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The relationship between array design and ambiguity surface characteristics is not straightforward
for matched field processing 共MFP兲. Because MFP makes use of multipath propagation,
ambiguities are a function of the environment as well as the array. This paper develops a statistical
approach that seeks to provide an analytic link between array design and metrics describing
the MFP output. Approximate expressions are derived for the probability distribution of
power output across conventional MFP ambiguity surfaces. The validity of the expressions
is examined through numerical simulation. This approach can be used as a design tool
for comparing the expected performance of different array geometries. © 2005 Acoustical Society
of America. 关DOI: 10.1121/1.2000750兴
PACS number共s兲: 43.30.Wi, 43.60.Fg, 43.60.Uv 关EJS兴

I. INTRODUCTION

For plane-wave and range-focused beamforming, the relationship between array geometry and the array response is
well understood.1 Quantities such as array resolution and
sidelobe levels can be calculated in a straightforward manner. A set of similar guidelines linking the array geometry to
array response does not currently exist for matched field processing 共MFP兲. MFP uses full-field propagation models to
account for multipath when constructing steering vectors for
beamforming.2 A major difficulty in deriving guidelines is
that the array response depends on the environment for MFP.
Thus array design for MFP is often studied through numerical simulations. While these studies can be of significant
value, analytic tools for array design are also desirable.
Since MFP seeks to exploit multipath, an ideal receive
array would provide orthogonal sampling of the propagating
normal modes. For a vertical line array 共VLA兲, this means
that the array should span as much of the water column as
possible, with depth sampling sufficient for sampling the
highest trapped mode.3,4 Horizontal line arrays 共HLAs兲 rely
on mode orthogonality in the range dimension to separate the
propagating modes, leading to requirements on array
length.5,6 The mode correlation matrix 共MCM兲, which describes cross-talk between modes, provides a useful way to
characterize an array’s ability to resolve multipath. HLA and
VLA geometries can be directly compared using metrics that
describe the extent to which the MCM is diagonally
dominant.7,8
MFP ambiguity surfaces are characterized by a complicated set of local maxima and minima that shift with source
location and environmental parameters. As a result, they
have often been described by statistical measures such as
peak-to-average sidelobe ratio and deflection index.9 The approach taken in several previous studies of MFP array
design7,8 is to simulate MFP output for different arrays, calculate statistics describing the ambiguity surfaces, and correlate these statistical measures with metrics describing the diagonality of the mode correlation matrix. In contrast, the
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work below seeks to develop an analytic link between mode
resolution and a statistical description of the MFP ambiguity
surface. The analytic approach can help give additional insight into the array design problem. The results below show
how ambiguity surface statistics depend on the mode shapes
and attenuations across the ranges and depth searched, in
addition to the mode correlation matrix.
The first two sections below show the MFP ambiguity
structure for several example arrays and present an expression relating the conventional MFP 共CMFP兲 output to the
mode correlation matrix. The following sections derive the
predicted sidelobe distribution for narrow-band and broadband CMFP. Monte Carlo simulations are then used to explore the accuracy of the predictions as a function of array
geometry. Criteria are developed to identify when good
quantitative agreement can be expected. Examples below
also suggest that the analytic approach can provide better
qualitative ranking of array performance than commonly
used metrics such as MCM diagonality.
II. DEPENDENCE ON ARRAY GEOMETRY

As motivation, the effects of array geometry on MFP are
examined for a representative shallow water environment.
Simulations were generated based on environmental data
gathered for the Santa Barbara channel experiment
共SBCX兲.10 This environment consists of a 209-m-deep water
column with a downward refracting sound speed profile, as
shown in Fig. 1. The seabed in the SBCX site was described
as a series of sediment layers, with properties given in Table
I. The KRAKEN normal mode model11 was used for the
simulations, with the environment assumed to be range independent.
Simulations were carried out for four array geometries.
Properties of the arrays are listed in Table II. The first array
geometry was a vertical line array 共VLA兲 spanning 80% of
the water column. This array span is similar to those actually
used during the SBCX data collection. A second VLA was
modeled that spanned only 40% of the water column. Two
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TABLE II. Parameters for arrays used in simulations. For vertical arrays,
“depth” refers to the bottommost hydrophone in the array.

FIG. 1. Sound speed profile used for simulations, taken from SBCX measurements.

horizontal line arrays 共HLAs兲, of 1 km and 500 m length
respectively, were modeled. Both HLAs were oriented at
endfire to the source, as multipath resolution and MFP performance are best for HLAs at this orientation. Narrow-band
simulations were done for a frequency of 120 Hz. This frequency is in the range of projected tones used in SBCX and
other MFP experiments.
Conventional, or Bartlett, MFP surfaces were generated
to demonstrate the localization possible with each array. No
environmental mismatch was introduced. The signal was
normalized so that the peak of the ambiguity surface equaled
one. The conventional MFP output power is given by
b共⌰兲 =

冏

H
plook
共⌰兲 x共⌰S兲
·
兩plook共⌰兲兩 兩x共⌰S兲兩

冏

2

共1兲

,

where ⌰ = 共r , z , 兲 is the MFP steering direction in three dimensions, ⌰S is the source location, x is the data, and plook is
the predicted pressure field on the array. The vector plook
and its normalization are kept separate, rather than being
combined into a replica vector v, for use in calculations
below. In the absence of mismatch, the data vector x is a
scaled version of the replica vector at the source location.
Simulated CMFP surfaces are shown in Fig. 2. The
simulated noise source was located at 70-m depth and at
10-km range from the center of the receiver array. The 80%
spanning VLA provides a good localization of the source.
Significant ambiguities exist for the other arrays.
While the two HLAs clearly have high sidelobes, two
points are worth noting. First, the horizontal aperture provides azimuthal discrimination that is not available with the
VLAs. If only a single source is present along each bearing,
it may be possible to track the MFP output over time to
TABLE I. Parameters for geoacoustic model of SBCX test site: z = depth
from surface; cc = compressional sound speed;  = density; ␣c
= compressional wave attenuation.
z 共m兲

cc 共m/s兲

 共g / cm3兲

␣c 共dB/ 兲

209
309

1607
1702

1.95
1.95

0.37
0.37

309
609

1862
2374

1.98
1.98

0.035
0.035

609

2374

2.03

0.04
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Type

No. of sensors

Spacing 共m兲

Length 共m兲

Depth 共m兲

80% VLA
40% VLA
1 km HLA
500 m HLA

50
50
201
101

3.4
1.7
5
5

166.6
83.3
500
1000

208
208
100
100

localize the source even though an instantaneous MFP output
is highly ambiguous. Adaptive beamforming and broadband
processing can also help to reduce ambiguities.
The HLA simulations also show that sidelobe levels are
lower near the surface than at depth. This results from a
combination of two effects. First, the HLAs can better resolve the high-angle modes associated with surface sources,
as these arrive at conical angles closer to broadside. Second,
the downward-refracting sound speed profile traps the
lowest-order modes at depth.
III. MODE CORRELATION MATRIX AND MFP OUTPUT

In this section the mode correlation matrix is defined and
its link to the output of a Bartlett processor is shown. The
acoustic source is assumed to be in the far field of an array of
L sensors. The range ri between each sensor and the source is
given by
ri = rs + ⌬i ,

共2兲

where rs is the range from the source to the center of the
array and ⌬i is the range increment to each sensor. For a
perfectly straight VLA, ⌬i = 0 for all sensors. For a uniform
straight HLA, ⌬i共兲 = 共xi − xref兲cos , where x is distance
along the array and  is bearing to the source. Using a
normal mode description of the sound field, the pressure
received on sensor i is given by
p共ri,zi, 兲 =

i冑2e−i/4

冑r s

兺n

n共zs兲n共zi兲

冑k n

eikn关rs+⌬i共兲兴 ,

共3兲

where n is the mode shape for mode n , kn is the horizontal
wave number for the mode, and zs and zi are the source depth
and ith receiver depth, respectively. For matched field processing, replica vectors describing the response of the array to every possible source location are generated. Assuming that no mismatch exists, the replicas may be
generated by using Eq. 共3兲, evaluated for all look directions 共r , z , 兲.
For the far-field case, complex modal correlation matrices can be defined that include the range differences between
elements, but not the absolute range:
L

enm = 兺 n共zi兲m共zi兲ei共kn⌬i共s兲−km⌬i共兲兲 .
*

共4兲

i=1

Since the modes are orthogonal, the mode correlation matrix
will be diagonal for a fully spanning VLA.
This definition can be used to rewrite the CMFP output
power given by Eq. 共1兲. First, Eq. 共3兲 is used to express the
data vector x, neglecting mismatch 关mismatch can be inBrian H. Tracey: Statistics of matched field ambiguity surfaces
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FIG. 2. Simulated CMFP ambiguity surfaces in the SBCX environment for the arrays considered. A 120-Hz source is located at 10-km range and 70-m depth,
oriented at endfire to the horizontal arrays. Although HLAs have much higher sidelobes, they also have an ability to separate sources based on bearing that
VLAs do not.

cluded by perturbing the modal horizontal wavenumbers in
Eq. 共3兲兴. All terms involving the array geometry are combined using the mode correlation in Eq. 共4兲. The remaining
terms may be grouped together, giving the output as
b共⌰兲 =

冏兺

n,m

冏

2

共5兲

Y nmenm ,

where Y nm contains all information about the source location
and look direction:
*

2 n共zs兲m共z兲ei共knrs−kmr兲
Y nm =
冑knkm 兩plook共⌰兲兩兩x共⌰S兲兩 .

共6兲

The conjugates on mode eigenvalues ensure that attenuation
is handled correctly.
Before proceeding, it is helpful to study the mode correlation matrix in more detail. Figure 3 shows mode correlation matrices for the arrays defined in Sec. II. The plots are
normalized so diagonal elements are equal to one. Modes 15
and higher have high loss and do not contribute to the acoustic field at long range. As expected, the 80% spanning VLA
provides excellent resolution of the modal arrivals, while increased cross-talk is seen for the 40% VLA and the two
HLAs.
A basic difference in the mode correlation patterns for
vertical and horizontal arrays is seen in Fig. 3. For VLAs, the
cross-talk between modes remains roughly similar as mode
number increases, while for HLAs cross-talk decreases with
mode order. The improved resolution of HLAs for higher
modes results because higher modes impinge on the array at
steeper vertical angles. These modes therefore arrive at coni1374

cal angles that are closer to broadside, where the array resolution is better, and can be more easily separated.
While Fig. 3 shows results for endfire, Eq. 共4兲 applies
for any bearing angle. As the look direction bearing and
source bearing diverge, the values of all components in the
mode correlation matrix will drop. This reflects the filtering
of source energy introduced by the conventional beampattern
of the mode filter. Thus Eq. 共4兲 and the results in the following sections can be used to determine the output power statistics as a function of the azimuthal difference from the
source.
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IV. NARROW-BAND CMFP STATISTICS

Equation 共5兲 above expressed CMFP output power in
terms of cross-modal correlations. That relationship is used
here to derive approximate analytical results for the probability distribution of matched-field sidelobes. A statistical approach is based on the following assumptions.
共i兲

共ii兲

Statistics for the MFP surface are assembled by randomly sampling different MFP cells or “look directions.” Thus the look direction can be treated as a
random variable.
The true source location is unknown, so the source
depth and range are assumed to be random variables.

The look direction depths are assumed to be distributed with
uniform probability over depths 关Dl1 , Dl2兴, while the source
depths are distributed over 关Ds1 , Ds2兴. Both source ranges
and look direction ranges are assumed to be uniformly distributed over the full MFP search space, from R to R + ⌬R.
Brian H. Tracey: Statistics of matched field ambiguity surfaces

FIG. 3. Far-field mode correlation matrices for the arrays considered. Note the difference in structure between horizontal and vertical arrays.

Given the assumptions above, the terms Y nm from Eq.
共5兲 are zero-mean complex random variables 共note that the
mode correlation terms enm, which depend on array geometry, are considered deterministic兲. A further assumption is
made that the random terms Y nm are Gaussian distributed.
Because many such terms are summed, inaccuracies in this
assumption are reduced by the central limit theorem. The Y nm
are zero-mean, so only their variance needs to be calculated.
The variance of the real part of Y nm is found as 共see the
Appendix兲
2
nm
=

22
k nk m

冕

m2 共z兲2n共zs兲
兩plook共⌰兲兩2兩x共⌰S兲兩2

⫻ e−2␣nrse−2␣mr pr共r兲 dr,

共7兲

where r represents the independent random variables rs, zs, r,
and z. A further assumption is required to represent the normalizing terms 兩plook兩2 and 兩x兩2. For an array that resolves
the modes well, off-diagonals will not contribute strongly
to the intensity, and the norm-squared can be approximated by
Np

兩p共⌰兲兩2 ⬇ 兺
l=1

2 2
 共z兲elle−2␣lrmid ,
kl l

2
mn
⬇

42
Zm共Dl1,Dl2兲Zn共Ds1,Ds2兲
2knkm
⫻ Rm共R,⌬R兲Rn共R,⌬R兲,

共8兲

共9兲

where Zm and Rm account for depth and range integrations.
The range integral Rm accounts for mode attenuation over the
range of the ambiguity surface:
Rm共R,⌬R兲 =

e−2␣mR −2␣ ⌬R
关e m − 1兴,
2␣m⌬R

共10兲

while the depth integrals are given by
Zm共D1,D2兲 =

冕

m2 共z兲dz

D2

D1

where N p is the number of trapped 共or proper兲 modes and
rmid is the mid-range of the MFP search region whose
statistics are being calculated. This approximate normalization is discussed in more detail in the Appendix.
Numerical results below indicate that the assumption of
a Gaussian distribution is reasonable. The approximation
made in Eq. 共8兲 appears to be a cause of inaccuracy for
J. Acoust. Soc. Am., Vol. 118, No. 3, Pt. 1, September 2005

arrays with limited vertical aperture. Unfortunately, a more
accurate 共but analytically tractable兲 approximation has not
been identified.
The Appendix shows that the assumptions above result
in the following expression:

⌬D 兺 l=1p 共2/kl兲2l 共z兲elle−2␣lrmid
N

, 共11兲

where D1 and D2 are the lower and upper depths of integration, and ⌬D = D2 − D1. Separate integrals over depth are required for the source and replicas, as the region of possible
source depths can be different than the MFP search region.
Equation 共9兲 gives the variance for the real part of a
single Y nm term from Eq. 共5兲. These terms are multiplied by
enm and summed to give another complex zero-mean Gaussian random variable, denoted Y. The variances of the real and
imaginary parts of Y are equal and are given by
Brian H. Tracey: Statistics of matched field ambiguity surfaces
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2
2Y = 兺 nm
兩enm兩2 .

共12兲

n,m

Finally, the absolute value-squared is taken as shown in Eq.
共5兲, yielding an exponential probability distribution:
1
PNB共b兲 = e−b/ ,


共13兲

where
2
 = 2 兺 nm
兩enm兩2 .

共14兲

of sidelobe reduction will result. The PDF for the sum of M
uncorrelated ambiguity surfaces is found using moment generating functions:

冉兿

P共b兲 = L

Pr共b ⬎ ␥兲 = e

−␥/

.

V. STATISTICS FOR INCOHERENT BROADBAND
CMFP

where L denotes the Laplace transform. Using the transformed narrow-band distribution L共e−b/ / 兲 = 共1 / 兲关1 / 共s
+ 1 / 兲兴 along with the definition of the inverse transform,
the PDF for the averaged surface is found as

M

共16兲

Other
options
include
averaging
cross-frequency
components13 or averaging matched field outputs in decibels
rather than in linear power.14 Only linear averaging is analyzed here.
The results in Sec. IV can be used to find the PDF for
broadband CMFP. In doing so, the assumption is made that
the frequencies being averaged are spaced widely enough
that their sidelobe locations can be treated as uncorrelated.
Conditions for this to be true are discussed below. If more
closely spaced frequencies are added, little benefit in terms
1376

PBB共b兲 =

冕

M
2i

␥+i⬁

␥−i⬁

冉 兿 冊冉 兿
M

n=1

M

1
n

n=1

冊

1
esbM ds,
s + 1/n
共18兲

where the factors of M in the leading fraction and the exponent account for the number of frequencies being averaged.
The narrow-band terms n will vary with frequency and will
be unique. The integral above can then be solved as a contour integration with each frequency giving rise to a simple
pole in the complex plane. Summing the residues of these
poles gives the final result:

冉兿 冊兺 冉
M

PBB共b兲 = M

n=1

1
n

M

n=1

M

 

m n
兿

m=1,m⫽n n − m

冊

e−bM/m .
共19兲

Although the narrow-band coefficients n are unique, they
often vary slowly with frequency. This can give rise to numerical instabilities. If the n are approximated as constant,
the broadband distribution is a central 2 distribution with
2M degrees of freedom:
PBB共b兲 =

2
M
共bM兲 M−1e−bM/2Y ,
M
2M
2
⌫共M兲
Y

共20兲

or, in terms of ,

When the source being localized has broadband energy,
frequency averaging may be used to reduce ambiguities in
the output. Frequency averaging is beneficial because the
location of MFP ambiguities shifts over frequency while the
true source location remains fixed. Thus high ambiguities at
one frequency are averaged together with lower output at
other frequencies. Linear averaging has been widely applied
to MFP:9,12
1
兺 b共f i兲.
M i=1

共17兲

共15兲

For example, the fraction of the surface within 3 dB of the
peak is found by setting ␥ = 0.5. Finally, the expected
value of the exponential distribution is . This means that
the average peak-to-sidelobe ratio, which has been used as
a statistic for describing MFP ambiguity surfaces, is given
by .

IBB =

L共PNB共b兩f n兲兲 ,

n=1

n,m

The interpretation of this result is that the ambiguity surface
distribution is controlled by the amount of mode cross-talk,
2
as measured by enm, weighted by a factor mn
that captures
the mode excitation and attenuation.
Equation 共13兲 is an approximate result and can give nonphysical behavior 共i.e., nonzero probability of b ⬎ 1兲. A metric that describes its range of validity is therefore required.
One useful approach is to require that the probability of nonphysical behavior is below a threshold; for example Pr共b
⬎ 1兲 ⬍ 0.01. This metric is demonstrated in the numerical
results below.
Several results can be found directly from Eq. 共13兲. The
percentage of the ambiguity surface that has a value higher
than some threshold ␥ is given by

冊

M

−1
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PBB共b兲 =

M
共bM兲 M−1e−bM/ .
 ⌫共M兲
M

共21兲

The higher-order 2 distributions are characterized by a reduced probability of either very large or very small values.
Frequency averaging fills in the troughs of the sidelobes in
addition to averaging down the peaks. The average peak to
sidelobe ratio for this form of incoherent averaging is , the
same as for narrow-band processing, but the shape of the
distribution is different.
The derivation above assumes that the sidelobe locations
are uncorrelated across frequency. Waveguide invariant arguments can be used to estimate the frequency spacing required
for this to be true.12,15 The migration of CMFP sidelobes with
frequency is described by


␦
,
=␤
r−R
␦r

共22兲

where R is the true range to the source and ␤ is the waveguide invariant. ␤ is roughly 1 for many shallow water scenarios. For the CMFP sidelobes to shift by one CMFP range
main lobe Lr, a frequency shift of
Brian H. Tracey: Statistics of matched field ambiguity surfaces

FIG. 4. Comparison of predicted PDFs 共dashed lines兲 with distributions estimated from Monte Carlo runs. Histograms were generated for individual Monte
Carlo runs and used to produce the averaged distribution ⫾ one standard deviation. Agreement is close for the 80% spanning VLA and degrades as effective
vertical aperture is reduced.

⌬f 艌

fLr
r−R

共23兲

is required. The main lobe size in range is given by Lr
= 2 / 共k1 − kN兲.10 Since sidelobes shift faster with increasing
distance from the source, frequency averaging reduces MFP
levels away from the source more rapidly. Setting r − R
= 1 km in Eq. 共23兲 suggests, for the scenarios considered
below, a frequency spacing of roughly 10 Hz. Adding frequencies at a finer spacing is not expected to help reduce
ambiguities in the MFP output.
VI. NUMERICAL RESULTS

Simulations were carried out to test the results above.
CMFP power was simulated for an ensemble of random
source ranges and depths. The output power from these surfaces was used to generate histograms which were normalized to estimate PDFs. A mean distribution and standard deviations around it were calculated and are compared to the
predicted distribution.
Figure 4 shows a comparison of simulated and predicted
distributions for narrow-band CMFP. For these cases, the
source and look direction depths and ranges were allowed to
vary uniformly over the MFP search grid shown in Fig. 2.
For the 80% spanning VLA the agreement to the overall
shape is quite good. Of the arrays considered, this one best
satisfies the assumption used to derive the approximate normalization in Eq. 共8兲.
The match between predictions and simulation degrades
for the less capable arrays. As discussed above, one possible
J. Acoust. Soc. Am., Vol. 118, No. 3, Pt. 1, September 2005

metric for the accuracy of Eq. 共13兲 is the probability of nonphysical outputs 关Pr共b ⬎ 1兲兴. This probability is calculated to
be 1.1e-5 for the 80% spanning VLA, 0.003 for the 40%
spanning VLAs, 0.0094 for the 1 km HLA, and 0.046 for the
500 m HLA. Reasonable matches to the analytic model are
seen for cases where Pr共b ⬎ 1兲 ⬍ 0.01. It is worth noting that
the relevant parameter for mode cross-talk is the array length
in wavelengths. Thus the agreement for the 500-m array at
240 Hz should be comparable to the agreement seen for the
1-km-long array at 120 Hz.
The simulations in Fig. 2 showed that the HLA apertures
could provide some discrimination between surface and submerged depth zones. The ability of the analytic results to
predict this is tested by restricting the look directions Dl1 and
Dl2 in the calculation. A comparison between calculated and
simulated results is shown in Fig. 5 for the 1-km-long HLA
example. The “surface” depth zone is defined as 0 – 20 m,
with the “submerged” zone defined as the rest of the water
column. The analytic prediction is successful in predicting
the surface/submerged trends in output power distribution.
Simulations are next used to examine the output distribution for incoherent broadband MFP. The analysis above
showed that a simplification is possible if the narrow-band
variances are fairly flat with frequency. These variances were
examined and found to vary by less than 10% over the frequency range considered. cases considered. Thus Eq. 共21兲,
which assumes constant variance with frequency, was used
for the calculation.
Figure 6 shows a comparison of the predicted and simulated distributions for incoherent broadband MFP. The calcuBrian H. Tracey: Statistics of matched field ambiguity surfaces
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FIG. 5. Predicted PDF for depth zones 关1 – 20 m兴 and 关20– 209 m兴 compared to Monte Carlo results, 1 km HLA. Predictions are shown with lines,
while Monte Carlo results are shown with error bars. Near-surface zone
results are shown as dashed lines, while submerged zone results are solid.
Note improved agreement between the model and Monte Carlo for the nearsurface zone due to improved sampling of the high-order modes.

FIG. 7. Average sidelobe level 共 parameter兲 for narrow-band CMFP versus
frequency and array geometry. The improved resolution and increased number of modes at high frequencies act to reduce average sidelobe levels. For
HLAs, the sidelobe levels calculated are for the source bearing 共endfire兲
only; lower sidelobes are present on other bearings.

lations were done for the 1-km-long HLA for bandwidths of
20 and 40 Hz. As the bandwidth increases, the distribution
becomes more peaked; both high sidelobes and deep nulls in
the frequency-averaged output become less likely. It is interesting to note that the agreement between the predicted and
simulated distributions is closer than it was in the narrowband case. This is presumably because variations in the steering vector normalization average out over frequency, making
the approximation in Eq. 共8兲 more accurate.
VII. SIDELOBE LEVELS VERSUS APERTURE AND
FREQUENCY

FIG. 6. Comparison of predicted PDFs for incoherent broadband averaging
with distribution estimated from Monte Carlo runs. Predictions are shown
with dashed lines, while Monte Carlo results are shown with error bars.
1378
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The numerical results above have helped to validate the
analytic results derived. In this section the analytic results are
used to compare performance of several arrays versus frequency. The derived mean sidelobe level  is also compared
to a metric measuring MCM diagonality for use as a predictor of array performance.
Figure 7 shows the average sidelobe ratio calculated for
single-frequency CMFP. This ratio is given by the parameter
 from Eq. 共13兲, assuming that source power is normalized
to one. The ratio is calculated for a set of tones in the range
64– 338 Hz that correspond to projected tones used in
SBCX. For HLAs, the results shown are for the endfire beam
only. Results are shown for the four arrays discussed above
and for two shorter arrays: a 250-m-long HLA 共101 phones
at 2.5-m spacing兲 and a 20% spanning bottom-mounted
VLA. A trend is seen toward lower sidelobe levels at higher
frequencies, where more modes can be coherently summed
to reduce ambiguities.
As discussed above, a useful criteria for quantitative accuracy of the predictions is that the probability of nonphysical results be less than some threshold. Discussion following
Fig. 4 suggested a criteria of Pr共b ⬎ 1兲 ⬍ 0.01, which corresponds to an average sidelobe level of −6.6 dB or less. A less
restrictive criteria of Pr共b ⬎ 1兲 ⬍ 0.05 would suggest reasonable agreement for arrays with average sidelobe level of
−4.76 dB or lower.
Brian H. Tracey: Statistics of matched field ambiguity surfaces
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APPENDIX: VARIANCE CALCULATION

FIG. 8. Diagonality coefficient calculated for mode correlation matrices
共MCMs兲; more diagonal is better. This metric roughly tracks the relative
performance of the different arrays, but does not account for the different
structure of VLA and HLA MCMs.

Previous studies have used metrics describing the diagonality of the mode correlation matrix 共MCM兲 to compare
arrays. The importance of the mode correlation matrix was
discussed above. One problem with using a diagonality metric is that the structure of the MCM is not captured.
The MCM can be described using the following metric,
which compares the power in the matrix diagonal to the
power in all matrix elements:
d=

兩diag共E兲兩2
2
兩E兩frob

,

共24兲

where E is the MCM and “frob” indicates the Frobenius
norm.
Figure 8 shows this metric for the arrays and frequency
ranges shown above. This metric gives a ranking which is
similar to that seen in Fig. 7, but some noticeable differences
exist. The diagonality coefficient shows the 1-km HLA and
40% VLA as being extremely similar, with the 1-km HLA
having a slightly more diagonal MCM. Figures 7 and 2 both
show the 1-km HLA as having slightly worse performance,
in spite of its higher diagonality. The explanation is that the
MCM metric does not capture the MCM structure for HLAs,
which typically have worse resolution for the low-order
modes that can dominate submerged source response. In contrast, Eq. 共13兲 weights the MCM values by factors that account for mode excitation and attenuation, leading to improved qualitative agreement with direct numerical ranking
of array performance.
VIII. SUMMARY

This article has addressed the prediction of sidelobe levels for conventional matched field processing. An approach
was developed for analytically predicting the distribution of
output power in conventional MFP ambiguity surfaces as a
function of array aperture and processing bandwidth. These
investigations are intended to provide tools for MFP array
design that complement the use of numerical simulations and
array design trade studies.
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In this appendix the variance of the Y mn terms shown in
Eq. 共8兲 is calculated. This variance is used to calculate the
parameter  describing the exponential distribution for
narrow-band CMFP.
To review, the quantities in the CMFP power output
which are randomly varying under the assumptions listed in
Sec. IV are collected into the term
*

2 n共zs兲m共z兲ei共knrs−kmr兲
Y nm =
冑knkm 兩plook共⌰兲兩兩x共⌰S兲兩 .

共A1兲

The exponential terms in the random quantity Y nm can be
rewritten as
*

ei共knrs−kmr兲 = eie−␣mre−␣nrs .

共A2兲

The phase associated with the random source and look direction ranges has been collected into a phase term ei. Although this phase actually depends on r and rs, treating it
separately separates out the very rapid fluctuation in phase
from the much slower change in attenuation. Y nm is a complex zero-mean random variable. Since the argument to the
exponential can range over 0 – 2, the real and imaginary
parts have equal variance, given by
2
nm
=

42
k nk m

冕

m2 共z兲2n共zs兲
兩plook共⌰兲兩2兩x共⌰S兲兩2

⫻ cos2关共r兲兴e−2␣nrse−2␣mr pr共r兲 dr

共A3兲

with r representing the independent random variables rs, zs,
r, z, and , and pr共r兲 representing their probability density
function. The cos2关共r兲兴 term comes from the real part of
the complex exponential. A similar equation containing a
sin2关共r兲兴 term is obtained for the variance of the imaginary part. These terms both average to 21 , giving the result
quoted in Sec. IV.
The normalization of the pressure fields is required next.
For an array that resolves the modes well, off-diagonals will
not contribute strongly to the intensity, and the norm-squared
for the look direction vector is
兩p共⌰兲兩2 ⬇ 兺
l

2 2
 共z兲elle−2␣lr .
kl l

共A4兲

Attenuation acts to eliminate contributions from high angle
modes, so almost all the contribution at longer ranges is from
the trapped or “proper” modes. This allows a further simplification:
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Np

2

2 2
 共z兲elle−2␣lrmid ,
kl l

兩p共r,z兲兩 ⬇ 兺
2

l=1

共A5兲

where rmid is the mid-range of the MFP search region
whose statistics are being studied. Numerical tests indicated that this further simplification did not introduce errors for the cases studied.
Next, the approximation in Eq. 共A5兲 is substituted into
Eq. 共A4兲. Because the source location and look directions are
independent random variables, integration over these variables can be done separately:
2
nm
=

冋

42
1
knkm ⌬Dl
⫻

⫻
⫻

冋
冋
冋

冕
冕
冕

1
⌬Ds
1
⌬R
1
⌬R

冕

dz

Dl1

兺l=1 共a/kl兲2l 共z兲elle−2␣ r
Np

l mid

2n共zs兲

Ds2

dzs

Ds1

R+⌬R

R

R+⌬R

R

m2 共z兲

Dl2

兺p=1 共a/kp兲2p共zs兲eppe−2␣ r
Np

dr e−2␣mr

册
册

p mid

册
册

drs e−2␣nrs .

共A6兲

The first two terms in brackets are the Zm terms from Sec.
IV, while the two range integrals can be evaluated to give the
Rm terms. The equation above then gives the result quoted in
Eq. 共10兲.
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