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Abstract	
  	
  
Tuberculosis (TB) is one of the world’s most infectious diseases, accounting for
approximately 2 million deaths and 2 billion latent infections in 2009. Despite the
relative success of first-line anti-TB agents, multi-drug resistant strains of the TB
bacillus have become rampant, especially in impoverished nations. This is due in
part to the inability of chemotherapeutic agents to reach the TB bacilli trapped by
the host immune system within dense cellular masses known as granulomas, in
the lungs. It is argued here that granulomas are, in fact, morphologically similar to
solid cancerous tumors in that they both share high cell densities, evidence of
mechanical stress, abnormal vasculature, and oxygen-starved regions of hypoxia
and necrosis where, in the case of TB, the bacilli survive and lie in wait for the
host immune system to be compromised. Analogous to similar research in tumors,
thus, this Thesis seeks to explore transport limitations within TB granulomas,
specifically to better understand how poor oxygen delivery results in hypoxia and
necrosis within these abnormal lesions.
Chemical engineering principles of transport and reaction were used to
investigate oxygen diffusion and cellular consumption within isothermal
granuloma spheroids based on Michaelis-Menten (MM) kinetics. An approximate
analytical solution to the problem was explored based on dividing the diffusionlimited region into two sub-regions: an outer sub-region A where zero-order
approximation of MM kinetics applies as the result of adequate oxygen
concentration, and an inner sub-region B of limited oxygen supply where firstorder approximation of MM kinetics is assumed, defining the hypoxic region.
ii

Cell death ensues below a critical oxygen level that establishes the necrotic core,
where the TB bacteria repose. Based largely on a priori parameters, with the main
exception of MM kinetic constant k determined from the experimental minimum
size of a granuloma with the start of a necrotic core and an estimated oxygen
effective diffusivity, the resulting model is able to predict the emergence of
hypoxia and necrosis in granulomas. The theoretical sizes of the hypoxic and
necrotic regions were found to be in good agreement with experimental results
from a rabbit model of TB, carried out at the National Institutes of Health (NIH)
as part of a collaboration with Massachusetts General Hospital (MGH). Such
quantitative understanding of transport limitations can inform future TB treatment
strategies that may, as in tumors, include adjunct therapeutics that mitigate
abnormal physiological traits in the granuloma structure and microenvironment to
facilitate oxygen, nutrient, and drug delivery.
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Chapter	
  1	
  
	
  
Introduction	
  
As one of the most virulent infectious diseases in the world today, tuberculosis
(TB) afflicts roughly one-third of the global population (Figure 1.1). While
current treatment regimens are largely successful in curing the disease, multi-drug
resistant strains have emerged and proliferated (Sakamoto, 2012), an unfortunate
development that is frequently attributed to inappropriate or inadequate treatment
prescriptions, as well as inconsistent or incomplete treatment schedules.

Figure 1.1. World Health Organization (WHO) estimates of the global burden of
tuberculosis, based on active or latent infection (adapted from Rustad et al.,
2009).
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When infected with the tuberculosis bacilli, the body launches an immune
response that walls off the bacteria in dense cellular masses known as
granulomas, or tuberculosis lesions, within the lungs (Russell et al., 2010). These
abnormal tissue structures are comprised mostly of immune cells, and are
surrounded by fibrous cuffs, or “capsules,” which serve to contain the
tuberculosis bacteria (Russell et al., 2010). Depending upon the state of the
disease and the strength of the host immune system, granulomas can vary in size
from around 100 µm up to a few millimeters in diameter. Large lesions are able
to develop their own blood vessel networks, or vasculatures, which allow them to
grow to sizes that exceed the diffusion distance (from blood vessels to the cells)
of oxygen and most small molecules (Russell et al., 2010). It is proposed here,
based on animal experimental evidence, that the transport of small molecules,
such as oxygen, nutrients and TB drugs, is hindered within granulomas due in
part to the presence of an abnormal granuloma-associated vasculature limited to
the lesion periphery, resulting in an avascular, diffusion-limited granuloma core,
where human cells are stressed and/or die but the tuberculosis bacilli survive.
Consequently, tuberculosis granulomas often contain regions of
“hypoxia,” or low oxygen concentration, where oxygen is not homogeneously
distributed to the tissues as required for cellular function and survival, resulting in
disrupted metabolism. Additionally, large granulomas are often characterized not
only by hypoxia, but by “necrotic” cores as well, which are avascular regions
comprised of dead tissue and cellular debris (i.e., caseum). Unlike apoptosis, i.e.,
programmed (natural) cell death, necrosis is unnatural or premature death that
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results from trauma, infection, or lack of necessary nutrients.

Thus,

heterogeneous cellular regions exist within the granuloma microenvironment due
to inadequate oxygen supply, as shown in Figure 1.2 (Russell et al., 2010).

Figure 1.2. The life cycle of the tuberculosis bacilli, Mycobacterium tuberculosis.
The bacilli are inhaled and phagocytosed (engulfed) by alveolar macrophages,
local immune cells in the lung. A proinflammatory response results, leading to
the recruitment of more immune cells (monocytes) from the circulation, and the
building of new blood vessels (i.e., “neovascularization”) at the infection site,
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both of which form the basis of the granuloma structure and microenvironment.
The granuloma macrophages differentiate into several different cell types, and a
fibrous cuff of collagen and other extracellular matrix (ECM) materials forms
outside of the macrophage layer. Lymphocytes, a type of white blood cell, are
restricted primarily to the exterior of the fibrous cuff, while the bacilli are
contained in the granuloma core. As the disease progresses and the granuloma
grows, the center of the granuloma loses vascularization and accumulates
“caseum,” or necrotic debris. When the immune system becomes sufficiently
compromised, the granuloma cavitates, or collapses, and the infectious bacteria is
released into the surrounding lung tissue, and ultimately, the airways (Russell et
al., 2010).

Another devastating disease of a very different origin that manifests itself
in a similar physiological manner is cancer, which is known to produce dense
tissue masses, i.e., tumors, with abnormal vasculatures and resulting regions of
hypoxia and necrosis. The physiological abnormalities that characterize solid
cancerous tumors have been investigated thoroughly (Carmeliet and Jain, 2000;
Chauhan et al., 2011; Jain, 1988; Jain, 1998), and it is well known that these
unique properties compromise the delivery of oxygen, nutrients and drugs
throughout the tumor tissue.
It was first noted by Dr. Rakesh K. Jain of the Edwin L. Steele Laboratory
at Massachusetts General Hospital (MGH)/Harvard Medical School (HMS) and
Drs. Clifton E. Barry, and Laura E. Via of the National Institute of Allergy and
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Infectious Diseases (NIAID) at the National Institutes of Health (NIH) that
granulomas and tumors are morphologically similar, resulting in transport
limitations that have implications in treatment protocols. They proposed that a
shared characteristic of these two cellular structures is an abnormal vasculature
that is not uniformly distributed within the tissue, resulting in avascular regions,
and in poor oxygen and drug delivery as limited by diffusion. (This was the basis
of the original grant proposal to the Bill and Melinda Gates Foundation in 2009,
cited in the Acknowledgments.)
In tumors, the abnormal vasculature contains immature and leaky vessels
with high permeability and non-ordered branching (Jain, 2005). Additionally, a
lack of functional lymph vessels in tumors (Leu et al., 2000), through which the
interstitial fluid (IF, i.e., the fluid in the interstitial space between blood vessels
and cells) would normally drain in healthy tissue, results in an increase in the
tumor interstitial fluid pressure (IFP), further impeding convective transport and
delivery of small molecules.
In granulomas, the spatial distribution of the vasculature creates regions
that are hypoxic due to oxygen transport limitations (as shown in Section 2.2.4),
which predisposes them to necrosis within the hypoxic regions where blood
vessels cease to exist. This central avascularity, and, as argued here, the resultant
convective and diffusive transport limitations hamper the delivery of oxygen and
TB chemotherapeutics. Furthermore, within these necrotic cores, the tuberculosis
bacteria can survive by adapting to the surrounding hypoxic environment through
genetic mutations, awaiting the opportunity to emerge and attack when a host
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immune system is sufficiently weakened, often by the onset of a second disease or
condition, such as pneumonia (Dorhoi et al., 2011; Russell et al., 2010; Rustad et
al., 2009).
The

observable

physiological

abnormalities

motivate

a

better

understanding of the disease etiology and the underlying physicochemical
properties that result in transport limitations within granulomas. This is
accomplished here via a mathematical analysis to quantitatively describe the
emergence of hypoxic and necrotic granuloma regions as a direct result of limited
oxygen availability. In particular, chemical engineering principles of transport
phenomena and kinetics are applied to a theoretical model of oxygen diffusion
and cellular consumption within TB granulomas. Because of the morphological
similarities between tumors and granulomas, the substantial avascular tumor
modeling literature was consulted to guide this approach. The main goal of this
Thesis is to theoretically predict the emergence of hypoxic regions and necrotic
cores within TB granulomas, based on oxygen diffusion and cellular consumption
in accordance with experiments, thus illuminating the transport limitations in the
avascular regions of these abnormal tissue masses.
In this Thesis, Chapter 2 summarizes recent literature on the epidemiology
and pathology of tuberculosis and granuloma formation.

Information about

morphological similarities between tuberculosis granulomas and solid cancerous
tumors is highlighted. This chapter also includes a description of theoretical
models of oxygen transport in avascular tumors.

The derivation of the

mathematical model of oxygen diffusion and consumption within granulomas is
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provided in Chapter 3. Chapter 4 contains the results of the model, justification
for the corresponding parameters, and a comparison of theoretical predictions
with experimental data.

Chapter 5 presents the conclusions drawn from the

experimental and theoretical investigations.
presented in Chapter 6.
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Proposals for further work are

Chapter	
  2	
  
	
  
Background	
  
2.1.	
  Tuberculosis	
  
2.1.1.	
  Epidemiology	
  and	
  Treatment	
  
Tuberculosis (TB) is a highly prevalent disease that results from infection with the
Mycobacterium tuberculosis bacilli (bacteria), and is the second leading cause of
death from an infectious disease after human immunodeficiency virus (HIV), with
an estimated 1.7 million deaths and 2 billion latent cases worldwide in 2009
(Figure 1.1; WHO, 2010; WHO, 2011). Also referred to as pulmonary TB, due to
the primary infection in the lungs, TB infections can be labeled as active or latent.
Patients with latent TB have a positive reaction in a tuberculin skin test or TB
blood test, but do not have any symptoms and cannot transmit the disease to
others. Patients with active TB are symptomatic and can spread the disease to
others if they expel the bacilli into to the air (e.g., by coughing, sneezing, or
talking), which are subsequently inhaled by a new host. In fact, it is estimated
that those infected with with untreated active TB can infect 10-15 people per year,
as only a few bacilli need to be inhaled in order to transmit the infection (WHO,
2010).
Prognosis in most patients is good, provided they receive proper treatment.
Patients with active TB receive a combination of four first-line anti-TB agents,
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typically isoniazid (INH), rifampin (RIF), ethambutol (EMB), and pyrazinamide
(PZA). These first-line agents are administered for an initial treatment phase of 2
months, followed by a continuation phase, the duration of which is patient
specific (CDC, 2007). It is imperative that the TB medications are administered
properly and taken as directed, otherwise the TB bacilli may become resistant to
treatment, possibly resulting in permanent lung damage.
Due to factors such as inconsistent or partial treatment, strains resistant to
all major anti-TB drugs have emerged (WHO, 2010). Multidrug-resistant TB
(MDR-TB) is caused by bacilli that are at least resistant to INH and RIF, the two
most powerful anti-TB drugs.

Patients with MDR-TB require extensive

chemotherapy with the weaker second-line anti-TB drugs, or surgical therapies,
which are extremely costly (WHO, 2010). Extensively drug-resistant TB (XDRTB) has emerged worldwide, but is most devastating in regions where patients are
also infected with HIV, such as sub-Saharan Africa (Ulrichs and Kaufmann,
2006). These strains are resistant to not only INH and RIF but also to second-line
TB agents such as Fluoroquinolones (broad spectrum antibacterial agents, e.g.,
ciprofloxacin) and injectable drugs, leaving only bacteriostatic TB therapeutics
(i.e., drugs that prevent bacterial reproduction); therefore, XDR-TB strains pose a
serious threat to control of the disease (WHO, 2010).
TB is classified as a granulomatous inflammatory disease because a
pathological hallmark of the infection is the formation of granulomas (also called
tubercles, or lesions), which are dense collections of immune cells that confine the
bacilli in within lung tissue (Rubin, 2009; Ulrichs and Kaufmann, 2006). The
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bacilli in the granulomas can become dormant, resulting in latent infection
(Zhang, 2004). As hypothesized in Chapter 1, the granuloma morphology poses
as a barrier to the transport of oxygen, nutrients, and, most importantly, TB drugs.
Therefore, the structure of these abnormal tissue structures is described in detail
below (Section 2.1.2) and compared to a morphologically similar structure that
arises from a completely separate disease: solid cancerous tumors (Section 2.2).

2.1.2.	
  Granuloma	
  Pathology	
  and	
  Morphology	
  
As shown in Figure 1.2, TB bacilli are inhaled and phagocytosed by alveolar
macrophages, which results in a proinflammatory response that recruits
monocytes and other immune cells from the neighboring blood vessels to the site
of infection. These host cells confine the TB bacteria by remodeling the affected
lung tissue into heterogeneous cellular masses known as granulomas, which are
characterized by varying morphologies at different stages of disease progression.
Broadly, the progressive steps of granuloma structure can be described as 1) solid
or non-necrotic granulomas, 2) necrotic/caseous granulomas (also referred to as
necrotizing granulomas), and 3) cavities (Figure 2.1; Dorhoi et al., 2011). While
the dynamic cellular and molecular processes that govern granuloma pathology
have not been fully illuminated, it is still possible to describe the general steps in
terms of stages of granuloma development.

It should be noted that

morphologically distinct granulomas can coexist within a single host (Rustad et
al., 2009).
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Figure 2.1. Broad definitions of progressive granuloma types (Dorhoi et al.,
2011).

The following sections (2.1.2.1-2.1.2.4) warrant further description of two
physiologically relevant terms to both TB granulomas and cancerous tumors that
were introduced in Chapter 1: hypoxia and necrosis. Medically, hypoxia typically
refers to low blood concentrations of oxygen; here, however, this Thesis considers
specifically tissue hypoxia, i.e., a condition in which cells are exposed to less than
ideal levels of oxygen required for optimum cellular metabolism (Truskey et al.,
2004). This occurs in regions of tissues that are located beyond the diffusion
distance of oxygen from nearby blood vessels (approximately 100-200 µm); in
tumors and granulomas, as described below (Sections 2.2.3.2 and 2.2.4), hypoxia
results from heterogeneously distributed vasculatures (Chauhan et al., 2011).
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Hypoxic conditions prompt mammalian cells to switch from aerobic
(Figure 2.6) to anaerobic metabolism of glucose to maintain energy production in
the absence of adequate oxygen levels, modulated by expression of the
transcription factor hypoxia inducible factor-1 (HIF-1) (Semenza, 2007). The
molecular mechanisms by which mammalian cells sense hypoxia and tranduce
signals to HIF-1 are not well known, but likely involve chemicals such as carbon
monoxide, nitric oxide, and reactive oxygen species (Semenza, 2001). In both the
tumor and TB literature, there is pervasive use of the molecular stain
pimonidazole, a nitroimidazole used in both in vivo and in vitro studies, as a direct
cellular marker of hypoxia because it highlights cells that are metabolically
compromised due to inadequate oxygen supply (Arteel et al., 1998). In this
Thesis, when referring to hypoxia, this implies specifically the cells that exhibit
positive pimonidazole stain at a known cellular oxygen tension, described in
further detail in the Appendix (Section A.3).
The onset of hypoxia, combined with poor delivery of other nutrients
required to sustain proper cell function, eventually results in necrosis, the
premature death of cells.

Unlike apoptosis, which is considered to be

“programmed” (i.e., naturally progressing) cell death, necrosis indicates poor
physiological conditions that cannot support cell survival. As will be discussed
further (Section 2.1.2.4), hypoxia has contrasting effects on the human cells and
the bacterial cells contained within a granuloma; in human cells, pronounced
hypoxia leads to necrosis, but in the mycobacteria, it can prompt advantageous
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genetic adaptations that ensure bacterial survival and persistence. Thus, local
oxygen concentration in a granuloma has an effect on TB disease progression.
2.1.2.1.	
  Early	
  Stage	
  
Recruited immune cells and infected macrophages accumulate at the site of
infection in the lung, form the basis of the granuloma structure and
microenvironment, and stimulate the building of new blood vessels (Russell et al.,
2010).

The bacteria and infected macrophages are surrounded by other

macrophages that differentiate into several different types, including foamy
macrophages, which are characterized by high intracellular lipid volume, and
epithelioid histiocytes, elongated cells that can form aggregates called giant cells
(Russell, 2007). The epithelial layer is surrounded by a layer of lymphocytes in
association with fibrous collagen and other extracellular matrix (ECM)
components, which delineate the granuloma from the normal lung tissue (Russell,
2007; Ulrichs and Kaufmann, 2006).
2.1.2.2.	
  Mature-‐Stage	
  
More mature granulomas have been shown to have associated-vasculatures, and
their advanced structures typify the latent phase of infection (Alatas et al., 2004;
Russell, 2007). These granulomas have extensive lymphocyte cuffing, indicated
by a high recruitment to and proliferation of cells at the site of infection; these
cells then further differentiate into the stratified layers of the granuloma (Russell
et al., 2009). Delineation between the central cells of the granuloma and the
surrounding lymphocytes is facilitated by the development of a fibrous cuff
(Russell, 2007). Patients with latent TB have granulomas that undergo further
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fibrosis until the bacilli are able to be fully contained in these dormant lesions
(Barry et al., 2009; Saunders and Britton, 2007; Ulrichs and Kaufmann, 2006).

Figure 2.2. Structural features of human TB granulomas. The stratified layers of
the necrotic granuloma above feature a central caseum (necrotic core) surrounded
by a macrophage-rich layer and a fibrous capsule of collagen and ECM proteins,
encased by lymphocytes (Russell et al., 2010).

2.1.2.3.	
  Late	
  Stage	
  
In later stages of granuloma growth, the number of blood vessels penetrating the
lesion decreases significantly, and necrosis (caseum) develops in the core of the
granuloma (Figures 2.1 and 2.2), surrounded by a hypoxic environment (Russell,
2007). While human immune cells cannot survive in the necrotic region, some
bacilli may continue to survive through phenotypic regulation, described in
further detail below (Section 2.1.2.4) (Rustad et al., 2009). As time progresses,
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the necrotic region comes to grossly resemble a “cheesy” substance, referred to as
“caseous” necrosis, and characterized by low pH and limited oxygen and nutrients
(Via et al., 2008). The latency of this containment phase fails when the immune
system becomes compromised; when this occurs, the necrotic tissue undergoes
liquefaction, the fibrous wall decays, and the granuloma cavitates, releasing the
bacteria into the airways (Barry et al., 2009; Russell, 2007).
2.1.2.4.	
  Bacterial	
  Survival	
  in	
  Granulomas	
  
Within the granulomas, the TB bacilli are able to monitor the host immune
response (e.g., through cytokine levels) and reactivate in response to a suppressed
immune system (Boshoff and Barry, 2005). In addition to immune function, TB
bacilli have been shown to be sensitive to changes in oxygen tension; indeed,
many in vivo and in vitro models have demonstrated that bacterial growth,
metabolic activity, and transcriptional profile are altered in hypoxic conditions
(Barry et al., 2009; Rustad et al., 2009). This suggests a prominent role of oxygen
in the latency and reactivation of TB bacilli.
This mode of regulation of bacilli function and survival by oxygen
availability is based on the pathological characteristics of granulomas, namely
that hypoxic and necrotic regions can arise as the lesions evolve morphologically
(Rustad et al., 2009).

Granulomas are thought to limit bacterial growth by

restricting the access to oxygen and nutrients, and by exposing the bacilli to acidic
environments (Rustad et al., 2009).

However, rather than being completely

eradicated, some bacilli are able to adapt to a state of “bacteriostasis,” or nonreplication, that can persist for years, embodying the latent nature of non-active,
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long-term TB infection (Rustad et al., 2009). It is the bacilli that are able to
survive

that

are

responsible

for

reactivation

of

the

disease

in

immunocompromised conditions (Barry et al., 2009).
The TB bacilli are able to adapt to survive and persist in hypoxic
environments through altered expression of genes including those involved in
protein and DNA synthesis, cell division, and aerobic metabolism (Rustad et al.,
2009). Low oxygen availability, high nitric oxide levels, and acidic conditions in
the hypoxic and necrotic regions of granulomas trigger these genetic alternations
to induce a non-replicating, or dormant, phenotype (Zhang, 2004).
While the nature of the exact adaptations is still being investigated, it is
clear that oxygen transport in granulomas plays a key role in the progression of
TB, and is central to an understanding of the disease and the potential for
optimized treatment strategies.

Paradoxically, although the low-oxygen and

acidic central regions of granulomas contain the bacilli in latent TB infection,
these regions are unsuitable for immune cell survival and function, and,
furthermore, lack adequate vasculature for the delivery of TB drugs. In the
following section (2.2), the transport limitations of small molecules are
investigated in the context of cancerous tumors, where these aspects have been
well studied.

17

2.2.	
   Comparing	
   Granulomas	
   and	
   Tumors:	
   Implications	
   for	
  
the	
  Transport	
  of	
  Small	
  Molecules	
  
Tuberculosis is not the only disease that results in the formation of abnormal,
dense tissue masses in the body. Solid cancerous tumors look very similar to
tuberculosis granulomas in morphology and structure, and are characterized by
heterogeneous microenvironments with regions of hypoxia and necrosis, high cell
density, and dense extracellular matrices. Tumors are known to be able to grow
their own blood vessels that are highly dysfunctional and feature many unique
traits not seen in normal vasculature. The hindrance of these physiological
abnormalities to the transport of oxygen, nutrients, and drugs has been
investigated at length in cancerous tumors, and, as originally proposed by Drs.
Jain, Barry, and Via, it is likely that tuberculosis granulomas may have many of
these characteristics in common with tumors.

In the following sections, the

transport mechanisms and barriers in tumors are explained, and evidence of the
similarities between tumors and granulomas is presented. First, however, the
transport of oxygen in normal tissues is briefly reviewed to provide background
knowledge for understanding these physiological abnormalities and their effects
on oxygen transport.

2.2.1.	
  Oxygen	
  Transport	
  	
  
In humans, oxygen is delivered to all parts of the body via the respiratory system,
which facilitates the diffusive transport of oxygen and carbon dioxide between the
gas phase (inhaled air) and the liquid phase (blood), and the cardiovascular (or
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circulatory) system, which delivers oxygen to the tissues, where it is metabolized.
Cellular metabolism of oxygen in the mitochondria produces adenosine
triphosphate (ATP), which provides the chemical energy necessary for most
biochemical reactions, via a series of coupled cellular “respiration” reactions.
In normal tissues and organs, blood carrying oxygen and nutrients is
supplied through large arteries that bifurcate into small arteries, arterioles,
precapillary arterioles, and capillaries (Figure 2.3).

Figure 2.3. Mammalian circulatory system. Shown is a simplified illustration of
the systemic branching of vessels for the exchange of oxygen, nutrients and waste
products with the tissues (Dawson, 2005).

The dissolved concentration of oxygen CO2 in blood plasma is, as given by
Henry’s law (Truskey et al., 2004),
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CO2 = H O2 pO2

(2.1)

where the Henry’s constant representing oxygen solubility in plasma at 37 ºC is

H O2 = 1.34 ×10 −6 mol/L·mmHg, or H O2 = 1.34 ×10 −9 mol/(cm3·mmHg), and pO2
is the partial pressure of oxygen in the plasma. However, the total blood oxygencarrying capacity is roughly 70-fold higher than what Eq. (2.1) implies, due to the
reversible binding of oxygen on hemoglobin, a protein found in red blood cells
(Truskey et al., 2004).

Figure 2.4. Schematic of vessels and capillaries. The inner lumen (vessel opening)
walls are made up of endothelial cells, while the outer walls are supported by the
vascular basement membrane and pericytes, or perivascular cells (Kalluri, 2003).
Pericyte coverage of vessels is an indicator that a vessel is mature (fully
developed) and functioning properly.

Capillaries are the smallest blood vessels (Figures 2.3 and 2.4) and are
responsible for nutrient and waste exchange (including carbon dioxide and
nitrogenous wastes) between the blood and tissues in regions commonly referred
to as capillary beds. Blood from the capillaries is then transported from
postcapillary venules to venules, small veins, and large veins, which return blood
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from the organs to the systemic circulation (Figure 2.3). Thus, the circulatory
system can be divided into three mains parts: 1) the arterial system, which
transports blood from the heart to the tissues; 2) the venous system, which returns
blood to the heart from the tissues; and, 3) the microcirculation, made up of small
vessels and capillaries that facilitate gas and liquid exchange with the tissues
(Truskey et al., 2004).

Figure 2.5. Krogh cylinder model of blood supply to the tissues.

Above all else, the blood circulation system must ensure that there is an
adequate supply of oxygen to all cells within the body. The delivery of oxygen to
the tissues involves convective transport in the circulation system culminating in
the diffusive transport to the cells over small distances, which is limited by the
low solubility and small diffusion coefficient of oxygen in the interstitial fluid
(IF). There is, thus, an extensive system of conduits laid out through the body to
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ensure that all cells are within 200 µm (the approximate oxygen diffusion limit) of
the nearest capillary (Chauhan et al., 2011). Microcirculation (i.e., circulation in
small vessels) in arterioles and capillaries is regulated to match the local tissue
oxygen demand, via vasodilation (i.e, widening of blood vessel lumen) induced
by, for example, the presence of excess nitric oxide (Boveris and Boveris, 2007).
The process of oxygen diffusion in capillary beds was modeled by Krogh (1919)
who assumed that, 1) a cylindrical capillary provides the oxygen that is consumed
in a surrounding concentric cylinder of tissue (Figure 2.5), and 2) the
consumption of oxygen by cells follows zero-order kinetics.
Once in the tissues, oxygen is metabolized via cellular respiration; the
three main aerobic respiration processes are: 1) glycolysis (the anaerobic or
aerobic breakdown of glucose), 2) the Krebs (or citric acid) cycle, and 3)
oxidative phosphorylation in the electron-transport chain. An overview of oxygen
and glucose metabolism is given schematically in Figure 2.6.
In an environment lacking blood vessels (i.e, avascular regions), substrates
like oxygen and glucose must diffuse from vessels located at a distance to the
cells where they are metabolized. As described above, Krogh (1919) modeled
this process of diffusion and consumption through cellular diffusion-reaction
equations that show that oxygen concentrations in the tissues decrease with
distance from a capillary. Such transport limitations also cause avascular lesions,
such as early tumors and granulomas, to develop hypoxic regions near the oxygen
diffusion limit, because the peripheries of these masses feature persistent cellular
proliferation, separating the inner cells even further from the blood supply. As
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the lesion grows, necrosis (i.e., dead cells/ cellular debris) forms in the central
region (Figure 2.7) as a result of inadequate oxygen supply.

Figure 2.6. Nutrient, oxygen, and waste product exchange between cells and
blood vessels. Glucose and oxygen are delivered by the blood to the tissues and
diffuse further to reach the cells. Glucose is taken up by glucose transporters on
the cell membrane and is converted to pyruvate in the cytoplasm in the process of
glycolysis, which generates 2 ATP molecules per molecule of glucose. In
anaerobic respiration, pyruvate is reduced to lactate; in the presence of oxygen,
pyruvate is oxidized to HCO3 (after processing in the Krebs cycle and electrontransport chain), generating 36 additional ATP molecules per glucose molecule
(HbO2 – oxygenated hemoglobin; Gatenby and Gillies, 2004).

It is clear from the tuberculosis literature that oxygen availability affects
granuloma development; when oxygen is limited or unavailable, hypoxic and
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necrotic regions emerge. As described above, solid cancerous tumors develop
similar heterogeneous microenvironmental regions. It is known that tumors have
abnormal physiological traits that impede the transport of oxygen, nutrients and
drugs; it is possible that TB granulomas share some of these abnormalities. Thus,
these unique characteristics and their effects on the transport of small molecules
in tumors are discussed next.

Figure 2.7. Biopsy sample of a late-stage ductal carcinoma. The blood vessels
(blue) are shown near a tumor (T) in the surrounding region, or stroma (S). The
tumor is avascular, surrounded by a basement membrane (B) with a necrotic (N)
center (Gatenby and Gillies, 2004).

2.2.2.	
  Transport	
  in	
  Tumors	
  
Tumors are solid masses of abnormal tissue in the body that arise when cell
proliferation and differentiation regulatory mechanisms are altered by genetic
mutations or external mutagenic agents.
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The affected cells, thus, have

unregulated growth characteristics that result in either benign or malignant
(cancerous) tumors. Cancer can invade the body tissues systemically in a process
known as metastasis, which is the cause of over 90% of cancer-related deaths
(Chauhan, et al., 2011). Because of this modality of disease progression, uniform,
systemic delivery of chemotherapy is necessary.

Efficient delivery of

chemotherapeutic agents (and, in fact, all small molecules including oxygen) is
governed by three major sequential transport steps: 1) vascular transport to tumor
regions in the tissue, 2) transvascular transport across the vessel membrane, and,
finally, 3) interstitial transport from the vessels to the cells, as shown in Figures
2.6 and 2.8 (Chauhan et al., 2011; Jain 1998; Jain, 2001a).

The interstitial

transport of small molecules is most pertinent to the discussion of avascular
granuloma regions in this Thesis; thus, it is discussed in further detail below
(Section 2.2.2.1).
While these transport mechanisms are highly efficient in delivering
oxygen and nutrients to normal, healthy tissue, adequate drug delivery in the
treatment of cancer is often thwarted by the unique physiology that characterizes
solid tumors (Jain, 1988; Jain 2001b). Transport barriers in tumors result from
four major abnormal properties: 1) accumulated solid stress, 2) abnormal vascular
networks, 3) elevated interstitial fluid pressure (IFP), and 4) a dense interstitial
structure (Carmeliet and Jain, 2000; Chauhan et al., 2011; Jain, 1988; Jain, 1998;
Jain, 2001a; Jain, 2001b).

These abnormalities, which prevent systemic drug

delivery and result in regions of variable vascularity and heterogeneous blood
flow within tumors, are discussed in further detail below (Section 2.2.3).
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Figure 2.8. Transport in tumors. (a) Image of an orthotopic mammary tumor in a
mouse shows delivery of a low molecular weight fluorescent probe (red) after 30
minutes of perfusion, overlaid with examples of the three drug transport steps.
Note that delivery of the probe is low and heterogeneous, confined mostly to the
edge, or peritumor, tissue. (b) Transport steps in a representative tumor schematic
that includes blood vessels and the surrounding tissue (Chauhan et al, 2011).

2.2.2.1.	
  Interstitial	
  Transport	
  
The tumor interstitium, or interstitial space, is a tissue compartment between the
blood vessels and tumor cells, and is made up of interstitial fluid (IF) and
extracellular matrix (ECM) components. The ECM consists of cross-linked fibers
of collagens, elastins, structural glycoproteins and other glycan molecules. The IF
contains nutrients, waste, growth factors, and other chemical contents that are
comparable to those in the plasma; however, oxygen and glucose are lower in the
tumor IF (Truskey et al., 2004). In tumors, the movement of drugs and other

26

molecules is governed by their size, charge, and configuration, and by the
physical and chemical properties of the interstitium (Jain, 1998). In normal
tissues, the transport of drugs, oxygen, and nutrients in the interstitium occurs by
diffusion and convection (Figure 2.8b)
Ni = v iCi − Die ∇Ci

(2.2)

where the notation from Truskey et al. (2004) gives the flux vector as Ni ,
interstitial fluid velocity as v i , and the effective diffusion coefficient in the
interstitium as Die . The unsteady-state mass balance (Bird et al., 2002) of a
chemical species in the IF is

∂Ci
= − ( ∇ ⋅ Ni ) + Ri
∂t

(2.3)

where Ri is the volumetric rate of reaction of the small molecules by the tissue.
Combining the last two equations provides the conservation equation that includes
convection and diffusion, as well as reaction terms
∂Ci
= −v i ⋅ ∇Ci + Die ∇ 2Ci + Ri
∂t

(2.4)

For the one-dimensional radial diffusion case in a spherical tumor, the above
three-dimensional mass balance equation reduces down to

) 1 ∂ # ∂C &,
∂Ci
∂C
= −vi,r i + Die + 2 % r 2 i (. + Ri
∂t
∂t
* r ∂r $ ∂r '-

(2.5)

For the steady-state case without convection (i.e., as is the case in avascular
regions), the mass balance equation takes the form
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( 1 ∂ " ∂C %+
Die * 2 $ r 2 i '- + Ri = 0
) r ∂r # ∂r &,

(2.6)

which will be the starting point of the theoretical model developed in Chapter 3
(Section 3.2).
The interstitial fluid velocity can be further defined by the interstitial
hydraulic conductivity coefficient K i and the hydrostatic pressure gradient ∇pi
as (Truskey et al., 2004)
(2.7)

vi = −K i ∇pi

Convective transport, however, is not significant in the interstitial transport of
molecules within the tumors beyond short distances from the capillaries because
of a lack of fluid flow driving force in the form of a pressure difference between
vascular and interstitial fluids, a result of elevated IF within tumors, as indicated
in Eq. (2.6) and discussed in more detail below (Section 2.2.3.3) (Jain, 1998).

2.2.3.	
  Abnormal	
  Tumor	
  Physiology	
  	
  
The modes of transport described above (Section 2.2.2) are significantly hindered
by

four

primary

physiological

abnormalities

found

in

the

tumor

microenvironment, which greatly reduce the delivery and effectiveness of
chemotherapeutic agents.

Accumulated solid stress in the tumor compresses

blood vessels and, thus, restricts drug delivery to different regions of the tumor.
Abnormal and immature vascular networks with high resistances and reduced
pressure gradients result in slow and heterogeneous blood flow. Transvascular
and interstitial convective transport of drugs are abrogated by elevated hydrostatic
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pressure within tumors, which is caused by nonfunctional lymph vessels and an
abnormally permeable vasculature. The highly dense interstitial structure of ECM
components and cells presents sterically hindered, tortuous pathways through
which drugs must diffuse to reach the cancerous cells, i.e., both the interstitial
hydraulic conductivity coefficient K i and the effective diffusion coefficient D ie
are reduced in tumors as compared to normal tissue.

These unique tumor

properties are discussed in detail in this section, with an emphasis on abnormal
vasculature, a key focus of this study.
2.2.3.1.	
  Accumulated	
  Solid	
  Stress	
  
Tumors, as described previously, are characterized by unregulated cell
proliferation and growth in a restricted space. This rapid expansion of tissue
builds solid stress through compressive cellular contact with neighboring cells and
the ECM (Cheng et al., 2009; Helmlinger et al., 1997).

This solid stress

accumulates significantly in tumors through hyperplasia, i.e., the high
proliferation of cells, and the overproduction of ECM molecules like collagen
(Chauhan, et al., 2011).

The blood and lymphatic vessels in tumors are

compressed by this accumulated stress (Figure 2.9), leading to low vascular
density and perfusion rates and a lack of functional lymphatics (Chauhan et al.,
2011; Griffon-Etienne et al., 1999; Jain, 1988; Leu et al., 2000; Padera et al.,
2004).

29

Figure 2.9. Accumulated solid stress as a result of cellular hyperplasia and
hyperproduction of ECM. (a) Solid stress from tumor cells compresses, and often
collapses, blood and lymphatic vessels, indicated by brown staining and arrows.
(b) Eliminating tumor cells with diphtheria toxin reduces solid stress and
decompresses blood vessels, as indicated by asterisks, increasing the fraction of
perfused vessels (Chauhan et al., 2011, adapted from Padera et al., 2004).

The compression of blood vessels limits the convective vascular transport
step of drug delivery by reducing blood flow through increased vascular
geometric resistances, and the collapse some vessels (Sevick and Jain, 1989b;).
These effects on the vasculature not only result in poor drug perfusion in different
regions of the tumor (Baish et al., 2011), but they also reduce the amount of
oxygen available to the tumor microenvironment, resulting in areas that are
hypoxic, acidic, and necrotic (Figure 2.10) (Chauhan et al., 2011; Helmlinger,
1997).
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Figure 2.10. Distinct areas of the tumor microenvironment are shown as the
periphery, seminecrotic (i.e., hypoxic), and necrotic core regions. These regions
are delineated with their general properties, including oxygenation and the three
major transport steps in drug delivery to tumors (Chauhan et al., 2011, adapted
from Jain and Forbes, 2001)

Additionally, nonfunctional tumor lymphatics, a result of solid stress,
induce fluid retention within tumors due to limited drainage, which increases the
interstitial fluid pressure in tumors (Leu et al., 2000).

This diminishes the

pressure gradient between the vasculature and interstitial fluid, which essentially
eliminates the driving force for convection (Eq. 2.7) in the interstitial transport
step of drug delivery in tumors (Boucher, 1990; Chauhan et al., 2011; Jain, 1998;
Truskey et al., 2004). This is discussed in further detail in Section 2.2.3.3.
2.2.3.2.	
  Abnormal	
  Tumor-‐Associated	
  Vascular	
  Networks	
  
In normal tissues, oxygen, nutrients, and drugs and supplied by straight and
ordered vessels that bifurcate predictably into progressively smaller vessels and
capillaries (Figures 2.3 and 2.11a; Jain, 2005). Like TB granulomas, solid
cancerous tumors are able to stimulate the growth of new vasculature, in a process
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known as angiogenesis, within the affected tissue. Normally, the formation of
blood vessels is governed by a precise balance of proangiogenic and
antiangiogenic factors; tumors, however, are known to produce high amounts of
proangiogenic factors (Carmeliet and Jain, 2000; Hanahan and Weinberg, 2000).
The result is an abnormal vasculature characterized by tortuous pathways,
irregular branching, immature vessels, a lack of dependence of blood flow on
vessel diameter, and heterogeneous spatial distribution (i.e., regions of the tumor
that are avascular altogether) (Figure 2.11b; Baish et al, 2011; Jain, 1987; Jain,
1988).

Figure 2.11. 3-D imaging of normal (a) and tumor (b) vasculatures. Note that
tumor vessels are highly heterogeneous in size and branching, and regions of this
tumor tissue are avascular (Brown et al., 2001; reprint courtesy of Dr. Jain).

Normal angiogenesis begins with the production of proangiogenic factors,
such as vascular endothelial growth factor (VEGF), which promote vessel growth
(Chauhan, et al., 2011). Proangiogenic factor levels are then reduced, while
antiangiogenic factor production increases, which induces the maturation of the
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newly formed vessels (Jain, 2003). In tumors, however, the overproduction of
proangiogenic

factors

renders

many

vessels

immature,

tortuous,

and

hyperpermeable, or “leaky” (Carmeliet and Jain, 2000; Chauhan et al., 2011;
Dvorak et al., 1995; Jain, 2001b), often with excess endothelial cells and
abnormal pericyte coverage (see Figure 2.4) and basement membranes (Jain,
2001b; Kalluri, 2003; Tong et al., 2004). It is even possible for the flow of blood
to reverse within an abnormal vessel, further preventing the delivery of drugs and
nutrients (Jain, 2010).

These contrasting occurrences of angiogenesis are

illustrated schematically in Figure 2.12.

Figure 2.12. Many abnormalities in tumor vessels arise due to overproduction of
proangiogenic factors. Excess VEGF can lead to overproliferation of endothelial
cells and the formation of abnormal pericytes (Jain, 2010).
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As a consequence of this abnormal proangiogenic upregulation, not only is
the tumor-associated vasculature hierarchy disorganized, but the structure and
function of these vessels are highly compromised. Geometric resistance to blood
flow is elevated in tumors due to high vessel tortuosity (Sevick and Jain, 1989b),
which causes a drop in blood flow that further increases the viscous resistance, as
blood is considered a shear-thinning fluid (Sevick and Jain, 1989a). The resulting
irregular and heterogeneous flow patterns pose a major obstacle to uniform drug
delivery; even if some drug molecules are able to be carried into the tumor by the
abnormal vasculature, they are distributed unevenly to the tumor tissue through
altered transvascular and interstitial transport (Carmeliet and Jain, 2011).
Additionally, because most tumor vessels are immature, they are
heterogeneously hyperpermeable to blood plasma molecules due to abnormally
large vessel wall pores (Figure 2.13; Chauhan et al., 2011; Hashizume, 2000). In
healthy tissues, fluid pressure in blood vessels is higher than in the surrounding
tissue; however, leaky tumor vessels are unable to maintain a normal pressure
gradient across their walls, further impeding drug delivery and causing edema, or
tissue swelling (Jain, 2005).

This loss of fluid in the vasculature due to

hyperpermeability and high tortuosity increases tumor blood hematocrit, i.e., the
volume percentage of red blood cells (RBCs), thus increasing the fluid viscosity
and further slowing blood flow (Sevick and Jain, 1989a; Sun et al., 2007).
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Figure 2.13. The maximal pore size throughout an entire tumor, i.e., pore cutoff
size, for several types of tumors in mice (Chauhan et al., 2011, adapted from
Hobbs et al., 1998).

The cumulative result of these abnormalities is an irregular, spatially and
temporally heterogeneous vascular network that poses a major barrier to transport
within tumors, not only of drugs, but of oxygen and nutrients as well (Jain,
2001b). Reduced blood flow and heterogeneous vascular density compound the
effects of accumulated solid stress in tumors, namely vessel collapse, further
promoting unnatural microenvironments characterized by hypoxia, acidosis, and
necrosis (Figures 2.10 and Figure 2.14; Carmeliet and Jain, 2001; Goel et al.,
2011; Jain and Stylianopoulos, 2010). A lack of adequate oxygen supply in
central tumor regions results not only from poor delivery due to the abnormal
vasculature, but also from increased oxygen consumption from overproduced
cancer and endothelial cells in the tumor periphery (Jain, 2001b). Transport
limitations as represented by hypoxic conditions render tumor cells resistant to
radiation and some chemotherapies, compromise the functions of cytotoxic
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immune cells, and also induce genetic mutations that lead to the environmental
selection of highly metastatic cells (Bottaro and Liotta, 2003; Jain, 2005).

Figure 2.14. Interstitial pH and pO2 profiles as a function of distance from the
nearest blood vessel (Jain and Stylianopoulos, 2010, adapted from Boucher et al.,
1990).

2.2.3.3.	
  Elevated	
  Interstitial	
  Fluid	
  Pressure	
  
Due to the accumulated solid stress from tumor cells and ECM that compresses
lymphatic vessels, rendering them nonfunctional, and the abnormal leaky vessels
that characterize tumor vasculature, there is an accumulation of IF and plasma
within the tumor interstitium.

Further, the lack of lymphatic drainage and

transmural differences in oncotic pressure causes the interstitial fluid pressure
(IFP) to rise to the level of the microvascular pressure (MVP) (Boucher and Jain,
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1992; Jain, 1998; Jain, 2005).

This interstitial hypertension abrogates

transvascular convection, as the transvascular and IFP pressure gradient in tumors
is essentially zero, and also leads to steep pressure gradients from the tumor
periphery to the surrounding tissue (Boucher and Jain, 1992; Chauhan et al, 2011;
Jain, 1998). This renders diffusion largely responsible for the transvascular and
interstitial transport of oxygen, nutrients, and drugs within the tumor (Chauhan et
al., 2011). The flat fluid IFP profiles within tumor interiors (Figure 2.15) and
diminished pressure gradients across tumor vessel walls cause the pressure drop
along the length of tumor vessels to be diminished as well, which further reduces
blood flow (Baish et al., 1997; Jain 1998). Because tumor vasculature is spatially
heterogeneous, with high density in the tumor periphery and low density in the
tumor interior, the penetration distances and distribution of molecules, including
drugs, is poor (Jain, 2001b).

Figure 2.15. IFP profiles in rat tumors. The pressure profiles increase sharply at
the tumor periphery, and then become flat and elevated in the tumor interior,
where the IFP is essentially equal to the MVP, eliminating the transvascular
pressure gradient required for convective mass transport (Chauhan et al., 2011).
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The rise in IFP in tumors has been modeled by Baxter and Jain (1989) as
(using notation from Truskey et al., 2004)

ψ = 1−

1 sinh(αξ )
ξ sinh(α )

(2.8)

where ψ = pi / pv,e is the ratio of IFP pi to the effective vessel pressure pv,e ,

ξ = r / R0 is the dimensionless tumor radius, and the dimensionless parameter α is
defined as

α = RT

K t Sv / V
Ki

(2.9)

where RT is the tumor radius, Sv is the vascular surface area, V is the tumor
volume, and K t and K i are the transvascular and interstitial hydraulic
conductivity coefficients, respectively. This relation describes the experimental
IFP profile well, shown in Figure 2.14. IFP in the context of TB is described
further in Chapter 6 (Section 6.1.1).
2.2.3.4.	
  Dense	
  Tumor	
  Interstitium	
  
Many tumors are considered to be desmoplastic, meaning they contain
abnormally high amounts of stromal cells, fibrous tissue, and interstitial matrix
molecules. The high density of cells within the tumor tissue is the main source of
accumulated solid stress, and serves to further compress the ECM into a dense
and tortuous network through which drugs must diffuse to reach the cancerous
cells (Chauhan et al., 2011), reducing the effective hydraulic conductivity K i and
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the effective diffusion coefficient Die of the interstitium.

The ECM, largely

comprised of collagen and glycosaminoglycans (e.g., hyaluronan) is highly
viscoelastic (Netti et al., 2000); the relative amounts of these molecules influences
the hydraulic conductivity of the interstitium and also contributes to the
accumulated solid stress (Chauhan et al., 2011). Thus, a major barrier to drug
delivery in the interstitium results from the viscous IF, and the steric hindrance of
the dense cellular network and the ECM of the interstitial space. The tortuosity of
the interstitium compromises the delivery of all sizes of drugs, as it dramatically
increases the diffusion distances from the blood vessels to the cancerous cells and,
thus, the likelihood that drugs may bind to matrix and cellular components before
reaching cancer cells (Chauhan et al., 2009; Chauhan et al., 2011).

2.2.4.	
  	
  Evidence	
  of	
  Similar	
  Physiological	
  Abnormalities	
  in	
  Granulomas	
  	
  	
  
As summarized above (Section 2.1), it can be inferred from the literature that
granuloma morphology mirrors that found in tumors; it is already well-known that
both structures feature high cellularity and heterogeneous microenvironments. It
is also known that granulomas have an associated vasculature; thus, based on
these observable similarities, Drs. Jain, Barry, and Via hypothesized that the
granuloma-associated vessels, like tumor-associated vessels, are abnormal. This
was investigated in a rabbit model of TB, carried out by our collaborators at the
NIH, as described in the Appendix (Sections A.1 and A.2).
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Figure 2.16. Granuloma-associated blood vessels are abnormal. Shown is a
representative immunohistochemical (IHC) image of a pulmonary rabbit
granuloma in which vessels (brown, closed arrow) are heterogeneous in size and
spatial distribution. Most of the vessels exist in dense cellular areas (blue =
nuclei), and lack pericyte coverage (pink, open arrow), unlike the large
neighboring lung vessel in the upper left corner (scale bar = 100 µm; inset scale
bar = 10 µm).

It was found that granuloma vessels vary widely in size, and are spatially
heterogeneous, as seen in Figure 2.16.

40

In this image, there are no vessels

observed in the central region of the granuloma, which is consistent with what is
observed in tumors. As described above (Section 2.2.1) and shown in Figure 2.4,
pericyte coverage of blood vessels indicates that vessels are mature; however, it
was found that granuloma vessels are typically not associated with αSMA positive
cells (Figure 2.16), indicating a lack of pericyte coverage, and implying that the
vessels are immature.

Figure 2.17. Granulomas are often highly fibrotic. Shown are images of human
granulomas; panels A, C, and E are H&E (hematoxylin and eosin) stained; panels
B, D, and F are stained using Masson’s Trichrome, in which blue = collagen, red
= smooth muscle, and black = nuclei (courtesy of Dr. Laura Via).

In addition to high cellularity and an abnormal vasculature, it is also
known that granulomas have an associated collagen capsule (Figure 1.2). Shown
in Figure 2.17, there is often substantial fibrosis in granulomas, which has the
potential to transmit solid stress forces from the cells, leading to the compression
or collapse of blood vessels. Indeed, unlike the normal surrounding lung vessels,
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many granuloma vessels are compressed near the periphery, and collapsed
towards the interior (Figure 2.18). The fraction of collapsed vessels (out of total
vessels) can be very large, even in small granulomas, and the central regions of
granulomas are often avascular.

Figure 2.18. Granulomas have compressed and collapsed vessels. The normal
lung vessels surrounding the granuloma have clearly open lumen, but the
granuloma-associated vessels are compressed near the periphery and collapsed in
the interior. Further into the central regions of the granuloma, as seen here and in
Figure 2.16, there are no observable vessels. The graph above shows that the
fraction of collapsed vessels can be quite high, even in small granulomas.

Furthermore, smaller granulomas (≤ 1 mm in diameter) were found to
have more heterogeneous microvascular densities (MVDs), while large
granulomas were found to have low MVD (Figure 2.19).

The fact that

granulomas can have low MVDs and large fractions of compressed and collapsed
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vessels suggests that the systemic delivery of small molecules is low. This was
assessed using the perfusion marker Hoechst33342 (Thermo Fisher Scientific®), a
small immunoflourescent probe that binds to DNA, and was injected into the
animals prior to necropsy.

Figure 2.19. Granuloma microvascular density is low and spatially
heterogeneous. Smaller granulomas have more heterogeneous MVDs than larger
granulomas (a), and the granuloma periphery has a higher MVD than the interior
(b).

Analysis of the probe distribution within a tissue reflects the ability of the
blood vessels to deliver small molecules to the cells in the region, and can be used
as a surrogate for drug delivery and assessing transport limitations.

The

concentration of Hoechst33342 is represented by its fluorescent intensity
(arbitrary units), which was measured using a custom MATLAB code. The
distribution of Hoechst33342 was found to be very poor (Figure 2.20). In the
representative image shown, there is very little Hoechst33342 in the granulomas
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as compared to normal lung tissue, and the amount of Hoechst33342 in the
interior of granulomas is very low compared to the periphery.

Figure 2.20. Granuloma vessels are functionally abnormal. Representative
confocal immunofluorescent microscopic images of TB granulomas (red dotted
line) are shown in rabbit lung tissue, where blue = nuclei and green =
Hoechst33342 (scale bar = 0.5 mm). There is very little Hoechst33342 delivered
to the granulomas as compared to the surrounding normal lung tissue.
Furthermore, Hoechst33342 delivery is significantly higher in the periphery of the
lesion compared to the center (Student’s t-test, * = p < 0.05).
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Based on what is known from the literature, and the experimental evidence
of poor delivery of the molecular marker, it was confirmed that oxygen is also
poorly distributed in granulomas from the rabbit TB experimental model (Figure
2.21). Hypoxia was assessed using pimonidazole staining (see Section A.3 for
full description), and it was found that many granulomas, even small lesions, are
hypoxic. Furthermore, it was confirmed that hypoxia in large granulomas often
results in necrosis. Hypoxia and necrosis develop in the avascular central regions
of granulomas (and/or regions where collapsed vessels exist), where the transport
of small molecules no longer occurs by convection, and instead occurs by
diffusion only.

Figure 2.21. Granulomas have heterogeneous microenvironments and regions
with hypoxia and necrosis. Representative IHC images of two granulomas, one
0.35 mm in diameter (A) and one 1.35 mm in diameter (B). Both granulomas
have significant positive pimonidazole staining (dark brown), which indicates that
the cells are hypoxic, and necrosis has developed in the larger granuloma (B).

45

In summary, it has been demonstrated from characterization of
granulomas from the experimental rabbit model that granuloma vessels are
structurally and functionally abnormal, leading to poor small molecule delivery,
specifically of oxygen and the drug surrogate, Hoechst33342. Oxygen clearly has
a central role on the progression of TB, as the bacteria are able to adapt in
hypoxic conditions where human immune cells cannot survive and fight off the
infection. Therefore, these observable physiological abnormalities motivate a
better understanding of transport limitations in granulomas. This can be achieved
by turning once again to the tumor literature and consulting avascular tumor
models of oxygen transport, summarized below (Section 2.3).

2.3.	
  Avascular	
  Tumor	
  Models	
  of	
  Transport	
  and	
  Growth	
  
Cancerous tumors, like granulomas, feature an abnormally high accumulation of
cells in a confined tissue space, many of which proliferate rapidly and consume
oxygen and nutrients from the surrounding tissue. Tumor growth is broadly
categorized into three stages: avascular, angiogenesis, and metastasis (Roose et
al., 2007). Theoretical models have been used to further understand these stages,
typically in the form of tumor-growth models, which often include mathematical
descriptions of nutrient consumption, apoptosis/necrosis death characteristics, and
cancer cell-host cell interactions.

While these models can become highly

complex, especially when describing tumor angiogenesis (Baish and Jain, 2000;
Baxter and Jain, 1989; Jain, et al., 2007), simpler models of tumors in early
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developmental stages reflect the types of modeling encountered in non-biological
chemical engineering, e.g., diffusion and reaction in a catalyst pellet (Fogler,
2006).

Here, avascular tumor models are used as a basis for theoretically

describing the consumption of oxygen in TB granulomas.

2.3.1.	
  Stratified	
  Layers	
  of	
  Cell	
  Growth	
  	
  
In the early stages of avascular tumor growth, the cancerous cells are able to
obtain adequate resources from the surrounding tissues and blood vessels; as
growth progresses, however, the tumor growth reaches a saturation point, i.e., a
maximum size, due to insufficient oxygen and nutrient supply to the inner cellular
layers. At this stage, some tumors are able to release signaling molecules to
induce angiogenesis in the affected tissue. While angiogenesis and metastasis are
clinically considered to be the more important stages of tumor growth,
comprehensive understanding of cancer stages begins with avascular tumor
growth. Thus, theoretical modeling of avascular tumor growth can aid in the
understanding of tumor (and granuloma) characteristics.
Theoretical models have been developed to describe the macro-scale
mechanisms of growth in avascular tumors, i.e., tumors in initial stages of growth,
based on three main processes: 1) diffusion of nutrients into the tumor tissues, 2)
consumption of nutrients by tumor cells, and 3) cell death by apoptosis and
necrosis (Kiran et al., 2009). Avascular tumor growth is further characterized by
the formation of three different stratified layers, or zones, of cancer cells, namely
proliferating, quiescent (non-replicating), and necrotic zones (Figure 2.22; Kiran
et al., 2009). Modeling based on these varying growth phenomena is known as
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heterogeneous modeling, and generally assumes spherical tumor shape for
simplicity.

Figure 2.22. Schematic illustrations showing avascular tumor growth with time.
As the tumor continues to grow (upper graph), its rapidly proliferating layers
consume oxygen and nutrients from the surrounding tissues, and the inner layers
become quiescent (i.e., non-proliferating) and, eventually, necrotic. Furthermore,
the concentric cellular layers around a blood vessel in an angiogenic tumor (lower
image) mimic the stratified layers of cell growth found in avascular tumors
(Roose et al., 2007).

In most heterogeneous avascular tumor growth models, oxygen is the
main nutrient of interest, and its critical concentration (i.e., a substantially low
value compared to normal tissue oxygen levels, at or below which cell death
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ensues) is responsible for the emergence of a necrotic core in tumors, with an
associated necrotic radius (Kiran et al., 2009; Roose et al., 2007). Furthermore, a
critical radius can be defined at which a necrotic region begins to form in a
growing tumor.

2.3.2.	
  Emergence	
  of	
  Necrotic	
  Cores	
  
Initially, all cells in a tumor are proliferative and the nutrient supply is adequate.
As time proceeds, the tumor radius increases and the oxygen concentration
decreases until it reaches a critical concentration at which cells die and necrosis
occurs. Two of Dr. Jain’s previous Master’s students, Mengato (1980) and Lai
(1982) discussed mathematical models based on chemical engineering-based
principles of mass balance, diffusion, and reaction to describe heat and mass
transfer in multicellular 3-D tumor spheroids. Tumor spheroids are often used as
in vitro models to study solid, avascular tumors because they share the growth
kinetics, the distribution of cells into different phases of the cell cycle, and the
regions of hypoxia and necrosis of in vivo tumors. Mengato (1980) studied the
effects of hyperthermia, a treatment strategy for some cancers, on the
development of necrosis in spheroids, while Lai (1982) developed three
mathematical models of mass transfer, based on diffusion and reaction, of oxygen,
glucose, and lactic acid in spheroids. Their models of oxygen transport were
based on, and essentially identical to, the earlier work of Deakin (1975), who
modeled the emergence of necrotic cores in tumor spheroids, described in detail
below.
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Figure 2.23. Oxygen consumption is non-uniform in avascular tumors. (a)
Schematic of the outer ( Ro ) and necrotic ( Ri ) radii of an avascular tumor or
tumor spheroid. (b) Oxygen consumption as a function of oxygen concentration,
where the dashed curve represents a more physiologically accurate
approximation. (c) The respective radii ( Ro , R̂ , Ri ) corresponding to the oxygen
concentrations of interest ( σ i , σˆ , σ ∞ ), described in detail above, where σ ∞ is
the oxygen concentration at the edge of the tumor, i.e., the bulk concentration of
the oxygen in the medium surrounding the tumor spheroid (Deakin, 1975).

In his 1975 paper, Deakin explained that earlier models of tumor growth
assumed that oxygen concentration was uniform throughout the tissue. Deakin
proposed that, based on experimental observations, the concentration and
consumption of oxygen in tumors is actually non-uniform (Figure 2.23). He
claimed that oxygen consumption in avascular tumors is constant, or zero-order,
with respect to oxygen concentration (labeled in his paper as σ ), until the
concentration decreases due to cellular consumption to a low value ( σˆ ), below
which the consumption is first-order, i.e., proportional to the concentration. As
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the oxygen concentration decreases further, a critical concentration ( σ i ) is
reached at which cells die and necrosis occurs.

Figure 2.24. Dimensionless plot of relative viable rim thickness vs necrotic core
radius. The results of the Deakin model are given for various ratios of σˆ / σ i and
the value Q, which is effectively a ratio of diffusion and consumption. The
bottom curve represents the models that preceded Deakin and assumed a constant
oxygen consumption, i.e., σˆ = σ i (Deakin, 1975).

Deakin claimed that a “parabolic curve would appear to be a better
approximation” of oxygen consumption (Figure 2.23b), but that this would
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require numerical solution of the resulting non-linear ordinary differential
equation (ODE), and would not greatly affect the results of the model. (It will be
shown in Section 3.1.4 that his qualitative description of oxygen consumption can
actually be described physiologically and quantitatively by Michaelis-Menten
kinetics and its limiting forms.)
Deakin was able to solve the diffusion-reaction model analytically for a
spherical tumor, assuming zero-order kinetics from R̂ to Ro and first-order
kinetics from Ri to R̂ , with appropriate boundary conditions, including
assumption of continuity of the solutions at R̂ . The results of Deakin’s model
were summarized in a plot (Figure 2.24) of the relative viable rim thickness,

( Ro − Ri ) / Rc ,

versus the relative necrotic radius, Ri / Rc , for various values of

σˆ / σ i , where Rc is defined as the critical radius at which necrosis occurs.

2.3.3.	
  Applicability	
  to	
  Tuberculosis	
  Granulomas	
  
Deakin argues in his 1975 paper that his model is more physiologically valid than
preceding models due to his consideration of non-constant oxygen consumption
rates of cancer cells, based on experimental evidence in tumor spheroids. In this
Thesis, it is asserted that theoretical models in the spirit of Deakin’s avascular
tumor model can be directly applied to TB, due to the physiological similarities
between solid cancerous tumors and TB granulomas.

Summarized from the

information in this Chapter, granulomas, like tumors, have high cell densities,
dense extracellular matrices, and abnormal vascular networks that result in
heterogeneous microenvironments with regions of hypoxia and necrosis. Thus,
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Chapter 3 provides the derivation of a chemical engineering-based model of
oxygen diffusion and consumption in the avascular regions of granulomas, where
the solution is essentially identical to that of Deakin (1975) and is favorably
compared to experimental data in an experimental rabbit model of tuberculosis
(Section 4.2).

53

Chapter	
  3	
  
	
  
Theory	
  
As described in Chapter 2, tuberculosis infection typically results in the formation
of granulomas within the lung, nodular structures much like tumors, which have
the effect of isolating the TB bacilli. Within granulomas, the bacilli remain
dormant until the immune system is compromised, at which point they emerge
and attack the host. As noted in the description of granulomas, local oxygen
concentration is a key factor in the battle between the immune system and the
bacilli. Oxygen concentrations within the granuloma are abnormally low and nonuniform, as made evident by the existence of hypoxic and necrotic regions.
The immune response that leads to the formation of granulomas is largely
beneficial as it leads to the sequestration of the mycobacteria, preventing them
from spreading to the body and airways. However, walling off these infected
areas limits the access of both human and bacterial cells to oxygen, nutrients, and
drugs. While some bacilli are able to undergo genetic mutations to adapt to a nonreplicating state in the resulting low oxygen and acidic conditions, immune cells
are unable to adapt in the same manner and, thus, die in these harsh regions. In
this state of “bacteriostasis,” the bacilli can persist for many years, awaiting
reactivation when the host immune system is compromised by other diseases, and
allowing subsequent progression of active TB. The latency and reactivation of the
bacilli are thought to be governed mainly by oxygen levels (Gomez and
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McKinney, 2004; Rao et al., 2008; Via et al., 2008). While further studies are
required to illuminate all of the physiological abnormalities and molecular
mechanisms that result in hypoxia and necrosis within granulomas, it is possible
to quantitatively describe oxygen availability based on the experimentally
observed physiology of the heterogeneous regions in the granuloma
microenvironment.
In this chapter, low oxygen conditions caused by the oxygen transport
limitations within TB granulomas are theoretically modeled. The oxygen
diffusion and consumption in the tissue are formulated mathematically using a
one-dimensional model, based on the assumption that granulomas are spherical,
with appropriate boundary conditions. Although the derivation presented here is
largely based on the methods of Deakin (1975), there are two key updates in the
adaptation of his tumor model to TB granulomas: 1) the cellular consumption of
oxygen is based on Michaelis-Menten kinetics and its limiting forms (Truskey et
al., 2004), and 2) the “switch” from zero- to first-order consumption kinetics
occurs at a specific oxygen concentration at which the cells are considered
hypoxic, and undergo associated metabolic changes (as indicated by a positive
pimonidazole stain, described further in Section A.3).
In Section 2.2.1, a brief overview of the cardiovascular oxygen delivery
system in human tissue was given, which provides some of the relevant
background needed for a better appreciation of the oxygen limitations in
granulomas. Furthermore, justification was provided for the modeling approach
shown here by looking at similar models in cancerous tumors in the literature
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(Section 2.3). A schematic of a typical granuloma that is attempted to be modeled
here is provided below (Figure 3.2) with a full description of the underlying
physiology (Figure 3.1) of oxygen transport and the resultant heterogeneous
regions of the granuloma microenvironment.

3.1.	
  Granuloma	
  Schematic	
  and	
  General	
  Assumptions	
  
3.1.1.	
  Modeling	
  a	
  Rabbit	
  Granuloma	
  	
  
The model developed here is based on the observable physiological
characteristics, i.e., regions of hypoxia and necrosis, in rabbit granulomas (see
Section A.2 for experimental procedures). Figure 3.1 is an example of this type
of granuloma that has been delineated to show the stratification of cellular layers
in granulomas based on oxygen availability.

Based on the observable

morphologies, four distinct areas can be described: 1) a necrotic core surrounded
by 2) a region with hypoxic cells, 3) a region where cells are not hypoxic but
blood vessels do not exist, and 4) an outer region where blood vessels are
observable. The tissue area lying between the regions where vessels exist and the
necrotic core, i.e., the region between the yellow and white demarcations in
Figure 3.1, represents the avascular, or “diffusive” region, as discussed in detail
below (Section 3.1.2).
As described in Sections A.1-A.4, the experimental data used for
comparisons to the theoretical model predictions (Section 4.2) come from
untreated granulomas at a state of disease progression where granuloma size is
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essentially static, i.e., the macroscopic growth rate of these lesions is assumed to
be zero, and thus, in engineering terms, they are considered to be at steady-state.

Figure 3.1. Immunohistochemical (IHC) image of a granuloma that has been
stained with pimonidazole (see Section A.3 for further description). The four
stratified layers described above are shown with colored borders (where red
arrows indicate some blood vessels):: 1) a necrotic core (white), 2) a region with
hypoxic cells (orange), 3) a region where cells are not hypoxic but blood vessels
do not exist (yellow), and 4) an outer region where blood vessels are observable
(green, red arrows).
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3.1.2.	
  Stratified	
  Layers	
  of	
  Oxygen	
  Availability	
  and	
  Transport	
  	
  
Shown in Figure 3.1 are four layers of granuloma tissues that are observably
distinct in cell type, cell density, presence of blood vessels, and oxygen
availability.

These regions have associated radii and local oxygen tensions,

displayed schematically in Figure 3.2. The schematics in Figure 3.2A and B
depict the physiologically observed stratified layers in granulomas, as shown in
Figure 3.1.

Figure 3.2. Schematic of an idealized spherical granuloma. The stratified layers
of oxygen transport based on the presence of blood vessels, as described in
Section 3.1.2, are shown (A). The four radii of interest in a granuloma are given
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(B) based on the availability of oxygen in each layer. Oxygen concentration, CO2 ,
within the granuloma and non-uniform oxygen consumption, RO2 , are shown as
functions of granuloma radius, r (C). Furthermore, the dependence of nonuniform oxygen consumption on oxygen concentration can be shown graphically
(D).

Thus, a granuloma can be divided into three regions (Figure 3.2A):
1) Perfused Region – This layer is largely comprised of lymphocytes and
epithelial histiocytes (described in detail in Section 2.1.2), and have
observable blood vessels and capillaries (indicated by red arrows in
Figure 3.1). Within this region, the transport of oxygen occurs mainly by
convection from blood vessels. It is assumed here that the region is
adequately perfused and that the oxygen tension is uniform. There is no
positive pimonidazole staining in this region (see Section A.3), indicating
that the cells are receiving adequate amounts of oxygen from the blood
vessels.
2) Diffusive Region – Inside of the outer perfused layer exists an inner
region where blood vessels either do not exist or are collapsed and is,
thus, not perfused. In this region of the granuloma, the transport of
oxygen occurs by diffusion through the interstitial fluid only, since
convection is no longer available. This has been referred to previously in
this Thesis as an avascular region.

A sub-region of this is hypoxic, as is

observable via the pimonidazole stain. It is assumed that in the hypoxic
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sub-region, cellular consumption kinetics are first-order, whereas outside
this sub-region (but still within the diffusive region), the kinetics are zeroorder (discussed fully in Section 3.1.4).
3) Necrotic Core – The oxygen that diffuses through the diffusive region is
continually consumed by cells until the oxygen tension is so low that it is
no longer able to sustain cellular metabolism and the cells necrotize, i.e.,
undergo non-programmed cell death. The dead cellular debris forms a
necrotic core at the center of the granuloma, where the consumption of
oxygen ceases, and the concentration of oxygen becomes uniform. (Here,
it is assumed that any surviving bacilli in this region are respirating
anaerobically; therefore, they have no effect on oxygen transport.)

3.1.3.	
  	
  Local	
  Oxygen	
  Concentrations	
  
In the idealized granuloma schematics in Figure 3.2, the granuloma is assumed to
be spherical (thereby reducing the model to one-dimensional diffusion and
reaction model). This figure can be directly compared to Figure 2.23, which
shows analogous schematics for avascular tumors by Deakin (1975). Figure 3.2B
denotes four radii of interest (measured via image analysis methods described in
the Section A.4): 1) the outer granuloma radius, R0 , 2) the radius of the diffusive
region, R , 3) the radius of the hypoxic region, RH (indicated by positive
pimonidazole stain), and 4) the radius of the necrotic core, RC . The regions and
radii depicted in Figures 3.2A and 3.2B have corresponding oxygen
concentrations, shown in Figure 3.2A (defined numerically Section 4.1). As
described above (Section 3.1.2), it is assumed that the perfused region ( R0 to R )
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contains a constant bulk concentration of oxygen, CO2 ,b (explained further in
Section 3.2.1). Starting at R , the oxygen concentration, CO2 ,b , decreases due to
cellular consumption until it reaches a concentration at which cells become
hypoxic, CO2 ,H , as indicated by positive pimonidazole staining, at radius RH . For
radii within (or less than) RH , the oxygen concentration, CO2 ,H , decreases further
until it reaches a critical oxygen concentration, CO2 ,C , at which cells die, i.e.,
necrosis occurs, at RC . Throughout the necrotic core, the region contained by RC
, the oxygen concentration remains at a constant value of CO2 ,C , because there is
no longer any cellular consumption of oxygen. (See Section A.4 for a description
of how these radii were estimated empirically in rabbit lung tissues using image
analysis based on chemical engineering principles of transport.)

3.1.4.	
  	
  Local	
  Oxygen	
  Consumption	
  	
  
In his 1975 paper, Deakin proposed, based on experimental evidence, that the
oxygen consumption in avascular tumors is constant with respect to oxygen
concentration until it decreases to a value (labeled in his paper as σˆ ), below
which the consumption is proportional to the concentration (Figure 2.23b).
However, Deakin did not propose a specific concentration at which this “switch”
occurs; rather, in his result (Figure 2.24), he provided solutions for various values
of this parameter. Furthermore, he proposed that a “parabolic curve” for kinetics
would be a more physiologically accurate representation of this dependence. It is
with respect to these key points that the model presented here most differs from
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that of Deakin (in addition to the fact that this is a model of avascular tuberculosis
granulomas).
While Deakin’s model was developed for tumors, what he attempted to
qualitatively describe from experimental observations can be mathematically and
physiologically better explained by Michaelis-Menten (MM) kinetics, which is a
well-accepted model for the kinetics of oxygen consumption in mammalian cells
(Truskey et al., 2004). The rate of consumption of oxygen by mitochondria to
produce energy (mentioned briefly in Section 2.2.1) is complex and regulated by
many factors (Boveris et al., 2000), including the requirement for energy, the
level of adenosine diphosphate (ADP), oxygen levels in the blood, the presence of
nitric oxide, and by the kinetics of the electron transport chain (ETC) (Qusheng
and Bethke, 2002).
In its classical phenomenological analysis, the MM equation is derived
from a simple enzyme kinetic mechanism involving binding of oxygen with an
enzyme, which is found to be adequate in describing the observed hyperbolic
dependence of rate on oxygen concentration (Boveris et al., 2000; Zhou et al.,
2004). It does not, however, represent the true complexity of the mitochondrial
processes regulating oxygen consumption. For instance, it does not reflect the
fact that below a critical oxygen concentration the metabolic machinery shuts
down resulting in cellular necrosis (Golub and Pittman, 2012). Nonetheless, MM
kinetics is the most common form of phenomenological kinetics used for cellular
oxygen consumption; thus, it is applied here.
The MM kinetics are typically written as
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VmaxCO2

RO2 = −

K M + CO2

(3.1)

where Vmax is the maximum rate of respiration and K M is the so-called MichaelisMenten (or “half-saturation”) constant, which is the concentration of oxygen at
which RO2 = − (Vmax / 2 ) . The negative sign in Eq. (3.1) implies the consumption
of oxygen. The MM kinetic equation is rearranged here into the form

RO2 = −

kCO2
1+ KCO2

(3.2)

where k = Vmax / K M and K = 1 / K M .

In the model presented here, it is assumed that oxygen consumption by
granuloma cells follows MM kinetics. Furthermore, MM kinetics can be reduced
to limiting forms, based on the relative concentration of oxygen in different
regions of the granuloma, which results in the same mathematical description as
given by Deakin (1975) for the dependence of oxygen consumption on oxygen
concentration, shown graphically in Figure 3.2D. When the concentration is high
in the sense that KCO2 >> 1 , the MM kinetics (Eq. 3.2) are approximately zeroorder, i.e.,

RO2 = −k / K = κ

(3.3)

From Figure 3.2C and D, it is assumed here that Eq. (3.3) applies to what has
been defined as Sub-Region A, i.e., the region of the diffusive layer between radii

R and RH where vessels do not exist, but the local oxygen concentration is high
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enough to support normal cellular function (as evidenced by a lack of positive
pimonidazole staining in this region). When the oxygen concentration is low in
the sense that KCO2 << 1 , the MM kinetics (Eq. 3.2) are approximately first-order,
i.e.,
(3.4)

RO2 = −kCO2

From Figure 3.2C and D, it is assumed here that Eq. (3.3) applies to what has
been defined as Sub-Region B, i.e., the region of the diffusive layer that falls
between radii RH and RC where the local oxygen concentration is so low that the
cells become hypoxic (as evidenced by a positive pimonidazole stain). Within the
necrotic core, the rate of oxygen consumption is, of course, RO2 = 0 , as there are
no live cells in this region (except, perhaps, bacilli, which are assumed here to be
metabolizing anaerobically, as mentioned in Section 3.1.2).

In Section 4.2,

numerical results will be presented for the general MM kinetics (Eq. 3.2), as well
as analytical results for the limiting cases.
Based

on

the

physiologically

observable

heterogeneous

oxygen

concentrations within granulomas, and the hypothesis that the resulting oxygen
consumption rate of human cells is non-uniform, a mathematical model is derived
below (Section 3.2) to illuminate the transport and kinetics of oxygen within a TB
granuloma. The physics of oxygen diffusion and consumption are formulated
mathematically using a one-dimensional model, based on the assumption that the
granulomas are spherical, with the appropriate boundary conditions, described in
detail below (Eq. 3.10).
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This is achieved by first defining both the convective and diffusive
transport of oxygen in the interstitial fluid within granulomas, and it is assumed
that the rate of cellular oxygen consumption follows MM kinetics. The model
derivation below directly follows the approach of Deakin (1975), and final
equations are identical, although in a different dimensionless form. Based on a
priori parameters, described in detail in Section 4.1, the resulting model is able to
predict the emergence of hypoxia and necrosis in TB granulomas, in agreement
with experimental results, shown in Section 4.2.

3.2.	
  	
  Model	
  Derivation	
  
3.2.1.	
  Oxygen	
  Mass	
  Balance	
  	
  
In a spherical granuloma (Figure 3.2), the unsteady-state mass balance of oxygen
takes the form
∂CO2
∂t

=−

1 ∂ 2
(r NO2 ) + RO2
r 2 ∂r

(3.5)

Here, the flux of oxygen, in general, can occur by interstitial convection and
diffusion (Eq. 2.2), i.e.,
N O2 = viCO2 − D Oe 2

∂CO2
∂r

(3.6)

where vi is the interstitial fluid velocity, and it is assumed that the effective
diffusion coefficient, D Oe 2 , of oxygen inside the granuloma is constant (as are
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other physical properties, e.g., H O2 , discussed in Section 4.1). Combining the last
two equations
∂CO2
∂t

= −vi

∂CO2
∂r

+

D Oe 2 ∂  2 ∂CO2 
r
 + RO2
r 2 ∂r 
∂r 

(3.7)

The net volumetric rate of oxygen generation in this differential mass balance
includes two terms, i.e.,

RO2 = φ BCO2 ,b −

kCO2
1+ KCO2

(3.8)

The first term on the right-hand-side represents the source of oxygen in the
plasma from the blood vessels, φ BCO2 ,b , where φ B is the volumetric rate of flow
of plasma from the blood vessels into the tissue. Note that φ B = av v0 , where av is
the surface area of the blood vessels/volume of the tissue (e.g., cm2/cm3) and v0 is
the velocity of blood exiting the blood vessel, which is different from the
interstitial fluid velocity of oxygen, vi , in Eq. (3.7). The second term on the
right-hand-side of Eq. (3.8) is a cellular respiration term (i.e., oxygen
consumption by the cells and, thus, has a negative sign); further, it is assumed to
be of the MM form. The inclusion of the source term in Eq. (3.8) is not normally
described in mathematical descriptions of avascular tumors; so far, a review of the
literature has yielded a similar approach in only Teo et al. (2005). Furthermore,
the avascular literature typically lacks a discussion of interstitial convection,
which is included in the discussion here for generality in Eq. (3.6), earlier in
Section 2.2.2.1, and further in Section 6.1.
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Based on the preceding descriptions, the following assumptions are made:
1) In the perfused region, i.e., in the region between R and R0 , blood
vessels exist so that there is a vascular source term, φ BCO2 ,b , in this region
2) There are no blood vessels in the diffusive region, i.e., r ≤ R , so that

φ B = 0 , i.e., there is no source term in this avascular region, and the
interstitial fluid velocity vi → 0
3) The oxygen source term is much greater than the consumption term in the
perfused region, i.e., φ BCO2 ,b >>

kCO2
1+ KCO2

, and convection dominates over

diffusion, so that CO2 = CO2 ,b in this region, as shown schematically in
Figure 3.2 above.
For the diffusive region, r ≤ R , where there is no vascular source of oxygen, at
steady-state, i.e., no accumulation of oxygen in the spherical shell with time, the
time derivative vanishes. Further, it is assumed that diffusion dominates over
convection since vi → 0 in this region, so that the mass balance of oxygen takes
the form

D Oe 2 d ! 2 dCO2 $
kCO2
r
=
#
&
r 2 dr "
dr % 1+ KCO2
subject to the boundary conditions (BCs)
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(3.9)

B.C. 1: at r = R

CO2 = CO2 ,b

B.C. 2: at r = RH

CO2 = CO2 ,H

B.C. 3: at r = RH

N O2 = continuous

B.C. 4: at r = RC

CO2 = CO2 ,C
dCO2

B.C. 5: at r = RC

dr

(3.10)

=0

which require further discussion. When the oxygen concentration drops due to
cellular consumption to CO2 = CO2 ,H at some (unknown) value of r = RH (B.C. 2),
the cells become hypoxic. When the oxygen concentration drops further to

CO2 = CO2 ,C at some (unknown) value of r = RC (B.C. 4), the cells die and the
oxygen consumption rate becomes zero throughout the necrotic core. Since the
MM kinetics (Eq. 3.1) in its usual form is inconsistent with this, it must be
accounted for in the model by artificial means, i.e., B.C. 5, in which the
concentration gradient at the boundary of the necrotic core, r = RC , is forced to be
zero. However, this does not guarantee that the concentration gradient remains
zero in the core of the granuloma. This is a deficiency of the assumed model and
the BCs.
Of course, an alternate, and perhaps physiologically more meaningful,
way to account for this is to modify the MM kinetics to account for cell death.
One simple way to do so is to alter the MM kinetics somewhat, e.g.,

D Oe 2

1 d ! 2 dCO2 $ k(CO2 − CO2 ,C )
#r
&=
r 2 dr "
dr %
1+ KCO2
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(3.11)

so that the rate of respiration becomes zero when CO2 = CO2 ,C . (However, this
suggestion is new and is provided here only for discussion. In the following
analysis, simply the conventional MM kinetics are assumed.)
The final boundary condition, B.C. 3, i.e., at r = RH , the flux N O2 =
continuous, implies that the concentration gradient is continuous. This guarantees
that even though r = RH marks the start of hypoxia, and, as assumed here, a
change in cellular metabolism, there is no discontinuity in the concentration
profile at this location, ascertained by matching the concentration gradient at this
location between the different sub-regions (Figure 3.2C). (This condition also
allows the estimation of the MM kinetic variable K, as discussed further with
other parameter estimations in Section 4.1.)

3.2.2.	
  Dimensionless	
  Form	
  of	
  the	
  Oxygen	
  Mass	
  Balance	
  
The dimensional derivation is provided in the Section A.5; however, for ease of
equation

manipulation

and

subsequent

numerical

calculations,

non-

dimensionalization is applied, as is commonly done in chemical engineering
models, as, for example, in the derivation of steady-state diffusion and reaction in
a catalyst particle (Fogler, 2006) (which is similar to the derivation provided here,
although with different boundary conditions). Deakin also uses non-dimensional
analysis in his modeling of avascular tumors (1975). For the model presented
here, the following dimensionless terms are defined

y=

C
r
k
; f = O2 ; φ = R
; χ = KCO2 ,b
R
CO2 ,b
D Oe 2
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(3.12)

where φ is defined as the Thiele Modulus in chemical engineering (Fogler, 2006),
which is a measure of the ratio of the intrinsic rates of oxygen consumption and
diffusion. Note that because constant physical properties are assumed in the
idealized (isothermal) spherical granuloma (discussed further in Section 4.1), the
only parameter in the definition of the Thiele Modulus that can vary is R , the
radius of the diffusive region. Thus, because k and D Oe 2 are constant, the Thiele
Modulus can be considered to be a dimensionless form of the diffusive radius
(and, by extension, a representation of unitless avascular granuloma particle size,
where a large Thiele Modulus indicates a large particle).
Thus, Eq. (3.9) may be written in the form

1 d  2 df  2 f
y
=φ
y 2 dy  dy 
1+ χ f

(3.13)

Carrying out the indicated differentiation on the left-hand-side of Eq. (3.13) and
simplifying yields

d 2 f 2 df
f
+
= φ2
2
dy
y dy
1+ χ f

(3.14)

This is subject to the BCs in Eq. (10), written as follows in dimensionless form

B.C. 1: at y = 1
B.C. 2: at y = yH
B.C. 3: at y = yH

f =1
f = fH
! df $
# & = continuous
" dy %yH

B.C. 4: at y = yC

f = fC

B.C. 5: at y = yC

df
=0
dy
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(3.15)

Thus, Eq. (3.14) is the dimensionless second-order nonlinear ordinary differential
equation for oxygen concentration in the avascular, or diffusive, region within the
granuloma with MM consumption kinetics. It can be solved numerically, as is
done in Chapter 4 (Figure 4.1).

However, more insights can be gained by

following Deakin (1975) and considering the limiting cases of the MM kinetics
(Eqs. 3.3 and 3.4) that describe the approximate oxygen consumption in subregions A and B in a granuloma (Figure 3.2), and allow for explicit expressions
that can analytically describe the solution, as derived below (Section 3.2.3) and
discussed further in Chapter 4.

3.2.3.	
  Limiting	
  Forms	
  of	
  Michaelis-‐Menten	
  Kinetics	
  
More insights can be obtained by considering the limiting solutions of MM
kinetics for which analytical solutions can be obtained. Thus, as described above
(Section 3.1.4) and shown in Figure 3.2, the avascular region is further subdivided
sub-regions A and B. It is proposed here, as stated earlier, that the change from
zero- to first-order kinetics occurs at r = RH , where CO2 = CO2 ,H , rationalized on
the basis of physiological changes in cell metabolism. This concentration, CO2 ,H ,
is taken as that indicated by a positive pimonidazole stain (see Section A.3).
Because predicting the emergence of hypoxia and necrosis in tuberculosis
granulomas is of great interest with respect to disease progression, it is desired to
use this model to determine the corresponding radii, RH and RC , or, in
dimensionless terms, yH = RH / R and yC = RC / R .

With two separate limiting

cases, there are two different second order linear ordinary differential equations,
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derived below, which can each be solved subject to at least two appropriate BCs
each (Eqs. 3.10 and 3.15)
3.2.3.1.	
   Analytical	
   Solution	
   for	
   Avascular	
   Sub-‐Region	
   B	
   with	
   First-‐Order	
  
Kinetics,	
  RC	
  ≤	
  r	
  ≤	
  RH	
  
For the region where first-order kinetics is presumed to exist, χ f << 1 , i.e.,

RO2 = −kCO2 , Eq. (3.14) becomes
d 2 f 2 df
+
= φ2 f
2
dy
y dy

(3.16)

This linear second-order ordinary differential equation is subject to the boundary
conditions BCs 2, 4, and 5, i.e.,

B.C. 2: at y = yH

f = fH

B.C. 4: at y = yC

f = fC

B.C. 5: at y = yC

df
=0
dy

(3.17)

The general solution to Eq. (3.16) is

f=

C3
C
cosh(φ y) + 4 sinh(φ y)
y
y

(3.18)

Differentiating Eq. (3.18)

df C3
C
= 2 {φ ysinh(φ y) − cosh(φ y)} + 24 {φ y cosh(φ y) − sinh(φ y)}
dy y
y

(3.19)

Using B.C. 5 in this equation
 φ y cosh(φ yC ) − sinh(φ yC ) 
C3 = C4  C

 cosh(φ yC ) − φ yC sinh(φ yC ) 
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(3.20)

Using B.C. 4 in Eq. (3.18)

fC =

C3
C
cosh(φ yC ) + 4 sinh(φ yC )
yC
yC

(3.21)

Combining the last two equations

C4 =

{

}

( fC yC ) cosh(φ yC ) − φ yC sinh(φ yC )

{

}

{

}

(3.22)

cosh(φ yC ) φ yC cosh(φ yC ) − sinh(φ yC ) + sinh(φ yC ) cosh(φ yC ) − φ yC sinh(φ yC )

Using in Equation (3.20)

C3 =

{

}

( fC yC ) φ yC cosh(φ yC ) − sinh(φ yC )

{

}

{

}

(3.23)

cosh(φ yC ) φ yC cosh(φ yC ) − sinh(φ yC ) + sinh(φ yC ) cosh(φ yC ) − φ yC sinh(φ yC )

These constants can be simplified to

C4 =

fC {cosh(φ yC ) − φ yC sinh(φ yC )}
φ

(3.24)

f {φ yC cosh(φ yC ) − sinh(φ yC )}
C3 = C
φ
Using these in the concentration profile (Eq. 3.18)

f=

and

simplifying

fC "{φ yC cosh(φ yC ) − sinh(φ yC )} cosh(φ y) +%
$
'
φ y $#{cosh(φ yC ) − φ yC sinh(φ yC )} sinh(φ y) '&

using

the

identifies

of

hyperbolic

(3.25)

functions,

i.e.,

sinh(u − v) = sinh u cosh v − cosh usinh v and cosh(u − v) = cosh ucosh v − sinh usinh v ,

f=

fC "
#φ yC cosh {φ (y − yC )} + sinh {φ (y − yC )}$%
φy
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(3.26)

This solution is valid in the region yC ≤ y ≤ yH . However, in Eq. (3.26), yC is
still unknown. Further, using B.C. 2 in Eq. (3.26)

fH =

fC "
#φ yC cosh {φ (yH − yC )} + sinh {φ (yH − yC )}$%
φ yH

(3.27)

This equation interrelates yC and yH for known fC (= CO2 ,C / CO2 ,b ) and

fH (= CO2 ,H / CO2 ,b ) , and for a given value of the Thiele Modulus, φ , which is
essentially the dimensionless particle radius. If yH can be determined, i.e., via
zero-order analysis of sub-region A, as discussed in the following section, then
the dimensionless necrotic core radius, yC , can be determined. Further, it can be
seen that the above results are the same as those obtained by Deakin (1975), i.e.,
his Eqs. (3) and (4), with the following change in notation (Deakin’s notation on
the left-hand-side; Thesis notation on right-hand-side): R̂ = RH , RO = R , Ri = RC ,

σ = CO2 , σˆ = CO ,H , σ i = CO2 ,C , σ ∞ = CO2 ,b , A = k / K , BRo = φ , FRo / σ ∞ = C1 ,
2

and k = DOe 2 .
3.2.3.2.	
   Analytical	
   Solution	
   for	
   Avascular	
   Sub-‐Region	
   A	
   with	
   Zero-‐Order	
  
Kinetics,	
  RH	
  ≤	
  r	
  ≤	
  R	
  	
  
For the region where zero-order kinetics is presumed to exist, χ f >> 1 , so that 1
in the denominator of Eq. (3.14) may be neglected, hence reducing to

1 d  2 df  φ 2
y
=
y 2 dy  dy  χ

74

(3.28)

Integrating once, the dimensionless concentration gradient of oxygen in this
region becomes

df φ 2
C
=
y + 21
dy 3 χ
y

(3.29)

Integrating again yields the concentration profile

f=

φ 2 2 C1
y − + C2
6χ
y

(3.30)

where C1 and C2 are constants of integration to be determined from appropriate
BCs. In addition, as mentioned above, yH needs to be determined. Thus, three
BCs are needed. The question is, of course, as to which three BCs are the
physiologically most meaningful, or mathematically most convenient, to
determine these constants.
Using B.C. 1 in Eq. (3.30)

C2 = C1 +1−

φ2
6χ

(3.31)

Substituting this into Eq. (3.30)

f = 1−

 1
φ2
(1− y 2 ) + C1 1− 
6χ
 y

(3.32)

which is Eq. (3) of Deakin (1975). However, this still has an unknown constant,

C1 , which is yet to be determined. B.C. 3 may be used for this, i.e.,
at y = yH , df / dy = continuous, or that the concentration gradient is continuous
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between the first-order and zero-order solutions. Thus, Eq. (3.29) at y = yH must
be equated to the corresponding concentration gradient for first-order.
The derivative of Eq. (3.25) followed by simplification yields

df fC 
= ( y − yC ) cosh {φ (y − yC )} + ( yφ yC −1 / φ ) sinh {φ (y − yC )}
dy y 2

(3.33)

For y = yH , this provides the concentration gradient from sub-region B

! df $
f (( yH − yC ) cosh {φ (yH − yC )} + +
# & = C2 *
" dy %yH yH )*( yH φ yC −1 / φ ) sinh {φ (yH − yC )}-,

(3.34)

which must be matched with that from sub-region A as per B.C. 3, for which,
from Eq. (3.29)

 df 
φ2
C
yH + 21
  =
yH
 dy yH 3 χ

(3.35)

Equating the above provides another relation, which may be solved for C1

C1 = fC "#( yH − yC ) cosh {φ (yH − yC )} + ( yH φ yC −1 / φ ) sinh {φ (yH − yC )}$%
−

(3.36)

φ2 3
yH
3χ

Using this constant in the concentration profile in sub-region A, Eq. (3.32)

φ2
(1− y 2 ) +
6χ
(* "( yH − yC ) cosh {φ (yH − yC )} + % φ 2 ,* / 1 2
'−
yH3 - 11− 4
) fC $
*+ $#( yH φ yC −1 / φ ) sinh {φ (yH − yC )}'& 3 χ *. 0 y 3

f = 1−
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(3.37)

However, the primary interest lies in determining yC and yH , for which
one relation (Eq. 3.27) is already available. To obtain a second relation between
these quantities, Eq. (3.37) is evaluated at y = yH and rearrange

1− fH =

φ2
(1− yH2 ) +
6χ
(* "( yH − yC ) cosh {φ (yH − yC )} + % φ 2 ,* / 1
2
'−
yH3 - 1 −14
) fC $
*+ $#( yH φ yC −1 / φ ) sinh {φ (yH − yC )}'& 3 χ *. 0 yH 3

(3.38)

which is essentially equivalent of Eq. (4) of Deakin (1975). However, that result
looks slightly different; cast in the Thesis notation, it is (Deakin, 1975)

1− fH =

φ2
(1− yH2 ) +
6χ
(*
"cosh {φ (yH − yC )}
%
2
φ 2 3 ,* / 1
' − yH f H −
yH - 1 −14
) yH fC $
3 χ *. 0 yH 3
$#+φ yC sinh {φ (yH − yC )}'&
*+

(3.39)

Although Eq. (3.39) looks different from Eq. (3.38), by substituting Eq. (3.27) for

fH on the right-hand-side of Eq. (3.39) and rearranging, it can be shown that this
is the same as Eq. (3.38). Thus, the results of Deakin (1975) and this model are
qualitatively equivalent. In summary, Eqs. (3.27 and 3.39) provide the relation
between yC and yH , and these two equations can be solved simultaneously to
find the roots yC and yH for known fC and fH , and for a given Thiele Modulus,

φ , as shown in Chapter 4 (Figure 4.2).

Furthermore, oxygen concentration

profiles (using parameters defined in Section 4.1) can be plotted for various
values of φ , as shown below in Figure 3.3, by solving Eqs. (3.26) and (3.37).
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Figure 3.3. Dimensionless oxygen concentration profiles ( f ) versus
dimensionless granuloma radius ( y ) for given particle sizes ( φ ).

	
  

78

Chapter	
  4	
  
	
  
Results	
  and	
  Discussion	
  
In Chapter 3, a complete derivation of the oxygen transport model in the avascular
(diffusive) region of tuberculosis granulomas was provided. In this chapter, it is
shown that, with physiologically relevant parameters, the results of the model
predictions correlate well with experimental results from the rabbit model of
tuberculosis (see Sections A.1-A.4 for the experimental and image analysis
methods).

Furthermore, features and limitations of the current model are

discussed, as are plans for a more comprehensive model of oxygen transport that
includes the perfused (vascular) region of granulomas, discussed in detail in
Chapter 6.

4.1.	
  	
  Parameters	
  	
  
With the appropriate parameters, the radii of interest, RC and RH can be solved
for using the theoretical model derived in Chapter 3, and compared to
experimental data in the rabbit model of TB (see Section A.1-A.4 for descriptions
of the animal model and image analysis methods). All parameters required in this
model, except for two, k and D Oe 2 , were either assigned directly or determined
indirectly from a priori measurements by our NIH collaborators in a previous
characterization study of the rabbit TB model (Via et al., 2008). The parameters
used in the model are discussed in here in detail and are summarized in Table 4.1.
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4.1.1.	
  Minimum	
  Particle	
  Size	
  with	
  Necrosis	
  
With the model and appropriate parameters, it is possible to predict the minimum
size of the granuloma particle, R0,min ( Rc in Deakin’s notation), which would
have the beginnings of a necrotic core within it. Clearly, when the granuloma
particle is small enough, the oxygen concentration throughout remains above

CO2 ,C . At a particular granuloma size, R0,min , the oxygen concentration at y = 0
reaches CO2 ,C . Experimental evidence in the rabbit model employed here (see
Section A.4) specifies an R0,min = 0.296 mm. As mentioned previously, if k and
D Oe 2 are fixed (due to constant physical properties), the Thiele Modulus

represents dimensionless particle size in granulomas; therefore, a dimensionless
minimum granuloma size with an emerging necrotic core can be defined as φ m .
When the modulus is small (φ < φ m ) , there is no necrosis, as is known
experimentally. At a particular granuloma size, φ m , necrosis first appears; for
such a granuloma particle, yC = 0 . With this, Eq. (3.27) reduces to

fH = fC

sinh(φm yH )
(φm yH )

(3.40)

which has two unknowns, namely φm corresponding to R0,min , and yH . Thus, a
second relation is needed between φm and yH , which may be obtained by from
Eq. (3.39) with yC = 0 , which reduces to
(* "( yH ) cosh {φ m (yH )} + % φ 2 ,* / 1
2
φ m2
2
' − m yH3 - 1 −14
1− fH =
(1− yH ) + ) fC $
6χ
+* $#(1 / φ m ) sinh {φ m (yH )}'& 3 χ *. 0 yH 3
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(3.41)

Thus φm and yH may be obtained from these two relations.

This value was

actually determined to be φm = 6.9 using the R corresponding to the
experimental R0,min (see Section A.4), and DOe 2 = 2.5 ×10 −5 cm2/s (defined below),
after the simultaneous solution of Eqs. (3.27) and (3.39), as shown in Figure 4.2.
Furthermore, this value was used to calculate the value of k = 1.36 s-1, from

φm = R0,min k / DOe 2 .

Alternatively, with φm and R0,min known, the ratio of

k / DOe 2 = 4.6 ×10 4 (1/cm2) is fixed.

4.1.2.	
  Oxygen	
  Concentrations	
  	
  
Our NIH collaborator, Dr. Laura E. Via, published measured oxygen tension
values with an oxygen-sensitive electrode (2008) in the normal (uninfected) lung
tissue and necrotic cores, and assumed the hypoxic regions of infected rabbit
lungs correspond to the literature value of known pO2,H; these values are
employed here as: 1) pO2,b = 60 mmHg, 2) pO2,H = 10 mmHg, and 3) pO2,C = 2
mmHg. These correspond to the following concentrations (with the interstitial
fluid Henry’s law constant H O2 = 1.34 ×10 −9 mol O2/cm3-mmHg, from Truskey et
al., 2004, in Eq. 2.1): 1) CO2 ,b = 8.04 ×10 −8 mol O2/cm3, 2) CO2 ,H = 1.34 ×10 −8 mol
O2/cm3, and 3) CO2 ,C = 2.68 ×10 −9 mol O2/cm3.

The hypoxic partial pressure

pO2,H = 10mmHg is documented in the literature as the oxygen tension at which
positive pimonidazole stain occurs, which is used here as the indicator of tissue
hypoxia. The mechanism through which this occurs is described in detail in the
Appendix (Section A.3).
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4.1.3.	
  Kinetic	
  Parameters	
  	
  
Unlike the work of Deakin (1975) that displayed several solutions for various
assumed values of low oxygen concentrations, it has been hypothesized here that
the change from zero- to first-order oxygen consumption kinetics occurs when the
cells become hypoxic. From the physiological (and mathematical) boundary
condition at this oxygen concentration (B.C. 3), and the limiting forms of the MM
kinetics, the rate of oxygen consumption is continuous at this point, i.e.,

RO2 =

k
= kCO2 ,H

K


zero-order

Therefore, K = 1 / CO2 ,H = 1 / K M .

(3.42)

first-order

This is a physiologically relevant way to

estimate K , and the value calculated is 7.46 ×10 7 cm3/mol O2, which is similar to
a range of values observed for various tissues (Chen et al., 2009; Golub and
Pittman, 2012).
Furthermore, the first-order rate constant k has been calculated in the
previous section based on the definition of a minimum particle size,
corresponding to a minimum Thiele Modulus φm at which necrosis first begins to
appear, and the selection of D Oe 2 (discussed further below). Therefore, in addition
to the a priori oxygen concentrations listed above (Section 4.1.2), specific kinetic
parameters that are relevant to the rabbit tuberculosis model and based on
experimental evidence rather than literature values are also utilized in the
theoretical model predictions.
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4.1.4.	
  Physical	
  Parameters	
  	
  
With the relevant local oxygen concentration and kinetic values established, the
only remaining parameters are the effective diffusivity of oxygen in the interstitial
fluid of the granuloma tissue, D Oe 2 , and the Henry’s Law constant for the
solubility of oxygen in the interstitial fluid (i.e., the medium in which cells and
extracellular matrix materials exist in the interstitial space, which is often
estimated to be roughly identical to plasma), H O2 .

In this model, constant

physical parameters of the tissue are assumed, so from Truskey et al. (2004),
H O2 = 1.34 ×10 −9 mol O2/cm3-mmHg is an appropriate value for oxygen diffusion

in the body.
In biological tissues, the value of DO2 does not appear to vary widely;
literature values of the diffusivity in various tissues ranges from 1.9 − 2.8 ×10 −5
cm2/s (Chen et al., 2009; Golub and Pittman, 2012; Truskey et al., 2004). For the
purpose of this model, a middle-range value of 2.5 ×10 −5 cm2/s has been chosen;
based on the range, this value has been chosen within a ~20% error margin.
Therefore, with the ratio k / DOe 2 fixed, the diffusivity can be used to solve for k
within the same range of accuracy. Thus, the parameter values for this model are
summarized in Table 4.1.
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Table 4.1. Parameter values for theoretical model of oxygen transport in the rabbit
TB model.

Parameter
H O2

Value
1.34 ×10 −9

Units
mol O2/cm3-mmHg

pO 2,b

60

mmHg

pO 2,H

10

mmHg

pO 2,C

2

mmHg

CO2 ,b

8.04 ×10 −8

mol O2/cm3

CO2 ,H

1.34 ×10 −8

mol O2/cm3

CO2 ,C

2.68 ×10 −9

mol O2/cm3

k

1.36

s-1

K

7.46 ×10 7

cm3/mol O2

D Oe 2

2.5 ×10 −5

cm2/s

4.2.	
  	
  Predicting	
  Hypoxic	
  and	
  Necrotic	
  Radii	
  in	
  Granulomas	
  
In Chapter 3, Eq. (3.14) is the dimensionless second-order nonlinear ordinary
differential equation for oxygen concentration in the avascular region within the
granuloma with the Michaelis-Menten (MM) form of oxygen consumption
kinetics. It can be solved only numerically subject to two boundary conditions.
The least restrictive BCs are B.C. 1 and (a slightly modified) B.C. 5 (Eq. 3.15),
i.e., the specification of surface concentration of oxygen, and the concentration
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gradient being zero at the granuloma center ( y = 0 ). Then the dimensionless
necrotic core radius ( y = yC ) can be determined graphically from where the
numerical results intersect the line f = fC , i.e., where the dimensionless
concentration of oxygen has decreased to the critical value at which cells die (and
similarly for the hypoxic radius y = yH where f = fH ). This was done graphically
(using the DSolve function in Mathematica® for the numerical solution of Eq.
3.14) as shown below in Figure 4.1, with χ = KCO2 ,b and other parameters listed
in Table 4.1 for various values of the Thiele Modulus, φ .

Figure 4.1. Michaelis-Menten kinetics of oxygen consumption (Eq. 3.14) with

χ = KCO2 ,b = CO2 ,b / CO2 ,H (from K = 1 / CO ,H ) plotted for varying values of φ
2

(which, with constant values of k and D Oe 2 , can be thought of as dimensionless
granuloma radius) versus f , where fC = CO ,C / CO ,b (black line) and
2

2

fH = CO2 ,H / CO2 ,b (brown line) are indicated by red arrows. The points at which
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fC and fH intersect the concentration curves represent the necrotic core and

hypoxic radii, yC and yH , respectively, for a given granuloma size.

Looking at the MM numerical solution in Figure 4.1, these kinetics predict
that only larger granulomas, i.e., larger values of φ (> 5) , are necrotic.
Furthermore, it is apparent that the kinetics predict an asymptotic approach to
fC = 0 , which does not take into account the zero-flux boundary condition (B.C.

5) at the edge of the necrotic core where consumption of oxygen ends. This
condition, while satisfied in the limiting forms of the MM kinetics, i.e., zero- and
first-order kinetics, stems inherently from the inability of the MM kinetics to
account for the fact that the cells die below a critical oxygen level, as discussed in
Section 3.1.4. Therefore, these estimates of necrotic core size are somewhat
approximate.
Based on these kinetic approximations, the analytical solutions for subregion A (Eq. 3.38) and sub-region B (Eq. 3.27), which relate yC and yH , were
solved simultaneously (using the FindRoot in Mathematica®) to find the values
for known fC and fH for a given Thiele modulus φ , i.e., dimensionless
granuloma radius, as shown below in Figure 4.2. With the value of φm (i.e.,
minimum particle size with necrosis), determined as described in Section 4.1.1,
yC and yH are plotted as a ratio of φ / φ m (i.e., dimensionless normalized

granuloma size) in Figure 4.2, as was done by Deakin (1975), shown in Figure
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2.24.

Figure 4.2 also includes the theoretical values for yH − yC , or the

dimensionless thickness of the hypoxic region, versus φ / φm .

Figure 4.2. Dimensionless hypoxic radius ( yH , blue), necrotic radius ( yC , red),
and hypoxic region thickness ( yH − yC , green) as a function of increasing
normalized dimensionless particle size ( φ / φm ).

As, shown in Figure 4.2, for values of φ / φm < 1 , no necrotic core is
predicted to exist. Furthermore, this analysis indicates that the hypoxic and
necrotic radii increase dramatically with increasing normalized granuloma size for
smaller granulomas ( (φ / φm ) < 2 ), but then more gradually for larger granulomas
( (φ / φm ) > 2 ), i.e., for granulomas that are at least twice the size of the minimum
granuloma particle size where necrosis occurs. This finding suggests that for very
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large granulomas (i.e., values of φ beyond what is shown here), there appears to
be a limiting value for the fractions of the granuloma that are hypoxic or necrotic.

Figure 4.3. Theoretical (lines) vs. experimental (squares) values of the hypoxic
radius ( RH , blue), necrotic radius ( RC , red), and hypoxic region thickness ( RH RC , green) of rabbit granulomas as a function of the diffusive radius R .

Finally, the main objective of this model was to predict the emergence of
hypoxia and necrosis, and to compare theoretical results to experimental data
from the rabbit model of TB. The theoretical dimensionless values of yC and yH
from Figure 4.2 were, thus, converted to dimensional values of the avascular
granuloma radius, R , using the definition of the Thiele Modulus ( φ = R k / DOe 2 ),
and the parameter values of k and DOe 2 , given in Table 4.1. These results were
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then compared to experimentally measured values of RC and RH (see Section
A.4 for image analysis) versus R , as shown in Figure 4.3. It can be seen that the
model accurately predicts the size of hypoxic and necrotic regions as a function of
granuloma size.

4.3.	
  Features	
  of	
  the	
  Model	
  
Through this mathematical modeling of the underlying transport and reaction
phenomena in tuberculosis granulomas, an attempt has been made to provide a
quantitative basis for understanding the disease pathology in the context of
oxygen transport and consumption, and, by extension, that for other nutrients and
drugs. By revealing the transport limitations of oxygen through chemical
engineering principles of diffusion and reaction, a predictive tool for
characterizing oxygen concentration profiles and fractions of hypoxic and
necrotic regions was developed. The theoretical insights can also provide the
groundwork for developing improved strategies to overcome these barriers for the
future benefit of TB drug delivery. Notably, the model presented here appears to
be the first of its kind; although the general concepts applied here are certainly not
new and have been applied to many systems, from catalyst particles to tumor
spheroids, the investigation of the TB literature shows no analogous model as
applied to granulomas so far.

4.3.1.	
  Comparison	
  to	
  the	
  Deakin	
  (1975)	
  Model	
  for	
  Tumors	
  
Although the final equations of this model are identical to those in Deakin (1975),
there are three key distinctions of the model presented here. First, while Deakin
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cited experimental evidence that oxygen consumption rates vary “parabolically”
with oxygen concentration in his tumor spheroid system (Figure 2.23), the
kinetics for cellular oxygen consumption are described in terms of the wellaccepted and mechanistic Michaelis-Menten model. Not only are MM kinetics
now known to apply to oxygen consumption, but the reduction of the general MM
kinetic equation (Eq. 3.1) to asymptotic first- or zero-order kinetics are common
expressions, depending on the local substrate (oxygen) concentration (Eqs. 3.3
and 3.4). Thus, in addition to the full MM kinetic numerical solution (Fig. 4.1),
analytical solutions are able to be provided (Eqs. 3.27 and 3.39, and Figure 4.2) to
the piece-wise description of the non-constant oxygen consumption rates between
the diffusive sub-regions A and B (Figure 3.2).
Second, while Deakin also utilized first- and zero-order kinetic
approximations, he did not propose a specific oxygen concentration at which the
switch occurs, and instead solved for varying values of this oxygen level (Figure
2.24).

However, based on the presence of positive pimonidazole staining

(described in detail in the Section A.3), it is proposed that this switch occurs at a
known low value of pO2 = 10 mmHg that initiates this staining, at which the cells
are metabolically compromised and considered hypoxic. Therefore, this provides
a physiological rationale for the switching of the kinetics from zero-order (for
abundant oxygen supply) to first-order (for limited oxygen supply).
Third, although a full transport model of the entire granuloma is not given
here (see initial derivations for this type of model in Section 6.1 for proposed
work), the general ability of oxygen to be convected coupled with diffusion in the
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interstitial fluid is described mathematically in Eqs. (3.6) to (3.8). The inclusion
of the source-term for oxygen in Eq. (3.8) is novel to this type of avascular
modeling, and reflects a physiological consideration of blood vessels in tissues.
This generalization will be useful when modeling in more detail the oxygen
transport in granulomas, including the perfused region (Figure 3.2), in the
proposed work described in Chapter 6.

4.3.2.	
  Relevant	
  Parameters	
  and	
  Experimental	
  Data	
  
In addition to the distinctive features listed above, the model presented here
benefits from relevant parameters, the majority of which were either measured a
priori or calculated from known experimental data. The bulk and critical oxygen
partial pressures were measured directly in the experimental rabbit model
employed here (Via et al., 2008), and the oxygen partial pressure that induces
cellular hypoxia is known from the literature on pimonidazole (Appendix, Section
A.3); these values were converted into oxygen concentrations (from Eq. 2.1)
based on the Henry’s Law constant for oxygen solubility in interstitial fluid
(Truskey et al., 2004).
Furthermore, methods of calculating the relevant MM kinetic parameters,
k and K , were provided based on the experimental data for rabbit lung

granulomas as follows. The parameter K was calculated directly (Eq. 3.42) from
the continuous oxygen flux boundary condition (Eq. 3.10) and the oxygen
concentration at the radius where this BC applies, i.e., K = 1 / CO2 ,H = 1 / K M .
Further, as described in in Section 4.1.1, the ratio k / DOe 2 could be determined
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based on an experimentally measured minimum granuloma particle size, R0,min , at
which necrosis begins, and the corresponding minimum Thiele Modulus, φm ,
predicted theoretically from Eq. (3.41). Since the effective oxygen diffusivity,
DOe 2 , is, based on the range of values presented here, known to vary within ±

20% for different tissue types, an average of the reported values was picked, i.e.,
DOe 2 = 2.5 ×10 −5 cm2/s, from which the parameter k was calculated. In future

work, the effective diffusivity could be measured or predicted using a porous
medium approach for the granuloma tissue. Thus, the only parameters estimated
directly the literature were the Henry’s Law constant and the effective diffusivity
of oxygen, both of which are known rather well; all other parameters were
determined for this experimental rabbit model of TB.
While the image analysis methods employed to determine experimental
values of the desired granuloma radii here are relatively simple, the justification
for how to measure relevant descriptors for R required much consideration of
fundamental transport phenomena; these methods are described fully in the
Appendix (Section A.4).

4.4.	
  Limitations	
  to	
  the	
  Model	
  
Although the theoretical model presented here is novel in the context of
application to TB granulomas, there are limitations that should be pointed out
based on some key assumptions.

A macroscopic or continuum view of a

granuloma is employed here in order to develop a global oxygen transport model
of the avascular (diffusive) regions.

However, this approach simplifies the
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varying cellular heterogeneity, functions and metabolic needs of the cell types that
comprise a granuloma.

For example, although this model utilizes kinetic

parameters that are assumed to apply to all human cells involved; in reality,
lymphocytes, macrophages, and the other human cells that comprise granulomas
have varying metabolic rates and oxygen demands. Further, this model assumes
that any bacterial cells in the granuloma are metabolizing anaerobically; however,
it is possible that some surviving bacteria very close to the edge of the necrotic
radius may be utilizing oxygen for metabolism. In the future, it may be possible
to model stratified layers of a granuloma not only based on local oxygen
concentration, but also based on the local major cell type and its corresponding
oxygen uptake rate. This could be compared to experimental oxygen
concentration profiles within granulomas, which, unlike for tumors, have not been
measured yet. Of course, further, the MM kinetics, although well-accepted, are
still only an approximation of cellular consumption kinetics. The actual oxygen
consumption kinetics is more complex, as controlled by the metabolic state of the
cell, i.e., fasting (below CO2 ,H ), feasting (above CO2 ,H ), or death (below CO2 ,C )
(see Eq. 3.11 for a further discussion).
When considering the MM kinetic parameters, k , was calculated based on
the experimentally measured minimum particle size at which necrosis arises and
the value for the effective diffusivity of oxygen adopted from literature. By
assuming constant physical properties, and fixing φm and D Oe 2 , the ratio of
k / D Oe 2 in the definition of the Thiele Modulus is fixed as well, so the sensitivity

of the model results to the chosen value of D Oe 2 cannot be assessed quantitatively.
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However, the diffusivity was chosen within a small range of physiologically
relevant values (see Section 4.1.4), so an error based on this choice would fall
within the error of the range (~20%); thus, the value of k accordingly falls within
a 20% error.
Based on what is known about hypoxia and altered cellular metabolism, it
was assumed that the change from an approximately first-order oxygen
consumption rate to an approximately zero-order rate occurs at the oxygen
concentration at which pimonidazole stains positively; however, it is possible that
this change occurs at an oxygen concentration slightly higher than 10 mmHg
(corresponding to a radius slightly larger than the hypoxic radius). Alternatively,
the model could be solved for an unspecified oxygen concentration (e.g., ĈO2 ), as
shown in Deakin’s methods (1975), and then resulting predictions from various
values of ĈO2 could be compared to the experimental data to determine the actual
concentration.

However, based on what is known about the mechanism of

pimonidazole stain and the results of the model (Figure 4.3), this oxygen value is
highly likely to be close to 10 mmHg.
The most notable limitation of this model is that is considers only the
avascular (diffusive) region of a granuloma. It is of great interest and importance
to develop a full model of oxygen convection and diffusion throughout the entire
granuloma mass. Thus, this work is proposed and initiated in Chapter 6.
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Chapter	
  5	
  
	
  
Conclusions	
  
This Thesis is based on the hypothesis that tuberculosis granulomas are
structurally and functionally similar to solid cancerous tumors in terms of an
abnormal vasculature and the resulting transport limitations of small molecules,
which render the interior of the granulomas inaccessible to nutrients, oxygen and
drugs. This hypothesis was based on reported morphologies of granulomas in the
TB literature, such as high cellularity and heterogeneous microenvironments
including hypoxic and necrotic regions.
In the TB literature, there are typically two schools of thought when
discussing which cells actually benefit from the formation of granulomas; these
masses are either considered to be more advantageous to the host or to the TB
bacilli. In this Thesis, it is assumed that the bacilli that are able to survive in the
hypoxic and necrotic central regions of granulomas, where immune cells cannot
function properly and eventually die, reap the benefits of the host response to
remodel the lung tissue into granulomas, as they persist in this latent stage until
the host immune system is compromised and they can reemerge, systemically
infect the host, and prompt further infection of others through active disease
progression. While hypoxia and necrosis, and the potential bacterial adaptations
to these harsh microenvironments, are well described in the TB literature, there is
little discussion as to what is the root cause of the emergence of these
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heterogeneous tissue regions. It is asserted throughout this Thesis that in TB, like
in solid cancerous tumors, these conditions are caused by an abnormal granulomaassociated vasculature and the resulting transport limitations of small molecules,
namely, oxygen.
In Chapter 1, thus, it was stated that, like tumors, TB granulomas possess
several physiological abnormalities, including, as hypothesized by Drs. Jain,
Barry, and Via, abnormal vasculatures resulting in regions lacking in oxygen. It
was shown in Chapter 2 (Section 2.2.4), based on the experimental work in a
rabbit model of TB by our collaborators at NIH, that, much like tumors,
granulomas do in fact have associated vasculatures that are spatially
heterogeneous and functionally inefficient, resulting in poor oxygen and drug
delivery to the interior tissue mass. Thus, the tumor literature was consulted for
examples of avascular modeling described in Section 2.3, in order to illuminate
how oxygen transport in granulomas results in regions of hypoxia and necrosis.
Based on chemical engineering fundamentals of mass balance, diffusion,
and reaction, a steady-state model of oxygen transport within the central avascular
(diffusive) regions of granulomas was developed in Chapter 3 that, with the use of
the Michaelis-Menten kinetics expression and its limiting zero- and first-order
forms for oxygen consumption, yielded analytical solutions that describe the
oxygen concentration profile within granulomas and predict the emergence of
hypoxic and necrotic regions. The model parameters employed here are based on
experimental values specific to the experimental rabbit model of TB, with the
main exception of the effective diffusivity of oxygen in tissue, for which an
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average value based on experimental values are available in the literature for
different tissues was chosen within a narrow range. Using the model with these
parameters, good agreement was found between the theoretical calculations and
the experimentally measured hypoxic and necrotic radii, as described in Section
4.2.
In summary, the hypothesis that TB granulomas are structurally and
functionally similar to cancerous tumors in terms of an abnormal vasculature and
the consequent limitations of oxygen transport has been definitively established
through experimental image analysis of the blood vessels within granulomas, and
through an avascular oxygen transport and reaction model that accurately predicts
the size of the regions of hypoxia and necrosis within granulomas. Ongoing
experimental and theoretical analysis, and plans for future work are discussed in
Chapter 6. By continuing to investigate physiological abnormalities and resulting
transport limitations in TB granulomas, it is desired to illuminate possible avenues
through which the availability of oxygen and nutrients to the human immune cells
can be improved, as well as the delivery of anti-TB drugs to the bacteria that
survive within the necrotic core, in an effort to combat this contagion that afflicts
a large segment of the world’s population.
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Chapter	
  6	
  
	
  
Future	
  Work	
  
By continuing to explore and exploit the similarities between solid cancerous
tumors and tuberculosis (TB) granulomas, in the coming years it is planned to
broaden the understanding of the etiology and the treatment of tuberculosis based
on the associated transport phenomena and kinetics. This will involve further
work in both the experimental and theoretical modeling areas, some specific
examples of which are given below. Through this future work, granuloma and
tumor physiology will be further compared based on the four major wellinvestigated physiological abnormalities that are present in tumors and
compromise oxygen, nutrient, and drug delivery (Section 2.2.3):
1) accumulated solid stress,
2) abnormal vascular networks,
3) elevated interstitial fluid pressure (IFP)
4) a dense interstitial structure.
In the experimental rabbit model of TB too, evidence of abnormal
granuloma-associated vasculature was found, further augmented by accumulated
solid stress from high cellularity and the presence of fibrosis (Figure 2.17), and as
such it was possible to determine that the transport of oxygen is limited in these
lesions. This Thesis provided a quantitative description and model of oxygen
transport and the resultant hypoxic regions and necrotic cores in the avascular
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(diffusive) regions of tuberculosis granulomas. By continuing to apply chemical
engineering principles to elucidating transport and kinetics of small molecules
(e.g., glucose, therapeutic drugs) within the granuloma, additional crucial aspects
of the problem can be illuminated. As an example, it would be possible to develop
a one-dimensional model of transport and kinetics of small molecules based on
arbitrary-shape representation of the granuloma geometry (Baish et al., 2011). As
another example, exploring the mechanism and kinetics of glycolysis and any
aerobic metabolism helping bacilli survival within the necrotic core would be of
interest.
The model presented here could also be further developed, including
improved parameter estimation (e.g., the effective diffusivity of oxygen), and
replacement of the assumption of the constant bulk oxygen concentration in the
perfused region with a more comprehensive model of oxygen transport in this
region that would include combined convection and diffusion, described in more
detail below (Section 6.1). In this, the tumor literature is consulted once again as a
guide to modeling oxygen transport that includes the perfused region of
granulomas.

6.1.	
  A	
  Complete	
  Model	
  of	
  Oxygen	
  Transport	
  in	
  Granulomas	
  
6.1.1.	
  Oxygen	
  Concentration	
  and	
  Interstitial	
  Fluid	
  Pressure	
  Profiles	
  in	
  
Tumors	
  and	
  Granulomas	
  
The analysis in Chapter 3 is based on dividing the granuloma (Figure 3.1 and 3.2)
into a perfused (vascular) periphery with uniform oxygen concentration and a
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diffusion-limited interior, based on the spatial distribution of blood vessels limited
to the periphery. It was proposed that blood vessels either cease to exist or are
collapsed in the region r ≤ R ; of course, the abrupt transition from constant bulk
oxygen concentration to decreasing concentrations due to cellular consumption
beginning at the boundary R is artificial. In reality, the oxygen concentration
likely declines more gradually throughout the granuloma, including in the outer
perfused region where capillaries exist, as well as in the diffusive region.
Measured oxygen concentration in tumors, which are morphologically similar to
granulomas, follows such a gradual profile (Figure 2.14). A similar concentration
profile for the drug surrogate Hoechst33342 in granulomas was also found
(Figure 2.20b). The decline in pH (Figure 2.14) is due to increased glycolysis as a
result of hypoxia, which could also be modeled based on glucose transport and
metabolism. There is a concomitant rise in the interstitial fluid pressure (IFP) in
the periphery, as shown in Figure 2.15 for tumors (Jain and Stylianopoulos,
2010).

An approach to develop a more comprehensive theoretical and

experimental understanding of convection and diffusion of oxygen that includes
considerations of IFP in granulomas is described in the following section, and is
planned to be followed.

6.1.2.	
  Initial	
  Formulation	
  of	
  the	
  General	
  Oxygen	
  Mass	
  Balance	
  
Beginning with the unsteady-state mass balance equation (Eq. 3.5) reproduced
here
∂CO2
∂t

=−

1 ∂ 2
(r NO2 ) + RO2
r 2 ∂r
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(6.1)

its steady-state case is considered
1 d 2
(r NO2 ) − RO2 = 0
r 2 dr

(6.2)

where, in general, the flux of oxygen can occur by convection and diffusion in the
interstitium (i.e., Eqs. 2.1 and 3.6)
N O2 = viCO2 − D Oe 2

∂CO2
∂r

(6.3)

The volumetric rate of oxygen term RO2 within the tissue was previously defined
with two terms (Eq. 3.8)

RO2 = −

kCO2
1+ KCO2

+ φ BCO2 ,b

(6.4)

where the first term is the MM form of cellular consumption and the second-term
represents the source of oxygen from the blood vessels, where φ B is the
volumetric rate of flow of plasma from the blood vessels into the tissue. In
Chapter 4, the volumetric flow rate of plasma was defined simply as φ B = av0 ,
where a is the surface area of the blood vessels/volume of the tissue (e.g.,
cm2/cm3) and v0 is the velocity of blood exiting the blood vessel, which is
different from the interstitial fluid velocity of oxygen, vi , in Eq. (3.7). From
Baxter and Jain (1989), the source term φ B can be written more formally with the
Starling Equation as

φ B = −L p a [( pv − pi ) − σ S (π v − π i )]
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(6.5)

where L p is the membrane hydraulic conductivity of the blood vessels, σ S is the
osmotic reflection coefficient, pv and pi are the vascular and interstitial fluid
pressures, respectively, and π v and π i are the corresponding osmotic pressures.
Thus, from Eq. (6.5) it is seen that the driving force of fluid flux across the vessel
walls is the hydrostatic pressure difference minus the osmotic pressure difference
between the fluid in the vessels and the fluid in the interstitial space. Further, an
effective vessel pressure can be defined, pv,e = pv − σ S (π v − π i ) , so that

φ B = −L p av ( pi − pv,e )

(6.6)

(Of course, the osmotic reflection coefficient, σ S , which has been included in this
discussion or generality, is likely equal to zero for oxygen.) Combining Eqs.
(6.2), (6.4), and (6.6) provides the mass balance for oxygen that is applicable
through the granuloma, in both the perfused and diffusive regions

kCO2
1 d 2
r N O2 ) +
+ L p av ( pi − pv,e )CO2 ,b = 0
(
2
r dr
1+ KCO2

(6.7)

Furthermore, using the oxygen flux term from Eq. (6.3), with the convective
velocity and the IFP profile equation (Eq. 2.7) taken from Baxter and Jain (1989),
it would be possible to numerically evaluate the effect of the convective
interstitial velocity in the vascular region, resulting in a more complete
description of the oxygen concentration profile in granulomas. This would
warrant discussion of functional lymph vessels (or lack thereof) in TB
granulomas; as described in Section 2.2.3.3, due to the lack of functional lymph
vessels in tumors, the plasma that leaks out of abnormally porous capillaries
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causes a rise in the IFP in the inward radial direction, and also leaks out of the
tumor/granuloma periphery (Baxter and Jain, 1989). As IFP rises, the pressure
drop between the effective vessel pressure, pv,e = pv − σ S (π v − π i ) , and the IFP,

pi , declines, until it eventually becomes zero (Figure 2.15). As a result, the
convective flux of plasma φ B declines in the radial direction eventually becoming
zero. Consequently, at this point, there is no further source for oxygen as well as
other nutrients and small molecules/drugs, so that beyond this point the flux of
these entities is entirely by diffusion. Thus, at the point where pi → pv,e , plasma
no longer leaks out of the vessels. In Baxter and Jain (1989), this is considered in
the steady-state equation of continuity, or fluid mass balance, combined with
Darcy’s law for flow in a porous media (i.e., the interstitial fluid); thus, this
approach can be directly extended to granulomas.

6.2.	
   Current	
   and	
   Future	
   Experimental	
   Work	
   with	
  
Tuberculosis	
  Granulomas	
  
Taking cue from the work on tumors once again, the two main options that have
been explored for overcoming the significant transport barriers that arise from the
unique physiology of tumors (and granulomas) are to either reformulate the
physical and chemical properties of the therapeutic agents, or to remodel the
tumor/granuloma microenvironment to promote restoration of normal tissue
properties. In order of the physiological abnormalities presented here, the general
strategies to improve the transport of drugs in tumors are: 1) alleviate solid stress,
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2) normalize tumor vasculature, 3) reduce IFP, and 4) reduce the interstitial
density (Chauhan et al., 2011). Dr. Jain, Dr. Barry, and Dr. Via (Section A.1)
proposed a collaborative project in 2009 to the Bill and Melinda Gates Foundation
to investigate whether strategies that have been employed in cancer therapy
regimens could be adapted to the treatment of TB.
The initial collaborative animal experiments between the NIH and MGH
(see Sections A.1 and A.2) were not simply designed to characterize granuloma
morphology in the rabbit TB model; these experiments were designed to study the
effect of the “vascular normalization hypothesis” on the abnormal vessels
associated with granulomas. Data collection from image analysis of the rabbit
tissues is ongoing and will be published in 2013; a brief overview of the study is
provided in the following section.

6.2.1.	
  Applying	
  the	
  Vascular	
  Normalization	
  Hypothesis	
  to	
  Granulomas	
  
First proposed by Jain (2001), cancer researchers have investigated treatment
strategies to temporarily normalize tumor-associated vasculatures using
antiangiogenic therapies (Figure 2.12), in order to transiently restore structure and
function to abnormal tumor vasculatures. Improving the structure, function, and
organization of abnormal tumor vasculature would enhance blood supply and
increase the efficiency of drug delivery to different regions of the tumor, thus
remodeling the tumor microenvironment and providing a window of opportunity
for effective drug delivery.
As mentioned previously (Section 2.2.3.2), in some types of cancer, the
expression of angiogenic molecules tumors to grow beyond 1-2 mm in size;
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tumors that do not express these molecules are limited in size by the diffusion
distance of oxygen and nutrients in the tissue. These tumors lack a natural
balance of proangiogenic and antiangiogenic molecules that govern the formation
of new blood vessels, and tend to overproduce proangiogenic factors, such as
VEGF, resulting in abnormal and leaky vasculature.

Normalization of this

balance in solid tumors requires either reducing proangiogenic factors, which
would reduce the growth of new vessels, or increasing antiangiogenic factors,
which would enhance the maturation of newly developed vessels. It is important
to note that neither method is permanent; reducing a proangiogenic factor, e.g.,
VEGF, for an extended period of time would prompt tumors to synthesize
alternative proangiogenic factors and, thus, stimulate the growth of abnormal
vessels, while increasing an angiogenic inhibitor, e.g., thrombospondin, would
lead to the eventual destruction of the vasculature, a process referred to as
“starvation” (Jain, 2001b; Jain, 2008).

If immature, leaky vessels could be

eliminated, the resulting vasculature would be (transiently) more normal, and
therefore more efficient in delivering nutrients and drugs.

Figure 6.1. Vascular normalization hypothesis. As shown in Figure 2.12, normal
vasculature is achieved through a balance of pro- and antiangiogenic factors (a).
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The abnormal vasculature of tumors is characterized by excessive amounts of
proangiogenic factors like VEGF (b). Anti-VEGF therapy can transiently
normalize the vasculature, resulting in a window of opportunity in which the
efficacy of chemotherapeutic drugs is increased (c). This window is only
temporary (d) and is closed either as a result of over-inhibition of VEGF (top;
starvation effects), or due to the secretion of alternative angiogenic growth factors
(bottom; regrowth of abnormal vasculature) (Jain, 2008).

VEGF is one of the most important angiogenic molecules as it promotes
the survival and proliferation of endothelial cells, which line the inner walls of
blood vessels (Figure 2.4) and increases vascular permeability. Experimental
investigations by Jain et al. with antibody-based drugs that inhibit either VEGF or
VEGF receptors have shown that both methods eliminate immature and
inefficient blood vessels, while the remaining vessels transiently resemble normal
vasculature (Jain, 2010).
Because of the success of preliminary anti-VEGF therapy trials, Avastin®
(bevacizumab; Genentech Inc., San Francisco, CA), a VEGF-neutralizing
antibody, was approved by the FDA in 2004 for cancer treatment (Figure 6.2).
For this reason, and for its continued use in animal experiments and human
clinical cancer trials, Avastin was selected in the MGH/NIH collaboration to
investigate its ability to normalize granuloma-associated vasculature and improve
drug delivery in the rabbit model of TB.
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Studies indicate that antiangiogenic therapies tend to “prune” immature
and inefficient tumor blood vessels by eliminating excess endothelial, thus
leaving a more efficient and mature vasculature (Jain, 2001b; Jain, 2005).
However, as stated previously, continuous antiangiogenic therapy will eliminate
blood supply to the tumor (Figure 6.1).

Therefore, optimal scheduling of

combination therapies must take place during a “window of opportunity,” known
as a normalization window, during which antiangiogenic agents have maximized
the access of chemotherapy drugs to tumor cells (Jain, 2001b; Jain 2005). If a
similar window of normalization were established in the rabbit TB model, in
addition to drug delivery, the delivery of oxygen during this window would be
increased as well, leading to an enhanced immune response to compound the antiTB agent effects.

Figure 6.2. Simplified mechanism of Avastin (bevacizumab) on VEGF signaling.
VEGFR1 (VEGF receptor 1) is involved in tumor growth and metastasis, while
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VEGFR2 is thought to be the major mediator of endothelial cell proliferation and
permeability. MMP9, matrix metalloproteinase 9; R, receptor; tPA, tissue
plasminogen activator; uPA, urokinase-type plasminogen activator (Muhsin et al.,
2004).

6.2.2.	
  Alleviating	
  Solid	
  Stress	
  in	
  Granulomas	
  
6.2.2.1.	
  	
  Evidence	
  of	
  Solid	
  Stress	
  
Granulomas, like tumors, are characterized by high cellularity, particularly in the
peripheral regions where lymphocytes and macrophages proliferate rapidly
(Russell et al., 2010). This results in an overproduction of extracellular matrix
(ECM) materials, such as collagen (shown in Figure 2.17), which produce the
fibrous cuff that surrounds granulomas in the lung (Russell et al., 2010).
It is, thus, reasonable to assume that the increased cell proliferation and
high ECM density in this restricted tissue space result in the accumulation of solid
stress, as is seen in tumors (Cheng et al., 2009; Helmlinger et al., 1997). It is
likely that this solid stress compresses granuloma blood (Figure 2.18) and
lymphatic vessels, reducing the interstitial hydraulic permeability, K i , as well as
the effective diffusion coefficients of small molecules, thus compromising
effective drug delivery and efficacy of therapeutics. Therefore, reducing the
accumulated solid stress in granulomas may improve the structure and function of
granuloma-associated vessels, improving the perfusion of drugs into the central
region harboring the tuberculosis bacilli.
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6.2.2.2.	
  	
  Inhibiting	
  Collagen	
  Production	
  in	
  Granulomas	
  
In addition to collapsed vessels, there is further evidence of mechanical stress in
granulomas when looking at the surrounding lung tissue. Shown in Figure 6.3, it
is apparent that granulomas can exert mechanical forces on the surrounding lung
tissue, leading to deformation (i.e., compression) of the nearby alveoli. Based on
these preliminary observations, it is hypothesized that growth-induced solid stress
is present in large granulomas and maintained by the collagen capsule (Figure
1.2).

In order to analyze the stress in TB granulomas, it is possible to

mathematically model alveolar deformation as it relates to solid stress using a
continuum-level model to relate stress to displacement, based on material
properties of lung tissue.

One such model is currently being developed for

tumors, and can be directly extended to apply to TB granulomas (Stylianopoulos
and Jain, unpublished).

Figure 6.3. Evidence of granuloma-induced mechanical stress on the surrounding
lung alveoli in the experimental rabbit model of TB.

First it must be determined whether vessel and alveoli compression is
indeed collapsed by granuloma-induced mechanical stress by correlating collagen
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density (and the density of other ECM components) with collapsed vessel fraction
and hypoxia in TB lesions.

Then efforts could be extended to remodel the

granuloma microenvironment by targeting the matrix components, through the
following methods.
In recent years, Jain and coworkers have been investigating these types of
“anti-matrix” therapies, and have demonstrated that the dense collagen network
found in tumors can be reduced with angiotensin II type I (AT1) receptor
antagonists, specifically losartan, which inhibits collagen production and, thus,
improves the distribution and efficacy of small molecule drugs (Diop-Frimpong et
al., 2011). The angiotensin receptors mediate the constricting of blood vessels
(vasoconstriction), proliferation of vascular smooth muscle cells, and the
formation of ECM, among many other related activities.

AT1 receptor

antagonists, more commonly known as angiotensin receptor blockers (ARBs) are
typically used to treat hypertension, and directly cause vasodilation by blocking
the AT1 receptor (Figure 6.4).
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Figure 6.4. Losartan lowers blood pressure and reduces the production of TGF-β
(tumor growth factor), a cytokine thought to be involved in formation of fibrosis
(pSMAD2/3 – proteins involved in SMAD intracellular signaling cascade; Tsp-1
– thrombospondin 1; LTBP – latent TGF-beta binding protein) (courtesy of Dr.
Rakesh Jain, adapted from Cohn et al., 2007).

In addition to its antihypertensive properties, losartan is also known to be
an anti-fibrotic agent, and Diop-Frimpong et al. (2011) showed that losartan
reduced collagen I (the main form of collagen in the body) levels in four tumor
models in a dose-dependent manner (Figure 6.5), and that it increased the delivery
of tumor therapeutics.

This study also suggests that losartan may not only

improve interstitial transport of small molecules, but also transvascular transport,
as evidenced by an increase in the distribution and extravasation of tumor drugs
(Diop-Frimpong et al., 2011).

111

Figure 6.5. Losartan reduces collagen production in tumors. Shown here is a
dose-dependent reduction in collagen levels over 2 weeks in a subcutaneous
fibrosarcoma (HSTS26T) implanted in mice, assessed by second-harmonic
generation (SHG) imaging (Diop-Frimpong et al., 2011).

Thus, for the next collaborative animal experiment, Losartan will be
applied as an anti-matrix therapy to determine whether remodeling the collagen
capsule relieves the mechanical stress, increases perfusion (by opening collapsed
vessels), and decreases hypoxia. During this experiment, it will also be possible
to measure IFP in rabbit granulomas in vivo, in order to validate the theoretical
modeling proposed above (Section 6.1). Then it will be necessary to determine if
anti-matrix therapy enhances the therapeutic efficacy of anti-TB chemotherapy
through adjuvant treatment regiments that improve the distribution and efficacy of
TB drugs. Furthermore, losartan is already approved for clinical use and is
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readily affordable in generic form; therefore, it is a viable option as an adjuvant
therapeutic for improving the delivery of TB treatment agents.
If the results of the ongoing animal studies are able to show that
antiangiogenic treatment is successful in normalizing granuloma-associated
vasculature and improving treatment in TB infected rabbits, and/or if the future
studies are able to show similarly enhanced efficacy of TB therapies with antimatrix treatment, there will be ample evidence to begin human clinical trials in
the hopes of reducing the global prevalence of TB.
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Appendix	
  
A.1.	
  Overall	
  Project	
  and	
  Collaborators	
  	
  
The animal experiments referenced in this Thesis are based on an investigation of
antiangiogenic therapy in TB lesions was originally proposed as a collaboration
between Dr. Clifton E. Barry and Dr. Laura Via of the National Institute of
Allergy and Infectious Disease (NIAID) at the National Institutes of Health (NIH)
and Dr. Rakesh K. Jain of the Edwin L. Steele Laboratory in the Radiation
Oncology Department of Massachusetts General Hospital (MGH) and Harvard
Medical School (HMS). The results of the antiangiogenic treatment are not
addressed in this Thesis and are, thus, not presented here; only data on hypoxia
and necrosis in untreated, solitary, and well-defined granulomas (i.e., distinct
from the normal lung tissue) are shown here.

In addition, relevant

characterization data from a pilot study of this model of TB are presented in
Section 2.2.4.
Dr. Via and Dr. Barry oversaw the animal studies at the CW Bill Young
Center for Biodefense and Emerging Infectious Disease at NIAID, with support
from Danielle Wiener, Daniel Schimel, Emmanuel Dayao and Dr. Veronique
Dartois (of the University of Medicine and Dentistry of New Jersey), and animal
protocols followed the procedures outlined in Via et al. (2008). Dr. Jain and Dr.
Lei Xu oversaw the tissue staining, microscopy, and image analysis performed at
MGH that was initiated by a former post-doctoral fellow Dr. Walid Kamoun, and
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was then continued by Meenal Datta, with support in MATLAB analyses from
John Martin, a graduate student in the Steele Lab.
Tissue sectioning, staining, and imaging was performed by Carolyn Smith,
M.Mu., Wei Chen, M.D., Xing Gao, M.D., and Chong Liu, M.D, of the Steele
Lab.

Other collaborative support was provided by professors, post-doctoral

fellows, and graduate students at weekly Steele Lab meetings. Administrative
support to allow successful pursuit of the project was provided at the Steele Lab
by Amy Jarvis, Sarah J. McMordie, and Phyllis McNally, and at Tufts University
by Dr. Kyongbum Lee, Dr. Maria Flytzani-Stephanopoulos, Beth Ann Frasso,
Erin Quigley, Julia Poirier, and Margaret DeChiaro. Support in writing this
Thesis was provided by Dr. Jerry Meldon, Dr. Rakesh Jain, Dr. Kyongbum Lee,
Dr. Stephen Matson, and Dr. Maria Flytzani-Stephanopoulos.
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A.2.	
  Animal	
  Experiments	
  
Dr. Via and collaborators at the NIAID infected female New Zealand White
(NZW) rabbits with Mycobacterium tuberculosis HN878 through an aerosol
inoculation system that delivered approximately 200 colony-forming units
(CFU)/liter PBS (phosphate buffered saline) diluting solution to each rabbit. As
stated above (Section A.1), only relevant data from the control (untreated) group
of the antiangiogenic experiment are included in this Thesis; the rest of the data
are expected to be published in 2013.
The rabbits were allowed to undergo natural disease progression for about
9-11 weeks until a chronic infection state was established. During early infection,
it is common for many small granulomas to emerge and then resorb quickly due
to the robustness of the rabbit immune system; by the late stage of infection, most
of the initial granulomas have disappeared, while those that remain during chronic
infection are relatively static in size and activity. Thus, the granulomas used for
comparison to the theoretical model are assumed to be at steady-state, i.e., there is
no change in granuloma size at this time point in the infection.
Post-treatment, animals were sedated, euthanized and necropsied, and full
lung sections and/or individual granulomas were resected and stored in either
paraffin wax or frozen blocks. These blocks were then divided for analysis
between the NIAID and MGH.
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A.3.	
  Tissue	
  Staining	
  	
  
Rabbit lung sections were sent to MGH for sectioning and staining of various
molecular markers.

Because the theoretical model presented in this Thesis

considers oxygen alone in granulomas, as indicated by the presence of hypoxia
and necrosis, the only staining techniques described here are those that pertain to
this analysis, specifically, the use of pimonidazole stain.
Pimonidazole hydrochloride (HypoxyprobeTM-1, Figure A.1) is an
imaging agent that is bioreductively activated under hypoxic conditions in
mammalian tissues; a positive stain for hypoxia stains dark brown in
immunohistochemical (IHC) staining, i.e., brightfield, images. Pimonidazole has
been used previously by our collaborators at the NIH (Via et al., 2008) to stain
discrete areas surrounding necrotic and caseous regions of pulmonary
granulomas.

Figure A.1. Chemical structure of pimonidazole hydrochloride (HypoxyprobeTM1).
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Pimonidazole is able to diffuse across cell membranes and, depending on
the amount of local oxygen, will undergo either conjugation, oxidation, or
reduction (Figure A.2). In mammalian tissues with partial pressures of pO2 ≤ 10
mmHg, pimonidazole is bioreductively activated by nitroreductases, after which
is binds to and forms stable covalent adducts with thiol (sulfhydryl) groups on
proteins (Arteel et al., 1998; Durand and Raleigh, 1998; Hypoxyprobe.com;
Raleigh et al., 1998). Rat experiments by Arteel et al. (1998) demonstrate that the
rate of reductive metabolism of pimonidazole is regulated by cellular oxygen
tension.
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Figure A.2. Possible metabolic processing of pimonidazole in mammalian tissue.
In the presence of adequate oxygen, pimonidazole is oxidized (A) or conjugated
(B) via glucoronyl transferase (GT) or sulfotransferase (ST). In hypoxic
conditions, pimonidazole is reduced by nitroreductases (C) after which it binds to
thiol (SH)-containing molecules like glutathione (E) and proteins (F) and
accumulates in tissue (Arteel et al., 1998).

Pimonidazole residing in tissues at the time of necropsy remains bound
thiol-containing molecules when the dissected tissues become anoxic, and are
then detected by antibodies that bind to the pimonidazole protein adduct. In the
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animal experiment, the rabbits were given 30 mg/kg i.v. pimonidazole for 16 to
20 hours prior to necropsy. For detection of pimonidazole adducts in the tissues,
paraffin sections were deparaffinized, incubated with the HypoxyprobeTM-1
antibody, followed by a biotin-conjugated goat antimouse immunoglobulin G
antibody, and the DAB (3,3-diaminobezidine) labeling system, as described in
Via et al., (2008).
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A.4.	
  Image	
  Analysis	
  	
  
As described above (Section A.3), rabbit lung tissue sections were stained for
hypoxia using pimonidazole; simultaneously, necrosis was quantified using the
same images. Below is provided a discussion of how meaningful descriptors of
distance of oxygen diffusion were established in non-circular, i.e., arbitrarilyshaped, granulomas. These measurements were performed in ImageJ (Rasband,
1997), an open-source image processing software developed by the NIH.
Measurements are made as described below, using a pixel to micron ratio of 0.23
for the scanned IHC images of rabbit TB granulomas.

A.4.1.	
  Methods	
  of	
  Measuring	
  Distance	
  Descriptors	
  in	
  the	
  Context	
  of	
  
Oxygen	
  in	
  a	
  TB	
  Granuloma	
  
Example methods of establishing a meaningful descriptor of the equivalent radius

R that is most relevant to the diffusion and consumption of oxygen within an
arbitrary-shaped granuloma particle are summarized in Table A.1. This is meant
to highlight the advantages and disadvantages of using alternate descriptors in
image analysis techniques, which is not adequately discussed in the literature.
From among the different descriptors shown in the table, it is argued here that, in
the context of this diffusion-reaction scenario, the minor axis a measured by a
bounding box, ellipse, or largest enclosed circle is the most meaningful particle
size descriptor, for reasons discussed in the following section.
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Table A.1. Varying methods for measuring granuloma radial dimensions in 2-D
images.
Method

Description

Bounding Box/Ellipse

By drawing the
smallest box or
ellipse to fit
around the
granuloma area,
the radius can be
calculated from
the minor (a) and
major (b) axes as:
𝑅 = (𝑎 + 𝑏)/4
By measuring the
area (A) and
perimeter (P) of
an irregular shape,
the radius can be
calculated as:
𝑅 = 𝑃/2𝜋
𝑅 = 2𝐴/𝑃
𝑅 = 𝐴/𝜋

b

a

Perimeter and Area

P
A

Average Radius

RN
R1
R2
R3

Once the center
(centroid) of the
shape is
determined,
numerous radii
(Ri) can be
measured and
averaged:

Pros
Analytically
simple
Well-accepted and
popular in
biological fields

Analytically
simple
May be a relevant
descriptor as
diffusion occurs
from the outside
surface (or
perimeter P for
the 2-D case),
while reaction
occurs throughout
volume (A for 2-D
case)
Resulting radius
reflects the
geometry more
than the bounding
box/ellipse
method

Cons
Based on
extreme
measurements
(max and min)
Resulting
measurement
may not be
pertinent
May not be
applicable in
diffusioncontrolled
scenario
Perimeter
measurement
very sensitive to
granulomas
shape, e.g., if
there is a long,
skinny portion
with small area
Time-consuming
Resulting
measurement
may not be
pertinent

!

𝑅=

𝑅! /𝑁
!!!

Largest Enclosed Circle

AC

The largest circle
(AC) that can be
drawn enclosed
within the
granulomas shape
can yield the
radius:
𝐴! = 𝜋𝑅 !
or, R ~ a/2.
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Matches 2-D
circular
assumptions in the
model
Likely to be
drawn where the
necrotic core
exists; center of
circle is
meaningful

Requires data
exclusion of
granulomas
where a large
enclosing circle
cannot be drawn

A.4.2.	
  Consideration	
  of	
  Isopotential	
  Surfaces	
  and	
  Flux	
  Vectors	
  during	
  
Transport	
  in	
  Bodies	
  of	
  Arbitrary	
  Shape	
  
The following description further supports the argument made in the last row of
Table A.1 that the radius R of the largest circles that can be completely enclosed
within the granuloma is the most relevant descriptor of the equivalent sphere
model for diffusion and reaction assumed in my thesis. (Of course, R ~ a / 2 ,
where a is the minor axis measured by a bounding box or ellipse.)
Consider, for simplicity, a cubical particle with an equipotential surface
boundary condition, i.e., a uniform concentration (for diffusion) or temperature
(for heat conduction) outside the shape, a 2-D square slice of which is shown in
Figure A.3. The isopotential profiles (contour plots) can be determined readily for
this shape based on 3-D numerical (e.g., via computation flow dynamics, or CFD)
analysis of applicable chemical engineering principles, such as for the transient
conduction of heat or diffusion of a material, or a steady-state diffusion and
reaction, as in the case of granulomas.
As shown by the flux vector arrows in Figure A.3, the material/heat starts
to penetrate the shape perpendicularly to the external surface, which results in
isopotential surfaces that exist at incremental depths, the shape of which depends
on the local surface area to volume ratio of the shape.

Of course, the

concentration (or temperature) gradient, and, thus, the flux vector, remains
perpendicular to the isopotential surface at any location within the volume.
The relevance of the local surface area to volume ratio is demonstrated at
the corners of the 2-D square slice; at this point in the shape, the surface area to
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volume ratio is twice as high as that along the edges because there are two
surfaces, rather than one, exposed to the material/heat, thus, the penetration depth
is longer, and oriented along the diagonal at the corners. In other words, there is
more diffusion per unit volume at the corners due to the higher surface area to
volume ratio there. Thus, as the penetration distance increases, the isopotential
surfaces no longer adhere strictly to the outer shape, and become more round,
eventually resulting in an inner circular isopotential surface at the particle core.

Figure A.3. A 2-D slice of a cube that is surrounded by a uniform temperature or
material concentration, and is subject to penetration due to the heat/concentration
gradient, resulting in numerous isopotential surfaces within the shape of
incremental depths.

The largest depth of penetration of heat or mass in this cubic particle,
which is clearly the appropriate descriptor for transport controlled processes, e.g.,
to estimate the time it would takes for the center to feel the effect of change in
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external temperature or concentration in a transient problem, is evidently the
radius of the largest sphere that can be completely enclosed within the cube,
which, of course, is simply half of the cube dimension.
Next imagine a rectangular particle made by fusing together two of the
cubes in Figure A.3. It is evident that although the shape of the isopotential
surfaces would change, e.g., being more elliptical rather than spherical, the depth
of penetration or the time it would take for the center to feel the effect of change
in external temperature or concentration would remain the same, i.e., the
appropriate dimensional descriptor of transport would remain unchanged.
Finally, consider a granuloma of arbitrary shape enclosed within a
bounding box of dimensions a , b , and c , where a < b < c as shown in Figure
A.4.

Figure A.4. A 2-D slice of a granuloma of arbitrary shape that is surrounded by a
uniform oxygen concentration isopotential surfaces of uniform interior oxygen
concentrations, and a final penetration depth of R = a / 2 .
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Assuming the concentration of oxygen to be uniform at the outer surface
of the granuloma, the concentration gradient at the surface is normal to the surface
at all points.

Another isopotential surface (i.e., surface of constant oxygen

concentration) can be imagined to exist just under the external surface of the
granuloma particle that approximately follows the shape of the external surface.
Again, the gradient of concentration, and therefore, the diffusion flux vector, is
perpendicular to this isopotential surface. In this manner, isopotential surfaces we
can be continued to be imagined with incremental depths of penetration within the
granuloma.
At some point, the isopotential surfaces in the thinner part of the
granuloma will meet, because of the higher surface area/volume ratio in this
section and the limited depth of penetration. At this point, the concentration
gradient, and the flux, will no longer be perpendicular to the external surface, and
will instead turn inwards towards the thicker part of the granuloma. At still
higher depths of penetration, the shape of the isopotential surfaces will no longer
conform to the outside granuloma surface, but would become more spherical in
this thickest region of the granuloma. Continuing in this manner, the final depth
of penetration would lie at half the thickness of a (or R = a / 2 ); therefore, it
stands to reason that the necrotic core of the granuloma would lie in this thicker
region, and the center of the necrotic core would coincide with this as well.
If this picture is accepted of incremental diffusion and consumption of
oxygen, it stands to reason that the characteristic dimension should be the
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maximum penetration of oxygen, which is R = a / 2 . Because the granuloma
images are 2-D, it must be assumed that the smaller of the two known dimensions,
a and b, is the smallest dimension of the box that encloses the granuloma.
Therefore, if the granuloma image can be enclosed in a rectangle of size a and b,
then R = a / 2 . Alternatively, this is roughly the radius of the largest circle that
can be contained entirely within the granuloma; these two scenarios are shown in
Figure A.5. It is also evident from this that the necrotic core lies in the thickest
section as argued above.

Figure A.5. Measuring granulomas by either the bounding box (a) or largest
enclosed circle (b) methods of image analysis.

However, if considering, for example, the “coalescent” granulomas in
which more than one granuloma appear to fuse together to form a larger mass, it
is seen that when the affected regions are visually distinguishable, they can be
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estimated more accurately by the largest circle drawn in each separate region, as
shown in Figure A.6. For this reason, it is asserted here that this is the appropriate
value of the radius of an equivalent sphere (or circle in 2-D) of an arbitrary
shaped granuloma for one-dimensional diffusion and reaction analysis.

Figure A.6. Using the largest enclosed circle to distinguish regions of a coalescent
granuloma.

Of course, the above discussion requires that R be the avascular radius,
i.e., the diffusive radius of oxygen transport. In the IHC images of granulomas, it
is possible to observe blood vessels along the periphery, as shown below in Figure
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A.7. Therefore, largest enclosed circles are drawn to determine four relevant
radii:
1) outer granuloma radius, R0
2) diffusive radius, R
3) hypoxic radius, RH
4) necrotic radius, RC
From the animal experiment, there were 11 granulomas that were well-defined
and necrotic, and applicable to this type of analysis (i.e., able to have largest
enclosed circles approximated); these data are summarized below in Table A.2.
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Figure A.7. Representative IHC image of a TB granuloma from the rabbit
experiment overlain with the largest enclosed circles corresponding to the four
radii of interest.

Table A.2. Radial measurements of necrotic, hypoxic, diffusive (avascular), and
total granuloma regions from the rabbit animal experiment (mm).

R0

R

RH

RC

RH − RC

0.393

0.296

0.206

0.162

0.045

0.466

0.299

0.213

0.163

0.050

0.482

0.322

0.223

0.165

0.058

0.498

0.434

0.375

0.339

0.036
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0.543

0.404

0.258

0.146

0.112

0.579

0.477

0.276

0.187

0.090

0.615

0.428

0.219

0.119

0.100

0.629

0.542

0.312

0.220

0.092

0.666

0.570

0.419

0.364

0.055

0.695

0.613

0.501

0.420

0.080

0.742

0.543

0.390

0.332

0.058
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A.5.	
  Dimensional	
  Form	
  of	
  Modeling	
  Results	
  	
  
In Chapter 3, the mass balance equations are rendered dimensionless before
numerical or analytical solution, as is the common practice in chemical
engineering analysis. However, provided here is the solution in dimensional
form.
The starting point of this analysis is the steady-state mass balance
equation, Eq. (3.9), subject to the BCs listed in Eq. (3.10). Carrying out the
indicated differentiation on the left-hand-side of Eq. (3.9), the dimensional
analogue of Eq. (3.14) is

d 2CO2
dr 2

+

2 dCO2  k  CO2
=  e 
r dr
 D O2  1+ KCO2

(A.1)

The limiting forms of MM kinetics, as described in Chapter 3, are
considered here as well. For the first-order kinetics,

d 2CO2
dr 2

+

2 dCO2  k 
=  e  CO2
r dr
 D O2 

(A.2)

The solution to Eq. (A.2) subject to

B.C. 2: at r = RH

CO2 = CO2 ,H

B.C. 4: at r = RC

CO2 = CO2 ,C

B.C. 5: at r = RC
is
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dCO2
dr

=0

(A.3)
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The constants of integration, using B.C. 4 and B.C. 5, and following the
derivation from Chapter 3 are
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(A.5)

Using these in the concentration profile (Eq. A.4) and simplifying

CO2 =

$
(* k
,*
(* k
,*2
D Oe 2 /! k
1#
&
RC cosh )
(r − RC )- + sinh )
(r − RC )-4 (A.6)
e
e
k 10#" D Oe 2 &%
D
D
O2
O2
+*
.*
+*
.*43

CO2 ,C
r

This solution is valid in the region RC ≤ r ≤ RH , although in this RC is still
unknown. Further, using B.C. 2 in the concentration profile, Eq. (A.6)

CO2 ,H =

CO2 ,C
RH


 k

 k

D Oe 2  k



R
cosh
(R
−
R
)
+
sinh
(R
−
R
)



C
H
C
H
C  (A.7)
e
e
k  D Oe 2 
 D O2

 D O2


For the zero-order kinetics limiting form of the MM kinetics, the mass
balance equation from Eq. (3.9) is

1 d  2 dCO2   k 

r
=
r 2 dr 
dr   KD Oe 2 
Integrating twice
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(A.8)

1  k  2 K1
 r − + K2
CO2 = 
6  KD Oe 2 
r

(A.9)

 1 1
1 k  2 2
 R − r ) + K1  − 
CO2 = CO2 ,b − 
e (
R r
6  KD O2 

(A.10)

and, using B.C. 1 in this

which is Eq. 3 of Deakin (1975). The unknown constant K1 in this is determined
by using B.C. 3, i.e., at r = RH , dCO2 / dr = continuous, or that the concentration
gradient is continuous for the first-order and zero-order solutions. Equating the
concentration gradient for zero-order case at r = RH to the corresponding
concentration gradient for first order limiting case as done in Chapter 3 for
dimensionless analysis.

 k

K1 = CO2 ,C ( RH − RC ) cosh 
(R
−
R
)
H
C +
e
 D O2


D Oe 2
k
CO2 ,C  RH
R
−
C

D Oe 2
k





 sinh  k (RH − RC ) − k RH3
e
e

 D O2
 3KD O2


(A.11)

which may be substituted back into Eq. (A.10) to determine the concentration
profile for the zero-order case. However, determining RC and RH is of primary
interest, for which one relation (Eq. A.7) is already available. To obtain a second
relation between these quantities, the concentration profile for zero-order case at r
= RH is evaluated and rearranged to obtain Eq. 4 of Deakin (1975)
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CO2 ,b − CO2 ,H =

1 k
(R 2 − RH2 ) +
6 KD Oe 2

"
)
"
&
"
&,&
(A.12)
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This corresponds to Eq. (3.39) in dimensionless form.
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Notation	
  	
  
Abbreviations	
  
ADP

adenosine diphosphate

ARB

angiotensin receptor blocker

AT1

angiotensin type 1

ATP

adenosine triphosphate

B.C.

boundary condition

CDC

Centers for Disease Control and Prevention

CFU

colony-forming units

ECM

extracellular matrix

EMB

ethambutol

ETC

electron transport chain

GTP

guanosine triphosphate

H&E

hematoxylin and eosin stain

HbO2

oxygenated hemoglobin

HIF-1

hypoxia inducible factor-1

HIV

Human Immunodeficiency Virus

HMS

Harvard Medical School

IF

interstitial fluid

IFP

interstitial fluid pressure

IHC

immunohistochemical

INH

isoniazid
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MDR-TB

multidrug-resistant tuberculosis

MGH

Massachusetts General Hospital

MM

Michaelis-Menten

MVD

microvascular density

MVP

microvascular pressure

NIAID

National Institute of Allergy and Infectious Disease

NIH

National Institutes of Health

NZW

New Zealand White rabbits

ODE

ordinary differential equation

PBS

phosphate buffered saline

PZA

pyrazinamide

RIF

rifampin

TB

tuberculosis

VEGF

vascular endothelial growth factor

WHO

World Health Organization

XDR-TB

extensively drug-resistant tuberculosis

Symbols	
  
av

surface area of the vessels/volume of tissue (cm2/cm3)

Ci

concentration of a small molecule in the interstitial space
(mol/cm3)

CO2

concentration of oxygen (mol/cm3)
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C O2 ,b

constant bulk concentration of oxygen in the well-perfused region
(mol/L)

C O2 ,C

constant critical concentration of oxygen at the boundary of and
throughout the necrotic core (mol/L)

C O2 ,H

concentration of oxygen at which the pimonidazole stain is
positive, indicating hypoxia (mol/L)

Die

effective diffusion coefficient of a small molecule in the
interstitium (cm2/s)

D Oe 2

effective diffusion coefficient of oxygen in the interstitial fluid
(mm2/s)

f

dimensionless concentration of oxygen

fC

dimensionless critical concentration of oxygen

fH

dimensionless hypoxic concentration of oxygen

H O2

Henry’s law constant for oxygen solubility (mol/cm3-mmHg)

k

first-order rate constant for oxygen consumption (s-1)

K

inverse of the half-saturation Michaelis-Menten constant (L/mol)

Ki

interstitial hydraulic conductivity coefficient (cm/s)

KM

half-saturation constant of the Michaelis-Menten equation (mol/L)

Kt

transvascular hydraulic conductivity coefficient (cm/s)

Lp

membrane hydraulic conductivity of blood vessels (mm4/s-mmHg)

Ni

interstitial flux vector (mol/cm2-s)
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N O2

flux of oxygen (mol/mm2 s)

∇pi

interstitial hydrostatic pressure gradient (mmHg)

pi

interstitial fluid pressure (mmHg)

pO2

partial pressure of oxygen (mmHg)

pO2 ,b

bulk partial pressure of oxygen (mmHg)

pO2 ,C

critical partial pressure of oxygen (mmHg)

pO2 ,H

hypoxic partial pressure of oxygen (mmHg)

pv

vascular pressure (mmHg)

pv,e

effective vessel pressure (mmHg)

r

radial position in the granuloma

R

radius of diffusive region (mm)

R0

radius of the granuloma (mm)

R0,min

minimum granuloma particle size at which necrosis emerges (mm)

RC

radius of the necrotic core (mm)

RH

radius of the hypoxic region (mm)

Ri

volumetric rate of reaction of a small molecule in the interstitium
(mol/cm2-s)

RO2

cellular respiration rate (mol/mm3 s)

RT

tumor radius (cm)

Sv

vascular surface area (cm2)

v0

velocity of blood exiting the blood vessel (cm/s)
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vi

interstitial fluid velocity vector (cm/s)

vr

radial interstitial fluid velocity (mm/s)

V

tumor volume (cm3)

Vmax

maximum rate of respiration (mol/mm3 s)

y

dimensionless radial position in the diffusive region

yC

dimensionless radius of the necrotic core

yH

dimensionless radius of the hypoxic region

Greek	
  Symbols	
  
α

dimensionless tumor radius

κ

ratio of the first-order rate constant for oxygen consumption to the
half-saturation constant of the Michaelis-Menten equation (mol/Ls)

ξ

dimensionless tumor radius

πi

interstitial oncotic pressure (mmHg)

πv

vessel oncotic pressure (mmHg)

σs

osmotic reflection coefficient

χ

dimensionless Michaelis-Menten kinetic factor

ψ

ratio of IFP to effective vessel pressure

φ2

Thiele modulus for the diffusive layer

φB

volumetric flow rate of plasma from the blood vessels into the
tissue (mm3/s)
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φL

volumetric flow rate of plasma to the lymph vessels (mm3/s)

φm

dimensionless minimum granuloma particle size at which necrosis
emerges

Subscripts	
  and	
  Superscripts	
  
0

outer/exit

b

bulk

C

critical/necrotic core

e

effective

H

hypoxic

i

interstitial

L

lymph

M

Michaelis-Menten

max

maximum

min/m

minimum

O2

oxygen

p

microvascular wall

r

radial

s

solute

t

transvascular

v

vascular
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