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Abstract

This work is an exploration of upper el
aroundfour conventional representations of functiequationswvith algebraic
notation Cartesian graphs, function tables, and natural language. The cornerstone
to the empirical work is a task called the Function Puzzle, where students are
given 16 cards representing four functions acrossefloeir represetationtypes
andasked to make set s ofWihoatpribrsinstiudgtibnat bel ong
on interpreting these representatiostsidents successfully create sets where all
four cards represent the same function. The three empirical studies examine
student sd6 reasoning around the Function Puz:
onone interviewsheld after solving the puzziehere students discuss their
solutions.

Study 1 is a case stuashich explores mediationainfluencesof discourse
and the rem@sentationshemselvesnad"gr ade student déds devel opin
understandings of algebraic notati&tudy 2 examines how foul"gjrade
students fAdi scover 0 tnobtationsaedronectshose r ul es of
discoverieswitb t udent s6 noticing of dependent and
function representations. Finally, StudySesdiscourse analysi® examine how
studentsé patterns of discourse not only ¢
Function Puzzle, but reinforcennections among representations in such a way
as to potentially impact studentsd under st

Across the studies, | provide evidence that students employ sense making

to negotiate connections and interpretations across the functiosgsfatton
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types. Students reason dynamically about covarying relationships represented in
the task, and several students make conjectures about interpreting algebraic
notation, an unfamiliar representation type. These ways of reasoning are
important to degloping a sense of functions and demonstrate mathematical
disciplinary engagemenin summary, elementary students can attend to
covariational relationships between quantitiesctionsi when given

opportunities to use sense making and their propen&itigeneralizationl

argwe that crosgeferencing activities with multiple function representations like
the Function Puzzle are important and generative mathematical experiences for

elementary school children.
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1. Introduction

Overthe last teryears, there has been a shifperspectivesowardsan
earlier introduction of algebra content and practicds in12 mathematics
educationAs evidence of that shift, algebra became a natiomattggnized
content st r and lanathermtes eslucatiah éenrthe €odnmah
Core State Standds (CCSSNational Governors Association Center for Best
Practices and Council of Chief State School Officers [NGA Center & CCSSO]
2010).Foundational documents from mathemaédsicatiorresearch were
considered in the development of the CCi#®,the RAND study (2003), which
proposéd the teaching and learning of algebra as one of three focus areas for
researchandtheNat i onal Council of Teachers of Mat
Principles to Action§2000),which ok the stance that algebra beled@s a
longitudinal strandn student8K i 12 mathenatical educationSomealgebra
landmarksn the CCSScontent standardaclude notions of equaliy (1% grads,
attending to covariation between quantiti&8 gradd, andfunctions(8™" grade.
Even with the explicit incorporation algebra andlgebraic thinking in K 12
standardsthere isstill much toconsider abouncorporatingalgebra imo the
curriculum especially in the elementary {K6) years, where its adoption is

relatively recent

'n the field of mathematics, t higorousor d fAnotiono is
understandings fAwhich (so far) escape rigorous defi
mathematical content, and allow people to make computations and drelusions that are

ot herwise out of r eac hohtf:/Femmathovenflow.net/@istussion/Ret ri eved f
968/notionsusedbut-not-rigorouslydefined/ March, 2018)In mathematics education and in this

dissertation, the word captures that sameresswith respect to learners. For example, in the

phrase fistudents explored the notion of subtraction
2006, p. 214), the authors are not claiming subtraction change rules lack rigor, but that students

can build theiunderstandings from nengorous interactions with those rules.
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This work examines how upper elementary students navigate the cultural

and mathematicdérrain of function representations priorféomal instructionin
algebra through the guiding questtrHow do st udent s make sense
representations anawenections between them, even those representations that are
u n f a miTheioeerarehing theme in this dissertation is to consider all learners
as Asense makerso (Schoenfeld, 2014, p. 73
peripher al par t i c,2p08,p.ile/himbroaderamatbeméticalVe n g e r
communities. In other wordearnerause the range of their experiences in the
world to negotiate newxperiencesincludingexperiences with culturally
significant mathematical artifacts like graphs and equations

In this dissertation, 4ttand 5thgrade students were given the task of
figuring out connections among function representations. The task | designed for
this work, the Function Puzzle, consists of 16 cards representing four functions
across four represtation typeqalgebraic equations, Cartesian graphs, function
tables and natural language contexts)P a r t task is {o snaké set§ of cards
that belong together, with the stipulation that each set include each of the four
representation types. Sigméintly, those function representations were
conventional function representations, me a
sanctioned by modern mathematicians: graphs, tables, various types of written
notation, and so o0& 8chwada2008a188é),rsychtBat hl i e mann
the studentsd sense making was around arti
significance. F u r referencingoof varipus urictiod e nt sé c¢cr os s

representations was a form of #fAdisciplinar



FUNCTION REPRESENTATIONS 3
contact letween what students are doing and the issues and practices of a

di sciplinebs discourseo (Engle & Conant, 2
more detail later, translating between function representations is considered an
important aspect of algebraiompetency (Schoenfeld, 2008; Yerulshalmy,
2006).
The consistent success of students in putting together the Function Puzzle
is interesting in its own right, but whatemergas ¢l oser i nspection of
reasoning around their Function Puzzle solisnevidence of relatively
sophisticated understandings of function representations, particularly algebraic
notatiorf, and the connections among those representafibisdissertation
presents three studies that iseussmmof ne st uden
the Function Puzzl& he three main research questions addressed by each of the

studies is as follows:

1 Study 1:How did discourse during an interview, including
utterances by the interviewer and student and interaction with
functionrepresentationsne di at e t he studentdés awar
variable notation?

T Study2How was studentsd6 noticing of val
associated with their reasoning abalgiebraicnotation?

1 Study 3:What discursive strategie® students use when

discussingnultiple representations of fations and how do these

Ei ther fdalgebraic notationo or dAvariable notationo
a letter to represent a fixed or varying unknown quantity (variable). | use the two terms

interchangeably. In general, if discussion of the notation highlights its role as representing

variables, | use fAvariable notation, o whereas if it
fal gebraic notation. o
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strategiexonnect ané@mphasize connections among

representations?

Briefly, Study 1 is a case study from early pilot testing of the Function
Puzzle in 2014 at a suburbari K school in the northeastern United Stated!"-
grade studemnparticipated in a oren-one interview where she first completed the
Function Puzzlevithout assistancethen she and | talked about her solution and
the connections she noticed among the different card representations. Study 2 and
Study 3 use data fromterviews after &lassroom implementation of the
Function PuzzleFifth grade studestworked in pairs tsolve theFunction
Puzzle andone-on-one interviews were conducted with students about their
Function Puzzle solutionas the weeks following the classroom implementation
In all three studiesnterview videgtranscriptsand any iterview artifactsvere
used to address these research questions.

Two main arguments emerge from these studhiest is that multiple
function representation environments like the Function Puzzle offer students
opportunities to make substantive progressgnderstanding functions and
representing functions. Second is that student sense making in these kinds of
environmentgan lead to powerful emergent understandings of variable notation.

In the following chapters, | give further detaiboutthe theoretial
perspectiveg¢Chapter 2and research literatu(€hapter 3that orient my work,
the development of the Function Puzzle (Chageand the general methodology

used in the aalyses (Chapteb). Each of the empirical chapteGhiapterss, 7,
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and8) werewritten as stan@lone empiricapapers General conclusions and

future workarediscussed in the concluding chapter (Cha@er



FUNCTION REPRESENTATIONS 6
2. Theoretical Perspective

Fundamentallyin this dissertatioth take the perspective that individuals
are the architds of their own understandings, and construct knowledge in
personally meaningful wa (Piaget, 1970; von Glaserfeld, 19%irough
experiences situated in cultural, historical, and institutional cont€rlg,(1996;
Forman, 2003; Vygotsky, 1978, 198Fertsch, 1991). This situatedness implies
that both local communities, such as a classroom, and broader arenas, such as
conventional symbolizing systems or national education standards, may impact
learners. Cognitive development, therefore, includes processel-
organization (constructivism) and enculturation (socioculturalism) (Cobb, 1994).
Sense making phrasevhose use is ubiquitous and somewhat
idiosyncratic to mathematics and science education literature, describes both the
processes and productisself-organization. Sense making is a process of
incorporating new experiencesanging from formal instruction to everyday
experiences into a point of view or network of understandings about the world.
In turn, that network of understandings inforams e Bosicingabout the world
(Goodwin, 1994; Lobato, Hohens& Rhodehamel, 2013; Mason, 1998; Sherin,
Russ, &Sherin, 2013 . Resnick described Athe Nature <
[ sense making] for Mat hemati cal Languagebo
Our knowledge of natural language can guide our thinking about
mathematical language understandirgople do not understand natural
language statements by simply registering the words. Instead they use a
combination of what is said, what they alreadywnand various
inference processes to construct a plausible mental representation

[understandingspf what the statement refers to. This representation omits
material that does not seem central to the message. #ddso
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information needed to make theessage coherent and sensibi€§8,p.

152, emphasis in the original)

Learneramake sense afontent knowledgéHill, Rowan, & Ball, 2005;
Ma, 2010) classroom practices and norms (Forman & Ansell, 2001; Lave &
Wenger, 1991; Yackel & Cobb, 199@)cludingdiscourse practices (Michaels,
O6Connor, & Resnick, 2007; Sf,anddlso 2001, 20
ma t h e metensive sydnbol systems (Cobb, 2002; Nemirovsky, 1994;
Radford, 2014jhrough participation in mathematical activities @oedhmunities
Furthermore,darning is not only a processs#nse making througharticipation,
it is mediated by that participation (Halliday, 1993; Vygotsky, 1987; Wells,
2007). For example, articipatngin classroom discussion is not only something
students learn to do, they come to be more proficient at it through their
participation in discussions. More broadly
mathematics and whatreans to do mathematics is mediated by how they
experience mathematics, whether throdgdtussion, worksheetsiteractions
with symbol systemsor other means.

The mediational triangle as described by Cole (1996) and shown here in
Figure2-1 is one way to represent mediating influences. In this simplified
representation, there are threecegta subject (persongnobject, anca
mediating artifact. A mediating artifact can be a physical object, like an axe in the
system of person, tree, and axe, but i s mo
of human historyo (rigtondwhichedcongpésses p . 118) , a

culturally-established patterns of behavior and symbol systems in addition to
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material objectsi-or example, participating in a classroom discusgioediating

artifact)about graph (object)could provide a mediating influenéer how a

student(subject)understangigraphing orrepresentingovarying quantities

Mediating
Artifact

Object/

Subject .
Environment

Figure 2-1. The basic mediational triangle per C{1996, p. 119

The sides of the triangla Figure2-1 represent relationships among the
actors. The direct relationship betweserbjectand object can be thought of as a
particular way that the subject might understand and interact with the object in the
absence of influences (a purely hypothetical relatigm sincen this framework
a subject never interacts with an object without any mediation). In the mediated
relationship, the subjectédés relationship t
artifact and the relationship of that artifact to the objedti@nfces how the subject
comes to understand and interact with the object. Mediating artifacts, therefore,
add new dimensions to the relationship between subject and object.
Across the three empirical studies in this work, four function

representation typdsalgebraic equations, Cartesian graphs, function tadhes
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natur al | anguage contexts) are intended

understandings of algebraic functions and variable. Mathematically, functions are
experienced through their represéiatas (Leinhardt, Zaslavsky, & Stein, 1990)
and, accordingly, learners experience and understand functions through
representations. Culturally, the representational forms used in the Function
Puzzle, as established modes of representing functions (KdaotoB,&
Moreno, 2008), are in fact fAproducts
Althoughrepresentationsanmediateunderstandings of functions and
notions abouvariablequantities they are not necessarily familiar or transparent
to learners (Radfor®014). Representationare therefore not onlyediating
artifactsof the mediational triangle, but also @bjects The work that learners
did and that is analyzed this dissertatiomvassense making arouridese
representations symbolizingi and was evidencetiroughtheir discourse. In the
following two sections, | describe my perspective on symbolizing as it pertains to
understandings of functions and my perspective on the rolsaulise as a
means for communicating and developing new understandings.
A Symbolizing Perspective of Functions
As mentioned, functions, a central object to alge@Gar@aheret al, 2008;
Chazan & Yerushalmy, 2008ehrtmann, Carlson, & Thompso2008 Schwartz
& Yerushalmy, 1992003, are accessed and manipulated through
representations in various symbol systems (Eisenberg, 1992; Kaput, 1991). The
premise that no persasbject relationship in the mediatialrtriangle exists

without mediation iscutelyobvious inhow people relate to algebraic functipns

of

9

as
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as functions are inseparable from their representations (Leirdtaljt1990). A

focus on functions and their representations thus warrants a more specific model

of the persowrepresentatiofiunctionrelationshipsth@Co | e 6 s

triangle.

me d i

ati

Kaput, Blantonand Moreno (2008) offer the analogy of a person looking

through a window fom how people engage with mathematical objects through

representationdn brief, the relationships between reggatations in a symbol

system(such as algebraic notation, Cartesian gsaphothes) and mathematical

objects (such as functions) can be depicted as similar to looking at an object

through a window. As sight lines connect an observer to an object thaoug

window, lines of attention connect an actor to mathematical objects in a referent

field through a symbol system (see FigBf2). An actor working in this system is

symbolizing

Symbol system A

Referent field

Figure 2-2. In symbol system A, representation A1 changes to A2. Attemnd

the change impacts understandings of A1 and A2, but also of functions F1 and F2

in the referent field. (Adapted from Kaput et al., 2008, p) 26

Part of productive symbolizing is flexibly leveraging these symbol

referent systems. In other wora@stions on a symbol system can be tightly

10

onal
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coordnated toperceived actions iareferent field such that the actor Isoking

throughthe symbols and envisioning actions on mathematical objects.
Alternatively,those actions can take place in the symboksyshdegndent of

links to the referent, such that the actdoking atthe symbols without direct
coordination to the mathematical objefsput et al, 2008). For example, in
looking throughsymbols in a representation, number patterns in a function table
may begeneralized taddnew values in the tabl@r, inlooking atthe table,
someone might noticihat there are even numbers in the table.

Applying this window model to function repregations and functions
implies that understandings and interpretations of functions are influenced by an
individual 6s action on or experience with
representation is part of a symbol system through which functiorseessed.

The RAND mathematical studyghlightsfitabular, analytic, and graphical
formsd (1 32p044)of function representationbut idiosyncratic or student
produced representations can be considered personal symbol dgstems
engagng with ideas abut generalized relationshigs.g., Brizuela & Gravel,
2013; Brizuela & Earnest, 2008iSessa, Hammer, Sherin, & Kolpakowsk991;
Greeno & Hall, 1997; Roth & McGinn, 1998; Selling, 2016).

Importantly, both conventional and personal symbol systemepanate
in a stacked fashion (see Fig@&&), such that actions and experiences in one
symbol system may influence not only understandings of the referent field, but
potentially understandings of other connected symbol systems. Aligned with this

model,lei nhardt, Zasl avsky, and Stein suggest e
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one of the earliest points in mathematics at which a student uses one symbolic

system to expand and understand another (e.g., algebraic functions and their

graphs, data patternsande¢ i r graphs, etc.)o (1990, p. 2)

Symbol system C

Symbol system B

Symbol system A

Figure 2-3. Influence of an action on representation Al in symbol system A,
resulting in A2, and the reflected actions
field and symbols B1 and C1 in symbol systems B and C, riagggc (Adapted

from Kaput et al., 2008, p. 26

Additionally, each symbol system affords different insights into the
concept of function or a specific situation at hand (Carraher & Schliemann, 2007,
Elia, Panaoura, Eracleous, & Gagatsis, 2006 profcient symbolizer develops
a sense for how and when to employ various representation types (Brenner et al.,

1997; Even, 1998; Kaput, Noss,Hoyles 20@®).

The Role of Discourse

From a sociocultural perspective, symbolizing and symbol practices are
subsumed as specialized forms of discourse (Lerman, 2001; Moschkovich, 1996;
Sfard, 2012). After all, theonventional function representatiarfsalgebraic

equations Cartesian gra) function tables, and natural languagee used to



FUNCTION REPRESENTATIONS 13
communicate relationships between varying quantities. The eqyati@r, for

example, describes a relationship between two quantities, denoted by the variables

x andy, where eackalue fory is doulde the correspondingalues forx. These

forms of representatioarea means to dialogue within mathematical communities

andconnect mathematical work with broader or historical mathematical

communitesTo borrow a phrase, i Tddwoicealint of achi e

mathematics] is accomplished through dialogue with others, those immediately

there andhose long gone whose ideas are instantiated in cultural ways of being,

doing,and speaking ( Zack & Graves, 2001, p. 266).
While | concur that symbolizopand symbol practices are forms of

discourse, | analytically disengage symbol systems from discourse in this

dissertation to examine how learners view various representatitinsse

systemd what are the ways that they talk about them, what featurtéhsegio

notice, and how do they connect them? In essence, | assume that the learners are

peripherally participating (Lave & Wenger, 192D09) in activities of

mat hemati cal Adi sicm pt hatar yt e@amgagiesnesnd me C O |

what studentsaoi ng and the I ssues and practices

(Engle & Conant, 2002, p. 402), but thia¢ representations and symbol systems

may be unfamiliarSplitting symbol systems and their representations from

discourse allows an opportunity to teta for how learners integrate those systems

and representations into their mathematical understandimygto their

mathematical discourse
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Discoursethen,as it will beusedin this work, refers to the immediate

negotiation of meaning as it evolvesdonversations with particular goals and
focuses of attentior3ee, 2011Moschkovich, 1996, 2007). It includearious
modes of communicatiomot only spoken words, but also gestui@se, 2011;
Sfard, 2009§ Most directly, discourse indicates a fomfsattention, such as

saying At he gr aph agraph Ihfact, Sfard duggeststhat poi nt

1]

gestures are invaluable means for ensur
same mat hematical object. d6ondgetrésre p. 19
a realization or instantiation of peopl e
When a person runs their finger along a function line in a Cartesian graph and
says, Athe water height is incr@easing, 0
|l ine as representing that feature, but r
With theseperspectivein mind, | treat discourse as a proxy for what learners
notice how they focus their attentipand communication of their
understandings

Each empical study in this dissertation uses a distinct lens to examine
discourse. In Study 1 specific word choices and language use are identified in
association with shifts of the studentds
Study 2, student discourse isad to identify student noticing of function
representation features. Like Study 1, those noticings are compared against
interpretations of algebraic notation. In Study 3, recurrent patterns of discourse

are noted as ways of describing connections amamngifun representations, but

3 Although written work would alsbe considered a form of discoure, students did not produce
written work as part of the studies in this dissertation.

i n
i n
7)
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also emphasize those connections to the benefit of the speaker. Each empirical

chapter provides further detail for the theoretical grounding of each of these

discourse lenses.

15
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3. Literature Review

The RAND mathematical studyiathematical proficiency for all students:
Toward a strategic research and development program in mathematics education
(2003) was an important milepostastablishinghe role of algebra in
mathematics education. That work digested research positichs]iilg such
wor ks a sPrilkipléshbéAstion2000) and the National Research
C o u n AddingltsUp(Kilpatrick, Swafford, & Findell, 2001), with special
consideration to issues of proficiency and equity, and set a course of action for
improving mahematics education for all studentsie RAND study identified the
iteaching and | earning of "glrgekEna (200M, kipn
7) as one of three focus areas for a national, cohesive program of research.
Al gebr ads r egfundamenialpunifyimggopib(Blanton,
Brizuela, Gardiner, Sawrey, & Newm#&wens, 2015a; Blanton & Kaput, 2011;
Kaput, 2008; Smith, 2003) and as an institutional barrier to educational equity
(Martin, 2009; Moses & Cobb, 2001) justified its prominencéhé RAND
studybés recommendations. The RAND study en

to algebraic proficiency for all students:

1 The ability to work flexibly and meaningfully with formulas or
algebraic relationg to use them to represent situations, to
manipulate them, and to solve the equations they represent

1 A structural understanding of the basic operations of arithmetic
and of the notational representations of numbers and mathematical
operations (for example, place value, fraction notation,
exponenttion)

1 A robust understanding of the notion of function, including
representing functions (for example, tabular, analytic, and
graphical forms); having a good repertoire of the basic functions
(linear and quadratic polynomials, and exponential, rati@mal,
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trigonometric functions); and using functions to study the change
of one quantity in relation to another.

1 Knowing how to identify and name significant variables to model
guantitative contexts, recognizing patterns, and using symbols,
formulas, and fuctions to represent those contexts. (2003, p. 44
45)

This dissertation cuts across these recommendations, seeking to address
studentsé undersatnandiepgesemtfimmgctfiummti ons,
abilities to recognize patterns in those repregens and flexibly translate
among representations while attending to the relationships between varying
guantities. In the following sections, | review how research literature o
students6é understandings of aldelwaicct i on, func
notation intersects and informs the empirical studies and resulting analyses in this
work.

Functions and Functional Thinking

The moderrdefinition of function, known as the Dirichl®ourbaki
definition,describes a function fisa ¢ o r r eletween td/enonerapty sets
that assigns every element in the first set (the domain) to exactly one element in
t he second sWnher& RQrayfdsd @88, ip.r857)T hisdefinition
masksthe range of ways individuals interact with functioBslden ad Selden
summari ze that @Ada function can be regarded
correspondence, a graph, a dependent variable, a formula, an action, a process or
an object ( e nThisctompleaity fredsén® a challgnge todléarning
about theconcept of functionT h e t e r nhecoocepbajfunctiva (e . g. ,

Dubinsky & Harel, 1992)s a way to referencthe totality of notionand
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understandingassociated with exploring and representiregéitorrespondences

between nonempty sets.
Effortsto introduce functionand their representations at #glementary
level areoften structured around a functional thinking approach, which éscurs
covarying relationships between quantitiese functions used in this approach,
then, are those with pitctable computational relationships between the domain
and range such as polynomials, exponentials, and linear funckinisdocus is in
response to studentsd perceived tendency t
symbolic manipulation diinding solutions rather than considering a more
coherent, generalized view of functional relationsli(pshrtmaret al, 2008)
Bl anton and Kaput debuldngand uncti onal t hi
generalizing patterns and relationsHipstween covarying quantitiegking
diverse linguistic and representational tools and treating generalized relationships,
or functions, that result as mathaticalobjectsuseful in theirownrigit ( 201 1,
p. 7-8). In practice, studentsgven a situation | ide fAthe wat
water in it, and was wbuldbdencoutpgetp 2 f eet eac
consider thealynamics of the systemather tharone specifiavaterheightin the
tankfor a specific timeln other words, the emphasis would not be on calculating
pairs of tme and water height values, but what those values indicate about the
structure of the systeinthegeneralized relationships both within and between
varying quantities.
Forms of functional thinking exhibited by students can be organized by

how they considr the relationships among quantities:
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1 recursivelywhich describes attending to variation within one

guantity (e.g.using the situation described in the previous
paragraphiit he water height increases by
1 covariationally,which describes atteimg to the simultaneous
variation in each quantity (e.g., Af
water increases by 2 feet o)
1 in terms ofcorrespondence relationshipshere the covariation is
situated in conditionefthesystenf e . g. , At heeis3hei ght of
feet plus 2 f e®lantorf&Kapute2®klhSmithj nut e 0)

2003.

Research has found that elementary students readily engage in functional
thinking, given the opportunitfe.g, Blanton & Kaput, 2011Blantonet al,
2015a;Blanton, Stephen&nuth, Gardiner, Isler, & Kim, 2015IBlanton
Brizuela, Gardiner, Sawrey, & Newm&wens 2017;Brizuela,Blanton,

Gardiner, Newma®©wens, & Sawrey, 20158rizuelg Blanton, Sawrey,

NewmanOwens, & Gardiner2015h Cafadas, Brizuela, & Blanton, 2016

Carpenter, Franke, & Levi, 2008/arrenet al, 2009. Functional thinking

approaches have been applied to research with a range of goals including:

explorings t u d generabady functional relationshipse(g.,Brizuela et al.,

201%; Blantonet al, 2015g Blanton et al., 20)Je ncour agi ng student sé
about mathematical processes rather than products (Waraen2006), teaching

algebra in the elementary curriculum (Blan&ral, 2015b), and unifying student

discourses about functions (N&h& Tabach, 2012)
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Functional thinking approaches hgu®ven powerful at encouraging

children acrosgarlygrades (kindergarten through 7th gradee represented in
the studieseferenced aboydo express generalizatioabout mathematical
relationsips, leading to conjectures that difficulties with algebra and algebraic
notation may be an artifact of traditional instruction (Blargbal, 2017;
Carraheet al, 2008).Contrarily, CCSS does not have students consider
covariation between dependentandependent variables untif §rade NGA
Center & CCSSOCCSS.MATH.CONTENT.6.EE.C.9, Retrieved from
http://www.corestandards.org/Ma}teven though research has provided evidence
that much younger students are capable of meaningfully engaging with
covariation Functional thinking research indicates that earlier exposure is not
only possible, it may be beneficial (Blanton & Kaput, 2015rBbn et al., 2015b;
Carraher & Schliemann, 2007; Carrakéal.,2008; Kaput, 2008<nuth, Alibali,
McNeil, Weinberg, & Stephen2005).
Algebraic (Variable) Notation

Integral to expressing generalizations about mathematical relationships are
the meanso representing thenKaput, Blanton, and Moreno describe
generalizing as the fAact of <creating
symbolizing compresses a rangespécificinstances into aingleobject that is
available to be evaluated, manigeld, or explored. As was mentioned briefly in
the theoretical perspective, symbolizing cesepersonal or conventional symbol

systems, but ultimately, algebrdi@riable)notation is regarded as perhaps the

20
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most efficient means of representing genertibra, applicable across many

contexts and to many situations (Blanton et al., 2017).

Perhaps because algebraic notation was assumed to require toumnkoig
reach toyounger students (Blanton et al., 201%ahas been earginaltopic of
elementary edcation if addressed at alBome research seemed to support this
choice.For exampleKiichemann (1981) documented the ways in which students
first engage with variable notation. He noted that student interpretations of letters
fell into six categoriesgnoring the letter, assigning it a value, using it as
shorthand notation for an object, or using it as a specific unknown, a generalized
number, or a variable. Through results of a written test on a variety of algebraic
tasks, his summary conclusion waatthver half of middle school students were
not able to successfully work with the use of letters as specific unknown numbers,
and less than 10 percent recognized letters as representing generalized numbers or
variables. MacGregor and Stacey (1997), inrttwerk with 11- to 15yearolds,
delved into why students might interpret variable notation in these ways,
concluding that everyday experiences and pragmatic reasoning, in addition to
poorly-designed teaching materials, were main sources of studentatéigns.

In contrast, Knuth, Alibali, McNeil, Weinberg, and Stephens (2005)
reexamined those conclusions through their own study of middle school student
interpretationsreporting that students are more capable than indicated by the
Kichemann (1981) and MacGregor and Stacey (1997) stlwliese task, they

presented middle school students witbhexpression 2+ 3, and, marking the

variable n with doesrtrbe, spasbkeld, sfid&hdtfor ?.
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half of the students suggestedould have multiple values, indicating that the

notion of variable is not altogether unfamiliar to students before high s¢heol.
similar task, the students were presented withexmressions,Bandn + 6 and

they were asked to decide which was larger. Aimost 30 percent of trade
students abstained on this question, but over half of'ttead 8" grade students
could not tell which was larger and justified their conclusion by suggestias

an unknowmuantity. Like the Kiichemann (1981) and MacGregor and Stacey
(1997) studies, Knuth (2005) did not have an instructional component, but simply
assaesed student understandin@se of their concluding hypotheses was that
fAproviding students with opportunities to meaningfully encounter literal symbols
in ways that support the development of a multiiies understanding at an
earlier age may be beng#hl in terms of their preparation for and eventual
successinalgebba ( p. 75) .

Knuth and coll eaguesdéd refutation of ear
from intentional introduction of algebraic notation with elementary students that
showed young studé&nhave a strong capacity for understanding and using
variable notation (e.g., Blanton et al., 2015a, 2015b, 2017; Brizuela et al., 2015a,
2015b; Céadas et al., 2016). Notably, Brizuela and colleagues (2015a, 2015b)
found that youn g rariable hotattbre aligned dvithweverdtof wi t h
the |l evels noted in K¢gchemannés study with
relevance of developmental readiness. FurthernBsiajela and colleagues
(2015b) hypothesized thatudents benefit from early opporuegito engage with

variable notation and thatt udent s6 wil |l ingness to | eave r
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indeterminate was a critical first step towards building understandings of variable

notation.

Similarly, in a yeatlong intervention with '§ grade student8lanton and
colleagues (2015b) found that students were able to represent quantities in
meaningful ways with algebraic notation @ndher,generalize and symbolically
represent functional relationships between covarying quantities. Tellingly, their
data indicated that mongarticipatingstudents were able to represent a function
rule with variable notation (16%) than in natural language (8%), an indication that
even young students found algebraic notation to be an efficient means of
generalizing.

It is important to note that these studies did not introduce the procedural
rules of symbol manipulation. Instead, children were encouraged to reason
structurally about equations from understandings of equality and inverse

operations. Blanton and colleagues diésa the difference in this way:

For example, students might solve an equation suctxas3(= 36 by

applying formal algebraic rules in which they first multiply the quantity

+ 5 by 3. However, if they seet+ 5 as an object, it is easier (and aigjy

more meaningful) to notice an underlying structure where when an

indicated product results in 36 and one of the factors is 3, the remaining

factor,x + 5, must be 122015b, p. 56)

It would not be unexpected for procedural rules to emerge from
discussions of structure, in which case producing those rules would be a form of
generalization, rather than blind adoption of an algorithmic process.

As will be described, the participantsthe empiricaktudies described in

this dissertatiomad relatively limited exposure to the function representations,

23
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including algebraic notation. THaunction Puzzleéask required them to broadly

interpret function representations without expressctors on how to do so. In
this way, their exposure was similar to participants in the Kiichemann (1981),
MacGregor and Stacey (1997), and Knuth et al. (2005) works. As upper
elementary students, they would be expected to have similar capacities for
undersanding algebraic notation to the students described in the Blanton (2015a,
2015hb, 2017) and Brizuela (2015a, 2015b) research, but not the same
opportunities to do so. Despite this limitation, several students expressed certain
insights into algebraic noiah which will be discussed in later chapters.
Multiple Representations of Function
As has already been alluded to, a goal of algebra instruction is not for
students to work mechanically with equations, graphs, and other representations,
but to understanthose symbol systems as providing ways to handle functions as
mathematical objects (Kaput et al., 2008)aching the concept of function
through multiple representations has been advocaté&bfgears or morée.g.,
Brenner et al., 199Dubinsky& Hard, 1992; Schoenfeld, Smith, & Arcavi,
1993)wi t h t he goal of encouraging student undc
rich web of representations and applicatio
As such, there are many calls to action that learnersugt to translate between
representations, with the end goal of productive symbolizing in neiiggd, (
Ainsworth, Bibby, & Wood, 2002; Even, 1998; Greer, 2009; Oehrtetah,
2008; White & Pea, 20)2. Yerushalmy (2006) depicted th

of function repr &%) e natnadt isoungsgoe s(tseede tFhiagtu rfiel e a
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to move along the tetrahedr al pat hso

competency.

| would argue that translating between representations is already taught in
mathematics classrooms. For example, learners practice plotting sets of
coordinated points on a Cartesian graph or plotting a function line from an
equation. Similarly, they may produce an equation from a series of coordinated

points or the reverse, calctitay (x, y) coordinates from an equation. These tasks

provide practice getting from one represen

fif r e e mobetverr negregentations.

_ Words
Expresyoni"f_~,__.———-9
j/ii:zzzzzzfiiiiffzzgz;:iGraphs
Numbers

Figure 3-1. Yerushalmy wetrahedral relations of function representations (2006,
p. 358)4

However, if the pedagogical interest idumction translating between
representations as an end goal misses the pointdidia 2006; Greeno & Hall,

1997).That is, karnersaaddtionally need to develop their understandings of

“Note that Yerushalmy suggests fa symbolic expressi

of AExpressionsodo rather than AEQuationso in

t
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function representations as devices for reasoning and-s&iseg about

functional r e | RribciplesnrasdiStapdard2009)Gdglyest shat
representation translation is in the service of solpirplems, interpreting
phenomena, and communicating with others, not simply for the product of a
different representational form. To return to the stacked window symbolization
model of Figure2-3, learners need to develop a sense for how actions in one
synbol system echo through other symbol systemsagsdciatedeferent field
and develop a sense for choosing which symbol system to act upon (or within) for
any given task. Translating between representations is one piece of understanding
the network of conections among representations, but productive symbolizing
involves being able to use the representations with transparencyrefierescing
one representation against another and to the function as well.
Student s6 a-eferéencetaigebminotaton, ables, arsd
graphical representations has been explored with high school students. A seminal
work in this area was Schoenfeld, SmahdAr cavi 6s (1993) microgen
exploration of one studentsé exploration o
outcome of that study was the finding that
(Schoenfeld, et al., 1993, p. 108) was taken for granted in instracttbwas
|l acking in some students6é understandings o
"Cartesi anas€upsulaed thi a w@ wunder standings: #fAa
plane] is on the graph of line L if and only if its coordinates satisfy the equation of
Lo (p. 108) and dal geiby90di hawxepmgeaphormal[ su

i dent it i &otber wops, thel@3idn.Connection is the stacking of
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Cartesian planeepresentationwith algebraic notationthe act of considering two

distinct representations at once.

Knuth (2000) explored the Cartesian Connection by having high school
students solve problems witloth graphical and algebraic representations
available. He found that students deferred to using algebraic representations, even
when graphical solutions were more efficient. In both the Knuth (2000) and
Schoenfeld, Smith, and Arcavi (1993) studies, sttederere comfortable
manipulating equation® simplify or solve for specific valugbut it was not
clear that they attended to the functional relationsinigsgeneral way perhaps
an artifact of their previous instruction, as described above. Sa20ibB)
disrupted the emphasis on symbolic manipulation of algebraic egsibtion
prioritizing graphical representations in Algebra | classes for langbasged
learningdisabled students. Across three studies, she found the new emphasis gave
them deeper inght into notions of functionwith the works of Knuth, Sauriol,
and Schoenfeld and colleagues in mitie empirical studieis this dissertation

brought a crosseferencing activity to upper elementary students.
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4. Function Puzzle Task Design

I n teachers6é and curriculum developersbod
feel for different sorts of symbol strings and various uses of the notions of

variable, equals sigmgndCartesian coordinate systemoes it make a

difference how they come to gsipvith these notions? Does the order of

introduction matter? What are the relative merits of gradual immersion

versus jumping into the deep end? (Chazan & Yerushalmy, 2003, p. 132,

emphases in the original)

The guote above could have been my call to acthth its questions
about how students are introduced to functional thinkingnationsof function.
Functional approaches to algebra for younger learnersfterebased in rich
problem contexts, explored through everyday, sliégy/problems (Carraheat
al., 2008). In these approaches, focusing students on covarying relatioaships
matter of facilitating st ulhsedditwtionsmat hemat i
As such, natur al | anguage representations
to funcitons. For examplepsne authordavesuggestdthat symbolic
representations of mathematical relationships be withheld from students until they
areready (Linchevsky, 2001) or until thémnavefully explored verbal
representations of ttgivencontext (Rgsell, Schifter, & Bastable, 2011). Some
research asserted that students progecsonalepresentationsom their
understandingsf a given contextGreeno & Hall 1997 Roth & McGinn, 1998;
diSessa et al., 1991). Other research introduced represeatdtions, like tables,
graphs, and equations, one representation at a timehagsrooninstruction to
facilitate studentsé6é use of them (Bl anton

Earnest, 2008; Earnest, 2014; Warren et al., 2006). In all thessaapps, the
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initial engagement of the learners with functions or functional thinking was

languagebasedand creating or using other representations was a guided activity.

This work takes a different perspective
functions. Cosidering students as capable sense makers @id mavigate
through a variety of situations and contexts, | was interested in what would
happen i f students were i mmersed in a fAful
1988, p. 37) of conventional function repentationsThe intentiorof such
activitieswould b eproductive disciplinarg n g a g e me studentswrn & k e
intell ectual progresso (Engle & Conant, 20
Or, as Gee woul d s uggewitaapiedDitwaymnat i c al ADI
di aloguing Athat enact specific identities
mathematicians participating in mathematical activities.
Content-specificDesignGoals

Within the broad principles of having students interact with sameti
function representations as a route to participating in mathematical Discourses,
there were more immediate design concerns. As mentioned in Chapter 2,
functions are inseparable from their representations, thus encouraging notions of
function meant erauraging interactions with function representations. The
guiding question | eading the design was fAH
representations and connections between them, even those representations that are
unf ami |l i ar ? canyfundon rgpregdantatiathsk needed to be
rel at adxpegentallyyde aiil 6 ( Co b binthadiowa®an p . 318)

environment meant for exploration and engagemém initial inspirations for
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the task design as a card sort activity were tasksditeofi r i ol 6 s di ssert ati

(2013) to reorient®-grade algebra curriculunier curriculum, designefor
students with languageased learning disabilitiesas an effort to move away
from equation manipulation aridwards understandings of functigin
additional resourcewaBu f t s Uni ver si tyQ§speciiallythy Al gebr a
activity fAWho SHhHtp:/Aase.tuffsedufeduéation/ct i ono
earlyalgebra/materials.asp).

The Function Puzziea s d e s tiegagethir gtaghicah and analytical
repr es eoffuctions(&isesbierg, 1992, p. 158y having students match
different function representation typé¢smpor t ant l y, the studentso
makesenseafonnecti ons between function represe:
task alignswittae desi gn goal: fito make mappings [ be
representations] evidento (White & Pea, 20
Function Puzzle Card Design

The result of these design considerations was the Function Puzzle (see
Figure 41), amatchingtaskwith four represent#&n types (equation, function
table, Cartesian graph, and natural language) and four funciioiigntswere
tasked withfiguring out sets of four cards they felt belonged togethiee 4 x 4
format of the Function Puzzle was established early in thgrdpsocessThe
specificdesign shown in Figure-Zevolved iteratively from a desigmased

research type approad@dbb, Confrey, diSessa, Lehrer, & Schauble, 2003), with

5 Sauriol pointed out to me that desmos, an online source of digital mathemalic$ias a
similar card sort activity for linear functions with Cartesian graphs, equations with algebraic
notation, and function tables which can be found at
https://teacher.desmos.com/activitybuilder/custom/5785081e72fcab925a¢efaEal
communicaibn, January 2018).



FUNCTION REPRESENTATIONS
the caveat that the design changes came from impressions from pilot, testing

ratherthan rigorous analysis

31

The represented functiomgere dfine functiors (functions of the forng =

A + Bn, wheren andy are variables, and A and B are constants): one congtant (

= b), oneratio relationshigy = 2n), and two with a nozero translatiofy = 3 +

2n andy = 1671 n). The natural language cards desalibrangng height in a

water tank over timesimilar to contexts used in other algebra research (Boaler &

Humphreys, 2005; Leinhardt al.,1990; Lobatcet al, 2013; Oehrtmaet al,

2008).Throughout this dissertation, the relationships are identified by behavior

and state of water in the tards listed in Table-4.

Constant Wate
Height
y=5
CON

Filling Empty
Tank
y=2n
FILO

Filling Non-
Empty Tank
y =3+
FIL3

Draining Tank
y =16 -n
DRN

Natural Language Function Table Cartesian Graph Algebraic Equation
(language) (table) (graph) (equation)
Time | Height 2 x5
L s i1
. 2 5 1
The water height does 3 3 & 5
not change. 4 5 T y=
1 >
8 5 Time
12 5
Time | Height £
The water tank had a 2 2 2
few feet of water in it 2 = =3+2n
when someone turned 3 o y=
the hose on to fill it. 4 11
Time
8 19
Time | Height £
The water tank was ful & g z
and then someone ; ii =16-n
pulled the plug out to 3 13 y=
drain it. 4 12
Time
6 10
Time | Height £
The water tank began (1) (2) z
empty and someone - a =2n
turned the hose on to 3 & y=
fill it. 4 8 2 ]
8 16

Figure 41. Function Puzzle Cards
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Table 41

Naming conventions for Function Puzzle Cards

Represen_tatlo Natural Function Table Cartesian Grap Algebrg '
Type: Language Equation
Constant Watg
Height CON-language CON-table CON-graph | CON-equation
y=5
Filling Empty
Tank
y=2n
FILO
Filling Non-
Empty Tank
y =3+2n
FIL3
Draining Full
Tank
y =16 -n
DRN

>

FILO-language  FILO-table FILO-graph | FILO-equation

FIL3-language| FIL3-table FIL3-graph | FIL3-equation

DRN-language DRN-table DRN-graph | DRN-equation

Each representation was printed on
A minimalist design aesthetic was used on the ¢avidk the intention of
highlighting the varying quantities and their general relationsfopexample, the
language cards did notention the rate of filling or draining in the water tanks, or
even whether those rates were constant. The graphs and tables did not include
units for time and height, and the graph axes were marked with hatch marks, but
no numbers. Additionally, multiplation was represented in the equations as
number directly followed by a letter (i.,en8 or At hnrdeegen thoughehss
convention would likely be unfamiliar to elementary school students. The reasons

for theminimalist desigrwere to enable seveérmeards to be quickly considered.

32
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Along the same lines, data in the function tables was listed in order of increasing

time to facilitate noticing covariation between time and height.
There were other subtle influenaasthe design of the algebraic notatio
cards that developed through pilot testing. To avoid students considering the
variables as labels, the variable letters were not the same as the first letters of
Ati meo and Ahendoghs$. DhdhiendsespdrakKeuint vari abl
and colleaga®d( 2005) wxad kg o wlichckee iconf ounded with
multiplication symbol () commonly used in elementary schools. Additionally,
using the rMoorn mat amAB® f B I DRN\equatiotothe
written asd 1i6n0 i n s t-e+a d1 Fkodlly, pilét testing indicated that
students did not say the independent variable when they read algebraic notation
cards. In an effort to circumvent tHighavior one of the functionsas given a B
constantof {y=16-n) , hoping to encouragen ®tudent s
Overall the puzzle was designed such that every card had a place in the
solution. Thisdesign choice meant thaarticipantsvere not only choosing cards
that belongdin any given set, buhey nay have beeAh n ot choosingo cards
whichtheyt hought A d indthedwordfstidentsingaiiavebeen
choosing the least wrong card rather thdrat they viewed to be@rrect card.
Further, reasoning through the appropriateness of their choigelsava
happerda posterori, on reflection of the sets theydalreadycreated
Function Puzzle Implementation
The Function Puzzle was implemented in two ways in the empirical

studies. In the pilot phase (Study 1), students participated torenee
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interviews where they solved the Function Puzzle, describing each set that they

put together to the interviewer as they worked through the puxtzibe end of
each interview, the cards were shuffled to randomize their order in preparation for
the next inteview.
In the main study, the Function Puzzle was implemented as a classroom
activity. Students were put into partnerships of two or three people by the
classroom teacher, and the task was introduced in the context of helping me with
some research on howdents think about mathematical relationships.
Intentionally, the introduction was very brief. | had a large set of cards, so they
were easy to see, and | said, AThese are d
relationships. Have you seen things likesthib e f or e? 0 After f ol |l owin
that question, | suggestedthaté st udent sdé6 j ob was to create
reasons the cards belong together, o with t
card of each coloiVith that, students/ere givema set of cards and worked on
the task Once a partnership was satisfied with the sets they had made, they
showed their solution to myself the classroom teacher to get a paper backing

and glue, then glued their solution to a piece of paper.
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5. Methods

Activities were implemented in a desipased researcipproach{Cobb,
Confrey, diSessa, Lehrer, & Schauble, 2003) whergeeariplementatios

influenced later implementations. Throughout, the research was led by the guiding

guestion, fiHow do students make sense

connections between them, even those

In the pilot phase of thigroject, twelve # grade students participated in
oneon-one interviews where they solved the Function Puzzle and discussed their
solutions in June of 2014. Study 1 (Chapter 6) is a case study from a pilot phase
i ntervi ew Awwilbe distussed furthér detail, Kara was chosen
because she exhibited the behavior of intgrestsaying the independent
variable aloud when reading an equatjdalked a lot, which provided discourse
data to work with, and she took about the average length ofdicmmnplete the
puzzle.

In the main studyphasethe Function Puzzle was implemented in three
classrooms: one third grade classroom, one fourth grade classroom, and one fifth
grade classroom. Fifty studeratsross théhree classrooms participated in the
classroom activity, andélstudents participated in omm#-one interviews after
activity implementation. Studies 2 and 3 (Chapters 7 and 8) are analyses of
individual interviews following classroom implementation of the Function Puzzle
in a 3" grade clag®om.As will be discussed further in chapters 7 and 8, the 5
grade data set was the most extensive with eight interview participants with

varying mathematical expertise.

35
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This chaptebroadlydescribes the methods used in the three stugaeh

of theempirical chapters (Studies 1, 2, and 3 in Chapters 6, 7, and 8, respectively)
reiteratesand expands othe information in this chapter.
Methodological Framework

Broadly, all three empirical studieseda grounded theory approach
(Charmaz, 2010; Glaser, 1992; Strauss & Corbin, 199@®.analytical
techniques of constructivist grounded theory as described by Charmaz (2010)
wereusedacross all three studiel contrast to the positivist grounded theofy

Glaser (1992) or the prescriptive techniques of Strauss and Corbin (1990),

Charmaz fully recognizes that fAdata ar
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e

na

i mpossible to fully untangle from broader

points of view. Omginally intended to explicate and map complex social processes

(Willig, 2013), grounded t haewellyutes e mer gent

for examining young student sobéwagsfot en i di osy

sharing theimathematical expemees and understandings.
Student Participants in the Empirical Studies

The pilot study and main study were held in two different schools in
different districts in Massachusetts. This section describes general characteristics
of theschools and student pigipants.

For the pilot study (Study 1 described in Chapledudentparticipants
werefrom one of three fourtigrade classroonia a K-8 school Theschool hd

over 1200 studen@ndroughly 130 of them were in fourth grade. Almost half of

theschool 43 %) i s identified as fAhigh needs, 0

W
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as free or reduced lunch, learning disability, limited English language proficiency,

or combinations of such characteristics. The district has a relatively stable student
populationwhere there is less than 5 percent attrition rate in the upper grédes (3
through ) (Massachusetts Department of Elementary and Secondary Education
(MA DESE), 2014).

The mathematics curriculum for fourth grade at this school was
established by theohort of fourth grade teachers in alignment with mathematics
standards from the CCSNGA Center & CCSS(02010) and by using online
resources for class work and project ideas. The curriculum heavily emphasized
devel opment of st udndmathendatice wealpulary.Vhileon s ki | |
t he st ucdcematicssrdculomainclbded working with word problems and
data tables, it did not include Cartesian graphs or equations with variable notation
(C. Olszowy, personal communicatidviay 2014).

The main stdy was held midyear at a'8i 5" grade public elementary
school in suburban Massachusetts. The school has a student population of 388
students, a student to teacher rati@4B to 1, and a high needs population of
20.8%, which includesharacteristicsuch as free or reduced lunch, learning
disability, limited English language proficiency, or combinations of such
characteristic§MA DESE, 2016)

Although the Function Puzzle was implemented across three classrooms in
the main study, the data corpus weduced to the'Sgrade implementation and
interviews (Miles& Huberman, 1994)hefifth-gradedata was chosen for this

studybecause the consistency and availability of the students for interviews
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resulted in a more complete and diverse data set. fCu& students in that

classroom, 12greed to interviews, and nine were interviewed in the time allowed
by the classroom teacher. In comparison, only three students agreed to interviews
from the ¥-grade classroom and, due to scheduling difficulties, fanly
students were available for interviews from tHeg#ade classroom.
Data Collection

Interview data including video, transcripts, and atudertproduced
artifacts are the data for all three studies. The interview protocols are in Appendix
B, intewview transcriptof student participants whose interviews are included in
these studieare in Appendix CDiscourse, as it will basedin this work, refers
to the immediate negotiation of meaning as it evolves in conversations with

particular goals andtuses of attentiorGee, 2011Moschkovich, 1996, 2007)
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situated by the available artifacts and co
include all aspects of fAthe physical setti
pl aceo and Ashared cultur al knoewl edged (Ge

common undestanding that the research had a mathematical basis is an example
of shared cultural knowledge

Across the three studies, two cameras captured each interview: one
focused on the work space in front of the student and interviewer, and one
focused on the stient participantPaper and pencil were available to students
during the interviews, but studeril not use these suppli€&roadlyspeaking

students described their choices in building sets for a Function Puzzle solution,
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using a mixture of talk and gure to express themselves. Interviews in both the

pilot study and the main study lasted between 25 and 40 minutes.
Data Analysis

Video processing began within a week of when an interview was
completed byranscribingand memo writing for each intervief@harmaz, 2010).
This initial screening process allowed for minor adjustments to the interview
protocols including how questions were phrased and placement of the cameras.
Memos served as interview summaries and helped to highlight common or
idiosyncraticthemes across interviews. As a means for examining the interview
discourse, all interviews were transcribed verbatim and annotated for touch or
gesture as warranted by the analysis (see Appé&Z)dix

Study 1 is a case study from one of tHeg#ade pilotinterviews which
explores mediational influences of discourse and the function representations
t hemsel ves on the studentds developing und
Study 2 analyzestheeigitfr ade st udentsdé interviews to
Adi secoeso about the semantic rules of algge
di scoveries with studentsdéd noticing of dep
function representations. Finally, Study 3 uses exastinew st udent sd6 patt el
discourse not onlgommunicated their solutions of the Function Puzzle, but
reinforced connections among representations in such a way as to potentially
i mpact studentsé6é understandings of functio

empirical studies were unique and aregented in each of the empirical chapters,

to provide proximity to the corresponding results.
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6. Study 1: ACase Studyoh St udent 6s AldebraiaNetatiers®s o f

In a synthesis of research and policy regarding implementation of algebra
t hr oughouti l3educatiennthie RANDKnathematical study
Mathematical proficiency for all students: Toward a strategic research and
development program in mathematics ediace(2003) highlighted three
expectations related to algebraic proficie
understanding of the notion of function, including representing functions (for
exampl e, tabul ar, anal yfdachingtreandeptepfr ap hi c al
function through multiple representations has been advocated for 25 years or
more(e.g.,Brenner et al., 199Dubinsky& Harel, 1992; Schoenfeld, Smith, &
Arcavi, 1993) Whereas many students seem to have an impoverished
understanding of functits based in procedures of symbol manipulation
(Oehrtman, Carlson, & Thompson, 2008), a goal in teaching functions through
multiple representations is to encourage student understanding of the
Anotationally rich web of nrcaproemsent( Ktaipart s
1991, p. 61). The case study presented in this paper evolved out of interviews
with 4" grade students who had limited to no exposure to algebra around a task
linking multiple representations of functions. Here, lexarhimew one student 6s

interpretation of variable notatibwas mediated byiscour® during the

A version of this chapter was accepted as a qualif
Exploration of Variable Notation Through a Functi on
of my Ph.D. requirements and can be foundlufts Digital Library at

https://dl.tufts.edu/catalog/tufts:sd.0000690

“I'n this paper, fivar i adbusiegatettetr teeprésentadiablesswhichhe convent i
in turn refer taboth varying and fixed unknown quantitigglanton, 2008; Blamn, Levi, Crites,

& Dougherty, 2011Brizuela, BlantonSawrey, Newma®©wens,& Gardiner, 2015



FUNCTION REPRESENTATIONS 41
interview, including utterances by the interviewer, utterances by the student, and

interactions withthe differentfunctionrepresentations presented in the task.

In a landmark papeKichemann (1981) documented the ways in which
students first engage with variable notation. Kichemann noted that student
interpretations of letters fell into six categories: ignoring the letter, assigning it a
value, to using it as shorthand notationda object, or using it as a specific
unknown, a generalized number, or a variable. Through results of a written test on
a variety of algebraic tasks, his summary conclusion was that over half of middle
school students were not able to successfully wattk tlve use of letters as
specific unknown numbers, let alone generalized number or variable. MacGregor
and Stacey (1997), in their work with-1tb 15yearolds, delved into why
students might interpret variable notation in these ways, concluding tmatiaye
experiences and pragmatic reasoning, in addition to pdesdigned teaching
materials, were main sources of student interpretations. In a more recent survey of
middle school students, Knuth and colleagues (Knuth, Alibali, McNeil, Weinberg,
& Stephers, 2005), through their own study of student interpretations, reported
that students are more capable than these reports. Almost half of sixth grade
students and close to 80 percent'dfiBade students seemed to understand letters
in an algebraic express as at least generalized numbers, potentially as a
variable (Knuth et al ., 2005). They credit
experiences learning about the use of variables and suggested that meaningful

exposure to variable notation at earlieadgs would likely benefit students.
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Recent work in student understandings of variable notation comes from a

perspective that recognizes symbolization and generalization as the heart of
algebraic reasoning (Kaput, Blanton, & Moreno, 2008). From this pbinew,

studies have found that young students can and do use variable notation to
represent their generalizations of functio
adopting variable notation has been found in work which emphasgaedg

st ude nt dodgenardlizelfundtiana relationshif@rizuela et al., 201%
Blanton,Brizuela, Gardiner, Sawrey, & Newm#&wens,2015), encouraging

students to think about mathematical processes rather than products (Warren,
Cooper, & Lamb, 2006), the effectivenegseaching algebra ithe elementary
curriculum (Blanton, Stephenknuth, Gardinerlsler, & Kim, 201%), and

unifying student discourses about €tions (Nachieli & Tabach, 20)2In each of

these studiestudents were introduced to equations withalgd notation in

classroom lessons, and studpriduced equatiorexre motivated by an intent to
generalizédrom values in a data table or on a graphis method has proved

powerful at encouraging children across younger grades (kindergarten thfbugh 7
grade are represented in these studies) to adopt equations with variable notation as
a way of expressing generalizations.

In the work reported here, rather than arriving at variable notation after
exploring other representations, students with limiteabtéormal exposure to
variable notation were given a task, called the Function Puzzle, which required
them to interpret algebraic equations without express directions on how to do so.

This approach is similar to that of Knuth et al. (2005), Kiichemann {1884
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MacGregor and Stacey (199Here, stidents were given fouypes of function

representations (natural language, tabular, Cartesian graphs, and edhations
included variable notatigrwith theassignmenof finding connectiongcross the
different types.The Function Puzzldid not necessarilygive students insight into
different affordances dherepresentatios) nordid it motivate then to generalize
relationships from data, but as a potdraj@ening activity folexploring functions
it primed them to consider connectioasrosgepresentations déinctiors
(Brenner et al., 1992) and encouraged them to draw on personal resources
(Moschkovich, 2007; Pratt & Noss, 2009) to construct their own understandings
Similar to some students in both Kiclmannés (1981) and MacGrego
St aceyo6s ( k®&@lstudendst thiskstiudy seemed to ignore the
independent variable when they worked with the equatitms phenomesn was
recurrent enougto warrant investigatiothrough a case study ofaka (a
pseudonym), one of thtaskparticipants.
This case study presents a Athick descr
discourseduring the interviewaboutand experiences wittepresentations of
functionin the Function Puzz]evhere the analysis looksr meaningfulness not
only in what Kara said and did, but in how the experience of the interview and the
artifact of the Function Puzzle was a part of and influenced what Kara said and
di d. I n keeping with the pheandmenon of int
impressions of variable notation, | ppgrticular attention to howWaratalked
about equation representatidhat included variable notatiom those utterances,

she bothsaid and did not sahe independent variablas will be developedny
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argument is tha a r staiesnents and conjectures alibelse equations were

acts of sensenaking through which Kara began to build understandings of the
symbolizing significance ofariable notationMy analysis will address the
research questiolow did discourse during the interview, including utterances by
the interviewer, utterances by Kara, and interaction with function representations,
medi ate Karads awareness of variable notat
Study 1 Theoretical Perspective

Fundamentally, | take the perspeetthat individuals are the architects of
their own understandings, and construct knowledge in personally meaningful
ways (Piaget, 1970; von Glaserfeld, 19¥irough experiences situated in
cultural, historical, and institutional contex@ale, 1996; Foman, 2003;
Vygotsky, 1978, 198AVertsch, 1991). This situatedness implies that both local
communities, such as a classroom, and broader arenas, such as conventional
symbolizing systems or national education standards, may impact learners.
Cognitive devadpment, therefore, includes processes of@gjainization
(constructivism) and enculturation (socioculturalism) (Cobb, 1994).

Similarly, bothindividual and sociocultural understandirigam the basis
for student s o6 nrartelampiealdaers gaih mahenaticali t y
content knowledge (Hill, Rowan, & Ball, 2005; Ma, 2010) and understandings of
classroom practices and norms (Forman & Ansell, 2001; Lave & Wenger, 1991,
Yackel & Cobb, 1996), but also experience mathematics through extensive
symbolsystems (Cobb, 2002; Nemirovsky, 19®&dford, 201%and discourse

practicesMi c hael s, O06 Co n n &fard, 2081, WEZZacki&c k 2007;
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Graves, 2001 Learning is not only a process of increasingly proficient

participation in mathematical practicésis mediated by that participation
(Halliday, 1993; Vygotsky, 1987; Well2007. Participation in classroom
discussion, for example, is not only something students learn to do, they come to
be more proficient at through theiparticipationin discusgns. More broadly, a
student 6s under st anditmaansdsofdo mathéntatecsiat i ¢cs and
mediated by how they experience mathematics, whether through discussion,
worksheets, projects, or other means.
The mediational triangle as described byegdd996) and shown here in
Figure6-1 is one way to represent mediating influences. In this simplified
representation, there are three actors: the subject, the object, and the mediating
artifact. A mediating artifact can be a physical object, like ariratee system of
person, tree, and axe, but is more broadly
hi storyo (Cole, 1996, p. 118),- a descripti
established patterns of behavior or systems of meaning in addition to material
objeds (such as a system of student, mathematics, and classroom discussion). The
sides of the triangle represent relationships among the actors. The direct
relationship between the subject and object can be thought of as a particular way
that the subject mightnderstand and interact with the object in the absence of
influences (a purely hypothetical relationship, since a subject never interacts with
an object without any mediation). In the mediated relationship, on the other hand,
t he subj ect dandundeistantdingofhtbelmiediating artifact and the

relationship of that artifact to the object influences how the subject comes to
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understand and interact with the object. Mediating artifacts, therefore, add new

dimensions to the relationship betweebjsct and object.

Mediating
Artifact

Object/

Subject

Environment

Figure 6-1. The basic mediational triangle per Cole, 1996, p. 119

In this work, | examine the ways discourse in the interview mediated

Kar a 6 smaling of saeiable notation in the Function Puzzle task. The three

particular aspects of discourse are utterances by the interviewer, utterances by

Kara, and interactions viitfunction representations as a symbol system. In a

sociocultural perspective, symbolizing and symbol practices are subsumed as a

specialized form of discourse (Lerman, 2001; Moschkovich, 1996; Sfard, 2012),

as symbolizing is a form of communication. Hdrewever, | differentiate

bet ween Karads di

scour se

function representations

interpretations of variable notation.
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o

tal k and
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Discourse agalk or conversation Discourse as explicit communication

between participants in a conversation centers around spoken words, talk, and
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opposed
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broader

long gone whose ideas are instantiated in cultural ways of loirgy, and
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speakingo (Zack & Graves, 2001, p. 266). I

meaning as it evolves in conversations with particular goals and focuses of
attention (Moschkovich, 1996, 2007).

Two aspects from semiotic mediation are relevant Adre first is that an
individual 6s i nt er pr emakgiiscot adodted menani ng, or
soci al interaction alone, but is incorpora
established by their past experiences (Wells, 2007). In this sense, urdiegstan
of discourse norms (Sfard, 200dackel & Cobb, 1996) and forms of discursive
activity (Moschkovich, 2007) inform how an individual might use discourse for
their own sensenaking. Secondly, there is the saikdiative role that speech can
playinagr sondés understandings (Teasley, 1995;
wrote, fASpeech does not merely serve as th
Thought is restructured as it is transformed into speech. It is not expressed but
compl et ed i n t2bBleas citedind\Mells,(200D, B. 264). Ip this
analysis, | look for evidence that discourse or conversation with the interviewer
influenced how Kara worked with the representations in front ofamethow her
own utterances may have been a resource forumelerstandings.

Symbolizing. Mathematics is rife with established specialized notation
and representationgiewing these established systems as opaque or immutable
attends to a limited perspective on their utility for meammaking.Although a
symbol ystem isindeedii a egolver ned set of el ementso (Ne

390) individuals understand, interact with, and perceive these symbols in ways



FUNCTION REPRESENTATIONS 48
that are personally meaningféttending simply to symbols as a system with

fixed rules ignores how imdduals use that system for their own purposes.

ASymbesé, 06 on the other hand, refers to
system for a purpose in fAa chain of meanin
390). Drawing meaningful use from variable notation contdide generalizing a
relationship between two quantities, such as the relationship between time and the
height of water in a tank as it is emptied or filled, or more broadly, understanding
that an algebraic expression does not just connect the domauatonain, but it
is a mathematical object that can be manipulated, transformed, or analyzed for a
specificintentl n ot her and recent | iterature, fAsym
with Nemirowvwskeds( @.syymboBri zuel a, 2006; Cot
Yackel, & McClain, 200Q Sfard, 200D

For the learner, engaging with a new symbol system may be learning the
rules of the system and aligning onebs pra
process of symbolizing, where negotiating meaning between thigosygystem
and the situation context ;Noschkowtlge 6s centr al
1990 Nemirovsky, 1994)Ilt may be a little bit of both. In her interview, Kara was
both sens@naking across various function representations, which may have
includedworking to understand the rules of those symbol systems and
interpreting those symbols in terms of a context of water in a bucket. My analysis
examines whether the function representations had a mediational influence on her

interpretation of variable ndian in equation representations.
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Study 1 Methods

The Function Puzzle Task Designl.designedhe Function Puzzle to
elicit a fAsense of f unicitn coonrspoo rbayt [weh]i cnima nsyt ui
and skills €éeto tie t orgegrhegse mtratpiha csad (abids e
1992, p. 154). The inspiration for this puzzle came from a theoretical belief in
young studentds capacity to engage in algge
2007), TuftsUni verEaird wé Al gebr a acthdreeYouri es such as
Functiono (http://ase.tufts.edu/education/
Saur i ol 6 swoki2818)dorrg¢oremintb-grade algebra curriculuto
encouragetudents to visualize functional relationshiglsifting away from
eguation manipulation

In this function representations task, students are given 16 cards (see
Figure6-2) with representations of four different functions. The representation
types are natural language descriptiataa tabls, Cartesian graphs, and
equatonsthat include variable notatidtirhe natural language cards described
changes over time ithe height of water in a tanK he represented functions are
affine functiors (functions of the forng = Aw + B, wherew andy are variables,
and A and B are catants): one constant € 7), one purely lineary(= 3w), and
two with a norzero translationy(= 3w + 4 andy = 307 2w). The design of the
cards is minimalist, such that many cards can be quickly considered. For example,
the cards do not mention whether water fills or drains at a constant rate, nor what

units for time and height belong on the graph and the data tableiofedy,

8 The independent variable was represented mstead of the more conventional usexof
because preliminary screening showed that elementary stunlengsetedx asrepresernng
multiplication.
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multiplication is represented in the equationa aamber directly followed by a
letter (i.e., 8vf or

unfamiliar to elementary school students.

i t hwo)erecoghizinghihat this convention may be

Natural Language Function Table Cartesian Graph Algebraic Equation
(language) (table) (graph) (equation)
Time | Height
Constant Wate S
Height The water height does ; ; =7
y=7 not change. a - Y=
CON 8 7
121 7
Time | Height
Filling Empty | The water tank began o
Tank empty and someone ; : =3
y =3w turned the hose on to . 3 y=sw
FILO fill it. a 12
8 24
Time | Height
Filling Non- | The water tank had a (1] ;1
Empty Tank | few feet of water in it 7 0 y=3w+4d
y = 3w+4 when someone turned 3 13
FIL4 the hose on to fill it. 4 16
8 28
Time | Height
0 30
Draining Tank The v;at:‘er tank was full 1 28
y =30-2v and then someone 2 o y=30-2w
pulled the plug out to
DRN o 3 24
drain it. 4 2
8 14

Figure 6-2. Study 1Function Puzzle Gds

50

| use a naming convention to more easily referened-tinction Puzzle
cards The convention ibased orarelationship acronym from FigureZ(CON,
FILO, FIL4, or DRN)and the representation tyflanguage, table, graph, or
eqguation) Coordinatingelationshipand representatidiypes creates the name for
Foy=3axampi #lL4& alhleead ar d

a particular card.

t
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equation Another convention used is to capture the progression of the interview

in minutesin the header of each smmn.
The studentsvere encouraged to make four setset having one card of
each color (otype of representatign and t o share fAa reason t h
together. 0 The farespondercalationshipeekatagtane e f our
and heigh{Smith, 2003)acrossachset of representations was not shared with
thestudent&=or thi s work, a student is considere
Puzzle if the shared attribute in each of their final sets of 4 cards is the same
correspondence relatidmp. Figure6-2s hows a possi bl e configura
solutiono to the Function Puzzl e.
The Function Puzzldesign where a final solution contains all 16 cards,
constrains options that the students have available to creat€lsstaspect
entailstha participants are not only choosing cards that belong in any given set,
buttheymaybdin ot choosi ngo ciadodmns6 twlihothého ntgh.edy t hi r
words students may be choosing the least wrong card rathewtiatrthey view
to be acorrect card. Fther, reasoning through the appropriateness of their
choices may happemnposterori, on reflection of the sets they haaleeady
createdwhich, in itself, is an opportunity for students to exercise senaking.
Data collection and caseselection.Forthis study, the Function Puzzle
was presented in a sewlinical, oneon-one interview. In the interview protocol
(see Appendid), the students completed the Function Puzzle and then were
asked questions about their mathematical experiences in schdbkarttioughts

about mathematics in general. Throughout each interview, the protocol was
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loosely followed, with the intention of following topics and ideas expressed by

the student participanGenerally, students were invited to use any rationale to put

sets of cards together, as long as theream&scard of each color in a set. As they

finished each set, students were asked to explain why they put the set of cards

together, but requests for extended justif

assha edo (Cobb, Stephan, Mm. C1D @mosphere& Gr av e me i

minimizing the intervieweros in¥Theuence i n

protocol questions about mathematical experiences were included to potentially

gauge whetherandhosvt udent s6 epi stemol ogical and e m

mathematics might influence their approach to novel mathematical experiences

like the Function Puzzle. In thaper, those questioserved as the source for

Karabs descript i oohmathédmatitcer sel f as a | earne
Students were selected for participation from one of three fouaithe

classroomsn a K-8 schoolthrough random draw from students who had returned

consent formsThe school has over 1200 studeatsdroughly 130 of them were

infourthgr ade. Al most half of the school ( 43 %)

which includes characteristics such as free or reduced lunch, learning disability,

limited English language proficiency, or combinations of such characteristics. The

district has a retavely stable student population, where there is less than 5

percent attrition rate in the upper grades fough ) (Massachusetts

Department of Elementary and Secondary Education, 20hé)mathematics

curriculum for fourth grade at this school westablished by the cohort of fourth

grade teachers, in alignment with mathematics standards from the Common Core

°On reflection, this choice has |l eft some gaps in t
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State Standards Initiative (CCSS8IGA Center & CCSS(02010) and by using

online resources for class work and project ideas. The curriculauiyhe
emphasi zed devel opment of studentsd comput
vocabul ar y. WhmatHereaticgsurreeulusntinaludied nvorlsng with
word problems and data tables, it did not include Cartesian graphs or equations
with variable notatiorfC. Olszowy, personal communicatidviay 2014).

In the time made available by the school, | conducted twelve interviews
over three daytwowards the end of the school yaathe participating school.
Two video cameras were used to capture the interviewesof the work space in
front of the student, and one of the student, including face and work $f@ste
interviews were between 15 and 30 minutes where the time was generally split
between completing the puzzle and answering questions about mathematica
experiences and perspectives. In the beginning of the interview, before any
directions were given, the students were asked if they were familiar with what
was shown on the cards. All students expressed familiarity with the data tables
and the natural lajuage statements. None of the students were familiar with the
Cartesian graphs, and students recognized the equations as equations, but claimed
to be unfamiliar withequations with letters.

Out of the twelve students who participated in the intervisisolved
the puzzlegreatng four sets of cards whosaredattribute was a
correspondenceelationship Sevenout of the twelvevere noted to overlook the
independent variable, thvg meaning they either did not say theut loud when

they read the equation cards, or they evaluated the expression as vii¢e not
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there. The assumption here is not that the students did not see or consiger the

but that if someone were listening to what a student said as they resduated

an equation card, that listener would not know there wagahe written

equation. Four students both solved the puzzle and seemingly overlooked the
independent variablKk ar ad6s i nterview was chosen for t|
thefour studens who bothsolved the puzzland were noted as nakvays

attending tadhe independent variable, she most consistently shared what she was
thinking as she worked through the Function Puzzle task. Further, she was not the
quickest at the task, nor was ghe slowest. It may be worth noting that Kara
identified herself as a top performer in mathematics and had not had any trouble
with topics in mathematics in her fourgiade year. She is recognized for her
mathematical abilities by others at the schoohexsthirdgrade Massachusetts
Comprehensive Assessment System (MCAS) exam scores were high enough to
gualify her to participate in Competitive Math League (CML) and she earned a
medal for her high scores on the CML te€iae implication of developing ase

study on a strong student is that the results may be more indicative of what
students can possibly achieve with this task, as opposed to what most students
will typically do.

Analysis methods.This case study is a descriptive, instrumental case
studywherein Ait i s hoped that the detail pr o
new insights into, and a better understanding of, the nature of the phenomenon
under investigationo (Willig, 2013, p . 103

Kar a6s \udrtak abeut thehequation cards, and mediating influences of
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discourse during the interview and function representations on her understandings

of variable notation.

The analytical techniques of constructivist grounded theory as described
by Charmaz (200)wereu s ed f or Karads work on the Func
to the positivist grounded theory of Géa (1978, 1992) or the prescriptive
techniques of Strauss and Corbin (1990), C
are narrati ve 8%, immpassibie todullyiumtangedroni poaderl
contexts of participantsd or researcherso
explicate and map complex soci al processes
emergent analytical techniquae weltsuitedfore x ami ni ng young studen
often idiosyncratic and nonconventional mathematical experiences and
understandings.

Karabs interview wseesApgemddBhscri bed verbat
Microanalysis (Nemirovsky, Kelton, & Rhodehamel, 2013) of-merbal aspects
of theinterview, such as touching and moving of cards were also included in the
transcript, as they were considered releva
From the transcript and viewing and reviewing of the interview video, a narrative
accountof Kara working on the Function Puzzle with close attention to her work
anddiscourseabout the equation cards was created. All of the interview
artifact® the videos, the transcript, and the narrativeere then used to build
perspectives inductively (Charmaz, 2080putKk ar aés un afdhest andi ngs
equation cards and variabietation Transcript alone was not sufiint to

complete this work, dsoth Kara and the interviewer used gesture or words like
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At hi so and Athato to obl iogpBudeyaskk ef er ence ¢

Toaddress this st uétogwids discauseedarmgthe quest i on
interview, including utterances by the interviewer, utterances by Kara, and
interactions with function representations
notationinl i near equat i olmesbylng coding of the interveed o ut a
transcriptsthat a pt ur ed and discouesgmuttheeguhtiok ar a 6 s
cardsusing emergent codes. Specifically, | focused on how (a) utterances by the
i nt er vi e weown uttefabces, dae (c) aepresentations of functions other
than the equation cards (i.e., natural language, data tables, and Cartesian graphs),
mediated her work with variable notation. The first step in this process was to
identify every utterance she rmeacklated to the equation cards. The second step
was to characterize in what ways (a), (b), and (c) mediated her work with variable

notation.

Study 1 Results
The narrative account used in my analysis and described above is the first
part of the Results sBon. While this account does include some analysis and
conjecturesegardingKar aés t hinking, the main task of
theoriginale nact ment of the interview as that un:i
actions meaningful and how they are & jp# a personal history with a past and a
futuredo (Nemirovsky, 1994, p. 392).
Narrative of Karwoks Function Puzzle
Kar ads f iir2s35%in istentiew)(StliderisAvere invited to use

any rationale when combining cards into a set, as longeasets were composed
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of one card of each coldBefore | had finished introducing the Function Puzzle,

Kara said, Al think | foun@ONdangnage ch, 0 and
and CON-table addedCON-graph then looked through the equation cardg an

found CON-equation(see Figure ). It took Kara ® seconds to build the set

from her first exclamation to having all four cards in front of her. Each of these

cards represent a constant functyon7.

The water height does
not change.

Figure63.Kar ads f i r st representa clnstant fnotianty=¢€.ar d s

Kara used both | anguage and gesture to
height does not change [touché®N-languagg does not change [ran finger
down the height column @@ON-tabld, does not change [ran finger ap
horizontal function ol€ON-grapH, and the height is seven [ran finger down the
height column ofCON-tabld, soy equals seven [touched each symbol in the
equation as she said ityeqgoual si nsteevrepnroe ta sk asrh
touchedCON-equationas a justification of her choosil@ON-equationto belong
with that set of cards. Those cards were put to the side, and Kara looked for other
associations to make from the remaining 12 cards.

Kar abds s ecbtodinmtertiew)Irmaldiry asecond set of
cards, Kara first chose the natural language card that was closestRti_fer,
languagewhich describes filling an empty tank, and almost immediately paired it

with FILO-graph The table car®RN-tablewas closest to her, and she spent 35
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seconds looking between this card &hld0-graph at times counting tick marks

on the graphds axes, or mo vyiaxisqcrdseto f i nger
the function line. Eventually, Kara includ&RN-tablein the set (the first three

cards fromleft to right of Figure &4).

The water tank began
empty and someone
turned the hose on to
fill it.

Figure64.Kar adés second set. The data table rept
slope and noizero intercept, y = 30 2w; the other three cards represent a
multiplicative function, y = 3w.

With the partial set of three cards lined up in front of her, Kara touched
each remaining equatyeqonatarthethenghstkedijg
the interviewer responded, AYup, it does, 0
forabout30secahs , bef or e s u grRiL4-equatiofauldafsdgoi s one |
with that [the constant function cards in Figur8]ecausg = 3 + 4 [ran thumb
along the equation as sheys3wed4Kasa . 0 Al t hou
did not say thevwhenshereadhe car d, | i ke the adol escent
(1981) study. Her suggestion thdt 4-equationbelonged with the set she had
created earlier implied that Kara thoughit4-equationrand CON-equationwere
interchangeable in this set. The opportunitytoexplorK ar ads i nter pretat.i
these cards was missed by the interviewer, who thought not saywag simply

an oversight by Kara and pointed out henFIL4-equations ayi ng, fAExcept t |
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there'sthatvi n t here. 0 The iIintervi eaweaedracts r emar k w

her suggestion th&iL4-equatiornbelonged with the constant function set.
Kara eventually settled on a setFdf.0-languageFILO-graph DRN-
table andFILO-equation(see Figure @ above). She made a justification for
connections among thedt three cards by inferring that the bottom left corner of
the graph indicated zero and thus an empty tank, and that the function line ended
at the eighth tick mark of both axes and there was a time value of eight in the
table. When it came to hoRlLO-equationb e | onged with the set, sh
| dondt know how | got that, o emphasi zing
with her right hand and laughing in a sééprecating way. As a note, this
situation is an example afpostierireasoning, where&r a6s i dea of how t h
cards belong in the set changed as she talked through the set she created.
Before the interviewer made any substantive response, Kara switched out

the equation cards, puttil@RN-equationin place ofFILO-equation When the

interviever asked why she made t he ic2wabnge, she
| 6m gonna guess, is either 28 [pointed at
oré |ike, itdéds probably oneiharfdcolumese [ wave

of DRN-tabld . 60 H ecadehensalowa as part of the expression, and
evaluated t he e«ipgletsyswaaosindhefexpressiant y
equal to 1, and 28 matched a valudddN-tableat (1, 28). In this instance, even
though Kara included th& when she read the expression, it is not evident

whether she did or did notconsider n h er calcul ation of t he e
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Kara did make a mild allusion to potentially alternate values far20when she

stated that it whesBe[bhber28abueseheoof
The interviewer accepted HKRNMtables respons

fit Karabds previous description of an empt

justification forFILO-graph This question led Kara to reassB$®N-table and

she chaged that card out fdfILO-tablebecause it was the only table, according

to Kara, that began empty; the first entryFihO-tableis (0, 0). As she was

justifying her choice of data table, she r

t hr ee e v e sherah heniiegerd acr@ss dach row, from left to right. In

actuality, multiplying time (on the leftand side) by three every time produced

values for height (on the rigitand side). This type of faulty analysis, where

students interchange the producatiane of the factors, has been documented

elsewhere (e.g., Clement, 1982). On the other hand, Kara was noticing the

consistent multiplyingpy-three pattern in the table. Without comment or

prompting from the i nDRNeguatejpmneoru,| dsnhéet s ai d,

make any sense. So, | think it would be tikik.D-equation because itods

multiplied by three every time [touched the equation on the card while

speaking]. 6 Kara made the association betw

were three times largénan time values, and the equation 3w, which may

indicate that she recognized the notatisna3 multiplication of three and (see

Figure 65).
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The water tank began
empty and someone _
turned the hose on to y=3w
fill it. -
Figure65.Kar aés second set, revised. AlIl cards

functiony = 3w

Kar aiddset 6:041 7:25 in interview).It took Kara less than 30
seconds to pull the next set of four cards from the remaining eight, pulling
togetherFIL4-languageFIL4-table FIL4-graph andFIL4-equation(see Figure
6-6). When she was justifying holL4-equationwas connected to the set, she
said, AAnd the 63 + 406 O6cuz FiL4tédbH ,sceven [t o
and gave a little selfonscious giggle. When the interviewer asked for
clarification of the connection, Kara reiterated her pbipt r eadiw+tg ,46At he 063
[touchedFIL4-equation, | was thinking, because of the seven there [touched row
(1,7)inFIL4-tabld . 6 I n t hi s i ngyasequat seve,oarttaeee v al uat e
plus four, which could result from ignoring tixeor assigningt a value of 1.

Assigning it a value of 1 would link to the row Kara touched in the table.

The water tank had a i
few feet of waterin it -3 a
when someone turned y=3iw+
the hose on to fill it.
Time
Figure66.Kar adés third set. Al | cards represent

nonzero intercept, y = 3w + 4.

Almost without hesitation, however, Kara changedriug-equationfor

DRN-equation suggesting, M@, [t ORNeeduetdn do t he 06 3
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because of the 62806 t hHHA@mbld poi hhedheéot aRBBé

the height value of 28orresponds to a time value of 8. If she were considering

time in calculating height (i.ewy = 1) she would not have removEt_4-equation

for DRN-equation, because the height value she noticed in the table corresponded
to a height value of 8 his chote seems in line with what Kiichemann (1981)
described, and what MacGregor and Stacey (1997) noted with some Year 7
students, where students ignore the letter. MacGregor and Stacey noted that some
older students seemed to assign letters a value of 1, baididas not seem to be

doing that here, as noted above. Kara considered this set of cards complete (see
Figure 67) and moved on to verifying that she would be satisfied with the last

four cards as a set.

Time | Height

=
Height

The water tank had a

few feet of water in it
when someone turned

the hose on to fill it.

10 y=30-2w

Figure67.Kar adés t hir d cardstrepreserd & funstierdwith Thr e e
positive slope and nerero intercept, y = 3w + 4 while the equation represents a
function with negative slope and naero intercept, y = 302w.
Kar ads f ouir9tlain isterview)(She:lodk&d over the cards in
Figure 68, murmuring to herself for about 45 seconds, and eventually told the
interviewer, Al think these al/l make sense
touched three of the card3RN-languageDRN-table andDRN-graph but did
not touchFIL4-equation The interviewer then asked how the equation fit with the

rest of the cards. Kara contempl ated the s

donot know. O
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Jime | Height
The water tank was full g 0 i

and then someone 1 28

pulled the plug out to ; :: V=BW+4
drain it. 4 22

Time
8 14
I
Figure68.Kar adés fourth set. Three cards repres:

slope and noizero ntercept, y = 30 2w; the equation card represents a function
with positive slope and nerero intercept, y = 3w + 4.

The interviewer pull ed7)soKaracodr adés t hir
look at both sets together. Kara did not take long (less thaachhds) to switch
the two equati on ©ORBN-eduatjon sakeg maregsensei Thi s one
down here (with first three cards of Figur&% When asked by the interviewer,
Aand why is that?0 She responded:
Because ... 302w equals 28 andv2could belike... it could be like two
times two, so, four, and "24" and "14" [put her finger on these numbers in
the left hand column dDRN-tablg. Or it could just be plain two, and
"22" [put her finger o DRNitébB.Orii n the | ef
could be times three, "26" [put her fi
column ofDRN-tabld.
This series of Ait could be I|Iiked phras

possible values fong2 from DRN-equation While the specifics of her

calcubktions are not completely clear, Kara explicitly conne2igtb

mul tiplication when she said, fit could be
three, 0 indicati ngwccliddhaved mode thareceawalieo t hi nk t
and those valueswould be multip ed by two. The mention of i

part of the above response is interesting because if she consistently or rigorously
believed thaBw represented two times a value ¥othen 22 would result frorw

=1, and maybe she wooulidn shtaevaed soafi di,p |fatii nmetswo
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she was readingw as two place values: two tens amadnes. This interpretation

would match with her statement, AnoOr it cou
she was both using the 2 as the tens place and to miiply This

interpretation matches with her saying ftw

three, 26,0 but does not explain the conne
Afl4. 0 I n each of these cases, it seems tha
betweeryandwwas not part of Karads interpretati

cards. Although she mentioned values of 2 and S/fexplicitly, her calculation

with 2 resulted in A240 or fAl1l40 while (2,
calculationwith3reul t ed in A260 while (3, 24) is th
Finally, any of these ways of linking the algebraic expression with values from

the data table may be a trahderror approach to senseaking around

coordinating the cards together.

Lastly, the interviewer asked about the other half of the switch: Rth-
equatiorfit in with the setin Figure6.Kar a responded, fABecause u
| said earlier. o0 This responsbutwiasal not dem
return to an earlier gtification from her work with this card on the third set.

Resultssummary.

Karabés wor k on tKaracrdatedfaurtsetoohcarBsunz z | e .
roughly eight minutes (see Talflel). In the final configuration, the four cards in
each of the sets sharéhe same correspondence relationship. In building each of
her sets, Kara started with a natural language card. In all cases except her second

set, a data table card was chosen second, followed by a Cartesian graph card. In
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the second set, a Cartesiangiravas chosen second and a data table was chosen

third. In all cases, thequation card was selected last. Interestingly, the

progression through natural language, data table, graph then equation is a parallel
sequence to functional thinking studies mamdid earlier (Blanton et al., 2015a;
Blanton et al., 2015b; Nachieli & Tabach, 2012; Warren et al., 2006). In those
studies, the task starts with a presentation of a situation in natural language, then a
data table of values is produced, which motivatesiéwelopment of a symbolic

generalization.

Table 61

Time Kara Spent Creating Sets During Her Interview

Type of Interview Duration of | Number of

Correspondence | Time work Card

Relationship Revisions
First Set Constant 1:277 2:03 0:36 0
Second Set | Multiplicative 2:0371 5:42 3:39 3
Third Set Positive Slope 5:4271 7:07 1:25 1
Fourth Set | Negative Slope 7:071 9:12 2:05 1

What is of further interest here is that the data tables were the linchpin to
link representations together: Kara would link a data table to a natural language
description, then, in her first, third, and fourth sets, she used values in the data
tables to hoose graphical and equation representations for the set. One
interpretation of this sequence is that the natural language description established
a context for Kara to imagine the dynamics of the situation, then a data table

confirmed those dynamics witlarticular instantiations of the context. When
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considering the graphs and equations, representations that Kara was least familiar

with, Kara perhaps had two tasks in front of her: figuring out which representation
fits in a set andooldysteemrutee presentati onsd sym
Kara built the constant set first and quickly, making no revisions to her
initial card choices. She was quick to poi
in her constant set, indicating that constancy was a salient quality of eadsef t
representations to her, and she picked out representations with this quality quickly
from the entire set of 16 cards. She spent the most time and made the most
revisions on her second set, the multiplicative set, perhaps because there were
many cardso choose from as compared with the third and fourth sets. She spoke
about all three available equation cards as she built her second set and made three
revisions to her card choices before finishing the set. The third set came together
in about one and @rhalf minutes, and the fourth set in two minutes. In each of
these cases, she made one revision before deciding the set was finished and spoke
about bothH-IL4-equatiorandDRN-equatiorwhile working on each of these sets.
Karab6s t al k ammsQverthdosurse of thaibterview, c
there weresleveninstances where Kara articulated conjectures or statements
regarding an equation caftiable6-2). Across the interview, she pronounced the
independent variable three times when she read the cad @t 4:42, 6:49, and
8:50), whereas she did not say the independent variable at three other
opportunities (at 3:32, 6:32, and 6:56). She also indicated that the dependent
variable could or did have multiple values three times (at 4:42, 5:24, andI8:50).

the four instances Kara indicated awareness of variable notation, either through
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reading the independent variable out loud or indicating that the dependent

variable could have multiple values (at 4:42, 5:24, 6:49, and 8:50), she was

speaking in directasponse to a request for clarification by the interviewer.

Table6-2

Karabs utterances about the equation cards

Equation | Time Set Utterance

fi s 0 y t $eeen [constant-Eqn]. [pointing finger at the equati
as she reads]. o
i T h i sposaive&qhfould also go with that [constant set in

Figure 2] beycazugsal [sr*éiaqbil el

y=7 2:03 First

y=3w+4 | 3:32 | Second

y = 3w 4:29 | Second|/fi And, I donodt k nowmditiplicative-Eqd q

fBec80sé¢ 2A2wm gonna guess, i

y=30-2w 442 | Second probably one of these [gesturing vaguelpégative-Thl . 0

"and this pegative-Eqghwouldn't make any sense. So | think it
y = 3w 5:24 | Second|would be this fnultiplicative-Eqr} because it's multiplied by threq
every time."

i And3+4hfenpositive-Eqgh 6 Cuz itds se

y=3wrd | 6:32 | Third |oogitive-Tolat (1, 7) ] o

fi t Bwet 4, | was thinking, because of the seven ther@gsitive-

y=3w+4 | 6:49 Third Tolat (1,7)].0

iOor | ¢ o3ull dbecdBse of thR& there [innegative-Thbl

y=30-2w 6:56 Third at (8, 28)].0

il dondt know. 0 [l n respons
positive-Eqgrfits with the rest of the set.]

fi Be c 80 s eequale28 andw could be two times two, so
y=30-2w 8:50 Fourth f our é or it could be just pl

y=3w+4 | 8:22 Fourth

[edited]
y=3w+4 | 9:06 Fouth i Because um, the 06706 as | s
Study 1 Discussion
Karaods talk, gestures such as touching

making sets during the interview are the data available to gauge hensakiag
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around the Function Puzzle. Throughout Kar

talked in ways that indated she was considering possible implications of
variable notation, despite having had no formal education or experiences in
algebraic symbolizing. Three ways in which she indicated awareness of variable

notation in her talk were:

1 saying thev when she rad the equation aloud,

1 indicating thaty could have multiple values, and

1 indicating thatv has a role in evaluating
This section will summarize the ways in which these ways of talking about the
eguations were mediated by utterances by the interviewdlar adés own wutter a
and interactions with the function representations.

Medi ating influences ofTherdweretwat er vi ewer
ways that the interviewerbd6s utterances med
notation. | will talk about eacimfluence in this section. In one sense, the
interviewerods utterances implied that wvar.i
Puzzle task space. For example, when Kara was building the second set and
suggested that= 3w + 4 could belong with the corstt set, the interviewer
suggested, AYesn bhereheéreds chhwatinhdi cat ed t
40 was different from A3 + 4.0 Similarly,
of cards on her own, she touched all the cards in the set excépe fguation
card. The interviewer, noticing that omiss
equation card by asking, AnCan you tel] me

of these cases, the interviewerodos utteranc



FUNCTION REPRESENTATIONS 69
independent variable were important and needed to be considered. The

interviewerodés utterances therefore mediate
attention during the task, and this may have impacted how she considered the
eguations and variable notation.
Inanohersense t he i nterviewerds requests for
initiate a heightened attention to detail in Kara, which was reflected in how she
read the equations cards aloud. As noted in the results section and in Table 2,
Kara did not say the indepaent variable aloud half of the times she read the
eguations that containedia For example, she re@@1 2w from DRN-equation
as Athirty minus t wow, she cdldulated vauessfpasd i d not s a
if the independent variable did not existr egample, she thouggtwould be 7
for equationy = 3w + 4 (for example, at 6:32 in Table 2) and 28 for equatien
3071 2w (for example, at 6:56 in Tab&?2). Kichemann noticed a similar
phenomenon and classified this interpretat
As mentioned in the results section, MacGregor and Stacey (1997) concluded that
some of the Year 7 studeristheir studyignored the letter ithe calculation,
whereas older students often assigned it a value of 1.
The three instances where Kara did explicitly readitinesre cases where
the interviewer had asked for clarification of her thinking. In one case at 4:42, the
interviewer asked heotshare the reason she switched@RN-equationfor
FILO-equation and Kara responded by suggesting 8t 2w could be 28,
which coordinated with the ordered pair (1, 28)0#RN-table In another at 6:49,

the interviewer had asked Kara to reiterate rdkvt-equation(y = 3w + 4)
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connected té-1L4-table and Kara pointed to the 7 in the height column on the

tabl e andv+s &i,d,l fvalse thi nki ng, because of t
third instance at 8:50, Kara had just switcBdRIN-equationfrom herthird set to
her fourth set fAibecause it made more sense
was the case. Kara began iRewequexlpd.anadi on w
Saying the independent variable aloud was something Kara did when the
intervieweraské f or cl ari fication or justificatior
consistently included the& in how she read the equation cards after a request for
clarification. Sfard calls this kind of re
p. 39), where the sial positioning of participants and/or the context of the
situation invite a particular response. In this case, an implicit understanding in
Karabs mind could have been that one respo
paying close attention to the tagkand, which meant she read each of the
symbols aloud when reading the equations on the cards. In this way, the
interviewerods request precipitated pronunc
which mediated increased sensitivity to its role.
Mediatinginffluences of Kar aéd tdwru gt tKearr aarbcse s .
additional precision in reading the cards cannot be said itself to constitute a
change in her understandings of how to read them (she did not consistently start to
say thew at a certain point in the inteexw, for example), this precision did seem
to influence how she evaluated equations. Two of the times when she did read the
w were the instances that she seemed togiaaltiple values. For example,

when she suggested thati3@w might be 28, and saidghv, she went on to say,
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A[i1 toébs] either 28 or 1 6m gonna guess, one

DRN-tabld , 0 i ndi ci&wmightgoe oné & the oghér values in the
height column. There was therefore a chain of events: Kara woubd adaoore
conventional way of saying what was written on the equation cards, which then
may have influenced how she interpreted the significance of the symbols in the
equation, as if Athought is restructured a
(Vygotsky, 199, p. 251, as cited in Wells, 2007, 642

Mediating influences of function representationsl n Kar ads first se
constancy of the water height was readily noticeable to Kara in the natural
language, data table, and graph cards, as can be infemetdw quickly she
pulled the cards together (30 seconds) and how she justified her dinpices
moving her finger along the representation
got to justifying her choice d@ON-equation s h e eagiuda,| shissoeven. 06 Her
use of Aso0 seems to indicate that she is
equation, whereas the other repygesentation
7. 0 | n cCON-squation Kararsay thay does not change; it is seven.
The set otards seemed to mediate her understanding tiegtresented height for
this context, something she clarified with the interviewer in her work on the
second set.

In constructing her second set, Kara had noticed and said aloud the
consistent pattern of mplying by three across each rowHiiLO-table. In
finalizing her equation card choice, Kara had the equayiendw, y = 3w + 4,

andy = 307 2w in front of her. Inferring her perspectielL4-equatiorwas the



FUNCTION REPRESENTATIONS 72
best choice of the three, as it was thiy@quation card (at this point in her work)

that did not include addition or subtraction and, conveniently, it also had a three
on it. In other words, it is possible that rather than choosn@w, Kara was not
choosingy = 3w + 4 ory = 307 2w. This choice or notchoice, paired with the
threefold relationship between columns in the data table, could then suggest to
Kara that 8vis a way of notating three times a numb#n this sense, the
numerical pattern in the data table may have mediated herstaddings about
how multiplication is notated for letters representing variables.

In the explanation that Kara provided to establish IiRiN-equation
belonged with the other negatigope cards, she both said thand gave it a
role in evaluating thequation card. In that explanation, Kara coordinated
between the equation cablRN-equationand several values on the data table
card: 28, 24, 1 4wcouRl e likeawo timetéq, sosfauy anth g, A 2
62406 and 01406 [ p mbersineRN-tablg. Ogiteould jpostbet hese nu
plain two, and 0622 ®RN-tphidtOrihcouldbétimesger on 22
three, 62606 [ pubDRNhHablg .foi Agermiagml| i Ydha eidn i n t
section, there are several possible interpretatonsf Kar adéds t houghts at
moment. She made some association with multiplication when she suggested the
2wcoul d be ApwdptPpmest twvo mes t hree. 0 Al tern
may have i nter pwastwe tbtnstehidencéddypwhenfshet he 2

included 24, 22, and 26 as part of her justification for linkdMN-equationwith

Dinfourthgradgener al |y and i n Kmultigiéaton is regiesemted bgthee ci fi cal | vy
symbol fiteachers Bay smew alternate fatmof representing multiplication, such as *
o r, burdo not represeittwithout a symbal
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DRN-table. Or, it could have been some combination of these conjectures. In this

moment, Kara was having to revise her third set tdRE-equationn the
fourth set, and she Halready justified the third set. Thus, the challenge was not
simply reasoning howRN-equatiorfits in the fourth set but coming to have a
more rigorous argument than what she used for the third. This addrigoral
stands in contrast to the first time she pal&N-equatiorwith DRN-tablg in
building the second set. At that point, she only made vague reference to possible
mul tipl e vali2wiseithes28 griome @fthose pther values in
DRN-tade] . 0 Kara pushed into new territory wit
w, assigning it multiple vabutes,sama kitndik
of multiplying-by-two process. There is evidence of all three mediating influences
in this finalexample: the interviewer asked her to clarify her justification, she
read thew aloud in response to that request, and she linked several of the height
values on th®RN-table
Study 1 Conclusion
Carraher, Schliemann, andrsieedwartz (200
introduce unfamiliar terms, representations, and techniques, despite the irony that
in the beginning students wild/l not under st
(p. 237). Warren, Cooper, and Lamb (2006) asserted that students need activities
that require moving among different representations of functions, as student
learning about functions is complex and dimear. Knuth and colleagues (2005)
felt that students would benefit from meaningful exposure to the use of letters as

variables in tkir preparation for algebra. The Function Puzzle addresses these
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concerns, as four types of representations are presented together, and it is the

studentsé6é task to meaningfully make connec
presentation of the four function meggentation types together is unique to
functional thinking studies with young children (e.g., Blanton et al., 2015a;
Blanton et al., 2015b; Nachieli & Tabach, 2012; Warren et al., 2006), where
teaching variable notation usually follows other represemsid functions. Even
with this very different context, Kara became more aware of variable notation
through her experience with the Function Puzzle.
Her work with the equation representations was quite surprising,
considering she was unfamiliar with \alsie notation. In her eight minutes of
completing and justifying the Function Puzzle, Kara was able to intuit that3
a |ikely represent at i oviwasfatkely réptepentstien t i mes s
for @At wo t iomrashe mdicatedta kiilgmegs,to consider the
dependent variablg, as having multiple values, making some effort to give the
independent variable a role in calculating values for the dependent variable.
Additionally, she was able to reason how given equations fit with @ithetion
representations. Here, | argued that this new awareness was mediated by aspects
of her interview. Specifically, utterances
attention on sensmaking around the equations and triggered Kara to use
precision in ystifying her answers, whiagmncouragedther to saying thev out
loud. Saying thev out loud then seemed to impact her interpretationasf
having multiple values. Finally, Kara worked to resolve the information in the

data tables with the formats of teguations.
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Mediation through spoken discourse is perhaps not such a novel finding,

but the role of conventional function repr

understanding of those forms deserves some extra attéRéidford (2014)

makes an interestinclaim via Vygotsky (1994) thabnventionaformsii e x er t a

real i nfl uomlkeamesd (pi nRiray. Il claim it is no

conventionaforms exert influence, but thttese formsiavematured through

historical useo be easily recogniz#d, even by young learneisaput, Blanton,

and Moreno (2008) put it this way: AAnd, o

have become conventional is that they are very useful across a wide variety of

situations. Each is powerful in its own way. Each lnsghly efficient way of

symbolizing, the result of an historic process of refinemeamntributing to

algebrabés identiyw2as a cul tur al artifacto
Kar abds s uc cskwas twefdldt shelinkddiogethar sets of

cards bytheir underlyingmathematical relationshipandthrough that activity she

broadened her awareness of variable notakanareasoned and talked through

which representations might belong together and successfully solved the Function

Puzzle, potentially gaining some inktg into the nature of letters in algebraic

equations and the symbolizing significance of letters in equatiditisough

Karabs achievement should not be overly ge

elementary students have the personal resourceskm sease of function

representations and the connections between them.
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7. Study 2: Making Sense of Algebraic Notation

Algebra has a mixed reputation as both a fundamental, unifying topic
(Blanton, Brizuela, Gardiner, Sawrey, & Newm@wens, 2015a; Blanto&
Kaput, 2011; Kaput, 2008; Smith, 2003) and as an institutional barrier to
educational equity (Martin, 2009; Moses & Cobb, 2001). As such, improving K
12 algebraic proficiency has been identified as critical to mathematical success for
all students inthe studyMathematical proficiency for all students: Toward a
strategic research and development program in mathematics edu@@aiD,
2003)andintheK12 Common Core State Standardsdé (C
standardsNGA Center & CCSSQ2 0 1 0 ) . Ig&brai thiekingiisa
particular form of mathematical sense maki
(Schoenfeld, 2008, p. 482), this proficiency includes effective use of conventional
algebraiaepresentations, suels data tables, Cartesian graphs, algebraic
equations, and natural language descriptions, and translating among them
(RAND, 2003).In practice, although conventional function representations are
Aculturally endowed with specific ways of
transparent tra 2083 pu 44)pnrihis paper|@xlard ¥-grade
student s6 sense makiispgpcificallyl haw teegredsan sy mbol i z
about algebraic notatidnin the context of a task linking multiple algebraic
function representations

The topic of intoducing algebraic notation to young learners has been a
source of much debate. Landmark studies su

examination of adol escentsd6 difficulties i
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have fostered concerns about premature formaksaihg to empty symbol

manipulation Blanton,Brizuela, Gardiner, Sawrey, Newm&wns, 2017). The

past two decades of research, however, have shown that young learners can
productively engage in algebraic thinkirgd, Blantonet al, 2015a; Brizuela,
Blanton, Gardiner, NewmaDwens, & Sawrey, 20158rizuela Blanton,

Sawrey, Newmai®wens, & Gardiner2015b; Brizuela & LardaRoth, 2002;

Carpenter, Francke, & Levi, 2003; diSessa, Hammer, Sherin, Kolpakowski, 1991;
Knuth, 2000; Marti, 2009)eading to conjectures that difficulties with algebraic
notation may be an artifact of instruction (Blantiral, 2017; Carraher,

Schliemann, & Schwartz, 2008). Further, that body of research has found that
multiple representation activitiescanfaciat e st udent sé al gebraic
(Brenner et al., 199Friedlander & Tabach, 200Moschkovich, Schoenfeld, &
Arcavi, 1993;Nachlieli & Tabach, 2012Varren, Cooper, & Lamb, 2006).

Broadly, this work explores the questio
function representations and connections between them, even those
representations that are unfamiliar?06 Stud
to algebravere given foutime versusheight functions displayed across four
representatiotypes(natural lnguage, tabular, Cartesian graphs, and equations
that included variable notatiprwith thetaskof connectinglifferent
representatiotypes.As such, it required them to interpret function
representations including algebraic equatiofiswithout expres instruction on
how to do so, an approach similar to Knuth, Alibali, McNeil, Weinberg, and

Stephens (2005). Interestingly, in emeone interviews after the activity,
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students shared insights into algebraic notation as it applied to the varying

guantities of time and height from the puzz&udent insights shared in the

interviews led to the following research questiiio w was studentsdé not.i
varying quantities associated with reasoning about algebraic notation, an

unfamiliar representationBSpeifically, | characterize student insights into

algebraic notation and associations between those insights and how students

referenced time and height in their discussions about various representations.

Study 2 Theoretical Perspective

Functions, a centralbject to algebraGarraher & Schliemann, &
Schwartz, 2008; Qetmann, Carlson, & ThompsoB008 Schwartz &
Yerushalmy, 199 are accessed and reasoned with through representations in
various symbol systems (Eisenberg, 1992; Kaput, 1991). The relapenshi
between representations in a symbol system and mathematical objects (such as
functions) can be depicted as similar to looking at an object through a window
(Kaput, Blanton, & Moreno, 2008). As sight lines connect an observer to an
object through a winde, lines of attention connect an actor to mathematical
objects in a referent field through a symbol system (see Figlye 7

Actions in a symbol system, Aboth physi
2008, p. 26), relate to actions on those mathematical sbfsetexample of a
physical action could be changing a function equation ffen3 + Z7toy=6 +
2n, thereby physically enacting a change on the representation (and function).

Anal ogousl vy, I I nterpret 0nme(@alal actiono t

Nogueira de Lima, & Healy, 20)4round a representation. For example, while
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looking at the equatiop= 3 + 2, one might envision the form of a graph on the

Cartesian plane. Thus fAactionso incorporat
symbolreferentsystem, not just those with a physical manifestation, and
understandings of a referent can be influenced by actions or experiences with

representations in a symbol system.

@ -

Symbol system

Referent field

Figure 7-1. Model depicting that action in a symbol system on representation R1
hasimplications for function F1 in referent field. (Adapted from Kaput et al.,
2008, p. 26)

Applying this window model to conventional function representations and
functions implies that understandings and interpretations of functions are
influencedbyam ndi vi dual 6s action on or activity
Part of productive symbolizing is flexibly leveraging these syrnbfarent
systems. Schoenfeld suggests, fAthinking al
operate on the symbols meaningfullycontext when called for, and according to
the relevant syntactical rul es when call ed
actions on a symbol system can be tightly cowi@d toperceived actions ia
referent field such that the actor Isoking throudn the symbols and envisioning

actions on mathematical objects. Alternativétyse actions can take place in the
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symbol system indegmdent of links to the referent, such that the actimoising

at the symbols without direct coordination to implicati@msthe mathematical
objects(Kaput et al, 2008). For example, ilwoking throughsymbols in a
representation, number patterns in a function table may be interpreted as a
representation of a covarying relationship between variables. ©nkimg atthe
table, that same pattern may be used to fill in a table value, without a generalized
interpretation of the represented function. Proficient actors or users can do both
and have a sense for when either strategy is useful.
The approach in this study wiassdesign an ecology of multiple
representations, where several representation types and multiple functions were
used within one task. I n part, this design
itslown righto (Resnick, 1988 alpy 32)a,l 0t @ Cormb
2000, p. 318) sengmaking about functions and their representatioabnost as
if the study was one of naturalistic inquiry (Lincoln & Guba, 1985). Knuth et al.
(2005) used a similar instructidree approach in exploring middle scthoe r s 6
understandings of variable notation. In one task, they presented middle school
students with an expression 2 3, and, marking the variabtewith an arrow,
asked, AWhat does the symbol stand for?0 M
suggested could hae multiple values, indicating that the notion of variable is
not altogether unfamiliar to students before high school.
Student s6 a-teferéncetaigebraic rotatiorg tabdes, and
graphical representations has been explored with high schoehstué seminal

work in this area was Schoenfel d, Smit h, a
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exploration of one studentsdé exploration o

outcome of that study was the finding that
(Schoenfeld, etlg 1993, p. 108) was taken for granted in instruction but lacking
in some studentsdé understandings of funct.i
Connectiono in two understandings: 1) fAa p
lineLifandonlyifitscoord nat es satisfy the equation of
Afal gebraic explfigpdlsi bpaase [guamhiacaldi i dent it
Knuth (2000) explored the Cartesian Connection by having high school students
solve problems with both graphical and algebrefresentations available. He
found that students deferred to using algebraic representations, even when
graphical solutions were more efficient. Sauriol (2013) disrupted the emphasis on
algebraic equation representations by prioritizing graphical rapesms in
Algebra | classes for languatpased learninglisabled students. Across three
studies, she found the new emphasis gave them deeper insight into notions of
function.
As will be describeathis study brought a crossferencing activity to
upperelementary students. Findings indicate 8tatlents established and
rationalized connections among function representations, even those
representations that were unfamiliar to them. Further, the ways in which students
noticed the varying quaities of time and height as a feature of the tasks seemed
indicative oflooking ator looking throughfunction representations and were

associated with varying degrees of insight into algebraic notation.
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Study 2 Methods

Classroom activities involving multiple representations of functions were
implemented in a 5th grade classroom in early 2017 to explore the guiding
guestion, fAHow do students make sense of f
connections between them, even thas@rr esent ati ons that are un
weeks following activity implementation, | conducted @reone interviews with
students, as time and consent allowed, to gain more complete understandings of
studentsé reasoni ng a bfanation repeesenmtaians. Asn g and i
will be described below, the interviews reviewed the classroom activities and
introduced a new task. What emerged in the interviews wasttrdents
interacted with algebraic notationarange ofvays. Intrigued byhis varation, |
used a grounded theory approach (Charmaz, 2010) to analyze available student
interviewsto address the research questionrd w was st udethg sé6 noti ci .t
varying quantitiesime and heighaissociated with reasoning about algebraic
notation, arunfamiliarr e pr esent ati on?0

The Function Puzzle as a classroom activity.he Function Puzzle was
multiple representatioactivity conducted with the entire class. It was designed to
it i e together graphi c aloffunctiohs(EEsenddrgy t i ¢ a l repr
1992, p. 154py having students match different function representation .types
The tasks were inspired by sTuftsi | ar tasks i
Uni v e Early AlgeldraProject activit Wh o Shares Your Functi on

(http://ase.tuftedu/education/earlyalgebra/materials.asp)
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In the Function Puzzle activityapnerships of two or three students were

given a bag containing 16 unorganized cards of four representation types (natural

languagealgebraicequation, Cartesian graph, anddtion table) and four

functions éee Figure -2). Each representation was printed on colored,

heavywei ght,

20 X

21 0

car ds.

Natural Language Function Table Cartesian Graph Algebraic Equation
(language) (table) (graph) (equation)
Time | Height : oz 1
Constant Wate 1 5 21
Height The water height does § g -5
y=5 not change. 4 5 T y=
CON 8 5 i i
12 5
Time | Height £
Filling Empty | The water tank had a 2 2 2
Tank few feet of water in it _
y=2n when someone turned ; ; y=3+2n
FILO the hose on to fill it. 4 1
8 19 Time
Time | Height z
Filling Non- | The water tank was ful o i3 z
Empty Tank | and then someone t e _
2 14 y=16-n
y =3+ pulled the plug out to 3 13
FIL3 drain it. 4| 12 ;
6 10 Time
Time | Height z
0 0 ®
Draining Tank The water tank began 2 .
—16-n empty and someone z 7 -on
y turned the hose on to 3 6 y
DRN fill it ol >
8 16

Figure 7-2. Function Puzzle Cards.

The situation contexts were scenarios of changing water height over time.
Similar contexts have been used in other algebra research (Boaler & Humphreys,

2005; Leinhardt, Zaslavsky, & Stein, 1990; Lobato, Hohensee, & Rhodehamel,

1 For this paper, function representations are referenced by combining a descriptor (CON, FILO,
FIL3, or DRN) and the represeritat type (language, table, graph, or equation). For example,
ACONabled is a referen®e to the top table in Fi

gur e
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2013; Oehrtmanetal.,20089)he studentsdé job was to creat

reasons the cards belong together, o with t
card of each colorintentionally, theactivity introduction was very brief. | had a
large set of Function Puzzlecar¢ so t hey were easy to see,
different ways of showing mathematical relationships. Have you seen things like
this before?o0 After foll owingheanswers to t
students6é job was tre acsromat € hfeo wra rdest s,e | fofnig
with the stipulation that each set contain one card of each Uditbr that,
students started to work on the cards. Once a partnership was satisfied with the
sets they had made, they showed their solution to mystiealassroom teacher
to get a paper backing and glue, then glued their solution to a piece of paper.

Interview protocol. The individual interview protocol (see Appendix A)
first reviewed studentsdéd classroom work on
followed with anothercardtask the One Set Function Puzzle. Paper and pencil
were available to students during the interviews, but no students used the
available supplies.

In the One Set Function PuzZlask students were given a bag containing
16 unorganizedards (see Figuré-3) . Students were instructed
of four cards that vyou think73isdaHeongs toget
only set where all four cards represent the same function. This puzzle removed the
constraint that all 16 eds were part of the solution, thus presenting students with
different challengethan the Function Puzzle implemented as part of the

classroom activities
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Time | Height %
The bucket had a few 0 2 T
inches of water in it 1 6
=2+
when someone turned 2 10 y=2+4n
the hose on to fill it. 3 14
4 18 Time
ime Height f;;
eT
The hose ran for such 2 (2) T
long time that the 2 a I y =10
bucket was overflowing 3 6 e R Y
4 8 Time
Time | Height £
The bucket began 2 g 2
empty and someone 2 n -7
turned the hose on to 2 2 y=
fill it. 4 3 =]
5 3
Time Height iz
0 10 e
The bucket was full an 1 12
then someone pulled 2 14 y=16-n
the plug out to drain it. 3 16
4 18 .
Time

Figure 7-3. One Set Function Puzzle (presented as unordered group of cards).

Study participants. The study was held migear at a 87 5" grade
public elementary school in a suburban town in the northeast of the United States.
The school has a student population of 388 students, a student to teacher ratio of
14.3 to 1, and a high needs populatio2@8%, which includesharacteristics
such as free or reduced lunch, learning disability, limited English language
proficiency, or combinations of such characterisfMassachusetts Department
of Elementaryand Secondary Education (MA DESE), 2Q1A%)this school, 5th
grade students were tracked in mat hemati cs
mathematics classes. The participating 5th gcéaesroom had 18 students and

was not an accelerated class. In fact, the students as a group were considered
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lower ability, showing general anxiousness or lack of confidence about

mathematics. This class was not an inclusion class, although four students were
on individualized education plans (IEPSs).

Mrs. F, the participating teacher, was passionate about changihg siut s 0
relationship with mathematics for the better, having been someone who struggled
with mathematics as a young student. She focused her instruction on connecting
mathematics to real world contexts, particularly to scientific phenomena, and
enjoyed pragctbased explorations. The school used a packaged curriculum,
Everyday Mathematiogd@Jniversity of Chicago Standards Mathematics Project,
2010, and Mrs. F augmented or changed the curriculum to suit the needs of her
students. Cartesian graphs and equatith algebraic notation were unfamiliar
to the students and had not been taught at the time of the classroom activities
according to Mrs. F, the curriculum, and the students.

Out of thel8 students in the classroom, 12 agreed to interviews, and nine
were interviewed in the time allotted by the classroom teacher. The pseudonyms
of the nine interviewed students are: Amanda, Brittany, Eliza, Jack, Jenna,
McKenzie, Nan, Olivia, and Riana. Eight of these interviews are included in this
anal ysi s. vielghe nirthbirderviem, tvas excluded from the data set.

Her interview was conducted almost two months after the classroom activities and
more than three weeks after the other eigh
In the interim, Mrs. F had stadenstruction on Cartesian graphs, and the data

from her interview were no longer relevant to the study.
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Data collection.Interviews began the week following the implementation

of classroom activitied.interviewed students every Friday durimgthematis

block, completingwo semiclinical, oneon-oneinterviewseach week

Interviews were held in a relatively quiet corner of the classroom. Interviews

lasted between 25 and 35 minutes each. Two cameras captured the interview: one
focused on the work spagefront of the student and interviewer, and one

focused on the student participant.

Video processing began within a week of when an interview was
completed by transcribing and memo writing for each interview (Charmaz, 2010).
This initial screening process allowed for minor adjustments to the interview
protocol including how questions wgrhrased and placement of the cameras.
Memos served as interview summaries and helped to highlight common or
idiosyncratic themes across interviews.

In this paper, pointing or touching a card or feature on a card is noted in
transcript by square bracketeowund the name of a card, as[FIL3-table] or [first
height value orrIL3-table], rather than the more cumbersome [Pointing at the
FIL3-table.] or [Touching the first height value in thik.3-table.]. In cases where
there is movement of the fingdseyand touching or pointingthat movement is
noted within the bracketss in [running fingers down the height value®RN-
table] Additionally, in a break from American Psychological Associa(R001)
standards, references in the text to numbers promedte representation cards are
written as the numeral, regardless of their value. On the other hand, when a

student says a number in quoted transcript, the number name is written out.
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Data analysis.The complex task ecology of the Function Puzzle, with

multiple representation types and multiple functions, presented abundant

information in concise representational forms. It is likely that students did not

attend to all the information available to them in the function representations.

From the perspectivlitat fiwhat students notice mat hema
for their subsequetana0l3rpe8®Pnoticingwasa ( Lobat o
Asensitizing concepto (Charmaz, 2010, p. 1
construct of student noticing informed my perspective and was a starting point for

buil ding my anal ysi s. | argleolleAguest i ci ngo as
A s etihgeimterpreting, and working with particular mathematical features or

regul aritiesSa udehit3x>,6 phi ghd99)ghting (Goodwin
and gesture was used to infer what students noticed about the cards.

Two analytical passes were matieough the data to address the research
guestion, fAHow was studentsé noticing of v
reasoning about algebraic notation, an unf
analytical pass identified how students noticed algebraatioat which features
of the equations they mentioned, when and how they talked about the equation
cards and how they connected the equations to other function representations. The
second analytical pass identified how students noticed the varying cesaotiti
time and height as represented on the cards.

First analytical pass: Students noticing of algebraic notatioFhe first
analytical pass through the data identified how students interacted with algebraic

notation on the equation cards. These intavastincluded how they connected
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the equation cards to the other function representations, conjectures they made

about interpreting the equations, and their use of algebraic notation to describe
patterns in other representations. Strikingly, several sta@pierienced a
moment of discovery, an AAha! o moment (Lil
notation might work. This pass was essentially descriptive in nature, although it
did loosely categorize how students talked about the equations on the cards.
Secondanalytical pass: Studenénoticing of varying quantities.
Continuing to consider student talk and gesture as a proxy for student noticing, it
became clear that there was a spectrum to the level of detail that students paid to
the varying quantitesoftie and hei ght . Studentsdé referen
were categorized by four characteristics. The first two characteristics, function
and representation type, catalog which card(s) were the focus of attention when
the student made a particular refemnthe other two characteristics consider
how the student was referencing the varying quantities: whether the reference was
gualitative or quantitative in nature, and whether one or two varying quantities
were included in the reference (see Table.7Sirce students often referred to
features of the cards indeterminately, as in the examples in Tablatténding to
touch annotations in the transcripts anavedching video excerpts were

important techniques for completing the analysis.

In the example ofjualitative one variablgiven in Table 71 , both Astarts
and Agoeso indicate the studentds interpre
Il i ne. Knowing the context of the | anguage

and Agoes o0 a rcestoitimypak avarying quarditly. ¢Hlowever, that
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Table 71

Studentsd Ways of Referencing Varying Quan

Code Code Description Example
Qualitative one | Student remarked on the generg This one function line
variable behavior of one quantity. on DRN-graph] sarts
way up high and goes
down.
Quantitative one| Student quantified a change b in We noticedt [height in
variable one variable but did not FILO-table]increased by
coordinate the change with two feet
another varying quantity.
Qualitative two | Student remarked that two The time[DRN-table]is
variable quantities vary together. Usually| going up while the heigh

the two quantities time and heigh was sinking lower
are explicitly mentioned but not

guantified.
Quantitative two | Student renarked on a Because ifheight in
variable guantitative relationship betweer, DRN-table]started with
time and height. sixteen and it minused b

one each mine.

language could also apply to location on the page: the function line starts in the
upper lefthand corner of the graph card and goes down to the bottom right
corner. Ultimately, however, the student is describing the behavior of one varying
guantity. Withn this excerpt, each phraséi st art s way up high, 0 an
d o wncounted as one instancedpfalitative one variablesince they could each
stand alone as a description of behavior
Thequantitative one variableode was used for those instances where
students identified the magnitude of a change between or among rows of a table
but did not acknowledge more than one quantity in their description. In the

example given in Table-Z, the student touched the heighlucon of theFIL3-
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table while she said fAit increased by two

height values in thEIL3-table, although the table does not specify units. Since
she did not mention corresponding changes in time values, her reference was as
guantitative one variabléNote that students refer to the variations by touching

the cards, so capturing gestures waaraimportant part of the interpretation

work here.

Qualitative two variablavas applied to statements that indicated two
guantitiesvaried together in a consistent way. For example, both quantities
increased, one decreased while the other increased, or one was constant while the
other increased. Although students remarked on covarying behavior, they did not
guantify variation or covaation. Quantitative two variableon the other hand,
was applied to statements that recognized a quantitative relationship between two
guantities, whether it was recognizing covariation in incremental changes of the
two quantities (as in the example in Tal-1), or a correspondence from one
guantity to the other (Smith, 2003), such as noticing a doubling relationship
between time and height in the ratio table.

The results section reviews the findings of the two analytical passes as
applied to the eightterviews. In light of the research question, it brings together
summaries of the passes to consider how st
was associated with their reasoning about algebraic notation.

Study 2 Results
The Function Puzzle solutiohsiilt by the %' grade students as a

classroom activity show sets of representations grouped by function. A sample
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solution is reproduced in Figured/and images of the student solutions are

provided in AppendixC. Although the format for these solutiovaried each

group had their own preference for putting sets in rows or columns and how they
ordered the car@sall the partnerships except one had correctly matched all four
representation types together by function. One solution showed a misalignment of
the graph cards to other cards. Regardless, the evidence of several successful
solutions suggests that students were able to discern enough information to
connect these representations of functions, even without previous algebra
instruction or experience¥he more significant considerations, then, are whether
and how these types of activities facilitate understandings of function

representations and the connections among.them

2 & Time | Height
P! Ti s
The water height does y=5 ; :
not change. 4 5
Time 8 5
12 5
£ Time | Height
2 The water tank had a 2 :
few feet of water in it =3+2n > 2
when someone turned y= 3 9
the hose on to fill it. 4 11
Time 8 19
z Time | Height
2 The water tank was ful 2 ig
and then someone =16-n > 12
pulled the plug out to y= 2 8
drain it. 4 12
Time
6 10
z Time | Height
z The water tank began 2 g
empty and someone =2n 2 a
turned the hose on to y= 3 G
= fill it. 4 8
8 16

Figure 74. A Sample Function Puzzle Solution
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As part of those bigger consi@tions, | summarize how students engaged
with algebraic notation during the interviews, and then describe how students
noticed the varying quantities of time and height. This evidence leads to some
claims about how st udentwas@ssociatedweh ng of var
reasoning about algebraic notation.
Students noticing algebraic notation Across all of the Function Puzzle
solutions, the equation cards (see Figuf Were put with other cards of the
same function. This section explores how stislelescribed matching equations
with variable notation to the other function types and highlights the various ways

student did this work.

y=3+2n y=2n y=5 y=16-n

FIL3-Equation FILO-Equation CON-Equation DRN-Equation
Figure 7-5. Function Puzzle Equation Cards

Feature-to-feature matching across all eight interviewStudents
highlighted both numbers and operations in certain equations when they described
connecting the equation cards with other types of representations. The number 16
in theDRN-equationwas often matched with the first height value of 16 in the
DRN-table. Similarly, the number 3 in thelL3-equationwas often matched with
the first height value of 3 in tHelL3-table Students also consistently attributed

the subtraction symbol with decreasing and the addition symbol with increasing.
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Interestingly, assciations of increasing and decreasing were equally likely to be

matched to any of the other three representation types: to the tilt of the function

line on the graph cards, to the trend in height values on the table cards, or to the

| anguage oorf AAdfrialilniinnggpd from t he | anguage ca
students who matched the consté@8f fsrom theFIL3-equationwith the non

zero yintercept of thé=1L3-graph For examplein describing connections

between théIL3-graphandFIL3-equationMcKenzier easoned t hat, Adwel |l
three and t he t whleshetoubhed theiptarcept onatlte z er o. 0

graph, indicating thatthesenaner o number s bel onged with a

Time

start at the origin (s€éigure 76).
Figure7-6.St u d e n tredadion bf iConeenbips betweethe FIL3-equation
and theNon-Zero Intercept on thEIL3-graph

The type of matching described above was not possible witklitide
equation as there was no addition or subtraction, and the number in the equation,
fi2,0 did not match a starting height value. Not many students explained how the
FILO-equationfit with its set, but several students said thatRh®-equationwas
put with its set as a last available equation.

In the connections described in this sectgtndents were making what

seemed to be orte-one correspondences between features of the equations cards
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and features of other cards. Subtraction and addition were aligned with decreasing

or increasing trends in the other cards, and constants weréatsgaath starting
height value®r nonzero interceptd characterize this featute-feature
matching asooking at(Kaput et al., 2008he function representatiobgcause
students are connecting individual features between representations and not
compiling those features into a single object in their discourse.
Students making sense of algebraic notatidrour students showed
insights that went beyond feateieefeature matches in that they described
equations fias generadangprprcedsees dhtagutacc cle@e
et al., 2008, p. 154; see also Sfard, 1991) that could be applied to multiple values
in a function tableAs will be described, Amanda and Jack applied the equation
format recursively to multiple table values, Jack addifignadicated a notion of
a standard equation format, Nan deciphered algebraic syntax for one of the
functions, and Brittany generalized interpretations of algebraic notation syntax
and applied those interpretations to more than one equation.
Amandaand Jack iterativelyapplied algebraic notation to table values.
When Amanda was describing how DBN-equationconnected to thBRN-
table she elaborated on the notion of subtraction indicating decrease. She
suggested, AT hi s DRNrequatiofnsc osuyl mb arle aonn tthhag it 6s
decreasing. Because it [first height value inEN-tablg started with sixteen
and it minused by one each minute [finger moves along the height valDBNm
table]. o0 She did niod iexgil ¢ ati afdegativesitgege ssi 2 é

one, but she interpreted the minus sign to indicate decrease, which explained the
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consistent step size of negative one. Similarly, when Amanda described how the

FIL3-equationfit with theFIL3s et , she said, AIFAL3-[ first hei.
tablg starts with three and it kept on addin
did not just consider the initial value of 3 and the trend of increase, she considered
the initial value of 3 and the consistent step size of two going down the height
column.
Amanda made similar interpretations in the One Set Function Puzzle task.
Amanda figured out the set of cards that showed the same function (see Figure 7
7) for the One Set Function Puzzle solution. In describing how she chose to put
the equationandbal e t oget her for this solution, she
two, and then | noticed [the language cdh#]bucket had a few inches in it. And
so, two [the first value in the table], and then it started adding four [running finger

down the heightcomn] at each minute [touching equat

Height

The bucket had a few
inches of water in it
when someone turned
the hose on to fill it.

y=2+4n

Figure 7-7. One Set Function Puzzle Solution

In this task, Amanda was looking at a new set of cards in a different
puzzle context, one in which there was no constraint that each card had a place in
the solution, but she applied her method for connecting equations to tables. She
looked for a startingeight value that matched an equation constant and looked
for a step size that matched the coefficiem @r, less formally, the number next

to n). If Amanda were simply doing featute-feature matching, she may have
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remarked only on the startingheigh val ue of 2 and the A20 1in

InsteadAmandads description here went beyond n
to table; shalignedthe syntax of the equation to patterns in the height values.
In justifying that theFIL3-equationbelonged withhe FIL3-table Jack
started with a featurto-feature match s a Wherelsga thiee here at the
beginning[of height column irFIL3-tabld. And there's a three here at the
beginning[of expression on the righitand side of the equals sighThen he
notice d , FIB3teguatiohn says plus two. Thatodés plus t wi
size between 3 and 5 in the first and second height values]. And then all the way
up until here [running his finger down the
Jack coordinatethe coefficient, 2, in the equation with the step size in height.
Further, he noticed that the pattern of adding two to the height values was
consistent up until the last value in the table.
Jack, like Amanda, indicated he was thinking of the equatiapalying
to all the height values in the table. Blangiral.identify this kind of thinking as
Ar ecugresniereal 0 (2015a, p. b53O0teratingJack and Ama
patterns down the column of height values but had not linked that generalized
process of a consistent step size within the height column to correspondence
relationships between time and height. On the other hand, the links they made
between the sets of values in the tables to forms of the equation indicate that they
were understanding agtions as general processes for generating values.
Jack coordinated equation forms with values in the tablés.addition to

linking theiterativepatterns in the table to the equation, Jack gave some evidence
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that he considered a generalized form ofalgebraic equations. In discussing

how he and his partner decided betweerFihe®- andFIL3-equatios in theFILO
andFIL3 sets, Jack suggested that Hie3-equationy=3+2,, fAhas a t hr ee
there [the constant in the equatiamjtead of a zerdemphasis added], and that
means that it starts above zero and then ¢
zero, 0 Jack efstfawmaniequaidgy 0 €, © pustify lus
choiceof y = 3 + 2h as agoodmatch for theé=IL3-table This impromgu
comment indicated that Jack had a sense of a general equation structureAike
+ Bn. Additionally, he was interpreting meaning within that structure: a constant
in an equation indicated the starting value for a function.
Nan decipherednultiplication in algebraic notationln the excerpt
presented here, Nan made a discovery about algetwi@ation, as if interpreting
text on the Rosetta ston&s will be presented, Nan does not simply connect cards
based on superficial features, as is the casefeatinreto-feature matching, but
instead runs through a series of possibile connections between cards, then reasons
t hado 2 ows mul tipl i cat iafoormofdeciphsringjgest her p
present the conversati ohendxgamadlymtignalep t o Nan
for why | consider her interpretation of algebraic notation to have a different
quality than featur¢o-feature matching.
Nan had just asserted that fH&0-equationy=2nfidoes nét add
anything, it | us nhterngewer asked Ipow tfdLO-equatiomi c h t he i

card belonged with the rest of the cards inRHe set:

Interviewer: Do you see any reason that this [circling the equatn]
connects to any of the other three [otRHtO representations]?
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Nan: Well,Imean t hi s isnét really that big of
[first height value ofILO-tabld.

Interviewer: Yes.
Nan: And ités going up by two [taps dow
Interviewer: Yes.

Nan: And it timeses two right there [finger moves across the last row of
theFILO-tabld . Wel | |, and this is times by tw
thatodos times by two, and thatds ti mes
to right at each value pair].

Interviewer:So, are those connections

Nan: Wait! Il think | havBecass®e met hing to
maybe I think because twais like two timea? Like something
equals two times?

Nan offered a series of possibilities for connections between the 2 in the
eqguation and thEILO-tablecard. She first remarked on the first value, 2, in the
height column of th&ILO-table She then noticed the consistent step size of two
going down the height column. She then noticed that the last height value in the
table wadwo times larger than the last time value, and quickly realized that
relationship applied to each row in thE.0-equation In this excerpt, Nan seemed
to be theorizingboutvarious connections that could explain why e0-
equationy = 2n, belonged wh the rest of th&IL0 cards. Specifically, her efforts
were focused on linking the 2 in the equation toRh#-tablecard.

Unlike other students who suggestedfhed-equationcard belonged
withtheFILOs et because it di drmbéeauselmedtherng anywher ¢
equation card belonged with tR_0 set,Nan attempted to rationalize
mathematically how thEILO carddid fit. This rationalizing led her to a

conjecture about the syntax of the equatien2n: that it indicated something was
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equal towo timesn. Nanbés work using the table value

focus than the sense making based on matehuntpers between cardand she
did essentiallyiscover or deciphaghe meaning of 2from her exploration.

Brittany developed robust, geraized interpretations of algebraic
syntax.In her interview, Brittany did some feature matching with the equation
cards similar to other students, but she also made conjectures for how algebraic
syntax might be used to generate height values. In this section, | describe the
development of her corgeures to capture how she consistently used the table
values as data to develop and test her conjectures. In the end, her work in this vein
provided her with a robust explanation for how algebraic notation could be used.

During Britt aneFanstiomRuzle sokition, shemaodda t h
conjecture about how tHelLO-equationapplied to values in thelLO-table She
said:

So,y equals twa [finger tapping the equation= 2n]. So each minute

[tapping the height column iRILO-tablg the height goesp by two, so

the time [finger undey in FILO-equation equals [finger under equals

sign] two plus [finger under 2, them. | think we thought of it that way;

like two plus the original height. So, zero plus two is two, two plus two is

four, four pluswo is six [finger travels down the height column, stopping
at each value 0, 2, 4, 6, as she mentions it].

In this first conjecture, Brittany suggested tfizno meantii2 plus the
previous heighé Although an unconventional interpretation, Brittany
incormporated height values and step size in her conjecture. Further, she supported
that conjecture with evidence from tRE.0-table Although Brittany did

acknowledge i me i n her opening statement, Aeach
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t wo, 0 s he ntnhhe egkatiom being dpgliedateratively to height values.

This way of interpreting the equation focused on change within the height column
and did not consider a relationship between time and height.

Later in the interview, Brittany explained the connattbetween the
FIL3-equationandFIL3-table s ayi ng, Al t [Fli3dablddags ght col u
with three and then plus two, plus two, plus two [finger running down the height
column]. o0 Brittany then excl ai med:

Brittany: Ooo! | noticed something!

Interviewer: What?

Brittany: Um, this FIL3-equatior could also work if | think of it ag
equals three plus two times. Because. Um. One times two equals two
plus three is five and thetwo times two equals four plus three is
seven and therthree times two is six and then plus three is nine, and
then so on.

In this instance, Brittany coomttited specific values for time and height,

row by row, with a conjecture about what the algebraic notation syntax might be

indicating. As with her earlier discussion, she supported that conjecture with

evidence from the table. The difference with thisrmtetation of algebraic syntax

was that both time and height were part of the equation, and the equation no

longer had to be applied iteratively to generate height values. It is worth noting

that Brittany shared a sense of discovery and her interpretedidndeciphered

algebraic notation, paralleling Nanb6s expe
Brittany and the interviewer then examined E0-equationandFILO-

tablein light of her new interpretation.

Interviewer: Would the logic you used h¢oa FIL3-equatiorandFIL3-
tablg, would it work here [FILO-equationandFILO-tablg?
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Brittany: [ S| i ght FlpOeequstencpulddeasimesd Cause t
symbol and one times two is two, two times two is four, three times
two is six, four times twds eight, and eight times two is sixteen
[finger travels across the rows, stopping at each value as she mentions
it]. So [thumbs up, both hands, signaling success].

Brittanyds | atter internrouebesat i on of al g
At i me s, owokeddoo Hoth cases she examined. Her interpretation
explairedthe time and height value pairs in the tables, and worked for both the
FIL3- andFILO-equatiors. Brittany deciphered algebraic notation from Fle3
set and had the opportunity to check her interpretation usirfgltBeset.
Summary of generalizations about algebraic notatigkl eight students
made featurd¢o-feature connections between the equation cards and other
representations. | consider thésehniques a way dboking atrepresentations in
a symbol system. There is no evidence from the descriptions of matching that
interpretations of the representations went beyond their face value of inscriptions
on the pagé? Regardless, these sorts of ceations fruitfully described their
Function Puzzle solutions.
In contrastthere is evidence that four students went beyond matching
features and considered the equations as general processes that could be applied
across a range of valugdehrtman and ¢leagues call this use of equations a
form of Adynamic reasoningo (2008, p . 154)
covariational understandings of functions. From the symbolization perspective

described in Chapter the students wengotentiallylooking through(Kaput et

2l'n truth, this |l ack of evidence does not imply tha
only that those understandings we expressed.



FUNCTION REPRESENTATIONS 103
al., 2008)the equatiorrepresentatioto the covaryingmathematical relationship

or function. To recap, Jack and Amanda used algebraic notation in an iterative
manner, exemplifying recursivgeneral thinking described in Blantenhal.
(2015b). Additionally, Jack, through his p
zero, 0 indicated some sense of a generaliz
and Brittany produced interpretations of the algebraic syntax that gave a role to
bothtimeand hei ght . I n Brittanyés case, she de
rules (Nemirovsky, 1994) of algebraic syntax to interpretihé®- andFIL3-
equatiors.
In all four of these cases, students used tafletion associations to
justify their conjecturs. They used the tables as lists of time and height value
pairs to make discrete computational associations, either within one varying
guantity or between varying quantitiém which theyconsideedthe
mechanics of the equations. The importance oftfandables to elementary
studentsé reasoning about mathemati cal rel
research (Blanton & Kaput, 2011; Brizuela & LaRath, 2002Marti, 2009).
Bl anton and Kaput suggest that figeuch repre
|l oado all owing students to focus on tasks
and covariational relationshipso (2011, p .
Students noticing varying quantities.As the previous section described
student sé6 wor k with adddresdestleiotber mibdftaee i on, t h
research question: how students noticed varying quantities in the function

representations. It provides distributions and descriptions of how students talked
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about varying quantities with respect to the categorizationsnatibn,

representation type, qualitative or quantitative references, as well as whether they
referenced one or two varying quantities in their remarks.

Distribution of remarks about varying quantities by function and
representation typeReferences to varying quantities were relatively evenly
spread across the four functions and the four representation types (see2jable 7
Students were equally likely to reference varying quantities regardless of function
or representation type. Similgrithere was an even split between qualitative and

guantitative comments about varying quantities overall and by function type.

Table 72

Distribution of RemarksAbout Varying Quantities byFunction

Type of remark CON DRN FILO FIL3 Total
Cards Cards Cards Cards Remarks
y=5 y=16-n y=2n y=3+2

Qualitative 23 36 24 22 106

Quantitative 21 21 26 33 103

Total Remarks 44 57 50 55 209

On the other hand, representation types seemed to elicit different kinds of
references to varying quantities (see TabB)./#or example, there were no
guantitative comments made about language cards, which could be predicted
because the situation contextid not include any numerical values. Similarly,
there were more qualitative comments made about graph cards, which also did not
list specific values. The instances where students spoke quantitatively about graph

cards were instances of remarking ontstgrvalues. Students were quick to note

104
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that theFILO-graphstarted at zero, for instance, and some students inferred that

theFIL3-graphstarted at two or three, noticing that there was a gap between the

x-axis and theg-intercept of the function line.t&dents made quantitative

references more often than qualitative ones when talking about the table and

equation cards the cards that showed numbers.

Table %3

Distribution of RemarksAboutVarying Quantities byRepresentation Type

Type of Remark Equation | Graph | Language| Table Total
Cards Cards Cards Cards | Remarks
Qualitative 14 35 35 18 106
Quantitative 31 21 0 49 103
Total Remarks 45 56 35 67 209

Distributions of remarks by how many varying quantities were
mentioned.As shown in Tables-4 and 75, the bulk of student comments that
included any reference to varying quantities referenced only one varying quantity.
Togethergualitativeandquantitative one variablenstances accounted for 91.5%
of the comments about waing quantities. In about half of the instances, the
references applied to heiglthe actual count is in parentheses in Tables 4 and 5)
although there was a range of specificity in those remarks. Sometimes students
wor d

used the i hteiiognhst,0 aisn BElhieziar ddieds cwhiepn s h

height was five® Ot her ti mes, students used phrases:s

height of water in a tank, | ike Aempty, o i

mi ght reference changirnagi nbierhga.vd oFi nalkley ,ifsit

touched values in the height columns or ran their fingers up and down the height
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columns as they spoke about change or values. Through these sorts of talk and

gesture, it was possible to infer that students were considerigioaror

varying behavior in the height of water.

Table 74

Distribution of Remarks on One or Two Varying Quantities by Function

CON DRN FILO FIL3 Total
Type of remark Cards Cards Cards Cards Remarks
y=5 y=16-n y=2n y=3+2
One Varying
Quantity (Remarks | 42 (23) 54 (24) 50(24) 52 (22) 192 @3
about height)
Two Varying 4 3 4 5 17
Quantities
Total Remarks 46 57 54 57 209

Table %5

Distribution of Remarks on One or Two Varying Quantities by Representation

Type
Type of remark Equation | Graph | Language| Table Total
Cards Cards Cards Cards | Remarks

One Varying
Quantity (Remarks| 43 (11) 55 ) 3519 54 63 192 @2
about height)
Two Varying

e 2 1 0 13 17
Quantities
Total Remarks 45 56 35 67 209

Often,students did not express details that indicated which quantity they

describedthis would be the difference between the total number of references

and the number of references in parentheses)example, everal students spoke
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about the @taplkRridsttabutnghey did not qual.

applied to height, to time, or whether it was just a numerical feature of the graph.
Students talked about the fAstraight grapho
meant i ts hor isztoanyteadl tnhaet usraeme ,o0r biuitt t hey di
behavior to height specifically. Student references to variables in the equations
were also difficult to tie to either height or time. They might mention the
operation, the constants, or the direction of chabgenot mention what was
varying or changing. Many students connected the addition symbol with getting
higher and the subtraction symbol with going lower, but these kinds of references
did not indicate what quantity was changing, only the direction ofgghan
In theseunspecifiedeferences, students seemed to be implying they were
talking about the variable that changed over time. Accounting for time implicitly
has been noted in other research (Earnest, 2014; Leinhardt et al., 1990), one
theory being thastudents do not have to coordinate time with the dependent
variable explicitly to think about the changing behavior of that dependent variable
(Leinhardt et al., 1990). In light of this evidence from the literature, it is probable
that the number of remks about height were underestimated. These inferences
were intentionally made conservatively, so asto not-overpr esent student soé
noticing of height as a feature of the cards.
It is worth mentioning that students remarked about two varying quantities
most ofteni 13 times, as listed in Table5i when referencing the table cards.
As was described in the previous section, Nan and Brittany made their conjectures

about algebraic notation on the equation cards using the table cards. The
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frequency of two vajfing quantity remarks on function tables further supports

their importance as a fitool for organizing

2011, p. 11) in elementary studentsd funct
Distribution of remarks about varying quantities kstudent.The four

students who interpreted algebraic notation as a general statement of the

relationship between time and height (Amanda, Brittany, Jack, and Nan) were

more likely to notice two varying quantities (see Tabl).7These four students

remaked about two varying quantities in 15 instances (which was 13.7% of their

remarks about varying quantities), as compared with two instances across the

other four students (which was 2% of their remarks about varying quantities).

Further, Amanda, Brittanylack, and Nan were the only students to quantitatively

remark on two varying quantities. Although student remarks are only a proxy for

what students noticed, this data suggests an association between noticing both

time and height and dynamic reasoningt{man, 2008) about algebraic

notation.

Table 76

Distribution of Remarks about Varying Quantities by Student

Student Qualitative| Quantitative| Qualitative| Quantitative| Total
One One two two
Variable Variable variable variable
Amanda 7 11 2 1 21
Brittany 12 17 1 3 33
Jack 14 5 2 3 24
Nan 17 11 - 3 31
Eliza 12 13 - - 25
McKenzie 7 13 1 - 21
Olivia 22 18 - - 40
Riana 8 5 1 - 14
Total 99 93 7 10 209
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Five students (Amanda, Brittany, Jack, McKenzie, and Riswaale
gualitative remarks indicating a coordination between time and height. It is worth
noting that all these remarks except one were in reference to Cartesian graphs.
Jack and McKenzie each mentioned time and height as general features of the
representatin cards. Jack gestured over the left column of a table card and said,
Athis is the time, o0 then over the right <co
similar vein, McKenzie ran her fingeralongeaclx i s and sai d, @Athis i
up [along thex-axis], and this is height [alongthhea x i s ] . O
Amanda, Brittany, and McKenzie coordinated time and height
gualitatively in talking about th€ON-graph Mc Kenzi e sai d, for exa

[constant function line] is the same height even thoughtimeisgg up. 0 Ri ana

ran her finger along function |Iines and ta
up. o0 I n one instance she said, #fAthe ti me i
|l ower . 0 As mentioned previously, height wa

when students were describing features of the representations. By highlighting
time as well, these students were highlighting that the height of water in the tank
was not just a value, but a behavior over timnjecture that this coordination
betweenitne and height was an implicit sense of function (Eisenberg, 1992),
which makes these remarks quite significant.

Only students who implied a covariational interpretation of the equations
made quantitative remarks about time and height togeth&nda ad Brittany

coordinated incremental changes in water height to incremental changes in time.



FUNCTION REPRESENTATIONS 110
For exampl e, Brittany said, fAeach minute

referencing values in tHelL3-table This remark highlighted both the consistency
of the st@ size and that it was a change over a period of one minute. Nan, on the
other hand, spoke about the correspondence between the time and height columns
in theFILO-table, noticing that each value on the left, when multiplied by two,
resulted in its corregmding value on the right. These statements, as described
earlier, led to her conjecture about how to interpret the equatidin. Jack,
sharing features about the table cards,
FIL3-tableand At i me izxetreoe n , hGRN-talbia Aightightieg
time and height together in this way indicates that Jack considered the values as a
value pair: that a height of three belonged with a time of zero iRlti&table
and that a height of 16 belonged with a timeero in theDRN-table

In explaining how sets of cards belonged together, students tended to talk
about the behavior of one varying quantity; there were very few instances of them
remarking on two varying quantities. On the other hand, six studentsediiim
time during their interviews, indicating that they considered time part of the
contexts they were exploring. The four students who coordinated time and height
in a quantitative way were also the students who interpreted algebraic notation as
a geneal statement of the relationship between time and height.
Study 2 Conclusions

The results of the Function Puzzle task show that student partnerships
were able to put together sets of representations by function, even those

representations that were unfamiliar. Students matched equation representations

r

t

e
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by considering the operatioasd constants in the equations. Addition was linked

to filling in the language cards, trends of increase in the graph cards, and
increasing values in the height column of table cards. Similarly, subtraction was
linked to draining on the language cards,rdasing trends on the graph, and
decreasing values in the height column of table cards-zZdomconstants were
l inked to specific words in theerolanguage ¢c
intercepts in the graph cards, and initial values of heighintbee not zero.
Students wertooking atthe symboils in front of them in featutefeature
matching across the cards.

Four studentshowed evidence dboking throughthe algebraic
representations to reason dynamically (Oehrtman et al., 2008) abcovHrging
relationships between time and heighthat was common to these four students
and in contrast to the other four students was their noticing of both varying
guantitiestime and height. While it is true that all students most often referenced
only one varying quantity in their remarks, these four students had a much higher
frequency of remarks about two varying quantitids3.7% as compared to 2%.
Further, they were the only ones who made quantitative remarks about the
relationships between twakying quantities.

Il n response to the research question (0
varying guantities associated with reasoning about algebraic notation,
unfamil i ar rnetgingdimesand haight as covanying quantites
partand pa c e | of studentsd deeper interpretatio

hesitate to make claims of causality, noticing both quantitigsctiontables
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preceded algebraic notatiorterpretationsvithin the interviewsin the longer

timeframe ofa curriculum unit, it could be said that the phenomenaccured

in one session. At a minimum, these four students expressed an awareness that
time was relevant to and a part of the number patterns on the tabléncarday

that was different from the otherdiostudentsin addition to matching numbers

and features between representations, these students noticed consistent, and
therefore generalizable, relationships between time and height. Those consistent
relationships were a basis for using (Jack and Amjamdaaking conjectures

about (Nan and Brittany) algebraic notation syntax. These studentiookire

throughthe tables (as symbols in a symbol system) to a mathematicaldobject

functiomand applying their Asense of functiono
deciphering the algebraic equations.

The studentsdé abilities to make covari a
theoretically interesting; those abilities have been identified by Oehrtman et al. as
linked todemonstrating proficienciesn i f tfatusddi asnk s o (200 8, 1

and therefore could have impact on their future mathematical success. Further, the
fact that all four students who made covariational connections between time and
height successfully applied those connections to interpretationgetfralc
notationsuggests that the gap between noticing relationships between time and
height and interpreting algebraic notation is manageable, at least in this task
context.A potential implication for teaching is to recognize that some students
notice hese connections on their own, and teachers can leverage those kinds of

noticings in classroom discussion. Additionally, one way to prime students for
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learning about functions is to implement functional thinking activities that focus

on coordinating relabnships between covarying quantities.
Students talked about both covarying quantities in describing both table
and graph cardsAs described above, the quantitative remarks about time and
height were in reference to table cards, emdccured with spefic
interpreations ofalgebraic notation syntax. Qualitative remarks about time and
height, on the other hand, were almost always made in referenceQ@te
graphcards. The significance of these remarks should not be underestimated, as it
was throughhose remarks that students expressed a nascent sense of function. By
including time in their descriptions of tl@ON-graph they indicated that the
graph did not just show a value for height, but a behavior of height over time.
These noticings about tli&ON-graph then, gave indication that at least six of the
eight interviewed studentgere considering relationships between time and
height . Further, 0gl suchaak directionditgafgiopeet at i ons
and presence or abserafantercept(Leinhardt et al., 1990, p. 9) have been
noticed as important to considering graphs as representing mathematical objects,
rathertharasha col | ecti on of i sol atedsepoi ntso (Le
alsoSchoenfelcet al, 1993). Not only were studentapable of managing the
multiple representation environment, the diversity of representations provided
opportuni t i e snotationally dich wek of eefresentatiorss anfl
applicationso)(Kaput, 1991, p. 61
Overall, this analysis confirmtbatstudents have powerful abilities to do

algebraic sense maki@gsense making around algebraic symbol systéihs
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eight students whose interviews were analyzed were consiésseproficient

performersn mathematicshan their peerdhad limited exposure to Cartesian

graphs, and were not familiar with algebraic notation in equations. Yet all eight

engaged with multiple representations of function and extracted meaning and

made connections. John Masaesometames suggested
given complex or general statements to consider... they experience problem

solving in its richest and most valwuabl e f
made inroads to understanding fAthe most ub
(Blantonet al, 2015a, p. 181), variable notatighrough the complex task

ecology of the Function Puzzle.
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8. Study 3: El ementary Studentsd Under st

Function: A Discourse Analysis

In a synthesis of research and policy regardimgiementation of algebra
t hr oughouti l3educatiennthie RANDKnathematical study
Mathematical proficiency for all students: Toward a strategic research and
development program in mathematics educatif}®3) highlighted three
expectationsrelatd t o al gebraic proficiency, one of
understanding of the notion of function, including representing functions (for
example, tabular, analytic, and graphical
further supported by thdational Councib f Teacher s of Mathemati c
Principles and Standards for School Mathematid€TM, 2000) which
recommends that students in grades 3 throu
and functions using words, ftuachonsaee, and gr a
not introduced in standard mathematics curriculum until middle school, usually in
eighth gradéCommon Core State Standards Initiative (CCSS), 2810).

This delay may be due to the perception that studying functions requires a
level of formal thinkng deemed impractical for younger learners (Blanton,
Brizuela, Gardiner, Sawrey, & Newm#&wens, 2015a). The modedefinition
of function, known as the Dirichlourbaki definitiondescribes a function as

fa correspondence bedtassignsievarywelementinthe mpty set

13 Note that althougfunctionsdo not explicitly appear in the standards uritiig@ade,

representations do thread through the practice standards for all grades. However, as Leinhardt,

Zasl avsky, and Stei n «andi@rdesrhingisfiotexpandandpuk f or i nstruc
together these seeminglisparate [content] threadlsnt o a uni fi ed, mature notion
(1990, p.2). | take the position that it is valuable to draw those disparate threads together early in

KT 12 educatiomwith consideration of functions as explicit objects of study.
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first set (the domain) to exactly one el em

(Vinner & Dreyfus 1989, p. 357)This definitionmasksthe range of ways
individuals interact with functionS§ el den and Sel deunctiomummari ze
can be regarded as a set of ordered pairs, a correspondence, a graph, a dependent
variable, a formula, an actionThea process
t er mi ntieecooogpt of functioa (e . g. , Dubi nisakvgyto& Har el |
referencethe totality of notiongnd understandingsssociated with exploring and
representing tesecorrespondences between nonempty sets.

In this work, | venture thahe complexityof functionsmay indicate the
need for earlyexposurgather than a delay in instructiom proposal that is not
without support Oehrt man and coll eagues recommend
instruction include a greater focus on understanding ideas of covariatemd
that more opportunities be providim students to experience diverse function
types emphasizing multiple representations
In truth, aching theoncept of functiothrough multiple representations has
been advocated f@0 years (e.g.Brenner et a).1997 Dubinsky& Harel, 1992;
Kaput, 2008; Moschkovich, 1990, 199%c¢hoenfeld, Smith, & Arcavi, 1993
Schwartz & Yerushalmy, 1992; White & Pea, 2p1#though much of those
efforts have been directed at middle or high school students.

Efforts to introduce functionsit theelementaryevel areoften structured
around a functional thinking approach, which Blanton and Kaput describe as
fbuilding and generalizing patterns and relationships using diverse linguistic and

representational tools and treatingngelized relationships, orrations, that
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result as mathmaticalobjectsuseful in theirownrigit ( 2 0 81 The p. 7

starting block for such an approach is typically rich problem confexds
Blanton & Kaput, 2011; Blanton et al., 201®8anton, $ephens, Knuth,
Gardiner, Isler, & Kim, 2015Brizuela & Earnest, 200& afadas, Brizuela, &
Blanton, 2016Carpenter, Francke, & Levi, 200Barraher, Schliemann, &
Schwartz, 2008, p. 2368uchagsit he water tank was empty whe
incresingby2 f e et e dncaliunatnal thinkieg approachktudents
would beencouraged to consider the covarying relationship between time and
height rather tharfocusing on discrete points of interest basedaloulating
waterheightin the tankfor a specific timeThis approacklependon st udent s 6
interpretations @didancaehrotge vartioss represgntatioesa c her s 6
of functions.The tasks in this work were intended to diminish the primacy of
spokenlanguage and examinehetherele me nt ar y s tmakingabbus 6 s ense
function representatiomaight be enough to bootstrap theirderstandingef
functiors. As posed by Chazan and Yerushalmy:
I n teachersé and curriculum developersbod
feel for differentsorts of symbol strings and various uses of the notions of
variable, equals sigrgndCartesian coordinate systemioes it make a
difference how they come to grips with these notions? Does the order of
introduction matter? What are the relative meritsratigal immersion
versus jumping into the deep end? (2003, p. 132)
With the intent of exploring multiple representations of funciasma
viable entry point for introducing the concept of function, the focus optper

is to consider how'"-gradestucents negotiated multi-functionand-

representatioenvironmentalled the Function Puzzl&he Function Puzzlwas
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designed to promote familiarity with function representations by having students

match representation types by function. In discussing sloditions to the

Function Puzzle during or@tone interviews, students employed certain patterns
of discourse, or discursive strategies, to relate their understandamgdyze data
from interviews about thEunctionPuzzle to address the researchsjiom: What
discursive strategies emerge in an environment of multiple function
representations and how do those strategies emphasize connections among
representations? In the conclusion, those results are discussed in relation to

student s 6 etandinggaf thegconaept afduncsion

Study 3 Theoretical Perspective

A Symbolizing Perspective of FunctionsFunctions, a central object to
algebra Carraheret al, 2008;Chazan & Yerushalmy, 2008ehrtmann, Carlson,
& Thompson 2008 Schwartz &Yerushalmy, 1992, 2003are accessed and
manipulated through representations in various symbol systems (Eisenberg, 1992;
Kaput, 1991). In truth, functions are inseparable from their representations
(Leinhardt, Zaslavsky, & Stein, 1990). From a symbol@aperspective, the
relationships between representations in a symbol system and mathematical
objects (such as functions) can be depicted as similar to looking at an object
through a window (Kaput, Blanton, & Moreno, 2008). As sight lines connect an
obsener to an object through a window, lines of attention connect an actor to

mathematical objects in a referent field through a symbol system (see &igure

118
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Symbol system A Referent field

Figure 8-1. In symbol system A, representation A1 changes to A2. Attention to
the change impactmderstandings of A1 and A2, but also of functions F1 and F2
in the referent field. (Adapted from Kaput et al., 2008, p) 26

Applying this window model to function representations and functions
implies that understandings and interpretations of funstéwae influenced by an
individual 6s action on or experience with
representation is part of a symbol system through which functions are accessed.
The RAND study highlightstabular, analytic, and graphical forms (320 44)
of function representation, but idiosyncratic or stugaoduced representations
can be considered personal symbol systems to engage with ideas about
generalized relationshigge.g., Brizuela & Gravel, 2013; Brizuela & Earnest,
2008;diSessa, Hammer, Sherin, & Kolpakowski,991, Greeno & Hall, 1997,

Roth & McGinn, 1998; Selling, 2016).

Importantly, both conventional and personal symbol systems can operate
in a stacked fashion (see Fig@&®), such that actions and experiences in one
symbol sygem may influence not only understandings of the referent field, but
potentially understandings of other connected symbol systems. Aligned with this

model , Leinhardt, Zasl avsky, and Stein sug
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one of the earliest poinis mathematics at which a student uses one symbolic

system to expand and understand another (e.g., algebraic fuatgeisaic

equatonspnd t heir graphs, data patterns and th

Symbol system C

Symbol system B
Symbol system A

Figure 8-2. Influence of an action onpeesentation Al in symbol system A,

resulting in A2, and the reflected actions
field and symbols B1 and C1 in symbol systems B and C, respectively. (Adapted

from Kaput et al., 2008, p. 26

Part of productive symbdling is flexibly leveraging these symbol
referent systems. Since each representation type affords different insights into the
concept of function or a specific situation at hand (Carraher & Schliemann, 2007,
Elia, Panaoura, Eracleous, & Gagatsis, 200@) ptioficient symbolizer develops
a sense for how and when to employ various representation types (Brenner et al.,
1997; Even, 1998; Kaput, Noss, Healy, 2002; Schoenfeld, 2008)e are many
calls to action that learners be taught to translate betwerssegpations, with the
end goal of productive symbolizing in minelg., Ainsworth, Bibby, & Wood,
2002; Brenner, et al., 1997; Even, 1998; Greer, 2009; Oehehadn2008;

White & Pea,2012. Yerushalmy (2006) depicted the
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funhct i on repr esen&3a)t ianmnds 0s u(gsgeees tFe dg utrhea t

move along the tetrahedr al pathso (p.
competency.
Words
ExpressionW
/2/<Graphs
Numbers

Figure 8-3. Yerushalmy wetrahedral relations of function representations (2006,
p. 358)

| would argue that translating between representations is already taught in
mathematics classrooms. For example, learners practice plotting sets of
coordinated points on a Cartesian grapplotting a function line from an
equation. Similarly, they may produce an equation from a series of coordinated
points or the reverse, calculating {) coordinates from an equation. These tasks
provide students witpractice getting from one represdiua type to another,

Y e r u s h faek movémerietween representations.

However, if the pedagogical interest ifumctionandcovariational
relationships translating between representations as an end goal misses the point
(Elia, Panaoura, Eracleow Gagatsis, 2006; Greeno & Hall, 1997).

Additionally, learners need to develop their understandings of function

representations as devices for reasoning and -seakmg about functional

121
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rel at i on s hPrintiples and Stankead®000) suggest that

representation translation is in the service of solving problems, interpreting
phenomena, and communicating with others, not simply for the product of a
different representational form. To return to the stacked window model of Figure
8-2, learners need to delop a sense for how actions in one symbol system echo
through other symbol systems and the referent field and develop a sense for
choosing which symbol system to act upon (or within) for any given task.
Translating between representations is one pieceddrstanding the network of
connections among representations.

As mentioned in the introduction, the functional thinking apprdach
where students focus on generalizing mathematical relationships presented in rich
problem contexts familiarizeselemenary students with aspects of functions:
covariation, variables and variable notation, and equality (e.g. Blanton et al.,
2015b; Knuth et al., 2005). In this approach, functional thinking emerges from the
ground up by engaging students in familiar, everydayexts and exploring
embedded quantities and their covariation.
(Brizuela & Earnest, 2008) , ARaymondo i s t
of two deals from his grandmother: she will double his money, or dheiple
his money then take away 7. Exploring covariation began with discussions of
problem context, like whether it was ever a good idea to lose money and how that
was relevant to assessing a best deal. In that study, representations, such as tables
andgraphs, were introduced in a stepwise manner in service of exploring how to

figure out a best deal for Raymond. In this study, instead of engaging with
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function representations from the ground up, | evaluate learning about function

representations fromsite of conventional function representatiansroduced
allatonceas a Afully engaging environmento ( Res
students can explore covariation.

The Role of Discourse From a sociocultural perspective, symbolizing
and symbol praates are subsumed as specialized forms of discourse (Lerman,
2001; Moschkovich, 1996; Sfard, 2012). After all, domventional function
representations algebraic equation§artesian graphs, function tables, and
natural languageare used to communitzarelationships between varying
guantities. The equation= 2x, for example, describes a relationship between two
guantities, denoted by the variableandy, where each value foris double the
corresponding values for These forms of representatiarea means to dialogue
within mathematical communities and connect mathematical work with broader
or historical mathematical communities.

While | concur that symbolizing and symbol practices are forms of
discourse, | anatically disengage symbol systems from discoase
conversationn this dissertation to examine how learners view various
representations in those systeimghat are the ways that they talk about them,
what features do they notice, and how do they cortheat? In essence, | assume
that the learners are peripherally participating (Lave & Wenger, 1991; 2009) in
activities of mathemapical thditsditplerearyg e
contact between what students are doing and the issues and pradices of

di sciplinebs discourseo (Engle & Conant, 2
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representations and symbol systems may be unfanfilialytically plitting

symbol systems and their representations from discourse allows an opportunity to
watch for how learners ingeate those systems and representations into their
mathematical understandingsd mathematical discourde truth, the

differentiation between symbolizing, symbol systems and conversational
discourse is an artifice of analysis.

Discoursethen,as it wil be usedin this work, refers to the immediate
negotiation of meaning as it evolves in conversations with particular goals and
focuses of attentior3ee, 2011Moschkovich, 1996, 2007). It includearious
modes of communicatiomot only spoken words, balso gesture§Gee, 2011;

Sfard, 2009}* Most directly, discourse indicates a focus of attention, such as

saying Athe graph on the | eft, o or pointin
Agestures are invaluabl e amesandés feoak eanbsauti nt
same mat hematical object.®é606 (2009, p. 197)
a realization or instantiation of peopl ebs

When a person runs their finger along a function line in a Cartesian @ndph

says, ithe water height is increasing, o0 th
|l ine as representing that featur e, but ree
With these perspectives in mind, | treat discourse as a proxy for what learners

notice how they focus their attention, and communication of their

understandings.

1 Although written work would also be considered a form of discoure, students did not produce
written work as part of the studies in this dissertation.
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Study 3 Methods

Classroom activities involving multiple representations of functions were
implemented in abgrade classroom in early 2017 to explore the guiding
guest i odostudéntd make sense of function representations and
connections between them, even those repre
weeks following activity implementation, | conducted @reone interviews with
students, as time and consent allowedysedors t udent sd under standin
connections among function representations
interview responses in discussing the Function Puzzle which was one of the
classroom activities and is described below. In spetifis,work is a discourse
anal ysis of student talk and gesture to ad
discursive strategies emerge in an environment of multiple representations of
function and how do those strategies emphasize connections among

representato n s ? 0

The Function Puzzle as a classroom activity.he Function Puzzle was
one of the multiple representation activities conducted with the entire class. It was
designecdc ttaogfet her graphi caloffunctiohs anal yti cal
(Eisenbergl992, p. 154py having students match different function
representationtype$ he t asks were inspired by similar
thesis, anduftsUn i v e 1Early AlgeliraProject activiyt Wh o Shares Your
Functiono ( htt pionlearlyadgebratmatérielsaspd du/ educ at

In the Function Puzzle activityapnerships of two or three students were

given a bag containing 16 unorganized cards of four representation types (natural
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languagealgebraicequation, Cartesian graph, and functiable) and four

functions éee Figureé-4). Each representation was printed on colored,

heavywei ght,

20 X

21 0

car ds.

Natural Language Function Table Cartesian Graph Algebraic Equation
(language) (table) (graph) (equation)
Time | Height £ 5 I
Constant Wate 1 5 2T
Height The water height does g ‘: -5
y=5 not change. 4 5 T y=
CON 8 5 i e
12 5
Time Height £
Filling Empty | The water tank had a (1) g 2
Tank few feet of water in it
2 7 =
y=2n when someone turned 3 9 y=3+2n
FILO the hose on to fill it. 4 1
8 19 Time
Time | Height z
Filling Non- | The water tank was ful 0 is 2
Empty Tank and then someone ; ﬁ -16-n
y =3+h pulled the plug out to 3 13 y=
FIL3 drain it. 4| 12 ;
6 10 Time
Time | Height z
0 0 ]
Draining Tank The water tank began 1 )
=16-n empty and someone 5 a —2n
y turned the hose on to 3 6 y
DRN fill it
. 4 8 Time|
8 16

Figure 8-4. Function Puzzle Cards.

The situation contexts were scenarios of changing water height over time.
Similar contexts have beeaised in other algebra research (Boaler & Humphreys,
2005; Leinhardt, Zaslavsky, & Stein, 1990; Lobato, Hohensee, & Rhodehamel,
ob

wa s to

2013; Oehrtman etal.,, 2008)h e st udent soé |

15 For this paper, function representatare referenced by combining a descriptor of the function
(CON, DRN, FILO, or FIL3) and the representation type (language, table, graph, or equation). For
exampl et alfilCON i s a referenege to the top tabl

e
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reasons the car ds dimulatomtigat ebch geecorftamoned wi t h t

card of each color.

Intentionally, the activity introduction was very brief. | had a large set of
Function Puzzle cards, so they were easy t
ways of showing mathematical relatghips. Have you seen things like this
before?0 After following ané®esdrud etna stbhat ¢
job was to create four sets, withthendi ng r eas
stipulation that each set contain one card of eatdr.dVNith that, students started
to work on the cards. Once a partnership was satisfied with the sets they had
made, they showed their solution to myself of the classroom teacher to get a paper
backing and glue, then glued their solution to a piece ampap

Study participants. The study was held migear at a 87 5" grade
public elementary school in a suburban town in the northeast of the United States.

The school has a student population of 388 students, a student to teacher ratio of

14.3 to 1, and high needs population of 20.8%, which includbaracteristics

such as free or reduced lunch, learning disability, limited English language

proficiency, or combinations of such characterisfMassachusetts Department

of Elementary and Secondary Educat{MA DESE), 2017)At this school, 5th

grade students were tracked in mat hemati cs
mathematics classes. The participating 5th gcéaesroom had 18 students and

was not an accelerated class. In fact, the students as a group were considered

lower ability, showing general anxiousness or lack of confidence about
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mathematics. This class was not an inclusion class, although four studeats w

on individualized education plans (IEPSs).

Mr s . F, the participating teacher,
relationship with mathematics for the better, having been someone who struggled
with mathematics as a young student. She focuseds$tendtion on connecting
mathematics to real world contexts, particularly to scientific phenomena, and
enjoyed projecbased explorations. The school used a packaged curriculum,
Everyday Mathematiogd@Jniversity of Chicago Standards Mathematics Project,
2010), and Mrs. F augmented or changed the curriculum to suit the needs of her
students. Cartesian graphs and equations with algebraic notation were unfamiliar
to the students and had not been taught at the time of the classroom activities
according to Mrs. Fthe curriculum, and the students.

Out of thel8 students in the classroom, 12 agreed to interviews, and nine
were interviewed in the time allotted by the classroom teacher. The pseudonyms
of the nine interviewed students are: Amanda, Brittany, Elizk, Janna,

McKenzie, Nan, Olivia, and Riana. Eight of these interviews are included in this

anal ysis. Jennabés interview, the ninth

Her interview was conducted almost two months after the classroom activities and
more than three weeks after the other
In the interim, Mrs. F had started instruction on Cartesian graphs, and the data
from her interview were no longer relevant to the study.

Data collection.Interviews begame week following the implementation

of classroom activitied.interviewed students every Friday durimgthematics
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block, completingwo semiclinical, oneon-oneinterviewseach week

Interviews were held in a relatively quiet corner of the classroaterviews

lasted between 25 and 35 minutes each. Two cameras captured the interview: one
focused on the work space in front of the student and interviewer, and one
focused on the student participant.

Video processing began within a week of when an inderwias
completed by transcribing and memo writing for each interview (Charmaz, 2010).
This initial screening process allowed for minor adjustments to the interview
protocol including how questions were phrased and placement of the cameras.
Memos served asterview summaries and helped to highlight common or
idiosyncratic themes across interviews. Broadly, in talking about the Function
Puzzle, students described their choices in building sets for a Function Puzzle
solution, using a mixture of talk and gesttio express themselves.

In this paper, pointing or touching a card or feature on a card is noted in
transcript by square brackets anduhe name of a card, as[FIL3-tablg or [first
height value orrIL3-tablg, rather than the more cumbersome [Poigtit the
FIL3-table] or [Touching the first height value in ti¢L3-table]. In cases where
there is movement of the fingdseyond touching or pointinghat movement is
noted within the bracketss in [running fingers down the height value®RN-
table]. Additionally, in a break from American Psychological Associa(R001)
standards, references in the text to numbers printed on the representation cards are
written as the numeral, regardless of their value. On the other hand, when a

student says aumber in quoted transcript, the number name is written out.
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DataanalysisThe anal ysis in thisgnucshamptear is o

study of how these students used | anguage
thingso (Gee, 201§, studpniswerxrgspondingtot he i nter vi
guestions | i ke, ACan you tel/l me how you p
did not explain the mechanics of connections between cards but used certain

patterns of discourse (talk and gestures) that established sdrdoaging

together in a set. These patterns of disco
are analogous to Geebdbs sense of fAactivityo
as, Ahow an action or sequenceamf actions
institutionally or culturally normed endea
classroom discussias a culturallyunderstood activity achieved through

discourse and includes components like maintaining order and folloviésgan

plan Different altures, likeelementary schools, high schoolsuoiversity

departments, will have specific expectations for how the activityagEroom

discussioris enacted.

The discursivestrategies explore in this worlare enacted within a one
ononeinterviewvandar e signi ficant to understanding s
notions of function through the Function Puzzle task. They emerged from a
groundeetheorybased (Charmaz, 2010) examination of videos, transcripts, and
Function Puzzle artifacts with two @ questions in mind:

f What was the structure of studentséo

their interviews?
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1 How did their discoursaddresgonnections among function

representation cards?
These questions were refinaeardivet o t

strategies emerge in an environment of multiple representations of function and

131

he res

how do those strategies emphasize connect.i

address this question, the data set was reduced (Miles & Huberman, 1994) to
portions of the inteviews that discussed the Function Puzzle, and two analytical
passes were made through the video and transcript data. The first analytical pass
annotated and highlighted the transcript to indicate how students touched the
representation cards. Using th@smotated transcripts and video, discursive
strategies were defined and a coding scheme was developed for analyzing the
data. These codes were used in the second analytical pass to develop an
understanding for how st udweretdistributads e s
throughout the data set. Details of the discourse strategy coding scheme and the
first and second analytical passes are given below.

First analytical pass: which cards were touched, as synchronized with
talk. The complex task ecology of the Function Puzzle and other tasks presented
abundant information in concise representational forms. Often, the students
referred to cards with a gesture, rather than with language. This first pass
therefore made touch of spicirepresentation cards an explicit part of the
transcript. Each touch of the cards was classifiechdghematical function

(constant, drain, ratio, or shift) angpresentation typéequation, graph,

language, or tabl e)ffiSORCEORNGIGPMHSIBSIMEYED t h e

of t h

phr a
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Biglo i ndicates the student wasytlfiuching the

n. Additionally, touches on the cards were annotated by highlighting the
accompanying utterances with colors that matched the colors of the rdatiese
cards (see Table B). Annotating with colored highlights made touch readily

identifiable and indicatetd ow t ouch was synchronized with

Table 81

Highlighting Used on Transcripts to Show When Students Touched the Cards

Highlighted Excerpt Explanation

And plus two [FIL3- The student touched theL3-equationcard while

equation is... saying Aplus two. o

let's jus The student touchetie FIL3-languagecard while
for an saying, sitfakesttlone. 0O

example.

we knewthat sixteerwas The student touchdtie DRN-tablecard while

full [DRN-tablg saying, fMwadfdltdo si xteen

And t's| The student touchetie DRN-graphcard while
with

saying, Athis one sho
we just used the equation. | hand over the setlwi | e s asgroupdg ,

The studenteferencedhe drainsetby passing a
then we Eaired I(ﬁsetwo The student is touchintpe FIL3-equationand

graph cardat the same timgoted by
As might be expected, studentsd talk an

parenthesesy hi | e s ay i iogether bt

cards was oftesynchronized. For example, in speaking about which set was

easiest to put t oledastdetevas) thifda Kiteeasierifae s ai d, AT

us becaussixteen[DRN-equatiofh minus somethig Wotld[DRN"graph be
GOIRGIEBW and[DRN-tabld this is also going dowandthis [DRN-languagé
said that someone pulled the plug to dréinth this utterance, she described

features of equation, graph, table, and language cards as she pointed to each one
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in turn. These cards were in her Functiozz& solution in one column, which is

how she and her partner grouped their sets.

There were also times when integrating touch and talk was more
complicated, and touch and talk were asynchronous. In discussiRt.-Bset in
her Function Puzzle solutipAmanda saidiit [FIL3-equatior was this oe
dcause FIL3-tabld it startedwith three andISOIEIES OraDHMGINE and we
noticed it increased ko [FIL3-languagéfeet... Blere, Amanda touched all
four of the cards of hd¥IL3 set as she described why she and her partner put the
FIL3-equationwith that set. When she touched the language card, which reads,

AThe water tank had a few feet of water in
fill i't, 0 she s p okeet idobmation notaaveilablenon thee a s e o f t
language card.

Both synchronous and asynchronous touches on the cards were relevant to
interpreting studentsd discursive strategi
discussed in the next section, the secoradyéioal pass applied codes to examine
how touch and talk operated to justfgnnections among representations.

Secondanalytical pass: functions of touch and talk®nce the eight
transcripts were colecoded for touch, the second analytical pass evallaies
studentsé6é discourse emphasized connections
cards. This section explains the development of the codes and detailed code
descriptions. The subsequent analysis is presented in the Results section.

Working from the annotatl and highlighted transcripts, each student talk

turn was considered an episode. More than one student talkdsoollapsed
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into one episode when the talk turns were broken bysabstantive interviewer

comments | i ke AOKO or efdédoubsion agrosathedtalkt he obj e
turns was the same set of cards. Similarly, single talk turns where the student
discussed more than one set of cards were broken into two episodes. Some student
talk turns that did not relate to the research question weretegldaom the data
set. One such exampl e VvEESEINER@EN ithst at ement ,
few feet of water. o Although the wutterance
FILO-graphcard, it did not address connections between or among cards, and was
therefore excluded. The resulting data set consisted of 46 episodes across the
eight interviews.

Using a constant comparison method (Cha
interviews were usetb develop codes: Nan, Olivia, and Brittany. These three
were chosen because they covered a range of expertise in the interviews. Nan
tended to prevaricate in her answers and t
Puzzle solution was the ongxample fronthe classroom worwith mistakes,
which meant there were unique hurdles for her to connect the cards i theet
interview. Finally, Brittany was one of the students who gave a lot of detail in her
discourse andeemed to have a meta awareness desfimmoves she and her
partner used in solving the Function Puzzle.

The three codes which emerged wist eliminate andintegrate.Each of
these codes are grounded in the actions of
(Sfard, 2009, p. 194). Thesecodesa not wused to iIinterpret the

intentions buto lookfor patterns of discourse that are common across the student
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interviews around the Function Puzzle. Tablgs 83, and 84 each contain the

definition of a code and an example episode whichtde®n broken into phrases

aligned with each distinct gesture the student made in the episode. More

explanation about the criteria for each code is given following each table.
The criteria for coding an episodelas$ was students serially pointing at

two or more cards and listing features from each card as they pointed at it. In the

Table 82

The List Discourse Strategy

LIST: The student serially described features of two or more cards, as if reading frg
list, synchronized with touch.
Example Descriptive interpretat
McKENZIE (6:497 7:.03Y Ths |[Mc Kenzi e was r es po@adyon g
lastset was, | think, abiteasie descri be this set for m
for us because
" sixteen minus She touched thBRN-equationcard
something emphasi zing fAiminusbo
voice.
—__n ~ She ran her finger from left to right along the
function line on théRN-graphand mentioneq
figoing downo
and this is also going She ran her finger down the height values o
down the table card ancbiteratedi g oi n g d
connecting the table and graph cards with th
use of the word nal s

andthis said that She pointed at thBRN-languagecard whle

someone pulled the she read the text on the caindicating a

plug to drain it connection with the
list example from Table-2 , McKenzi e was responding to t
qguestion, ACan you describe this set to me

features fom the cards in the drain set as she touched each one. This enumeration
of card features was her explanation of why the set was easy to put together, as

can be inferred by her use of the word fAbe

f
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elaborate on connectiobgtween the cards, but simply listed the features as if the

connections were se#fvident. Thdist code was typically applied to two or more

cards within a set, but that is not a criteria of the code.

136

Episodes where the students talked about including one card because other

cards did not belong were codeliminate In the example in Table-8, Brittany

asserted that

finone

of t he

as a way to explaiwhy theDRN-languagecard belonged with thBRN-graph

Table 83

The Eliminate Discourse Strategy

ELIMINATE: The student suggested that one card belongs with a set because othg

do not belong.

Example Descriptive int er giscourse t
BRITTANY (7:4171 7:59): So, | Brittany used th®RN-graphto demonstrate her
I'm going to us partnershipds process o0
Jle. description that belonged with a specific graph carg
~ Thewatertank was She read th®RN-languagecard, following

full and then someone
pulled the plug to drair
it.

the text with her finger.

And then, we looked g
the other ones

She touched each language card in the coly
with her pointer finger while speaid, going
both down the column and up the column w
her touches.

P

and i dno/

She touched thBRN-graphcard, perhaps
searching for a way to explain the next step
her process.

none ofthe other ones

She returned to touching each of the langug
cards except thBRN-languagecard.

~ appliedto that one.

She rested her pointer finger on DEN-

graphcard.

o DRNe@mapho n e s

card. Eliminatecodes were applied to episodes where students ruled out several

choicesusual | 'y wi

described exc

t h

|l udi

t he

ng a single card

Itialsoeappbietl whethey wo r d

due

[ | an

Ainone.

t

o

a
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didnét start at =zer o, 0 i relinfinateepigodes, f i ncl udi

students were diffentiating among cards of the same representation type.

Wit hout the touch annotations on the tr
8-4 episode seemed to be on the equation card. She did in fact touch that card
throughout most of the episode. However, wheres s ai d, Al Tdondt even
we just thought it was five, 0 she was runn

of theCON-tableover and over. She then pointed at the equation card and

Table 84

The Integrate Discourse Strategy

INTEGRATE: The student tkled about card features while touching one or more cal
and the spoken description was not synchronized to the cards they touched

Example Descriptive interpretat

NAN (5:117 5:18):We got Nanwas describing how they put tt@&ON-equation
with the constant set.

this onei five i She touched theON-equationand called it

because Afive, 0 al most as if
1 d evankhow we ~ She ran her pointer finger down the height

just thought it was five column on theCON-table(the values are all

five) over and over.

like the height we She moved her pointer finger back to the

were thinking like equation, poking at the card when she said
Aheidbght
~ height equbs five. ~Herpointerfinger followed the equation,

poking at the variablg when she said
Afheight, 0 poking at
said fiequal s, 0 and ¢
Afive. o

That sorta thing. She concluded her explanation with the phrd
irThat sorta thing. o

i mposed fAheight equals fivgds Rescribing i nterpr
features from one card while touching anot

the table card while touching the equation card, is the esserfemiegrate
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codebecause Nan is integrating the table and equation cards through the

synchronous touch and talktegratecodes are applied to instances when the
words that were spoken as a card was touched were not interpretable from that
card itself.
Similarly, there were instances when verbal descriptions did not keep pace
with a studentédés touch, such thvie touch wa
words seemed to have only one p& nt of ref
we [DRN-equation did sixteen minus and it equalsSo [DRN-tablg, we [DRN-
equatior usedminus DRN-tablg. Without touch annotations, it would be
reasonable to assume Riana was only talking abolRieequationc a r d : ASo
we did sixteen minus and it equals y. So we usédn uOs the other handf
touchesweretheontyecor d of Ri an wéwouldcseenwouni cat i on
objects of focusn the patterdDRN-equation DRN-table DRN-equation DRN-
table The combination of touch and talk transcript demonstrated a blurring
betveen description and objects of foclibe criteria forintegrateis whentwo
cards are being associated with each dthetegrated t hr ough t he st udent
of touch and talklntegratecan be identified in the video and annotated transcript
as placesvherethe spoken words did not align with information on the card being
touched.
The codes and code criteria are summarized in TableC®des were
applied to phrases within episodes, and as such one episode could have multiple
codes. The full data sef 46 episodes was imported into Excel and the order of

epi sodes was randomized to avoid Acoder f a
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break the potential of student voice in coding. Episodes were coded about a week

after the codes were developed, and Brittan Nan, and Ri anads epi so
included in the data set as an evaluation of whether the codes definitions were

robust and coding was replicable. Additiona#lygubset of the episodes was

coded by colleagues using both transcripts and video clips eptbedes. The

next section describes patterns that emerged from applying these codes to the

entiredata set.

Table 85

Summary of Discourse Strategies for Communicating Connections between Cards

Code Codeldentification Criteria

LIST The studenserially described features of two or
more cards, as if reading from a list, synchroniz
with touch.

ELIMINATE | The student suggested that one card belongs w
set because other cards do not belong.
INTEGRATE | Spoken words did not align with information a
card being touched.

Study 3 Results

Working in partnerships, students created solutions to the Function Puzzle
in a classroom setting. With only one exception for the entire class, Function
Puzzle solutions show representation sets grouped by function (see Appendix
for studentéFunction Rizzle solutions). Those solutions were the focus for
interviews analyzed in this chapter. Each interview was coded for the instances of

the discourse strategibst, eliminate andintegrate
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The distribution of codes and episodes by student is presaniatle 86

(see AppendiE for the coded episodes). As shown in the table, the number of

coded episodes per student was relatively even. Codes were applied in 53

instances across the 46 episodes in the data set. Episodes were coded with the

integratecode almost twice as frequently as eithstror eliminate.In this results

section, | characterize how the students used the discourse stratéigies of

eliminate andintegratein their individual interviews to connect function

representations and deiba Function Puzzle solution artifacts. In the conclusion,

| di scuss the iIimplications of the students

function and el aborate on the taskoés role

Table 86

Distribution of Codesand Episodes by Student

Students
Strategy | . N
© c ~ c ] @© —
= £ |8 |8 € |8 |z |58 |B
= L Law] O
z 5 S @) 14 [
List 2 2 2 3 2 2 1 1 15
Eliminate 0 3 1 1 4 3 1 1 14
Integrate 2 4 2 2 1 6 5 2 24
Episodes 4 7 5 6 6 8 7 3 a7

List as a strategy to establish a group of cards as a sEpisodes coded
list included instances when students serially identified features from
representation cards and did not provide any further justification for why the cards

were together in a setypically, gestures to highlight a card were synchronized
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with talk in episodes coded hst. The only times gestures were not

synchronized were in instances when the student highlighted the card in other
ways, such as reading the text on a natural laggyoardList as code could be
applied to student discourse abbtmb or more cards within a set. In this ddist,

usually applied tahreeor four cards (see Table B).

Table 87

Frequency of Alisto codes by dtiantygesi on type

involved
Number of Represent

Function Two Three Four Total
CON,y=5 1 3 3 7
DRN, y = 167 0 2 2 4
n
FILO,y=2n 1 0 0 1
FIL3,y=3+ 2 1 0 3
2n
Total: 4 6 5 15

Listdi scourse typically happened in respor

me how you put your sets together.o Even 't
students did the work, the students responded by ticking off features of the cards

in a set. For example, Jadkscribed his drain set by sayifigS @ says the water

tank was full and then someone pulled the plug to draBvitthis one starts way
U highiaRageesiaol mhen iti and here, time zero, height sixteen. So, and

then, fifteen, fourteen, thirteen,w e | v €erhe etjuation card was the only card

Jack did not include in his explanation wh
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understandin this type of discourse, | infer students found the connections

among the cards to be seNident and did naneed further justification or
explanation.

Half of the instances whelist was used as discourse strategy was in
describing the constant set. As shown in Tab8 Students did not justify the
connections among the constant set cards beyond jusg libe features they
perceive as indicating Ano change. 0 What
constancy in the dependent variable is transparent across representations to these

students.

Table 88

~ ~

Student descriptions of cards in the constantset,d e d Al i st 0

Jack this one's obvious cause it sais i equals five and no@hit- gays the

water height does not ch five five fivive five.

Olivia This ond) lie water height does not cha®gé¢hat one was sort of use it wa
five fivdive five arildidn't change at Aihﬂkno
GiiNGHCHARGENE: aihcthis one, y equals fiigeandthis one stayed fiG» the

water height did not g&an

Riana Um this onéis the easiest one} The water height does not change. Besighsést
just five. Five, five, five, five fetridiee blue orie

just equals to five.

Brittany | the water height doeschangeTHatWasiObVIOUSIH &ved then the height wasajlis
five, nothing changed, andfihen- y equals fiv&hat means nothing changed ab

the five. So, it would actualikééve equdise.

Eliza this was theasiest one for liscaus like it just stayed the s@tef them are five,
we just used the he [ESEISEISHBNEEAMETEASSRIN - cigren i's .

y equals five

Amanda Well, first we matclieel yellow card t [th seecaus |
different directioR®r the five it stayed the same ov éfit's all fivds

andit said it did not chaage so y equdige andhat was five,

Amandads constant 8sBevasthd mastcompligdted o n i n
list episode. In her episode, touches moved between the graph and table cards
repeatedly, not in the sequential fashion of the other examples of Fable 8

However, when considering how she talked about features of the cardsjdter t
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and talk were synchronized, which met the criteria to be cligteth this use of

list, Amanda seemed to have a strong sense that the table card was a source for
interpreting the other cards. The first item in her list of features was that the table
card Astayed the same over time. o She then
ités all fives, 0 to explain the graph card
(Ait said it did not changeo), and the equ
her description with a retufC@Ntdbld t he tabl e
was five. 0 As with t 88 Amandadsted thexfeatorgsl es f r om
as her explanation of how the set went together, but she indicated how important
the table cad was in her work by returning to it three times in this description.

The way thatist was defined, as discourse where features were noted card
by card andvith noadditional justification, restricted the opportunity for
additional codes in an episodeded withlist. In the 15 episodes coded wist,
there are only two with additional codes. In one of those instaistesas used
in service of areliminateepisode, where Nan expressed doubt about the
languagetable connection in héflL3 set yet jusified it by suggesting that the
other languag¢able pairs made sense. In the other case, Brittany listed three
features of the drain set, but then usedrtegratediscourse strategy to explain
that theDRN-graphbelonged in the set. In fact, if a seud considered the set
established by listing the features, they would not have a reason to call on
additional discourse strategies.

In summarylist discourse was used in cases where it seemed students

assumed the connections between cards werewddint. It was used most often
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on the constant and drain sets, which students considered the easiest to put

together. As described in this section, dithe eight students usdidt discourse
to explain or describe the constant set, indicating that constancy was evident to
the students across the representations. The drain set, showing decreasing height
over time, was also justified usiigt discourseby four of the students. It is
interesting to note that tH€L3 andFILO sets, which both show increasing height
over time, were generally not explained by students usinigstidiscourse
strategy (there was one instance whistevas used to explaiméFIL3 set by
Jack). Instead, the instancedisf discourse on those sets was in service of other
explanations, or thist explanation was supported by incorporating other
strategies.

Eliminate as a strategy to confirm a card belongs in a sdEpisodkes
where students talked about including one card because other cards did not belong
were codectliminate Eliminate was the only discourse strategy code defined by
students looking across functions and within representation types. In this strategy,
ratherthan expressing why the features of a card aligned with the features of other
cards, students confirmed that a card belonged by rejecting other choices of that
same representation type. Téleninatestrategy was most frequently used in
connecting théIL3-graphto aFIL3 set, although across all four functions, it was
used equally frequently on establishing equations and graphs in the respective
function sets (see Table®. The constant function, typically described using a
list discourse strategy, wasly the object of attention during one example of the

eliminatediscourse strategy.
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That one use of theliminatestrategy on a constant function was when

Eliza was asked to demonstrate how she would explai@@i¢graphto

someone who di dyratp hisn dEEINEEORGEaPIINN cOds, i
GGIRGIST8IGH: 2ndll[touching two graph SHGUIGIISERWONCICOMpe. ERation:
[FILO-grapH IS changing because it goes higher and high&l i zads f i nger

Table 89

Frequency of Aeliminated codes by functi
Representation Type

Function Equation Graph Table Language| Total

CON,y=5 0 1 0 0 1

DRN, y= 167 3 0 0 0 3

n

FILO,y=2n 2 1 0 0 3

FIL3,y=3+2 1 4 1 0 6

Total: 6 6 1 1 14

the function line from left to right on tHiL0-graph. And like for this one
IDRNEGEpHNooeSeWi E! i zads finger traces the f

right ontheDRN-grapj.0 I n t hi s epi sode, Eliza was
CON-graphshowed constancy by describing how EiEO- andDRN-grapls

showed something differénthe FILO-graphshowed increasing behavior while

the DRN-graphshowed decreasing behavior. She emphasized this characteristic

by following the function lines from letb right with her finger. This episode

speaks to how students used variation across a representation type to confirm

connections within a function set.

tr

on

unc

dem
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As mentioned, students generally useddimainatediscourse strategy on

the representation types thvegre less familiai equations and graphs (see Table
9). For example, when Riana was describing how she chofdRiNeequation
s h e $Sathedlue ofie [She pointed at th&N-equation] we did sixteen
minus and it equalg So,[At this point, her inger moved back and forth rapidly
betweerDRN-equatiorandDRN-table] we tsedminus @sena other ong¢Her
finger touches each of the other tabletalts with sixteen and gets lowielike
subtractioro |t was not <c¢l ear f rootnh eRi aonnaedds awoprl di se
to the equation or the table, but her gestures indicate that she did not see a fit for
theDRN-equatiorwi t h t he ot her sets because the otlt
sixteen and get | ower. o I n whtheBRNepi sode, R
equationfit with the set, she also integrated her reading of the equation with
attention on th®RN-tableand found the two were compatible. In other words, it
created an opportunity for her to engage with two symbol systems at once while
consicering the behavior of the relationship depicted.
Brittany had some interesting usestiminate in that she described
eliminating the more familiar representation types, like table and language cards,
to connect to the more unfamiliar tygeasually he graph cards. In one instance,
she had already described a connection betwedf ltBelanguageand graph
cards when she stehagh{FliOAabld startédatrzeroaad n c e
none[waving hand over other table cardd]the other ones stadeat zerowe
Basiealy makhgtithem [finger pointed back and forth between graph and table

card while saying fAbasically matched. 0] . 0
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her partner connected tR#L.0-graph with a function line starting at the origiio,

a table that had a starting height value of zero by recognizing that none of the
other tables started at zero.
Similarly, in describing the process she and her partner used to connect

natural language cards to graph cards, she usé2RNegraphand lamguage as

an example. She s affiSioicINRSGEPHESEREXEHD n 9
The[DRN-languaggwater tank was full and then someone pulled the plug out to
cards] we looked at the other onesndi " H[DRNwrdpH i none[fingers on

IDRNGIEPHISoNEasCayditke ' i mi nation. o In thi

three language cardsfiavor of theDRN-languagecard and connected tiERN-
languagecard to theDRN-graph Furthermore, in this example, she was explicit
about the fact that she and her partner used a strategy of elimination to figure out
the sets of cards.

Each of the episodedescribed here show that students compared cards
within a representation type to justify the card choice in their Function Puzzle
solution. In using theliminatediscourse strategy, they were looking across the
available card choices of a representatigpe and discerning alignment between
one of those cards and other representations in a particular set. Those alignments
were based on the fact that the cards represented the same function. Although the
students had not yet been introduced to functiorikair mathematical

instruction, this discernment activity whslping thendeveloping notions about

t
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representing covarying relationships, perh

Afdecreasing, 0 and Aconstanto were represen

types. Furthermore, in trdiminatediscourse strategy, they were organizing not

only representations that belonged togethe
Integrate as a strategy to consider more than one representation at a

time. Theintegratediscourse strategy was the most frequently used category in

coding episodes from thaata set, with 24 instances as compared to 15 instances

of list and 14 instances eliminate The criteria for identifyingntegrate

discourse strategy was that the stoikalked about card features while touching

one or more cards, and the spoken description was not aligned or synchronized to

all the cards they touched. Within the instancesteigratediscourse strategy,

there were two broad form of asynchronous aaingned talk and touch, which |

describe here.
In one form ofintegrate the student was indicating more than one card

with touch by rapidly moving pointing finger between the different cards or by

touching several cards at once. At the same time, tdile was a fluid description

of card features, and a listener could assume that the student was only talking

about one card if gesture were not considered. In other words, ¢kefipdions

of featureswvere not distinct to each card. For example, Anaands a i d , At here wa

three in this problem, o0 whilFBR3-rapidly movi

equationandFIL3-table The words aloaindicatel a single object of foclisthe

FIL3-equationi but her gesture indicated otherwise. | clasdithis type of
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integratediscourse ablurred integration since a single object of focuss not

evident in the studentds discourse.
In the other form ointegrate,the student was highlighting one card with
touch, and included words in their description that werendhe card they were
touching. For example, Olivia said, while pointing at Fhe3-graph thid one
[FIL3-grapH was also getting higher because it started at {paeting aty-
interceptland wentupandupd The formats of the graph ca
use of Athreed could not ynexceptwao me from th
evident, but not the value of that intercept. | dféex$ these instances when the
student was importing information from ahet card to the card of focus as
bundledintegration because it was as if the student were stacking features from
one card onto another. In this sclassification, it was not always clear where the
additional information or feature description came fromly that it was not
available on the card of focus.
Although the descriptions dlurred integrationandbundled integration
seem mutually exclusive, the realities of messy data make rigorously choosing
one classification over another sometimes diffidualpractice| used studentsd
gestures to categorize an instancentédgrationas eitheblurred or bundled.If a
studentds touch was across s ®dlured al cards a
integration.If they spoke about features that were noseng¢ on the card they
were touching, | consideredatindled integrationThe work that was done
through bothntegrationdiscourse strategies was similar. For these reasons, the

two classifications were not considered as different codes in analyzingtthe d
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but they are explored here in examining how and vitiegrationwas used as a

discourse strategy. With the caveat thiatred andbundled integrationnstances
were not completely distinctive, it is interesting to note that these two
classificationccurred with equal frequency (see Table08. Occurrences of

blurred integrationandbundled integratiorare described in further detail below.

Table 810

Distribution of integrate discourse strategy codes by function

Function Blur Stack Total
CON,y=5 1 0 1
DRN, y= 161 n 5 4 9
FILO,y=2n 3 3 5
FIL3,y=3+ 2 2 6 9
Total: 11 13 24

Blurred integration a strategy to physically connect cardis nine of the
11 blurred integrationinstances, the student was referring to a pair of cards. All
instances oblurred integrationinvolving two cards included a table card as one
of the pair. Seven times, the student was connecting an equation card and a table
card, while twice the studenbnnected a graph card and a table card.

Blurred integrationinstances where the student highlighted more than two

cards were cases where the student was referencing a collection of cards with one

gestur e. For exampl e, t hteeeroleofthe addiiioe wer as ke

symbol in that equatiorFJL3-equatioh ? 0 and Jack covered all
FL3set as he said, Awhen you add more to
ways that gesture could be interpreted. Jack could be indicating aifinntiaat

theFIL3-equationbelonged with that set, or he could be indicating that all four
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representation cards show increasing height of water over time. Regardless of the

specifics, he was indicating that all four representations belonged together.
| argue thablurred integrationas a discourse strategy did more than
indicate a connection between cards, it em
the connections between cards. First, consider that eqaabtanpairings were
very prevalent. Equationgere the representations that were most unfamiliar to
the students. This unfamiliarity meant that when students described how an
eqguation belonged in a set, they did not have one point to communicate the
connection, as they did for the previously descriisaxamples, but had to
search for the connection. Using the repetitive, back and forth motions between
tables and equations, the students were arguing for or searching for more details
in the representations to make their claim. Students linked detaiighe
eqguations to height values and trends in the tables. As a simple example, Eliza
said, in describing how tHelLO-equationbelonged with th&lLOs et heB e 6 s
two andthesel itgoesbytwo 0 passing her poFIbOti ng finger
table FILO-equation and back again. Her focus was resting not sequentially on
one representation and then the next, but hanging in between the two, as
evidenced by the back and forth movements of her finger as she spoke. Whether
this discourse strategy appliedan equation and table, table and graph, or some
other combination of cards, the focus of attention was broadened from details of
one representation to thinking about the commonalities of details among multiple

representations.
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Second, a characteristif episodes coddolurred integrationwas that

students did not describe all the features of the cards they were touching together.
For exampleMcKenzie was describing how her partnership put together the
constant s ewejustdetides tat would makeosense for the five
iK€ not changinpnd st uff. o She touched ittheree repre
CON-equation theCON-graph and theCON-tablei as she spoke that phrase,
physically connecting the three cards. However, she did natatigtdescribe
features of any one of the cards. The listener (or reader) could infer that at least
one of the representations showed Anot <cha
clear which one. Similarly, her terminolog
equationy = 5, because she was touching that card when she said it, but she also
qguickly moved her finger across the other three representations, so there is a
possibilitythatit he fi veo referred to the set of <co
even to M&enzie herself, her talk and touch suggested that the three
representations are all part of #Athe fiveo
the gesture used biurred integrationput the focus of attention on more than one
card within a set. This was aeful tool for the student in terms of communicating
a connection between cards with gesture, but it also created opportunities for a
heightened awareness that the cards they were touching were connected.

Bundled integrationas a strategy to bring featuseof one representation
onto another representatiam@As mentioned, an episode was classifiethasdled
integrationwhen a student touched one card while saying features that were not

on that card, but available from other representation cards. The coimiioé
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talk and gesture was a | iteral stacking o

another card. Table-81 presents the distribution dfundled integrationby

function type. The card of focus was easily identified in the data, as the students

were taiching that card. Identifying the source for the stacked information was

not quite as objective, as some features were common to more than one card. For
example, the graph, tabland equati on cards al l contain
both equation and tadlcards may have numbers in common, such as the value

A30 as the starti ngyinteradpturetheiequatiotnh@theabl e an
ot her hand, only | anguage cards <contained
Afolllt was as s ume dost liketytto be bouraveg feasuresve r e

from a card they had recently touched. A few simple examplesuntlled

integrationdiscourse are shown in Tablelg.

Table 811
Distribution ofbundled integratiory function including card of focus and likely

source of stacked feature

Card of focus Likely Source

Egn | Tbl | Gr |Lang| Eqn | Thl | Gr | Lang| Total

CON 0 0 0 0 0 0 0 0 0
DRN 0 1 3 0 1 1 0 2 4
FILO 2 0 1 0 0 2 0 1 3
FIL3 1 1 3 1 0 4 0 2 6

Total: 3 2 7 1 1 7 0 5 13
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Table 812

Examples of excerpts codedndled integration

Student Excerpt Description of Code Application

Jack This equation because it h§ While running his finger along the
the minus symboindi 6 | function line onDRN-graph Jack
d. used the vocabul
from theDRN-languagecard.

Brittany Since it has a minus sign | Brittany talked about subtraction

n s | | while running her finger along the
function line onDRN-graph

Nan This one, itbegan empty bu Nan uses the vocabulary of thH.0-
then it started to fill. languagecard while she touched thg
height column of th&ILO-table
card.

As a more extended exampletafdled integrationl will highlight
Ol'i viabs wor k dniher EuncianiPuzge adifaatn the graphkcards
did not match the rest of the representations in the sets (see Figuiel@gan
with Olivia discussing th&IL3 set (the rightmost column of Figures3. She read
the | anguage c ar dfewféelohveatenimatiween someonek h ad
turned the hose on to fill it, o0 then went
by highlighting theFIL3-table directly below thé-IL3-languagea n d sSa i d , A
[FIL3-tabld we knew it was filling, so it was ¢eng highero st acki ng t he wor
Afillingo from the | anguage carFdl3-ont o t he
tableto theFILO-table t wo car ds t o t this[FILOdablg, @A We not.

one was also getting higher.
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g3 ¥
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y=16-n

The water hzight ¢ ~2¢
not change.

_ Time | Height
1 ! 5

The sweater tank kad o
few featof water ln it

whas soimeone turned
the hose o to fill it

Figure 8-5. Olivia Function Puzzle Solution
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Olivia then connected those two tables with their respective graphs from

her sol ution.

S h e this ané[FILO-talfidBsiarteBl® k n e w

t hat

IS G Rb R GIUSaIESIPaRIGREHSIE0SER andthis one[FIL3-tabld started at

Tt hree. 0O When

she got to

saying

DRN-graphglued in hefFIL3 set, directly below th&IL3-table but that graph

started much higher than she expected, and she literally stabbed at the air on

fihree, 0 havi

acknowl edged,

ng

nowhere t

iWe messed

0O go, no

up. o Ol

ithree, 0 he
connecti or
i viaodos int

value of the table onto the graph was confronted by a graph that did not match,

which caused her to reconsicher Function Puzzle solution.

Both blurred integrationandbundled integratiornwere discourse strategies

that students used to describe connections between representatioBloarels.

integrationbroadened the object of focus from one representagiahto two,
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andbundled integratiorbrought feature descriptions from on@ccanto another.

In both classifications ahtegratediscourse strategies, students warasidering
two or more symbol systemdsing the stacked window analogy described in the
theoretical perspective, it is as if the students were cognitively stacking multiple
representations in considering putting the cards together.

Results summary.Through the discourse strategiedistf, eliminate and
integratethe students communicatadw the representation cards within sets
were connected in their Function Puzzle solutibust.was a strategy to establish
a group of cards asset without any additional description or justification.
Eliminatewas a strategy to discriminate among cafdsne representation type
to confirm which of those cards belonged in a certainsetyratewas a strategy
to describe connections between cards by integrating features of several cards
together as a single object of focus. These reflections widkentup in greater
detail in the conclusions.
Study 3 Conclusions

At a minimum, the studentsd work with t
they could make sense of function representations, even unfamiliar ones, and put
representations together that all reygreted a common functiow/e have some
evidence from this analysis as to how they did this w@#ttainly, the table
representation was used in most situations as a source of information to interpret
ot her representations. répeatecsratwnta hi s cl ear |l vy
touching theCON-tablecard and reiterating the fact that it showed all fives

between describing each of the other constant cindss also evident across the
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board in considering the two forms of tinkegratediscourse strategy. The table

card was always used Inturred integrationand was most likely the source of
descriptions irbundled integrationAdditionally, the other familiar
representation, natural language, was used in considering other cards. Nabrds t
came exclusively from the | anguage <card,
when students focused on another card, as described throndled integration

The distribution of discourse strategy codes also gige®me insight into
student reasongabout the function representations. Through the discourse
strategies ofist, eliminate andintegratestudents communicated that the
representation cards within Function Puzzle sets were connkistiedas a
strategy to establish a group of cardsiast without any additional description or
justification. The listing of features or attributes indicated that students found the
connections to be sedivident. This strategy was used on the sets students
considered easier to figure out, the constant aaith detsEliminatewas a
strategy to discriminate among cards of one representation type to confirm which
of those cards belonged in a certain bgegratewas a strategy to describe
connections between cards by integrating features of several cgetisetoas a
single object of focus. Those strategies were used more frequently on the less
familiar representation types, graphs and equations, and on the two functions with
positive covariation, thEILO andFIL3 sets.

In botheliminateandintegratediscourse strategies, students were
considering more than one symbol system at a time, effectively stacking symbol

systems in the manner described by Kaput, Mgrand Blanton (2008)T his

S
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analysis demonstrated the complementary roles of touch and talkstutkemts

were considering two representations at okrcethermore, although students
were communicating connections among the representation cards, their
communicative work most certainly echoed in their understandings about
representing covariationande concept of function, as A[t
as it is transformed into speecho (Vygot sk
p. 264). Experiences like the Function Puzzle, where stu@éagk is to interpret

connections among representatiofgunction help to establish their foundations

for doing so.
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9. Conclusions

Research efforts to get algebra recognized as an important longitudinal
content strand for all K 12 students have come to fruition not only in position
statements like thRAND mathematical study (2003) and NCTRMinciples to
Actions(2000, 2014) but also in nationaltgcognized Common Core Standards
(NGA Center& CCSS2 01 0) . | mportantly, research in
capabilities in algebraic thinking continues to prodinaeactful results. Recent
work has identified young (el ementary) stu
understandings of mathematical relationships (Blanton, et al., 2015a), and to do so
using algebraic notation (Brizuela, 2015a, 2015b), sometimes aigjalyraic
notation more adeptly than natural language (Blanton, 2015b). Importantly, these
efforts emphasized that symbol use, whether algebraic notation, function tables,
or other, is in service of focusing on mat
mani pul ationo (Stephens, Knut h, Bl anton, I
This dissertation complements those works by looking to a slightly
different horizon. Knuth wrote, in the conclusion of his analysis of high school
student s6 wuseseonft agtriaopnhsi,c aflt hree pmmagj or i ty of s
functions is restricted to the domain of algebraic representations, and, as a
consequence, students do not develop ability to flexibly employ, select, and move
between algebraic and graphical representaiiong 2 0 0 O , p . 506). The F
Puzzle is a task where function representations are not pro#iiatst(al., 2006;
Greeno & Hall, 1997), bugnvironmentgo explore. The goal for that exploration

is to notice and understand connections among the repaBeasat an important
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practice in the discipline of algebra (Brenner et al., 1887A Center & CCSSO,

2010; NCTM, 2010, 2014; RAND, 2003; Schoenfeld, 2008).
Summary of Findings

In the context of the Function Puzzle task, the 4th and 5th grade student
paricipants in these studies put together sets of representations by function, even
those representations that were unfamiliar. Some of the gathered evidence
addresses the guiding question of this stu
function representatiorend connections between them, even those
representations that are unfamiliar?06 For
other representations by considering the operations and constants in the equations.
Addition was linked to filling in the languagerda, trends of increase in the
graph cards, and increasing values in the height column of table cards. Similarly,
subtraction was linked to draining on the language cards, decreasing trends on the
graph, and decreasing values in the height column of ¢abdis. Norzero
constants were |inked to specific words in
f e et ozerointeraepts in the graph cards, and initial values of height that were
not zero.

In their own right, these results are significant and intiexgsStudents
made these connections with virtually no i
sense making, or aoftheir existing network of understandings, was sufficient to
complete the task. Granted, the Function Puzzle is a highly scaffolded hask
are aly 16 cardgo consider and thegll belong in the solutiarurther, there is

the constraint of includingll four representation tyjgen eachfinal set. It is
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entirely possible that studerdgendedo understandings of puzzéelving in

addition to understandings of mathematics and representations. The research
guestions addressed in this work, however, show evidence that students were
doing important algebraic thinking in their interviews about the Function Puzzle.
To review, he researchjuestions for each study were:
91 Study 1: How did discourse during an interview, including utterances by
the interviewer and utterances by the student, and interaction with function
representations mediate the studentds a
f Study 2: How was studentsodo noticing of
their reasoning about algebraic notation?
1 Study 3: What discursive strategies emerge in discussing multiple
representations of functions and how do these strategies emphasize
connetions among representations?
Each of these questions examines discourse in an interview with a distinct
lens. In Study 1, specific word choices and language ugelatedto shifts
within the interview of the sitnstddgnt 6s unde
2, student discourse is used as a proxy for student noticing. In study 3, recurrent
patterns of discourse are noted as ways of describing connections among function
representations and emphasize those connections to the benefit of the speaker. |
will briefly review the results of each study.
Several students in Study 1 were noted as not saying the independent
variable when they read the equation cards. Kara, the case study participant, was

one of those students. | provided evidence that Kareloleed a new awareness
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of variable notation over the course of the interview. In her eight minutes of

completing and justifying the Function Puzzle, Kara was able to intuit that3
a |ikely representat i aviwasfatkelyr@réesentagoe t i mes s
for At wo t ioerashe mdicatedtawillimgress to consider the
dependent variablg, as having multiple values, making some effort to give the
independent variable a role in calculating values for the dependent variable.

| arguedthat this new awareness was mediated by aspects of her interview
in the following ways: utterances by the i
on sensanaking around the equations and triggered Kara to use precision in
justifying her answers, which ldter to say the independent variable out loud.
That talk then seemed to impact her interpretation of the dependent variable as
potentially having multiple values. Finally, Kara workedrterpret the valuem
the data tableBy consideringhe formats ofhe equations.

Exploration of studentsdé interpretation
Study 2. In half of the 5th grade interviews (four interviews out of eight) the
students reasoned dynamically (Oehrtman et al., 2008) about covarying
relationshipetween time and height represented on the Function Puzzle cards.
What was common to these four students and in contrast to the other four students
was their noticing of both the varying quantities, time and hgiiglather
representationsrhese four stlents had a much higher frequency of remarks
about two varying quantitiégs13.7% as compared to 2%. Further, they were the
only ones who made quantitative remarks about the relationships between two

varying quantities.
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| argued this connection betweerithnoticing of covarying relationships

in the tables and their use of algebraic notation is evidence of their looking
through (Kaput et al., 2008) the tables as symbols in a symbol system to a
mathematical objedt the function. Making covariational corct®ns like these
have been identified by Oehrtman and colleagues (2008) as linked to
demonstrating proficiency on function tasks, which indicates experiences with
activities |Iike the Function Puzzle could
mathematical sese making as it relates to algebraic proficiencies.

The same eight interviews were the basis for the discourse analysis in
Study 3, an analysis which used the distribution of discourse stralisgies
eliminate andintegratet o e x p | or e isgtabodt¢he furetdon r e as o n
representations in the Function Puzzle. | argueddliatnateandintegratewere
discursive strategies whereby students examined more than one symbol system at
a time, effectively cognitively holding the two symbol systems together
experiencing the Anotationally rich web of
List, in turn, seemed to be used to describe those sets of cards students found be to
self-evident.

Across both Studies 2 and 3, the function tables seemed foundational to
student sd r e eosagyingrefatipnshifs ceprésentedh aththe
function representation cards. In Study 2, quantitative remarks about two
covarying quantities were made in referencing the table cards, @selkimds of
remarks coccurred withexpressiongsiboutthe mechanics of algebraic notation

syntax. In Study 3, it was noted that the table card was always part of discourse
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that integrated more than one representation card eVidenceeinforces the

findings of other research that functitables are an instrumental organizing tool
for young studentsd reasonegBlanmb& ut mat hem
Kaput, 2011; Brizuela & Lar®oth, 2002; Marti, 2009).

Althoughalgebraic notation was the focusStudies 1 and 2, the
significace of studentsd reasonings about the g
representation, should not be underesti mat
remarks about two varying quantities were usually in reference to graph cards.
These ki nd stermrdtatioiisgof goapha (Leinhardt et al., 1990, p. 9)
have been noticed as important to considering graphs as representing
mat hemati cal objects, rather than as fAa co
al., 1990, p. 11; see also Schoenfeld etl@93). In Study 3, graphs were
frequently part of the discursive strategies eliminate and integrate, through which
students considered multiple symbol systems at once.
Implications

In closing, | will situate the Function Puzzle (and similar activities) in
studentsé understandings about mathemati ca
is at once a simple and complex task. Simple because it is highly scaffolded: the
represented functiortgve disparate slopesakingthem distinguishable from
each otheand the task goal of connecting function representations is emphasized
by the color coding of the cards by representation types. At the same time, it is
complex: considerable information about the represented functions are presented

in concise forms and iless familiar formats like graphs and equations. It also
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aligns with the RAND mat hematical studyos

in Atabular, analytic, and graphical for ms
proficiency in all students.

Finally, theFunction Puzzle is not unlike the currently popular Notice and
Wonder ® instructional protocol (Retrieved from http://mathforum.org/pow/
noticewonder/, February 2018), where students are presented with potentially
unfamiliar mathematical problems, contexisrepresentations. Through asking
AWhat do you notice?0 and then AWhat do yo
into student wunder st andicurigsgyabmumtd hopeful |y
mathematical situations. With the Function Puzzle, students havideaide
freedom to put together commonalities that they notice and wonder about aspects
of these representations that are unfamildnat the Function Puzzle provides is
Aj umping into the deep epandar (200 p.32)Chazan an
wherea the CCSS encouragesution The kinds of discussion that happened in
oneon-one interviews here could be classroom discussion. The discoveties of
nine students showcased in the empirical chapters (6, 7, aodl8)be leveraged
and augmented in dassroom situation.

For the reasons stated above, | feel strongly that multiple representation
activities |like the Function Puzzle should
education, particularly as algebra is now a longitudinal strand in dllestn t s 6
education. The Function Puzzle seemprtwvide an environment thatlfill s
Nesherds description of teachers of mathem

for a young child to construct his knowledge through interaction with the
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environment,andfb t he need to arrive at mat hematic

cited in Ball, 1993, p. 160). As presented in this dissertation, a range of students
can successfully put the Function Puzzle representations together by mathematical
relationshipand essensama ki ng and their early fAisense fc
(Eisenberg, 1992, p. 153) to engage in this multiple representation environment.
Based on these and other study findings, much could be learned from
implementinghese activities in grade bands beyond the ouaralyses with %
and %'-grade students. The topics of functions and multiple representations of
functions are explicitly included in the CCSS for middle school studefits (6
through &' grades; NGA Center & CCSSO, 2010), and other early algebra work
has shown that younger students are capable of functional thinking and engaging
with algebraic notation (Blanton, 2015a, 2015b, 2017; Brizuela, 2015a, 2015b;
Brizuela & Earnest, 2008; Carpenter et 2003. Would Function Puzziéke
activities help midte school students develop understandings about the concept
of function? Would early elementary students learn to connect these forms of
representation from Function Puztige activities?
Limitations and Next Steps
The presented results of these sta@diee not without limitations. The
sample size is quite small, and | would not presume to claim that students had
absolutelyno previous exposure to the less familiar representations like equations
with algebraic notation and Cartesian grapislditionally, it could be argued

that the interview style should have gone

16 Students claimed to be unfarail with both equations with algebraic notation and with
Cartesian graphs but they engaged with those types of representations with relative ease, which
makes me unwilling to claim they were completely unfamiliar with these representations.
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understandings of the function representations, an artifact of the data that | can not

undo at this point.

Along these linesStudy 1, which was accegat asa Qualifying Paper in
2014, focused on an artifact of that set of interviewst udent sé not saying
independent variable when they read the equation cards. In aStemkel
looked atrather thartooked throughhe function representations imet it did not
explore Karads understandings of varying ¢
that she was willing to consider multiple values for the letter representing the
independent variable, but the study did not explore how she interpreted algebraic
notation as a representation of relationships between covarying quantities.
contrast, there was only one student participant from Studies 2 and 3 that did not
say the independent variable. Was this difference due to changes in the equation
card formats ad functions, as described in Chapter 4, or was it due to a different
curriculumexperiencéetween the two schoats a change in the interview
content and styleWould | have been able to expldéweking atversudooking
throughif the students truly did not consider the independent variable letter part
of the equation in the first place?

Even with tlese limitations, tis dissertatioomakes substantive
contributions to the research fiterature o
functions and function representations. Re
guestion fiwhat are the relative merits of

function] versus jumping into the deep end
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responds A We ue en@atnymor e, 0 which opens the doc¢

multiple representation environments with young students.

There is much that is lefinfinishedin these three short studies. There is
the opportunity to explore the intricacies of student neagpabout each function
representation and the connections between them, taking a more microgenetic
look to their understandings likeas done irStudy 11 n par ti cul ar, stude:i
developing understandings of Cartesian graphs was left unexplored in these
studies. As mentioned above, students claimed to be unfamiliar with these
representations, but seemed to already understand how incleasaseand
nortzero starting points are represented in théfithin the 4 x 4 Function Puzzle
framework, there arimitless permutations of contexts and functions to use in
these cards. The multiptepresentation, carsbrting format is available to a wide
range of sophistication. Finally, there is an opportunity to consider a Function
Puzzlelike activity as an op@ng task in a more extensive classroom teaching
experiment for elementary students and algabraxplorethe significance of
accessible multiple representation activities to yoaiigu d mathersatcal
education.

In Closing

Overall, these analysesnfirm that students have powerful abilities to do
algebraic sense makidgsense making around algebraic symbol systems.
Carraher, Schliemann, and Schwartz point o
unfamiliar terms, representations, and techniques, despiteotty that in the

beginning students will not wunderstand suc
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p. 237). Absolutely. And yet, the work of the students presented here show that

A di s c iepnlgiangaeriigmet contact between what students are daidg a

practices of a disciplinebds Tdl03gbasur seo ( En
the potential to emerge from these vague b
andinthiscaseés ense making related to symbolizati

482) is allabout.
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Appendix A: Interview Protocols

Pilot interview protocol ............... Tl

Main study interview protocol .... 174
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PILOT INTERVIEW PROTOCOL

Elementary Student Ideas about Functions

PRE. (Before turning on viddoyould likeyou to pick a pretend name to use in

the video. What name would you like to choosé@@arn on video)

CARD TASK: Materials: 16 function cards with 4 kinds of representations (table,

graph, equation, natural lang) for 4 functions; pencil & paper

1. Show cards with function representation¥hese are different ways of
showing relationshipsShow the different types of cards without naming
them. Encourage the student to supply the name for the different
representations(i.e.There is this kindgestureor hold up) Have you
worked with these before? What would you call something like this?

2. The idea is for you to find a matched set of cards: one of each kind of
card that goes together. You are free to ask me any questions that
might help you put the setogether. There are actually different ways of
doing this task, so you have a lot of freedom in how you put things
together. Do you have any general questions before you start?

3. Some people like to work silently, while others like to talk as they pull
their ideas together. It is helpful to me if you talk as you think about

%
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4. Let the students put the cards together as sets. Encourage them to keep

working for at least 5 minutes (10 minutes maxf)héy appear to be
stuck after 2 minutes (?), talk with them about what information the
representations might be showing.

REFLECTION ON CARD TASK ( & GRADUALLY MOVE TOWARDS DISCUSSION OF

MATHEMATICS IN GENERAL)

5. Describe your sets to me.

6. Tell me how you dl this task. How did you decide what to put
together?

7. Were there cards that were easy to put together? Which ones? Why?

8. What do you think of this task? If you were explaining it to a friend,
how would you describe it? What is an activity that is simildr8ok for
opportunity to explore attitude, affect & technical
aspects;(enjoyable,required thinking, would be helpful do put work on
paper, mathematicallpo you do tasks like this in math class?

MATHEMATICS: In the classroom

10. Some XXgraders(year youngeyare wondering what it will be like to
do math in XX grade. What would you tell them about the kinds of

things that you do in math?

11.Do you work alone or as groups?
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12.Suppose you are working in a small group and there is more than one

answer. How do you knowvhich is the right answer? Is it possible that
more than one answer could be right?

13.Does it seems that some kids are better at math than others? How can
you tell?

14.What are some of the ways your teacher helps students understand
math better? Do you think is important to her that you guys
understand?

MATHEMATICS: personal relationship

15.1s the math you cover in class ever difficult for you? What are some of
the ways you try to understand it?

16.Do you get a lot of math homework? Is it something you do right away
or do you dread doing it when you get home?

17.Does working hard help you do well at math?

18.Do you feel like you can explain your ideas and answers to your teacher
or friends?

19.What do you think about math in general? Is it enjoyable? Important?
Useful?

CLOSING

20. Is there anything else you would like to tell me or show me?
21.1 need some more students to try this task. Which classmate should |

ask? Why?
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MAIN STUDY INTERVIEW PROTOCOL

PRE. (Before turning on viddoyould like you to pick a pretend name use in
the video. What name would you like to choosé@@arn on video)

0. INDIVIDUAL CARDS

0.1 What information do you notice in this card that you can share with me?
rat-tbl
drn-grph
shftegn

1.FUNCTION PUZZLE

1. A. Why don 6 tlescribéng oW did you abdyyouypartner worked
through this activity?

POTENTIAL TOPICS:
ORDER: Order that they put sets together or read cards
FAMILIARITY: where have they used these cards before?
STRATEGY: how did they figure out which graph guation?

CLUES: What were the clues that would put certain cards together?

BELONGI NG Were some cards put in groups
they belonged anywhere else or there was a set without a card? (NOT
CHOOSING)

GRAPHS: Are they coordinating the axes, is it the slant of the graph, what
does the slant mean and why? ZERO/BEGINNING, UP/FILLING,
DOWN/DRAINING

EQUATIONS: How do they understand the different pieces of the
equations? OPERATIONS, NUMBERS, Y, N
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DIFFERENCE OF OPINION: how partnership worked

1.B. FP FEEDBACK
How would you describe this activity to a friend?
What advice would you give to help them solve the puzzle?

Do you have any suggestions for changing the activity?
1.C. ERROR ANALYSIS by INTERVIRVEE
Letbébs say that another group put
Rateqn, shiftword, shftgrph, rattable
Why/why not? What would you change in the set?
Shft except drn egn
Why/why not?What would you change in the set?
Howdoyu know that XX & XX donét

2. ONE SET FUNCTION PUZZLE

Have %" graders try the onset function puzzle.

(spend less than 5 minutes)

3. INTERPRET

t his

go

This activity did not have a word statement about what was going on. Did

that matter whegou guys were working on the questions? Did you have a
context you were thinking of when you did the activity?

did they use yellow or blue more often

175
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toget
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explain marks on the representation pages

if tank started at zero, what does their answer mean?

show the way they figured out D8/DOREM ROSE

4. OVERALL FEEDBACK

How would you describe the difference between the FP and the interpret
activity?

How are they similar, how are they different?
What did you think of the activities we did?

Which ones woulgou do again? Do you have any suggestions for the
activities?

CLOSING

22.1s there anything else you would like to tell me or show me?
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Appendix B Interview Transcripts
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KARAGS TRANSCRIPT

[01:27.26JOTES: Found a match

[01:56.08OTES: adds equation;

[01:56.08YOTES: *****FIRST SET; describesAe¥AGRA, QA} *****

[01:58.04] INT: OK, describe the set for me.

[02:03.12] Kara: Um, the water does height does not change [reading G], does not change [run finger down
righthand column (values of seven)], does not change [run finger along horizontal line on graph], and, uh,
the height is seven [with emphasis, running finger down values of sevesoitythresalde],

[touching each symbol of the equation as she rdads it

[02:10.26] NOTES: Int pulls set A to the side; she speads out Y, spreadsB®atd3edtagher,

pulls & out (which happens to be closest G to her); loofdaaest; could be reading values in table),
counts tick marks

[02:54.25] NOTESe spends a lot of time counting the tick meBksamaring teDY ¥D is the

closest table to the set she has pulled togeth&r tadety compares 8 P

[03:06.63] Kara: | think this so far...

[03:10.15] INT: OK, Alright.

[03:15.00] Kara@he "y" [touches B (furthest from her)] equals the height [touches the word
"height” on YD], right?

[03:18.00] INT: Um, Yup. It does.

[03:23.04] Karffouches €D (closest), @ (middle) and considersdXor a long time.]

[03:32.00] Kardhisone [GC; picks up and holds up to set A, to the side] could also go with that,
because "y =3 + 4",

[03:37.00] INT: 3 + 4... Yup. Except that there's that "w" in there.

[03:40.00] Kara: Yealtouches @C again, almost picks up, moves # @urthat)]

[03:51.00] Karhthink this is a match. [addsBD

[3:52] NOTES: ***** SECOND SET; sBt BEGYD, OB} *****

[03:55.00] INT: OK. So, describe the set to me.

[03:57.00] Kara: Um. [ReddE"Ghe water tank began empty and someorikdurose on to fill it."

So it began empty [finger on bottom left corner eé8aaptien, it got filled [runs finger up the line of
the graph]. 'Cuz all of these either begai bilet least a little bit full. [looking at and teG¢bg P

for comparison]

[04:11.00] INT: | see. Yup. That would make sense, OK.

[04:13.00] Kara: And, um, this [toudlint goes up to the eighth one [gEplafeight tick marks

on axes 8th line].

[04:19.00] INT: Yup.

[04:21.00] Kara: So...

[0422.00] INT: On both of 'em, OK.

[04:24.00] Kara: And ththgd's what | was thinking for tipt{¥inting at value time=8], too. [little huff
of air (doubtling own proposal?)

[04:28.00] INT: | see, OK.

[04:29.00] Kara: Andion't know how | gthat.[Laughkovers equation card®) gesture reinforcing
her statement.]

[04:32.00] INT: Alright. Um. OK.

[04:35.00] Kara: [TouchiBgwith left hand while right hand iBdah@ is referencind Yo remind
herself of the connection she hRROXIMITY MATTERSjally, [switching out-B with GD, two
hands] | think it might be this-[...

[04:38.00] INT: OK. And why do yeWthinHid you make the change?

[04:40.1OTES: talk about equation; she says that she's guessingree\RH® &drequation
[04:42.00] KarBecause: 302w [touching symbols as she reads the equation]...

[04:44.00] INT: Yup.

[04:46.00] KarbBm gonna guess is either 28 or...like, it's probably one of these...
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[04:50.00] INT: OK. Alright.n&fed's what's interesting. When you said here, the tank began empty,
someone turned on the hose to fill it. And you said, you said, here it is down at zero but, um, is this beginning
empty?

[05:09.25] Kara: Oh, no. oooh. It has to be thB] breedSe this is the only one that begins empty.
Wait. This is the beginning? [statement/question, not a query, necessarily]

[05:22.00] INT: Tell me what you thingekilieyou can reason through if that's the beginning.
[05:28.00] Kara: It's multiplig¢dree every time. [the row®pf Y

[05:34.00] Kara: The height is multiplied by three eMsiy tiise[€D] wouldn't make any sense.

So | think it would be this-B) because it's multiplied by three every time. ["it's" refers to the "w" in
"y=3n", but she does not say that]

[05:42.00] INT: OK. Great. Alright, let's put this set to the side. and see if you can make the next two. Well, |
know you CAN... (laughs)

[05:49.08] Kara: She works on set; Towel@P@Groximity)draws £ over to jrawith &. Inserts

Y-C between-G and FC;touches @D, OC (further), chooses©

[06:07.00JOTES: ***** THIRD SET; in ord2r{G, PC, QC} *****

[06:10.00] INT: OK. Tell me about this set.

[06:11.00] Kara: Um. [Reads.] "Water tank Hadtaofemater in it." ..Few feet [pointing at row (0,4)]
[06:16.00] INT: 'kay

[06:18.00] Kara: And this cb¢ $tarts with 30, and that's not a few feet.

[06:20.00] INT: laughs. That's a lot

[06:22.00] Kara: yeah.

[06:23.00] INT:-bhbh.

[06:25.00] Kara: uh. And t@§ §Rarts at the first line, so it's tevfeset.

[06:31.00] INT: Yup, ok.

[06:32.00] KarAnd the "3 + 4" 'Cuz it's seven. ["it's" refers to row (1,43;ihas to skip OVER P

C to do this]

[06:38.00] INT: OK.

[06:39.00] Kara: Yeah. [laughs, somewhat unsure]

[06:40.00] INT: alright. So, you're going, um... "3 + 4" so0... can you explain it to me again? 'Cuz | don't want
to put words in your mouth.

[06:49.00] Kard@he "3w + 4" [touching@ | was thinking baase of the seven thereY.

[06:53.00] INT: OK. Yup. Alright, that

[06:56.00] Kar@r, | could do the 3@ [OD] because of the 28 theredY

[06:58.18OTES: Does she make the change because | asked her to explain her thinking with "3+4"?
THRD SET REVISED

[07:00.00] INT: Mmmm. So, which one do you thinkislokse do you think makes more sense?
[07:04.00] KarBrobably ...this... one- [0}

[07:07.00] INT: OK. Alright. So let's pull t8o3C{GC, OD} to the side. And themy gou're left

with these four...

[07:12.2040OTES: ***** checking FINAL SETYE, RD, QC} ***+*

[07:12.21] Kara: | want to see if those make sense.

[07:14.26] INT: Yeah, right. And if they don't, you can change out anything.

[07:19.03] Kara: WMdlat makes sense [thumbBh anhd then [finger eB]Gsomeone pulled the plug
out to drain it." That can't make sense, because it ends in 14. They ALL end in, like, a higher number. None
of them end in zero.

[07:41.07] Kara: [thumb on graptoliméing with fingers] so... it could be eight... It's twenty six plus
eight...

[07:59.00] Kara: I think these all make sense

[08:02.08JOTES: Int bring attn to equation

[08:01.00] INT: OK. How aboyiocamm, tell me how the equation fits in Wwahdescription? like,

the rest of the descriptions?

[08:08.00] Kara: Oh. Um.
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[08:22.00] Kara: | don't know. [Laugh.]

[08:24.00] INT: Mkay. Well you were debating between these two, so et motnat thigether

[pulls set {G, ¥C, RC, GD} above "last set"]. and see.

[08:33.00] Kaf@efore talking, switch out@ pull down @]. This one makes more sense down

here.

[08:36.00] INT: Ok. And why is that?

[08:37.00Kara: [Moves-Q into row with other C cards] Because ... um.2i80equals 28 and 2w

could be like... it could be like two times two, so, four, and ... "24" and "14"... [she puts her finger on

these numbers from the LH column-Bi]Y

[08:51.00] INT: 'kay

[08:52.00] Kara: Or it could just be plain two, andt22'hjshfnger on this number from the LH

column of-D.]

[08:56.00] INT: Yup.

[08:57.00] Kara: Or it could be times three, "26"

[09:00.00] INT: | see. Ok. And then, does this one [pdbijtseeat © work with this [run finger back

and forth aboy&-C, ¥C, RC}]?

[09:06.00Kara: Yes. [touching©with thumb] Because um, the "7" [touch#@j &s | said earlier.

[09:12.00] INT: Yup. ..Yup. Great. OK! So let's pull all these back together. You did a great job. | didn't tell the
other girls, bthese, um, have you everdone problems like this before? A little bit? But these problems are,
arrree, sort of like, middle school problems? So, they're meant to be kind of tough. Um. Which set was the
easiest to get together? [laughs as Kara reabbefstant set].

[09:38.06] INT: This one definitely [referencing Set A with her hand].

[09:40.23] INT: And tell me why.

[09:41.25] Kara: Because it says, "the water height does not change-AJtlisral sevéns [finger

runs down-X]; it dog not change, and it changes in all of these [runs finger up and down along RH column
of other tables]; and it's a straight line so it doesn't change [finger on horiaptdakbreg of P

interviewer for emphasis], and [Reads] "y= 7"; SevahLpaoksmn ofY.

[09:54.11] INT: Yup. Well, it's funny because before | evefiirispladhexplaining, you knew that

those go together. So | figured that was the one you were going to pick. And then whiglereere the most
challenging?

[10:06L4] Kara: | think, probably these two [points at rows of cards C & D]? were the most challenging? This
one [points at row B] was like, in the middle.

[10:13.04] INT: OK. That makes sense. Gsuthgwa anything in particular that made it challenging?
[10:17.26] Kar&tm. Yes, because | couldn't figure out the equations and H:8eY¥] were

kinda tough, too.

[10:27.29] INT: Yeah. OK. GreaDdJyou think there'd be other kids in your class that would enjoy trying

the puzzle?

[10:36.17] Karmhmm. [affirmative] A couple. yeah.

[10:38.18] INT: Good! We'll see. | hope everybody does. So far, everyone has liked it. Alright, I'm gonna shift
gears a little bit here and just ask, um, about math in general? Um.. Let's say that someone from Mrs. O's
class is coming up to Mrs. H's class next year and they were kind of wondering what math in fourth grade is
like. How would you describe it?

NANGS TRANSCRIPT

[00:00:00.00] Notes: 5th grade, FNAICTION PUZZLE

[00:01:53.03] Interviewer: Nice. Okndlthea, actually, | think | have your work here. Yeah. So, oh my
goodness. Um. Alright. What was the easiest set to put together.

[00:02:20.09] Student: | think the tables.

[00:02:21.15] Interviewer: The tables were the easiest to put togethadvidiy.islthat?
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[00:02:26.15] Student: | don't know. For me, since, it just like, um, it shows me like, it's a minus sixteen here
and it's like going down by sixteen.

[00:02:37.23] Interviewer: OK. So if you were trying to figure out like vieicinged avitimwhich set,
you would use the table to do it?

[00:02:47.12] Student: mhm.

[00:02:48.20] Interviewer: Um. And what are the clues like on this one. What are the clues that those two go
together?

[00:02:57.28] Student: Well, um, wait, between these two?

[00:03:00.29] Interviewer: Yeah.

[00:03:01.25] Student: Um. | actually don't really know. Because we didn't figure out these the equations for
this one. we kind of like paired them up and #iestvtiegse two together.

[00:03:13.14] Interviewer: Oh! So, tell me how you did it.

[00:03:14.14] Student: So, for this one, so, since it was two or three, one, two.. yeah, two, um, wait a second.
Oh, never mind. We kind of. Wait let me read ¢geisofevafer when someone turned the
hose on to fill it. so it had a few feet of water then someone turned the hose on to fill it. | just feel
like cause like this isn't filling and thisfilimg.

[00:03:40.17] Interviewer: OK, alright. So, tlaesr'tfiing, yeah, so let's just sort of walk, like pretend
you were starting over again. Um. These two weren't filling. But you've thought these two were
filling.

[00:03:51.28] Student: But, it doesn't start with a few feet of water.

[00:03:54.1Fjterviewer: OK.

[00:03:55.13] Student: That one does.

[00:03:55.21] Interviewer: And how can you tell that this one doesn't start with a few feet?

[00:03:58.23] Student: Because it starts all the way at the bottom and it goes up but tieisveme starts at lik
and then it goes up.

[00:04:04.01] Interviewer: OK. And so, you would say, first, you maybe connected the word statement here,
about filling, with a few feet to this graph?

[00:04:12.28] Student: mhm.

[00:04:13.23] Interviewer: And then howgdit] fiow did you pick the table?

[00:04:16.17] Student: Um we don't really know. | don't think we did the table correct because we didn't really
see any likeause these three like they went with it. This one like, it became empty but then
someone becatile like then-iit began empty but then it started to fill. So that one made more
sense and this one the water height doesn't change. It doesn't change, so that one made sense.
and this one it goes down cause someone drained it. So that makegesgidsd, leally see
how that one made sense.

[00:04:46.16] Interviewer: Alright.-smyeow figured out this table belonged because the other ones
belonged somewhere else?

[00:04:53.09] Student: Yeah.

[00:04:54.04] Interviewer: Oh. Ok. ThaserdeadJm, and then, how about , and then you said sort of a
similar thing with the equation?

[00:05:04.14] Student: Kind of. Um, we we got this one, | think we got this one five because | don't even
know we just said five is five. like theweiglere thinking like height equals five?

[00:05:15.18] Interviewer: mhm.

[00:05:18.10] Studenttasthing

[00:05:19.02] Interviewer: Yup. mhm.

[00:05:20.25] Student: And then this one, um, the water tank was full and someone pulled out the plug to
drain it. Since it was a minus sign we thought that might mean like that it's like taking down the
heidnt of the water.

[00:05:34.04] Interviewer: mhm. mhm. So it made sense that this went with this. And-gbéhen you were
you had sort of these two that you had to put with a set.

[00:05:42.10] Student: Yeah.

[00:05:43.23] Interviewer: OK. Unteisutly¢hing in these two that indicates that it's filling?

[00:05:49.27] Student: Um. Filling! itk this one means filling cause dividing is like splitting. But it's
not actually taking.

[00:05:59.04] Interviewer: Oh, but I think this is actually a plus- | think it's jut

[00:06:01.09] Student: Oh, that is?






