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Abstract

Lie group contraction is a process by which Lie groups are “flattened out”. This thesis
finds the algebra of bi-invariant differential operators (identified with the center of
the universal enveloping algebra) for the Galilean group (which is a contraction of

the Poincaré group) and a contraction of SU(n).

ii



To whatever institution gives me a job offer

iii



Acknowledgments

I’d like to thank my advisor, Fulton Gonzalez, for his guidance and support.

I’d also like to thank the Tufts math department as a whole for being a friendly
and welcoming place, Kim Ruane for looking out for the graduate students, and my
fellow graduate students for their camaraderie.

This material is based on work supported by the National Science Foundation

under Grant No. OISE-1310973.

v



Contents

1 Introduction 2
1.1 Description of the problem . . . .. .. ... ... .. ........... 2
1.1.1  The center of the universal enveloping algebra . . . . . ... .. 2

1.1.2  Symmetrization . . ... ... ... )

1.1.3 Coadjoint Orbits . . . . ... ... ... .. ... .. ... 7

1.1.4 Applications . . . ... ... ... 8

1.2 Contractions. . . . . . . . . . .. 9
1.2.1 Cartan motion groups . . . ... ... ... ... .. 11

1.3 Invariant theory . . ... ... ... . . 13
1.3.1 Reduction by transverse subspaces . . . . . ... ... ... ... 13

1.3.2 Polarization. . . . . .. ... ... 14

1.3.3 Important examples . . . . . . . .. ... 16

1.34 Usefulfacts . . . ... .. ... ... .. 17

2 Computing Some Invariants 18
2.1 The Galilean group . . . . . . .. .. . 18
2.1.1 Description of the group . . . ... ... ... ... ... ... . 18

2.1.2 The coadjoint action . . ... .. ... ... .. ... ... 19
213 Casen=1.. ... .. e 22
214 Casen=2,3 . . . e 23
215 Casemn>3. . . . e 25

2.2 Cartan motion groups . . . . . . . . .. e 32
221 Priorwork . ... ... ... 32

2.2.2 Normal real forms . . . . . .. . . ... 34



Bibliography

vi



The Centers of the Universal Enveloping Algebras for Contracted Lie Groups



Chapter 1

Introduction

1.1 Description of the problem

1.1.1 The center of the universal enveloping algebra

Given a Lie algebra (g, [-,-]), we define the universal enveloping algebra of g as

U(g) =T(a)/1 (1.1)

where T'(g) is the tensor algebra over g and I is the two-sided ideal generated by
elements of the form X®Y -Y® X -[X,Y]. U(g) is an associative algebra containing
g as the image of T'(g) under the quotient [11].

If 1 : g > U(g) is the inclusion map, then U(g) satisfies
UX)u(Y) = e(Y)u(X) = ([ X, Y])

Because of this, we will identify X with ¢(X).

U(g) also satisfies a universal mapping property:

Proposition 1.1.1 [11]: Suppose A is an associative algebra, and w: g — A such
that
m(X)7 (V) -7 (Y)7(X) = n([X,Y])

for all X,Y € A. Then there exists a unique algebra homomorphism T such that

pi =1 and the following diagram commutes:

Ug)

A




The Poincaré-Birkhoff-Witt theorem provides a basis for U(g):

Theorem 1.1.2 /3] Let {X1,...,X,} be a basis for g. Then the set
{(X{" X5 X"mq,...,m, e Nu{0}}

is a basis for U(g)

When g is viewed as the set of left-invariant vector fields on some Lie group G,
via X f(g) = %f(g exptX)l|i=o, Proposition 1.1.1 extends this to a map of U(g) to

the space of left-invariant differential operators on G:

Proposition 1.1.3 /9] The universal enveloping algebra U(g) is isomorphic to

D(G), the space of left-invariant differential operators on G.

On monomials, this isomorphism is:

k
T f(gexp(t Xi) exp(t2 Xa) - exp(1 X))

X X0 Xp) fo — o
XX X0) = Gt an,

ti=---=ty=0

and extends by linearity to all of U(g). A similar isomorphism identifies U(g) with
the right-invariant differential operators as well.

In addition to providing some motivation for studying U (g), this proposition also
opens the door to the use of analytic methods.

For a function f € C*°(G) and diffeomorphism ¢ : G - G , define f® = fop~!. If
D is a differential operator on G, then D?f = (Df¢71)¢ =(D(fop))opt. We say

a differential operator is invariant under ¢ if D? = D.

Example 1.1.4 For X € g,

Kby = S olg D ept)| = Lfent)| =X
t=0 t=0

so the left-invariant vector fields are left-invariant differential operators. &



Example 1.1.5 Again with X € g, but this time with right translation:

XM f(a) = 1 (og ™ exp (1X)g)| = L0 (wexp (tAd(g™) X))

=0 t=0

= (Ad(g7H)X)"f (=)

So if X is right-invariant, then X is in the center of g &

If Dy and Ds are differential operators, then

(D1D2)?f = (DiDs)(fo )0
=Dy(Da(f o)) oo™
= Di(Da(fog)op™ 0p)og™
= Di((D§f)o¢)oo ™
= (DYDY)f

If we extend the adjoint action from g to U(g) by: g to U(g):
Ad(g)(X1 X2+ Xn) = (Ad(g9)X1)(Ad(g)X2)---(Ad(g)Xn)

then for any left-invariant differential operator D identified with an element of U(g),
DRy = Ad(¢g7")D.

Again let D be a left-invariant differential operator, and consider Ad(g)D as a
function of g. We can define ad(X)D = %Ad(exp tX )D| +—o- This agrees with the

definition of ad on g, and applying the product rule yields:
ad(Y) X1 Xo--Xp, = ) X1 Xo--(ad(Y) X;)-- X,

which can be simplified via the definition of the universal enveloping algebra ((1.1))
to

ad(Y) X1 X9 X, =Y X1 X0 X, - X1 X XY

If an element of U(g) commutes with all elements of g, then it must be a member



of the center of U(g), denoted Z(g). When G is a connected Lie group, D € Z(g)
implies that ad(g)D = 0, and so Ad(G)D = D. Therefore, for G connected, the
center of the universal enveloping algebra can be identified with the bi-invariant

differential operators.

1.1.2 Symmetrization

At this point, we’ve identified the center of the universal enveloping algebra with the
Ad(G) invariant elements. U(g) can be difficult to work with, but fortunately there
are further simplifications.

U(g) provides one way to describe the left-invariant differential operators on G,
but there is another. Let {Xj,...,X,} be a basis for g, and therefore a basis for
the tangent space at e € G. For any g € (G, there is a neighborhood for which
(t1,...,tn) = gexp(t1 X1 + -, X,,) provides a coordinate system. This coordinate
system can be used to give an alternate description of the left-invariant differential

operators:

Proposition 1.1.6 [10] Let S(g) be the symmetric algebra over g. Then there

exists a unique linear bijection
A:5(g) -~ D(G)

such that \(X™) = X™. If {X1,...,X,} is a basis for g, and P € S(g), then

0

APYI9) = P (s - ) Hgexp(tn X+ 4 1X,))

oty ot, 40

Viewed as a function from S(g) - U(g),

1
)\(X1X2Xm) = % Z Xa(l)XU(Z)"'XU(m)

* 0€Sm

where o ranges over the permutations of m elements. It’s easy to see that A commutes



with Ad(g):

Ad(g)(/\(Xl"-Xm))=Ad(g)(% > Xa(l)XO'(Q)"'XU(m))

oeSm

- S (Ad(0) X () (Ad(9) X)) (Ad(9) X 1)

*oeSm

= A((Ad(g)X1)(Ad(g) X2)--(Ad(g) Xm))

= MAd(9) (X1 X2 X))

which shows that the Ad(G)-invariant polynomials in S(g) are mapped to Z(g).
Unfortunately, while A is a linear bijection, it’s not an isomorphism of algebras.

In general, A(P; Py) # A(P1)A(P). We do have, however, that

deg(A(P1P2) = A(P)A(F2)) < deg(A(P1P2)) (1.2)
which follows from the fact that while U(g) isn’t commutative,

deg(X1 XX = Xo(1) Xo(2) " Xo(m)) <M

for any permutation o.
This allows us to show by induction on degree that if {Py,...,P,} generate
S(g)%, then {\(P1),...,A\(Py)} generate 3(U(g)). The degree zero case is trivial.

If De3(U(g)), then we can write
D=Xq(Pr,...,Pp))
for some polynomial q. Then
D —q(A(F1),..-, A(Pm))

is a central element whose degree is less than deg(D) by (1.2). By induction, 3(U(g))
is generated by {A(P1),...,A(Pn)}.



The fact that deg(A(q(Pi, ..., Pn)—q(A(P1),..., A\(Py)) < deg(A(g(Pr, ..., Pn)))
also implies that if Pp,..., Py, are algebraically independent, their images under A
will be as well.

In fact, while A is not an algebra isomorphism, the Duflo isomorphism [2] is an
isomorphism between S(g)¢ and Z(g). In this thesis, X is sufficient and easier to

work with.

1.1.3 Coadjoint Orbits

In this thesis, g will always be finite-dimensional. Therefore, by choosing a non-
degenerate bilinear form (-,-) on g, we can identify the dual space g* with g via
X~ (X,) =t X*. For convenience, when g is semisimple, we use the Killing form.

Suppose XX} is a monomial in S(g). We can apply it to an element Y* of g*
via:

(X1 Xp)(YT) = (X1,Y) - (X}, Y)

Extending this by linearity to all of S(g) allows us to identify S(g) with the space
of polynomial functions on g*.

The coadjoint representation of G on g* is the dual of the adjoint representation:
(Ad"(9)X")(Y) = (X, Ad(g7")Y)
With this definition, for P € S(g),
(Ad(g)P)(X7) = P(Ad"(g7)X")

This identifies S(g)® with the polynomial functions on g* invariant under the coad-
joint action. This allows us to use the tools of classical invariant theory to find

S(g)%, and therefore 3(U(g)).



1.1.4 Applications

Integral transforms take a function f on a space X to a set of integrals involving
f. For example, the Radon transform on R™ replaces a function f(z) with suitable

decay properties by

(RF)(E) = fs F(X)do(x)

where £ is a hyperplane, and o is the Euclidean measure on &.

The Radon transform takes functions on R™ to functions on the space of hyper-
planes in R™. Both of these spaces can be viewed as homogeneous spaces of ISO(n),
the group of isometries of R".

The Radon transform was generalized by Helgason [8] to other pairs of homoge-

neous spaces G/H and G/K when G, H, and K satisfy:
1. G, H, K, and H n K are unimodular
2. ForheH ke K, if hK c KH, then he K, and if kH c HEK, then k € H.
3. H, K, and HK are closed in G.

Such transforms have an invariance property: R(g-f) = g-(Rf), where G acts by
the left-regular representation g- f(z) = f(g~'x). Taking derivatives yields actions
i, p of Lie(G) which satisfy R(u(X)-f) = p(X)-(Rf) and can be extended to D(G).
Finding an element P € ker(u) such that P ¢ ker(p) allows one to characterize the
range of R, often completely. For an example of this technique in use, see [7]. Z(g)
provides a good source of candidates, since every element P of Z(g) yields a left
G-invariant operator p(G).

Furthermore, knowledge of invariant differential operators may be used to invert
Radon transforms [14]. The key is that for a Radon transform R there is a dual

transform R, and the transform R*R is a convolution operator.



1.2 Contractions

Imagine standing on a small but expanding sphere. As the radius of the sphere
increases, the curvature decreases until it is imperceptible. As the radius goes to
infinity, the curvature goes to zero: the sphere has become a plane. Applying this
process to the group of symmetries of the sphere transforms SO(3) into the Euclidean
motion group ISO(2). This is an example of a Lie group contraction.

Contractions are best understood at the Lie algebra level. Given a Lie algebra
g=(V,[-,+]), and a subalgebra h = (U, [,-]), choose a complementary subspace W

so that V. =U @& W. For € >0, let T; be the linear operator
T(utw)=u+ew (ueUweW)
One can define a new bracket [-,-]c on V by
(X,Y] =T '[T.X,T.Y]
Rewriting the previous equation as
T[X, Y] = [T X, T.Y]

shows that T is a Lie algebra isomorphism from g, := (V,[-,-]¢) to g.
Let us now try to take the limit as € > 0. For X € V', let X = Xy + Xy, where

Xy €U and Xy € W. Likewise, write Y = Yy + Y. Then

[X’ Y]€ = [XU +XWaYU7YW]€
= [Xvu, Yule + [ Xu, Yw]e + [Xw, Yule + [Xw, Y ]e

= T;l ([XU,YU] + E[XU, Yw] + G[Xw, YU] + EQ[X{/V, Yw])

T, multiplies the W part of the result by !, and the only term in the parentheses

without a factor of € is [ Xy, Yi7]. Therefore, when b = (U, [-,-]) is a subalgebra of g,



we may define [-,-]o := lii%[-,-]e.

Note that both the bilinearity of [-,:]. and the Jacobi identity hold for all € > 0,
and so hold in the limit. The resulting Lie algebra go = (V,[,-]o) is in general not
isomorphic to g, and is known as an Inénii-Wigner contraction [4]. Note that the
subalgebra by = (U, [+,-]o) is isomorphic to b, and that (W, [-,-]p) is an abelian ideal
of go. The contraction process can be seen as ‘flattening” W, which becomes an
abelian ideal in the contracted algebra.

If H is a closed subgroup of G with Lie algebra b, and if W is Ad(H) invariant,
then we can form the group Go = H x W, where H acts on W via the adjoint action.
Gy has Lie algebra gg, and is referred to as the contraction of G. Often the limiting
process that produced gy can be applied to objects associated with G, and yield
useful information about Gy.

One particularly enlightening example comes from physics. The equations of
special relativity have symmetries characterized by the Poincaré group. The Inonii-
Wigner contraction of the Lorentz group preserving the rotation subgroup and time
translations causes the boosts to commute with space translations, yielding the
Galilean group (the symmetries of Newtonian mechanics). This is why at low veloc-
ities, special relativity looks just like Newtonian mechanics.

In this thesis, we're trying to find Z(gp) when gg is the contraction of some Lie
algebra g. For all the cases we will be considering, Z(g) is known, so it’s natural to
ask what this tells us about Z(go).

Let Pe Z(g) c U(g). We may write P as:

P-= Za,-Xl”l---Xn“"Tle“l---Tﬁ{’m
i
where a; € R, d; j,e;; € Z*, X1,...,X, form a basis of W, and T1,...,T;, form a
basis for U. For € >0, T¢ : g. - g is an isomorphism, and so Te_1 is an isomorphism
from g to ge.

Extending T ! to U(g) gives us an isomorphism 7.1 : U(g) - U(ge). Applying

10



11
it to P gives:

_ . d . d e e
Te 1P — Zaie dlalel’l...e dl’anL,nle,lu‘j—;nz,m
%

N ds 4 e o
= Zai6 2 dv,,]Xlz,l___an,nTl 1’1"'T7nl’m
i

which diverges as € - 0! To remedy this, let
M =ma X
ax {Z d; }
J
be the maximum W-degree of terms appearing in P. €™ is a scalar, and so
GMTE_lp — Z aiﬁM_Zj lesz,ngz,nTlez,lTﬁz,m
i

will still be an element of Z(g.). The exponents for € are now non-negative, and zero
only for terms with maximal W-degree. Since e”T-! commutes with every element
of g for all € > 0, this will be true in the limit. This shows that if P € Z(g), then
taking only the high W-degree terms yields an element of Z(gg). We refer to such
invariants as contracted invariants.

Note that in general, not all elements of Z(g) will be contracted ones. The
simplest counterexample is to take the contraction with U = {0}. In this case, go is

abelian, and so Z(go) = U(go)-

1.2.1 Cartan motion groups

For g noncompact and semisimple, we have the Cartan decomposition g = ¢ & p,

where ¢ is a compact subalgebra, with the following properties:

[e,€] c &
[p.p]ct
[&F'] =p



Because t is a subalgebra, we can use it to form an Inénii-Wigner contraction. Doing

so produces [-,-]o defined by:

[T1, T3]0 = [T1, T3] VI, Tr et
[Ty, X1]o=[T1,X1] VTiet Xiep (1.3)
[X1,X2]0=0 VX1, Xo€p

If G is a Lie group with Lie algebra g and K a closed connected subgroup of G
with Lie algebra ¢, the second relation tells us that K acts on p, and so we can form
the contracted group Gop = K x p.

The first two equations in (1.3) show that if & € K, then the contracted adjoint

action Adg of k is the same as the adjoint action of G on g restricted to K:
Ado(k,0)(X +T)=Ad(k)(X +T)

To find the adjoint action of elements (e,Y") € K xp, we use the definition of Ad and

its linearity:

Ado(e, Y)(X +T) = Ado(e, Y)X + Ado(e, V)T
_ %(e,Y)(e,tX)(e,—Y)LzO s %(e,Y)(exptT,O)(e,—Y)Lzo

- i(e,tX)’ + LlexptT,Y - Ad(exptT)Y)
dt =0 dt

t=0

=X+T-[T,Y]

Since g is semisimple, the Killing form B(-,-) provides a nondegenerate bilinear
form, and therefore a pairing between g and g*. If g is contracted, the Lie algebra is
changed, but the underlying vector space is not. Thus although the Killing form on
g isn’t invariant under the contracted group, it still provides a convenient bilinear

form. We can use the invariance under G to help find the coadjoint representation

Adg:

B(Ady(k,0)(X +T), X" +T') = B(X + T, Ad}(k™,0)(X' +T"))

12



= B(X +T,Ad(k") (X' +T"))

= BAAd(K)(X +T), X' +T")

and so

Adg(k,0)(X +T) = Ad(k)(X +T) (1.4)

Next, we find Adg(e,Y):

B(Ad: (e, Y)(X,T), X' +T') = B(X + T,Ad}(e,~-Y)(X' +T"))
B(X+T, X' +T +[T',Y])
=B(X+T,X'+TY+B(X +T,[T",Y])
=B(X+T,X'+T")+ B([Y,X]+[Y,T],T")

=B(X+T+[Y,X],X"+T")

where in the last line we use the fact that p and ¢ are orthogonal with respect to the

Killing form. This gives us

Adi(e,Y) (X +T) = X +T+[Y, X] (1.5)

Recall that an element of S(g)“ can be contracted to form an invariant of
S(go)¥°. In [6], it was conjectured that for the Cartan motion groups formed from

the classical Lie groups, all of the invariants are the contracted ones.

1.3 Invariant theory

1.3.1 Reduction by transverse subspaces

Suppose V is a finite dimensional vector space over R, acted on by a Lie group G.
We wish to find the algebra of polynomials on V invariant under that action; that
is:

S(VY ={PeS(V*)|P(g-v)=P(v)VveV}

13
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To simplify this problem, we can restrict to a subgroup acting on a subspace:

Proposition 1.3.1 With G and V as above, Let T c V be a subspace of V', such
that the set G -T is dense in V' (with the standard topology). Let N be the subgroup

of G which maps T to itself. Then the restriction map f — flr is injective from

S(VE to S(T*)N

Proof: Since N is a subgroup of G, we see that the image of the map is contained in
S(V*)N. To see that the map is injective, suppose that f|p = 0. Since f is constant
on G-orbits, and GG - T is dense in V, this means that f =0 on a dense subset of V.

Since f is a polynomial, this implies that f =0 on V. O

Unfortunately this map is not generally surjective. However, if T is chosen so that G-
orbits intersect T in isolated points, the proposition allows us to reduce the problem
from finding invariants of a Lie group to finding invariants of a discrete (and usually
finite!) group on a lower-dimensional vector space. The only remaining problem is
to show which elements of S(T*)" are restrictions of polynomials.

As seen in section 1.1.3, in this thesis we will be finding polynomials on g*

invariant under the coadjoint action of G.

1.3.2 Polarization

Suppose we know the invariant polynomials S (V*)G for some group G acting on a
vector space V, and we would like to know the functions of more than one vector
argument invariant under the simultaneous action of G on all arguments. That is,

we would like to find a function f on V x--- x V such that

f(x7y7az):f(gx7gy77gz)

for all g € G. Note that there may be more or fewer than three arguments, but for
clarity they will be represented by z,v,...,z.

Suppose that f is a homogeneous element of S(V*)G. Let z,y € V, t € R, and



15

consider the Taylor expansion

fle+ty) = flx) +tfi(e,y) +- (1.6)

Since f is invariant under the simultaneous action of G on x and y, it’s easy to see

that each term in equation (1.6) must be too. In particular,

0
fi(zy) =X aa];yi

will be invariant under this action. Define the “polarization operator” D,, by

of
Dgcyf = Z a_xiyi

and note that D, reduces x degree by one, and increases y degree by one. This

process can be repeated with new variables until
Dyo-Dyy f

is a multilinear function in x,y,...,z. This is called the “complete polarization” of
f, and is a source of polynomials which are invariant under the simultaneous action
of a group on several copies of a vector space.
To reconstruct f from Dy, f, one only has to compute (Dyy f)(z, ) = (deg, (f)) f(x).

In particular, the complete polarizations of the symmetric functions

P1(x) = Zl‘z
$2(z,y) = 3, Tiy);
1#]
On(Tyy,...,2) = Z Y2k (1.7)

i#j# -k

generate the polynomials invariant under the action of 8, on any number of n-

dimensional vectors.
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For a complete description of polarization, see Procesi 13| or Weyl [17].

1.3.3 Important examples

Suppose G = SU(n). Its Lie algebra su(n) consists of skew-Hermitian matrices, and
the adjoint action is Ad(g)X = gXg~'. Since su(n) is semisimple, we can use the
Killing form B(X,Y) = 2ntr(XY') to identify su(n)* with su(n), and because the

Killing form is Ad-invariant, we have:

B(Ad"(9)X,Y) = B(X,Ad(g™")(Y)

= B(Ad(9)X,Y)

and so Ad* = Ad.

Every element of a semisimple Lie algebra can be written as Ad(g)T, where T'
is an element of a maximal abelian subalgebra. This means that the maximal torus
is a transversal subspace. For su(n), we can take the trace-zero imaginary diagonal

matrices as our maximal torus:

iAn

where }; A; = 0. The Weyl group of SU(n) is 8,, acting by permutation of the \;,
and so if N is the subgroup of SU(n) which normalizes t, then the Ad(N)-invariant
polynomials on t are generated by the elementary symmetric polynomials in the A;.

The coefficients of the characteristic polynomial det(iX —¢I) are invariant under
conjugation, and when restricted to X € t are the elementary symmetric polynomials
on the \;. By proposition 1.3.1, they generate the Ad-invariant polynomials on
su(n), and thus the Adj-invariant polynomials on su(n)*.

A very similar calculation shows that the coefficients of the characteristic poly-
nomial det(X —tI) generate the Ad(O(n))-invariant polynomials for o(n). For this

and many other examples of the technique, see [12].
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1.3.4 Useful facts

When possible, we would like to find algebraically independent generators for S(g).
In order to determine whether is is possible, we can use the Shepard-Todd-Chevalley

theorem:

Theorem 1.3.2 The invariant ring C(x1,... ,mn)G for a finite matrix group G c
GL(n,C) is generated by n algebraically independent homogeneous invariants if and

only if G acts by reflections.

for a proof, see [15].
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Chapter 2
Computing Some Invariants

2.1 The Galilean group

2.1.1 Description of the group

The Galilean group Gal(n) is the Lie group of transformations between reference
frames in Newtonian mechanics in n dimensional space. It is generated by spatial
rotations, translations in space and time, and boosts, which correspond to changes
in velocity (see [1]). Elements of Gal(n) can be represented as (n + 2) x (n + 2)

matrices

v T1

Un Un (21)

where p is an element of O(n), (zl ) the spatial translation, zg the time shift,

v
and (vil ) is the boost.
To get the action on n+1-dimensional spacetime R™™!, we first identify affine (n+

1)-space with the plane 2,42 = 1 in R**2. Then the action on a point (X1,...,X,,T) €

R™! is:
v T X X1
0
Uy, Up X, |=| X,
0 - 0|1 =z T T
0O - 010 1 1 1

Taking derivatives, the Lie algebra gal(n) of Gal(n) is identified with the Lie



algebra of matrices of the form

v 21
K
Up  Un (2.2)
0 0| 0 =
0 010 O

where K is an element of o(n).

The Galilean group is a contraction of the Poincaré group, and this reflects the
fact that special relativity becomes Newtonian mechanics in the limit as the speed of
light goes to infinity. The Poincaré group is itself a contraction of SO(4,1), whose

bi-invariant differential operators were found in [16] and [5].

2.1.2 The coadjoint action

In the first chapter, we saw that the algebra of bi-invariant differential operators on
a group G can be identified with the polynomials on Lie(G)* invariant under the
coadjoint action. Thus our first step is to describe gal(n)* and the coadjoint action
of Gal(n).

Recalling the matrix forms of the Galilean group and its Lie algebra given in
(2.1) and (2.2), we must now describe the real dual space gal*(n) and the coadjoint
action of Gal(n) on gal”.

To represent gal(n)*, we use the usual matrix inner product A*(B) = tr(A” B).

The map A — A* identifies gal(n)* with R("*2*(*2) modulo gal(n)*, where

| S symmetric, A e R*" a,b,ceR

Using the fact that the trace is invariant under cyclic permutations,

(Ad*(9)A")(B) = A" (Ad(g™' B))

19



= A*(g97'Byg)
= tr(A"g™' By)
= tr(gA" g™ B)

=((gA"g H")*(B)

Every element of Gal(n) can be written as 7p, where p is a spatial rotation and 7
is a space-time translation and boost. Because of this, we may consider the actions

of rotations separately from boosts and translations.

If

and

(2.3)

and

()
pl ¢
Un Tn (2.4)
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For translations and boosts,

T
* *
v Ty
vr ok

21

(2.5)

* * *
vi+ToT] T

* . * .*
U +TOT,, Ty

V1 T1
I| ¢ :
T = Uy Ty
1 xo
0 01
7| o v
-1 _ _q.fn 'Unl’(i_xn
T =
1 -z
0 0 1
* * *+ * *
K* + v.l x.l (Ul---vn U1 a.coxl m.l
I T1...T : :
(TXTil)T = Up Tp, U virwozy @
% ‘ * TH+Y VT
* *
vl x¥
K* + 1+ (’Ul..ﬂ)n 1 ( v1...0n \T'
5 Lo T]...Tn o \z1...2n
0

where the final congruence is modulo gal(n)*

0 z5+X vz
0 0

As described in section 1.3.1, we will reduce the problem of finding Ad*-invariant

polynomials on g* by finding a subspace transversal to the orbits. To find a transver-

sal subspace of gal(n)*, let X be a generic element written as as (2.3). We would

like to find a g which can take (¢7' X7 ¢)T to our subspace.

First, use a rotation (2.4) to put z* in the form (A40...0)7 and v* in the form

(CBO0...0)T. We can then use an zg-only translation element (equation (2.5) with

rg = —=1) to zero out the first element of v*. Thus we can restrict our attention to

*
y

matrices of the form

where A = |z*| and B = |proj,.(v*)|.

Let’s now turn to the top-left quadrant. Referring again to (2.5),

1(44 1({0A
| BO VLo Up ) _ T B0 U1 .

0 Axo—Bvy Axs Axy ...

1 Bvi-Axo 0 Bvs Buy ...
- - —Axs —Bus 0 0
—Axy —Buy 0 0
Az, -Bv, 0 0

T
o ) (26)
Axp
By,
9 (2.7)
0



Appropriate choices for the z;’s and v;’s allow us to zero out the topmost two rows

and leftmost two columns of K*. In particular, for i > 3, we set z; = —212“ and

v; — %. It is important to note that there is a remaining degree of freedom (from

the (1,2) element in eq. (2.7)) when zeroing K7, as this will allow us to clear x( by
setting v = —z—‘% in (2.5).

We are free to choose a rotation from the subgroup of O(n) which fixes the first
two coordinates. We can use this freedom to conjugate the upper-left block to an
element of a maximal torus in o(n - 2).

Our transversal subspace is thus made of matrices of the form

(2.8)

where A and B are real numbers, and K is an element of a o(n —2) maximal torus,

eg:
0 X

-A1 O

2.1.3 Casen=1

When n =1, the upper-left hand block is always zero. We use z¢ to zero out the v

and vy to zero out xj. Thus, a generic element

0 o] =zj
0 0 =z
0 0 0
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of gal(1)* can be conjugated to

0 0 =7
0 0 O
00 O

which gives:

Theorem 2.1.1 S(gal(1))%2M) s generated by X;.

2.1.4 Casen=2,3
Theorem 2.1.2 For n € {2,3}, S(gal(n))%™ s generated by ZXZZ and

2
(Z XZZ) (Z Vf) - (Z XZ-VZ-) , which are algebraically independent.

Proof: When n = 2 or 3, K* may not be zero, but examining (2.8) shows that we

can still zero out the upper-left block entirely. If

is a matrix representing an element of gal(n)*, then there exists an element g €

Gal(n) such that

o3 ¢
Ad(g)"E=l 0|0 0
0l0 0

where A = |2*| and B = |proj,«.(v*)|. Conjugating by an element of O(n) can
switch the signs of A and B independently, so the invariant polynomials on the
transversal subspace are generated by A% and B2. Thus any polynomial P which
is invariant under the coadjoint action of Gal(n) restricts to a polynomial P =
F(A?%, B?) defined on the transversal subspace.

The orbit of a generic point in gal(n)* may intersect the transversal subspace in



multiple points. As we’ve just seen, the values of A2 and A?B? will be the same at
all of these points, so we can define @1 : gal(n)* - R and @3 : gal(n)* - R to be
these functions, which will be constant on the orbits. If = is a matrix representing

an element of gal(n)*, we have:

@@ - - (242 @)

2
Q=) = I Iproj, e v” P - ((z x)(2ve)- (2 xm) ) @)

Because the restriction is injective on the space of Ad* invariant polynomials, we

know that
P()-F (Q1<E), gjg) 2.9)
- F(Qi(E), Qa(3)) + LLLEL Q) 2.10)

Q1(E)*

where F5 is not divisible by its first argument.
While we are considering only real Lie algebras, if P is a polynomial, it must

extend to a polynomial on the complexification of gal(n)*. With this in mind,

consider
0 0]0 4
- 0 0]z 1
- 0 00 O
0 0]0 O
for n=2 or
0 0 0]0 2
0 0 0]z 1
=100 0[0 0
0 0 0
0 0 0
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when n = 3. In either case, Q1(Z) = 0, and Q2(Z) = z2. (2.10) then becomes

FZ(Oa 22)

P(2) = Fy(0,2%) + o

Since P was assumed to be a polynomial, either ¢ =0, or F5(0, 22) =0 for all z e C.
Since F» was assumed to be indivisible by its first element, this implies that either

£ =0 or F5 is the constant function 0. Therefore, P is a polynomial in ()1 and Q2 O

2.1.5 Casen>3

Theorem 2.1.3 When n > 3, the invariant algebra S(gal(n))S(™ is generated by
Y Xi2 and the sums of determinants of 2k x 2k submatrices formed by taking the

symmetric minors of

which include the last two rows and columns.

Proof: When n > 3, the coadjoint action can no longer zero out the entire upper-
left block, only the uppermost two rows and leftmost two columns. The transversal

subspace S is made of matrices of the form

where K is an o(n —2) maximal torus (see (2.8)).

Conjugating by elements of O(n) can change the signs of A and B independently,
as well as permuting and changing signs of the elements of K. The polynomials on
S invariant under the subgroup of Gal(n) which fixes S are generated by A2, B2
and the coefficients of the characteristic polynomial of K [12].

By the same argument as in the n = 2 case, B? must be multiplied by A2 to

clear the denominator. This gives invariant polynomials A? = ZXZ-2 and A’B? =

(EXD(EVH) - (ZXVh)?
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We now turn to the polynomials which depend on the K part. When conju-
gating to S, one step was to zero out the rows and columns corresponding to z*
and v*. This is equivalent to pre- and post- multiplying by the matrix P, the or-
thogonal projection to span{z*,v*}*. The resulting element of o(n —2)* is subject
to a O(n —2) action, and it is well-known that the resulting invariant polynomials
generated by the coefficients of the characteristic polynomial. Thus we are looking
for charpoly(PK*P)

We will also make use of the following facts about exterior algebras. Suppose
that eq,..,em and fi,..., f, are bases for vector spaces V; and V5 respectively. If
A : Vi - V, is a linear map, then define AFA ANV > AFV4 to be the map
TIATo A Axg = Axy AN Azg A A Axy. Then the (e, A+ Aej, fj A A fj,) element
of the matrix of AF A is the determinant of the kxk matrix formed by taking elements
in rows i1,...,i; and columns ji,...,Jj,. In particular, the coefficient of the z"*
term of charpoly(A) is tr(AF A).

Since |v A x| = AB, we can define

VAT 1 A
=—v
lvnz| AB

xT

(the sign of AB is ambiguous, without loss of generality we may assume it’s positive),

and let

Let eq,...,ens2 be the standard column basis for R™2, and treat z* and v* as

elements of R™*? by embedding R” into the first n coordinates of R™*2.

If y e span{ey,... e, }:

K'y=K"y~(y-v")en1 = (y- 2" )ens2 (2.11)
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And we also have the following:
(/\2 K') en+l A epia=0" Az = ABw (2.12)

and

(A K)w
:ﬁ(/\QK,)’U*/\iﬁ*
1 * % * * * * * * * * * *
=E(K v = (0" v )eps1 — (V2 )epi2) A(K 2T = (27 v )ens1 — (27 -2 )enia)
1

= 1B [K*v" A (K 2" = (2" v )ens1 — (27 - 27 )ensa)

—((v" v )eps1 + (V-2 )ep2) A K 2"
+ ((x* ) (vt vt) = (27 -v*)Q) €n+1 A €ns2 |

(2.13)

In particular, note that the e,1 A en49 term of (/\2 K")w is ABep1 A €nya.
Now consider any diagonal element (A** K") 1,1y for which I = (i1,... ige2,n +
1,n+2). By (2.12), (A" K" a A eni1 Aenia € AF2R™2 A w. Since we're only con-

sidering diagonal elements, this means we can restrict our attention to the subspace

k
(/\ R”) AW A €Eptl A €Epio

where by R™ refers to span{es, ..., e,} c R*?2. Recall that P projects to span{z*,v*}*.

The we have, for yq,...,yr € R™:

k+4
(/\( ’ )K')yl A AYE AW A €l A Ens2
= (/\(k+4) K,) Pyy A+ ANPyg Aw A €nyi1 A €nya
=A’B?K*Pyi A AK Py Aw A €ps1 A €nsa
(2.14)
+ terms without w A €,41 A €49

=A’B’PK*Py; A A PK*Pyi Aw A €pi1 A€nya

+ terms without w A €,41 A €49
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By (2.14),

(/\k+4 K/)(

s A?Btr (\' PK*P)

I=(%1,...,ix+2,n+1,n+2)

which implies that the sum of (k+4) x (k + 4) subdeterminants which include the
last two rows and columns is the 2" * coefficient of A2B? charpoly(PK*P). Because
PK*P is skew-symmetric, the odd-k terms will be zero.

To summarize, we have the polynomials Q1 = z* - z*, Q2 = (v* -v*)(z* - z¥) -
(z* -v*)?, and Qs,.. -y Q24|n/2|, Which are () times the characteristic polynomial
coefficients of PK* P

Finally, we must show that the @); generate the invariant polynomials. Suppose

that F'(X) is an invariant polynomial not generated by the @Q;. Restricting to the

Qz Qs Q2+[n/2] )

transversal subspace S, F is generated by the restrictions of Ql, 50 O

By the injectivity of restriction to S, this means that

Q2+ n/2
Q2

= F"(Q1(X),Q2(X),..., Qoynjo) (X)) +

F(X) - F'(@(X) L0, 2 0x). (X))

F(Q1(X),Q2(X), ..., Qasn/o)(X))
Q1(X)FQ2(X)"

(2.15)

where F' is assumed not to be divisible by its first or second arguments. To show
that F' is generated by the @);, we must show that k =£¢=0.

While all of the preceding work was done over R, any polynomial extends to a
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polynomial on C. Consider matrices of the form

0 0|0 010 1

0 0]0 01 =2

0 0 0 0
Xz = =

0 0 0 0

0 0|0 00 O

0 0|0 ... 0]0 O

where E is an (n —2) x (n - 2) skew-symmetric matrix.

For any 2, Q1(Xz) = 0 and Q2(Xz) = 1. For 3 <i <2+ |n/2], we get the
nonconstant characteristic polynomial coefficients for =, which are known to be al-
gebraically independent. Because of this algebraic independence, and that F was
assumed not to be divisible by its first argument, there exists a = such that the
numerator of (2.15) is nonzero, while Q)1 (Xz) is zero. Therefore, k = 0.

To show that £ =0, let

0 010 0|10 1
0 0]0 0|1 0
0 0 ¢t 0
Yoo 0 0 00
0 0 0 0
0 0]0 00 O
0 010 010 O

For any Zeo(n-2), Qi1(Yz) =1 and Q2(Yz) = 0. For j >3, Q;(Yz) is the sum
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of all 27 x 25 subdeterminants of

0 00 010 1
0 010 0|1 0
0 0 v 0
v 0 0 0 0
0 0 0 0
0 -1|— 00 O
-1 010 010 O

which include the leftmost two columns and bottom two rows.

Consider a skew-symmetric submatrix of YZ

which includes the last two rows and

columns. If the submatrix doesn’t also include the first row and column, its leftmost

column, and thus its determinant, will be zero

. Similarly, any nonzero such minor

must also include at least one of the second and third rows.

If the submatrix includes the second row and column, the corresponding minor

is

0 010 0[]0 1
0 010 01 0
0 0 a 0
det 00 R 00 = det(2)
0 0 0 0
0 -1|-« 00 O
-1 00 00 O

where Z is a (2j —4) x (2j —4) submatrix of Z,

whether the third column is included.

and « is either 0 or ¢ depending on

If the submatrix does not include the second row and column (which can only
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happen for n > 4), it must include the third, and the minor is instead

0 0 0 0 0 1
0 0 Stk oo Clkgpa | @ O
0 ik 0 0
det = = —det(2)
0 iy, 0 0
0 -1 0 0 0 0
-1 0 0 0 0 0

where now = is a (2j — 4) x (2 —4) submatrix of 2 which does not include the first
row and column. Summing all of the 2j x 2j minors of YZ then yields the sum of
(27 —4) x (2§ — 4) minors of = which include the first row.

Suppose = is of the form:

=1

[1]
I
o

~

[1]

Then charpoly(Z) = A - charpoly(Z') - £ - charpoly(Z’) Since the nonconstant coef-
ficients of the characteristic polynomial are the sums of the minors, and are alge-
braically independent on o(m), this tells us that the sums of minors which include
the first row and column are also algebraically independent. Putting everything to-
gether, this tells us that for any F in (2.15), we can find a Y= such that Qo(Yz) = 0
and F(Yz) # 0. Therefore, £ =0 in (2.15), and so every polynomial on gal(n)* which

invariant on the coadjoint orbits is generated by our Q;’s O
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2.2 Cartan motion groups

2.2.1 Prior work

Recall from section 1.2.1 that when G is a noncompact semisimple Lie group, we can
contract g along the Cartan decomposition g = £ @ p, forming the group Go = K % p,
where K acts by the adjoint representation. If G is compact, we can use an involutive
automorphism of G to find a non-compact dual G’. If Lie(G') = ¢ @ p, then the
decomposition g = ¢ @ ¢p will serve as a Cartan decomposition for GG, and in fact
contracting G and G’ along ¢ will produce the same result.

In [5], invariants were found for the Euclidean motion group, and in [6], they
were found for the groups O(n + k)/(O(n) x O(k)). In both cases, they invariants
were found to be the contracted invariants described in section 1.2.

Let G be a semisimple Lie group with Lie algebra g. Let g =@ p be a Cartan
decomposition. Equations (1.5) and (1.4) in section 1.2 gave us the coadjoint action

for the Cartan motion group Go= K xp :

Adg(k,0)(X +T) = Ad(k)(X +T)

Adg(e, V) (X +T)=X+T+[Y,X]

where the unsubscripted Ad and [-,-] refer to the uncontracted versions, X € p, and
Tet.

Choose a maximal abelian subspace a of p, and let m c ¢ be centralizer of a in ¢.
Finally, choose h; c m so that he + a is a maximal abelian subalgebra of g. Note that
this subspace is transversal to the coadjoint action of G on g*. In fact, it will still
be a transversal subspace for Gj.

To see this, first note that Ad(K)(a) =p, so there exists a k € K such that

AL (k,0) (X +T) = (H+T') ca+t

Because the set of regular elements in a is dense, we may assume H is regular, that
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is a(H) # 0 for all « in the restricted root system .
Now consider ad(H)2. This is a linear operator which preserves both p and .

Because H was assumed to be regular, we can take eigenspace decompositions

t=m+ > &
aext

p=a+ Z Pa
aeXt

where

to={Tet|ad(H)*(T) = a(H)*T}

pa={Xep|ad(H)*(X)=a(H)*X}
and ad(H) maps £, to p, bijectively. Writing

T =Th+ Y T,

aeXt

with T, € £, let
1

V=% —

2 a(H)?

aeXt

[H, T3]

so that

Adj(e, YY(H+T')=H+T' +[Y,H]

=H+T'- Y T,

aeXt

=H+ Ty,

Finally, we can use an element k' € K to conjugate Ty, to b, without perturbing H.
Thus we have:

Adg ((K,0)-(e,Y) - (k,0)) (X +T) ebe+a

Now we would like to know the normalizer of by +a. Because H doesn’t commute

with any nonzero element of [H,p], we know that the p-part of any normalizer must



be in a. Since Adj(k,e) = Ad(k), the k part must normalize he + a in G as well.
Since Ad(k) leaves both £ and p invariant, the image of this action is the subset of
the Weyl group which leaves a invariant, denoted Wy [9].

Compare this with the uncontracted case, where we have the same transversal
subspace, but with the full Weyl group acting on it. Since we have a smaller group

in the contracted case, one may expect new invariants.

2.2.2 Normal real forms

If g is a normal real form, that is, the maximal abelian subalgebra is contained
entirely in p. In this case Wy = W.

Suppose P is a homogeneous invariant polynomial on g*. Since g is semisimple,
the restriction of S(g)¢ to S(a)" is both injective and surjective. Let Py be the
contracted invariant corresponding to P. Any terms in P which have nonzero -
degree will be zero on a, and thus P|y = Py|,. Since the Ad*(G)-invariant polynomials
map surjectively onto the W-invariant polynomials on a, so too will the contracted
polynomials. Therefore, when g is a normal real form, the contracted invariants are

the only elements of S(go)°.

2.2.3 S(p+q)/S(Up) xU(q))

Consider SU(p + q), assuming without loss of generality that p > q. Its Lie algebra,
su(p+q), is the set of (p+q) x (p+ q) skew-Hermitian matrices. The killing form is
B(X,Y) =2(p+q) tr(XY), which is proportional to the usual matrix inner product.
It’s important to remember that although su(p+¢q) is defined using complex numbers,
it is a real Lie algebra.

Let I, be the p x p identity matrix, and I, ; = (_ép I(l) Then 0(X) = I, ( X1p 4 is

a Cartan involution, with
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where T), and T; are elements of u(p) and u(q) respectively, subject to tr(7}) +
tr(7y) = 0; and X is an arbitrary p x ¢ complex matrix.

A routine calculation shows that

0 0|S
a= 0 0|0 [||9isaqxq real diagonal matrix
-S 0|0

is a maximal abelian subspace of p.

To extend a to a maximal torus in g, let (_gT g é) be an element of £, and
compute: Y
A B 0 0 0 S 0 0 S A B 0
o= B" ¢ ol o o0 |- 0o o0oo|]-B ¢ o
0 0 D -5 0 0 -5 0 0 0 0 D
0 0 AS 0 0 SD
=l o o -B's|-| o o o
-DS 0 0 -SA -SB 0
=AS=5D
B'S=0

Since this must hold for all .S, this shows that A = D is diagonal, and B = 0. Thus

the subalgebra of £ which commutes with all of a is:

D 0 0 D is a g x q real diagonal matrix,
m= 0 T|O0 Teulp-q),
0 0/|:D )| tr(T)+2itrD=0

and for a maximal abelian part (h), we can take T to be a (pure imaginary)
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diagonal matrix. This gives our maximal torus for su(p + q):

D 0| S D, S g x q real diagonal

he@a= T (p-q) x (p-q) real diagonal (2.16)

-S 0 |iD ]| tx(T)+2tr(D)=0
Conjugating an element X € h¢ & a by

2100 2,
g=| o I1,, 0 [€SU(p+q)

21, 0 LI,

diagonalizes it. Taking the diagonal matrices as a maximal torus makes it easy to
see that the Weyl group W = S,,.
If

z'al S1

10gq Sq

i1

iAp—q

=851 ial




then

ial - iSl

10q — 18¢

A1

iAp—q

a1 + 181

ag +15¢

Let Wy be the subgroup of W which leaves a invariant. From the form of gX g™,
we can see that an element of Wy can permute the \;, permute the a; and s; simul-
taneously, and can switch the signs of the s;. Any other permutation would mix a
and hg. Thus

Wp = S,_g % (Sq X Zg)

Since the first factor acts on the A; only, and is the only factor to act on them, the
invariant polynomials involving the \; are generated by the symmetric polynomials
on them.

The second factor acts on the s; and a; simultaneously. The Z2 part acting on the
s; means we must square them. Finally, when §,, acts on 2n elements, the invariants
are generated by the polarizations of the symmetric polynomials [17].

Putting these together, the Wy-invariant polynomials on h @ a are generated by:

0'1()\1,...,)\;07(1)

Op-q(A1, .- Ap—q)
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where the o; are the elementary symmetric polynomials on p — ¢ arguments, and

$1(v1)

dq(v1,...,0q)

where the ¢; are the completely polarized elementary symmetric polynomials on ¢
elements, and each v; is either (a1,...,a4) or (s2,... ,53 )

The Cartan motion group associated with SU(p+1)/S(U(p)xU(q)) is S(U(p) x
U(q)) x CP*? where the action is

211 " 21 211 " 21 1
(m”gﬁ-( : )=gp( - %)gq

Zzsﬂ Zpq 2;1 © Zpg
2.2.3.1 ¢=1

When ¢ = 1, every element is of the form (g,det(g)™!), so S(U(p) x U(1)) = U(p).
The result is a “twisted” version of the usual complex motion group, where the action

of U(p) on CP is:

(3 =deon(})

Suppose B(X,-) is a generic element of g;. We can write X as:

a11 o alp | 21

xX=| o (2.17)
apr  * Qpp | Zp
-z -z, | b

where a;; = —aj;.

Let Z be the column vector Csl ) The coadjoint action allows us to conjugate by
D
121
an element k € U(p) until Z = ( 0 ) This puts the p part of X in a, and henceforth

0
we will assume X is in this form. Define the matrix (aj;) = k(ai;)k™L.
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Note that
0 .. 0 2ilm(y1) -¥2 ~ ~Yq 0
0 oz L R T
T I N N | U A T T
1210 - 0 0 0 va o o "
YT -z - ~7g O 0 0 - 0 —2iIm(y1)|Z|

Proper choice of y allows us to use the coadjoint action to put X in the form

Wrlo - 0]z
0 |ajy - ah, | O
ad” (k,y)X =
l4 4

O aq2 A aqq 0
a’,+b
~lz|l o - 0 |7

=T
where af; = ZHZ—?QZ with A = (ai;). If P is the operator which projects onto the

orthogonal complement of the column space of X, then:

0 al, - al
22 2| pPAPE!
0 aly - dy

which we can diagonalize to find the A;.
We are now in a position to calculate the generators of the invariant polynomials.

When ¢ = 1, the invariant polynomials on hg@®a from the previous subsection become:

0'1()\1,. . -,)\p—l)

O'p—l(/\h ceey /\p—l)

2
1Z]

Z" Az+b|Z)?
2
2|z|

where as before, the g; are the elementary symmetric polynomials on p— g elements.

The values of these polynomials can be found as the coefficients of the characteristic



polynomial of PAP. Because tr = 0 for all elements of gy, the first and the last
polynomials are the same!
A calculation similar to that for the Galilean group shows that the sums of mxm

subdeterminants of

aip -oalp |2
il (2.18)
Ap1 - App | Zp
-z - =% | 0
which include the last row and column result in | Z|? opm_o (A1, - .. s Ap-1)-

Theorem 2.2.1 With notation as in equation (2.17); when Gy is the Cartan motion
group U(p)xCP, S(go)€ is generated by the sums of mxm subdeterminants of (2.18)

which include the last row and column, with m > 2.

Proof: When m = 2, the sum of subdeterminants of (2.18) which include the last

row and column is:

A au oz 9
i -2

Similarly to the Galilean group, we know that the restriction of any invariant poly-

nomial to the transversal subspace results in a polynomial of the form
P(”ZH2 70-1(A17 ceey A}’)—1)7 v 7Up—1()\17 v 7)\71—1)) O

Defining @); to be the sum of the (i+2) x (i +2) symmetric subdeterminants, we can

use the injectivity of restriction to re-write this as:

Q1(X) QP—l(X)
P(QO(X)’QD(XY“" Qo(X) )
and split P:
Q1(X) Qp-1(X)) _
P(QO(X)’QO(X)”"’—QO(X) )— (2.19)
P,(QO(X),Ql(X),-~-,Qp—1(X))+ P (QO(X)an(X)v"'an—l(X)) (2.20)

Qo(X)k
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where P’ and P" are polynomials, and P” isn’t divisible by its first argument.
As with the Galilean group, we complexify. If P is a polynomial, there cannot

be an element of g§ for which P is undefined. Consider

0 -i| O 0o |-% 0 00 0|-1
-i 0] 0 0 i 0 00 0f-1
PO R O I R 0] 0
0 0 ~idp-2 | O 0 00 0] 0
L L0 0 | -ib : 3]0 0] 0
0 -i| 0 0 | -
-i 0| 0 0 0
o oof-in 0
0 0 ~idp-2 | O
0 -i| 0 0 | -ib

With this X, (2.18) becomes

0 1|0 0 |1
1 0|0 0 |0
0 0|\ 0
0 0 Apa | O
0 1|0 0 |0

With this, the 2 x 2 subdeterminants which include the last row and column are

all zero. In fact, the only way for a subdeterminant to be nonzero is to also include
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the first two rows and columns as well. Thus

01 0
For j > 1,
0 1] O 0 |1
1 0] O 0 [0
0 0|\ 0 Mo
k1
1£k:1<-~~<k‘j3p—1 1§k1<-'~<k‘j5p—1
)\kj

0 0 )\kj 0
0 1] O 0 |0

= O-j()\lw"a)\pfl)

Referring back to (2.20), we see that either k = 0, or P"(Qo(X), Q1(X),...,Qp-1(X)
must be zero. Since the symmetric polynomials o; are algebraically independent, and
P"" was chosen not to be divisible by its first argument, we can choose A1, ..., A\p_1 to

force P = 0 if k # 0. Therefore, Qo, ..., Q,-1 generate the invariant algebra S(go)§ -
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