phase of

the preceding modes) as:

|1)  when |n;) =|0)
(b] + bj)[ny) ~ (3.11)

0)  when |n;) = |1),

which is equivalent to an X —gate on the j** qubit. The quantum circuit that
implements this operation is shown in Fig.

It is interesting to note that this construction is identitcal to that which
one would arrive at if the operator was transformed via the Wigner transformation.
Additionally, this circuit has a rescaling factor of A = 1, requires zero clean and
block-encoding ancilla, and uses zero non-Clifford operations.

As a more instructive example, consider the operator b;b; + b;b;r- for j £1. Tt
is useful to order the modes in the operator in the same form, which can be done
by obeying the fermionic commutation relation. Therefore b;b; + bzrb;f- =b;b — b;bzr.

The action of this operator on a state of the form |nj, n;) (again without considering
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Figure 3.4: Block-Encoded Sum of Product of Fermionic Operators:

Ubj bi+b; b

parity) is:

|00)  when |nj,ny) =|11)

(bjbi + bIb;) [nj,mu) ~ 4 —[11)  when |nj, ng) = |00) (3.12)

0 else.

The action of this operator depends on the parity of the occupation of the modes j
and /.

Fig. shows a circuit that block encodes this operator. The first CNOT
gates computes the parity of qubits |n;) and |n;). If they are different (i.e. |njn;) =
|01) or |10)) then the Toffoli gate will flip the block-encoding ancilla to |1), which
will put it outside of the encoded subspace. After this, the parity is uncomputed,
the controlled-Z-gate picks up the relative sign between b;b; and b}bl, and the c-ZX
gates perform the action on the state and compute the parity of the preceding modes.

The circuit in Fig. can be generalized, and is shown in Fig. For the
generalized case, the rescaling factor is still A = 1, a single block-encoding ancilla
and B — 1 clean ancilla are needed and it requires 4(B — 1) T gates, where B is the
number of unique modes being acted on in a given term +h.c..

The CZ gate highlighted in pink in Fig. is included only if there is a
negative sign induced by ordering the operators in the second term in the sum. The

addition or lackthereof of this gate can be determined classically.

80



1 i ] \
|ctrl) | I :
lanc) t & ——

1 1 1 LI
1 1 : 1 1
|nz) T T —O0——]
1 1 1 1
1
Inj) ! D . o N L
J i \\> I I A% T Z
1
1 1
;s 1 Pany Pany !
7 \V% I I \ 3
1
Im) A ML
N J\ J\ T U
1
1 O
' |0) O—— 0) "
b e o o o o o o o o o o e e e e e e e e e e e e e e e a2 7 L
SUBSPACE ROTATION SYSTEM UPDATE (CLIFFORD)

Figure 3.5: Generalized Block-Encoding for Product of Fermionic Opera-

tors Plus Hermitian Conjugate: Ubibj...bm+bin...b;bj‘

3.1.2.4 Bosonic Ladder Operators

Here, we define the action of block-encoded bosonic creation and annihilation oper-

ators. These block-encodings must satisfy:

Viw +1)/Q|w; + 1) |0), + 5 ]L) when w; < €
Uy 1) 10), = (3.13)

|-L) when w; >

Vwi /Qw; — 1) 10y, + B]L) when w; < Q
Ua, |wi) [0}, = (3.14)

| L) when w; > Q.
In order to implement these unitaries, an incrementor must be defined.
The incrementor used in this thesis follows the construction of Gidney in
Ref. |[Gid15]. The goal of the incrementor is to increase the occupancy of |n;) by
1 mod Q. The coefficient ~ \/w;/Q comes from the fact that a|n) = /njn — 1)
and af|n) = /n+1|n+ 1), and can be implemented in the circuit by applying

uniformly controlled Ry (#)-gates to the ancilla qubit, where the angle parameter ¢
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Figure 3.6: Bosonic Ladder Operator Block Encoding: (a) U+, (b) Uy

of the gate corresponds to the coefficient:

Qarccos(\/wi/Q), when w; < Q)

O(w;) = (3.15)
, when w; > Q,

which is computed classically. The uniformly controlled rotations follow from [MVBS04].
The circuit that block encodes a} and a; is shown in Fig. (a) and (b) respectively.
The block-encoding Uaj in Fig. (a) applies an incrementor to |w;), followed
by a uniformly controlled rotation to pick up the proper coefficient. Alternatively,
Fig. [3.6|(b) applies the uniformly controlled rotation before the decrementor (—1).
The decrementor comes after, because the coefficient depends on w;, rather than
w; + 1, like in Fig. [3.6]a)
Using the incrementor in [Gid15], the construction for these block-encodings
uses one block-encoding ancilla, W = [log, (2 + 1)] clean ancillae, TW T—gates, at

most Q + 3 arbitrary rotations and has a rescaling factor of A = v/Q.

3.1.2.5 Products of Bosonic Ladder Operators on the same mode

Since bosonic modes can hold up to © bosons (compared to fermions who have an
implicit cutoff of 1), operators of the form (aI)R act non-trivially on bosonic Fock

states, and therefore need block-encoding constructions to be defined.

The action of the block-encoded operator (a;r)R must satisfy:

]_[\/cuZ Q10), lwi +R)+B|1), when w; <Q - R
Upgtyn 109, o) =
| L) when w; > Q — R.
(3.16)
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Figure 3.7: Bosonic Product Ladder Operator Block Encoding on same
mode.

lanc)

The angles in the Ry gates are updated by:

R
2arccos<H \/(wi—r)/(2>, when w; <Q - R
r=1

O(wi, R) = (3.17)

T when w; > Q — R.
)S

Similarly, the action of (a;)° must satisfy:

H \/—75|0 Yo lwi = S)Y+B|L), when w; < Q-+ S
Uays 10), lwi) = ¢7=1

|L) when w; > Q + 5.
(3.18)

The angles in the Ry gates are updated by:

S
2arccos< I1 \/(wi—i—s)/Q), when w; <Q+ 8
s=1

0(w;, S) = (3.19)

2 when w; > Q + S.

The action of U

()R Uay)s> and U(aj)R(ai)S are shown in Fig. where

R
2 arccos ( T V(wi —r)/Q-
r=1

=k

\/(wi—R+s)/Q>, when S <w; <Q—R
e(wiaRﬂg) =

T else.

(3.20)
This construction requires at most 7W T —gates, one block-encoding ancilla,

W clean ancillae, Q+3 arbitrary rotations and has a rescaling factor of A = QUi+9)/2,
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3.1.2.6 Linear Combinations of Bosonic Ladder Operators

A potential construction for an operator of the form al + a; is given in Fig. (a).

[

The operator should act as:

0) when w; =1
(a;r + ai) [wi) = § \es + 1 |w; + 1) + VWi |wi — 1) when 1 <w; < (3.21)
VQQ-1) when w; = Q.

The Hadamard gate on the index register creates the superposition % ( |0)+|1) ) |wi)
on the two bottom registers. Conditioned on the index qubit being in |0), an incre-
mentor is applied to |w;). After picking up the proper coefficient for |w; 4+ 1) and
|wi), the decrementor is applied to the w; register, conditioned on the index ancilla
being in the state |1) .

Combining this construction with that of bosonic products discussed pre-
viously gives Fig. (b), which block-encodes operators of the form (aI)R(ai)S +
(aj)s(ai)R. The extension to the general form: (a})Ri (a;)% (a})Ri (a;)% ... (a;)Rl (ar)%+
h.c. is given in Fig.

It is important to note that the constructions for linear combinations of
bosonic operators, unlike that of b;r+bz~, does not lead to a Hermitian block-encoding.
This will have an important impact in the next Subsection. For an operator acting on
B unique bosonic modes, these constructions require B + 1 block-encoding ancillae,
[logy 2] 4 1 clean ancillae, at most (122BW — 8B + 4) T—gates, B(§2 + 3) arbitrary

rotations, and has a rescaling factor of A = Q22 2 (BitSi),
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Figure 3.9: Generalized block-encoding for a product of bosonic ladder

operators plus its Hermitian Conjugate: U(aT)Ri (05)5..(aly)Bm (am)Sm +h.c.

3.1.2.7 Linear Combinations of Fermionic and Bosonic Operators

Here, we discuss how to block-encode operators which act nontrivially on (anti)fermionic
and bosonic operators. Consider the operator b;a; +bja§-. When the fermionic mode
is occupied (unoccupied), only b;a; (bza;) will act nontrivially. Therefore, the occu-
pation of the i*" fermionic mode can be used as a control of which bosonic operator
should be applied to the system. After the appropriate bosonic operator is applied,
the fermionic system is updated. This is shown in Fig. [3.10[a). Figs. [3.10(b) and
3.10(c) show block-encodings for operators which are relevant to interacting quan-

tum field theories.

3.1.3 Comparing LOBE to other approaches

In this Subsection, we numerically compute the quantum resource estimates needed
to block-encode various operators, and compare the resources to alternative ap-
proaches via mappings to Pauli operators. The quantum resources we are interested
in are the number of T-gates, non-Clifford rotation gates, block-encoding ancillae,
total number of ancillae, and the rescaling factor. While it’s true that non-Clifford
rotations can be decomposed down to Clifford gates and T-gates via various meth-
ods [Cam21], [Gid18], [Kit97], [DNOG], we do not choose a specific decomposition.
This allows one to choose their preferred decomposition to calculate the add to the

total number of T'—gates, since the decomposition can be algorithmic-dependent, or
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Figure 3.10: Block-Encoding Terms In (a), a block-encoding for the operator

bIaT + a;b; is given. In (b), a block-encoding for the operator b;-rb;ak + altbjbi is

J
given. In (c), a block-encoding for the operator bgb;akal + a;a};bjbi is given.

may even be improved in the future.

As a point of comparison, every operator studied will be mapped to Pauli
operators and block-encoded with LCU. The fermionic ladder operators are mapped
to Paulis via the Jordan-Wigner encoding, while the bosonic ladder operators are
mapped via the standard binary encoding. In an attempt to try to improve these
standard encodings, we look at two methods for constructing LCU encodings, which
we call “Pauli Expansion” and “Piecewise Pauli”.

The “Pauli Expansion” method is the ‘standard approach’ where one fully
expands the operator A into Pauli operators. The benefit of this is that there may
be cancellations between terms that weren’t possible in the ladder operator picture.
However, in the worst case the number of operators could scale exponentially with
the number of active modes in A. To mitigate this, we also compare with the “Piece-
wise Pauli” method, each individual ladder operator is block-encoded by expanding

it in the Pauli basis and then using LCU and the product of block-encodings in
Eq.
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Figure 3.11: Space-time Cost to Block-Encode O = byb;...bg_1 + h.c. The
number of T gates (left), block-encoding ancillae (middle), and maximum number
of qubits used (right) are shown as a function of the number of active modes (B).
Results for Pauli Expansion are shown as the orange triangles, results for Piecewise
Pauli are shown as the green squares, and results for LOBE are shown as the blue
circles. All block-encodings use zero non-Clifford rotations. When B = 1 both
Pauli Expansion and LOBE require zero T' gates. Pauli Expansion and LOBE have
rescaling factors of A = 1, while Piecewise Pauli has a rescaling factor of A = 2.

The first operators we benchmark against do not correspond to a partic-
ular physical theory, but are rather the ladder operators that are components to
more interesting theories. That is, we look at block-encodings for the operators
bob1...bp_1 + h.c., agay ...ap_1 + h.c., and ag. The results for these operators are

given in Figs. [3.11)[3.12] and [3.13] respectively.

Now that we can see that LOBE is outperforming Pauli encoding LCU ap-

proaches, we extend our analysis to look at how LOBE compares for physical theories

of interest.

3.1.3.1 Quartic Harmonic Oscillator

The quartic harmonic oscillator [BW69, (GG24, W612] is a modification of the stan-
dard quantum harmonic oscillator by adding a fourth-order coupling term. The

quartic harmonic oscillator Hamiltonian is

H= aTa+g(a+aT)4, (3.22)
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encoding ancillae (upper-middle), maximum number of qubits used (lower-middle),
and rescaling factor (lower-right) are shown as a function of the number of active
modes (B). The bosonic cutoff is fixed to 2 = 3. Results for Pauli Expansion are
shown as the orange triangles, results for Piecewise Pauli are shown as the green
squares, and results for LOBE are shown as the blue circles. The L2 norm of the
matrix representing the operator is shown as the dashed black crosses.
10
E &
g 102 3 %
(] E p <:E 5F
- . _ 2o s ‘
‘:LL 1 1 1 0 il 1 © 1 l‘
2 lel
.2 o .
2 10°F S &2 F
o F E o0
5 10 - £
£ s L Tir
Swr /@ x |& 2 S e K
c":) h_(® 1 1 L= 1 1 1 x 1 1 1
Z o0 10 20 30 0 10 20 30 0 10 20 30
Bosonic Cutoff (£2) Bosonic Cutoff (£2) Bosonic Cutoff (£2)

Figure 3.13: Space-time Cost to Block-Encode Bosonic Annihilation Oper-
ator The number of T' gates (upper-left), number of non-Clifford rotations (lower-
left), block-encoding ancillae (upper-middle), maximum number of qubits used
(lower-middle), and rescaling factor (lower-right) are shown as a function of the
bosonic occupation cutoff (€2). Results for the Pauli method are shown as the or-
ange triangles and results for LOBE are shown as the blue circles. The L2 norm of
the matrix representing the operator is shown as the dashed black crosses.
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Figure 3.14: Quartic Harmonic Oscillator The number of T gates (upper-
left), number of non-Clifford rotations (lower-left), block-encoding ancillae (upper-
middle), maximum number of qubits used (lower-middle), and rescaling factor
(lower-right) are shown as a function of the bosonic occupation cutoff (£2). The
parameter g is set to 1. Results for the Pauli Expansion method are shown as the
orange triangles and results for LOBE are shown as the blue circles. The L2 norm
of the Hamiltonian is shown as the dashed black crosses.

where ¢ is a dimensionless parameter. After expanding the product and normal
ordering all terms, this Hamiltonian can be written in a format that is ‘friendly’ to
LOBE (terms plus their Hermitian conjugate. Note that this isn’t necessary, but is
the more efficient way of block-encoding this operator):

H=(12g + 1a'a + 6gcﬁ2a2 + 6g <aT2 + a2)
(3.23)

+4g (aTga + aTag) +g (aT4 + a4) +3

Since there is only one bosonic mode in this model, we study the resources with in-
creasing (), shown in Fig. [3.14. For small values of €2, the Pauli Expansion method
outperforms LOBE, however, as () increases above (1 > 7, LOBE begins to outper-

form Pauli Expansion in every metric.

3.1.3.2 Static Yukawa

Another model of interest is a non-relativistic approximation to the Yukawa model,

colloquially called the static Yukawa model [GI21]. This model is the limit of the
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Figure 3.15: Static Massive Yukawa The number of T" gates (upper-left), number
of non-Clifford rotations (lower-left), block-encoding ancillae (upper-middle), max-
imum number of qubits used (lower-middle), and rescaling factor (lower-right) are
shown as a function of the bosonic occupation cutoff (2). The parameters C¢, Cb,
and g are set to 1. Results for the Pauli Expansion method are shown as the orange
triangles and results for LOBE are shown as the blue circles. The L2 norm of the
Hamiltonian is shown as the dashed black crosses.

massive Yukawa model with m; — oo (infinite fermion mass). In this limit, the
bosons that are emitted or absorbed by these fermions are approximately at rest.
This model is of interest because it has an exactly solvable RGPEP solution [G121].

The second-quantized Hamiltonian for the static Yukawa model is given by:
H = Cpb'b+ Cyala + gblh (a + aT) (3.24)

where Cy and () are constants and g represents the strength of the fermion-boson
interaction. There is one fermionic mode and one bosonic mode, so the indices on
each mode are omitted.

Again, since there is a single mode, we plot results with varying . The
results are given in Fig. Again, for most metrics, we see a crossover around

Q ~ 7 that the LOBE metrics beat out the Pauli Expansion.
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Figure 3.16: ¢* Theory The number of T gates (upper-left), number of non-Clifford
rotations (lower-left), block-encoding ancillae (upper-middle), maximum number of
qubits used (lower-middle), and rescaling factor (lower-right) are shown as a function
of the number of momentum modes. The bosonic cutoff is fixed to €2 = 3 and the
parameters g and my are set to 1. Results for the Pauli Expansion method are
shown as the orange triangles and results for LOBE are shown as the blue circles.
The L2 norm of the Hamiltonian is shown as the dashed black crosses.

3.1.3.3 ¢* theory

One of the simplest interacting quantum field theories is ¢* theory, which leads to

four-point interactions between bosonic fields. Its interacting Lagrangian is given

by
Loz 1o 4
Ly =(0"0)* = Sp*0 — g0, (3.25)
which can be mapped to a Hamiltonian with terms of the form aIaT, aja}akal +h.c.,

and a;ra;azal + h.c., with coefficients which are given explicitly in Ref. [VHJ22].

Since ¢* theory elicits ladder operators with multiple modes, we plot our
results as a funciton of the number of modes at fixed {2 = 3. This is because we
know LOBE under performs the Pauli Expansion method at lower 2. Fig.

shows the results for this theory. As the number of modes increases, even with fixed

low 2, LOBE out performs the Pauli expansion method in every metric.
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Figure 3.17: Massive Yukawa The number of T" gates (upper-left), number of non-
Clifford rotations (lower-left), block-encoding ancillae (upper-middle), maximum
number of qubits used (lower-middle), and rescaling factor (lower-right) are shown
as a function of the number of momentum modes. The bosonic cutoff is fixed to
1 = 3 and the parameters mys, myp, and g are set to 1. Results for the Pauli
Expansion method are shown as the orange triangles and results for LOBE are
shown as the blue circles.

3.1.3.4 Yukawa Theory

Lastly, we look at the bare Yukawa model, which is explored in thorough detail in

the following Chapter. The Lagrangian of Yukawa theory is

- 1 1 -
Ly = it (0 —my v+ 5(00)° = Su*6” — gl (3.26)
The explicit forms of the Hamiltonian are given in the following Chapter, so we do

not give it here.

In Fig. [3.17, we show results for LOBE vs. Pauli Expansion for varying
modes at fixed 2 = 3. Even at a small number of modes, LOBE is out performing
the Pauli Expansion in every metric. There are many cancellations that occur in

this model when mapping the Hamiltonian to Paulis, which leads to results that are

worse, but not by a large margin, in the Pauli Expansion method.
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3.1.4 LOBE Summary

LOBE is an efficient framework for constructing unitaries that block encode opera-
tors of the form of products of ladder operators acting on (anti)fermionic and bosonic
modes. Additionally, we have shown that we can also efficiently construct unitaries
where Oy is a sum of a term plus it’s Hermitian conjugate. After constructing a set
of U@l ’s for every O, in the sum that defines some overall operator A = Y, o0y,
one can use a standard LCU approach to block-encode the overall operator, A, if

subspace.

and only if each Up, shares the same encoded [0),,,,,.

As a block-encoding framework, LOBE clearly performs well, and in many
cases better, compared to a standard encoding of the operator of interest to Pauli
operators and using LCU. However, as we discussed in Chapter 1, a standard block-
encoding is not useful to run quantum phase estimation because there is no clear
map from the eigenvalues of Uy to the eigenvalues of A. In the next Section, we
show how we can extend LOBE to be self-inverse such that the walk operator can

be constructed.
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3.2 Self-Inverse Ladder Operator Block-Encoding

As discussed in Chapter 1, for the walk operator to be constructed from a block-
encoding, the block-encoding must be self-inverse, U% = 1. This condition is satis-

fied if the SELECT unitary is self-inverse.

Lemma 3.2.1 The select oracle is self-inverse if the unitaries that it indexes over

are self-inverse.

Proof

SEL? = (Y[ (I ® Ul>2
l
=Y o ) (| @ UUy
LU

=> I UeUf
I

=Y H{l®l=1. (3.27)
l

In this Section, we determine which (if any) of the LOBE Up,’s defined in the
previous Section satisfy Ugl = 1. If so, the walk operator can be constructed. If

not, we discuss a technique to modify the unitaries Upg, — f]ol such that U'(Q)l = 1.

3.2.1 Self-Inverse Fermionic Ladder Operator Block Encoding

The standard LOBE unitaries for block encodings of fermionic ladder operators are
not only unitary by definition, but also are inherently Hermitian. Therefore, the
unitary operators obtained from the LOBE construction for products of fermionic
creation and annihilation operators satisfy Ugl = 1. This implies that the unitaries
that block encode products of fermionic creation and annihilation operators plus

their Hermitian conjugates can automatically be used to construct the walk operator.

Theorem 3.2.2 The fermionic LOBE unitary

U,

bi-..bu+bly...b] (3.28)
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is self-inverse.

Proof We define three registers that the unitary U, + acts on: the ancilla

bwtbl b

register (|0),,,. ), which is a single qubit, the active system register, and the inactive

system register, the last two which combine to compose the entire system register.

The unitary U, 4ol pt can be broken up into two unitaries:
Ubi...bw+bL...bT = UsUc. (3.29)

k3

Ug is a multiqubit Pauli operator that applies +7 or £1 on each ‘inactive’ mode and
applies Y or +X (i.e. flips the occupancy and may add a phase) to each ‘active’

mode. Therefore, Ug acts only the active and inactive system registers. Explicitly,
Us ‘Z7 CL> = p(Z) ”57 _‘a> > (330)

where |i) is a state defined on the inactive register, |a) is a state defined on the
active register, and — is a negation of all active modes that make up |a). p(i) is a
phase factor that takes values +1,+1¢

Uc computes the occupancy of the active modes, and flips the ancillary qubit
according to whether the active modes are in a ‘good’ state or not (which will be
defined shortly). Therefore, Uc acts only on the ancilla and active registers.

Define the set M = {all possible modes}. The set .4 = {all active modes}
contains the indices of all active modes in the operator b;...b, + b:fv ... b;-r, while
Z = M\ A is the set of inactive modes.

The “good” states form a set G which contains states of the form
G = {+im 0 gim )=, (3.31)

where i" = ¢, —1, —i,1 depending on if n = 1,2, 3,4 respectively. This implies all
states of the form |0...0) and |1...1) with any phase factor coefficient +1, +i are

contained in G.
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Define the projector onto good states as:

Pg=14){d (3.32)

g'eg

and the projector onto the bad states is 1 — FPg. Then,
Uc = Po ® Lane. + (1 — Po) ® Xane., (3.33)

where 1gne. and Xy act only on the ancilla register |0) If Ug acts on a good

anc.”’
state, nothing happens to the block-encoding ancilla; however, for “bad” states
(|6) ¢ G), X, acts on the ancilla qubit and flips the state of the ancilla register from

10)ane. = 1)

anc. anc.”

In contrast, Ug is the unitary which updates the system register by flip-
ping the active modes, computing the parity of the preceding modes, and applies
a controlled-(—Z) gate depending on the sign between b; ... b, and b} .. .b}, which

can be computed classically. This all happens only on the system register, i.e.
Us = —Zaca H Zica Xat, (3'34)
a'eA

where —Z,c 4 is the controlled-(—Z) gate on one of (it doesn’t matter which) the
active modes.

The unitary U, i is self-inverse if

b+

1. {Uc, Us} =0

2. U =U2=1.

To show (1.), compute

[UC, Ug] - [Pg, Us ® LL} + [1 Py Us® Xa]

- {P@ Us} ® (Ila - Xa). (3.35)
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Now, if [Pg,Us] = 0, then (1.) is satisfied.
By Eqns. and Uslg) = |¢') and Ug |b) = |b'), where |g) € G and
) ¢ G. By cq. B3 Pslg) = |g) and Py |b) = 0.

Therefore,

[Pg’ Us} lg) = (PgUs - Ung) )
= PgUs |g) — UsFg |g)

= Pglg') — Us|g)

=0. (3.36)
and

[Pg, Us] b) = (PgUs - Ung) |b)
= PgUs |b) — UsFPg |b)
— By |¥)— 0

—0. (3.37)

Therefore, on any arbitrary input state:

)= lg)+>_1b),

9eg b¢g

by linearity, [Pg, Ug] |n) = 0 and hence
|Pg,Us| =0, (3.38)

so (1.) is satisfied.
Now, based on Eq. since Ug is only a Pauli string and Pauli strings

square to the identity, it is trivial that U g = 1.
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The square of Ug can be computed as

Ug« :ng ® Lane, + (1 — PC)2 ® Xgnc.

+ Po(1 = Po) ® Xane. + (1 — Po)Po @ Xane.- (3.39)

Since Po and 1 — Po are defined to be projectors, they are idempotent (Pg = Po,
(1 — Pc)? = 1 — Pg), orthogonal (Po(1 — Pg) = (1 — Pg)Pe = 0), and complete
(Pc + (1 — Po) = 1). Therefore,

Ug’ — ]lsystem. ® 11anc.- (340)

Together, now condition (2.) is satisfied. Therefore,

Unustlyf = UcUsUcUs
= UcUcUsUs
=1. (3.41)

3.2.2 Self-Inverse Bosonic Ladder Operator Block Encoding

Unfortunately, the LOBE unitaries constructed in the previous Section for bosonic
ladder operators are not self-inverse. Luckily, in the original work on qubitiza-
tion [LC19b], their Lemma 10 proves that V SELECT oracles that satisfy the first
qubitization condition, 3 S requiring one more qubit and controlled calls to SELECT
and SELECT, such that S is self-inverse. Therefore, if one aims to construct the
walk operator out of the PREPARE and SELECT unitaries, but SELECT is not
self-inverse, the circuit in Fig. [3.18| can be implemented.

Since the LOBE SELECT unitary is not self-inverse (because of the LOBE
bosonoic unitaries), it appears as if our only option is to use the circuit in Fig. |3.18}

however, there is another option. We know that SELECT is automatically self-
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Figure 3.18: A construction for the walk operator built out of SELECT and
PREPARE oracles in the case that SELECT is not self-inverse. This is based on
Lemma 10 in Ref. [LC19a].

________________

Figure 3.19: Constructing a self-inverse unitary from controlled calls to non
self-inverse unitaries. U has the property that (U)? = 1.

inverse if the unitaries it indexes over are all self-inverse, therefore, rather than
actually constructing the circuit in Fig. we can use this idea and generalize it

to arbitrary unitaries.

Theorem 3.2.3 Given arbitrary unitary U such that U? # 1, 3U such that (U)? =

1. The unitary U can be constructed with a single call to U and a single call to UT

(see Fig.[3.19).

Proof

0= (10) (1@ 1+ 1) (0] @1)(]0) (0] @ 1+ 1) (1] @ UT) (10) (0] @ U + [1) (1] @ 1)

(muu®1+uﬂm®1Xmmm®U+umu®Uﬂ

=|1)(0|®@U +|0) (1| UT. (3.42)
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then

(0)2 - (\1) 0l U +0) (1| ® UT)2

=10) (0| @UTU +11) (1| @ UUT

=1 (3.43)

Now, we need to modify the unitaries in LOBE with this trick, but this is

more effecient than the controlled-SELECT, controlled-SELECT! method because

there are gate identities that we can use to cancel gates between U and UT. Before

we show the new constructions for U for bosonic ladder operators, we will prove some

circuit identities that will help simplify the controlled-U, controlled-U structure in

U.

Lemma 3.2.4 Conjugating a R,(0) gate with X is a R,(—0) gate.

Proof

Lemma 3.2.5

0 1\ [cos(6/2) —sin(6/2)) [0 1
1 0/ \sin(6/2) cos(6/2) ] \1 0
cos(6/2)  sin(6/2)

—sin(6/2) cos(6/2)

cos(—0/2) —sin(—0/2)

sin(—0/2)  cos(—0/2)

R, (—0) (3.44)

Rl (0) = R,(—9) (3.45)
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Proof

cos(0/2)  sin(0/2)
—sin(0/2) cos(0/2)

— Ry( (3.46)

Lemma 3.2.6 T =
— Ry (0) | By(—0) —

D
A\
<
—~
>
S~—
D
A\

Proof The circuit on the right hand side is

(1o) 0l @1+ 1) (1] @ X) (1 By (@) (10} (0] © 1 +[1) (1] X)
= (10) (0] ® Ry (0) + [1) (1] © X R, (0) X )

= (10) (0] ® Ry (0) + 1) (1] © Ry(~0)) (3.47)

This is the form of the circuit on the left hand side [ |

Using Thm and Lemma [3.2.6] an example new LOBE unitary for the
operator a + al can be constructed, that is Upiat — U atats shown in Fig. 3.20
This structure can be extended to arbitrary bosonic operators of the form term plus
hermitian conjugate, shown in Fig.

In some sense, we could have initially stumbled upon these unitaries, rather
than the ones we describe in the LOBE framework earlier since they satisfy qubiti-
zation condition 1 which states that they satisfy a block-encoding. However, these
unitaries are slightly more expensive, but at the cost of obtaining a self-inverse

operator.

3.2.3 Self-Inverse Interaction Ladder Operator Block Encoding

The results from the previous Subsection can be extended to operators that act non-

trivially on (anti)fermionic and bosonic modes, the so-called “interaction operators”.
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0); — —
[0), — - — = T i - =
Ua+aT ¥
rot) — — A Vatat YUyt |
|w) —A— — 4] i I
(x|
—{ v Hp—o & u
& Ry(0.) D

/—|+1|—|1nw|—|—1|—

Figure 3.20: Example Self-Inverse Bosonic LOBE Unitary. The standard
LOBE unitary, U, .+ is transformed with Thm and circuit identities. The

a
ancilla qubit |0), needed in addition to the ancilla for the non self-inverse U, 4t

gate is to make U self-inverse.

0) ¢
o, ~F
H0), D s>
10),, —D Ry(0u;, Ri, Si) D
— | By(0u RS | ®
|ws) ﬁL| +R; — S; I I Ing, I [_R, + 5
Y [¥r —s. I Ing, .. I [-r_ +s |—
Figure 3.21: A generalized self-inverse bosonic LOBE unitary for O =

Hi(aj)Ri (a;)% + h.c.. The top three registers all contain a single qubit each and
correspond respectively to the control qubit, the ‘qubitization qubit’ needed to make
the unitary self-inverse, the ‘index’ qubit which is the same in the non self-inverse
block encoding. Then we have a register of the ‘rotation’ qubits, one for each active

mode, followed by the system register.
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e -
0y, — - - - —D Ry (6.) Fan)
T UbaT-H)Ta N\ y\Yw N\
In) — — o S

W [
|w) # — 7L|+1|—|Inw|—|—1|7

Figure 3.22: Example Self-Inverse Interaction Walk Operator. A circuit
construction to generate the qubitized walk operator for O = ba' + bfa, is given.

—

Pl0), —] —  Pl0)a — — P!
Wg| = S =310l Uo,
|1h)s — — 1) —

Figure 3.23: The LOBE Walk Operator

An example of a self-inverse block-encoding for an interaction operator of the form
bia} + bzaj is shown in Fig. which can be generalized to arbitrary operators

that act on fermionic and bosonic modes.

3.2.4 Self-Inverse LOBE Summary

While the standard LOBE unitaries, defined in the previous Section lead to an
efficient block-encoding framework, their drawback is in their inability to satisfy
ng = 1 in general. In this Section, we have shown that at the cost of a single
additional ancilla qubit, as well as a few Clifford gates, the LOBE unitaries can be
extended to a new set, {Uol} — {UOZ} block encode the intended operator and
are self-inverse. From here, a new SELECT unitary can be compiled, and the walk
operator can be constructed, shown in Fig. Overall, the structure of the LOBE

framework gives access to both

SI-LOBE LOBE

Wy H

Uy. (3.48)
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3.3 Chapter 3 Summary

In this Chapter, we described Ladder Operator Block-Encoding, an efficient frame-
work for constructing block-encodings of ladder operators acting on (anti)fermionic
and bosonic modes. We show various examples of how to compile circuits for these
operators, as well as compare our results to standard methods, namely mapping
the operators to Paulis. For every example, LOBE out performs the Pauli mapping
asymptotically, leading to an advantage for this formalism for problems with this
operator structure.

We then extended the LOBE to the Self-Inverse Ladder Operator Block-
Encoding (SI-LOBE) framework. SI-LOBE is necessary in the construction of the
walk operator. Now, given an operator written as a sum of ladder operators, which
is common in both quantum chemistry and quantum field theory, SI-LOBE can

efficiently construct a circuit that can be used in quantum phase estimation.
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Chapter 4

Quantum Simulation of the
Renormalized Yukawa

Hamiltonian

In this chapter, the question “Is the cost associated with simulating the effective
Hamiltonian, which gives finite results, prohibitively more expensive than that for
the bare Hamiltonian?” is addressed for the Yukawa model. To obtain the cost
of each Hamiltonian, the continuous version is discretized with discretized lightcone
quantization. Mass spectra and structure functions are calculated classically for low-
lying two-fermion bound states to verify the renormalization procedure. Finally, the
cost associated with a single Ladder Operator Block Encoding is calculated. In this
chapter, the Renormalization Group Procedure for Effective Particles (RGPEP) is
described in more detail. In Section the bare Yukawa Hamiltonian is given. In
Section order-by-order solutions to the RGPEP equation for Yukawa theory are
computed, up to second order in the coupling constant. In Section [4.3] the prescrip-
tion for choosing proper counterterms is described, which when done properly will
remove singularities and yield finite mass spectra. Lastly, Section gives results
and addresses the question posed above.

This Chapter contains work published in Physical Review D [SGL25]IGSS™26].
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4.1 The Bare Yukawa Hamiltonian

In this Chapter, we study quantum simullation of 1+1D Yukawa theory in light-front
coordinates. While not a gauge theory, or with the full 34+1D spacetime metric, this
Chapter still serves as a useful model for understanding RGPEP in an interacting
theory with fermions and bosons, and providing some preliminary costs for quantum
simulation.

Yukawa theory, proposed in 1935 by Hideki Yukawa [Yuk55], is used as a
simple relativistic model for nuclear physics [Mac22]. While not a fundamental
theory, the Yukawa model was a historical precursor to QCD. Both Yukawa theory
and QCD require strong numerical tools to compute observables, and so Yukawa
theory is a useful testbed for new techniques before tackling the many issues arising
in gauge theories such as QCD.

The Yukawa Lagrangian is given by

1 1 -
Lxuawa = 6 (170 = mo) v + 50,00"6 — i” — g, (4.1)

where mg is the fermion mass parameter, ug is the boson mass parameter, and g is
the coupling strength between the fields. ¢ is a bosonic field mediating interactions
between 1, the fermionic field.

In 1+ 1D momentum space, the bare Yukawa Hamiltonian [SGL25| is:

H = Ho + Hyyg + Hygpy: (4.2)
h
where mg dq+ B 7+ M% dq*
=" [ @@+ [ oo @y
dqi dq3 dgf -
Howo =0 | “LGETE amd(al +af +a) H-av(@loa) (@4
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and

+ oot /2
(@ +a5 +a3 +a7) : ¥(—q1)P(g2) 75 d(q3)¥(qa) : -
g3 + a4
(4.5)

dcﬁ'qu’qu’dqJr
_ _ 2 1 @4y g3 aqy
Hyggy = / (47)4 Amo

The bare Hamiltonian terms can be represented with interaction diagrams:

Hyyy: (4.6)
R
-
Hyppy A k (4.7)

In 1+ 1D, the momentum-space fields are

U —q¢T)v(—q)di(—
¥(g) = 0(q") (Q)b(Q)+|9q(+|q+) (=g)d'(=q) (4.8)

and

0(g*)alq) +0(=g")a’(~q)

o(q) = P

(4.9)

Note that in 1+ 1.D Yukawa theory, the creation and annihilation operators do not
carry a discrete index. This is because there are no color, flavor, or helicity degrees

of freedom.
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4.2 The Effective Yukawa Hamiltonian

To compute the effective Hamiltonian of Yukawa theory, the set of differential equa-
tions, Eqns. [2.109] must be solved order by order. We begin with a recap of previ-
ously established notation, as well as some new useful notation. The dirac delta is

condensed such that
8(gi + -+ q5) = 27(q; + -+ ) 2m)?6N( G + -+ @), (4.10)

while integrals are compacted by

/ :/q/q (4.11)

where

INNNN - (412

We define an ‘energy function’ that takes in n four-momentum vectors and returns

a sum of their light-front energy, i.e.

This is useful notation because ¢; +¢; # (gi+q;)~, even though qj—i—q;-r = (gi+q;)"
and qf + qu = (¢ + qj)L. Lastly, we define an ‘energy operator’ whose action on

individual fields is defined as

9 ¢(q) = ¢ ¢(q), (4.14)
9 ¥(q) = ¢ ¥(q), (4.15)
9 ¥(—q) = ¢ ¥(—q), (4.16)
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and on normal ordered products of fields as

A

O (: ola)ela) ) = (4 +az) : dlar)d(a) : (4.17)

As an illustrative example, we compute the action of this operator on an

interacting term in the Hamiltonian

Q" Hyys =9 / Sar+ 2+ 45)Q (D) (a2)(as) )

q1,92,43

=g / S+ a2+ a3)(ar + a5 +a3): V(—q)(q2)d(gs) : . (4.18)

q1,92,93

In some sense, we can treat the terms in the Hamiltonian as functionals such that

Hyyo = H[: ¥(—q1)1(g2)$(g3) ], then

Q Hyyy = Q H: ¥(—q1)tb(q2)d(gs) | = Hl(qr + a5 +a5) : ¥(—q1)1b(q2)b(gs) 1]
(4.19)

We start by proving a useful theorem which will streamline calculations.

Theorem 4.2.1 Given a diagram D that represents an interaction term in the
Hamiltonian, Hip, with V = {vertices € D}, the commutator between the free
Hamiltonian, Hy, and H;yn:. is the interaction term, modified by the negative sum of

q; going into the vertex/vertices, i.e.

[H()a Hlnt} = - Z Q;Hint.a (420)
veEY

Proof An arbitrary interaction term can be written as

Hi. = " / C(1)T,
{7}

where,
T=T2T0 = (b, - bl bjy by, ) (df, iy i) (0l -l ),
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(Y = {I}u{I}U{JYU{J}U{K}U{K}, C(Z) is a coefficient dependent on the

interaction, and the paranthesis separate out Z;, Zy and Z,. The labels specify a set

of quantum numbers, e.g. i1 = {q;", ¢i", M1, c1, f1}-

The free part of the Hamiltonian can be written as

12

2
m
Hy = /q q—f(bgbq + dfd,) + q—ﬂa;aq.

Now, it reduces to compute

[b1bg + didy + afag,

bl b by byl L d] dy o dyal, L ah an, o any

[b3bg, bl Bl by by, |l dl iy i, e an gt
bl bl by by, |didg df o dy g Jal, o ah an o an
blbjy by, dl, o odl iy diy adag,al, al ]

First, look at

[b1bg, b, bl bjy by, | = [b1bg, b, 0] |bji by, — LB [Blbg, b by,

which reduces to calculating [bflbq, b; e bu and [bgbq, bj, ...bj J} . To simplify these,

write out the commutators explicitly and then normal order the output:
[b3bgs bl b, | = blbgd, bl = bl ...b] i,

Only the first time on the right hand side needs to be explicitlyl normal ordered,

since the second term already is. Normal ordering b};bqul e bl-LI entails making swaps
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between b, and the creation operator on its right via {b;, b;r} =4m6(q; — qj):

bibbl, - bl = b (4md(qt — ¢) — bl b )L, .. b},

= 4m8(qt — g )bibl, .. b] — bbbl .. b))

q 2 q

= 4md(qt — g )blpl, .. b+ b] bbgbl ... b]

g2 114 17’

where {bj, b;} = 0 lets b:; swap with bl-Ll while picking up a minus sign. The first
term in this expression is normal ordered, but the second one needs to swap b, with
bL. Doing this will produce a term with a delta and a term with these two swapped,

which now causes the need for b, to be swapped with b;,. Continuing this pattern,

one gets:

t P
bibgbl ... bl =
+ + T T + +\pT T + +ypt
Awd (gt — g )blbl bl +4ms(qT — g )bl bl b+ Ama(gt — gt )bl L b

g2

+ b bl ... bbb,

11712 " 11 q

From this, it is clear that

bibg, b, bl | = amd(qt — gbIbL, .. B, + 4mi(gT — g )bl bf . ]+

q-i2 119" g

c o 4md (gt — )bl Lo
Next, compute

[b1bg: b - bjs | = Blbabsy - -bj, — by, - b, bl

q°9"

Here, the second term needs to be normal ordered while the first term already is.

q

bjv - bjsbiby = bjy - (47(q* — gf) — blbs, )by

=478(q" — g )bjy ... bg + bj, ... blbgb;
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where {b;,b;} = 0 was invoked. Continuing to move bg to the left on the terms

without the deltas gives:

bj, .. bj,bhbg = 4wd(qt — ¢ )by, .. by + -+ 4AmS(qT — gl )by b+

37>

bibgbj, ... b
which leads to the commutator:
blb: by, -+ by, | = 4md(q* = @) Dby, - by + -+ AmS(qt — g} )by by,
Now, these two results can be combined:

[b3bgsbl, b by, by, | =
Amd(q" + gh)bl . 6] bjy by, e+ Ama (gt g )b L blby, by, -

amd(qt — qf oL bl by by — - —dmd(gt — )bl L b by b

<Y Y 30

where due to the momentum prescription, all qf corresponding to creation operators
satisfies qi+ < 0. Because of this, an index of the form bg should be replaced by
+ . . . .

bl,, which leads the deltas above corresponding to b:f] to acquire the plus sign.

Antifermionic operators will lead to the analogous form:

\dbdy.dl, .. dy, .y | =
amd(qt + g )dh . dl dy, o odyy o+ AmS(qT + gl )d), - dhdy . dy -

amd(qt —qf)d .. df, dj, .. dg— - —And(qT —g)d), ...} dy...dy, .

Even though bosonic operators obey different commutation relations, the form of the

-i- T -i- . . .
commutator [aqaq, Ay ++ - Ay Ay - Apy | 18 Of the same form to the two fermionic
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commutators above because [a;, a;] =47 (g — q;r) and [a;,a;] = [a},a}] =0:

[agaq,ajnl e aInManl e anN} =

476 (qt + q;l)a; sl Ay Gy o AT (g + an]\/[)a‘L ...a:;anl Oy —

myr mi
476(qt — q;N)aInl e a;anam coiag— o —4ms(gT — qnl)ain1 ...aInMaq Clpy

With these commutators worked out:

|Ho, Hipt.| = l/qzlﬁ(bgbﬁd;dq) - (/;QaTaq,g C(Z) ]

{7}

> !
— " M0 [t My t
=g /{I} C(I)</q = [bqbanb]IdIa +/q s Iy {dqdqazd}za‘i‘
>
Ho T
| 52 oo, 7. ) ,

where [b;bq, Ib] , [dgdq, Id] , [aflaq, Ia} can be substituted by the results above. When
these substitutions are made, the integrals over dg* can be done trivially because of
the deltas functions. In doing these integrals, both the ¢+ in the denominator will

change, and the subscript ¢ in the operators will change, e.g.:

2 2
Mo [y — t fp. , Mo gt top .
/qq[bqbq,zb] - b_q” bbby ek bl bbby
11
2 2
Mot t Mo,y f
?bil...bilbjl Cbgy, == =00 bl by, by,
3 91
= — b g g g )BT b b b
qu qu qu 5, —Qiy " U—=qip 1 Vg
Similarly,
2
Zola - — - i i
/qq —(% +o g, g qlL)dqu . dﬂ]deql1 . "dQlL
2
uo - - - -
/qq a aq’ — _(qm1 + e+ qu —+ q7L1 + e+ qu)aT_qnl e aT_quCLqml e aqu.
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Combining these:

2 2
My o n
[Ho, Hznt:| = ll 7q+ (b;bq + d:;dq> + qjagaq,g {I} C(I)I

= — n/{J}c(Z)(qi—l+...+qi—I+qj:+...+q;]+qlc—l+...+qlc—K

+qfl+~--+qu+q,;l+---+q;W+q;1+-~-+q;N)I.

Each vertex v € V corresponds to a set of creation and annihilation operators rep-
resenting ¢~ flowing into the vertex. The sum of all ¢~ can be written as > ¢y, Qu,

based on the definition of Q,. Then,

[Ho, Hmt.} =—g" /{I} <Z 9, (¢ € U)) C(I)z

veY

= - Z Q;Hznt

veY

4.2.1 0O(¢°) Solution

The RGPEP equation at (’)(go) is the simplest differential equation to solve in the

perturbative expansion [2.109a]
dHO(S)
ds

= 0. (4.21)

This differential equation is trivial, with the solution

Ho(s) = Ho. (4.22)

This says that the free terms in the Hamiltonian are the same in the bare and

effective Hamiltonians, i.e. they are not affected by the similarity transformation.
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4.2.2 O(g) Solution

The RGPEP equation at O(g) is:

dHW (s)
= ) (0
= [Ho, HO(s)], Ho . (4.23)
Note that the O(g°) solution was substituted into Eq.

To solve equation m first define the generator at O (g) as
G (s) = [Ho, HV(5)]. (4.24)

In order to solve Eq. an ansatz for H(s) must be chosen. The ansatz chosen
assumes the same form as the standard bare Hg,  vertex, modified by an arbitrary

function of the momentum at the vertex, as well as the RGPEP scaling parameter:

HO(s,5,) =g | 4xdaf +af +af)f(s:{a})r(sri{a}) : O(—aq)(@2)o(as) : -
12,3
(4.25)
The explicit form of the function f (s; {q}) will be determined by solving equation

The regulating function is chosen with a very particular form:
_ _ —\2
T(sr; Q (a1, 2, qg)) — oot ) (4.26)

The functional form chosen for the regulating function should be obvious shortly.
The generator, G (s), given by Eq. can be calculated:
my [dg” ot

2
D@L+ [ (g0t -

g(l)(&sr) _ [ 5 =

g [ ams(at +af +a)f (s (a))r (s (a)) s O(-a)(a)o(as)
1,2,3

(4.27)
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By Thm [£:2.7] the commutator in equation [£.27] is

G (s,5) =g [ amd(af +af +aDf (s 1a})r (505 {a)) @+ D) la2)olan) s

1,2,3

(4.28)

This shows that the generator at O(g) is the same as H((s, s,.), but with a factor
of Q(q1,q2,q3) (sum of ¢~ into the H( (s, s,) interaction vertices) multiplied in

front. To clean up notation, we write the generator as

N

GW(s,s,) = -0 HW(s,s,), (4.29)

where the operator O~ acting on an interaction term multiplies the interaction by

the sum of ¢~ into the vertex, that is

O HW(s,5) =g [ 4m3(Q")f (s: a})r(srs a})

1,2,3
x (g + a5 +a3)  v(—aq1)Y(q2)p(gs) :

=9 / ard(af +af +ai)f(si{a})r(sn: {a})
12,3

x Q7 (q1, g2, 43) : V(—q1)¥(q2)b(gs) : (4.30)

Now one can work out the outer commutator on the right hand side of equa-

tion with the new definition of the generator from equation

“HO,H(U(S,ST)},HO] = [Q(l)(s,sr),Ho}

=— (Q*)z HW (s, 5,). (4.31)

While not immediately obvious that the last line of the above equation is true, if one

writes Q*H(l)(s, sr) = H[(qy +q5 +q3) : v(—q1)¥(q2)d(g3) 3], then the commutator
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{Ho, Q*H(l)(s, sr)] is essentially the same as the commutator [H(),H(l)(s, sT)] in
Eq. with an additional factor of ¢; + g3 + g5 under the integral. Computing
again Eq. with this factor will give the same result, but rather with a factor
of —(qi + q5 + g3 )?, which implies that it can be obtained by two actions of the
operator @~ (with an added minus sign).

This leads to the differential equation

dHM (s, s,)

2t Q) W (s, 5) (4.32)

Since only f(s,{q}) depends on s in H(!) (s, s,.), the differential equation reduces
to
df (s, {q})

= (@ e w) £l ), (4.33)

with the initial condition f (0, {q}) must give the coefficient for this interaction in
the bare Hamiltonian.

The solution to this equation is

— _ _\2
F(s5Q07) = e 5@ = o0 +az +a3) , (4.34)
which is referred to in literature as the form factor. Eqtufts. should now
elucidate why the particular form of the regulator in equation was chosen. To
be explicit, the form factor and the regulating function can now be combined into

one expression:

F(3;,Q7)r(s, Q) = e~ (SHon)lar +az +3)° (4.35)

The full solution to equation is now shown to be given as

HY(s,s,) =g / Ao (g + qf + i) e TG (g )h(g)p(gs) : -
1,2,3

(4.36)
Equation m shows that the form factor (and the regulator) exponentially dampen
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the first order interaction vertex. This is the first order effective vertex of Yukawa

theory.

4.2.3 O(g*) Solution

At O(g?), the RGPEP equation is

dH® (s, s,)

dS — [[H07H(2)(575T)],H0 + [HOaH(l)(SaST)}7H(1)(575T)]-
(4.37)
We again assert some parameterized form of H®)(s, s,):
H®(s,s,)=H? (s,5)+ H(s,s,). (4.38)

Yoy

The term H@Mw(s, sy) is a parameterized form of the second order term already

present in the bare Hamiltonian such that

Hp(5:50) = / and(qf +af +af + )P (s {a})r(s,, Q)
q1,92,43,94
_ +/9
X w(_Q1)¢(QZ)Ii/+¢(q3)’¢J((]4) : (4.39)

g3 +4q4

where Fy is an arbitrary function that will be determined by solving the O(g?)
RGPEP equation. The regulating function in Hz% s w(s,sr) is given explicitly as
r(sy, Q) = e5r(ar +a; +a5 +4;)°,

Shortly, it will be shown that the second commutator in Eq. [£.37]leads to new
second order terms that aren’t present in the bare Hamiltonian. To account for these,
H.(s, s,) is added in equation These are called the contracted terms. The first
nested commutator obtains contributions from both Hg; s d)(S’ST) and Hc@)(s,sr),

while the second nested commutator will motivate the form of Hg)(s, Sr).
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The second term on the right hand side of equation [£.37] can be written as

A

[g(l)(s,sT),H(l)(s,sT)} = (f Q_H(l)(s,sr))H(l)(s, Sr)
(s,sr)>

— HW(s, Sr)( —O—HWD
HY(s,5,) ) HV (5,5,)]
1

o[-

—:C[HW(s,5,) (= O~ HW(s,5,))] :;  (4.40)

where : C[AB] : denotes all possible normal ordered contractions between A and B.

The final equality comes from the fact
[A,B]=:AB: + :C[AB]: —:BA:—:C[BA]: (4.41)

for A and B as products of creation and annihilation operators. Furthermore, it is
true for all physical problems of interest because : AB :=: BA :, due to an equal
number of fermions and antifermions, which leaves only the difference in contrac-
tions.

This difference in contractions can be simplified (where we briefly switch to
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the compact notation O = ¢ +q¢5 + ¢ and Q= = Q (q1,92,93)):

:C(9W (s, 50 H W (5,5,)) : =+ C(HV(s,5,)9 (s, 5,) ) :=

g c( / Ar(QM) f(5;97)r (513 Q7) (—Q7) (—q1)v(g2)9(g3)

1,2,3

x / 47r6(Q+)f(s;Q’_)r(sr;Q")@(—%W(q’zw(qé)):

1,23

—g: C< / Ar(Q1) f(s;Q7)r(sr: Q)Y (—q1)(q2)B(gs)
1,2,3

[ am8(Q) (5@ (s @) (-7 w<—q’1>¢<q§>¢<qg>) :

17,23/
——g® [ 4md(Q@")amd(@) (5 Q) (55 Q (s @ Ir(sri @) (@7 - Q)
x 1 O (P(—a)v(a2)d(as) b (—a ) (ah)é(d5) ) (4.42)

Equation now motivates the form of Hc(g)(s, sr), i.e. we need to include the
contracted terms that arise from equationinto H®)(s,s,). To define q? (s,sr),
we extract the operators and deltas from equation only and parameterize by
some arbitrary function in s: Fy(s;{q}), where the subscript 2 differentiates it from

the function Fj in 255,

¢¢¢¢(S’ ). From this:

HO (s,5,) =g [ andlal +af +aandlas +a + )

1,2,3
1/’2/73/

X Fy (8; {q})r(sr, 9 (q1, 92, q3))r(sm Q (q1, g2, Q3'))
X C (D) (a2)9(a8)D(—a) ) (h)(ah)) . (4.43)
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The relevant non-zero field contractions are

o(01)6(a2) = ﬁ;qj) sms(af +a7)
1
- O(—qgt
Yi(q)j(qe) = —((131)4#5(@ —q3) (yud + m);,
1
2 (gt
i)y (ae) = "L amo(a — o) O ). (4.44)
1

all of which will be needed when simplifying equation It is now left to compute
the difference in contractions in equation [4.40)
After grouping terms, there Eq. has now reduced to two differential
equations:
dH®  (s,s,)
gy 7 = |:H07H(’2) (8787“)}71{0 )

ds Yo ( )
4.45

(2)
w = “HO, éQ)(s,sr)],HO] + {g(l)(s,sr),H(l)(s,sr)}.

We will start by solving the first equation in

In the same way that [HO, HW(s, ST)} = —0 HW(s,s,) was determined in

Section [4.2.2| one can show that {Ho, j24S) (s, s,n)} = -0 HY

Db w¢>¢>w(8’57”)' The first

equation in equation reduces to

dFy A_\2
W = - (Q ) F17 (446)
with solution
_ _ _ ~\2
Fi(s;Q7) = 6—3(‘11 +ay taz T4y ) , (4.47)

: 2 .
and revealing the form of HJJW?P(S’ Sp):

2 _ 2 (s48)(dm - - g )?
Hgou(5:57) =9 / Ad(qi + g5 + g5 + qf Je (o) s oy
1,2,3,4

< =) lan) L

Jr
a5 +qf

P(q3)(qa) - - (4.48)
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To solve the second equation in equation [£.45] one needs to calculate all

possible non-zero contractions,

:C(D(-a)v(a)dlas)b(—ah)(ah)o(a5)) = =
{ \ [ \

(—q1) Y (g2)d(g3) Y (— 1) (gh)d(a3) = + = w(—aq1)¥(q2)#(g3) b (—q1)¥(g2)B(g3) -

[

1 | w ]

+ 1 P(—q1)(q2)3(a3) (=) (ga) d(a5)  + = D(—aqu)p(g2)d(as)b(—a )Y (gp) p(as) :
1 | | | ! |

+ 1 P(—q1)¥(q2) B(g3) b (=) ¥ (gh)(q3) : + : Y(—q1)(q2)d(as) v (—q1) v (gh) p(dh) -,
(4.49)

and then calculate the commutator of this sum with Hy.

Corollary 4.2.2
{H07Hc(2)(37sr)} = —(Q* o )HC(Z)(S,ST> (4.50)

Proof See Thm. [£.2.]

HC(Q)(S, sy) comes from the contractions of two first order diagrams, each of
which have their own distinct @7, the sum of ¢~ going into a first order vertex.
Since there are two first order vertices, one is labeled with a prime and one without.

From this, it is straightforward to obtain
2 A A=\ 2 2
[Ho, HO) (s,5.)|, Ho| = —(Q7 + Q7 ) HP (s5,5,). (4.51)

Now the second equation in equation [4.45| can be reduced to an equation for Fb

(where we again briefly use compact notation Q= = Q (q1,¢2,93,q4) and Q'™ =

Q_ (qlla q2, 43, Q4/):

% -—(2+ Q/_)QF2 — (@ - @) )f(s: Q7). (4.52)
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This gives the solutiorﬂ

1,1 1
_(7

Q- Q-

)(ﬂ&Q‘UﬁxQ)ﬂ&Q‘+QX)>. (4.53)
This gives the full form of the contracted second order terms:

HP(s,s,) = g / Ard(qf + a3 + ¢ )And(q + af + a)

12,3
1,23

7( 1 _ 1 )
2\ 0 (q1,92,93) Q' (q17,q2,q3)

1
(f(ss 9 (q1,92,43)) f(5; Q" (qu7, g, q3)

X
X
~ f(5:Q7 (a1, 02,03+ @ (a1, 02, 3))

X r(ST’a Qi (q17 q2, Q3)T(S7‘7 Q/_(q1’7 qa, q3’)

% Co(—a1)(a2)d(g) b (—a)(g)d(ds)] + . (4.54)

There are six nonzero contractions in equation £.54}

1 [ — 1 ol

VoG, Yipihd, PYdune, Y, ibdpe, and Yihdyrpe.

The single contractions lead to exchange diagrams, the so-called fermion exchange
V\ }q:g/

HP (s,5,) s U\, (4.55)

term:

LA differential equation of the form

W~ —p(0)y(t) + a0

has the general solution

y(t) = e "W /dteh(t)q(t) +Ce MY,

where

ht) = / dtp()

123



and the gluon exchange term

/ q \
Hf(f)(s, Sp) - « “ (4.56)

while the double contractions lead to loop diagrams:

2) .
H(;/J,2 .
q1
q q
g (4.57)
2)
H6m2 .
q2
g T4
‘ ‘ 1 ‘
a (4.58)

|

—
By using the fact that : ABCD : = AD : BC :, both exchange terms can be

simplified and are given as:

2
HP (s, 8,) = / Amé(qf + a3 + a3)Am6(a) + a3 + )

1,2,3
1,2.3/

R(s, 505 Qa1 02,05), Q' (a1, 02, 43))
+
72

x 2 D(=a1)@(as) (s +mo) blaz b(a) - (4.5)

x 476 (qy + q{?)
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and

2
B (s,5) = [ amolal +af +a)mdla + a5 +a)

1,2,3
17,23

0(aR (s, 50 Qa1, 42, a3), Qv a2, g3))

a3

x Amd(qy + q3r)

Xt P(=q)Y(q2)(—qi)Y(q) : - (4.60)

The function R(s, s,;a,b) is an extension of F5 and is given explicitly as:

R(s, Sr; @, b) = ;(1 - ll)> (f(S; a) : f(S, ) b) - f(S; a+ b))r(sr; CL)T(ST; b) (4'61)

a

4.3 Renormalization and Counterterms

Counterterms are additional terms added to the Hamiltonian to remove divergences
and renormalize the theory to yield physical results. In this section, the loop in-
tegrals are computed to show the form of the divergence, which gives insight into
the choice of counterterms. Throughtout this Section, the notation o(1) stands for

terms that go to zero as s, — 0.

4.3.1 Regularization

The first step of renormalization is always regularization. Two common regulariza-
tion techniques used in standard field theory calculations in a Lagrangian approach
are Pauli-Villars [PV49] and dimensional regularization [BG72]. The goal of regu-
larization is to regulate parameters that cause divergent observables. For example,
many higher order scattering matrix element calculations contain integrals of the
form 1/k which diverges at small k [Schi4].

The simplest regularization technique (although not Lorentz invariant) is
to regulate the upper bound of the integral by some cutoff A. This leads to a
convergent integral ~ log(1/A?), but the result is highly sensative to the choice

of the cutoff. Renormalization, through the choice of appropriate counterterms,
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removes the dependence on a regulator, A.

4.3.2 Loop Integrals

The loop interaction diagrams, H(gi)Q(s, sy) and H 2) (s, s,) are finite for finite s, >

S
0, but since observables now depend on this regulating parameter s,, ideally, it
should be removed by taking the limit s, — 0. Unfortunatley, in doing so, we
recover divergent observables. The goal of renormalization is to add appropriate
counterterms, which is equivalent to changing the parameters of the theory, such
that observables come out finite. In order to determine which counterterms should
be added to the Lagrangian, the divergences in H (gi)Q (s,s,) and Héfgg(s, $r) must be

extracted.

4.3.2.1 Boson Loop

Using the facts that Tr[AB] = A;;Bj; and that

T (= mo) (g + mo)]. (4.62)

the boson loop term can be reduced to:

2ot _ )2 V(o
(2) 2 + gt milar — az) 0(qy)0(g2)
Hy2(s,8:) =g /4775(q +a +a3)
o a0 T T @+ ad) el e |
x (fz(s, Q (41,42, q3) — 1)7“(&; Q" (q1, g2, q3))
x 1 d(g3)d(—gs3) =, (4.63)

While not immediately obvious, the divergence in H(gi)g(s, sy) comes from the ‘—1’
factor. A counterterm must be chosen to cancel this —1.
Hg,2(s, sr) can be written in a form that mirrors the free boson Hamiltonian

by changing qgr — ¢, which shows that the bare boson mass is shifted when
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including the loop contribution, i.e. u2 — p + du.

1
H(gi)Q(S’ 87“) -5

5 012(a") @)= - (464)

where

1 0(q;)0(q5) mi(q — g3 )?

(o) o0
Su2(q™) :2/ / dgtdgs(qf +qf — ") ———
oo TN TR o +a —a g llgd ]| 0

X (6—2(S+8r)(qf+q;—q’)2 _ 6—287»(qf+q;—q*)2)‘

Note that ¢ has changed signs. This is because the combination of (5(qiF + q; +
q7)0(q)0(g5 ) implies ¢+ < 0.

From here, a change of variables from qf, q; to a new set x,y, can be made
to trivially compute one of the integrals: = = qf‘ /qt, and y = qi" + q;' . x can be
interpreted as the fraction of momentum carried by the fermion ‘1’. The 6(q; +q5 —
q") implies y = ¢*, which shows that g5 = ¢*(1 — ), or that the antifermion ‘2’
carries 1 — x fraction of the momentum of ¢g*. The Jacobian, J, of this change of
variables is

dqi /0x  Oqf /O . x
J =det aw/ a /0y = det I =q". (4.65)

dgy [0z Dgy /Dy —q¢" 1-=z

The integration bounds now change:

oo o0 oo rl
/ / dqi dgg — / / qtdzdy.
o Jo 0o Jo

Now, after canceling factors of ¢ and trivially computing the dy integral,

- 1 dx m2(21’ _ 1)2 1
ou(qh) = 2/0 2(1— ) 2:(1 —x) Mig(x) - pf

2 2
_ 2(stsr) 2 2 _ _2sp 2 (N2
v (e (@)? (Mff(m) “0> _e @2 (Mff(m) “0) )

)
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where the invariant mass of the fermion-antifermion pair is

2 2
2 _ My mg

M (x) = i B (4.66)

Now 6u2(gt) can be written as 6u?(qt) = Ip(s + s,) — Ig(s,), such that
1 2 2 ( )2
dr m§(2x —1) 1 —5( M2 _(2)—p2
Iols) = 2 0 7 (467
5(s) /0 r(1—-2) z(1—x) Mfcf—(:z:) - ,uge (4.67)

where 5 is shorthand for § = 2s/(q")?.

2
ff
2 2
M? f(x) = 20 4+ 0 s not a valid substitution on [0,1] because this function is

Changing the integration measure from dx to dM?; is useful; however,
not injective. It is injective, however, from = = 0 to the minimum of /\/l%f at
x = § and on (1/2,1), so the integral can be split over these two ranges. Under
substitution, the integration measure changes:

2
AMGr  m(2z — 1)
dx 22(1 —x)2’

which, with the bounds changing by Mftf(()) = /\/lfcf(l) = 00, /\/l?f(l/2) = 4m3:

2
4m 20— 1 —s(m2 )
_ 2 1FHO
Ip(s) = /OO defM?cf—M(Q)e
2
o[ vt 2t o)

F (&
amg MG — g

This integral still depends on x, which can be written in terms of ./\/lfc 7 by solving

: 2 .
for z in terms of Mff‘

2
m
2 0 _p

x° —x+ 3
My

1
_ 1= 2 A2
= 2z 1_iMff Mff 4mg,

where the negative root is taken on z € (0,1/2), since 2z — 1 < 0 on this range, and
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the positive root is taken on z € (1/2,1), since 2z — 1 > 0 on this range. Ip(s) can

now be simplified:

JT—am2/ M2, ’
N dM2 mo/ ffefs(./\/l?f—fu%)

g T M8 ’

(4.68)
Because of the singularity at resonance, i.e. when 4m3 = p3, it is necessary to take
mo > ,u(% / 2.

Lemma 4.3.1

. > 2 — 2 2 _ o 2 _ 2 2 __
Py AME (1= dmp/ MG — 1) Amg Jim M2 (1= 4mE MG 1)

Proof A limit can be taken under the integral if and only if the integrand passes
the dominated convergence theorem, given in the appendices. The function this

must be shown for is

_ 2/
ey = VL e

2

I

where = M2 ;, and n becomes 1/s.

P
\J1—4md/z —1
li = ;
e 1) =
i.e. fi/s(x) converges pointwise to a function f. Now, take g(z) = L.

T—pg

|fl/s

o) = ‘1/ 4m0/m s(apd)?
1/1—4m0/aj—1

T — g

2
4mg

x(x —u%)(ﬂl —4m3/x + 1)

2
4mg

IN

2) = g(x)

2z — 43
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Furthermore,

< amb 4w (o
2 v — 2y 0g 4m2
am? - x(x — ) 1o mg

shows that the dominating function, g(z) converges on [4m2, o0). Thus, the domi-

nated convergence theorem is satisfied, and the limit can be properly taken under

the integral. W

We can extract the form of the divergence in the boson loop by the following

Theorem.

Theorem 4.3.2

oo JT=dm2/ M2 (e 2
a7 am?; VMg ()

amy I Mg g

2( - (25(4m% - u%)Z/(q;)2)>

2
n 4( — = \J4m3 — p arctan ——LC— 4 1n ((4m3 — u%)m%))
Ko 4m(2) — u%

+o(1) (4.69)

o0 , Vi~ 4m%/M?cfe—§(M2f—u3)2 % 5 1 e—é(Mfcf—uﬁ)z

dM= = f = AM?2 . ——
4m2 frf M?”f — ’u% 4m3 ff M2 — lu%
) 9 (1/1—47’77/3//\/(?13_1) —5(/\427—#3)2
+ | dM; 2 e i

(4.70)

As s — 0, the first integral on the right hand side diverges while the second integral
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is finite. The finiteness of the second integral can be shown by

im [ dM? f(V L~ dm/ MG - 1) e‘g(M?f‘“g)Q

1/s—00 J4m? M?cf - M(2)
2
— [T am2; tim (/1= /A, 1) (50t
g I 1550 M ;=g
e dM2(4 [1—am3/ M2 1)
4m 1 ./\/l?f — 15

2
= ——/4md — pd arctan % +1In ((4m(2) - ,u%)m%)
Ko \VAmG — Ko

where lemma [4.3.1] was invoked.

For the first divergent integral, define the substitution, t = § (M? F

Then

2
o2 2
OOdM?‘f%e S(Mff MO)
oo

1 dt 1 »
= - 26

P L

§(4m3—pg)?
00
1 / dt
== —e
2 t
5(4m37u3)2

= %r(o, 5(4mf — 13)?)

% < — 5 —In (25(4mf — u%)Q/(q;)2)> +o(1),

where

o0
I'(a, z) :/ tle~tdt,
z

is the incomplete gamma function.
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Combining these integrals,

Ip(s) = ( In (2s(4m§ - 2/<q§>2))
( 5 pd arctan ————— \/47 +1In ( (4m? — M%)m%))
my

Here, we have a new constant, the Euler-Mascheroni constant, -, whose

formal definiton is

"1
v = lim (Z i logn). (4.73)

k=1

This result shows that the boson loop is logarithmically divergent.

4.3.2.2 Fermion Loop

The fermion and antifermion mass loop come from the double contractions:

_ — \ f ] \

H(P(—1)(a2)Ba3) 0 (~ ) (ah)d(g3)) = and : (V(—q1)(g2) @(gs)(—dh)v(ah)d(dh

Along with the following identity

_l’_

Dlan) s +mo)b(a) = (azaf +afar +2m) Dla)y (@) (4T
1
the fermion loop term can be written as:
1 _ +
i, = 5 [ om® () Tvta) (4.75)
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where

0(q
q;r%

) <q5q++q2+q+2m8>
+

sm?(q™) =92/47r5(q;+q3+*q+) ——
o5 9 +43 — ¢

% (6—2(S+8r)(q2++q3+—q+)2 _ e—ZST(qi-ﬁ-q;—q*)Q)

(4.76)

Under the change of variables, x = q{,j‘ /gt andy = q;' —i—q;' , with the Jacobian
J = ¢*, 6m? can be written in the new variables as 0m?(¢*) = Irp(s + s,) — Ir(s;),

where

IF(S) =

2
/1 dx 1 m(1 + x)? 75(/\/1?,3(1)777%)
€ )
0o z(l—ux) M%b(:p) — md x
again, where § = 2s/(q™)?.
Taking x,in, = mo/(mo+ o), the minimum of the curve M%b(az), the follow-

ing two Lemmas help prove the Thm. which gives the form of the divergence

in IF.
Lemma 4.3.3
2 2 ’
1 _3 2 _m2
lim dve 1 my{te)], (M- (4.78)
/5700 Jamin (1 — ) My (z) —mg x
2
1 2 2 _: 2 —m2
_ im0 1 mre) (M) -mt) (4.79)
@inin 1/s—00 T(1 — ) M3y (z) —mj x

Proof Lebesgue’s dominated convergence theorem must be satisfied, where

2
2 2 _5 2 (2)—m?2
fiys(z) = ! 5 ! 2m0(1+$) e (M“’( ) 0) .
z(1 —z) M5, () — mg x
Choose
1 1 4mg(1 + x)?
9(x) = z(1 — ) M3, (z) —mg x '
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Then

1 1 m3(1+ x)? 1 1

|fa(z)]| < <4

Now it suffices to show the integral of g(z) converges on [Zmin, 1]:

/1 P 1 4mi(1 + x)?
. z(1—x) Mfcb(x) — m x

min

x(1—x) ./\/l p(z) —m x z(1l—x) Mfcb(a:) —

8\/4mg — (mo + pi0)\/4mg — pg
= A AL arccot ( 0 0> + arctan <HO>

Ho —2mg + mopo + 1§

— 2log(my) + 2log(mo + po) < 00

\/4m — g

|
Lemma 4.3.4
Tmin  dx ( ) m3(1+ )% pdz? —mi(1 — z)?
1i 0 0 0 1—
150500 Jo (1l —x) ( ) ( x + 22(1 — x)2 z(1 - z)

pgr? —mi(1 — z)?

2
_, /xmm da 6_8( fb(ﬂi) mo) (m%(l + $)2
1/s—00 (E 1 — 2
o al=2) (gt o) —mt) T

22(1 —x)?

Proof Lebesgue’s dominated convergence theorem must be satisfied, where

fr/6(z) = 1 e_g(M?”"(x)_mg> (m%(l + )% pda? —md(1 - x)Qx(l — x)).
/s z(1—x) (M?cb($) _m%) x x2(1—x)2
Choose
_ 1 1 (1+2)?  pdz? —m3(1 —z)?
g(z) =2 o (M?b(x) m%) ( - 0 = 0 e z(1— x)>.
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Then,

’fA(iU)‘ <

1 1 <m3(1—|—x)2 pdz? —md(1 — )2
- (MG () - mi)

x 22(1 —x)?

x(lx)) < g(x).

Now it suffices to show the integral of g(z) converges on [0, Z;nin]:

Tmin . 1 1 mi(1+x)?  pda? —m3(1 - m)gx . >
2/0 d 1‘(1 _ :L‘) (Mffb(x) — m(%) < T + x2(1 — x)2 (1 )

4\/m (arccot (7% Y 4m87u8> -+ arccot ((moﬂm) Y 4m§u§)>

2m32—p2 —2mZ+mopo+pl

Ho
+ 2log(po) — 2log(mo(mo + po)) + 2log(2mo + po) < oo

Theorem 4.3.5

B 9 (mo-+po) \/4mZ—pud p
2\/4m (— arccot ( 72m3+mouoiu%0) + arctan (\/ﬁ)

Irls) = Ho
2 2 poy/4m3—pd (mo+po)y/ 4m(2)—#(2)>
.\ 2\/4m§ — <arccot (W) + arccot ( “Immonio 12
Ho

—log(mo) + log(mo + po) + log (o) — log(mo(mo + po)) + log(2mo + o)

4 1 ( —v—1In (23(;13 + 2u0mo)2/(q+)2)> +0(1)

2
Proof
1 2 2 2 2\’
Ip(s) = /0 :C(ldf x) M%b(l‘l) —m} m0(1x+ ) e_S(be(x)_m())
B /xw dz 1 m3(1+ x)ze—é(Mib(a:)—mS)Q
o a(l—a) My, (x) —my T
e e )
zmin T(1 — ) ./\/lfcb(x) — m} x
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The second integral on the range [Z,in, 1] can be computed by using lemma m

2
gt sy o)
1/s=00"  Japmin (1 — ) M}b(x) — m3 x
2
_ g /1 lim dx 1 mé(1 + x)Qe—g(Mfcb(x)—mg)
Tmin 1/5—00 T(1 — ) M%b(x) —mk x
292/1 dx 1 m3(1+ x)?
2min L(1 — ) M?cb(:c) —m x

Ho
-+ arctan
o —2m3 + mopo + 3 ) (

_ 2y/4mi — g (_ recot ((mo + po)y/4mg — 13 2 2))
\VAmo — Ko

— log(myg) + log(mo + wo)

The first integral on the range [0, Z,,| must be split into a divergent piece plus a

finite part.

2
/wmin dx 1 m%(l + .T)Qefé(/\/l?b(w)*mg)
1 — 2
v D (M) - mE)

Tmin
= / dx
0

2
N /xm dz 1 efé(M?b(a:)—mg) <mg(1 +a)? ‘d/vt;b
1— 2

0 o ?) (M?b(ﬂf) - m%) v

dM7,
dx

On the region [0, Zmin),

dM?fb/dﬂU’ < 0, so ‘d/\/l%b/dx‘ = —d/\/lfcb/dx. In the first

integral, a change of variables from x — Mfcb is done, but in the second integral, it
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is kept in terms of x. From this, the first integral in the split version of I is:

2
/wmm dx 1 m%(l + ;L‘)Q e—s*(/\/l?b(:c)—mg)
11— 2
T (M) —mi)
2
o 1 —5( M2, (z)—m?2
- (mo+ )QdM?cb 2 226 ( " 0>
oo (be(in) - m0>

2
_ M2 a2
+/1 de o M mO) mg(1 +2)° | pga? —mi(1 —2)” (1-a)
x(l—x
0o z(1—ux) s(x) x 22(1 —x)? ’
where d./\/l?'b /dx was explicitly computed based on the definition of M?b. The second
integral here is convergent. To verify this, lemma is used, and the following

integral is calculated:

L dx 1 m3(1+z)? u%x2—m%(1—x)2m . )
/0 z(l—x) (M%b(w) - m%>2 < . + 22(1 - z)? (1-=x)

24/4m3 — p3 (arccot (uoi w) + arccot ((mﬁﬂo) Y 4mg“§)>

2mg—pg —2mZ+mopo+pl

Ho
+log (o) — log(mo(mo + o)) + log(2mo + po)

Finally, with the divergent part of Ir fully extracted:

5 2
/<:0+ MG : ) 25A<M?b(m) i)
! (be(ﬁ) - mo)

=_g ( —v—1In (2s(u(2) + 2Mom0)2/(q+)2>> +o(1)

From this, 6m?(q*) = Ir(s + s,) — Ir(s,;) can be computed explicitly.

4.3.3 Perturbative Mass Renormalization

The counterterm is fixed with perturbation theory. The perturbative correction of

the n'h eigenvalue is
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(0) (0)y|2
E, = E7(10) + <n(0)|V|n(0)> + Z |<k ’V’n >’

+0 (A3> (4.80)
0 0 ’
iz BY - EY

written explicitly up to O ()\3>, where A is a parameter dictating the strength of the
interacting part of the Hamiltonian.
The physical fermion mass m? is defined as:

m? = M| (4.81)

om
i.e. the lowest eigenvalue corresponding to the state in the = 1 sector that is
dominated by a single fermion (this will be the ground state of this sector. The
ground state in this sector is actually (Mg + (Pl)Z) /P™, but in this Chapter, we
use the standard frame with P+ = 1, P+ = 0).

In order to properly renormalize a parameter in the theory, a renormalization

condition must be set. The condition for the mass term is
m? = m3, (4.82)

i.e. the renormalized mass of a single fermion is the same as the mass in the La-
grangian (bare fermion mass).

With this definition, the perturbative corrections, up to O (g?), to this eigen-
value isE[

e = (50)" (52" + () 49

(0)
(}?—i) is the unperturbed eigenvalue, i.e the eigenvalue when there is no inter-
action. This is simply m3/P7T, the parameter in the Lagrangian. The first order
correction is zero since H|f) ~ | fb).

There are two nonzero contributions to the second order correction. The first

2Recall, the eigenvalues of P~ (in 1+ 1D) are (g—i) Additionally, while it is true that PT =1

is set throughout this thesis, in this derivation, it is computed for arbitrary P+.
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comes from the standard second order correction in equation |4.80} and the second is
a correction that arises from the loop diagram H (2)2 (s, s,) that comes from solving
om

the RGPEP equation.

1
(m2)(2) (fl 5m2(5,8r)|f> + <f|H(1)(57Sr)mff(l)(sasrﬂf)-

The first term in this is

(FIH®sm2 (s, 5,)| f) = om?

=Ip(s+sy) — Ir(sy),

while the second term requires some simplification. The resolvent of the free Hamil-

tonian [BPP9S|, (m — Ho)~!, can be written in its spectral decomposition as:

dq1 .. 1
_ I , 4.84
2/P+ e ln YT S (4.84)

where n refers to all intermediate states. In the context of the fermion loop, |n) =

2(2)

|fb), and g, = m3/ q;f + ud/q; . The second term in m*"” can now be simplified:

FHO 5, 80) i H O o 5,)1)

_ / dgyday (f|HY |f6) (ol HO|f)
47rqf 47rqb mo/p+ —CIf —q

Writing |fb) = bzfl fajgb |0) and |f) = bT_q|0>, and keeping consistency with notation

(fb] = (0] bg,aq, and (f| = (0| by, the numerator can be written as

CFIHD | 70) (Fol HO () = 8(gF +af —¢")6(q+¢+)e 29 % =T (¢! yulqp)a(gs)u(—q)
(4.85)
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Inserting this above, and changing the indices from f — 2,0 — 3:

<f|H(1)(875r)m%iHoH(l)(8, sIf) =

dgy dgy
477(1;477(15r
—( A H !
< olg" + ql+)U(q_)(m_g +m20)U(+q)
@ +a3 —mg/P

5(gf + g — gH)e 2ot eia e )

)

where

o (q)io(q) = Y (vqu + mo) (4.86)

g

was used. Furthermore,

u(q)y u(q)

u(q)(Yudh +mo)ulq) = (¢3¢ + 5 ¢~ +2mp) 2q"

= (g5 q" +q3q +2md).

Lastly, P™ = ¢*. This is true because the momentum of the single fermion state,
gT must be PT, the total momentum, since there is a single fermion and nothing

else. From this, m3/P* = ¢q~. All together:

HO 5, 50) e HO s, 50)1f) =

dq) dgt
—Slgt 4T 2 Y3 5ot 4 gt — ot
(g7 +4d™) P (2 +a5 —q")
o o=2stsn)a—ay —q;)? (@2 4"+ 43 4" +2mf)
92 +q3 —q°
From this, it is clear that
1
IO s,50) e HO 5, 17) = =000 +a el +5), (487
2

where 6(q* + ¢'*) is a normalization factor, which can be disregarded.

The full second order perturbative correction to m? (where P is now again
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taken to be 1) can now be simplified:

(m*)® = Ip(s + s,) — In(s,) — Ip(s + 5,)

= _IF(Sr)a

which gives the form of the perturbative correction to m?:

m? =m2 — Ip(s,). (4.88)

Equation [4.88| explicitly gives the proper form of the fermion mass countert-

erm that needs to be added to H(s) to remove the divergence:

Xsmz = Ir (s,). (4.89)

The combination of both H (2)

om?2

and Xj,,,2 in H(s) leads to a term ~ If (s,s,)bb.
The regulator can now be removed s, — 0 with results remaining finite.

The boson renormalization is slightly different. We define
p? =M, (4.90)

with renormalization condition

= . (4.91)

One can work out the same steps to get the boson mass counterterm:

Xy = In(s,), (4.92)

After adding the appropriate counterterms, the effective Hamiltonian now

obtains effective mass terms:

m2 s _
Ho = Hourg(s) = [ "0 s G0 Louta) s+ [ (si): o-00ola) s (499)

q
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where

me(sia) = b g? [ PN ) s, (0
23 | lla3| @243 (g2 +a3 —q™)

and

I v
0(q)0(q3) Tr[(wa mo) (45 + mO)} o—2s(af +af —q™)?

2 (s;q) = ug + 92/

L2 g lg | 0 (g +a —aqb) ’
(4.95)
4.3.4 Summary of the Effective Yukawa Hamiltonian
The effective Yukawa Hamiltonian is given as
H(s) = Hoen(s) + gHM(s) + ¢ <H£W(S) + H (s) + Hé?(s)) . (4.96)

In what follows, this Hamiltonian will be discretized and used as input for numerics.

4.4 Renormalized Yukawa Hamiltonian Numerics

In the rest of this chapter, the question “Is the cost associated with simulating the
effective Hamiltonian, which gives finite results, exponentially more expensive than
that of the bare Hamiltonian?” is addressed for the Yukawa model. To obtain the
cost of each Hamiltonian, the continuous version is discretized with discretized light-
cone quantization. Mass spectra and structure functions are calculated classically for
low-lying two-fermion bound states to verify the renormalization procedure. Finally,

the cost associated with a single Ladder Operator Block Encoding is calculated.

4.4.1 Discretized Lightcone Quantization

Following [KKG™22|, given the total bound state two-momentum P*, the invariant
momentum squared in 1+ 1D is PPt = M?. When this is quantized, so that

PT and P~ become operators, this relation can be interpreted as an eigenvalue
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equation:

(P~P*) 1) = M*[). (4.97)

Since Pt and P~ commute, they can be simultaneously diagonalized.
We take |1) to be an eigenstate of Pt with the eigenvalue of the total bound
state longitudinal momentum, PT. That is, we diagonalize P~ in a basis of fixed

P*. Eq. then simplifies to
. M?
P~ |y) = <P+> ) - (4.98)

While P~ is frame-dependent (it is simply a component of a four-vector), PPt is
a Lorentz scalar. Consequently, we can choose any value of P+ > 0 for the total
bound state longitudinal momentum of |¢), diagonalize P~ and expect the same
M? value for any choice of Pt. The light-front energy operator P~ will be denoted
as the Hamiltonian, H, for the remainder of this paper.

We solve Eq. by restricting = € [—L, L], i.e. placing the fields in
a box. The integrals in each Hamiltonian term over continuous qf become sums
over discrete longitudinal momentum, defined as ¢q*(k;), where k; is a momentum
quantum number. k will be referred to as momentum throughout, even though
q* (k) is the actual momentum and & is the momentum quantum number.

The continuous longitudinal momentum takes on any value from 0 to P* in

a block of fixed PT, while ¢ (k) is discretized such that

2
g (k) = k. (4.99)

L
The momentum quantum number, k in ¢t (k) takes on values %, %, g, ... for (anti-
)fermions, and values 1,2,3,... for bosons to satisfy boundary conditions of the

fields imposed at x— = £L. This follows by the conditions that a bosonic field
satisfies periodic boundary conditions, i.e. ¢(L) = ¢(—L), while a fermionic field
satisfies antiperiodic boundary conditions i.e. (L) = —¢(—L).

The continuum limit is recovered by taking . — oo. In a bound state

143



calculation, by choosing a finite value of L, it necessarily restricts the space of
allowed states, due to the positivity of P*, and the fact that the k;’s are discrete.
Increasing L leads to a better approximation to the continuum limit. In practice, L
is taken to be integer multiples of 27, such that L = 27K Ly, where K is referred to
as the harmonic resolution, and Ly is some arbitrary reference length (which in this

work is taken to be Ly = 1). The harmonic resolution can be taken as any value

The continuum limit (L — oo) can now be traded for the limit K — oo.
The constraint that all constituent longitudinal momenta q;r must sum to the total

longitudinal momentum PT when discretized becomes

1
Pt = = Z ki, (4.100)

which implies that the bound state constituent momenta quantum numbers k; in a
given Fock state must all sum to PTK.

The DLCQ procedure can be summarized as follows:

1. Fix PT
2. Choose a resolution K.

3. Enumerate a finite set of Fock states whose individual partonic momentum

each sum to PTK.
4. Obtain a finite matrix of P~ in the basis of the discrete Fock states.
5. Diagonalize to obtain M?(K) spectrum at a given resolution.

6. Increase K, repeat steps 2-5 and extrapolate to K — oo to recover the con-

tinuum M? value.

In the following section, the Hamiltonian is discretized so that DLCQ results can

be calculated.
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H T, ‘ 0(k1, ko, k3) ‘ Spinors ‘ Operator H

T —++ a(—k1)u(ks) biklb,@akg
T -+ - a(—k1)u(ks) | 0 klkaaT s
T3 + -+ 17(]61)1)(—/432) dkld kgak3
T +—— 0(k)v(=ke) | did ,al,,
Ts ——+ | a(-k)v(~ko) | 0T, d, ap,
Ts + 4 - o(ky )u(ks) dy, byya’

Table 4.1: Discrete 3-point Yukawa interaction : The standard three-point
Yukawa term is a sum of the above 6 rows, where ki,ks € Z + 1/2, ks € Z\{0},
and 0(ki, ko, k3) = 0(k1)0(k2)0(ks). The spinors are implicitly assumed to mean

u(k) = u(g*(k)).
4.4.2 Discrete Yukawa Hamiltonian

Using the definition of the discretized energy:

o g (4.101)

2

what follows are the explicit forms of the discretized effective Yukawa Hamiltonian.

The O(g) term is given as

1) 2 2

1 k1+ko+ks,0 73[, k= +k +k 4r2 | I .

HW(s (47) 3/22 > lek,ks i I T ey, kg, ) -,
N ky,ka ks 1~2 3

(4.102)

where k1 and k9 are the fermion momenta and k3 is the boson momentum.

The instantaneous exchange term H > (2) (s) given as:

bopy
) Ok +hyhs+ka0 —sL2(ky +hy +hy +k7)2/4n% . qp(1T) ,
HY Tn k17k27k3>k4 )
¢¢¢w 471' (47)2 zn:kz]; A/ k1k2k3k4 ( )
k37k4

(4.103)

where k1 and k4 are the fermion momenta while ko and k3 are the boson momenta.
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H T, ‘ 0(k1, ko, k3, kq) ‘ Spinors ‘ Operator H

Ty — 4+ ++ ﬂ(—kl)’y+u(k4) biklbk4ak2ak3
T - —++ u(—k)yulks) | Oy brsal an,
T3 -+ —+ a(—ky)ytulks) | 0L, brian,al
T - — —+ u(—k1)y u(ky) bT—klbkélaT—kzaT—kB
T; +++— V(k)yTu(=ke) | diydly, arsan
Ts +—+- v(k1)v T o(—ky) dkldT—k4aT—k2ak3
T +4 —— o(k)yto(=ka) | dpdly apal
Ty + - —— v(k1)yto(—kq) dkldT—kzxaT—kzaT—kB
Ty — 4 a(—k)y o(=ka) | b, d"y ap,an
Tho - =+ u(—k1)y v(=ka) bT—kldT—k4aT—k2ak3
11, -+ — u(=k1)y*v(—ks) bikldilﬁlakzailﬁ
Tio |  +—++ V(1) ulka) | dgybryaly,ar
T3 + 4+ —F 0(k1)y u(ks) dp, bk4ak2aT—k3
Tiy +-—+ o(k)y uks) | dibrial el

Table 4.2: Discrete Instantaneous Yukawa Interaction The instantaneous
Yukawa Hamiltonian is a sum of the terms in the above 14 rows, where ki,kq4 €

Z+1/2, ka, ks € Z\{0}, and 0(k1, ko, ks, ks) = 0(k1)0(k2)0(k3)0(ks). The spinors
are implicitly assumed to mean u(k) = u(q™(k)).

The discretized boson exchange term, Hpe(A), is given as

0(ks3)d, 0
(2) 3 k1,—ko—ks k3,k1/+k2/ HI
Hy(s) R(5;Q, Q) : TS (ky, ko, by, ko) -,
b )4 Enj kl,%:ka VIk1koky ko]
K1 kor
(4.104)

where k1, ko, k1, ko correspond to the fermion momenta while k3 corresponds to the
exchanged boson momentum. TT(LIH) corresponds to a term in a row in Table Q
and Q' both correspond to their discrete counterparts, e.g. Q= = ¢~ (k1) + ¢ (k2) +
q~ (ks).

The discretized fermion exchange term Hf(j )(s) is given as

Ok —koo—JnO
(2) k1,—ka—ks kz,k2/+k3/
Hi ' (s) = R(s;Q,Q) : TV (ky, ko, ks, k) -,
e m)t ; k;k B
Ky oy
(4.105)

where ki, ko, kor correspond to the fermion momenta, while k3 and k3 correspond
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H T, ‘ 0 Spinors ‘ Operator H
Ty [+ —+ | a(—kou(k)a(—kv)u(ky) | b1, b,y b,
Ty | =+ —— | u(=k)u(ke)u(—ki)v(—ky) bT_klbksz_kl,dT_k2,
Ty | =44+ | a(—k)u(ks)v(ky)u(ky) oL, by, b,
Ty | —++— | a(—k)u(ka)o(ky)v(—ky) | b4 bkgdklldiky
Ty | +——+ | o(k)o(—ko)a(~ky)ulky) | did b1, b,
Ts | +——— | olk))o(—k)u(—ky)o(—ky) | di,d b7, d'y
T | +—++ | o(k)o(—ko)o(ki)ulky) | did , dy, be,
Ty | +—+— | 0(k1)v(—k2)v(ky)v(—kar) dkld'i;k‘gdkﬂd-l;kz/
Ty | —— —+ | a(—kn)o(—ka)u(—ky)ulky) | b1, dT, 0T, by,
T | — — ++ | a(—k)v(—ka)o(kv)ulky) | b1, dT, dy,be,
Ty | — = +— | a(—k)v(=k2)v(ky)v(—ky) bT_kldT_dekl,dT_ky
Tip | ++—+ | olkulke)a(=k)ulky) | dibebly bry
Tig | +++— | o(k)u(ko)olkr)o(—ky) | dubradi,d’y,
Tig | ++—— | o(k)ulk)i(—k)v(—ky) | dibib  d" )

Table 4.3: Discrete Fermion Exchange Interaction :

ki € 7+ 1/2 Vi. The

column 6 is simplified as 6 = 0(ky, k2, k17, ko) for brevity. The spinors are implicitly
assumed to mean u(k) = u(qt(k)).

H T, ‘ 0 Spinors Operator H
T | —+++ | a(—k) (e +muky) | b, bryar,ar,
T | —+—+ | u(=k)(pg" + mulky) | b, by,al, ag,
T3 | —++— | a(=k1)(yuqe" +m)u(ky) | bl by, ak3aT—k3,
Ty | =4+ —— | u(—=Fk1)(yug! +m)u(ky) bikl bk, aikga;g/
Ts | +—++ | olk)(pae? +m)o(—ky) | didy ar,an,
T | +——+ | o(k)(ug +mo(—ky) | did , o', ar,
Tr | +—+— | o(k)(ug! + mo(=ky) | dyd', apaly
Tz | +——— | 0(k1)(yuge" +m)v(—ky) dkldT—kyaT—kgaT—kg/
Ty | —++— | a(—k) (g + m)v(—ky) | b1, dl . ap,ax,
Tio | — —4— | u(—=Fk1)(vuq2" + m)v(—ky) bT—kl dT—kz,aT—kyak?»
T | —+—— | a(—k) (g +m)v(—ky) | b d' ) aggal,
Tz | +—++ | 0(k)(yuge" + mu(ky) i, by al g an,
Tis | ++—+ | (k1) (yuget +m)u(ky) i iy Oy Oy,
T | +——+ | (k) (gt +mu(ky) | dib,al e,

Table 4.4: Discrete Boson Exchange Interaction: ki,ky € Z + 1/2, ks, kg €
Z\{0}. The column 6 is simplified as 6 = 0(k1, ko, k3, k3/) for brevity. The spinors
are implicitly assumed to mean u(k) = u(q* (k)).
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to the boson momenta. quw) corresponds to a term in a row in Table

The effective mass terms are discretized as:

L 2(s1k
Ho=5- > (”L(Ij>> (bl + dj )

T kez+—1/2
L 12(s; k)) i
Tom 2 ( - (4.106)
2 kezZ+ k
where
m2(s; k) = m2 + /1 dx 1 m3(1+ x)26_2sL2 (M?b(m)—mg)Q/(%er)
) - 0 0 I(]. —l‘) M?b(l‘) —m% T 3
(4.107)
and
2
L dx 1 m3(2x — 1)% —2sL? (Mz ,(m),#z) J(4rk?)
2 2 5 2
k) = 2 I _
(4.108)

The loop integrals are finite since s is finite, and they don’t depend on sg.
While it may be possible to find closed forms of these integrals, they can be computed
numerically.

This Hamiltonian serves as the input to all numerical calculations performed
in this paper (apart from the bare Hamiltonian spectrum in Fig. .

With these discrete Hamiltonians, mass spectra and structure functions are

computed classicaly and results are given in the next two sections.

4.5 Results

In this Section, we give numerical results for the mass spectrum, parton distribution
function, and quantum resource estimates for a single ‘Ladder Operator Block-
Encoding’ Our results are given in terms of the more physical RGPEP parameter,

A
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4.5.1 Numerical calculations of the M? spectrum

Calculating the eigenvalues of Eq. gives the spectrum of the corresponding
bound eigenstates. After choosing a harmonic resolution, K, a combinatorics prob-
lem arises, where one must construct all states whose discrete momentum quantum
numbers k sum to K. This collection of Fock states can now be partitioned into

sectors by their constitution, i.e.

) € {£): 1) 18}, [ £0), 11 b). .- },

where |f) corresponds to all Fock states of a single fermion, |fb) corresponds to
all Fock states of a fermion 4+ a boson, etc. such that their momenta sum to K.
The charge Q = Ny — N Fisa conserved quantity that is defined as the number of
fermions minus the number of antifermions.

Fig.[4.1]shows that the lowest eigenvalues in the charge @ = 0, 1, and 2 sectors
of the bare Hamiltonian tend towards negative M? values. This arises because the
canonical Hamiltonian is ill-defined. This problem should be solved by a proper
renormalization procedure.

All of the plots for the numerical effective mass spectrum contain red lines
which represent the non-relativistic approximation of Yukawa theory. The non-
relativistic limit can be studied by taking (p — p/)* = —|p — p’|2 + O (p)* in the
scattering matrix element [PS95]. For the ¢-channel interaction, the (spin-less) scat-

tering matrix element is

iM = (pYulp) —— (K Yu(k)
(p—p) —n
B (2m)2ig2
e (4.109)

The Born approximation to the scattering amplitude in non-relativistic quan-

tum mechanics is given as (p'|iT|p) = —iV (q)(27)d(E, — Ey). Defining q = p —p’,

149



A
6<
4<
= A A
2{ m A A
A
]
0 __________________ ! _____ MA__o_-_ n__ -l ------—- " ettt B
2 4 6 8

Resolution (K)

Figure 4.1: Bare spectrum Canonical Yukawa Hamiltonian spectrum with in-
creasing harmonic resolution. Yellow circles correspond to the @Q = 0 sector, green
squares correspond to the () = 1 sector, and blue triangles correspond to the () = 2
sector. A cutoff on the maximum number of particles, n, in a Fock state is made
(np = 4). The relevant parameters are m =1, 4 = 0.5, g = 1.

one can compare this expression with Eq. 4.109| to get

Viq) = = (4.110)
V=g 2 '

the 1D Yukawa potential in momentum space. Note that the relativistic normaliza-
tion that gives the two factors of 2m must be removed in the non-relativistic limit, as
non-relativistic normalization must be imposed. Additionally, the delta disappears
when integrating over the momentum of the target [PS95].

Taking a Fourier transform to position space (and un-bolding ¢ since it is a

1D vector),

v = [ e

oo 2T
_g2 00 dq eiqz
21 J-o q2 + /1'2

_92 00 elaz
== dgq : . 4.111
2 /—oo (¢ +ip) (¢ —ip) (.11)
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This integral must be handled separately for z > 0 and z < 0. For z > 0, a

counterclockwise contour is taken to enclose the pole at ¢ = iu:

) i(in)z
V(z) = =L omi—
2 T+ iu
2
= 7_9 e—,LLZ
24
For z < 0, a clockwise contour is taken to enclose the pole at ¢ = —iu:

) i(—ip)z
) I omi &

V(z) = (-1
(2) = ()5 2w —

—¢% ..
2u ¢

Both solutions can be taken together to give

_92
Vi(z) = We*“v' (4.112)

Fig. shows the eigenvalues at fixed g while varying u. For larger g, one
expects the number of bound states to increase. The limit ;4 — 0 doesn’t recover
the 1D Coulomb potential, as one gets in 3D. Fig. shows that for the plots in
figure [4.3] one would expect 1 (2) bound state(s) for g = 0.3 (g = 1) given the choice
of 4 =0.5.

Fig. [4.3] shows the extrapolated fermion-fermion (top dots) effective bound
state M? extrapolated to infinite harmonic resolution for two different couplings:
(a) g=1and (b) g =0.3.

The bottom (green) dots in both subplots in Fig. come from diagonalizing

the Hamiltonian matrix in the Fock basis

{1£).1£5) },

which are in the = 1 charge sector. These points are included, not to show
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Figure 4.2: Eigenvalues of the non-relativistic 1D Yukawa Potential with
changing boson mass u. (Top) g = 1. (Bottom) g = 0.3.

a bound state (as a single fermion bound state is not a well-defined object), but
rather to show how well the renormalization condition has been satisfied.
The top (blue) dots in both subplots in Fig. come from diagonalizing the

Hamiltonian matrix in the Fock basis

{17).1710) },

which are in the @ = 2 sector.

The ‘flow’ of the Hamiltonian under the RGPEP equations is shown in Fig-
ures Fig. shows the extrapolated (K — oo) lowest M? eigenvalues
flowing with A for the same sectors in Fig. Fig. shows the flow of the entire

spectrum with A for fixed K = 22, and in a larger Fock basis:

{171 1£10),1FF0),

1)},
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Figure 4.3: Extrapolations Convergent M? eigenvalues of the renormalized Hamil-
tonian. Relevant parameters in both plots are m = 1, u = 0.5, and A = 10°.
The horizontal dashed lines represent, respectively from bottom to top, m?, non-
relativistic approximation, (2m)?, and (2m + p)®>. The top set of dots corre-
sponds to the lowest eigenvalue of the ff, ffb sectors, while the bottom set of
dots corresponds to the lowest eigenvalue of the f, fb sectors. The fits are of
the form a + b/K + ¢/K2. (a) (g = 1) 1/K — 0 extrapolations, yielding the
values M]% = 0.33m?, M]%f = 1.616m? (compared to the non-relativistic value
of MJ%f = 1.998m?). (b) (¢ = 0.3) 1/K — 0 extrapolations, yielding the val-
ues MJ% = 0.896m?2, MJ%f = 3.628m? (compared to the non-relativistic value of
M%f = 3.933m?). In both plots, there are error bars included on the triangles which
correspond to the uncertainty in the fit.
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also in the ) = 2 sector.

The boost-invariance of the eigenvalues M? is only approximate due to our
choice of generator in Eq. The form factors that arise from this generator,
which modify the vertices, give explicit dependence on longitudinal momentum in
the Hamiltonian matrix element. While a loss of exact boost-invariance appears
to remove a major benefit of the light-front approach, there are two important
comments to make regarding this. The longitudinal boost invariance has become
connected to the RGPEP scale invariance through the form factors, and since the
RGPEP equation is solved perturbatively, one can recover boost invariance to a
desired accuracy through higher order perturbative solutions. Second, while there
are generators that preserve boost invariance |[Glal2|, we choose a generator that
does not preserve this invariance due to the benefits one will receive when studying
QCD. Light-front QCD contains infrared divergences in the matrix elements of the
bare and effective Hamiltonians. With the choice of generator in this work, the
infrared divergences are canceled in the color-singlet subspace of the Fock space
[SGRMG24]. Since the cancellation of divergences is the main priority when trying
to compute finite observables, we sacrifice exact boost invariance to achieve this
goal, while still maintaining an approximate boost invariance.

The scaling of the lowest M? eigenvalue in the Q = 1 and @ = 2 sectors (in
the same basis in Fig. vs. the coupling constant g is shown in Fig. 4.7 The
combined behavior of M?(g, )\) is shown in Fig. |4.8

An important metric that describes the renormalized Hamiltonian is the
number of terms. The number of terms in the renormalized Hamiltonian, denoted
by ||H (A)]|o, is greater than the number of terms in the bare Hamiltonian, denoted
||H||o- Fig. shows the relative scaling in the number of terms in the bare vs.
effective Hamiltonians.

Asymptotically (at K — o0), the scaling for the bare Hamiltonian is:

1]l = 2K + (k) (4.113)
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Figure 4.4: Eigenstate scaling with )\ Extrapolated lowest M? values in
{1f),1fb)} sector (bottom) and {|ff),|ffb)} sector (top) as a function of A\ at
g=0.3 m=1, up=0.5 and Ky.x = 20. As X is decreased to A ~ 1, the interac-
tions have been dampened so much that the approximation becomes the free theory.
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Figure 4.5: Flow of Renormalized Hamiltonian Eigenvalues: The Yukawa
model parameters for this plot are m = 1, y = 0.5, g = 0.5, and K = 22. The

Hamiltonian was diagonalized in the Fock basis: { ), |ffb),|ffbb), ffff> }

The blue (dashed and dotted) horizontal line corresponds to the mass of two free
fermions, while the red (dashed) line is the non-relativistic approximation. The grey
(dotted) horizontal lines correspond to the first few eigenvalues of the free (g = 0)
Hamiltonian (above the 4m? free Hamiltonian eigenvalue). At A ~ 1, the calculated
eigenvalues line up with the free theory, which is an incorrect approximation to the
interacting theory. In this limit, the calculated eigenvalues match the free theory
eigenvalues because of the form factors, which strongly dampen the interactions in
this regime. Note that the higher spectrum is cutoff in order to show the behavior
of the low-lying eigenstates more clearly.
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Figure 4.6: Hamiltonian scalings Relative scaling of the number of terms in the
effective Hamiltonian ||H (A\)||p vs. the number of terms in the bare Hamiltonian
||H||o. The scaling behaves as ~ 0.5 + o(1), where o(1) — 0 as K — oo.
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Figure 4.7: Extrapolated M? vs. g¢: As g is increased, the extrapolated M?
eigenvalue begins to decrease. This shows the perturbative solution to the RGPEP
equation breaking down at higher g. In this plot, Kpax = 20, m = 1, ¢ = 0.5. The
squares and triangles describe the same sectors as Fig.
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Figure 4.8: Eigenvalue scaling with both ¢ and A: Contour plots displaying
extrapolated M?(),g) eigenvalues at Kpax = 20, m = 1, = 0.5. The Fock basis
used is the same as that in Fig. At small g, it is clear that the similarity
transformation maintains the same spectrum, whereas as g increases, this begins to
break down.
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while the scaling for the renormalized Hamiltonian is:
5. -3 2
IH N0 = 5K + O(K7). (4.114)

Calculating the relative increase in the number of terms in the effective Hamiltonian

compared to the bare Hamiltonian, we compute

[ (Mo — [[H]lo
[1H o ’

which tends to a constant factor of 1/2 as K — oo, shown in Fig. 4.6, This im-
plies there are roughly 50% more terms asymptotically in the effective Hamiltonian
compared to the bare Hamiltonian.

For weak coupling, we expect the two fermion bound state mass to be less
than the invariant mass of two free fermions 4m?. In both cases of coupling tested
in this paper, this is true. Additionally, the ground state masses we obtain (for
small coupling) qualitatively agree with comparable results from 3+1D calcula-
tions [Qia20, (GHP™93|, in that they elicit stronger binding than those produced

by the non-relativistic results.

4.5.2 Parton Distribution Functions

A parton is a constituent of a bound state of any quantum field theory. Parton
distribution functions [Coll1l, [Sop97] for fermionic fields are given by:

5@) = [ S PG 0)|P). (4.115)

These functions contain information about the distribution of longitudinal momen-
tum carried by the constituents that make up a particular bound state, described
by |P).

Given a bound state [¢), its parton distribution function can be determined

by calculating
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fo(z) = @INy(2)[¢)) (4.116)

where Np(az) is given as the number operator of a particle of type p (i.e. p = fermion,
antifermion, boson) with momentum fraction x = k/K [HBP90]. Increasing K
increases the number of points along the z-axis in a plot of a parton distribution
function, hence why it is referred to as the harmonic resolution.

For example, the fermionic parton distribution function requires computing

expectation values of a bound state |¢)) with the operator
Ny(x) = b by (4.117)

Fig. gives the parton distribution function calculated for the state with the lowest

M? eigenvalue in the

{I£) 170}

sectors.

The main features of this plot are that the fermionic parton distribution
function peaks at around z = 0.5, implying that each fermion shares roughly half of
the total momentum. Additionally, there is a small bosonic contribution from the

|ffb) states that arises at small = values.

4.5.3 Block-Encoding Metrics

Renormalization introduces additional terms into the Hamiltonian, and may change
its norm, which can affect the cost of quantum simulation algorithms. In this Sec-
tion, we evaluate the relative cost of simulating the renormalized Hamiltonian, as
compared to the bare Hamiltonian, to evaluate the effect of renormalization on the
cost of quantum simulation.

Quantum computers can only perform unitary operations, as it is these oper-
ations that do not change the norm of the qubit states. Many interesting operators,

such as the Hamiltonian in general is not unitary. Block encoding is a technique to
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Figure 4.9: Parton Distribution Functions (PDF) for the lowest M? bound
state in the {|ff),|ffb)} sectors, with f; = f¢,10f,. The blue dots represent the
fermionic PDF. The orange triangles represent the bosonic PDF, which is scaled
up by a factor of 10 to show its behavior in the low-z region. The solid lines are

numerical fits to the data. The relevant parameters are m = 1, u = 0.5, g = 1,
A =105, K = 34.

encode the Hamiltonian in a block of a larger unitary. This necessitates the addition
of ancillary qubits which increases the overall size of the Hilbert space. The cost
associated with these block encodings is used as a metric for how expensive quantum
simulation would be with a given Hamiltonian.

It is important to note that these costs do not give the total resource es-
timates for a full end-to-end simulation of Yukawa theory; however, the resources
needed to apply the block encoding shows how the cost associated with storing the
Hamiltonian on a quantum device scales with the problem size. The cost of a block
encoding can also be used as a starting point to estimate the cost of state prepa-
ration and quantum simulation algorithms. We leave more detailed estimates to
future work.

Many Hamiltonian simulation algorithms are built upon block-encodings of
the Hamiltonian, therefore we quantify the cost of quantum simulation by calculating
the quantum resource estimates for implementing a single block-encoding of the

Yukawa Hamiltonian. The block-encodings for each Hamiltonian are constructed
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using the Ladder Operator Block-Encoding (LOBE) framework [SGS™25].

Block-encoding [Chi09d¢, [(CGJ19, [Lin22] is a subroutine that provides access
to information regarding non-unitary operators, such as the Hamiltonian, within
quantum algorithms. Block-encodings can be used for various methods includ-
ing estimating the eigenvalues of the block-encoded operator, generating the time-
evolution operator, or producing arbitrary polynomial functions of the time-evolution
operator [PKST18 [GSLW19, MRTC21b, BGB™ 18, [LC19a), LC17H, [CW12h).

Quantum resource estimates for a block-encoding can be quantified in terms
of the number of qubits (space) and the number of operations (time) needed to
implement the block-encoding. Block-encodings require ancillae qubits, some of
which are only temporarily allocated. Therefore, we quantify the number of qubits
needed in terms of both the number of block-encoding ancillae and the maximum
number of qubits used. The most costly operations to perform in fault-tolerant
architectures are typically non-transversal operations. Under the surface code [?],
the T gate and non-Clifford rotations about the z-axis are non-transversal, therefore
we count these two operations to quantify the time complexity. Finally, the overall
rescaling factor associated with each block-encoding often proportionally increases
the cost of implementing simulation algorithms constructed using block-encodings.
To account for this, we directly compare the rescaling factors associated with each
Hamiltonian.

The resource estimates are computed numerically, using the software package
LOBE [?]. The software takes as input sums of products of ladder operators, H,
and constructs a unitary operator, Uy, which block encodes H, and returns the
exact cost in terms of number of quantum resources to construct this unitary. For
those interested in further details in how Uy is constructed, the original reference
for this framework [SGS™25] gives explicit examples.

The quantum resource estimates are shown as a function of the harmonic
resolution (K) in Fig. and as a function of the number of terms in the Hamil-
tonian in Fig. The costs for the bare Hamiltonians are shown in orange and

the costs for the renormalized Hamiltonians are shown in blue.
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Figure 4.10: Block-Encoding Metrics The number of T' gates (upper-left), num-
ber of non-Clifford rotations (lower-left), block-encoding ancillae (upper-middle),
maximum number of qubits used (lower-middle), and rescaling factor (lower-right)
are shown as a function of the harmonic resolution (K). The renormalization pa-
rameter is set to A = 107/2, the bosonic cutoff is fixed to Q = 3, and the coefficients
m, p, and g are set to 1 for all data points. Metrics for the bare Hamiltonians are
shown in orange and the metrics associated with the renormalized Hamiltonian are
shown in blue.
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Figure 4.11: Block-Encoding Metrics The number of T" gates (upper-left), num-
ber of non-Clifford rotations (lower-left), block-encoding ancillae (upper-middle),
maximum number of qubits used (lower-middle), and rescaling factor (lower-right)
are shown as a function of the number of terms in a given Hamiltonian. The renor-
malization parameter is set to A = 107/2, the bosonic cutoff is fixed to Q = 3, and
the coefficients m, u, and g are set to 1 for all data points. Metrics for the bare
Hamiltonians are shown in orange and the metrics associated with the renormalized
Hamiltonian are shown in blue.
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At each resolution, the quantum resource estimates for block-encoding the
renormalized Hamiltonians are larger for all metrics that we consider. However,
the increase in quantum resources is a small portion of the overall cost. As shown
in Fig. the renormalized Hamiltonians require fewer quantum resources per
term. This implies that the increase in quantum resources is due to renormalization
introducing more terms, but it does not introduce terms that are more expensive to
block-encode on average. These numerical quantum resource estimates, along with
the results of Fig. suggest that renormalization up to second order increases
the cost of quantum simulation algorithms that use block-encodings of the Yukawa

Hamiltonian, in the worst case, by roughly 50% asymptotically.
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4.6 Summary

In this Chapter, we outlined explicit steps for constructing the effective light-front
Yukawa Hamiltonian in the RGPEP framework. With the discrete effective Hamil-
tonian, we numerically computed mass spectra, and show that the counterterms
added in the effective Hamiltonian lead to finite observables.

Additionally, we have calculated the first estimates of quantum resources
necessary for quantum simulation of a renormalized Quantum Field Theory, the
Yukawa model in particular, in the front form. As a metric for the number of quan-
tum resources necessary for quantum simulation, we calculated the cost associated
with a single block encoding of the Hamiltonian using the Ladder Operator Block
Encoding framework [SGS™25]. To contextualize our results, we comment that the
resources required to solve this theory in Euclidean space using Monte Carlo tech-
niques require a lattice size on the order O(6000%) [dSAd12].

The results presented in Section provide motivation that leads us to
believe that quantum simulation of renormalized quantum field theories in the front-

form approach is not an intractable framework.
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Chapter 5

Quantum Chromodynamics

The interactions between quarks and gluons, assumed to be the smallest indivisible
particles, possess color symmetry, described by the non-Abelian symmetry group

SU(3) . The Lagrangian of the theory is given by:
Lacn = be(ir" Dy = m) e — GI G, (1)
where D* is the covariant derivative:
Dy = 0, —igTa Ay, (5.2)
The gluon field strength tensor G4 is
GLY = O"AY — 0" Al — fanc AL AL (5.3)

The quarkk fields, 1) ) carry a color index, ¢ that runs from 1 to N. = 3,
with colors “red, green, and blue”, and a helicity index A = +1. The gluon vector
field is a four-vector, i.e. Ak, = (AJ,, A}, A2, A3 ), where a is the gluon color
index that runs from 1 to N2 — 1 = 8. The gluon polarization o = +1.

The generators of the SU(3) group are T% N2—1 = 8 3x 3 matrices satisfying
the Lie Algebra of s0(3),

[Ta, T"] — j fabere, (5.4)
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where f%¢ are the structure constants of the group. Conventionally, the T%s are
taken to be \%/2, where the A*’s are the Gell-Mann matrices, which are the analog of
the Pauli matrices for so(2). There are three QCD color factors, Cr, C4, T, where

in the fundamental representation of the SU(3) algebra (with N. = 3), [Mic00]:

1 ava) 4
Cp = gTr(A A7) = 3 (5.5)
CA(SCd — fabCfabd — 350(1 (56)
Tro® = Tr(A*A?) = %5@6 (5.7)

QCD elicits several unique types of interaction diagrams due to its group
structure. Many interaction vertices are analogous to those in U(1) QED; however,
the non-zero structure constants of SU(3) (coming from the fact that this group is
non-Abelian) lead to 3 and 4-gluon vertices.

In this Chapter, we compute the effective theory of QCD from solving the
RGPEP equations up to second order in the coupling constant. Since QCD elicits
asymptotic freedom, there is an energy scale in which ¢ <« 1, which implies this
perturbative expansion should be very effective. We describe how to counterterms
for loop diagrams, as well as small ¢* divergences that arise in the exchange mo-
mentum in some second order diagrams. Lastly, we provide preliminary results for
the cost of a (self-inverse) block-encoding of the renormalized QCD Hamiltonian

and approximate costs for quantum phase estimation.
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5.1 Bare QCD Hamiltonian

The QCD Lagrangian in Equation [5.1] elicits the equations of motion:

(1" Dy — mg)ih = 0, (5.8)

for the quark field, and
DG = J¥, (5.9)

for the gluon field, where the color current J# is

T (x) = g (x)y" Tarh(z) — igf*C Ay (2)i0" Ape(w). (5.10)

The choice of gauge used in this thesis is the “light-cone gauge”, A* = 0, which is
commonly used in literature. The quark field ¥ has a dynamical and constrained
component, just like in the free theory. In the light-cone gauge, the AL component
of A" is dynamical, while A~ is constrained.

The front-form canonical QCD Hamiltonian [BPP98] breaks up into eight
distinct terms:

HQCD:H0+H1[_;1/)A+HA3+HA4+HJ4+Hm+Hm+HZ4' (511)

From right to left, these terms correspond to the free quark and gluon Hamiltonian
(Ho), the quark-gluon vertex (H,, ,), the three-point gluon (H43) and four-point
gluon (H 44) vertices (these are all standard QCD-like diagrams). The last four
terms with tildes above the fields in the subscript are the so-called ‘instantaneous’
interaction terms. These arise from the choice of gauge and eliminating the de-
pendent degrees of freedom. These instantaneous terms do not arise in equal-time
coordinates, but nonetheless are necessary for computation.

The fermionic fields now carry color and flavor degrees of freedom, in addition
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to spin. In momentum space, they are given as

0(q")ur(@)besa(q) +0(—q")va(=q)de s A (—9)

%,f,/\(CI) = |q+|

Xe, (5.12)

where . is a 3 x 1 vector in color space defined as x. = (0¢,r, 0c,g, 5c,b)T. In gen-
eral, we will drop the flavor degree of freedom. The gluon fields carry color and

polarization degrees of freedom, where in momentum space they are

0(q+)et () aan (@) + 0(—qt)es (—q)al, ,(—
A () = (g7)eb(a) ,(Q)+‘q(+‘q Jer (—q)a 5( q)' (5.13)

The full fields are then given by

() =Y e ra(a) (5.14)
e, fih
Al(q) =D Ak (). (5.15)

g

The gluon propagator is

v

d"(q) = Y es(a)es (q)

N v My
=g+ ————1ntn , 5.16
q* (¢7)? (516)
where n* is the lightcone null vector, and is given as
n” = (0,2,0%), (5.17)

such that n*q, = ¢*. Even though m, appears in the definition of d*”(q), it is

actually independent of the gluon mass. This can be made obvious by looking at
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d"¥ component-wise:

=1\2
i (q) = 4((qq+))2 (5.18)
1
i) =d (@)= % (5.19)
d(q) = 6%, (5.20)

Even though we have imposed a nonzero gluon mass, it is vanishingly small and
satisfies mg > my,.

In momentum space each of the eight terms can be shown explicitly. The
free quark and gluon kinetic energy is:

HO = /qq_ : &(Q)gw(Q) : +L; : A“(_q) (mg + (q—»J_)2)A#(q) . (521)

Here, Hj is a slightly modified version of the standard Hy part because we’ve added
a term of the form ~ mfy(AJ-)2 to remove the issue of zero modes. There are two
three-point interaction vertices, the quark-gluon 3-point diagram and the 3-point

gluon vertex, both given as:

Hia=9 [ 0a+a+@i-o)Ta d@As, @), (65:22)

q1,92,93

and

1.
Hys = —gzgf“bc / S(q1 + g2 + a3) Fapy(q1, 92, G3) Ag(m)Af(@)AZ(%) :
491,492,493

(5.23)

where

Fopy(q1,02,93) = (42¢ — q1v)9a8 + (@30 — ©20) 98+ + (0158 — 438) Gva- (5.24)
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The four-point gluon vertex is

1
Hys = —g° / 8(q1 + g2 + a3 + qa)T25% + A% (1) Ay (42) AY(g3) AS(qa) = (5.25)

947
1592,
43,94
where
Lalds = % F%(gar98s — 9asgpy) + £ F**(9apgrs — 9as9sr)

+ fadefbce(gaﬁg'yé - gavgﬁé)a (5'26)

which notably does not depend on the individual constituent’s momenta.

The instantaneous fermion interaction is given as:

1 ol v
H—— = =g’ / S(qi+aqatastaa) 1 p(—q)Tay" AL (q2) ——Tv7" AL (g3)¥(qa) -
pady 2 q1,92 a3 + s

43,94

(5.27)

There are three types of instantaneous gluon interaction diagrams:

_ 1 -
Hy =g’ / o(qr+q2+ a3+ q) : ¢(—Q1)T‘W+¢(q2)2( +)2¢(—Q3)T“7+¢(q4) f
%17%27 q
3,44
(5.28)
+ _ + 1 q-‘r _ q+
H—~ = (i 2 / abe 42 a4 cde 14 3 N
1 = (ig) 61 +az+as+aqa)f 5 2(q+)f 5 JapYys

q1,92,
43,494

%t AX (@) A (a2) A (a3) Alan) - (5.29)
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and

. B 1 q+ _ q+
Hysg = ig° / 81+ a2+ a3 + aa) < )T @) g S T 95 A3 (43) A2 (a4) -
q1,92,
43,94

+‘A’B( AV 1 abcqg_q;r " a.+ .
Ay (q1) c(6172)2(Q+)2f 59 ¥(a3) Ty (aa) -

(5.30)

What follows are diagramatic forms of the bare QCD Hamiltonian interaction

vertices in the AT = 0 gauge.

N

= Toy" (5.31)

(5.32)

(5.33)

(5.34)
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TCE 2 '
+ + + +
B —q 1 a4 —q
— feab 2 5 1 2(q+)2fecd 4 5 3 9B Grs (536)
_ +Tain + (5 37)

5.1.1 Extensions to QCD: The quark-diquark model of baryons

Baryons can pose a challenge as their valence structure is a 3-body problem. Interest-
ing phenomenological models study baryons by introducing a diquark field [GHL11),
LG95], leading to baryons described by coupled quarks to diquarks. This can be

described by extending the QCD Lagrangian

L= Locp + (D'®)1(D,®) — mpd'®, (5.38)
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which couples a diquark field ® to the gluon field through D#. This leads to an

additional interaction diagram:

(5.39)

, where the top two legs correspond to a diquark particle.

5.2 The Effective QCD Hamiltonian

In this Section, the RGPEP Equation is solved for QCD. Then appropriate coun-

terterms are computed. Lastly, the effective QCD Hamiltonian is given.

5.2.1 Solution to the RGPEP Equation for QCD

The unitary-transformed QCD Hamiltonian is

Hoon(s, 5r) = Ho(s,50) + g( Hyya(s, ) + Has(s,s,) )
N——

HO)(s,s,) H®) (s,s,)

+ g2(H¢4(8, Sr) + HA4(S, ST) + Hw2A2 (S, Sr) + H@AAz/)(S’ Sr)).

H®) (s,5r)

(5.40)

where Hy(s,s,) = Hp, i.e. the effective zeroth order solution is the same as the
bare free Hamiltonian in Eq. by the zeroth order RGPEP Eq. The O(g) and
O(g?) terms will be computed in this Section. Note that the form of the regulating

funciton is the same that was used in Yukawa theory

3 3 3 2
T(Sr; Q" (q1, g2, QS)) —e (ql e ) : (5.41)

Contractions between the fields will be relevant shortly, so we define them
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explicitly here:

o v _ e(qi‘r) uv

Al(q1) Ay (g2) = o7 6(q1 + g2)0a,p d*(q1) (5.42)
1

- O(qgF

by (@1)ver (02) = |(qq+1|)5(<h +02)0er,c2 (Yads —my) (5.43)
1

n _ ( i’—) ot

e (@) (@2) = 20(01 + @2)br. (ol + ) (5.44)

1

The solution the RGPEP Equation at first order is the same for QCD as it was
for Yukawa theory; that is, each bare QCD 3-point vertex gets modified by a form

factor

f(S; 9 (q1, 92, CI3)) = ¢~ 5(ar ta; +45)? (5.45)

Therefore, the quark gluon vertex goes from its bare form to its effective form by:

2
—(s+sr)| g7 +a5 +a5
Hypa — HWA(S’ sr) =g / g1+ g2+ q3)e ( toR 5)

q1,92,43

%t ey (—a)vu Al (03) T ey (a2) = (5.46)
Similarly, the 3-point gluon vertex A% becomes:

2
1. —(s+sr) | qy +a; +a3
Hygs — Hys(s,s,) = —gzgf“bc / 5(q1 + q2 + q3)e o (ql o q’)

q1,92,43

X Fogy(q1, 42, 03) = A2(q1) AD (q2) A2 (g3) :

(5.47)

Matrix elements of Hy,, 4(s, sr) and Hgs(s, s;) are regular in the limit s, — 0 since
s is nonzero and the form factor acts as a regulator. Therefore, the limit s, — 0
can be taken for these terms.

There are two classes of terms of O(g?) in the effective Hamiltonian. The
first are terms that are native to the bare Hamiltonian, the instantaneous interaction

. - . . . . 2 . .
terms: HA4, Hd)‘“ HJJAAw’ and Hw2A2’ all of which are O(g*). These terms, similarly
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to the bare 3-point vertices, obtain a form factor of the form
f(S; Q (41,92, g3, (J4)> = e Ha e+ (5.48)

The more interesting class of terms is those arising from the contractions
of two first order effective terms. The three categories of these contractions are
type 1: contractions between Hy,, 4(s) with Hy,, 4(s), type 2: contractions between
H 43(s) with H4s(s), and mixed type (type 3): contractions between Hy, 4(s) with
H 43(s). In Yukawa theory, there were only type 1 contractions since 3-point boson
vertices didn’t exist; however, here more contractions must be computed. The
explicit calculations of the contractions are omitted because they are essentially the
same computations that were done in Chapter 4. Here, we simply group terms and
summarize the results.

We group terms based on their external legs. The terms with four external

gluon legs are

Hya(s,s,) = / 3(a1+a>+a)3(gs+a1—q)Te505 (5, 50541, 02, 0,08, 01)  AG(01) 47 (g2) A (g5) A ga) -,

q1,92,9
43,44
(5.49)
where
( )2 + +
1 —(s+sr)|ag +a5 +a3 +a5 q5 —¢q 1 qi —q
Fgfgg& (87 Sridi, 42, 43, Q4) = ﬁe ' e (Fgg% + fabe - ! dee - 9 2 gaﬁg’)’5>

2 2(q")
1 v
+ ?)Gf“”edeequ)Fagu(ql, 42, 9) F5(a3, 41, —q)
X R(S; Q (q1,92,9), Q" (g3, ¢4, _Q)>T<Sr; 9 (q1, g2, q))r(sr; Q (g3, qa, —q))~
(5.50)

The terms that compose H 44 are the effective 4-point gluon term, the instantaneous

gluon exchange term with gluon legs, and the effective gluon exchange with gluon
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legs. The last term has the interaction diagram:

1 d" (g
= %fabefdce q_E )Faﬁu((haq2aQ)F6'yV(q37q4v _Q)

X R(s; Q (91,92, 9), Q (g3, q4, —Q))

X r(sr; Q (q1, g2, q))T’(Sr; Q (g3, qa, —Q))

The effective gluon exchange term with quark legs is the only term that contributes

to Hya(s):

Hya(s) = ! / 5(q1+q2+9)8 (g3~ N (01, 42, 0, a3, q1) * P(—q1) VTP (q2) b (—q3)7v Tuth(qa) =

2
q1,92,9
43,44
(5.51)
where
A (01, G250, 43, 41) = 4g—pg—e >0 Ho2 s +ar)?
O(q™ _ _ _ -
+ (q+ )dlll’(q)R<8’ Q (Q17 q2, CD? Q (Q3a 44, _Q))T(ST; Q (Q17 q2, Q))T(ST; Q (q3> q4, _Q))
(5.52)

The corresponding interaction diagram is:

dm
= Ttl q£Q)TaR(sﬂ Q_(qlaQQaQ)a Q_(QB’(M?*Q))

(5.53)
Finally, there are the terms with mixed legs: the effective gluon exchange

with mixed legs, and the effective quark exchange with mixed legs. They are given
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as

Hy2 p2(8, 8r) = / 0(q1+ g2 + q)0(as + aa — Q)5 (s, 8r3 a1, 42, 4,03, 4a)

q1,92,9
q3,94

X 1 p(—q )V TP (q2) A (g3) A (qa) =, (5.54)
where

2
—(S+Sr)<qf +q5 a5 +q4_>

+ +
44y —q
%)g—ugiagiﬁe

QZIZYC,B(Sv Sry41,42,4, 43, q4) - - Z‘fabc(

0(q")

wr(q) L rabe — -
+ q+ guwd (q)§Fagy(q3aQ477Q)R<S;Q (q17QQaQ)7Q (Q3aQ477Q)>

X r(sr; Q (q1, g2, q))T<8r; Q (g3, qa, —Q))7 (5.55)

and

Hygpy(s,8r) = / 6(q1 +q2+q)d(qz3 +qs — q)?“(ST; Q™ (q1, g2, Q))T(Sr§ Q™ (g3, qa» *q))

q1,92,9
q3,94

X (=g T A (@) T (531, 02, 0,03, 01 ) W T AY (g5) ¥ (a) =

(5.56)

where

2
vt —s(q;+q;+q;+q4’)
Hpu(£§Q17Q27QaQ3aQ4) I

O(q* _ .
+ (q({r)(vo‘qaﬂLmq)R(S; Q" (q1,42,9), 2 (Q3,q4,—Q))
(5.57)

Two example interaction diagrams are given by:
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0(q") ug) L
= Guwd” (Q)§F§Z§i(%,q4,—q}

X R(s; Q (91,42, 9), Q (g3, g4, —61))

X r(sr; Q" (q1, 92, Q))T(ST; Q" (g3, s _Q))’

and

Y +m _ _
= Ta’ya'uqi_i_qu’yﬂR<s; Q (QL q2, q)a Q (q37 44, _Q)>

X r(sr; Q (g1, 92, q))T(5r§ Q" (g3, a5 —Q))

The double contractions lead to loop diagrams. There are three distinct loop
diagrams, rather than the two that arose in Yukawa theory. Out of the three loop
diagrams, two contribute to H(;mg(s, sr), and one contributes to Hgmg(s,sr). All
three of these terms diverge as s, — 0, and thus must be renormalized.

The quark mass loop is given as

0(qg:)0(q: 1
Hsmz(s,sr) = Cp / ( 23 SFS) ————0(q1 — 2 — 3)
d> 43 ¢ tq +a3
q1,92,93
X (a7 dyu(g3) (17020 + m0 )7 (@)
% (6—2(8+8r)(QI+q5+q;)2 _ e—2sr(qf+q;+q3’)2), (5.58)
and has the interaction diagram
a3
q1 a1
. -
~ v
42 (5.59)
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The gluon mass loops are given as

0(q;7)0(qf
Hygls,s0 = [ PO0E) L (g 4y g
e ¢ T4 t4a3
91,492,493
x (6m?2 : AM (g3) AV (—g3) -
(0m5) |+ 4"(a) 4™ (~0)
X (6—2(s+sT)(qf +ay +a3)? _ e—zsr(q;+q;+q;)2)7 (5.60)

where

(5m‘[2])uu =T1F 5abTr[(/ypqg — mg)Vu(Vads + mq)fyy}

+ CAdap(ql)Faﬁﬂ(qb q2, QB)FpHV(_Qh —q2, _Q3)dﬁﬁ(q2)' (561)

The interaction diagrams are:

(5.62)

and

(5.63)

5.3 Renormalization and Counterterms

All of the loop diagrams above, as well as the effective and instantaneous gluon
exchange terms require counterterms since they diverge in the limit s, — 0. In this
section, we provide explicit calculations of the counterterms in the limit s, — 0.

Some relevant integrals are given here (where the notation o(1) stands for
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terms which go to zero as s, — 0):

/ dz e*r% = \g?erfC(Zox/g)
20

_ VA
2/5

— 20+ o(1) (5.64)

1 2 1
dz—e % = =T'(0 2
/ZO Zze 5 ( ,SZO>

- ;<7+log (822)> +o(1) (5.65)

<0

)

o s 22 e ST‘ZO
dz ze °7% =

20

2s
1—s23
=~ +ol() (5.66)
/Z:odz log (z/m) exp ( - 37,22)
= 4\\77;7(—7+10g (477112&)> +zo(1+10g(m/z0)> +0(1) (5.67)

/Z:Odzij log (z/m) exp ( - 3722)

2

— 2—8 + é(’y + log(sr))2 4 %log(m) (fy + log(srzg)) — %bgz(z()) +o(1)

(5.68)

The general steps to solve the loop integrals in this Section are as follows:

1. Replace all particle momentum, ¢; in the integrand with relative momentum
of the two particles in the loop, = and s by a change of variables, while

computing the Jacobian.

2. The integration variables should now be dz and d?s*. A single integral can

be done trivially by changing to polar coordinates: d?x+ = kdrd¢g, where the
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integral over ¢ simply gives 2.

. Now change variables from dx — dM? by writing down the invariant masses
of the particles in the loop in terms of z and 2. This will remove a factor of

2(1 — ) in the denominator.

. It is now almost always easier to integrate when the order of integration is
reversed, that is integrating with respect to dM?dzx, rather than dedM?. This
is shown in Fig. 5.1l To do this, rather than integrating from x =0 to x = 1
and then integrating along M? from the fixed value of z in the outer integral

to infinity, M? can be solved in terms of z (which will give two solutions,

denoted z1 and xs). Now, one can integrate from M2, to infinity while
integrating along x from x1 to xo, both which depend on the outer value of
M?2. Lastly, note that M2 . = M?(2min.,0), where ,,i,. is the minimum of

min.

the curve M2.

. Lastly, when you obtain an integral of the form

1= [ f (s, (5.69)

and if this integral diverges as s, — 0, split up the integral in the following

manner:

1= [ o) fGsrin) = [ dn (L(n)—diV(L(n))>f(sr,n)+ [ ndiv(em) £(svm).
(5.70)
Here, div(c) stands for the divergent part of the integrand, ¢(n). This can in
general be determined by looking at the Taylor series of ¢(n) at 7 — oco. The
first integral in the split has the integrand (L - div(L)> f(sr,m), which is finite
when s, = 0 if and only if it passes Lebesque’s dominated convergence theorem
In this case, one can freely take s, — 0 and likely find a closed form of
the integral. The second integral with integrand div(c)f(s,,n) diverges when

s — 0. In general, a closed form solution to this integral cannot be found;
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rather, a solution with explicit s, dependence can be given with additional

terms that tend to zero as s, — 0.

20

151

0 0.5 2, 1.0
X

Figure 5.1: Example of integration region: Integration of a function over the
region defined in gray can be made easier in many cases by switching the order of
integration from dzr dM? — dM? dz.

5.3.1 Gluon Mass Loops

There are two contributions to the gluon mass loop, the quark loop and the
gluon loop

5.3.1.1 Gluon Mass Loop: Quark Loop

The contraction Yy*T a’L/}AZIE’yVwaAg leads to the quark loop |5.62, given by

0(q)0(q3) b
H (52 Z/ / ———="——5(q1 + q2 — ¢3)TF6"
M ™ e Jorwe @08 (@5 + 45 — a3

X Tr | (900 = mg)7" (a8 +mg)7"| : Allas)AL(—gs) : (5.71)

The trace can be simplified:

T [ (100 = M)V (a8 +mg)y”| = 4(df'es + dtf — 9" (@1 - 2 +m))  (5.72)
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therefore,

Honpy = [ [ 062) L5 s+ 2 — )
g3

a0 0 05 Q1 +QQ —4q3)
x 4(qlas + atah — ¢" (a1 - g2 + m2)) As(gs) Ab(—g3). (5.73)

0(q)6(q3) _ T .
The factor pras d(q1 + g2 — ¢3) implies g3 > 0 which allows the fields to be

112

written in terms of the polarization vectors and ladder operators:

0(q;)0(q3)
Hsm2 ZTF/ / —————0(q1 + 2 — @3)
(o)1 g3 7/ q1,92 qr‘];(ch +q, — CI3)

€7(g3)e” (g3)
Y R al (43) a0 (g3),

< A(al'as + afas — " (a1 - a2+ my))

(3)?
(5.74)
where the bosonic creation and annihilation operators were normal ordered.
The following can be simplified:
(et +aVdh — 9 (a1 - o +m2) )i (as)el " (as)
= (ql € (QS)) ((J2 : Egl*(QS)) + (Q1 € (QS)) (Q2 : 63,*(%))
— (@1 @2 +m2)e(qs) - GW,*(QS)) (5.75)
Next, note that
62(‘]3) ' e,uo”* (Q3) = _50,0’ (576)
and
a3 €s(g3) = 0. (5.77)

Since g9 is contracted with €, g5 will not appear in this expression since e* = 0.
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Therefore, g2 can be written as q¢; — g3, which simplifies the expression to:

2(q1 - € (3)) (a1 - €5:(g5)) + (a1 - g2 + M2) 0o

=2(—k-ex)(— ke )+ (@ a2+ mdisy (5.78)
where the following identity was used:

1.
a1 6o(a3) = 500 65 (1) — 0 65 (a3)

:;xq;(%z}f&%)_f 1

80’
4 '
= rqie; —qie,
= —Kk-gf (5.79)
By the identity
o 1
/d%f(n)mw = 5% /d2/<;f(/i)/<;2, (5.80)

we get (with g3 — ¢ and the fields reinserted)

0(q;)0(q3)
H g2 :// (1 + @2 — q)
(om ) gJaa ¢ a3 (67 + a5 —q3) L
X (2(q1 - g2 + m2) — 262) Al () Al (—q)
= [ (m3@)) 4@ A%~ (5.81)
q
where
0(q)0(q7) M2 (2, k) — 22
sm(q =/ 205+ qp — q) — 2
( o ))1 w64 (@ t+a:—a) 4 +ay —q

< fs+smar+d;—a )= (s a +a —a)

=lIgi(s+sr)—Igi(sr) (5.82)

since 2q1 - q2 + 2m§ = (q1 + q2)?, which is the invaraint mass of the quark-antiquark

pair, M2:(z, k).
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Now,

2(222 — 22 + 1) + 2m? —2s 2
2 q r 2 2
167T2 / / M M2 —m2 xp ((q+)2 (M2 = mf) )

g

IG,l(S’F) =

x(l 1)

2(9.,.2 2
o (P2 MZ(22% =2z + 1) + 2m; —25, 5 9\?
16772 / dM . dx N 2 exp )2 (M mg) )

4m? g

(x1,22) = (;2'/1\/1,//%24mg,+1//\/12 4m2> (5.84)

After integrating over # and making the substitution z = M? — mg and defining

5. = 2s,./(qh)>?:

T © 1(2 4 4m?2 -
Ipi(sr) = . /3 dz— <\/(z +m2)(z — 3m2) + §m3 1- L )e‘s’“ZQ.
q

1672 m2  Z\3 z 4+ m?
(5.85)
Using the series expansion about z — oo,
2 \/(z +m2)(z —3m2) =z — m2 — % +0(z7?) (5.86)
3z g g z ’
and
Am? 4m?2 Am? 3
3; - +7312 = 3;’ +0(27?), (5.87)
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then

. TF oo 2 5 2 2 ng —51«22
Iga(sy) = 16772{ /Smg dz<32\/(z +mz)(z —3m2) — 3 + 5, €

2
+ - dz<2 - ng> e 5

3m2 3 3z
2
T Dy N PR B PO
3m2 3z 2+ m2
q q
* g Am 5.88
+ 3mg Z@e . ( . )

The first and third integrals are convergent in the limit s, — 0 by Lebeque’s

dominated convergence theorem (see Chapter 4) with the dominating functions

3% <\/(z +m2)(z —3m2) — 2+ m§> (5.89)

and

4m3 4m?2

— 1-— 5 — 1 (5.90)
3z z+mg

respectively. The second and fourth integrals diverge in the limit s, — 0, and

therefore must be computed explicitly in terms of s,.

Altogether, the total integral is

Tr
1672

2m?2
Iga(sy) = {99 (6 + 3v/3m — log 27) — 3m2

L VT m3<—7+log((q+)2 )>}+0(1) (5.91)
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5.3.1.2 Gluon Mass Loop: Gluon Loop

f—{':lﬁ
The contraction Ag‘A;AZAgA:AZ leads to the gluon loop |5.63| given by

0(q;)0(q7) b
H sz Z/ / ———="——6(q1 + q2 — q3)Cadé"
(om3)2 q3 Jq1,92 qr‘];(% +q, — Q3)

x d*?(q1) Fapp(ar, 42, 43) Fpro (— a1, — a2, —43)d"" (q2)

x 2 Ap(g3)Ap(—as) - - (5.92)

The factor d**(q1) Fapu(q1, 92, 43) Fpro (—q1, —q2, —q3)d?"(q2) must be simplified first:

—d*(q1) Fapu(q1, a2, 43)d°" (02) Fpru (— 1, — G2, —43)
= d(q1) Fapu(a1, 92, 43)d°" (q2) F o (01, 42, G3)
=2(¢2 — q)ule2 — @1)v + Z(QfQ'fdﬂn(%)dW(m) + QQBQSdﬁn(%)duu(@D))
+ 4( 4 du(02)35 o (01) = G5y (01)05 dew (02) )
+2(a2 — a)u (@50 (@2)ds (@) — a2pd”° (@) dg (a2))

+ 22 — a1 (01507 (42)dpu(@r) — 42507 (a1) (@) (5.93)

This can be simplified by the following relations:
L. qud"(p) = 347d " (p) — ¢ - d*"(p)
2. ququd* (p) = (7‘” e +)2
3. qud"® (p)day (q) = TL=2T - d ), (q)

From these, we can simplify above with

16(g2 — q1)u(g2 — @1)vA*(q3) A" (—q3) = 64 K> A" (g3) Au(—g3), (5.94)
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4(a) a5 dgn (@2)dpur (1) + 45 65 (1) dyu (22) ) A" (05) A” (—a5)

FoL 412 oL+ 12
_ 4<(q1 QQ(q;;]; i ql(qf;g qz) >A“(Q3)AM(—Q3)

1 1
= 4k? (:ﬂ e x)2>, (5.95)

—4(qfdw<q2>q3dau<q1> + qsczw<q1>q%dw<q2>)AM<q3>A”<—q3>

=—4<(q1 x —1%2 +QI)(QQ ><—1*+€I2)
92 41

+ (g3 x —1* +3)(qi % _17 +qi ))A”(Q?,)Au(—qza)
Ch q2

—8k2
= mA”(%)Au(—QS), (5.96)

and
2(q2 — q1)p (QIpdp’B(%)d,Bu(m) — q2pd"P (q1)dg, (g2 )

+ 1
142

Q1Q2—QQQ1 %‘h‘qq
= 2(q2 — q1) et (3) -
( 4 a )
+ 1 + 1 + 1 + 1
ey — g a g g —ai g
+2(gp — @) Feg (—go) (2 2IL - AL ) gy A, (—g5)
qs q
S ) Au(—g) (5.97)

Under the integral, 2(g2 — q1) (g2 — q1)v€”(q)€% (q) = 462 J,0+ such that

/dZH d°?(q1) Fupu(a1, 92, 0) 475 (q2) F o (—q1, —q2, —q) A*(q) A” (—q)

= —4/d2/<a K2 (1 + é + i _136)2)14“((1)14#(_‘1)

(5.98)
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Therefore,

Hsmz), = /(5m )2A%(0) A% (—a), (5.99)
q
where
B dxd?k K2 Pyy(x) —25, 9 2\ 2
Igo(sy) = 4CA/ 1673 z(1 — z) /\/l2 (. R) — mg 22(1 — 2) exp )’ (Mgg(:r K) —mg)
Ca ZMPx(1—x) —mi  Pyy(z) —28 /5
4r? / / M M2—m3  2z(1—x) P (qT)2 (M m

g
z(l—=x)

CA 2 1 _237’ 2 2 2
2 4m§d/\/{ M2_m?]exp[q (/\/l —m)

2 M2x(1 — ) — m?
x/m dx( ﬁl_i) 9><1+;2+u_1$)2> (5.100)

where Pyg(z) is the Altarelli-Parisi [AP77, (GRG15, (GVGR23] gluon splitting func-

tion, given as

1—
Z : i - +2(1 - z)), (5.101)

Pyy(z) = 2Nc<

z

where the roots are

(21, x2)

< ,/./\/l4 m2/\/l2 M? + ./M4 m2M2>

After the dx integration we get two integrals, where the variable substitution z =

M2 — m?2 was used:

g
N, o .2
Igo(sr) = —47:2 { - /3m2 dz\/(z +m2)(z — 3m2)e”**
g9
2 o0 1 4m§ _ o 52
— 12my dz—arctanh( |1 — 5 |e " . (5.102)
3m2 & Z+ my

The same procedure can be used to compute both of these integrals. That is,
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extract the divergent part by expanding the integrand (with s, = 0) about z — oo.

© —2s,
/?)mg dz\/(z +m2)(z — 3m2) exp [(q*)”ﬂ
4

- dzl\/(z+m§)(z3m§) (- 2%)]

2 z
My

o0 2m —2s
_m2__9 T2
+/3 dz(z my ~ )exp [(q+)2z 1

mg
2 VT

m

1
25, 92./5r

3
= my(1 —log9) + +my (’y + log(9m35r> - 2) +o(1) (5.103)

In the first integral after the equal sign, the limit can be taken inside the inte-

gral by the dominated convergence theorem with the dominating function

4
\/(z +m2)(z — 3m2) — (z —mZ — 2%) which converges to mg(1 —log9).

To extract the divergent part of arctanh(x), it is easier to write this in terms
of log since the function we’re interested in expanding is a composite function and

arctanh(z) is not defined Vo € R. Therefore,

1 4m? 1 z 9
Zarctanh( 11— Py m?]) = ;log (m?]) +0(z77) (5.104)

Then,

3mZ 2 zZ+ m?] (q+)2
00 4m?2 1
= dz—| arctanh( ,|1 — g 5 | — 51og (—2)
3m2 2 z+myg 2 4

1 [ 1 —2s
S| dzm] ; o¥s
+ 2 Sy 2 og(z/mg) exp [(q’L)QZ
1 1 5m?
— ~log?(20)* + ~ log®(3) — —— 5.105
- log?(0)? + ; log*(3) — =1, (5.105)

The limit is implicitly brough into the integral in the first integral after the equal
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sign by the dominated convergence theorem with the dominating function,
2
i(arctanh( 1-— 4m9> — %log( )) which converges to the value under the

z
2 2
z+mg myg

brace. The second integral is computed in the limit that s, — 0, and evaluates to

2

o Ilnz/m ' o

/ dz———Ze 5%
3

m2 2z
1(1 @2\ 1 (¢*)*m;
= 2{8 (7 — log ( q25T )) + 5108;(7”3) (7 — log (%>>
2
+ Z—g - ;log2(3mg)} +o(1) (5.106)

All together,

C 1 3
Iga(s) = —A{m3(10g9 -1) - +m? VT my <’y - log(9m33r) — 2)

42 2%, 99 J5
2
1 1 (¢")° 1 (q%)*m;
o 21 = 2 - o - 2 o NS g
12mg<4log (3) + 16 (’y log( %%, ) + 4log(mg> ~y log( 2. )
1372 1
~ 558 —21og2(3m§)} (5.107)

Again motivated by the calculation in Chapter 4, we take the counterterm to

be X2 (sr) = Ig.1(s7)+1g2(sr). Therefore, the gluon mass term in the Hamiltonian

is given in terms of \ as

|+ A (i) + @) Auta) - (5.108)
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where

mg(sa Q) = Ig,l(sa Q) + Ig,?(sv Q)

drd’r Me(x, k%) — 2K - 2 2 2
- ].67T3.T(1 - ZU) (ng(.f, /4/2) — m?] exp |:(q+)2 (Mq(j(x7 K ) - mg):|

o 1+ t4a72 —2s

4 T ) = P g (M) mg)})

5.3.2 Quark Mass Loop

The quark mass loop in Fig. [5.58|is given by:

0(q5)0(q3) 1
T+ - o o
g2 43 ¢, +q +4q3

Hapg(s,5,) = Cr [

q1,92,93

g1 — a2 — q3)

X 5 (1)1 dy (43) (17020 + M0 )7 (@)

X (fQ(S;(h —q2—q3) — 1)7’2(Sr;Q1 —q2—g3). (5.110)
The Gamma matrices can be simplified by the identities:

1 4F4"du(q) = —21 (5.111)

2 2m?
2. ¥y dyu () = qT(qu +g*y-q) - @z 9 (5.112)

Relative momentum coordinates are useful. That is,

po (5.113)

g5 +af
kt=(1-12)gy —zqs (5.114)
— g —zgt (5.115)

Under the §(q1 — ¢2 — ¢3), q; + qgr can be replaced with qf’, and the same with

qé‘ + q?f‘ with qf-.
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Then

(1) (g3) (V02 + 124 )7 1(01)

= u(q )Y’ dyw(g3)azpulqr) + meu(q) v y" dy (g3)u(q)

2g5 _ 203 g2 2mgds \ _
= —La(g ulq)gsu + < — — 22 Ja(g)y T ulg) — 2mgu(q)u(q).
93 q3 (g3)
(5.116)
Now, the following relations can be invoked:
2 qo- g3 = Myy(x, %) —m] —m
2q- g5 = o( M2y, K%)= m2) +m3 (5.117)

to obtain

uw(q1)y"du (q3) (’Yp(hp + mq)'y”u(ql)

Therefore, the quark mass loop can be written:

Sm2(s,sriq1) ¥(q)vH(qr)

Hg,2(s, sy :/ , 5.119
3 q( ) o qf 2 ( )
where
0(q3)0(q3) 1
Sm2(s, sr5q1) = CF/ 5(q1 — g2 — q3)—=2 K —
I 42,0 a3 @ +ay +a;
m2
><2<(_ —1—z) (M2 —m? - _2)) 4m?
X (fQ(S;Ch — @2 —q3) — 1)7"2(8r;ql —q2—q3)
=Ig(s+s,) — Ig(sy). (5.120)
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We now must simplify Ig(s,):

0(q3)0(q) 1
I, (ST)Z/ 5(q2 + g3 —q1) —
? 0.0 O
K2 + m2(1 — x)2 B B B
x ( = )exp [— 25, (a5 + a5 — G )2]. (5.121)

Define the change of variables: y = ¢35 + ¢35 ,7 = ¢ /y,k+ = (1 — 2)g3 — 7q3, and
Yy = qﬁ- —|—q§-, where z and k- are the relative momentum variables for two particles

(relative to the ‘parent’ quark with momentum ¢;). The Jacobian of this change of

variables is J = y.

y dy dx dy* dr*
IQ(ST) =

16736 (y — ¢ )* (v — at)

1673
y 1 (FaQ—i—mg(l—x)z)
rq (1 —x)qf x
+
N —25r 2 2)\?
exp g2 +q3)" —q , 5.122
(g2 +g3)* — qf [((H)Q (( ) 1> ] (5122)

where g3 +q5 —q; = ((@2+¢3)>—¢%)/q; . The integrals over dy and dy" are trivial

because of the deltas:

dr d*k 1 K2 4+ mg(l — )2 —2s, 2
la(sr) = / (1= 2) MBy(z, m) — m2 ( p ) exp [(qf)Q (M (e, ) —m5) 1 )

where

2 2 2 2
m:; + K m: + kK
Ma(z, 1) = —2 + 2

x 1—=z

After writing x2 in terms of M3;, and changing the d?k integral to polar
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coordinates of kdrkd¢, the integral becomes:

1 0 M2 —m2) (1 — ) — m2 _ 9
Io(sy) = / d:c/ d./\/l2( mg)(1 ~ @) = my exp 28r <M2 - m2)
0 M3 (2,0)

M? —mg (q7)? !
1 0 —2s 2
= d:c/ dM? (1 — z)exp l L(M?—m? ]
/o M, (,0) (¢ )2( ")
I
1 00 1 —2s 2
—m2 [ d / AM?——— e (M2 —m?) |. 5.124
mg/o e ME=mZ T (gf )2< i) (5.124)
Iy

The integration region for I is the shaded region in Fig. As it is currently
written, the integration orders show that as you integrate along x from 0 to 1,
you integrate along M? from M?(x,0) to oo, shown as the vertical dashed line.

Alternatively, the bounds can be changed if the integration region is also changed,

2

that is, if you integrate along M? from M2, to oo and for each M? value, you

integrate in z along the horizontal dashed line. M2, is defined to be the value of

M? evaluated at pin. = mg/(mg+my), which happens to be M2, = (mg,+m,)>.

After switching the order of integration and defining § = 2s,./(q{")?,

(v-t)
o0 T 1 —3 M27m2
IQ = / dMQ/ dxme ¢
mg(mg+2mg) 1 q
2
o0 1 75(./\/[27’”’12)
= AM? ——¢ 9 (wg — 1)
mg(mg+2mg) M2 — mg
= d e 5.125
mg(mg+2mg) MQ(MQ — mg)
where

M? —mZ —m?2 — \/(M2—m2—m3)2—4./\/l2m2

oy g q
L= 2M?
M2 — mg — mg + \/(/\/l2 —m2 — m§)2 — AM?2m?
To =
2 2M?

Lebesque’s dominated convergence theorem allows the limit § — 0 to

\/ (y+mZ—m2)2—dm2y
y(y—m2)

be taken inside the integral by the dominating function , leading
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to an integral of a rational function (with y = M?). Using Euler’s first substitution,

1

Ih = —=1 1
2 2mg 0g< +

2m2(mq —2my) ) (5.126)

m2(1+ dmgmy +m2) +m2(4m? — 1)
The order of integration in I; can also be changed:
it 2 2 2
L = / dM? exp l_ﬁ; (M2 - mi) / dz(l — x)
(1) 1
mg(mg+2mq)

o (M —m2+ mg)\/(./\/ﬂ +m2 —m2)2 — dm2 M?
- / M 2(M?2)2

(5.127)

We can Taylor expand the integrand by

. m—m)J (1 _2mi+md) (m] —mﬁ)?)

M? M? M4
4 4 2.2
1 mZ 1 (mq Mg~ qumg) 1
B R VIR M +0(5@) 5129

The first two terms in this expansion cause a divergence when s, — 0 since they

fail the p-test for convergence. The third term (and all higher orders) will pass the
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p-test for convergence when the regulator is removed. Therefore,

1 i (M2 —m2 + mg)\/(w +m2 —m2)2 — 4m2 M?
2 MH
mg(mg+2mg)
2
r 2 2
X exp [(QDQ (M - mq) ]
T 1 m? —2s 2
= dM?(= — —L) exp " (M2 - 2 ]
m (m[er ) (2 M2) ( ;r)2< q>
00 2_ .2 2 2 2 022 _ 42 A2
+1 A (M mq+mg)\/(M +m2 —m2)? —4m2 M _1+273
2 M4 M?

—92s, 2
X exp [(CJT)Q (Mz _ mg) ] . (5.129)

The first integral above diverges with s, — 0, while the second integral is finite at

sy = 0 because the divergence determined by expanding the integrand is subtracted

out (and it passes the dominated convergence theorem [A.0.1)).

Therefore,
3 o -
mg(mg+2mg)

= 4mg log (mg) - 2m§ + mg log(4)

2
q

M2

)

. m? (mq, /mZ —4dmgmy — 4m3) + 2mgmy (mw /mZ —4dmgmy — ng) —m;

mg(mg + 2mg)

+2m? log lmg(mq + 2my) (m?] — 2mgmy + mgy/mZ — 4mqmg)1
2 fim2
my + 2mgmg — mgy/mi — dmgm
+ 2mg arctanh( ! i ! ! ! g)

22
mg —my
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g(mg—l-qu)
i — 2
-3 ] e[ e )
2 (a1)
g(mg+2myg)
Tdm? o )
2 ., ) )
-m exp M m (5'131)
q / M? [(qf)2( q) ]
g(mg-‘r?mq)

5 dM* exp M2 —m
2 [(QT)Q( ‘)

VT 25y
= ;11\/\2/?: (1 + erf[(qf)2 (m2 —m?2 — 2mgmq)D

_GVT
=50z, Tol) (5.132)

mg(mg+2myg)

- = 2 - z == 2 — 25,
Let u = @ (M mq). Then du = z dM?* where z = 225

mg(mg—+2mq)

1
= / duﬁe—ﬁ
u+zm

q
z2(m§—mg+2mqmyg)

- 7 du (fe‘“ +o(1))

Z(mﬁ _m3+2mqmg)

1
= 50(0,22(m2 — m2 + 2m,m,)?)

9 g
= %( —7—n ((35)2 (mg —m? + qumg)2> + 0(1)) (5.133)
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All together,

1

2
2mq

Iq(sr)

3
log (1 N 2m;,(mg — 2my) )

mZ(1 4 4mgmy +m2) +m2(4m2 — 1)

+ 4m3 log (m(%) - me] + mg log(4) + 2m3 log(mg(mg + 2m))

—m;} + mg (mq mg — dmgmg — 4m3) + 2mgmy (mq, /mg —4dmgmg — 2m§>

_l’_

mg(mg + 2my)

+ 2m3 log lmg (mg + 2my) (mg — 2mgmg + mg\/m2 — 4mqmg)]
2 2
mg + 2mgmg — Mgy /mz — 4mgm
+ 2m3 arctanh( J — Vo1 ! g)

mZ —m2
+
G vr 1 o 2s, 5 9 )
N 5( 7=l ((qf‘)Q(mg my + 2mgmg)?) + o(1). (5.134)

Motivated by the calculation in Chapter 4, we take the counterterm to be
Xsmz(sr) = Ig(sr). Therefore, the quark mass term in the Hamiltonian is given in
terms of s as

m2(s 12
Hangls) = [P0 ) vt (5.135)

2 2 2
2 / dvd’s K"+ mg(l —z) e 28(Mig(em)=m)*/(@")*  (5.136)
(1 —z) 2(M2, (2, k) — m2)

q
5.3.3 Small ¢ Singularities

The instantaneous and effective exchange terms all contain factors of 1/q* or 1/(¢7)?,
which have the ability to diverge as the limit s, — 0 is taken. The factors of q;“
which come from the field operators will not cause divergences because all qi+ > 0.

As an example of a term that diverges with s, — 0, consider the effective
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gluon exchange with quark legs:

0(qtd,,
Hyserlovs) = [ dlarten + 0d(as + a0 — L0
q1,92,9
q3,94

X 1 h(—q) VT P (q2) 1 (—q3)y" Tar)(qa) :
xR(s; Q (q1,42,9), Q" (Q3,Q4,—Q))

%7 (5 Q (01,0.9) )7 (5, Q (@3, 01, —0))  (5.137)

At first glance, it appears that the 1/¢* factor will cause problems, but it turns out

this is actually not the source of the divergence. This can be seen by looking at

R(S; Q*(Q1,Q2,Q),Qf(Q37Q4,—Q)) 1 ( 1 1 )
qt 20" \qy + a5 4 a5 +aq —q

: (f(ss Q (q1,42,9)) - f(5; Q7 (3,94, —q))
— (5,97 (q1, 42, g3, q4)))

1 1 N 1 )
2\ @+ @)? @ (3+aq)?
(f(5:Q7 (a1,02,0)) - (51 Q" (g3, 91, —0))
— 2(s; Qﬁ(Q17CI2aQ3,(I4)))~

(5.138)

¢ is the momentum four-vector for the exchange gluon so ¢> = mf]. The de-
nominators above will not vanish, even in the limit as ¢© — 0. This is because
(1 +q2)? > 4m§ > mg or (g1 +¢2)? < 0 (see Chapter 2). Also, as gt — 0, ¢~ — o0,
which will send the two form factors that have explicit dependence on ¢~ to zero.
Therefore, this is not the source of the divergence because it is finite in the limit

gt — 0.

To determine the divergence, define the quark part of the color current as
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JENq1,92,9) = 6(q1 + 2 + q) : Y(—q1)y"T*(qz) :, consider the expression

A (@) T4 (a1, 2, )5 (g3, 415 — Q).

This splits up into two pieces:
Nudv + Mg
— 9w (a1, a2, 9) I (g3, 4, —q) + %Jg‘“(ql, q2,9)J5 " (g3, 44, —q)-
(5.139)

The first term has no factors of 1/¢*, unlike the second term. We need to compute
n#Qnga(QL q2, Q)JZ,’“(%, q4, —q) and WVQuJ;(QDQ% Q)Jg(qg,q4, —q). First consider
1 o
S +ae+q = qu=—qu—G@u+s0u(a +q +q7) (5.140)

2

and similarly for §(g3 + ¢4 — q). Now

a 1 — — — N a
G (@1, 02:9) = (= @1 = @+ 5mu(07 + 05 +07)) 01 + a2 + 0) : V(=) T(g) -

2
= — Y= )V TY%(q2) : — : Y(—q) V' qo T ¥ (q2) -
-
+ %JJ(QMQ%Q)
@ t3 tq
= %J;a(qlquaQ)v (5141)

where to obtain the last line, the Dirac equation (and its conjugate) are used to

cancel the first two terms. Therefore,

Mudv + Mvq
%Jga(%,%aqwga(%»%,—Q)

1
=7 (JJ“(ql, a2, 0)qv Iy " (43,04, =) + qu Ty (a1, 42, 9) T, (43, qa, —q))

(4" —6 -0 6 +&+4
- cﬁ( ; L4 ; J a1, 92, 9) T (43, g4, —q)
01+ ¢2)° + (g3 + 1)
- )2(q+§2 ) Iy a1, g2, 9) I (g3, 445 —q)- (5.142)
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Now, the combination

R(S; Q7 (q1,92,9), 27 (g3, q4» —q)) . .
= duw I3 (15 G2, 9) I (93, 94, —q) (5.143)

splits into four pieces (all multiplied by the regular factor %((q2 — (1 +q@)*) '+

(¢° — (g3 + CJ4)2)71)):

1.
(597 (a1, 02,0)) £ (5 Q7 (a3, a1, ~0) ) G4 (a1 42, @) T3 (93, 04, —4)
2.
(5@ 10020 (552 (000, —0) LI g 0010 05,000
3.
f(S; Q (q1,92, g3, q4))gou5“(q1, 92,9)J;* (g3, 4, —q)
4.

_ G+ q)?+ (i3 +a) 1, .
f(s;Q (q1,q2,q3,q4))( : 2)2(q+§23 ) JF (a1, a2, 0) I (a3, 44, —q)

The first and third expressions do not contain any factors of powers of 1/¢* and
consequently are finite at small ¢g*. At first glance, it appears that the second
expression may lead to a problem because it is proportional to 1/(¢*)?; however,

the form factors mitigate this divergence. To see this explicitly:

2
e—slay +ay +a7)? e*s<‘12*(q1+f12)2) /(a™)?
qlJ}I—I:O q—+ - qlJ}I_I:O qt = 0. (5.144)

Therefore, the second expression is not only finite as g™ — 0, but approaches 0.

We now look at the fourth term and discover that this is the source of the
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divergence. First, we evaluate (¢1 + ¢2)? and (g3 + g4)? in the limit ¢* = 0:

1 1 1 2 2
2\ (@ +@)? ¢ (B+ay) 2 o
This can be simplified by considering
(@ +@?| =l +a)a+a) - (@ +a)? = (") (5.146)

qt=0

where the delta function in momentum was imposed. A similar result shows (g3 +
— (L2
a)| =)
One may think that the form factor in the fourth expression could regulate
this divergence since the other four momenta depend on g3 through the Dirac deltas

(0(q1 + g2+ q)d(q3 + q4 — q)), but we can quickly show why this is incorrect:

exp (—s(ay +d5 +a5 +41)?) =exp(—sley +a3 +a +a5 +a5 —q)?)

2
2 2 2 2
:exp[_s<q (((1]1+ @) (e 6(1]4+) q)].

(5.147)

In the limit that g™ — 0:

lim exp
qt—0

l_ S<q2 — (@1 + ¢2)° n (g3 +q4)* — q2>21

qt qt

= exp [ (@) - (qL)Qﬂ

()2

=1

Therefore, the form factor will not regulate the factor of 1/(¢*)?. This term is the
source of the small ¢© divergence as s, — 0. We want to include a counterterm that

acts only at g™ = 0, but otherwise is absent. Therefore excluding the form factor,
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the fourth term has the following form in the limit of small ¢*:

1 1 n 1 (g1 +q2)* + (g3 + qu)° _ —(gh)?
2\ - (@ + @) ¢@—(+au) 2 =0 my + ()
(5.148)

To determine the counterterm, we consider the combination of the effective

gluon exchange and the instantaneous gluon exchange, i.e. Hya(s, s;)

2
. 1 (¢1)2 2 (mi+a2) sty
lim Hoyi(s, ) = 1 -

Ay Hinls:50) /q (q+)2( m2 + (qL)2)e

/ 6(q1 + a2+ a)0(q3 + a1 — @) (q1, 42, 9) I (43,44, —q)
q1,92,93,94

x f(s; Q‘(ql,q2,q3,q4)) (5.149)

The integral over ¢ is

132 T dat —9s, N mg —
(1 i <)(ﬂ>2>[o P Lqﬂ? (i + @) ] - L))\E '

(5.150)

Therefore, we want to choose a counterterm which acts only at ¢* = 0 and will
cancel out the term on the right hand side of the above equation. This leads us to

the following counterterm:

Xypa(s,8r) = — / 61 + a2+ q)d(g3 +qs — q)f(S; Q™ (q1, g2, g3, Q4)>
q1,92,9
43,94
m2 e
X 5(q+)—92\/gJ;(QbQ%Q)J;(QS,%,—Q)
(m3 +(gh2) V=
(5.151)

The same procedure can be applied to all gluon exchange vertices (effective + in-
stantaneous) to determine a similar counterterm.
Next, we must determine if counterterms are necessary for the fermion ex-

change terms. Combining the effective and instantaneous quark exchange terms,
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recall:

Hygpy(s8r) = / 6(q1 +q2+q)d(q3 +qs — q)?“(ST; Q™ (q1, g2, Q))T(Sr§ Q™ (g3, qa» *q))

q1,92,9
q3,94

X (=g T A (@) T (531, 02, 0,03, 01 ) W T AY (g5) ¥ (a) =,

(5.152)
where
2
Nt —s (qf+q§+q§+q2)
Huu(s;ql,cm,q, qz,q4) =2 ¢
R(S;Q‘(ql,qz,q),Q‘(Q3,Q4,—q)) .
i q* (70 + ma).
(5.153)

We need to determine the divergence (or lack thereof) in II,, as s, — 0. We know
that without the effective exchange term (the second term in II,, ), this term will
diverge because the form factor in the first term of II,, cannot dampen the 1/¢7.
The only hope that this converges if if the addition of the second term makes all of
IL,,, finite.

We can split 11, into two parts:

R S; Q7<q17q2aq>7gi(q37q47_q) 1
( o ) (qu‘ —qt ot g mq). (5.154)

which we know from the previous calculations that the numerator will regulate the

1/q*" factor, rendering this term finite. The other term is

o oAl IR LI !
f(37 Q (Q17QZ7(]37C]4)) 2 [q+ + 2q+ <Q‘(Q1,QQ,C]) Q‘(Q3,Q4,—q)>

. <f(8; Q_(fh,QQ,Q))f(S; Q7 (g3, q4» —Q)) - 1)]
f(S; Q7(q1,92,43,q4)
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which further splits into two terms, one of which is clearly finite because of the form

factors:
q < 1 1 )f(S; Q‘(q1,q27q))f(5; Q_(C]3,CI47—Q))
207\ Q (@ az,0) Q7 (43,04 =0) f(5:Q (a1, 02,5, 0)) .

(5.156)
The other term (disregarding the factor of f(s; Q™ (q1, 92, g3, q4)>'y+/2 which is fi-

nite) is

1 ¢ 1 1
_ _ , 5.157
gt 2q" (Q‘(qqu, q) Q9 (g3 a4 —q)> (5.157)

which does not have form factors to regulate it. Nevertheless, we simplify it:

1 q—< 1 1 )
at 2¢t\qy +ay +ao a3z tag —q

:1<2_ “ 4 )
2q™ ¢ +aq +q g3 +q —q

1 (qf+q5+<f—q‘ +qf+qz_+q‘—q‘>

207\ @ +a@ta 43 +qs —q
1 qq +aq 93 + 9y
_ = — , 5.158
2 <q2 (1 +@)? (3 +q)? (5.158)
which now is obviously finite as ¢ — 0. Therefore
lim Hyu<3§QI7Q2>Q,Q3aQ4) < 00. (5.159)

qt—0

Remarkably, the 1/¢" singularities that arise in the instantaneous quark exchange
are regulated by the addition of the effective quark exchange, i.e. the sum of the two
diagrams are finite. Therefore, the limit s, — 0 can be taken for all quark exchange

diagrams

In summary, we have determined the quark exchange diagrams that compose

Hpja Aw(s) are finite and s, can be sent to zero. We also discovered for the gluon
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exchange terms, even the combination of the instantaneous and effective gluon ex-
change terms will lead to small ¢* divergences. These gluon exchange terms each

now require a counterterm

x —/qa(qﬂw\/z. (5.161)

Lastly, the loop diagrams H(;mg(s, sy) and H(;mg(s, sr), which diverge in the s, — 0

limit because of large ¢ were renormalized by adding counterterms to give the
effective mass terms.

The full expression for the effective QCD Hamiltonian is

Hacn(s) = Ho(s) + g (Hgya(s) + Has(s))

+ 0 (Myang(s) + Hyoa2(s) + Has(s) + Hyals)),  (5.162)

where My 4(8) = Hyya(s), Has(s) = Has(s), and , Hyaa,(8) = Hygap(s)(ie.
their effective forms and unitarily transformed forms are the same since they do not
require counterterms). The remaining three terms are effective in the sense that

they are a sum of their unitarily transformed term plus a counterterm, e.g.
Ho(s) = Ho(s,sr) + Xo(sr) (5.163)

The addition of counterterms amounts to defining effective vertices:

NIy NTLhoe :W+Mﬁéﬂmm+mm@ﬂm+&m@xgmﬂj
(

5.165)
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5.4 Preliminary Resource Estimates for Quantum Sim-

ulation of Renormalized QCD

In this Section, we provide preliminary results for resource estimates needed to
compute the hadronic mass spectrum via quantum simulation. We are interested
in costs for full quantum phase estimation on the walk operator encoding Hqcp(s)-
We give costs as number of T-gates, number of arbitrary (non-Clifford) rotations,
block-encoding ancillae, total number of qubits, and rescaling factor.

The cost associated with a particular unitary, U, is given as Cy, where C
refers to the number of T-gates needed to implement U. For n phase qubits, the

number of calls to the walk operator is given by[]

n—1 )
> 2=2"—1. (5.166)
§=0
Therefore, the cost of QPE is
Cqpre = (Cstate Prep. + CPrEPARE) + (2" — 1)Cwy, + Caprt > (5.167)
where
Cwy = 2 - CprepARE + CSELECT + CReflyg) , - (5.168)

The cost of PREPARE is

CPREPARE < L —1 Arb. rots. = r (L — 1) T gates, (5169)

where r stands for the ratio of number of T-gates needed to decompose an arbitrary
single rotation gate. As a rough estimate, we take r = 50 [RS16]. An additional

CprEPARE is included after the cost of state preparation because the initial state

'Here we use the geometric series

n

St

k=0
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must be of the form |0), . ® PREP |¢), [PKST18].

anc.

The cost of SELECT is
CseL = 4+ NElbows + 7 * Narb. rots.s (5.170)
and the cost of Refljg) s
CRefijpy, = CToffy, 11 = 4(ng + 1) T gates, (5.171)

where n, is the number of block-encoding ancillae [CSS18]. Recall that the number
of block-encoding ancillae is one more than would be needed in a standard LOBE
block-encoding because we add an additional ancillae qubit to make the bosonic
unitaries self-inverse. The +1 corresponds to the control on the phase register.

Lastly, the cost of QFT' on n-qubits, is
Cqprt =7 n(n+1). (5.172)

This number comes from the fact that QFTT on n-qubits requires n(n-+1)/2 arbitrary
controlled rotations, which can be implemented with n(n + 1) arbitrary rotations.
There are approximate QFT circuits which require O(nlogn) T-gates [NSM20];
however, since this is not the dominating cost of QPE in our construction, we stick
to the standard QFT implementation.

Figuresandshow resource estimate scalings as a function of K and K+
respectively. The first plot fixes K- = 1, while the second plot fixes K = 1. Given
these results, as well as an additional data point at (K, K*) = (2,2) which requires
76,901,308 T-gates, 42,965,478 arbitrary rotations, 27 block-encoding ancillae, a
rescaling factor of 1,063, 175,421.09, and 2202 system qubits, we can extrapolate to
arbitrary (K, K*).

Using the cost of QPE in Eq. we provide approximations to the cost

of QPE for a 10 x 10 x 10 lattice in momentum spaceE| for varying number of phase

2Corresponding to (K, K*) = (10,5)
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Figure 5.2: Renormalized QCD Resource Estimates for a single LOBE block-
encoding at fixed K+ = 1. In this plot, m, = 1.0, my, = 1072, s = 0.1, g = 0.1.
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Figure 5.3: Renormalized QCD Resource Estimates for a single LOBE block-
encoding at fixed K = 1. In this plot, my = 1.0, my = 1072, s=0.1, g =0.1.

qubits. Assuming state preparation of a “simple state”, i.e. a quark-antiquark
state with zero transverse momentum, and each parton sharing K /2 longitudinal
momentum (which corresponds to a single Fock state), the cost of QPE is shown in

Table

5.5 Chapter 5 Summary

In this Chapter, we provided the renormalized front-form QCD Hamiltonian, de-

void of divergent observables stemming from large ¢ and small exchange ¢*. This
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Table 5.1: An approximate number of T-gates to estimate mass eigenvalues from the
renormalized QCD Hamiltonian with QPE with € = 1073 set as the precision. Note
that these are preliminary and quite optimistic, as they do not take the O(10'!)
rescaling factor into account. A more pesimistic estimate for number of T'—gates is
roughly 10 x 10! = 10?5 (number of calls * the rescaling factor). Further work
needs to be done to properly nail down this number.

H # phase qubits # T-gates H

1 3.99 - 10!
2 1.197 - 1012
4 5.983 - 10'2
8 1.017 - 10
10 4.080 - 10
11 8.166 - 1014

Hamiltonian contains a nonzero gluon mass which gives rise to a term ~ mg(AJ-)Q,
which is absent in a massless gluon Hamiltonian. More tests need to be performed
on this Hamiltonian via classical methods to confirm the spectrum matches experi-
mental data, and to study the limit as m, — 0.

Additionally, we gave preliminary resource estimations for how expensive
quantum phase estimation would be to measure the mass spectrum of hadrons from
the renormalized QCD Hamiltonian. We give extrapolations for this cost for a
10 x 10 x 10 lattice in momemtum space. Without classical verification of the
utility of this Hamiltonian, it is unreasonable to comment on how this compares
to lattice gauge theory-based quantum simulation techniques; however, comparable
calculations can be found in the following references: [RKP24] [KN22]. Further tests
of how well this Hamiltonian recovers elementary observables such as the proton
and pion mass, chiral condensate, and quark-gluon string breaking serve as future

work.
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Chapter 6

Conclusion

This thesis proposes an end-to-end framework, starting from a quantum field theory
Lagrangian, and ending with physical observables computed via quantum comput-
ers. This is an increasingly important problem to study, specifically in the early
fault tolerant quantum computing era, in which searches for quantum advantage
are vital. We base this framework on top of two pillars: the Renormalization Group
Procedure for Effective Particles (RGPEP), and Ladder Operator Block-Encodings
(LOBE).

RGPEP defines an effective Hamiltonian, which (excluding counterterms)
is unitarily equivalent to the corresponding model, or canonical, Hamiltonian de-
scribing a particular quantum field theory. The unitary which defines the effective
Hamiltonian is determined perturbatively, as it is in general too difficult to do oth-
erwise. In this thesis, we computed solutions to the RGPEP equation up to second
order in the coupling strength only, and determined necessary counterterms to ren-
der observables finite. Higher order solutions are of interest and are left for future
work.

To use these Hamiltonians for quantum simulation, we developed a new
block-encoding framework called Ladder Operator Block-Encoding (LOBE), which
takes as input a second-quantized operator, and returns a unitary which efficiently
block-encodes the operator. We have shown that given a second-quantized Hamilto-

nian, it is generally advantageous to use the LOBE framework, rather than mapping
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these operators to Pauli operators based on the results in Chapter 3. We argue that
you should exploit the natural language that the Hamiltonian is written in, that is if
you have a system described by a linear combination of unitaries, then that frame-
work makes sense to use. Alternatively, if you are interested in a theory that is
naturally described in second-quantization, mapping this operator to Paulis almost
always leads to unecessary overhead. We then extend the LOBE framework to the
self-inverse LOBE framework, which guarantees that all of the LOBE unitaries are
self-inverse. This is crucial in the construction of the walk operator. This step leads
to a simple map from the eigenvalues of the walk operator to the eigenvalues of the
operator it block-encodes, a necessary condition for quantum phase estimation.

In summary, this thesis defines the following pipeline:

Legendre Regulate U(s) +X(sr) SI-LOBE_ Qubitization

H

H(Sr) — H(S, Sr> H(S) UH(s) WH(s) ﬂ) M2.

FF transf.
(6.1)

This largely obfuscates the important details — much work needs to go into the
pipeline by calculating solutions to the RGPEP equation order-by-order; however,
in theory, we have defined an end-to-end approach that given an arbitrary quantum
field theory, described by a Lagrangian, one can output the corresponding mass
spectrum with quantum phase estimation. This can be extended to computing any
observable of interest, such as a PDF or GPD.

A significant result of this thesis, while highly preliminary, is the first cal-
culation for the resource estimates needed for quantum simulation of renormalized
QCD in the front-form. It is useful to put these results in context with quantum
chemistry. The so-called ‘white whale’ of quantum chemistry is FeMoCo, which is
a molecule microbes in soil use to efficiently convert nitrogen into ammonia. This
is a significantly cleaner way to produce ammonia in comparison to the primary
man-made procedure via the Haber-Bosch process, which amounts to roughly 3% of
global carbon emissions [Ali25]. Efficient quantum algorithms aim to compute prop-

erties of FeMoCo, which may lead to a better understanding of how it is produced,
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and ultimately could reduce global emissions.

The first estimates for FeMoCo from 2017 suggested 5.0 x 10'® Toffolis and
111 logical qubits [RWS™17]. As of the writing of this thesis, the state-of-the-art es-
timates require 3.42 x 108 Toffolis and 1132 logical qubits [LKBT25|. In comparison,
the original estimates for quantum simulation of QCD require > 10°° T-gates and
> 10% qubits [KN22], while current published costs are roughly 1.2 x 10%® T-gates
and 6 x 10'Y qubits [RKP24]. Even given the preliminary results we’ve presented in
Chapter 5, if quantum simulation of QCD is our ‘white whale’, then we still have
a long way to go. A pessimistic reading of this conclusion may be that quantum
simulation of QCD in any framework is unfeasible.

Nevertheless, many outstanding problems still require consideration. First
of all, the effective QCD Hamiltonian defined in Chapter 5 is untested even on a
classical level; that is, we aren’t sure if its spectrum will match experiment. A
thorough study of the effective QCD Hamiltonian on classical computers, likely
with symmetry-adapted basis functions, is necessary to justify its use in quantum
simulation. Also, we must study the limit of my — 0, to determine the significance
of vacuum effects.

At the algorithms level, Trotter-based methods should be considered and
cost out for a fair comparison to the LOBE approach. We are largely interested in
developing quantum algorithms around the similarity renormalization group flow,
and in particular applying the principles of RGPEP to other branches of fundamental
physics, such as quantum chemistry and low-energy nuclear physics.

Largely, we hope this thesis acts as proof that quantum simulation of quan-
tum field theories in the front-form using RGPEP and LOBE is a viable framework
when compared to alternative approaches. To some extent it is an issue of resources
— as a back of the envelope calculation, we can use Google Scholar to find within
the last year, ~ 8,670 results for ‘lattice QCD’, ~ 8,910 results for ‘quantum sim-
ulation QCD’, ~ 731 results for ‘lightfront QCD’, and ~ 603 results for ‘lightfront
quantum simulation of QCD’ (although it appears many of these results are not in

fact quantum simulation papers). As an additional data point, the search for ‘quan-

215



tum chemistry’ yields ~ 19,800 results. We argue that the best way to improve the
framework described in this thesis is by increasing the number of scientists working

on this problem.
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Acronyms

BLFQ Basis Light-front Quantization.

DGLAP Dokshitzer-Gribov-Lipatov-Alterelli-Parisi.
DIS Deeply Virtual Compton Scattering.
DLCQ Discretized Light-Cone Quantization.

DVCS Deeply Virtual Compton Scattering.
GPD Generalized Parton Distribution Function.

LCO Linear Combination of Operators.

LCU Linear Combination of Unitaries.
PDF Parton Distribution Function.

QCD Quantum Chromodynamics.
QEC Quantum Error Correction.
QED Quantum Electrodynamics.
QFT Quantum Field Theory.
QPE Quantum Phase Estimation.

QSP Quantum Signal Processing.
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QSVT Quantum Singular Value Transformation.

RGPEP Renormalization Group Procedure for Effective Particles.

SRG Similarity Renormalization Grouop.
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Appendix A

Lebesgue’s dominated

convergence theorem

Theorem A.0.1 If {fn(az)} is a set of measurable functions on S that converges

pointwise to a function f, i.e.

lim f,(z) = f(x),

n—oo

and 3 g(x) such that
[fn(@)] < g(x) Vn

and

dzg(x) < 00,
S

then

Jbrgo/‘gdxfn(x):/sdmnlg&fn(x)
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Appendix B

OpenParticle

pen Particle

Figure B.1: OpenParticle Logo

OpenParticle [GSST25| is an open source software package designed to solve
problems in light-front quantum field theory, and is used in the results throughout
this thesis. The main class in this package is the ParticleOperator () class, which

instantiates products of (anti)fermionic and bosonic ladder operators. For example,
bJ{)dlag < ParticleOperator('b0~ d1 a2'). (B.1)

The main method in the ParticleOperator() class is .normal_order(), which
reorders an operator such that all creation operators are to the left of annihilation
operators by imposing commutation relations.

A child class of ParticleOperator() is the Fock() class, which stores infor-

mation about Fock states. For example, given a Fock state with a fermion in mode
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0, an antifermion in mode 1 and a two bosons in mode 1, we can represent this as
|0; 17;15) > Fock([0], [11, [(1, 2)1). (B.2)

Under the hood, the Fock object is actually stored as a ParticleOperator() as
the product of ladder operators that after acting on the vacuum |) <> Fock (), will
output the Fock object. For example, Fock([0], [1], [(1, 2)]) is stored as
ParticleOperator('b0~ d1~ al™ al™).

Lastly, a ParticleOperator() can be mapped to Pauli operators with the
method .to_paulis(). This returns a Symmer [RW] PauliwordOp() object. The
mappings currently available are Jordan-Wigner for fermions and standard binary

for bosons.
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Appendix C

Compiling Toffoli Gates

The Toffoli gate is an extremely common quantum gate composed of two-controls
and a target, shown in Fig. In the Clifford+T gateset, the Toffoli gate is not
universal and must be decomposed. Furthermore, general n—control gates must be
decomposed into Toffoli gates, shown in Fig. Since many quantum algorithms
utilize n-control gates, the scheme chosen for compiling Toffoli gates can have a
significant impact on the overall resource estimates of a quantum algorithm.

We compile Toffoli gates with the ‘right/left elbow’ approach discussed in
detail in [BGB™18| and [Gid18]. In comparison to the textbook decomposition of
Toffolis (see Fig. which requires 7 T-gates, by using “clean ancillae”, i.e. ancilla
qubits that act like scratch paper and can be used when needed, only 4 T-gates are
needed.

The indexing gate used in the SELECT uniatry consists of n-controlled gates
in a specific pattern. The work of Ref. [BGB™18| shows that when decomposing
the control stucture into elbows, cancellations into CNOT gates can simplify the

structure of the cirucit.
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Figure C.1: Multi-Controlled Operations Operations with multiple controls are
referred to as multi-controlled operations. An N-controlled operation can be decom-
posed into 2(N — 1) Toffoli gates using N — 1 clean ancillae. [SGS™25]

Figure C.2: Elbows In (a), a compilation scheme for a Toffoli gate acting on a clean
ancillae is shown that uses four T gates. This is sometimes referred to as a “left-
elbow”. In (b), a compilation scheme for a Toffoli gate that uncomputes a clean
ancillae is shown that uses a measurement and classically conditioned operation.
This is sometimes referred to as a “right-elbow”.
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Appendix D

Groups and Representation

Theory

Quantum Field Theories are deeply related to group theory. Throughout this thesis,
various groups such as SO(3), SU(2), SU(3), and SO(3,1) are referenced. Under-
standing these groups and their representations is necessary for the work presented
here. Much of this appendix follows closely from “Lie Algebras in Particle Physics”
by Howard Georgi [Geo82].

D.1 Group Theory

Definition D.1.1 (Group) A group G is a set of elements {g;} with a rule as-

signing to every ordered pair of elements, a third element satisfying
1. If g;,9; € G, then g; - g; € G
2. For gi, 9,9k € G, 9i - (95 - 9k) = (9i - 97) 9k
3. Al € G such that g;- I =1-g; € G
4. Vgi, Elg[1 € G such that g; ~g[1 =1

The two main types of groups are finite groups, groups such that the number

of elements in G is finite, and Lie groups. Additionally, groups are classified as
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Abelian or non-Abelian.

Definition D.1.2 (Abelian) An Abelian group G is one whose group elements

commute, i.e. g; - g; = gj * Gi-

D.1.1 Representation Theory

Definition D.1.3 (Representation) A representation of a group G is a map D
of the elements g; € G to linear operators on a vector space V i.e. D : G — GL(V)

satisfying

1. D) =1
2. D(9:)D(gj) = D(9i - 9;5)-

Representations can be classified as either reducible or irreducible. Given an
arbitrary representation D(g;) it may be possible to construct another representation
in two ways. The first is by a similarity transformation D’(g;) = S~'D(g;)S (if 3
such a S). The second is by taking a direct product of representations D(g;)®D’(g;).
These two representations are reducible.

Irreducible representations are those that are not reducible, i.e. not a direct
sum, or cannot be transformed under some S. There are an infinite number of
reducible representations, so the goal of representation theory is to find all irreducible

representations of a given group.

D.1.2 Lie Groups

Lie groups are groups G whose group elements g; € G depend on a continuous set

of parameters, i.e. g;(6). Any group element can be represented as

D(9) = ¢'faXe, (D.1)

where X, ’s are the generators of the group G belonging to the group’s Lie algebra, g.

Two examples are shown next, SO(2), an Abelian group, and SO(3), a non-Abelian

group.
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D.1.2.1 SO(2)

The group SO(2) is defined as:
$0(2) = {0 € GL(2): 070 = 1,det O = 1}. (D.2)
Any matrix R(f) € SO(2) can be written in general as

cos@ sinf
R(0) = (D.3)
—sinf cos6

For infinitesimal rotations:

cosdf sindf 1 do 0 1
= +o(92) —1+4db +0(d92).
—sind@ cosdf —df 1 -1 0

This motivates a form of R for infinitesimal df: R(df) ~ 1+ A, where A =607. To

satisfy RTR = 1:
RTR~ (1+AT)(1+4) =1+ A+ AT+ 0(4?).

From this, RT R = 1 if and only if AT = —A.

There exists only one 2 x 2 matrix that satisfies this:

For finite 0, R() = limyn_yoo R(dO/N)N = limpy 00 (1 + df/NJT)N. From this, it
follows

R(0) = %7, (D.4)

It’s important to note J € s0(2) and since SO(2) is Abelian, its irreducible rep-

resentation is one dimensionall] The representation above in Eq. is reducible

!See Theorem 1.7 in Georgi
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becuase we know all of SO(2)’s representations must be one-dimensional. In fact,

35 such that

e 0
STIR(6)S = (D.5)
0 6—7;9’
where e*% are two one-dimensional representations of SO(2).

D.1.2.2 S0(3)

The group SO(3) is defined as
SO(3) = {0 € GL(3): 070 = 1,det O = 1}. (D.6)

Using the motivation from the group SO(2), it is assumed that an element R(6) €
SO(2) can be written as R(df) =1+ A+ C’)(d92). To satisfy RTR = 1, again it is

necessary that AT = —A. There are three 3 x 3 matrices that satisfy this:

0 0 0 00 —1 0 10
Je=ilo o 1|, Jy=ilo 0 0|, J.=i|l-1 0 0], (D.7)
0 -1 0 10 0 0 0 0

where 7 is used because of convention.

Any finite rotation can now be generated via

R(0) = €71, (D.8)

The non-Abelianity of SO(3) can be seen by considering RR'R™!. If rotations
commute, then the following is true: RR'R™' = RR™'R' = 1R’ = R'. By expliclty
computing RR'R~! and comparing the result to R’, the measure of commutivity

can be determined:

RRR '~ (14+A)(1+B)(1-A) ~1+ B+ AB— BA.

If these matrices commute, then RR'R~! = R’ ~ 1+ B. It follows that AB— BA =
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[A, B], the commutator measures the extent the rotation matrices don’t commute.
Computing the commutators of the three generators of SO(3) in equation gives
the Lie algebra, so(3):

(T, Tj] = i€iji T (D.9)

D.1.3 Representation of Lie Algebras

Representations of Lie groups can be obtained by exponentiating representations of

the corresponding Lie algebra ﬂ

Theorem D.1.1 (Irreducible Representations of su(2)) The irreducible repre-

sentations of su(2) are (25 + 1)-dimensional, where j is a non-negative half-integer.

Theorem D.1.2 (Irreducible Representations of so0(3)) The irreducible repre-

sentations of $0(3) are (2j + 1)-dimensional, where j is a non-negative integer.

2pg. 203 “Since we know that rotations are given by exponentials of linear combinations of the
J’s, this would lead to matrices representing the rotation group” [Zeel6].
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