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Abstract

A nonkinetic approach is adopted in this thesis to numerically predict

the profiles of a Maxwellian ideal gas in a micro-channel geometry.

Our analysis utilizes a full set of mechanically and thermodynamically

consistent volume-diffusion hydrodynamic equations. Bivelocity theory

predicts, contrary to current investigations, a no-slip velocity at the wall

in planar Couette flow for rarefied gas flows. This thesis was motivated by

the recent success of Bivelocity hydrodynamics in explaining traditionally

non-continuum phenomenon in a physically sound manner. The results

are compared and contrasted with the Burnett equations, which show

that the predictions are fundamentally different from those previously

obtained in similar analyses. It is concluded that more experimental

data will be needed to make a determination as to which model should

be used. Suggestions for experimental verification, motivated by our

numerical results, are also presented.
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1 Introduction

Microelectromechanical systems have had a major impact on our daily lives and

many disciplines [1] (e.g. biology, medicine, optics, aerospace, and mechanical

and electrical engineering) over the past three decades. For example hard-disk

heads, micro-pumps, and lab-on-a-chip technologies all rely on gas flows around

micro-scale geometry, therefore a fundamental understanding of these flows,

referred to as microfluidics, is important for the design and characterization

of these devices. While it is agreed that this class of gas flow is vital to many

industries, there is currently no generally accepted fluid-mechanical theory for

this regime of flow [2, 3]. It is this gap in knowledge that been the primary

motivation of this thesis.

The critical parameter used in determining whether a particular flow is

considered a continuum or non-continuum gas flow, i.e. rarefied, is the Knudsen

number. The Knudsen number is typically defined as Kn = λ/L where λ is

the mean free path of the gas and L is a characteristic length scale of the

geometry of interest. For example, in the case of micro-poiseuille flow L would

be the diameter of the tube. The Knudsen number is commonly taken as a

measure of the flows level of local equilibrium with flows possessing a higher

Knudsen number being further from local thermal equilibrium. Specifically

when Kn ∼ O (1) it is thought that there are not enough particle-to-particle

collisions to equilibrate heat and momentum at every point in the flow and the

local equilibrium assumption becomes increasingly inaccurate. It should also

be stated that there is no objective distinction between a continuum and a

non-continuum gas flow [2]. That is, there is no definite value of the Knudsen

number which determines whether a gas is rarefied or otherwise. However, for

the purposes of this thesis we will use the oft cited value of 0.01 to mark the

transition between a continuum and a rarefied gas [4].
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Prior to Knudsen’s pioneering work in 1909 [5,6] it was believed that the

compressible form of the Navier-Stokes-Fourier (NSF) equations [7–9] were

accurate in describing rarefied gas flows. However, Knudsen showed, through

a series of experiments involving rarefied gas flows, that the compressible

NSF equations, subject to the no-slip boundary condition, were inadequate

in describing such flows [10]. Since this time, the rarefied or non-continuum

domain of flow investigated by Knudsen is typically regarded as being governed

by the Boltzmann gas-kinetic equation [1,4,10]. However, the mathematical

complexity of the Boltzmann equation has prevented an exact solution from

being derived and has lead to a variety of approximate methods being developed.

These approximate solutions can be classified as either particle methods or mo-

ment methods [11]. The direct simulation Monte Carlo (DSMC) method [12,13],

which will not be discussed in any depth in the body of this thesis (See Appendix

C) , falls into the particle method category while the Burnett equations [10,14]

is an example of a moment method. However, the Burnett equations are

known to violate a number of thermodynamic and mechanical principles (See

Appendix D) [11, 15]. Despite these problems with the Burnett equations, the

complexity and computational cost of DSMC and other simulation methods,

such as molecular dynamics (See Appendix B), has led researchers to continue

focus on the development of several different Burnett regime˝ expansions of

the Boltzmann equation in an attempt to fix these violations and accurately

capture the physics of the problem while reducing computational complexity.

Burnett regime˝ simply refers to the agreed upon range of 0.01 < Kn0 < 10

also referred to as the transition regime. These expansions are referred to

as: Burnett equations [14], conventional Burnett equations [10], augmented

Burnett equations [16], and the BKG-Burnett equations [17], each of which has

attempted to resolve issues with the original Burnett equations. To this day
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however, in the field of rarefied gas flow there does not exist an uncontested,

generally applicable, macroscopic fluid-mechanical theory [2, 3].

Recently Bivelocity hydrodynamics [18–21], a new theory proposed by

Howard Brenner has attempted to close the gap of understanding in rarefied

gas flows. To date this new theory has been successful in describing experi-

mental data in both continuum and non-continuum fluid flows [22–24]. These

experiments range from thermophoresis [25, 26] to describing the enhanced

mass flow rate of micro-channel pressure driven flows [23]. Bivelocity theory’s

hypothesis, that there exist two independent velocities in any compressible

fluid, differs substantially from the traditional approach for describing not only

rarefied gases but compressible flows in general. While Bivelocity hydrodynam-

ics has been applied to several non-continuum experiments with great success,

the theory was originally derived using the macroscopic non-kinetic framework

of Linear Irreversible Thermodynamics [9] (LIT) and in the past couple of years

has been verified using a kinetic-theory approach [15,27,28]. Given the success

of bivelocity hydrodynamics in describing a variety of both compressible and

micro-channel flows in a physically sound manner, we have investigated the

predictions this new theory gives for micro-Couette, the simple shear driven

flow between two infinite parallel plates.

2 Bivelocity Hydrodynamics Overview

2.1 Generic Transport Equations

2.1.1 Eulerian Transport

In this section an overview will be given of the generic transport equations, in

order to highlight the theoretical development of the Bivelocity hydrodynamic
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2.1 Generic Transport Equations

equations [19,21]. Beginning with any extensive physical property Ψ we can

write an equation representing the total amount of this quantity in an arbitrary

volume. The quantity Ψ can represent any physical quantity such as mass M ,

momentum M , internal energy U , entropy S, etcetera. The amount Ψ at time

t at a fixed point in space x (x here representing an arbitrary position vector)

encompassed in a volume V can be given by:

Ψ (t) =

∫
V

ψ (x, t) dV (2.1)

where ψ (x, t) is the amount of the physical property per unit volume. We

can now determine the total change of this property over time by taking the

temporal derivative to (2.1) yield:

dΨ

dt
=

∫
V

∂

∂t
[ψ (x, t)] dV (2.2)

This total change of the property can be attributed to two physical mechanisms:

a flux through the surrounding surface of the volume; and production of the

quantity within the arbitrary volume. The surface flux mechanism can be

expressed generally in terms of a total flux density nψ (x, t) as follows:

−
∮
S

n̂ · nψ (x, t) dS (2.3)

with n̂ and dS representing the outward facing surface normal vector and

differential scalar surface quantities, respectively. Next, the total production

of the property in the volume can be given in terms of a per unit volume

production term πψ (x, t) as:

∫
V

πψ (x, t) dV (2.4)
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2.1 Generic Transport Equations

Now, with the use of the divergence theorem to transform (2.3) into the proper

volume based form below:

−
∮
S

n̂ · nψ (x, t) dS = −
∫
V

∇ · nψ (x, t) dV (2.5)

Through combining (2.2), (2.4) and (2.5) for an arbitrary volume, the total

generic Eulerian transport equation becomes:

∂ψ

∂t
+∇ · nψ = πψ (2.6)

and represents the unsteady transport of any extensive physical property when

given in terms of ψ, i.e. amount of property per unit volume. The first and

most recognizable use for the Eulerian form of the transport equation is to

denote the transport of mass M . For this case our per unit volume mass is

simply the density ρ and since mass is a conserved quantity, i.e. πm = 0, the

result is the well known continuity equation:

∂ρ

∂t
+∇ · nm = 0 (2.7)

wherein when the density flux is represented in terms of the local mass velocity,

i.e. nm = ρvm, the standard form of the continuity equation is furnished:

∂ρ

∂t
+∇ · (ρvm) = 0 (2.8)

2.1.2 Diffusive Molecular Flux

As is traditionally done [8], before continuing to the other transport equations,

we will break the total Eulerian flux nψ into two physically distinct components:

a convective contribution and a molecular or diffusive contribution as follows:
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2.1 Generic Transport Equations

nψ := nmψ̂ + jψ (2.9)

The convective portion of the total flux nmψ̂ is given in terms of the mass

flux nm and the property specific density ψ̂ = ψ/ρ, which represents the

amount of the physical property per unit mass that is carried along with

the mass flux across the bounding surface. The other contribution, i.e. the

diffusive molecular flux jψ, represents the amount of the property per unit

time flowing non-convectively across a unit area. This allows us to define the

diffuse molecular flux as the difference between the total Eulerian flux nψ and

the convective contribution nmψ̂:

jψ := nψ − nmψ̂ (2.10)

The diffusive molecular flux jψ, which going forward will be referred to as

simply the diffuse flux, is not directly measured in experiment [21]. However,

this diffuse flux is defined in terms of three separately measureable fields and

should be considered a slack variable to represent the difference observed. Note,

that when the property being transported is mass i.e. ψ̂ = 1, the diffuse flux is

identical to zero and corresponds with the definition of no mass being diffusively

transported.

2.1.3 Lagrangian Transport Equations

Before presenting the remaining transport equations, we will want to transform

the generic Eulerian equation (2.7) into the more familiar Lagrangian form

(2.11). This transformation is equivalent to changing our perspective from

focusing on a single point in the flow (Eulerian) to following a packet of fluid

as it moves with the flow (Lagrangian). By combining the continuity equation
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2.1 Generic Transport Equations

(2.7) and the definition of the diffuse molecular flux (2.9) we can yield:

ρ
Dψ̂

Dt
+∇ · jψ = πψ (2.11)

with the material derivative defined as:

D

Dt
:=

∂

∂t
+ vm · ∇ (2.12)

We now have the general Lagrangian form that we will be utilizing throughout

the remainder of this thesis.

Contextual Velocities

Before moving on and presenting the derivation of the specific equations

constituting Bivelocity hydrodynamics, we would like to give a high level

overview of the theory and how it differs from the traditional Navier-Stokes-

Fourier approach.

Since Euler’s founding of the subject of ideal fluid mechanics [29], the

contextual˝ velocities defined by their appearances in the body force free mass

(2.13), momentum (2.14), and energy (2.15) equations have been implicitly

assumed equal to the mass velocity present in the continuity equation (2.13).

∂ρ

∂t
+∇ · (ρvm) = 0 (2.13)

ρ
Dm̂

Dt
+∇ · P = 0 (2.14)

ρ
D

Dt

(
û+

1

2
|vkin|2

)
+∇ · (ju + P · vv) = 0 (2.15)
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2.1 Generic Transport Equations

If we name each velocity according to their corresponding location in the above

equations the resulting terminology is:

vm := Mass V elocity

m̂ := Momentum V elocity

vkin := Kinetic V elocity

vv := V olume V elocity

Moving forward, if we are to assume any equality between the above named

contextual˝ velocities, it must be proven. However, Landau and Lifshitz

in 1959 [7] were the first to recognize the need to prove one of the implicit

assumptions, namely the Euler hypothesis (m̂ = vm), rather than accept it as

a fact based on an analogy to Newtonian mechanics. Kostddt and Liu [30] later

recognized their proof as incomplete and offered a more convincing argument in

favor of Euler’s hypothesis. Liu drawing upon thermodynamic and mechanical

arguments [31], further elaborated upon his proof. This proof by Liu was

endorsed by Öttinger [32] and led to a collaboration with Liu and Struchtrup,

which stated that rejection of Euler’s hypothesis would lead to, among other

things, violation of the principle of locally conserved angular momentum [33]

and therefore the two velocities (m̂,vm) must at all times be equal. It is

interesting to note that the complete proof of this equality wasn’t published

until 2009!

Lastly, the equality (m̂ = vkin) is shown [34] to be necessary to satisfy the

required physical principle of Galilean invariance (recognized as an indisputable

universally valid physical principle) of the mass, momentum, and energy

equations. We now have proofs stating that (m̂ = vkin = vm) for all fluids,

however, no such proof has been given stating the equality of vv to any of the
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2.2 Pre-Constitutive Bivelocity Transport Equations

other velocities. It is this lack of evidence for the equality of vv that is the

essence of the Bivelocity hydrodynamics paradigm.

2.2 Pre-Constitutive Bivelocity Transport Equations

In what follows we will present the pre-constitutive transport equations gov-

erning Bivelocity hydrodynamics for volume, energy, and momentum. By

pre-constitutive it is meant the following transport equations do not provide

enough information to fully describe the physical problem and will require

several constitutive hypotheses for closure. These constitutive hypotheses, as

will be seen in Section 2.3, are material dependent and will be derived using

the principles of LIT.

The transport of mass is excluded in this section due to the resulting equa-

tion, when written in Lagrangian form, equalling 0 = 0, which provides no

useful information.

2.2.1 Volume Transport

Volume is a generally non-conserved property in any given system, i.e. πν 6= 0.

To illustrate this point, if one takes a quantity of hot water and mixes it both

adiabatically and isobarically with a quantity of cold water; once this mixture

is allowed to equilibrate to a temperature between the two components the

resulting volume will, in general, be different than just the sum of the two

individual quantities [35]. That is to say that water doesn’t follow a rule of

thermal additive volumes.

Now applying the general Lagrangian transport equation (2.11) with ψ̂ =

v̂ = 1/ρ we can write the transport of volume as:

ρ
Dv̂

Dt
+∇ · jv = πv (2.16)
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2.2 Pre-Constitutive Bivelocity Transport Equations

with v̂ representing the fluid’s specific volume and jv representing the diffuse

volume flux. We can write the volume transport (2.16) in the Eulerian form

(2.6) with ψ = 1 which results in:

∇ · nν = πν (2.17)

and can be seen as a sort of volumetric continuity equation˝ [35]. Volume

production πv is philosophically different from the other transport quantities

in that there is no counterpart for πv in discrete Newtonian mechanics [21].

This owes to the fact that each point size particle constituting a continuum

contains no volume and at best this property can be attributed to a collection

of particles in a statistical manner. The point-size particles, on the other

hand, do carry the properties of mass, momentum, and energy rendering them

fundamentally different.

2.2.2 Momentum Transport

The production of momentum given in Bivelocity theory is not changed from

that of the production given in the NSF case and is defined as:

πM = −∇p+ ρf̂ (2.18)

with p being the equilibrium thermodynamic pressure and f̂ a conservative

specific body force, such as gravity, that derives from a time-independent

potential, i.e.
(
∂φ̂/∂t = 0

)
:

f̂ = −∇φ̂ (2.19)

The Lagrangian transport equation (2.11), along with the fluids per unit volume

momentum being M = vmρ, becomes:
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2.2 Pre-Constitutive Bivelocity Transport Equations

ρ
Dvm
Dt

+∇ · jM = −∇p+ ρf̂ (2.20)

wherein jM is the diffuse flux of momentum and is defined in terms of the

pressure tensor P and equilibrium pressure p:

jM := P − Ip (2.21)

2.2.3 Energy Transport

The production term in the Bivelocity energy equation is changed from that of

the original NSF equations from the concept of mechanical work ∇ · (P · vm)

to that of irreversible thermodynamic work:

πe = −∇ · (P · vv) (2.22)

with the pressure tensor P . The volume velocity vv, also referred to as the

work velocity˝ is defined solely by its assigned role in (2.22) [21]. An excellent

discussion comparing and contrasting the concepts of the traditional mechanical

work with the newly introduced irreversible thermodynamic work is presented

in [34, Section X]. Also note that while the mass velocity vm does not require a

constitutive equation, the volume velocity vv appearing in (2.22) does require

a constitutive hypothesis. Now using the Lagrangian transport equation (2.11)

we arrive at:

ρ
Dê

Dt
+∇ · ju = −∇ · (P · vv) (2.23)

wherein

ê = û+ êk + φ̂ (2.24)
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2.3 Constitutive Equations

is the fluid’s specific energy, consisting of the internal, kinetic, and poten-

tial energies. The specific kinetic energy is given by the classical relation

êk = (1/2)vm · vm. Above we have written the energy equation in terms of

the diffuse flux of internal energy by setting je = ju. This is true by definition

since there can be no diffuse flux of either kinetic or potential energy (for

single-component fluids, which for this thesis is our focus)

2.3 Constitutive Equations

In the prior section we presented a complete set of pre-constitutive equations,

but still require constitutive equations for the pressure tensor P , the diffuse

flux of internal energy ju, and the volume velocity vv to complete closure. Note

that we chose to exclude the entropy transport equation in the prior section as

we will not be utilizing it in this thesis.

We will now discuss how the general principles of linear irreversible thermo-

dynamics (i.e. non-equilibrium thermodynamics) [9] were used in the derivation

of the constitutive relationships for (vv,P , ju). The full derivation has been

presented in a comprehensive review of Bivelocity theory to date [21] and will

not be presented here. We will simply be presenting the results along with

illustrating some of the important features of the theory.

2.3.1 Volume Velocity

The relation between the mass velocity vm and the volume velocity vv is

connected through the concept of a diffuse volume flux as follows [21,36]:

vv = vm + jv (2.25)

with jv being the diffuse flux of volume. This diffuse flux requires a constitutive
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2.3 Constitutive Equations

equation, and is given by [21]:

jv = α∇ ln ρ− ακρf̂ (2.26)

In this expression α and κ represent the fluids thermometric diffusivity and

compressibility coefficient. This same relationship between the volume and

mass velocity along with the constitutive equation for the volume flux has

been derived by Dadzie [15] and independently by Eu [36–39] from purely

kinetic-theory standpoints, which has given the theory a firm grounding in

the kinetic theory field. Both of these derivations showed that when volume

transport is added to the molecular transport equation (e.g. the Boltzmann

equation), the relationships (2.25) and (2.26) naturally arise from the governing

equation.

2.3.2 Pressure Tensor

For an ideal gas, i.e. a fluid in which we can ignore bulk viscosity effects, we

can express the pressure tensor in the standard form

P = Ip− T (2.27)

where p is the equilibrium thermodynamic pressure and T is the viscous or

deviatoric stress tensor. Also, we will restrict the viscous stress tensor to being

both symmetric and traceless, i.e. D = 1
2

(
D + DT

)
− 1

3
tr (D) where the

superscript T is the transpose and tr ( ) is the trace of the tensor. Now, the

stress tensor is given in terms of the volume velocity as follows:

T = 2µ∇vv (2.28)

which is in stark contrast to the NSF case, given in terms of the mass velocity
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2.3 Constitutive Equations

T = 2µ∇vm (2.29)

Also note that when jv = 0, as is the case for incompressible flow, the stress

tensor (2.28) assumes the form of (2.29).

2.3.3 Diffuse Flux of Internal Energy

The last constitutive relation required for the closure of the transport equations

is the diffuse flux of internal energy. In Bivelocity hydrodynamics the flux of

internal energy ju is linked to the traditional heat flux q as follows:

ju = q − pjv (2.30)

with the only remaining unknown requiring a constitutive relation being that

of the entropic or traditional heat flux. In conventional NSF fluid mechanics,

which is equivalent to jv = 0, the fluxes are identical, as should be expected.

The entropic heat flux is now given as:

q = −kT∇ lnT + αβT
(
∇p− ρf̂

)
(2.31)

with k and β representing the fluids thermal conductivity and thermal expan-

sivity.

We now have all of the transport equations with their respective constitutive

hypotheses that are required to describe the general flow of a fluid. Before

applying these equations to the problem of micro-Couette flow we much first

address the boundary conditions.
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3 No-slip Boundary Condition

The plane micro-Couette flow analysed in this thesis is a unique class of fluid

flow. Steady micro-Couette flow is different from other cases in that there are

no gradients in the direction of flow. For instance, in other flows there may

be either a pressure or temperature gradient along the direction of fluid flow.

This difference will be seen to make a substantial difference in our predictions

for the appropriate boundary conditions for micro-Couette flow.

Traditionally for micro-channel flow, where the Knudsen number can be of

O (1), a slip-velocity would be imposed at the boundaries. This slip velocity,

originally given by Maxwell [40], is given as a function of either the first or

second orders of the velocity gradient as follows:

(um)slip ∝
∂u

∂n

∣∣∣∣
wall

(3.1)

and is related to the shear stress at the bounding wall. However, in keeping

with the boundary condition proposed by Brenner [21,34,41], we will instead

use a no-slip on the volume velocity condition, shown below:

(I − n̂n̂) · vv = 0 (3.2)

in which I is the idiom factor and n̂ is the unit surface normal vector. Given

the definitions of the volume velocity vv (2.25) and diffuse volume flux jv

(2.26), it can prove useful to express this boundary condition as a slip on the

mass velocity:

(vm)slip = −α ∂ ln ρ

∂s

∣∣∣∣
wall

(3.3)

where ∂s refers to the differential distance measured along the wall in which
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the slip or creep occurs and α is the fluid’s thermal diffusivity.

We will take the position originally adopted by Stokes [42, 43] regarding

determining the accuracy of theory [41]. That is to say that the viability of the

volume-velocity boundary condition can only be made certain by examining

the pertinent experimental evidence. To date the slip condition (3.2), (3.3)

above has been successfully applied to both the phenomena of thermophoresis

[22] and predicting the enhanced mass flow rates of pressure-driven rarefied

gases [23,44–47]. Thermophoresis, for example, was previously explained by

a sub-continuum thermal creep boundary condition which relied upon free

parameters, the degree of scattering for a particle hitting a surface for example,

to fit the experimental data [34,48]. However, an analysis utilizing Bivelocity

hydrodynamics [22] resulted in a first-principles prediction that fit experimental

data well, and was also free of any empirical fitting parameters. This success of

fitting the experimental data, along with the lack of any convincing experimental

evidence for the existence of a slip-velocity in plane Couette flow, gives us

confidence that application of the condition above results in the most consistent

and accurate analysis of the flow in this geometry.

4 Plane Micro-Couette Flow

Steady flow between infinite parallel plates is a simple geometry for feasible

testing of micro-channel models. This model provides insights into analogous

systems such as gas bearings and disc-head readers. The geometry in this

thesis will consist of a fixed lower plate separated (y = 0) by a small distance

H from an upper plate moving at a constant velocity V and can be seen in

Figure 1 below.
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Figure 1: Micro-Couette flow geometry [49]

For the steady flow we are considering, given the lack of experimental data in this

flow regime, it will prove useful to compare and contrast the predictions given

by Bivelocity hydrodynamics with those of the conventional Burnett model.

Beginning with the transport equations of Burnett, for this steady Couette flow,

they reduce to the following set of ordinary differential equations [10,49,50]:

d

dy

[
µ
du

dy

]
= 0 (4.1)

d

dy

[
p+ Π

(2)
22

]
= 0 (4.2)

d

dy

[
k
dT

dy
+ µu

du

dy

]
= 0 (4.3)

with k representing the gas’s thermal conductivity, p the equilibrium thermody-

namic pressure, and µ the dynamic viscosity. Going forward we will represent

the mass velocity in the x-direction by u. The variable Π
(2)
22 here represents a

second-order contribution to the stress tensor and is given as:
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Π
(2)
22 =

µ2

p

[
α1

[
du

dy

]2
+ α2R

d2T

dy2
+ α3

RT

ρ

d2ρ

dy2

+ α4
RT

ρ2

[
dρ

dy

]2
+ α5

R

ρ

dρ

dy

dT

dy
+ α6

R

T

[
dT

dy

]2] (4.4)

Where α1−6 are constant coefficients given during the derivation as:

α1 = −2

3
, α2 =

2

3
, α3 = −4

3
, α4 =

4

3
, α5 = −4

3
, α6 = 2

The above set of equations (4.1), (4.2), and (4.3) with the higher-order contri-

bution Π
(2)
22 (4.4) constitute a complete set of non-linear ordinary differential

equations and in conjunction with an appropriate equation of state (4.8) can

be solved numerically with appropriate boundary conditions.

Now, as with the Burnett equations above, we will present the reduced

versions of the Bivelocity equations for comparison

d

dy

[
µ
du

dy

]
= 0 (4.5)

d

dy

[
p− 4

3
µ
djv
dy

]
= 0 (4.6)

d

dy

[
k
dT

dy
+ µu

du

dy
− k

ρĉp

dp

dy
+

4

3
µjv

djv
dy

]
= 0 (4.7)

From (4.6) and (4.7) we can immediately see the role of the diffuse volume flux

jv in both the momentum and energy equations. This stands in stark contrast

to the Burnett equations which only have a higher-order˝ contribution to the

momentum equation (4.2). One also notices that all three equations given by

Bivelocity theory are coupled together, in that all three differential equations
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must be solved simultaneously. However, it can be seen that the Burnett

equations (4.1) and (4.3) depend only upon the temperature and mass velocity

and are solved independently of equation (4.2). This decoupled˝ nature makes

solving the Burnett equations more straightforward and allows us to simply use

the results for the velocity and temperature fields in determining the density.

We now have both sets of differential equations and only require an ap-

propriate equation of state. In this thesis the fluid being analysed is assumed

to be a Maxwellian monatomic ideal gas, where Maxwellian is referring to

the intermolecular potential. This assumption will greatly simplify the dif-

ferential equations and their subsequent solutions along with allowing us to

easily incorporate the effects of temperature on the transport properties. The

state of a monatomic ideal gas flow can be fully characterized by its density ρ,

temperature T , and mass velocity u. We also assume that the gas is in a state

of local equilibrium to enable use of the ideal gas law

p = ρRT (4.8)

wherein R is the specific gas constant. While we recognize that for flows

approaching a Knudsen number on the order of unity the local equilibrium

assumption breaks down, since the Knudsen number itself can be seen as a

measure of local equilibrium, we will still use the ideal gas law as an approx-

imation, as is traditionally done [49, 50]. For a monatomic gas the isochoric

and isobaric specific heats ĉv and ĉp are related to the specific gas constant by

the relations

ĉv =
3

2
R and ĉp =

5

2
R

such that the specific heat ratio γ which is defined as ĉp/ĉv = 5/3. The speed
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of sound in the gas is given by the simple relation as

c2 = γ
p

ρ
(4.9)

Lastly, for a Maxwellian monatomic gas modelled by point centres of force,

the thermal conductivity and dynamic viscosity are directly proportional to

temperature [49–51], i.e. (µ, k) ∝ T , and will be used to incorporate the

effect of temperature on these properties in our analysis. For convenience in

calculations we will non-dimensionalize the flow variables and properties as

follows, in a manner similar to Xue [50]:

ỹ =
y

H
, ũ =

u√
RT0

, T̃ =
T

T0
, ρ̃ =

ρ

ρ0
, p̃ =

p

p0
, µ̃ =

µ

µ0

, k̃ =
k

µ0ĉp

where the subscript 0˝ indicates the value of the property or variable at the

stationary wall (y = 0). The constant Prandtl number for a monatomic gas

Pr = µĉp/k = 2/3 is used in the following relations for the dimensionless

viscosity and thermal conductivity to incorporate the effects of temperature

into the model.

µ̃ = T̃ and k̃ =
3

2
T̃

The Knudsen and Mach numbers are defined as

Kn0 =
µ0

ρ0
√
RT0H

(4.10)

and

Ma =
V

c0
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where the reduced Knudsen number (4.10) given above can be related to the

commonly used definition of the Knudsen number

Kn =
λ

H

as Kn0 = 0.783Kn owing to the definition of the mean free path of the reference

state for an ideal gas [52]

λ =
16

5
√

2π

µ0

ρ0
√
RT0

Using the above defined dimensionless parameters we will re-write the Burnett

equations (4.1), (4.2), and (4.3) along with the higher order stress term (4.4)

as

d

dỹ

[
T̃
dũ

dỹ

]
= 0 (4.11)

d

dỹ

[
p̃+Kn0

2Π̃
(2)
22

]
= 0 (4.12)

d

dỹ

[
15

4
T̃
dT̃

dỹ
+ T̃ ũ

dũ

dỹ

]
= 0 (4.13)

with Π̃
(2)
22 equalling

Π̃
(2)
22 =

T̃ 2

p̃

[
α1

[
dũ

dỹ

]2
+ α2

d2T̃

dỹ2
+ α3

T̃

ρ̃

d2ρ̃

dỹ2

+ α4
T̃

ρ̃2

[
dρ̃

dỹ

]2
+ α5

1

ρ̃

dρ̃

dỹ

dT̃

dỹ
+ α6

1

T̃

[
dT̃

dỹ

]2] (4.14)

Now, nondimensionalization of the Bivelocity equations (4.5), (4.6), and (4.7)
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results in

d

dỹ

[
T̃
dũ

dỹ

]
= 0 (4.15)

d

dỹ

[
p̃− 4

3
Kn0

2T̃
dj̃v
dỹ

]
= 0 (4.16)

d

dỹ

[
15

4
T̃
dT̃

dỹ
+ T̃ ũ

dũ

dỹ
− 3

2

T̃

ρ̃

dp̃

dỹ
+

4

3
Kn0

2T̃ j̃v
dj̃v
dỹ

]
= 0 (4.17)

wherein we have introduced the dimensionless diffuse volume flux

j̃v =
3

2

T̃

ρ̃2
dρ̃

dỹ

Both sets of differential equations will be subject to the following dimensionless

boundary conditions:

Fixed Bottom Plate (ỹ = 0):

ρ̃ = 1, T̃ = 1, ũ = 0

Moving Top Plate (ỹ = 1):

ρ̃ = 1, T̃ = 1, ũ = γ0.5Ma

Upon inspection of (4.12), (4.16), and (4.17) we can see that these equations

are of third order in terms of the density and second order in temperature and

velocity. Also, we note that there are no Knudsen number effects on either the

temperature or velocity distributions. The solution to the Burnett equations,

regardless of how rarefied the gas is, will always coincide with the standard

NSF solution (the so called Brinkman solution), since the higher order terms

22



only affect the density profile as is seen by inspection of (4.2). The Bivelocity

equations, on the other hand, will be seen to be affected by the order of the

Knudsen number. In order to reduce the total order from seven to six and

facilitate applying boundary conditions we will use the method of Lee [52],

which was adopted and implemented by both Xue [50] and Lockerby [49] in

their studies of the Burnett equations. Using this method will also allow us to

directly compare and contrast our results with both Lockerby and Xue. The

method is straightforward and relies on the assumption that after integrating

the y-direction momentum equations (4.12) and (4.16) once to reduce their

order, the resulting constant is independent of the Knudsen number. Integrating

both equations once results in:

p̃+Kn0
2Π̃

(2)
22 = K̃1 (4.18)

and

p̃− 4

3
Kn0

2T̃
dj̃v
dỹ

= K̃2 (4.19)

In the limit Kn0 → 0 the dimensionless pressure gradient disappears identically

in both (4.12) and (4.16), which corresponds to the traditional NSF case of

constant pressure across the channel. This assumption allows us to assign the

values of K̃1 = 1 and K̃2 = 1 and continue our analysis by reducing the total

order of our non-linear system of ODE’s to six. Using (4.18) the reduced order

equations corresponding to the Burnett equations (4.11), (4.12), and (4.13),

with some rearrangement and combining of terms, are:

T̃
d2ũ

dỹ2
+
dT̃

dỹ

dũ

dỹ
= 0 (4.20)
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4.1 Numerical Solutions

T̃

ρ̃

d2ρ̃

dỹ2
− 19

30

[
dũ

dỹ

]2
− 1

T̃

[
dT̃

dỹ

]2
− T̃

ρ̃2

[
dρ̃

dỹ

]2
+

1

ρ̃

dρ̃

dỹ

dT̃

dỹ
+

3

4

ρ̃

T̃

1− ρ̃T̃
Kn0

2
= 0

(4.21)

T̃
d2T̃

dỹ2
+

[
dT̃

dỹ

]2
+

4

15
T̃

[
dũ

dỹ

]2
= 0 (4.22)

Now, if we perform similar operations on (4.15), (4.16), and (4.17) instead

using (4.19) to reduce the order of the Bivelocity equations (see Appendix A

for more details) we arrive at:

T̃
d2ũ

dỹ2
+
dT̃

dỹ

dũ

dỹ
= 0 (4.23)

T̃
d2ρ̃

dỹ2
+
dT̃

dỹ

dρ̃

dỹ
− 2

T̃

ρ̃

[
dρ̃

dỹ

]2
+

1

2

ρ̃2

T̃

1− ρ̃T̃
Kn0

2
= 0 (4.24)

T̃
d2T̃

dỹ2
+

[
dT̃

dỹ

]2
+

4

9
T̃

[
dũ

dỹ

]2
+

1

3

1

T̃

1− ρ̃T̃
Kn0

2
= 0 (4.25)

We now have both sets of equations in a form that will facilitate a numerical

solution.

4.1 Numerical Solutions

To solve the set of nonlinear differential equations both for the Burnett and

Bivelocity equations we utilized the bvp4c solver in MATLAB. The bvp4c solver

is a general boundary value problem solver that uses a collocation method to

converge to a solution [53]. A collocation method is simply a method which

chooses a higher order polynomial, for example a cubic spline, to represent the
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4.1 Numerical Solutions

differential equations, which matches both the boundary conditions (collocates)

and the midpoint within the problem domain. The solver then chooses the

solution through iteration that best matches this polynomial, i.e. has the

smallest residuals. The bvp4c method can be described as a fourth order solver

that solves linearized equations with an adaptive mesh. As with any boundary

value problem the initial guess structure is very important and can affect the

solution greatly. In order to facilitate consistent and accurate results we use

the Knudsen number equal to zero case as our guess to the more general case

for Knudsen numbers on of the order of unity.

4.1.1 Solver Accuracy

When using a numerical method to solve a set of equations the accuracy of the

chosen method must be considered. For this study I ensured the accuracy of

the solution in two ways, the values of the solution residuals were kept below

10−5; and the solutions mesh independence was analyzed. The residuals, i.e.

the difference between the numerical solution and the exact ODEs, is an option

that can be set in bvp4c solver. The equations being solved were approximately

parabolic in behavior and low residuals were always attained in the analysis.

For a solution to exhibit mesh independence there must be minimal and ideally

no change in the solution when a different resolution (domain divisions) is

chosen. The solutions to the Burnett (4.20), (4.21) and (4.22) and Bivelocity

(4.23), (4.24) and (4.25) equations resulting from applying the bvp4c method

were determined to be independent of the mesh. The governing equations were

first solved with 50 divisions and subsequently solved with finer meshs (100,

200, etc) until 1600 mesh points were used. During each trial there was no

significant difference between the results, therefore the solutions were found

to be mesh independent. Based on these criteria the numerical method was
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4.1 Numerical Solutions

determined to be accurate for this set of equations.

4.1.2 Initial Guess for Solver Kn0 → 0

We will take the Knudsen number equal to zero in order to form our initial

guess and the resulting equations are listed below:

d

dỹ

[
µ̃
dũ

dỹ

]
= 0 (4.26)

dp̃

dỹ
= 0 (4.27)

d

dỹ

[
−k̃5

2

dT̃

dỹ
− µ̃ũdũ

dỹ

]
= 0 (4.28)

which are identical to the Navier-Stokes-Fourier equations. Both the Burnett

and Bivelocity equations reduce to this form in the Kn0 → 0 case. While

our velocity profile will not be strictly linear in the full model, since the fluid

properties depend upon the temperature, we will assume that for the initial

profile the velocity is, to a good approximation, linear and given by the profile

below:

u = V
y

H
(4.29)

With the non-dimensional form being

ũ = γ1/2Maỹ (4.30)

Substituting (4.30) into (4.28) and integrating once we arrive at

dT̃

dỹ
= −2

5
γ
µ̃

k̃
Ma2ỹ + C̃1 (4.31)
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4.1 Numerical Solutions

Now recognizing that

Pr =
µ̃

k̃
=

2

3
(4.32)

And integrating once more

T̃ = − 4

30
γMa2ỹ2 + C̃1ỹ + C̃2 (4.33)

Now we can apply the equal temperature boundary conditions for the upper

and lower plates, along with substituting γ = 5/3 for a monatomic gas, which

results in:

T̃ = 1 +
2

9
Ma2ỹ (1− ỹ) (4.34)

and is readily seen to be equal to the classic Brinkman solution for simple viscous

shear with equal temperature boundaries. This will now be our initial profile

for numerically solving the full O (1) Knudsen number Bivelocity equations.

4.1.3 General Knudsen Number Case

We now have everything we need in order to numerically solve the full set of

momentum and energy equations. Using the bvp4c solver method, we were

able to obtain stable numerical solutions for a variety of Mach numbers and

Knudsen numbers. We have chosen to plot the case when Ma = 3; other Mach

numbers showed the same behaviour in the profiles just with a more or less

pronounced result depending on the magnitude of the Mach number. We began

with numerically solving the Burnett equations (4.20), (4.21), and (4.22) to

allow for direct comparisons of our results with those of Lockerby [49] and to

also ensure that our solution method is producing accurate results. Below in

Figures 2 & 3 we have plotted the dimensionless density, temperature, and
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4.1 Numerical Solutions

velocity profiles for the Burnett equations.
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Figure 2: Burnett Density distributions across the micro-channel for Ma = 3,
Kn0 = 0.01, 0.16, 0.39, 0.78
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Figure 3: Burnett Velocity and temperature distributions across the micro-channel for
Ma = 3, Kn0 = 0.01, 0.16, 0.39, 0.78
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4.1 Numerical Solutions

Comparing the above figure with that presented in Lockerby [49], the plot

matches identically when the data in Figure 2 is multiplied by 5/3 to account

for the difference in non-dimensional density definitions. Next, comparing the

calculated temperature and velocity profiles in Figure 3 we see that again, when

the temperature is multiplied by 3/2 to account for the different definitions,

the data matches that of Lockerby exactly. Since there is no dependence on

the Knudsen number for either the temperature or velocity only one case is

plotted.

Owing to both sets of profiles matching those given by [49], we are confident

in our solution method and were able to numerically solve the Bivelocity

equations (4.23), (4.24), and (4.25). Below we have presented the dimensionless

density (Figure 4), along with the temperature and velocity profiles predicted

by Bivelocity hydrodynamics (Figure 5). In Figure 5, while the velocity profile

will vary based on the Knudsen number, we did not plot more than a single case

since there was a negligible variation between the different values of Knudsen

number.
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4.1 Numerical Solutions
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Figure 4: Bivelocity Density distributions across the micro-channel for Ma = 3,
Kn0 = 0.01, 0.16, 0.39, 0.78
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Figure 5: Bivelocity Velocity and temperature distributions across the micro-channel for
Ma = 3, Kn0 = 0.01, 0.16, 0.39, 0.78

When the results are compared with the traditional Burnett equations [49,

50] a few fundamental differences arise. First, as we mentioned earlier, the
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4.1 Numerical Solutions

temperature across the channel is now dependent on the value of the Knudsen

number and increases as the Knudsen number increases. Secondly, while the

density does increase as the Knudsen number increases in a similar manner

to the Burnett solutions, there is no longer a transition period, approximately

Kn0 ≈ 0.13− 0.23, where the density gradient changes sign several times as

was seen in the Burnett equations (see Figures 2 & 6).
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Figure 6: Transition period for density with Burnett equations Ma = 3,
Kn0 = 0.01, 0.16, 0.39, 0.78

This behaviour is not observed in the Bivelocity equations and the density

approaches a maximum value equal to the boundary value as the Knudsen

number increases (See Figure 4). To further illustrate this difference we

examined the mass flow rate, using the following relation plotted at various

Knudsen numbers.

m̃dot =

ỹ=1∫
ỹ=0

ũ (ỹ)ρ̃ (ỹ) dỹ (4.35)
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4.1 Numerical Solutions

where m̃dot is the dimensionless mass flow rate per unit depth D and is defined

as

m̃dot =
mdot

D

1

ρ0
√
RT0H

=
Kn0

µ0

mdot

D
(4.36)

The total mass flow rate for the Burnett case is seen to be significantly higher

than that predicted with the Bivelocity equations and at Kn0 = 1 the ratio is

approximately

(m̃dot)Burnett
(m̃dot)Bivelocity

≈ 1.63

and can be seen in Figure 7 below.
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Figure 7: Dimensionless mass flow rate across the micro-channel at Ma = 3,
Kn0 = 0.01→ 1.0

Another important physical prediction of the Bivelocity equations that differs

from that of the Burnett equations is the non-zero value of the diffuse volume

flux, i.e. the non-zero velocity perpendicular to the mass velocity (See Figure

8 below).
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Figure 8: Bivelocity Dimensionless volume flux across the micro-channel at Ma = 3,
Kn0 = 0.01, 0.16, 0.39, 0.78

This result can be interpreted in exactly the same manner as the phe-

nomenon of thermophoresis [22,25]. A buoyantly neutral non-brownian particle

when introduced into the channel would move towards either the bottom or top

of the channel. If the particle is introduced at exactly the center of the channel

it will remain there, however if the particle is introduced above the centerline

(ỹ > 0.5) it will move towards the top plate and vice versa, for example by

examining Figure 8 one can see that all values for j̃v above the centerline are

positive and will push the particle towards the moving plate.

The pressure distribution in the channel predicted by both the Burnett

and Bivelocity equations differs from the constant pressure solution of the

Navier-Stokes-Fourier equations. In both theories a cross channel pressure

increase is predicted; this can be seen in Figures 9 & 10 below. When we

consider the definition of the dimensionless pressure (p̃ = ρ̃T̃ ) this result is

not surprising in that both theories predict a cross-channel density increase
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4.1 Numerical Solutions

along with either the temperature remaining constant (Burnett) or increasing

(Bivelocity). This non-constant pressure will also affect a particle being intro-

duced into the channel. The pressure gradient would assist the thermophoretic

motion and drive the particle away from the centerline towards either bounding

wall. We can see from Figures 9 & 10 that the cross-channel pressure increases

predicted by Bivelocity theory are nearly half that of the Burnett predictions.
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Figure 9: Burnett Dimensionless pressure distribution across the micro-channel at Ma = 3,
Kn0 = 0.01, 0.16, 0.39, 0.78
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Figure 10: Bivelocity Dimensionless pressure distribution across the micro-channel at
Ma = 3, Kn0 = 0.01, 0.16, 0.39, 0.78

5 Discussion

5.1 Experimental Validation

This thesis has presented the predictions of two competing theories, Burnett

and Bivelocity, to describe the behavior of a rarefied gas undergoing simple

shearing. While the complete profiles for the temperature, density, and pressure

have been presented; a conclusion with regards to which theory is valid cannot

be made without conclusive experimental data. Currently, experimental data

for this flow geometry for rarefied gases is lacking and new experiments will

need to be performed in order to settle the debate.

When an experiment is inevitably performed, it will become necessary to

determine the quantities of importance. For example, while directly measuring

the cross channel distributions of T̃ , ρ̃, or p̃ would allow one to determine the
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5.2 Heat Transfer

accuracy of the proposed theories, the scale of this experiment would make this

difficult to achieve. However, measuring the mass flow rate (4.35) would be a

more straightforward method and has been successfully performed for other

micro channel flow geometries. For example, in [23] Dadzie demonstrated the

accuracy of Bivelocity theory, subject to the no-slip velocity on the volume

velocity vv, by comparing mass flow rate data for a micro channel pressure

driven flow to the analytical predictions of Bivelocity hydrodynamics. Another

benefit of comparing the mass flow rates is the degree in which the Burnett

and Bivelocity solutions differ. As is seen in Figure 7, when the Knudsen

number is on the order of unity, the mass flow rate of the Burnett equations is

nearly double that of the Bivelocity equations and should be the focus of an

experimental study.

5.2 Heat Transfer

The temperature distributions predicted by the Burnett (Figure 3) and Bive-

locity (Figure 5) equations indicate their respective heat transfers will be

fundamentally different. On the one hand, the Burnett equations state that the

heat transfer is unaffected by the extent of gas rarefaction, while the Bivelocity

equations show the converse. According to Bivelocity theory the flux of internal

energy, which will be referred to as the heat flux, is given by (2.30) and (2.31).

Combining these two equations, along with using the ideal gas equation, the

heat flux ju can be given in terms of the temperature gradient only:

ju = −k′∇T (5.1)

where k′ = k/γ. This relationship (5.1), along with the results presented in

Figure 5, show that the heat flux or internal energy flux will increase as the gas
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becomes increasingly rarefied. However, note that the heat flux will initially be

less than the predicted value when using Fourier’s law , i.e. −k∇T , owing to 1/γ

equaling 3/5. This finding will also require experimental investigation and could

be a good candidate to determine the accuracy of Bivelocity hydrodynamics

for this geometry.

6 Conclusions

Bivelocity hydrodynamics, along with the newly introduced no-slip on the vol-

ume velocity, has been recently successful in describing experimental phenomena

previously explained only through the use of ad-hoc boundary conditions, i.e.

those requiring fitting parameters [22, 23]. In this analysis we have presented a

full set of mechanically and thermodynamically consistent equations for steady

micro-channel Couette flow. The results of which differ significantly from

those given by the traditional Burnett equations. It has been shown that the

magnitude of the Knudsen number not only affects the density distribution,

but the temperature as well, which will also affect the internal energy flux.

This thesis has shown that in this geometry a slip-velocity boundary condition

is inappropriate and should be replaced with a no-slip on the volume veloc-

ity, which also corresponds to a no-slip mass velocity. Therefore in order to

determine which of the competing models accurately describes this geometry,

experimental data will be needed to make the more informed decision. It is

concluded that an investigation of the mass flow rate in this micro-channel

would be the best means to determine the accuracy of this theory’s predictions.
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Appendix A Reducing the order of the

Bivelocity Equations

In this section we would like to give a more detailed, step-by-step, description of

reducing the order (4.15), (4.16), and (4.17) to (4.23), (4.24), and (4.25) using

(4.19) because it is not immediately transparent. Starting with the following

d

dỹ

[
T̃
dũ

dỹ

]
= 0 (A.1)

p̃− 4

3
Kn0

2T̃
dj̃v
dỹ

= 1 (A.2)

d

dỹ

[
15

4
T̃
dT̃

dỹ
+ T̃ ũ

dũ

dỹ
− 3

2

T̃

ρ̃

dp̃

dỹ
+

4

3
Kn0

2T̃ j̃v
dj̃v
dỹ

]
= 0 (A.3)

j̃v =
3

2

T̃

ρ̃2
dρ̃

dỹ
(A.4)

First, expanding the third term in (5.3) in terms of density and temperature

we get

−3

2

T̃

ρ̃

dp̃

dỹ
= −3

2

T̃ 2

ρ̃

dρ̃

dỹ
− 3

2
T̃
dT̃

dỹ
(A.5)

Next, we rearrange (A.2) in order to match the last term in (A.3) as follows

[
ρ̃T̃ − 1

]
j̃v =

4

3
Kn0

2T̃ j̃v
dj̃v
dỹ

(A.6)

Now, we recognize that the first term on the RHS of (A.5) can be rewritten in

terms of the diffuse volume flux as follows
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−3

2

T̃

ρ̃

dp̃

dỹ
= −ρ̃T̃ j̃v −

3

2
T̃
dT̃

dỹ
(A.7)

Substituting (A.6) and (A.7) into (A.3) with collecting like terms becomes

d

dỹ

[
9

4
T̃
dT̃

dỹ
+ T̃ ũ

dũ

dỹ
− j̃v

]
= 0 (A.8)

Now, expanding (A.8) out where we have used (A.1) to simplify the derivative

of the second term in (A.8)

9

4
T̃
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+

9
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[
dũ
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dỹ

= 0 (A.9)

The last step for the energy equation is to substitute the value of dj̃v/dỹ from

(A.2)
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2T̃
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The expansion of (A.2) is more straightforward and is as follows starting with

expanding dj̃v/dỹ out
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Now substituting this into (A.2) and rearranging we acquire our last equation
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Appendix B Molecular Dynamics

Molecular dynamics (MD) is essentially a computer simulation which tracks

all of the individual atoms along with their velocities and momentums in the

volume of interest. While it is true that real systems are governed by the

principles of quantum mechanics, it would be impractical to solve the full

many-body problem [54]. MD simulations are therefore governed by the laws of

classical mechanics, most notably Newton’s second law Fi = miai. Each atom

i in a system composed of N atoms carries with it information regarding its

coordinates and momentum, which gives the dynamical state˝ of a many-body

system [55].

Now, any thermo or hydrodynamic state variable that depends on these

quantities can be derived from local spatial or time averages. This technique, i.e.

that utilizing Newton’s second law, is considered the reversible or equilibrium

equations of motion due to not allowing for either external heat or work sources.

The molecular dynamic method, while tracking each particle, is still considered

a statistical method since both spatial and temporal averages must be taken

to extract any useful information from the simulations.
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Appendix C Direct Simulation Monte Carlo

(DSMC)

The DSMC method is an alternative computer simulation technique that

tracks individual particles similar to the molecular dynamic method. The

theoretical model behind the DSMC method is the Boltzmann equation. The

main difference between the DSMC method and the MD method is that the

DSMC takes a probabilistic approach to the intermolecular collisions [12,13]

while the MD method takes a deterministic approach [54]. Put another way,

the DSMC method must always have a particle number less than the actual

number of particles in the system to obtain a sufficient statistical average

and the MD method will have a particle number equal to the true number of

particles in the system. This illustrates the main benefit of using the DSMC,

which is the reduced complexity of the simulation yielding faster run times.
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Appendix D Burnett Hydrodynamics

The Burnett hydrodynamic equations (3.1), (3.2) and (3.3) are known to

violate a number of thermodynamic and mechanical principles [11, 15]. The

most notable are: violation of the second law of thermodynamics at higher

Knudsen numbers [56] and mechanical instabilities under small wave length

perturbations [15, 57]. Another issue with this set of equations is that the

convergence properties are still generally unknown [15]. These difficulties have

led to many attempts to rectify the problems. We will list a few of the more

notable ones below:

In 1991, Zhong [16] added linearized third order terms to stabi-

lize the Burnett equations. However, these augmented equations

were not entirely successful at modeling blunt body wakes and

flat plate boundary layers. However, Welder et al [58] showed

that due to the nonlinear terms in the Burnett equations, a linear

stability analysis alone is insufficient to explain to instabilities

at higher Knudsen numbers.

1996-1997, Balakrishnan and Agarwal [17] simplified the non-

linear collision integral and replaced the material derivative terms

with spatial derivatives from the Navier-Stokes equations, which

has been said to have no physical basis [15]. These simplifications

solved many of the problems and is known as the BGK-Burnett

equations.
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Appendix E MATLAB Code for Numerical

Solutions

function Bivelocity_Numerical_Solver

clear all; clc; close all;

global uMax; %upper plate velocity

global Kn; %Knudsen Number

gamma=5/3; %specific heat ratio for the gas

Kn_Calc=[0.01 0.16 0.39 0.78];%Set of Kn numbers used for analysis

%Defining the figures that will be used for plotting the results

figure(1); hold on; hFig1 = figure(1);

figure(2); hold on; hFig2 = figure(2);

figure(3); hold on; hFig3 = figure(3);

figure(4); hold on; hFig4 = figure(4);

Mach=3; %Mach number of upper plate. Defined as u/c

%regardless of the knudsen numbers that I want to calculate the solution

%for, I will always calculate the knudsen=0 case first and use this

%solution as my initial guess for the finite knudsen cases

uMax=gamma^0.5*Mach; %Multiplied by gamma^0.5 because of non-dimensional

linestylelist={’-’;’:’;’--’;’-.’}; %A list of linestyles used

j=1;

%j=1 is the Burnett equations (burnett)

%j=2 is the bivelocity equations

Kn=0; %starting with Kn=0 to form guess structure

Max_Mesh=1000; %setting the mesh resolution

%initial guess structure for ODE solver

solinit=bvpinit(linspace(0,1,Max_Mesh),[1 1 1 1]);

options=bvpset(’RelTol’,1e-5,’NMax’,Max_Mesh); %sets the solution options

%and max number of grid points to speed up calculations

if j==1

%bvp4c(ODE function, boundary)
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sol = bvp4c(@Burnett,@ex2bc,solinit,options);

else

sol = bvp4c(@Fullequations,@ex2bc,solinit,options)

end

%conditions function, initial guess, options)

yguess(:,1) = sol.y(1,:); %velocity

yguess(:,2) = sol.y(2,:); %velocity derivative

yguess(:,3) = sol.y(3,:); %Temperature

yguess(:,4) = sol.y(4,:); %Temperature derivative

yguess(:,5) = 1./sol.y(3,:); %density

yguess(:,6) = -sol.y(4,:)./sol.y(3,:).^2; %density derivative

finite_kn_guess=guess(sol.x,yguess); %guess structure

%now have the solution for a knudsen=0 and can use this as an initial guess

for i=1:length(Kn_Calc)

%Now solving the full set of equations

Kn=Kn_Calc(i);

if j==1

sol = bvp4c(@Burnett,@ex2bc,finite_kn_guess,options);

else

sol = bvp4c(@Fullequations,@ex2bc,finite_kn_guess,options);

end

%up=u’ ; Tp=T’; rhop = rho’

u=sol.y(1,:); up=sol.y(2,:);

T=sol.y(3,:); Tp=sol.y(4,:);

rho=sol.y(5,:); rhop=sol.y(6,:);

jv=3/2*T./rho.^2.*rhop;

%plotting the pressure

figure(1)

plot(rho.*T,sol.x,strcat(linestylelist{i},’k’),’LineWidth’,1.5)

%plotting the temperature

figure(2)

plot(T,sol.x,strcat(linestylelist{i},’k’),’LineWidth’,1.5)

%plotting the volume flux (only if bivelocity)

if j==2

figure(3)

plot(jv,sol.x,strcat(linestylelist{i},’k’),’LineWidth’,1.5)

end
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%plotting the density

figure(4)

plot(rho,sol.x,strcat(linestylelist{i},’k’),’LineWidth’,1.5)

end

%setting up the legend

for k=1:length(Kn_Calc)

s{k} = sprintf(’Kn_0 = %.2f’, Kn_Calc(k));

end

s{k+1} = ’Velocity’;

figure(1)

%pressure plot

box on %put the box around the plot

legend(s) %outputting the legend

ylabel(’$y/H$’,’interpreter’,’latex’, ’FontSize’, 15,’rot’,90)

% xlabel(’$\tilde u,\tilde T$’,’interpreter’,’latex’, ’FontSize’, 20)

xlabel(’$\tilde p$’,’interpreter’,’latex’, ’FontSize’, 20)

ylabh = get(gca,’YLabel’);

set(ylabh,’Position’,get(ylabh,’Position’) - [0 0 0])

xlim([0.9 3])

set(hFig1, ’Position’, [100 100 889 500])

%Printing the Figure to eps format for quality importing into Latex

set(gcf, ’PaperPositionMode’, ’auto’);

print -depsc2 Pressure.eps

figure(3)

%volume flux, only for bivelocity

box on

% plot(u,sol.x,strcat(’*’,’k’),’MarkerSize’,4)

legend(s,’Location’,’best’)

ylabel(’$y/H$’,’interpreter’,’latex’, ’FontSize’, 15,’rot’,90)

%xlabel(’$\tilde u,\tilde T$’,’interpreter’,’latex’, ’FontSize’, 20)

xlabel(’$\tilde j_v$’,’interpreter’,’latex’, ’FontSize’, 20)

ylabh = get(gca,’YLabel’);

set(ylabh,’Position’,get(ylabh,’Position’) - [0 0 0])

%xlim([-4 4])

set(hFig3, ’Position’, [100 100 889 500])

%Printing the Figure to eps format for quality importing into Latex

set(gcf, ’PaperPositionMode’, ’auto’);

print -depsc2 flux.eps

figure(4)

%density
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box on

% plot(u,sol.x,strcat(’*’,’k’),’MarkerSize’,4)

legend(s)

ylabel(’$y/H$’,’interpreter’,’latex’, ’FontSize’, 15,’rot’,90)

%xlabel(’$\tilde u,\tilde T$’,’interpreter’,’latex’, ’FontSize’, 20)

xlabel(’$\tilde \rho$’,’interpreter’,’latex’, ’FontSize’, 20)

ylabh = get(gca,’YLabel’);

set(ylabh,’Position’,get(ylabh,’Position’) - [0 0 0])

if j==1

else

xlim([0.6 1.1])

end

set(hFig4, ’Position’, [100 100 889 500])

%Printing the Figure to eps format for quality importing into Latex

set(gcf, ’PaperPositionMode’, ’auto’);

print -depsc2 Density.eps

figure(2)

%Temp and velocity plot

box on

plot(u,sol.x,’k’,’LineWidth’,1)

if j==1

s=’’;

s{1}=’Velocity’

s{2}=’Temperature’

end

legend(s)

set(hFig2, ’Position’, [100 100 889 500])

ylabel(’$y/H$’,’interpreter’,’latex’, ’FontSize’, 15,’rot’,90)

xlabel(’$\tilde u,\tilde T$’,’interpreter’,’latex’, ’FontSize’, 20)

ylabh = get(gca,’YLabel’);

set(ylabh,’Position’,get(ylabh,’Position’) - [0 0 0])

set(gcf, ’PaperPositionMode’, ’auto’);

print -depsc2 Velocity.eps

function dydx = Fullequations(~,y) %Bivelocity

%y(1)=u | %y(3)=T | %y(5)=rho

%y(2)=u’ | %y(4)=T’ | %y(6)=rho’

global Kn;

y1=y(1);y2=y(2);y3=y(3);y4=y(4);

if Kn==0

dydx=[y2 %u’

-1/y3*y4*y2 %u’’
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y4 %T’

-1/y3*y4^2-4/15*y2^2]; %T’’

else

y5=y(5);y6=y(6);

dydx=[y2 %u’

-1/y3*y4*y2 %u’’

y4 %T’

-1/y3*y4^2-4/9*y2^2-1/3*1/y3^2*(1-y5*y3)/(Kn^2) %T’’

y6

y5^2/y3^2*(y5*y3 - 1)/(2*Kn^2) - 1/y3*y6*y4 + 2/y5*y6^2];

end

function dydxBurnett = Burnett(~,y) %Bivelocity

%y(1)=u | %y(3)=T | %y(5)=rho

%y(2)=u’ | %y(4)=T’ | %y(6)=rho’

global Kn;

y1=y(1);y2=y(2);y3=y(3);y4=y(4);

if Kn==0

dydxBurnett=[y2 %u’

-1/y3*y4*y2 %u’’

y4 %T’

-1/y3*y4^2-4/15*y2^2]; %T’’

else

y5=y(5);y6=y(6);

dydxBurnett=[y2 %u’

-1/y3*y4*y2 %u’’

y4 %T’

-1/y3*y4^2-4/15*y2^2 %T’’

y6

3/4*y5^2/y3^2*(y5*y3-1)/(Kn^2)-19/30*y5/y3*y2^2...

+y5/y3^2*y4^2+1/y5*y6^2-1/y3*y6*y4];

end

%boundary condition function that uses one of two equations depending on

%whether or not the knudsen number is equal to zero

function res = ex2bc(ya,yb)

global uMax;

global Kn;

if Kn==0

res=[ya(1)

yb(1) - uMax %change this value to change upper plate velocity

ya(3) - 1 %unity temp deriv at bottom

yb(3) - 1]; %Temp is equal to one on upper plate

else

res=[ya(1)
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yb(1) - uMax% + Kn*sqrt(pi/2)*yb(2)

ya(3) - 1 %unity temp deriv at bottom

yb(3) - 1 %Temp is equal to one on upper plate

ya(5) - 1

yb(5) - 1];

end

%structure used to form the intial guess for the finite knudsen case.

%I use the zero knudsen case as the initial guess

function solguess = guess(x,y)

solguess.x = x;

solguess.y = y’;
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