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Quantum technology is currently in the Noisy Intermediate-Scale Quantum
(NISQ) era. Quantum devices are powerful enough for nontrivial problems but un-
able to correct errors as they function. Algorithms such as the Variational Quantum
Eigensolver (VQE) are built to work around these limitations. VQE and its mea-
surement techniques can be used to simulate exactly-solvable models and provide
an analytical background for benchmarking NISQ machines.

We use the algebraic structure of an exactly-diagonalizable Gaudin-Richardson
model to design quantum circuits and encodings for simulation and benchmarking.
These systems can be run on quantum computers of any size and the quantum
resources required scale linearly with the number of particles simulated. Classical
resources required scale polynomially. We also implement these encodings and cir-
cuits with quantum computing simulators and NISQ devices and analyze the results.

Chapter 1 introduces the basics of quantum computation, VQE and the
exactly-solvable Lipkin-Meshkov-Glick (LMG) model. Chapter 2 discusses quantum
circuits usable for the simulation of the LMG Hamiltonian with VQE and provides
examples. Chapter 3 discusses the methods we used to encode the bosonic LMG
Hamiltonian for VQE and the features of bosonic encodings which are not present
in fermionic encodings. Chapter 4 discusses the results we obtained from preparing

LMG eigenstates and estimating LMG Hamiltonian eigenvalues on simulators and
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NISQ devices. Chapter 5 discusses the Bardeen-Cooper-Schrieffer (BCS) model
of superconductivity, which is another Gaudin-Richardson model with a similar

solution as the LMG. Chapter 6 summarizes our findings and concludes.
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Chapter 1

Introduction

The journey of a thousand miles
begins with a single step

and then

like

a million more steps.

Felicity Ward

1.1 Summary of Thesis Contents

This introduction begins the dissertation with overviews of quantum computing, the
Variational Quantum Eigensolver (VQE) algorithm for quantum computers and the
exactly-solvable Lipkin-Meshkov-Glick (LMG) model. Chapter 2 discusses quan-
tum circuits we can use to prepare encoded eigenstates of the LMG Hamiltonian on
quantum computers. Chapter 3 explores multiple ways to encode bosonic states and
operators with the computational basis. Chapter 4 contains our results and analysis
from implementing these circuits and encodings on simulated and real quantum com-
puters. Chapter 5 discusses the Bardeen-Cooper-Schrieffer (BCS) model, another
model with a similar algebraic structure as the LMG, and explores the possibility
of simulating other such models with the same tools we developed for the LMG.

The final Chapter summarizes our findings and indicates some directions for future
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work.

1.2 Languages and Methods

We used Python-based languages Qiskit [AAMA™21] to interact with IBM’s quan-
tum computers and simulators and Braket [Ser| to interact with an IonQ com-
puter and Braket simulators. IBM devices were accessed through the IBM Quan-
tum Experience: an online system which allows for public access to learning tools,
Jupyter notebooks, data storage, quantum computing simulators and NISQ de-
vices [AAMAT21, IBM]. The IonQ devices and Braket simulators were accessed
through Amazon Web Services (AWS) [Ser].

Data analysis, manipulation and plotting was done in Wolfram Mathematica
version 12.1.1.0 [Inc]. The Quantum Mathematica package by José Luis Gémez-
Muinoz was used extensively to test and design circuits and encodings but was not
used for data analysis [GM].

Though our research is based around exactly-solvable models, there were
occasions when numerical methods were more practical. In all cases Mathemat-
ica’s Eigensystem[] and NSolve[] functions’ default modes were sufficient [Inc].
Our testing indicated that the runtime of Eigensystem[] scaled as O(M?) when

diagonalizing real M x M matrices with randomly-assigned entries.

1.3 Quantum Computation

Quantum computers are a step forward in the evolution of computational systems
and make use of the counter-intuitive and distinctly unclassical laws of quantum
physics [NC10]. The ability to access properties such as superposition, entanglement
and contextuality widen the space of possible algorithms. It has long been theorized
that quantum computers are better-suited to simulation of quantum systems [Fey82],
factoring of semiprimes [Sho97] and searching unstructured databases [Gro96] but
only in the past few years are we beginning to see quantum computers approach

nontrivial problems [NC10, Prel8, AAB*19)].
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At the time of writing an example of quantum supremacy has been exper-
imentally demonstrated by Google [AAB™19]. However, current quantum devices
are too noisy and have too few qubits to construct robust error-corrected machines.
Appropriately we call this time period the “Noisy Intermediate-Scale Quantum”
(NISQ) era [Prel8]. NISQ machines are usually described as having on the order of
10 to 1000 quantum bits (“qubits”) but there are no hard-set rules on their sizes or
noise levels.

An archetypal, oft-quoted potential use of quantum machines is factoring
large semiprimes with Shor’s algorithm [GE21, BCDP96, Sho97]. Qubit and gate
requirements for Shor’s algorithm are far beyond current capabilities, though [Prel8,
BCLK™"22]. Long sequences of quantum logic gates, such as those used in Shor’s
algorithm, will result in an unacceptably noisy result when run on a NISQ machine.
The operations performed on NISQ devices must be tailored to the hardware lim-
itations [Prel8]. To do this NISQ algorithms should minimize the space required
(qubit count), the number of operations required (gate count), the runtime, the
number of gates which have to be compiled into machine-level commands and the
number of measurements made [Prel8, CAB*20, TCC'21].

Benchmarking NISQ devices can help us evaluate these devices against a
common problem and choose which computer would best suit the needs of a given
project. Also, in the quickly evolving world of quantum technologies, we need bench-
marks to measure the progress being made [EHW*20]. The approach taken in this
thesis is that exactly-solvable models are natural choices for benchmarking comput-
ers or simulation algorithms. In addition to providing exact analytical representa-
tions of many quantities of interest, their underlying algebraic structure can also act
as inspiration and provide guidance in crafting a better state-preparation circuit.
What can we take from algebraic structure of these models to aid in their simulation?
To answer this question we first need to establish firm understandings of quantum
computation, a specific algorithm for quantum simulation and the structure of an
exactly-solvable model.

We begin this Chapter with basic terminology and background and then
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move onto a description of qubits and their measurement. Next we discuss quantum
logic gates to lead into the synthesis of gates and qubits as quantum circuits. Then
we move onto describing the Variational Quantum Eigensolver (VQE) algorithm

and the exactly-solvable Lipkin-Meshkov-Glick (LMG) model.

1.4 Quantum Bits

Quantum computers require quantum systems with which to operate. We can draw
analogies to classical computation by using quantum bits as the fundamental units

of our machines [NC10].

1.4.1 Two-level Systems

A classical bit of information is a discrete two-level system with states that are
labeled 0 or 1. The states are mutually exclusive; a bit is either in one state or the
other. In a qubit the exclusivity of 0 and 1 becomes orthonormality of two basis
states |0) and |1). These states are conventionally taken to be eigenstates of the

Pauli Z operator Z = |0)0| — |1)(1|. In the Z basis we can write |0) and |1) as

0) 1) . (1.1)

A single-qubit state can exist in a superposition |1} = «|0) + |1) where |a|? +
|B]> = 1 to maintain normalization. Multiple two-level systems acting together
are described with the tensor product, which means that an n-qubit device has a
2"-dimensional Hilbert space. For example we would describe two qubits in their
own states (a|0) + 5 |1)) and (a |0) +b|1)) with the following four-dimensional state

vector:

(@]0) + B 1) ® (a0) +b[1)) (1.2)
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The dimensionality of an M-qubit state is 2. For this reason, attempting to
classically simulate a quantum computer becomes quickly problematic as soon as
the number of qubits starts to rise. Storing and updating the 2 complex amplitudes

of the state vector consumes a lot of resources.

1.4.2 Measurement

If a quantum system is in a superposition of basis states established by an ob-
servable such as the Pauli Z, then measurement with respect to that observable
forces the system into a random basis state. This is sometimes termed “collapse of
the wavefunction.” In standard interpretations of quantum mechanics, the collapse
(and therefore measurement itself) is nonunitary. This is distinct from the unitary
evolution of unobserved systems.

Recall that we take the eigenstates of the Z operator as our definition of
the computational |0) and |1) states. Put another way: the measured output of a
quantum computer is some sequence of 0 (eigenvalue +1) or 1 (eigenvalue —1) for
each qubit. This sequence is referred to as a “bitstring.” General computational

states [¢) are defined by

6) =) ), (1.3)

where the sum is over all bitstrings x and the probability of measuring bitstring
x is |ag[?. Each |r) is a computational basis state. In order to measure another
observable other than the Pauli Z one must rotate the state space into the eigenbasis
of that observable before measurement [NC10, GAD19, VY120).

How the bitstrings are interpreted is highly dependent on the algorithm that
is being run. Quantum Phase Estimation (QPE) outputs a real number written in
the bistring in binary. The Variational Quantum Eigensolver (VQE) takes each bit-
string as a =1 contribution to an estimated expectation value. Probabilistic circuits
may use ancilla qubit registers to show if they gave the correct result [Som05]. There
is no universal codex of what measuring a 0 or 1 means in the world of quantum

algorithms.
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When making these measurements in a NISQ device it is very possible that
noisy errors occur. Given that the readout should return some bitstring x, the read-
out error rate of a device is the probability that the measured bitstring is anything
other than x. An additional estimator of measurement quality is readout fidelity;
the overlap between sampled bitstrings and what the measured bitstring should
be in a theoretically perfect device [NC10, Joz94]. Fidelity F of quantum states
|1) and |¢) can be calculated by finding the inner product and conjugate-squaring
it [BCLK'22, NC10, Joz94]:

Flo), [)) = [ {elv) 2. (1.4)

As an example, suppose one initializes a single qubit into state |0) and mea-
sures it some large number of times. In theory the probability of measuring state |0)
should be 1 and the probability of measuring state |1) should be zero. If instead one
measures |0) with a probability p < 1, then the qubit’s state is actually described
by

6) = /B0y + ¢ T—p 1) (15)

where 0 is some phase. The fidelity between the theoretical state and the apparent

physical state is therefore

F(10), 1)) = p. (1.6)

The processes which cause quantum errors can often be placed into categories
such as the bit-flip (randomly flipping |0) to |1) or vice-versa) and the phase-flip (ran-
domly flipping |¢)) to — |¢) and vice-versa) [NC10, AAMA*21]. Another process,
amplitude damping, is the loss of energy in the system; one example is a spontaneous
decay from an excited computational state in a quantum device [NC10, AAMA*21].
Phase damping is the result of noisy non-global phase changes suppressing the prob-
ability of some outcomes [NC10, AAMAT21]. NISQ devices can experience many
types of noise and are defined by their inability to overcome errors with error-

correcting codes [Prel8].
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1.4.3 Well-Known State Families

Some qubit states have properties that make them useful for certain purposes [NC10,
CFG*19, Cab01, HBB99]. We introduce one family of states, termed W-states
|W,,) [DVCO00, CFGT19]

1 n—1 _
W) = —= 3 [27) (1.7)
)

where ‘2j >n represents the n-qubit binary representation of integer 27. For example:
‘20>3 = |001) and |5), = |0101). W-states have a Hamming weight of 1, meaning
that their bitstrings only have a single nonzero entry. W-states also have equal and
real coefficients. The number of computational basis states that make up |[W,,) is
equal to n; alternatively we can say that their support grows as n.

We can also introduce the generalized W-state [W,) as an arbitrary real

superposition of all Hamming-weight 1 basis states for a given number of qubits:

2“+H> (1.8)

n 0. n 0@ -1 9,19
Wh) = Hsin;ﬂ 12°), .1 +ZCOSEHsinE -
j=1 =1 k=1

These n-qubit states can be mapped to an (n— 1)-sphere up to a phase. Generalized
W -states will be revisited in Chapter 2.

Another important family of states is the Bell states [NC10)]

0@y + (D" H @[ ~y)

|Bzy) = NG (1.9)
|Boo) = |00>\J/r§|11>, (1.10)
|Bo1) = |01>\1/L§|10>7 (1.11)
B10) = |00>\;§|11>, (1.12)
B11) = 101) ~ 1), (1.13)

V2

Bell states have applications in superdense coding and, as we’ll see later, quantum

teleportation [NC10].
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1.5 Quantum Gates

A quantum computer is a quantum system. As such it must follow Schrédinger evo-
lution unless the system is measured. Except for measurement any computational
step within a quantum device must be describable with a unitary operator. For con-
sistency with classical computation, discrete steps of controlled unitary evolution are
called “gates.” Gates are enacted by briefly connecting qubits to the environment

via some physical process [NC10].

1.5.1 Single-Qubit Gates

Discussion of quantum gates often begins with single-qubit gates, and discussion
of single-qubit gates often begins with the Pauli operators I, X, Y and Z. Other
single-qubit gates include v/ X, the Hadamard H, S = v/Z and Pauli rotation gates
R,, R, and R,. When written in diagrams (discussed later), single-qubit gates are

usually represented as a small box with a label inside.
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These one-qubit gates are all 2 x 2 matrices in the Pauli Z basis:

1 0 0 1
I = 00| + [1)(1] — X = (014 110] , (1.14)
0 1 1 0
0 — 1 0
Y = i 0)(1] + i [1)(0] — L Z=10X0] = |11] — 1)
7 0 0 —1
1 0
S = 0Y0] +1)(1] = , (1.16)
0 2
) —1 i1 —

VE = 2001+ i+ /5 (0l + oxap /2 N
H = - (00] + 10)1] + 130] — {11 — — | * (1.18)
- — - : :

2 V2 {1
o) — ] .0 cosg —isin%
Ra(6) = cos & (0)0] + 1)1 — isin & (1)0] + o)1) = S

—1 811 5 COSs 5

(1.19)
0 0 osg —sing
Ry(6) = cos 5 (|0X0] + [1X1[) +sin 5 (J1XO0] — OX1]) — , (1.20)
sing cosg
' e—i9/2 0
Rz(0) = e~i6/2|0)0] + €72 [1)(1| — . (1.21)
0 ei9/2

The Hilbert space of a single qubit is isomorphic to a complex unit sphere
called the Bloch sphere. Single-qubit gates, being unitary, are rotations around the
Bloch sphere. As we move on to systems with more qubits in this thesis, we keep
in mind that all gates are rotations in more complicated Hilbert spaces.

Because they are required to be unitary via the Schrodinger equation, quan-
tum gates are reversible. The the number of inputs in a quantum gate must equal
the number of outputs. This excludes any sort of classical FANOUT, AND, NAND

or OR gates.
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1.5.2 Multi-Qubit Gates and Entanglement

Universal quantum computation requires multi-qubit gates such as the controlled-
NOT (CNOT) [NC10]. When written in diagrams, multi-qubit gates connect their
parts with vertical lines to designate action as a single entity. The notation used
for controlled gates in this thesis is C7(Uy) which indicates a controlled-U operation
where qubit j is the control and unitary U would act on qubit k. As an example,
consider the separable (non-entangled) state 4]00) + 7[10), and act on it with a
CNOT gate C1(X3):

(|0000] + [01(01] + [11)(10] + [LOX11]) (§]00) + 7]10)) = §|00) + 7 [11). (1.22)

The result is an entangled state. Multi-qubit gates are required for to generate
entanglement [NC10], which is best described by contrapositive. A composite system
|AB) is separable if it can be set equal to |A)|B). If |[AB) cannot be described as
|A) |B) then the system is entangled. To see how this is be possible, compare a

general two-qubit separable state

(@0) + B11)) @ (a]0) + b|1)) = aa |00) + ab|01) + Ba |10y + Bb[11)  (1.23)

and a Bell state from Equation (1.22) in Subsection 1.4.3 with general coefficients §
and 7. If we set the Bell state |8p9) equal to the separable state, then the following

must be true:

d(00) + 7]11) = aa |00) + ab |01) + Sa|10) + Bb|11) (1.24)
=0 = ax

=7 =>00

=ba=aB=0

=70 =abaf =0

= thus 7 and/or § equal 0.
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The state §|00) + 7|11) is perfectly valid as long as |6|> + |7|> = 1. But,
by the above, the only valid representation of that state as separable is when it’s
either just |00) = [0) ® |0), just [11) = |1) ® |1) or simply 0. In other words, we
can only represent the entangled state § |00) 4+ 7|11) as separable when it is trivially
separable. It is thus entangled for general coefficients § and 7; we cannot describe

the whole of the state by describing its constituents individually.

1.5.3 Native Gates

Quantum algorithms are decomposed into sequences of quantum gates, but when
run on machines those gates are further compiled into the gates a specific quantum
computer is physically capable of. Quantum computers have a finite list of physical
actions which they can perform and thus have a finite amount of directly-applicable,
machine-level “native” gates.

Consider TonQ’s NISQ devices. Their website says that their native gates

are [Aut]:

67i9/2 0
GZ(0) = : (1.25)
0 6i6‘/2
0 e
GPI(O)=| , (1.26)
e? 0
er@- L[ 1 T (1.27)
V2 —iet? 1
1 0 0 —
ms— |0 0 (1.28)
V2 0O — 1 0
- 0 0 1

The Hadamard H is nowhere to be found in that list. Nor, in fact, are the
CNOT, or the X or Y. None of the gates we’ve seen so far are native to Ion(Q) ma-

chines. So, when our code tells an IonQQ machine to perform a Pauli X gate, it may
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be converted to GPI(0). Similarly, a Hadamard could become GZ(r)GPI2(—m/2)
up to an overall phase. Chapter 4 will provide an example of working with native

gates to produce more efficient decomposition of an algorithm.

1.5.4 Gate Fidelity and Error Rate

Much like measuring the state of a computer, the controlled unitary evolution of
that computer is also subject to noise. We previously defined readout fidelity in
Subection 1.4.2 as the overlap between what a measured bitstring should be and
what the actual measured bitstring is. The general definition of fidelity from Sub-
section 1.4.2 can be extended to gate fidelity: the overlap between the action of a
theoretical gate and its action in a quantum device [SSP20, NC10, Joz94].

We can similarly define gate error rates. For a gate which should produce
some output state |¢) for a given input, the error rate is the probability of it pro-
ducing any output state other than |¢) [NC10]. Gate error rates can serve as useful
estimators for how many gates we can practically run on a NISQ device before the
output signal is completely overcome by noise. If we were to run a quantum gate U
with an error rate € a total of T' times on an input state |¢), the probability of the
output state being the desired U” |¢) would be (1 — ¢)?. This is one reason why

algorithms requiring many gates are difficult to implement in NISQ devices [Prel8].

1.6 Quantum Circuits

Algorithms depend on sequences of gates which are formalized as quantum circuits
and written in quantum circuit diagrams. A circuit diagram over n qubits begins
with n horizontal (world-)lines; see Figure 1.1 for a 3-qubit example. The gates are
then read left-to-right. After measurement the information becomes classical and is
represented by doubled lines.

Because the number of inputs for a gate must equal the number of outputs
the number of lines at the beginning must equal that at the end. It behooves us to lay

out quantum circuit diagrams as a grid to take advantage of this fact. In Figure 1.1
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|A) H >
Alice
0) — H S— :ﬂ
Bob  |0) D X A |A)

Figure 1.1: A quantum circuit for quantum teleportation. The sender Alice has
a qubit in a state |A) which the receiver Bob needs. Alice and Bob entangle ex-
tra qubits and are then able to transmit |A) to Bob. The boxed H designates a
Hadamard gate while the boxed X and Z represent Pauli X and Z gates. The
two-qubit gates are controlled-NOT (CNOT) gates where the targeted qubit is des-
ignated by the crosshair symbol. The meters denote measurement.

we see the diagram conventions mentioned earlier put to use. Single-qubit gates are
boxes and multi-qubit gates connect qubits with vertical lines.

Gates in a circuit can be performed sequentially but this is not always re-
quired. As long as two gates act on different qubits they can be run in parallel.
Doing this reduces the “depth” of the circuit; the number of computational time

steps required to perform that circuit [NC10].

1.6.1 Example Quantum Circuit 1: Quantum Teleportation

The quantum teleportation circuit is a simple introduction to both how one uses
circuit diagrams to convey complicated processes and how entanglement and super-
position can be used in potentially useful ways.

Quantum teleportation involves two people and three qubits. One person
is Alice the sender and the other is Bob the receiver. Alice’s single qubit is in an
unknown state |A)

|A) = al0) +b|1) (1.29)

and Bob wants his qubit to be in state |A). To obtain it he and Alice use an ex-
tra qubit, entangle it in a shared (known) entangled state and perform a series of
quantum gates followed by measurement and possibly more gates. For the purposes

of this example we take that shared state to be the Bell state |Byp) from Equa-
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tion (1.10) in Subsection 1.4.3. At the end of the teleportation process Bob’s qubit
will be in state |A). The entire process is described in the quantum circuit diagram
given by Figure 1.1. Let’s work through it step by step as an introduction to how
to read such a diagram.

This is a 3-qubit circuit. Qubit 1 is initially in state |A), given generally by

Equation (1.29), and qubits 2 and 3 are in state |0). Thus the initial state is

|4) ® |0) ® |0) = |A00) = @ |000) + b|100) . (1.30)

First Alice and Bob must entangle qubits 2 and 3. They apply a Hadamard gate on

the second qubit. This gate is written as

Hy=1o jiuoxor 10X+ [1)0] — [1X1)) © T (1.31)
and results in
Hy | A00) = a(|000) + [010)) + b(|100) + [110)) 1.52)

V2

Next Alice and Bob perform two controlled-NOT, or CNOT, gates. The first

CNOT gate C?(X3) performs the transformation from |A00) to |A) ® |Boo):
a(|000) + |011)) + b(]100) + [111))

C?(X3)Hy |A00) = 7% (1.33)

= [A) ®Boo) -

After performing the next CNOT gate, C'(X3), Alice and Bob’s qubit system is in

the state

a(]000) + |011)) + b(|110) + [101))
7 .

CY(X5)C*(X3)Ho | AO0) = (1.34)
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Next Alice applies one more Hadamard before measuring;:

H,C(X5)C?(X3)Ho |A00) = —(]000) + |011) + [100) + [111)) (1.35)

NS o2

+ = (]001) + [010) — |101) — |110)). (1.36)

Alice now measures qubits 1 and 2, denoted by the meters in Figure 1.1.
After measurement, the classical information obtained from quantum measurements
is represented with double wires. Depending on the output we measure, we can

calculate the final state of the circuit:

Measure 00 and the final state becomes — |00) (a|0) + b|1)) = [00A)
Measure 01 and the final state becomes — |01) (b]0) +a|l)) = X3[01A)
Measure 10 and the final state becomes — [10) (a|0) —b|1)) = Z3|104)

Measure 11 and the final state becomes — [11) (b]0) —a|1)) = X3Z3|11A).

Finally, Alice calls Bob up and tells him her results. Bob then applies a
corresponding inverse operation to his qubit: nothing if she measures 00, X3 if she
measures 01, Z3 if she measures 10 and Z3X3 if she measures 11. In the end, Bob
always ends up with his qubit in state |A). Note there was no mention of distance
nor time. The state |A) simply teleported from its storage in Alice’s system to Bob’s.
Though this would seem to require faster-than-light communication, it is bounded
by the necessary step where Alice calls Bob and tells him her measurement results
through classical means. Until then, no accessible information has been sent [NC10].
This example circuit demonstrates the underlying dogma of quantum computing:

use the properties of quantum mechanics as resources for new algorithms.

1.6.2 Example Quantum Circuit 2: General W/-State Preparation

Cruz et al developed two circuits to prepare W-states |Wys) [CFG119]: one of
logarithmic depth and one of depth 2M. With some modification they are also able

to produce generalized W-states |[Wpy).
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1) I P
0) — Ry (61) T

———e
Pany
\v%)

0) Ry (03)

Figure 1.2: A circuit which can prepare any generalized W-state |Wy) with real co-
efficients. It requires N qubits and has a gate-count (and depth) of 2N. The fiducial
state is always [1) ® |0)®V ™!, The circuit’s output is given by Equation (1.37).

1.6.2.1 2M-Depth General W-State Preparation Circuit

The M-qubit quantum circuit shown in Figure 1.2 has the output

Mo M =
ar) = [T sin 5 [27) 40 + D cos 5 [[sin g |24 (1.37)
J=1 =1 k=1

which is a state whose amplitudes are given by an M-sphere in hyperspherical co-
ordinates [Blu60]. This is identical to the definition of generalized W-states [Whr)
given in Equation (1.8) in Subsection 1.4.3. We can also solve for the angles in
Equation (1.37) when we want to prepare a given target state. If we define a generic
real unit (M + 1)-dimensional target state |Ths) over the specified circuit’s support

as
M+1

Tar) =D 27 0 (1.38)
j=1

then the angles to prepare |Tjs) are given by the following coefficient-to-parameter

function [Blu60]:

2cos ! qm,; ifj <M
0; = (1.39)

2 sgn(c1) (cos™Laqp;—m)+2r ifj=M
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where we define gy ; as

G = —MA20 (1.40)
7 M+2—j 2
k=1~ Ck

This circuit is also capable of preparing generalized complex W-states with
M more single-qubit gates performed in parallel. This is achieved by applying the

following after the initial circuit given in Equation (1.37)

M
Q) R- (¢n—0), (1.41)

/=1

where R, is the Z-rotation gate defined in Subsection 1.5.1. In that case the output

of the combined circuit is

M 9 M 9 -1 9
— in 24 |90 id0/2 o 2L Uk |oM+1—e
[ar) —j[[l&n 5 |2 >M+1 —i—;_l €'%t/2 cos 5 kli[lsm 5 ‘2 >M+1. (1.42)

If using the circuit in Figure 1.2 without appending the circuit in Equa-
tion (1.41), then the circuit’s output state parameterizes the real M-sphere over
the basis of states with Hamming-weight 1. It can therefore prepare any real su-
perposition of Hamming-weight 1 states. If we do append the circuit shown in
Equation (1.41) then we can prepare any superposition of the Hamming-weight 1

states.

1.6.2.2 Log-Depth General W-State Preparation Circuit

An alternate circuit derived from Cruz et al’s work has logarithmic depth and is
shown in Figure 1.3 [CFGT19, RL21]. The circuit’s ability to prepare any real
superposition of Hamming-weight 1 states is shown in Appendix C and Appendix E
has examples of the circuit output states |¢5). We do not have a general solution for
the angles 6; for this circuit like in the previous circuit from Sub-subsection 1.6.2.1.
For a given value of M, though, the angles can be obtained without difficulty.
Looking towards Figure 1.3, one can see that the second and third pairs of

gates do not act on the same qubits. Similarly the fourth-through-seventh would not,
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1) P P D
10) — Ry (61) P

10) Ry (62)

10) Ry(03)

10) Ry(64)

Figure 1.3: A circuit which can prepare any generalized W-state [Wy). It requires
N qubits and 2N gates but has depth 2|logs 2N | due to parallelization. The fiducial
state is always [1) ®0)®V 1,

nor the eighth-through-fifteenth, sixteenth-through-thirty-first etc. Because gates in
these groups act on completely different parts of the computer, we can perform them

all at once. This parallelization sets the depth of this circuit to 2|log,(2M)|.

1.6.2.3 Unified General W-State Preparation Circuit

The 2M- and logarithmic-depth W-state preparation circuits shown in Figures 1.2

and 1.3 can be unified with the following equation for the circuit:

M

[Yar) = H {CMH e NOTf(M+1 f)) CIAH=0 (Ry (9M+14)M+24)] ’1>®’0>®M
=1

(1.43)

The function f sets the placement of gate controls and targets and is described by

n for depth 2M
o = (1.44)
n —2Uog2n] £ 1 for depth 2|log,(2M)|

where n is a positive integer. These generalized W-state preparation circuits are

not useful on their own, but they might function as steps in a larger algorithm such
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as the Variational Quantum Eigensolver.

1.7 The Variational Quantum Eigensolver

A well-known quantum algorithm, Quantum Phase Estimation (QPE), is capable
of calculating matrix eigenvalues to arbitrary degrees of accuracy [NC10]. QPE
for meaningful physical problems is currently beyond the reach of NISQ comput-
ers [PMS*14, CCMD21]. An alternative algorithm was developed to be able to es-
timate ground-state eigenvalues and the ground states themselves: the Variational
Quantum Eigensolver (VQE) [PMS*14]. VQE trades the long coherent evolution
of QPE for short bursts of quantum processing iterated upon many times. The
outputs of the state-preparation quantum circuits are then measured and sent to a
classical processor. VQE is called a “hybrid” algorithm because it relies on quantum
machines for state preparation and measurement and then uses classical machines
for addition and optimization.

VQE is very promising for electronic structure problems [PMS*14, XK20,
YLI19]. The archetypal VQE problem is determining the bond length in a diatomic
molecule [WT21, WS21, ZY20, BMX*19]. Using VQE to find the ground state
for various interatomic distances will give a characteristic curve that has a mini-
mum at the bond length. Electronic structure problems are generally fermionic in
nature [PMS*14, Prel8].

A basic Variational Quantum Eigensolver takes three inputs: a number of
samples, an ansatz state |¢)(©)) = [¢) and a Hamiltonian H decomposed into
Pauli terms [PMS*14]. The ansatz state is controlled by ansatz parameters © =
{61,02...051}. The ground state of the Hamiltonian should be equal to the ansatz
state for some set of ansatz parameters O.

Before discussing the algorithmic steps of VQE, we need to describe Pauli
decompositions of Hamiltonians and how to estimate their eigenvalues in the context

of VQE.
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1.7.1 The Hamiltonian Input of VQE

The Pauli matrices are both unitary and Hermitian. Further, they provide a basis
for 2 x 2 Hermitian matrices. This is a useful trait when considering quantum
measurement of simulated Hamiltonians: the Hamiltonians can be written as a sum
of “Pauli strings” or “Paulis.” These Paulis are just strings of two-dimensional Pauli
X, Y and Z observables which are connected via tensor product. The k" entry in a
Pauli denotes a Pauli observable for qubit k. If a Pauli has less Paulis in it than the
number of qubits needed to encode the Hamiltonian, all other entries in the string
are implied to be the identity.

For example, a term in a Hamiltonian might have the Pauli X5Y3. This
would be read as “Pauli X on qubit 2, Pauli Y on qubit 3 and identity on all other
qubits.” The “locality” of a Pauli operator denotes how many qubits it interacts
with. We’ll also use locality in the same way to describe ket-bra operators. As
examples, the Pauli X2Y3 and the operator [01)(11]| are both two-local.

In the simplest implementation of VQE one measures the Pauli terms of
a Hamiltonian one at a time [PMS*14, CAB*20, TCC*21]. Also, the simplest
Hamiltonians for VQE are made of purely Pauli Z observables; they are diagonal in
the computational basis. Such a Hamiltonian is efficiently simulable with classical
devices and so it does not require quantum simulation study its behavior [CM04]. To
push the boundaries of computation we must simulate Hamiltonians which include
off-diagonal Paulis.

As mentioned before in Subsection 1.4.2, measuring any observable other
than Pauli Z requires additional operations to rotate the qubits into the eigenbasis
of the measured observable. Diagonalization circuits representing those rotations
map the target observable to a term made up of only Pauli Z observables to allow
for measurement in the computational basis. For example, the Hadamard gate H
from Equation (1.18) in Section 1.5 transforms from the Pauli X basis to the Z

basis and vice-versa:
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HXH — - = . (1.45)

Similarly, the rotation SH diagonalizes the Pauli Y. For these reasons, when
measuring an observable X; one must apply a Hadamard H; before measurement.
For the same reasons one must run S;H; before measuring any Y.

When estimating the expectation value of a Pauli the measured qubit states
are read off as a bitstring x. Measuring a 1 corresponds to the negative eigenvalue
of the measured observable while a 0 indicates a positive result. To interpret the
result in terms of energy expectation values, begin by assuming a value of 1 and
read through the bitstring entry by entry. For every non-identity entry in a Pauli
string (e.g. qubits 1, 2 and 5 in X;Y5Z5), multiply by —1 if the corresponding entry
in the bitstring is 1. Otherwise multiply by +1. So if one measures 01101 while
sampling (X1Y57Z5), the estimate of (X1Y2Z5) is (1)(—1)(1)(1)(-1) = 1.

Given a Hamiltonian in terms of Pauli observables, this Subsection has given
us all that we need to measure each term and interpret the results. But how do we

express the problem Hamiltonian in the Pauli basis to begin with?

1.7.2 Encoding Fermionic States and Hamiltonians for VQE

We've already mentioned that any Hamiltonian can be decomposed into a basis
of Pauli observables for use in a quantum algorithm. Which Paulis appear in the
encoded Hamiltonian is highly dependent on how we encode the physical states as
computational ones.

The first step of encoding is independent of quantum computers: we write
the physical Hamiltonian in a second-quantized Fock basis [PMS*14]. Fock states
are fully characterized by lists of occupation numbers for fermionic orbitals and/or
bosonic modes. Operators on the Fock states are decomposed into particle creation,
annihilation and number operators for each orbital and/or mode. Non-degenerate
fermionic orbitals have maximum occupancies of one while bosonic modes can be

occupied by any number of particles. Fock states are always eigenstates of the
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number operators.

A Fock basis with L modes/orbitals with maximum occupancies Ny will be
generally Hle(Ng + 1)-dimensional if the number of particles is not fixed. Bosons
have Ny — oo so their basis is infinite-dimensional while a nondegenerate fermionic
system with L orbitals will be 2/-dimensional. This is the same dimensionality as
a quantum computer with L qubits.

One straightforward fermionic encoding is the Jordan-Wigner (JW) [JW28,
TLMC18, MEAG™20]. In the JW encoding physical orbitals’ occupancies (in order
of ascending energy) in the Fock state are directly mapped to a bitstring [TLMC18].
If you have a system with three orbitals and the Fock state is |0,0, 1) then the JW-
encoded state is [001).

Writing operators in the JW encoding is less trivial than the states. Fermionic
creation and annihilation operators need to obey the parity of fermions: for a wave-
function 1 of two particles labeled by quantum numbers 7 and 7% then ¢(7, 7)) =
—1)(ra, 7). To enforce this JW creation f; , annihilation f; and number n; operators

are expressed as as [TLMC18, MEAG™20, Som05]

1 ()
fl = 3 ( Zk) (X5 —1iYj), (1.46)
k=1
1 (1)
fj <= 5 ( Zk> (Xj —l—in), (1.47)
k=1
n; = I _2Zj (1.48)
L], f) = 0 (1.49)

to preserve the fundamental fermionic commutator and thus parity. The (X + Y)
in Equation (1.46) forces the j*® qubit into state |1) if originally in state |0) and
returns 0 otherwise. Similarly, (X — ¢Y") in Equation (1.47) forces the qubit into
state |0) if it was originally in state |1). The Pauli Z operators are put in to enforce
the parity [TLMC18, MEAG™20].

Both operators in Equations (1.46) and (1.47) require Pauli operators with
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O(L) non-identity entries for a system of L orbitals, though. We defined this previ-
ously in this Subsection as the Paulis being O(L)-local. We could alternatively store
the parity locally and occupancies non-locally; this is the Parity encoding. Doing
so would also require O(L)-local operators [TLMC18, TSST15].

The Bravyi-Kitaev (BK) encoding was introduced to make fermionic opera-
tors simpler to implement on quantum devices by reducing the locality of encoded
operators [BK02, TLMC18, SRL12]. Orbitals’ occupancies and parities are both
stored non-locally in the BK encoding. Each register of qubits describing a given
orbital is made up of O(log, L) qubits, meaning that creation and annihilation op-

erators only need to be O(logy L)-local [TLMC18, SRL12].

1.7.3 Encoding Bosonic States and Hamiltonians for VQE

Bosonic modes’ arbitrarily high occupations present an added issue for quantum
simulation in that they need to be cut off to “fit” into a quantum computer’s finite-
dimensional Hilbert space. Consider a set of bosonic creation/annihilation operators
and impose an occupational cutoff at C' particles [Som05, MSAH18, BCLK"22].
This is akin to restricting simulation to low energies. Higher cutoff values lead to
exponentially lower errors in simulations [MSAH18]. The creation and annihilation

operators for a truncated bosonic mode are given by [Som05, BCLK'22, MLMS21]

~ c
b= VL DG = S VG L+ LG (1.50)
j=0 Jj=0

00 C+1
b=> Vili-1Gl = > Vi+1li- 1], (1.51)
=0 =0
C
[b' 8] = ~I = Y1+ (C+1)[C +1)C +1]. (1.52)
j=0
A true bosonic algebra has [bT,b] = —I. The truncated form of that com-

mutator, given in Equation (1.52), has an identity-like projector into the subspace
spanned by Fock states {|0),...|C)}. The commutator behaves identically to the

identity as long as the occupancies do not leave that physical subspace.
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Another way to look at the difficulties of bosonic simulation is via traces.
Assume that we had a perfect D-dimensional representation of the bosonic commu-
tator [bf, ] = —I where D is a finite number. Traces are cyclic and distributive over

addition so

Tr<[bT, b]) —Tr (bTb) - Tr(bbT)

At the same time Tr(I) = D. This is a contradiction and so we cannot have a finite
representation of the bosonic algebra without some form of approximation.
Rolando Somma introduced his bosonic encoding in 2005 [Som05]. For a
bosonic mode ¢ with cutoff N; Somma’s encoding uses (Ny + 1) qubits. The Fock
state |0) for a single mode is encoded as |011...1), the Fock state |1) is encoded as
|101...1) and so on. Because bosonic operators don’t need to consider parity rules

the creation and annihilation operators for a single mode can be two-local [Som05]:

Ny
1 . . .
b = 1D ViX; — i) © (X1 +i¥j) = (be)', (1.53)
j=1
Ny
Zi+1
ng < Z]JT (1.54)
7=0

The creation and annihilation operators in Equation (1.53) work by using
operators (X +14Y") to conditionally flip two adjacent qubits if the adjacent qubits’
original state was |10). This is an example of a direct encoding in that it represents
the occupancies of orbitals locally and treats each mode /¢ as a distinct system with
its own register of (Ny+1) qubits. An alternative is to represent the occupancies non-
locally, such as with a binary representation [MMST19]. Representing occupation
numbers in binary uses less qubits than a direct encoding, but requires Pauli terms
of higher locality to encode operators because more qubits have to be updated to

map one occupancy to another [MMST19]. We can alternatively describe this by
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’ Fock State \ Somma \ Somma H.D. ‘ Binary State ‘ Binary H.D.

0) (01111111) 2 000} 1
1) [10111111) 2 001) 2
12) [11011111) 2 010) 1
13) [11101111) 2 011) 3
|4) [11110111) 2 100) 1
B) [11111011) 2 101) 2
16) [11111101) 2 110) 1
7) [11111110) 111)

Table 1.1: A comparison between a Somma’s direct encoding and a compact binary
encoding for a bosonic mode. We assume the mode has a maximum occupancy
of seven particles. The Fock state column gives the physical bosonic state. The
Somma column gives the encoded Fock state according to Rolando Somma’s encod-
ing [Som05]. The Binary State column gives the Fock state encoded according to a
compact binary mapping. Finally, the Somma and binary H.D. columns given the
Hamming distance between encoded Fock states |n) and |n + 1).

saying that the Hamming distance, the number of differing bits, between the encoded
states can be higher for a binarily encoded mode than when using Somma’s encoding.
Table 1.1 has an explicit example of this for a single bosonic mode with a cutoff
at N1 = 7 particles. The binary encoding for such a mode uses only three qubits
but the Hamming distance between encoded states |n) and |n + 1) varies from 1
to 3. Somma’s encoding has a constant Hamming distance between the encoded
states |n) and |n + 1). Put succinctly as a rule: more Hamming distance between
computational states |a), |b) means the encoded operator going from |a) to |b) will
have higher-locality operators in its decomposition.

We’ve discussed the principles of encoding operators for VQE but Chapter 3
will explore bosonic encodings more fully and introduce some of our own. In partic-
ular we will describe a direct encoding that uses one less qubit than Somma’s but is
still two-local. Presently we return to the basics of implementing VQE by providing

a step-by-step example of measurement.

1.7.4 Example of Measurement in VQE

This subsection is a short example of how to interpret measurement outcomes in

the context of VQE. Assume |{2) is a three-qubit state which can be prepared on
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H Result ‘ Count ‘ Contribution H

000 435 0.435
001 440 -0.440
010 47 -0.047
011 62 0.062
100 8 -0.008
101 3 0.003
110 5 0.005
111 0 0

| Sum: | 1000 [ 0.01 (Estimate of (Y1X5Y3)) |

Table 1.2: Outcomes for hypothetical measurements of Pauli term Y; XoY3 during
a three-qubit Variational Quantum Eigensolver (VQE) experiment. The estimated
expectation value of Y7 XoY3 is given by the sum of the Contributions and is equal
to 0.01 in this case.

our quantum device. Also assume that we wish to estimate (Q| H |2) where

3
H = JYiXaYs — 421 2. (1.55)

We begin with picking a number of times to sample; for convenience we’ll
say 103. When measuring the first term’s expectation value, we prepare |Q) and
apply SH to qubits 1 and 3 and just H to qubit 2 as the first term is Y3 XoY3. This
step is what maps Y] XoY3 to Z17Z575 so we can measure it in the computational
basis. Then we measure all three qubits and repeat 999 more times. Example data
for this process is shown in Table 1.2.

The next step is to prepare and measure the state again to estimate (Z;Zs).
Because we are measuring Z operators we do not need to rotate into another basis.
Example data for this process is shown in Table 1.3.

The estimate for (H) = 3/2(Y1X2Y3)—4(Z1 Z5) is thus 3/2(0.010)—4(0.052) =
—0.193 according to Tables 1.2, 1.3 and the Hamiltonian defined in Equation (1.55).
After an explicit example of how to measure an encoded Hamiltonian, we should

now discuss the Variational part of VQE.
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H Result ‘ Count ‘ Contribution H
000 135 0.135
001 6 0.006
010 372 -0.372
011 3 -0.003
100 97 -0.097
101 2 - 0.002
110 381 0.381
111 4 0.004

| Sum: | 1000 [ 0.052 (Estimate of (Z1Z5)) ||

Table 1.3: Outcomes for hypothetical measurements of Pauli term Z;Z> during a
three-qubit Variational Quantum Eigensolver (VQE) experiment. The estimated
expectation value of Z1Z5 is given by the sum of the Contributions and is equal to
0.052 in this case.

1.7.5 The Variational Principle

With estimation of Hamiltonian eigenvalues with a quantum computer behind us,
we are nearly ready to discuss VQE on its own. We will first prove the Variational
Principle, a key part of variational algorithms [PMS*14, MRBAG16, CAB™20].
Let there be a Hamiltonian H which has eigenstates |v;) with eigenvalues
ordered as vg < v; < va.... The Variational Principle states that there is no super-
position of the eigenbasis states |v;) which will give an expectation value below the
ground state energy vg [PMS*14, MRBAG16, CAB™20]. To see why, let |¢) be a
general superposition of the Hamiltonian basis states |v;) with coefficients o;. The

expectation value of H for state |¢) is then

(O H o) = logl? (vj| H |vg) = |oy|?v; (1.56)
i j

Because we have defined the ground state energy vy as the lowest and the
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conjugate-squares of o are positive, we then can say [Tow12]

D lajlPo; = lagPuo
i J
=Y |a;*v; > v
i

= (H) > . (1.57)

We can identically prove that a Hamiltonian of finite dimension D with a
maximum expectation value vp will have (H) < vp. The Variational Principle is a
key part of any variational algorithm, but we shall wait to explain why until we can

frame it in the context of VQE in the next Subsection [CABT20].

1.7.6 The VQE Algorithm

As stated at the beginnning of Section 1.7, VQE takes three inputs: the Pauli-
decomposed Hamiltonian, the ansatz state [¢(0)) = [¢) and a number of sam-
ples/“shots.” For this Subsection we’ll define the number of Paulis as p and the
number of samples as s. The output of VQE will be an approximate ground state
and its associated ground state energy [PMS™ 14, BCLK22].

VQE works by measuring the Hamiltonian H Pauli by Pauli. For a given
Pauli term in H the ansatz state is prepared s times with an “ansatz circuit.” If the
Pauli has off-diagonal elements, such as X7Y2X3, then we must append Hadamard
H and SH circuits as necessary to rotate the state into the diagonal basis. The state
is then measured to get a sequence of s bitstrings which are interpreted according
to Subsection 1.7.1. After that, the process repeats for the next Pauli and so on.
In total there will be ps ansatz states prepared and ps measurements made. A
classical device then estimates the mean for each Pauli and sums them with their
proper coefficients as given by the Hamiltonian. This will yield an estimate for
(H) [PMS*14, BCLK22].

Next the ansatz parameters © are altered according to some optimization

algorithm in an attempt to decrease the estimate of (H). The entire process repeats



Draft of 5:18 pm, Thursday, July 7, 2022 29

until the estimations of (H) converge at some minimum [PMS*14, TCC*21]. The
optimizers solely drive the estimated (H) downward, but there is a lower bound
established by the Variational Principle at the ground state [TCC*21, PMS*14,
CAB™20]. In effect, if two iterations of VQE yield two different estimates of the
ground state energy, the Variational Principle says that the lower estimate is closer
to the ground state energy. This is predicated on the state |1)(©)) remaining a
superposition of the Hamiltonian’s encoded eigenstates throughout all iterations.
Depending on how the problem is encoded and the ansatz used this may or may not
be guaranteed, as we will see in Chapter 3.

VQE can be improved upon. Some options are segregating the Pauli terms of
the Hamiltonian into sets of anti-commuting observables [ZTK™20], sparse Hamil-
tonian simulation [KL21], parameterizing the Hamiltonian along with the ansatz
state [HTST22], or even adapting the ansatz as the calculation proceeds [GEBM19].
In Chapter 3 we’ll show how to improve VQE by segregating Hamiltonian terms
into cliques: disparate sets whose elements all commute with each other. Commut-
ing observables share an eigenbasis and can thus be measured in parallel [GAD'19,
VY120, YVI19]. This reduces the number of measurements required in VQE from

the number of Paulis to the number of cliques.

1.8 The Lipkin-Meshkov-Glick Model

Temporarily, we depart the field of quantum computation to explore that of exactly-
solvable models. We examine the Bethe ansatz solution of the LMG model to extract
model properties that we can use for designing ansatz circuits. This is desirable
because results from running VQE on the LMG model can be compared to the

model’s exact solution and used as data for benchmarking.

1.8.1 Hamiltonians

The LMG model was not originally developed by Lipkin, Meshkov or Glick. They

acknowledge the creator as graduate student Stavros Fallieros who used it as a model
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of O'% nuclei in his dissertation at University of Maryland in the late 1950s [Fal59]. A
few years later in the mid-1960s the model’s namesakes discovered that the Hamil-
tonian was exactly diagonalizable by rewriting it in terms of angular-momentum
operators [LMG65]. Lipkin, Meshkov and Glick recognized that models which are
“simple enough to be solved exactly but are yet non-trivial” are useful for testing
many-body approximation techniques [LMG65]. Later, the LMG model was for-
malized as an X X Z Gaudin-Richardson model [OSDR05, LHD13, PD99]. We show
how this is so in Appendix B. This new classification explained how the model was
solvable with the Bethe ansatz [OSDRO5].

As a model the LMG describes N fermions which exist spread over two N-
fold degenerate energy levels. For a given N it is (N + 1)-dimensional because there
are (N + 1) ways to distribute the particles over the two orbitals. The two energy
levels are separated by a gap € which can be set to unity without loss of generality.
We set € = 1 throughout this document. Each fermion is described by quantum
numbers k € {1, N} and 0 = £1. Index k labels the orbitals while o describes the
energy level occupied by a particle in orbital £ [PD99, LMG65, OSDR05, LHD13].

The LMG Hamiltonian is given by

H= 03 0l fiot gy S Hofbafiofiotay S Hoflofiofio (159
ko kKo kK o
where operator f,g? annihilates (creates) a fermion in the ko state. The LMG
Hamiltonian has two interactions controlled by strengths V' and W. The W term
annihilates two particles in differing energy levels and creates them in the opposite
levels. This swaps two particles with opposite 0. The V term annihilates two
particles in the same energy level and recreates them in the other. Note that the
W term leaves the difference between occupations in the upper- and lower-energy
levels invariant. This additional symmetry allows us to set W = 0 in many contexts
without reducing the model to triviality.
There are three regimes of the LMG model called the trigonometric (V2 >

W?2), hyperbolic (V2 < W?) and rational (V2 = W?). We mainly considered the
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trigonometric case as our collaborators at the University of Winconsin, Madison set
W =0 [CBC™21].

Equation (1.58) is not the only way to look at the LMG Hamiltonian. We
can transform the fermionic operators therein into angular momentum operators

via [OSDR05, LHD13, Sch52, LMGG65]

N
T =Y f e (1.59)
k=1
1 N
J, = 5 Z Z Ufgockg, (1.60)
k=1o0=%
[Jz, J+] = £ 4, (1.61)
[Ty, J ] =2J. (1.62)

to obtain the LMG Hamiltonian in terms of su(2) operators J+ and J:

W g I T, (1.63)

v
H=1J.+ W(J+J+ +J_J )+ IN

Operator J4 is an angular momentum ladder operator and .J, is the vertical-
component operator. The total (pseudo-) angular momentum quantum number is
fixed at 7 = N/2 to preserve dimensionality across the transformation: 2j + 1 =
N+1. The LMG Hamiltonian may also be represented in terms of bosonic operators

using the Schwinger boson mapping [OSDR05, LHD13, Sch52]

Jy =bla, (1.64)
J_=a'b, (1.65)
Jo= 3 (m—na) (1.66)
[a(T), b(T)] =0, (1.67)

la,a’] = [b,bT] =1 (1.68)



Draft of 5:18 pm, Thursday, July 7, 2022 32

which yields

_ = VGt 4 atatey) £ 0 (Mat
H= 5 +2N <bbaa+aabb)+N 5 +ngnp | . (1.69)

The Fock basis states of a bosonic LMG system described by Equation (1.69)
are eigenstates of the bosonic number operators with N bosons that can occupy two
modes a and b. Operators a' and b' create particles while a and b annihilate. Opera-
tors n, = a'a and ny, = b'b are number operators and [af, a] = [bf,b] = —1. All other
pairs of @ and b creation and annihilation operators have a commutator of 0. The
particles in mode a correspond to the lower-energy level in the fermionic representa-
tion while particles in mode b correspond to the higher level. Note, also, that the in-
teraction term scaled by W is diagonal in the Fock basis. The bosonic representation
of the LMG Hamiltonian is block diagonalizable into (/N + 1)-dimensional blocks of
fixed N just as the angular-momentum representation is [LHD13, RL21, OSDRO5].

If one was aiming to simply diagonalize the LMG Hamiltonian, we would
suggest using the angular-momentum representation given by Equation (1.63). If
one were to try and extend the LMG model, the authors would suggest starting
from the fermionic representation in Equation (1.58). The bosonic representation
is useful because it allows us to see the underlying algebraic structure of the LMG
model detailed in Appendix B. For this rest of this thesis we will consider the
bosonic representation from Equation (1.69) to be the Hamiltonian.

The Bethe ansatz solution method outlined in Ortiz et al [OSDRO05], Lerma

et al [LHD13] and Appendix B defines parameters g, n and s which are set to

n=— /s(‘xf/t%/v) (1.71)
s =sgn(V? — W?) (1.72)

in the case of the LMG Model. Any eigenstate of the LMG Hamiltonian can be
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written without normalization as

M
Tal bipt
a'a
M, vy, p; g :”( + >V,Vb 1.73

where j is an index from 0 to M. Fiducial state |v,, 1) occupancies v, v} are either
0 or 1, M is given by
(1.74)

a' and b are the bosonic creation operators, and 7 is given by Equation (1.71).
Integers v, and v, count the unpaired bosons; they can only be 0 or 1. If v, or v
were to equal 2, then that would be a pair and so it would equal 0, contradicting
itself. Integer M is the number of boson pairs and can be any non-negative integer.
Also note that M forces the dimension of LMG eigenstates to (M +1) by the number
of terms in the eigenstate generating operator in Equation (1.73). All three integers
M, v, and v, must obey Equation (1.74) because it counts the number of particles:
twice the number of pairs (M) plus the total number of unpaired particles (v, + v3).

These restrictions mean that the only valid configurations for N, M, v, and v, are:

M = N/2 Va=1p =0
If N is even:

M=N/2-1 yv,=1py,=1
\
(

M=(N-1)/2 vo=1land i, =0
If N is odd: (1.75)

M=(N-1)/2 v,=0and v, =1.

(1.76)

Recall that the LMG Hamiltonian is (N + 1)-dimensional for fixed N. By Equa-
tion (1.75), then, there are two fixed-M Hamiltonian blocks of dimension (M + 1)
for a given number of particles V. For the rest of this thesis we will only consider
the (M + 1)-dimensional blocks of the LMG Hamiltonian. That is what allows us
to define a generic LMG eigenstate as |M, vg,1p;j) where 1 < j < (M +1) is an

integer label for the eigenstate.
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Complex constants Ey are variously referred to as: c-numbers in Pan and
Draayer [PD99], pairing energies or pairons in Lerma and Dukelsky [LHD13] or
spectral parameters in Ortiz et al [OSDRO05]. They are obtained by solving the
Bethe equations [OSDR05, LHD13]

n 2
1—7N(Eg_n2) gN (Vg — 1) (1+SE£)+2VEE(1+VQ+I/1)>:|
M 4 sEE
Ln
2 = 1.
+ 2g E B, B, 0. (1.77)
n#l=1

In the trigonometric (V2 > W?) and rational cases (V2 = W?) of the LMG model,
the solutions to the Bethe Equations (1.77) are guaranteed to be real [LHDI13].
From the general LMG eigenstate in Equation (1.73), we can then see that in the
trigonometric and rational regimes the eigenstates of the LMG Hamiltonian are then
wholly real. Complex spectral parameters F, exist for some configurations of V', W,
M, v, and v, where W2 < V2 but there is no known well-defined transition for
when they begin to appear [LHD13].

In addition to the eigenstates the Bethe ansatz also provides an equation for

eigenvalues w [OSDR05, LHD13]:

W (Ve + vp + 2v1p) + N (v — vg)
2N
- nigN(l v +w) (1+sE}) — 2V (1, — 1) E
N E? —1? '

w =

(1.78)

=1

A given solution {Ei, Es, ..., Epr} of the Bethe Equations (1.77) is called

a “spectral set.” Because the eigenvalue Equation (1.78) and eigenstate generating

operator in Equation (1.73) are symmetric under permutations £y — E () we clarify

that we will solely discuss distinct solutions for the rest of this thesis; i.e. spectral

sets which are not permutations of each other. For a given M the Hamiltonian is

(M +1)-dimensional, guaranteeing the existence of exactly (M + 1) distinct spectral
sets.

We call the operator in Equation (1.73) the Eigenstate Generating Operator,
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r “EGO.” We can glean much from the EGO in terms of designing a circuit to
prepare LMG eigenstates on a quantum computer, but first we’ll work through an

example of how to use it in Fock space.

1.8.2 How to Use the EGO

To find the eigenvectors and eigenvalues of the LMG Hamiltonian using the methods
of Subsection 1.8.1 we begin by specifying N, V and W. The next step is to use
Equation (1.75) to see which values are allowed for M and v, and v},. Next, obtain
a spectral set by solving the Bethe Equations (1.77) with the specified values N,
V, W and g, n, s given by Equations (1.70-1.72). Recall that for V2 > W?2, every
spectral parameter Ey in any of the (M + 1) distinct spectral sets is guaranteed to
be real. Realness Ey € R is not assured otherwise [LHD13].

With a distinct spectral set, one can find the corresponding eigenvalue w
with direct substitution into Equation (1.78) and the un-normalized eigenstate with

Equation (1.73). After normalization the task is complete.

1.8.3 N =2 EGO Example

In this example we will find the eigenstates for the N = 2 LMG Hamiltonian using
Equations (1.73-1.77) from Subsection (1.8.1) for arbitrary V, W. Begin by looking
towards Equation (1.75) and seeing the configurations of M, v,, and v, allowed. An
N = 2 LMG eigenstate can either have M = 1 pair with v, = v, = 0 or M = 0 pairs
with v, = v, = 1. The case of M = 0 is the simplest because there are no Bethe

equations:

0 Tt bipt
a'a
n 1L1) =T1,1) = |1,1). 1.79
51_11<E‘5+77 g LD =1L = 1.1 (1.79)

Indeed, |1,1) is an eigenstate of the LMG Hamiltonian. In the case of M =1

the EGO yields

ﬁ<aw bTbT>‘171>_ V2 V2

= 2,0) + 0,2). 1.80
Eg—l—n Ey—n E1+77’ ) El_n’ ) ( )

=1
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Next we solve the N = 2 Bethe Equations:

nV Ey
(B? —n?)

— E? —nVE, —np?>=0.

1-— =0

This is a quadratic equation with roots given by

By =2 (Ve Vviid).

2

Normalizing Equation (1.80) yields the following eigenstates:

24+ V4+V2
1,0,0:1) = (!2,0> -, 2>>

2—V4+V?2
1,0,0;2) =2 <— 2,00+ ———— ’072>>

where
—-1/2

j 2
S (—2+(—1‘)/ \/4+v2)

36

(1.81)

(1.82)

(1.83a)

(1.83D)

(1.84)

Note that the N = 2 LMG eigenstates do not depend on the value of W at all.

1.8.4 Beyond N =2

We’ll explore more examples in Chapter 2 as we design a quantum-circuit analogue

to the EGO, but we should discuss the broad strokes of applying the EGO for more

particles and some shortcuts and simplifications one can take.

In the case of M = 1, the Bethe Equations (1.77) are quadratic. For M > 2

they are of degree (M + 2). At M > 3 the Bethe equations are therefore quintic

or higher-degree and have no closed-form solution in terms of radicals [Abe24]. In

these cases it is required to solve them numerically.
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Summary

We have discussed the basic principles of quantum computation and how we may use
those principles to estimate eigenvalues with the Variational Quantum Eigensolver
algorithm. Additionally, we have described the Lipkin-Meshkov-Glick model with a
bosonic representation and demonstrated how to diagonalize the LMG Hamiltonian
using the Bethe ansatz.

In the next Chapter we will consider the theory behind using quantum cir-
cuits to prepare encoded eigenstates of the LMG model. We will also provide explicit

examples.



Chapter 2

Ansatz Circuits for LMG

Eigenstates

In this Chapter we explain the quantum circuits we used as analogues of the LMG
EGO in Equation (1.73) from Subsection 1.8.1. Each parameterized EGO circuit
we give can prepare any eigenstate of the trigonometric LMG Hamiltonian.

The EGO given in Equation (1.73) in Subsection 1.8.1 shows that the eigen-
states of a trigonometric LMG Hamiltonian are (M + 1)-dimensional have real coef-
ficients. The basis states for those eigenstates take the form |v, + 2k, 2M + v}, — 2k)
where k is an integer from 0 to M. A valid encoding of the states then only requires
us to encode the integer k. This is much like encoding a bosonic mode with a cutoff
at M particles. A functional EGO circuit, then, needs to be able to prepare any real
superposition of the encoded integers from 0 to M. We provide three such circuits:
two using a W-state-like encoding and one using an alternate unary encoding.

It should be noted beforehand that though the following EGO circuits use
the structure of LMG eigenstates defined by the Bethe ansatz, the ansatz design
is based around the fact that a fixed-M LMG Hamiltonian is O(M)-dimensional.
The support for each eigenstate is made up of at most (M + 1) Fock states. Our
original goal was to find a direct and physically-inspired map from the EGO in

Subsection 1.8.1 to a unitary circuit. Such a transformation would have included a

38
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simple map from the parameter space of the EGO (spectral parameters Ey) to the
parameter space of the EGO circuit (ansatz parameters ;). We did not achieve this

but the EGO circuits we did develop are functional and efficient.

2.1 W-State-Based EGO Circuits

Subsection 1.6.2 defines two general W-state preparation circuits which are mod-
ified versions of those used in Cruz et al [CFG'19]. Using either of the circuits
from Subsection 1.6.2, shown in Figures 1.2 and 1.3, we can prepare arbitrary
real superpositions of W-state basis states. We can encode LMG Fock states

|2M + v, — 2k, v + 2k) using the Hamming-weight 1 states with

2M + vy — 2k, v + 2k) == ‘2’“> (2.1)

M+1’

which is independent of values for v, and v4. This lets us use the 2M - or logarithmic-
depth W-state preparation circuits as EGO circuits. After finding a target eigenstate
to prepare using the Bethe ansatz, we can encode it using Equation (2.1). Because
the circuits can prepare any real superposition of the Hamming-weight 1 states, they
will be able to prepare any trigonometric LMG eigenstate.

Both versions of the generalized W-state circuit can serve as EGO circuits.
One has depth 2M and the other 2|logy 2M | though the 2M-depth EGO circuit’s
input parameters are directly obtainable using coefficient-to-parameter function in

Subsection 1.6.2, Equation (1.39).

2.2 Unary EGO Circuit

The unary state encoding is [SMK™20]
k
Vo + 2k, 2M + v, — 2k) <= Q) X¢|0)*M . (2.2)

(=1

We can write a state-preparation circuit for this unary encoding. An example
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0) — Ry (61)

0) Ry (02)

‘0> Ry (93)

0) R, (04) ——

Figure 2.1: A 4-qubit example of the quantum circuit which can prepare any N-
particle Lipkin-Meshkov-Glick (LMG) eigenstate in the trigonometric regime. It
requires M =~ N/2 qubits and M gates. The fiducial state is always |0)®M. Input
parameters #; are obtainable using Equation (2.6).

is shown in Figure 2.1 but the general circuit can be written as

M-1
[nr (01,02, 000)) = | TT OV (Ry Orrsa)arsny) | By (00 100° . (23)

j=1
This circuit is capable of preparing any real superposition of unarily encoded
integers and therefore will function as an EGO circuit. The fiducial state for the
circuit in Equation (2.3) is encoded as [0)*" the first factor in the EGO is rep-
resented by the single R, gate and all subsequent EGO factors are controlled-R,
gates. The output of the circuit is given by
U 011\ 0 J Ok oM
[Wnr (01, .., Orr)) = Z <cos]2> &) X sin = [0) (2.4)
7=0 k=1
which is extremely similar to the output given by the 2M-depth generalized W-state

circuit in Subsection 1.6.2, Equation (1.43). The parameters ©y; = {601,602,...00}
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can then be solved for in the same way [Blu60]. Given a target state to prepare

M j M
T) = e @Xul0)* = D i lva+2),2M +0-2j)  (25)
§j=0 k=1 J=0

where c¢; are real normalized coefficients, the following coefficient-to-parameter func-
tion will produce the angles to prepare the state |T') using the EGO circuit from

Equation (2.3):

2am_1444%¥i; if j <M
0; = P (2.6)

T ifj=M.

2 sgn (epr41) cos™ ——=2L
\/ M T 41

We can also make the unary EGO circuit general with respect to complex
superpositions of the encoded basis states by applying an R, gate to each qubit,
identically as with the 2M-depth W-state circuit in Sub-subsection 1.6.2.1. To

prepare state

M j
IT) = e Q) X [0)Y (2.7)
7=0 k=1

then one can apply
M
(H R. (¢p — ¢£—1)g> R, (¢1),
=2

after the unary EGO circuit shown in Equation (2.3).

2.3 Comparing Circuits

The 2M-depth general W-state preparation circuit shown in Figure 1.2 from Sub-
subsection 1.6.2.1 uses a W-state-like basis. The relationship between the input
parameters ¢; and the Fock basis coefficients is clearly defined by Equation (1.39)
from Sub-subsection 1.6.2.1. The circuit requires (M + 1) qubits, 2M gates and has
a depth of 2M to function as an EGO circuit for the LMG Hamiltonian.

The log-depth general W-state preparation circuit shown in Figure 1.3 from

Sub-subsection 1.6.2.2 is nearly identical to the 2M-depth circuit. The differences
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2M-Depth W-State | Logarithmic-Depth W-State | Unary
Qubit Count M+1 M+1 M
Gate Count 2M 2M M
Depth 2M 2|log,y (2M) | M
Equations for 0; Yes No Yes

Table 2.1: The costs and features of the eigenstate generating operator (EGO)
circuits designed throughout my work. “2M-" and “Logarithmic-depth” refer to the
circuits shown in Figures 1.2 and 1.3, respectively. Both circuits are described in
Subsection 1.6.2. The “Unary” circuit is described in Section 2.2, shown in Figure 2.1
and given by Equation (2.3). Qubit and Gate Counts refer to the resources required
to run each circuit while Depth is how many time steps the circuit requires. The
final row says whether or not we have an equation to find input parameters 6; given
a target state to prepare. In the LMG model the integer M is approximately the
number of simulated particles divided by two.

are that some gates can be run in parallel and that a general analytic relationship
between input parameters and the Fock basis coefficients isn’t known. Even though
the angle-to-coefficient functions aren’t known, the log-depth circuit can still be
used as an ansatz for VQE because the parameterized output state is capable of
preparing any LMG eigenstate.

The unary circuit is nearly identical to the 2M-depth circuit except it uses
one less qubit and half the gates for a depth of M. We’ll see in Chapter 3 that
we’ve also developed efficient systems for analyzing LMG simulation data in this
encoding.

A shared hurdle inherent to all of our EGO circuits is that to directly prepare
a specific target LMG eigenstate one first has to find the target state’s coefficients.
If the system is too large to solve the Bethe equations, we can numerically diag-
onalize the LMG Hamiltonian instead. We have developed a set of Mathematica
functions which generate the (M + 1)-dimensional LMG Hamiltonian matrices in
the unary encoding in O(M?) time. This is done using the Quantum Mathematica
package [GM]. Section 1.2 mentioned that diagonalizing this matrix takes O(M?3)
time so the process of finding the target state’s coefficients scales cubically at worst.
Once the target state is obtained it is straightforward to find the circuit parameters

to prepare such a state for all the proposed EGO circuits.
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|O> | Ry(el) —

Figure 2.2: Applying just a single R, gate can prepare any M = 1 eigenstate of the
trigonometric Lipkin-Meshkov-Glick (LMG) model. It is the smallest case of the
unary eigenstate generating operator (EGO) circuit discussed in Section 2.2. This
single-gate circuit can prepare LMG states of N = 2,3 or 4 particles. To see how to
find values for the input parameter see Subsections 2.4.1, 2.4.2 or 2.4.3

2.4 Example Circuits

In this Section we provide examples using the unary EGO circuit shown in Figure 2.1
and described by Equation (2.3). In each example we find at least one of the
eigenstates and discusss how to find the input parameters to prepare the target
eigenstate(s). For examples with N =2, N = 3 and N = 4 particles we find general
expressions for the eigenstates. Additionally, in those cases the Bethe Equations are
restricted to M < 2 which makes them solvable in closed form. For the N = 7 and
N = 20 examples we focus on finding and preparing a single ground state for their

respective Hamiltonians.

2.4.1 N =2 Example

Subsection 1.8.3 discussed diagonalizing the N = 2 LMG Hamiltonian in the bosonic
Fock basis. We found that N = 2 has one eigenstate with no particle pairs and two
with one particle pair. For the former, the eigenstate is purely the Fock state |1, 1)
because for M = 0 the EGO is the identity. The M = 1 case has v, = v, = 0 which

sets the Bethe equations’ solutions to
B = g (Vi\/V2+4)

and results in the normalized eigenstates given by Subsection 1.8.3, Equation (1.83).

The unary M =1 EGO circuit’s output state is

|i1) = COS% |0) + sin%1 1) . (2.8)
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The relationship between ©; and the spectral parameter Fq may be obtained from

Equation (1.84) in Subsection 1.8.3

—-1/2

01

in—=+1
Sm2 +

(—w {/4+V> 29)

The angle 6, is given directly in terms of V' here but in general it is simpler to leave
it in terms of g and 7. In order to prepare this state, we would apply the circuit

shown in Figure 2.2.

2.4.2 N =3 Example

For N = 3 particles, M = 0 is forbidden by requiring N = 2M + v, + v} and for

M =1 we are allowed fiducial Fock states |0, 1) and |1,0). The Bethe equations are:

n 2
1— 1 (-3gsE? 4+ 4VE; —3g) =0 2.10
S(E%—Ug)( o 1= %) 210
2Vn £/ (V249 (n+ g2sn + gsn® — g))
= F =
3(1+ gsn)
for fiducial state |0,1) and
n 2
1———1 (3gsE?+4VE;+3g) =0 2.11
3(E%—7]2)(98 1 1 g) ( )
2V \/n(AV2n+9(n — g%sn — gsn? + g))
= F =
3(1+gsn)

for fiducial state |1,0). Note that Equations (2.10) and (2.11) are quadratic. We
can substitute the solutions from Equations (2.10-2.11) into the EGO to obtain the

eigenstates in the Fock basis:

-3+ W —F_
1,0,1:0) = o | 2 " 7= 12,1y +[0,3) | , 2.12a
1.0.10) = o0 [ HE o)+ 0,3 (2:120)
3+ W+ F_
1,0,1;1) =7 |22 T 19 1y 410, 3) |, 2.12b
Lo11) = [ iy 40,y (212b)
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34W 4+ Fy ]
1,1,0;2) = ———13,0) +1(1,2) ], 2.12¢
110:2) = [T s o) 1.2 (2.12¢)

-3-W+ Fy ]
1,1,0;3) = —13,0) +|1,2)], 2.12d
11053 = | o) 4 1.2) (2.120)

where

Fi=v9+3V2+6W + W2 (2.13)

is a real function. The realness of F.i can be seen by examining the argument of the
radical 9 + 3V?2 £+ 6W + W? and seeing that it has minimal values of 0 at V = 0,

W = F3. The states’ normalization factors ; from Equations (2.12) are

9\ —1/2
w- (0 (UYL (2110
srw+r N2
=11+ <\/§V> , (2.14b)
s+ F\2\
Y2 = 1+ <\/§)‘/> s (214C)
%—W+ﬂ,240
3= |1+ <\/§)V> (2.14(1)

Parameter 6; to prepare the N = 3 eigenstates with the unary EGO circuit
can be obtained from setting sin %1 =, for 0 < j < 3. One can alternatively use
the coefficient-to-parameter function from Equation (2.6) in Section 2.2. To prepare

any of these eigenstates, one can use the circuit shown in Figure 2.2.

2.4.3 N =4 Example

For N = 4-particle eigenstates, restrictions from Equation (1.75) in Subsection 1.8.1
allow M = 1 whilev, = 1, = 1and M = 2 while v, = v, = 0. The M = 1 eigenstates

are obtained in the same way as we saw for N = 2. The Bethe equations become
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|0) — By(61) I

|0) R,(02) ——

Figure 2.3: A circuit which can prepare any M = 2 Lipkin-Meshkov-Glick (LMG)
eigenstate. This is a specific case of the general unary eigenstate generating operator
(EGO) circuit discussed in Section 2.2. How to find values for the input parameters
f1 and 65 is described in Subsection 2.4.3 for the case of N = 4 particles.

quadratic polynomials

3V77E1
2(EF —n?)

—~ E = g (BVi \/16+9V2)

1— =0 (2.15)

which lead to normalized eigenstates through the EGO:

13,1) 11,3) )
11,1;4) = i 2.16
| )= <3V+4i\/16+9V2 3V — 4+ /161912 (2.16)

where 12
_ 16 + 9V2 £ 3V /16 + 9V2 (2.17)
T\ RV 4 92 £ 3V V16 + 0V2) '
which sets
sin 1 E= (2.18)

2 3V 4+4+16+9V2

and gives us the N = 4, M = 1 eigenstates. This parameter can be used in the
circuit shown in Figure 2.2 to prepare the designated LMG eigenstate.

Requiring N = 2M + v, + v, with M = 2 and N = 4 forces the fiducial
state to |0,0) in the M = 2, N = 4 case. The relevant Bethe equations are quartic

equations with respect to Fy and Es. They are given by

VElT] 14+ SElEQ
2 29
2(Ef —n?) E, - Ey

=0, (2.19a)

VE27] 9 1+ SE2E1

1—
2B —n) B - E

=0. (2.19b)
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where one solution is given by

V—VV2+16 V+VV2+16
B =LV oy YEVEHID (2.20)
4 4
Unnormalized M = 2, any-N eigenstates can be obtained from the EGO in

Equation (1.73) from Subsection 1.8.1:

V6B —2(—)™)
IEGO2,, 1,) = (E1+n)(E2+1n)
VBB —2(-1)")

(Ex —n) (B2 =)

va-+v,
+377 (Z (BEvtn) " (B2 F 17)_1> Va+2,1+2), (221)
+

|Va +4, Vb>

|Vay v + 4)

which can be normalized by multiplying by a normalization factor ~

(2.22)

[ 18+ 12(—1)tt 18 4+ 12(—1)»+!
(By+m)*(E2+n)?  (Br—n)*(E2+n)?

2\ —1/2
+3Va+'/b (Z (Elj:n)_l (E2:F77)_1> ) )

+

To generate all of the N = 4, M = 2 eigenstates, apply the solutions of Equa-
tions (2.19) to the EGO in Equation (1.73) from Subsection 1.8.1 and normalize.

Then the using the M = 2 unary EGO circuit output state

0 6, . 0
cosg2 110) +sin51sin§2 11, (2.23)

!

0
o) = 00851 00) + sin

we can find the circuit parameters by using Equation (2.6) from Section 2.2 with
a normalized state from Equation (2.21) as the target state. Once the parameters

have been obtained we can use the circuit in Figure 2.3 to prepare the target state.

2.4.4 N =7 Example Circuit

We begin by solving the quintic M = 3 Bethe equations numerically with Mathemat-

ica’s NSolve[] function. Recall that different spectral sets yield different eigenstates
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c1 Unary
E1 C2 91
Fiducial State Es 3 02 (H)
E; C4 03
0.0314
0.5576 —0.1554 3.0787
|0, 1) 2.8221 0.4380 3.4539 | —1.4023
1.5027 —0.8849 | —2.2224
—0.2923
—5.3126 | 0.615963 | 3.7348
|0, 1) 2.4544 —0.6015 1.7419 1.8176
0.9129 —0.4163 | —5.0724
—0.8439
25.3204 0.1802 5.1508
|0, 1) —4.4694 0.4746 2.4566 3.9645
1.3148 0.1733 0.7002
0.4487
4.2370 0.7510 2.2110
|0, 1) —4.1059 0.4702 1.1458 6.1049
—24.0346 0.1167 0.4867
0.0188
2.3238 —0.0856 3.1040
I1,0) 1.1982 0.2858 3.3130 | —3.1325
0.4013 —0.9543 | —2.5596
—0.2176
—3.6584 0.5428 3.5803
11,0) 1.9011 | —0.7610 | 1.9622 | 0.2789
0.7253 —0.2809 | —5.5760
0.7001
1.1529 —0.4877 1.5904
|1, 0) —11.0239 | —0.5126 4.6453 3.2631
—3.4305 | —0.0960 | —5.9130
0.6798
—3.3467 0.6784 1.6467
11,0) —6.4242 | 0.2764 | 0.7796 | 6.0758
10.4792 0.0353 0.2543

48

Table 2.2: A table of values relevant for preparing N = 7-particle eigenstates of the
V= \/g, W = /2 LMG Hamiltonian using the unary EGO circuit from Section 2.2.
Fiducial State refers to which bosonic Fock state the EGO must act on to obtain
the target eigenstate. E, are the spectral parameters and were obtained with Math-
ematica’s NSolve[] function. Real numbers c¢; are the coefficients for Fock basis
state |vg + 27, vp + 2M — 27) and were obtained with the EGO in Equation (1.73)
from Subsection 1.8.1. Angles 6, are ansatz parameters for the unary EGO circuit
and were obtained with the coefficient-to-parameter function from Equation (2.6).
(H) are the eigenvalues of the LMG Hamiltonian in units of € and were obtained
with the eigenvalue function in Equation (1.78) from Subsection 1.8.1. All values
are rounded to four decimal places.
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0) — R, (3.0787)

10) R,(3.4539) I

10) R,(—2.2224) |—

Figure 2.4: A quantum circuit to prepare an eigenstate of the N = 7-particle Lipkin-
Meshkov-Glick (LMG) eigenstate. This circuit is an example of the unary eigenstate
generating operator (EGO) circuit discussed in Section 2.2. The state prepared is
described by the top-most entry of Table 2.2.

which thus have different eigenvalues in general. All solutions for the Bethe equa-
tions where N = 7, V = /3 and W = /2 are given in Table 2.2. The input
parameters were obtained with Equation (2.6) from Section 2.2 and the eigenvalues
from Equation (1.78) in Subsection 1.8.1. The parameters, spectral parameters and
eigenvalues for all of the eigenstates are shown in Table 2.2.

The top-most entry in Table 2.2 was chosen as an example target state and

the unary EGO circuit to prepare it is shown in Figure 2.4.

2.4.5 N =20 Example Circuit

For this example we arbitrarily picked an eigenstate of the M = 10 LMG Hamilto-
nian with V' =3/4, W = 1/2 and v, = 15, = 0. This eigenstate has expectation value
(H) = —9.8469¢. We numerically diagonalized the Hamiltonian with Mathematica’s
Eigenvectors[] function and found the ansatz angles O, for the unary EGO cir-
cuit using Equation (2.6) from Section 2.2. The coefficients for the eigenstate’s basis
states and the ansatz parameters to prepare that state are found in Table 2.3.
Some of the angles in Table 2.3 are quite close to w. This is due to the fact

that this particular eigenstate has very small coefficients c¢; for low j when compared

to the higher j. This guarantees that ¢; < \/Z]k\i?.l cz for low j. In cases where
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Figure 2.5: A quantum circuit to prepare an eigenstate of the N = 20-particle
Lipkin-Meshkov-Glick (LMG) Hamiltonian. This circuit is an example of the unary
eigenstate generating operator (EGO) circuit discussed in Section 2.2. The coeffi-
cients for the prepared state in the bosonic Fock basis are given in Table 2.3.
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Figure 2.6: A quantum circuit to prepare an eigenstate of the N = 20-particle
Lipkin-Meshkov-Glick (LMG) Hamiltonian. This circuit is an example of the log-
depth W-state EGO circuit discussed in Sub-subsection 1.6.2.2. The coefficients for
the prepared state in the Fock basis are given in Table 2.3.
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’ Coefficient c; Parameter 0; ‘

5.7326 x 10710 | 7 —1.1465 x 10~
—2.2288 x 1078 | 7 +4.4577 x 1078
3.7239 x 1077 | m —7.4479 x 1077
—4.1263 x 107 | 7 + 8.2526 x 1076
3.4994 x 107° | 7 —6.9988 x 10~°
—2.444 x 10~* | 7 +4.8883 x 10~*
14715 x 1073 | 7 —2.9431 x 1073

—7.8964 x 1073 3.1574

0.0389 3.0637

—0.1841 3.5123
0.9821

Table 2.3: The coefficients of an M = 10, N = 20, V = 3/4, W = 1/2 Lipkin-
Meshkov-Glick (LMG) eigenstate. Ansatz parameters ¢; will prepare the eigenstate
using the unary EGO circuit discussed in Section 2.2. Coefficients c¢; multiply the
Fock basis state |v, 4+ 2j,2M + v, — 2j) in the LMG eigenstate and were obtained
using Mathematica’s Eigenvectors[] function. Parameters ¢; were obtained from
the coefficient-to-parameter function in Equation (2.6) in Section 2.2. The expecta-
tion value of this eigenstate is —9.8469¢.

that inequality is satisfied we can linearize Equation (2.6) to obtain

1 % A — 20 (2.24)
Zk:—; Cz

2cos™

which explains the closeness to w. The circuit to prepare this state is shown in
Figure 2.5. We are not restricted to the unary encoding or circuit and could instead
use the log-depth W-state EGO circuit (shown in Figure 2.6) to prepare an encoded

form of the eigenstate.

Summary

In this Chapter we have suggested three circuits that are able to prepare encoded
eigenstates of the M-particle-pair LMG Hamiltonian. The first two circuits encode
Fock states as Hamming-weight 1 computational basis states and are referred to as
the 2M- and logarithmic-depth W-state EGO circuits. The circuits themselves are
identical to the generalized W-state preparation circuits shown in Subsection 1.6.2

The third EGO circuit, described in Section 2.2, encodes the Fock states unarily
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with one fewer qubit. We also provided explicit examples on how to use the unary
EGO circuit to prepare eigenstates of the LMG Hamiltonian.

In any of the examples shown in this Chapter, the unary EGO circuit outlined
in Section 2.2 is an efficient way to prepare LMG eigenstates. The circuit requires
M qubits, M gates and the runtime of finding the ansatz parameters scales as
O(M?3) at worst. However, finding a good ansatz circuit is just one step in VQE.
Chapter 3 will discuss how to encode bosonic Hamiltonians so that we may estimate

the eigenvalues of the eigenstates we're preparing.



Chapter 3

Encodings for Bosonic

Simulation

In this Chapter we shall explore the process of encoding bosonic systems for VQE
and provide example encodings. In particular we focus on how to encode the LMG
Hamiltonian’s Fock states in Sections 3.3 and 3.4 but move on to general bosonic
systems in Sections 3.5 and 3.6. Section 3.7 considers features of efficient bosonic
encodings which are not found in standard fermionic encodings such as the Jordan-

Wigner (JW) or Bravyi-Kitaev (BK).

3.1 Encodings of Bosonic States and Operators

As discussed in Subsection 1.7.3, a bosonic mode m can have an arbitrarily high
occupation number. Quantum computers cannot assign infinite resources to rep-
resent a single bosonic mode so we must apply a cutoff N, to truncate occu-
pancy [MEAG™20, MLMS21, WCP15, LF14, Som05]. Instead of an infinite-dimensional
basis spanned by {|0),|1),...} we approximate a single bosonic mode in an (N, +
1)-dimensional Hilbert space spanned by {|0),[1),...,|Nm)} [LF14, Som05]. The
Hilbert space of an M-qubit quantum computer, however, is 2™ -dimensional which
implies encoded physical spaces of bosonic Hamiltonians will have to be embedded

in higher-dimensional systems to run in VQE. This holds unless the dimension-

o4
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ality of the overall bosonic system is equal to some power of 2. The rest of the
computational basis states in the 2M-dimensional Hilbert space do not correspond
to anything physical. We call these nonphysical or “junk” states. As such, the
eigenspace of an encoded bosonic observable can be divided into two subspaces: the
encoded physical subspace and a nonphysical subspace. The fermionic JW, parity
and BK encodings will always have a dimensionality of 2¢ for some positive integer
d so they will have no junk states [TLMC18, Som05, SRL12].

We can in principle require that an encoded bosonic Hamiltonian matrix’s
entries corresponding to nonphysical states are zero, thus insuring that action of the
Hamiltonian on the nonphysical states returns 0. In removing the possibility that the
Hamiltonian can act nontrivially on computational states which don’t correspond to
Fock states, we would preserve the Hamiltonian’s eigenstructure upon encoding. The
only nonzero eigenvalues of the encoded Hamiltonian will be those of the physical
Hamiltonian. This requires high-locality terms to precisely specify which basis state
is mapped to which in the exponentially-large computational Hilbert space. We
shall see later in this Chapter that relaxing this constraint can dramatically reduce
the number of Pauli terms in an encoded Hamiltonian without compromising the
expectation values of the Hamiltonian for encoded Fock states.

Let |¢) be a D-dimensional bosonic Fock state with general cutoffs on its
modes. Say we want to encode |¢) for use with VQE. We may encode [¢)) using n

qubits (2" > D) and an encoding operator O(v))

[¥) = O(¥)[0)*". (3.1)

Operator O(t¢)) maps |1) to a D-dimensional encoded physical subspace of the n-
qubits’ Hilbert space. Subsection 1.7.3 showed how to encode single bosonic modes
using Somma’s encoding and a binary one [Som05, MMS*19]. Other methods such
as the Gray-code encoding have been proposed [SMK'20]. Now we shall demon-
strate explicitly how to transform a state encoding into an encoded operator.

Operators do not dwell in the same spaces as bras or kets. Rather, as linear
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combinations of ket-bra operators, they connect Hilbert spaces to each other. The
natural basis of quantum computers is simply (qu-)bitstrings which limit the number

of possible one-local ket-bras we can encounter to only four:

1+Z

oy0l =% (32
oy = 2 (33
10 = 25 (3.4
|1x1|=:§i5fz. (3.5)

A two-local operator could then be constructed by finding the tensor product of the

corresponding operators from Equations (3.2-3.5). For example:

|01)X00] = [0X0[ @ [1)0

1 .
= Z (]I—l— Zl) & (X2 — ZYQ)
o Xo+ 721 X9 — 1Yo —121Ys

4

(3.6)

A basic encoding method for observable operators is to write them out in Fock
basis operator notation, replace the Fock basis ket-bra operators with computational
basis ones and then apply Equations (3.2-3.5). Can it really be so simple? Yes and
no.

Yes in that this will technically encode the operator. No in that one may not
be satisfied with the answer. Return to the general encoding given in Equation (3.1)

and see how it works on encoding a simple projection operator [0)(0|%" = [0)®™ (0/®™:

n

O) Y01 0! (1) = . 0() ) I+ Z4) 07 (). (37)

k=1

Equation (3.7) shows us that operators have the potential to become O(n)-
local and require an exponential number of Pauli matrices to encode... barring
fortuitous cancellations from the encoding operator O. In general a k-local compu-

tational basis ket-bra operator will require O(2*) Pauli terms to encode [MEAG™*20,
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Ser, TLMC18].

It’s important to know that when encoding composite operators, multiply the
operators first and then encode. Otherwise you end up with extra terms [SMK™20].
If we were to encode first and then multiply, the resultant operator would perform
all of its composite parts’ actions in sequence; e.g. a squared creation operator
would first transform encoded Fock state |0) to |1) and then |1) to v/2|2). Each
of those steps requires its own set of Paulis to change the encoded states. By
multiplying first and then encoding an encoded squared creation operator would
skip the intermediary step and simply map encoded Fock state |0) to v/2]2).

Our first examples of encodings in Sections 3.2 and 3.3 will demonstrate what
happens when we require encoded Hamiltonians to have nonphysical entries set to
0. Latter encodings in Sections 3.4, 3.5 and 3.6 will show the advantages of doing

otherwise by reducing the locality.

3.2 Toy Example

Before immersing ourselves in LMG encodings we should start with a straightfor-
ward example of Hamiltonian encoding without second quantization. It will also
demonstrate that even simple Hamiltonians can have too many Pauli terms when
encodings aren’t carefully designed.

Consider a system of two spin-1/2 particles that we want to represent with
three qubits. The angular-momentum basis states |j, m) of the composite system
can be any of the triplet states |1,—1), |1,0) and |1,1) or the singlet state |0,0).

Arbitrarily, we pick |0,0) to map to [000), |1, —1) to map to |100), |1,0) to map to
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|110) and |1,1) to map to |111). This can be expressed as

0,0) <= [000) = [0)*? (3.8)

11,-1) < [100) = X, |0)®?, (3.9)

11,0) <= |110) = X1 X5]0)®%, (3.10)

11,1) < |111) = X1 X2 X3(0)*?, (3.11)
2i4-j

= i,7) <= @) X5 [0)*. (3.12)
k=1

Here we are only concerned with four physical states but are mapping them
to an eight-dimensional computational framework. Let’s also pick a simple Hamil-
tonian to work with:

1
H = J2+§(J++J,). (3.13)

In the physical angular-momentum basis the operators J4 and J? are written

as

J? =2 (|1, =1)X1, =1] + |1,0X1,0] + |1,1)1,1]), (3.14)
Jo =V2(]1,1)(1,0] + [1,0%1, —1]), (3.15)
J_ = /2(|1,=1)1,0] + [1,0%1,1]) . (3.16)

To map these operators to qubits we replace the angular-momentum ket-bras
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with the 3-local computational ones:

J?=2 (|000)X000| + [100)100| + [110)110| + [111)111]) (3.17)
1
= B 2L+ Zs — Z1 + Z1Zy + Za Z3)

Ji = V2 (]110)100| 4 [111)110]) (3.18)

1
- V32 <X2 + X3 — 21 Xo + XoZ3 — 21 XoZ3 — Z1 X3 — Zo X3+ Z142X3

—i(Yo+Ys — 1Yo+ YoZs — Z1YoZ3 — Z1Ys — ZoY3 + lezyz))

J_=(J)N. (3.19)

While J? only has five terms, it is not surprising to see that J+ have sixteen.
We have not taken any measures to circumvent the exponential scaling of a generic
encoding like in Equation (3.7) from Section 3.1. When these operators are summed

according to Equation (3.13), the encoded Hamiltonian is

1
H = 5 (2]1 + 23— 21+ 2172y + ZQZg) (320)

1

which has thirteen terms. In the next Section we shall directly apply the same
high-locality principles used in this Section to the LMG Hamiltonian. Then we will

improve upon them in Section 3.4.

3.3 Inefficient Unary Encoding of the LMG Hamilto-
nian

In this Section we’ll encode the LMG Hamiltonian while setting all entries of the
matrix that don’t correspond to encoded physical states to zero. Section 2.2, Equa-
tion (2.2) introduced a unary encoding for the LMG model’s bosonic Fock states.

How do we construct bosonic operators in this encoding? For ease we repeat the
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unary encoding below:

k
Vo + 2k, 2M + v, — 2k) = Q) X¢|0)* . (3.21)
/=1

For an M-particle-pair LMG Fock state where k of those pairs are in the a mode,
we encode that state with M qubits where the first k£ qubits are in state |1) and
the rest are in state |0). Any encoded physical state will be a superposition of the
computational basis states {|00...0),[10...0),|11...0),...,|11...1)} defined by Equa-
tion (3.21). As mentioned in Section 3.1, we call this set of computational basis
states the “encoded physical (Fock) states” and they span the “encoded physical
subspace” of the encoded Hamiltonian.

We’'ll begin with the number operators of the LMG Hamiltonian. In the

bosonic Fock basis they can be written as

M
Na =Y (Va+ 2k) |va + 2k, 2M + vy, — 2k)vq + 2k, 2M + vy, — 2k], (3.22)

o
[en]

M
ny =Y _(2M + vy — 2k) |va + 2k, 2M + vy — 2k)va + 2k, 2M + vy, — 2k[ . (3.23)
k=0

Next we replace the Fock basis ket-bras of the number operators with the

encoded computational kets and bras from Equation (3.21):

M k
na <= > (va+2k) ®X] lo)o|®M <®X ) (3.24)

k=0

M
ny <= > (2M + v, — 2k) ®X l0)0|®M (@X ) (3.25)

k=0

Then we use the computational-basis-to-Pauli map from Equations (3.2-3.5) in Sec-
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tion 3.1 to obtain the final encoded operators:

M k M
ne <= 27 " (vo +2k) [ Q) (I- Z)) ( & (]H—Zm)) (3.26)

k=0 j=1 m=k+1

M k M
ny <= 27" @M+, - 2k) | Q) (- Z)) (@ (]I+Zm)> (3.27)

k=0 7=1 m=k+1
M k M

= nanp <= 277N (va +2k) (@M + v, — 2k) [ Q) (1 - Z) ( &R @+ Zm)>
k=0 j=1 m=k+1

(3.28)

Operator terms in Equations (3.26-3.28) are M local and only map encoded
physical states to other encoded physical states. If we were to represent these
operators in matrix form this means that all entries corresponding to nonphysical
states would be set to zero.

Equations (3.26-3.28) are made up of solely identities and Pauli Z observ-
ables so there are at most 2M terms in an M-qubit representation of them. Unfor-
tunately, when these operators are summed according to the LMG Hamiltonian in
Equation (1.69) from Subsection 1.8.1, very few terms cancel. We explicitly con-
structed the number operators in the LMG model for up to M = 19 qubits and
found that the number of Pauli terms was approximately equal to 2™ for all cases.
This is to be expected because the operators are M-local.

We can then say that the number operators in the LMG Hamiltonian con-
tribute an approximate total of 2 Pauli terms to the Hamiltonian. We now repeat

the encoding process for the Hamiltonian terms associated with interaction strength
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V, i.e. the exchange terms:

M k+1
ala'bh — Zp ®X yo| M <®X )
k=0 j=1
M-1 k M
=273 " p(2k) | Q) (= Z5) | (Xks1 — iYip) < Q) I+ Zm)) (3.29)
k=0 7=1 m=k+2
M k—1
biblaa < > p(2k - 2) X; | |o)o|®M <®X )
k=0 j=1
M k— 1 M
=2"MY " p(2k - 2) )| (X +4Y%) ( () (H+Zm)> . (3.30)
k=1 g:l m=k+1
where
o) = a F T D) (et j ¥ 2) (p T 2M —J) (i + 2M —j—1).  (3.31)

Equations (3.29) and (3.30) each have 2" M terms in their Pauli decompo-
sitions. We can see this from the fact that the X and Y terms’ indices can be
any integer from 1 to M. For each choice of that index, there are 2V~ different
combinations for the rest of the indices on the Pauli string as dictated by Equa-
tions (3.29) and (3.30). Finally, because we have both X and Y terms, the total
number of Paulis for each operator is M x 2M~1 x 2 = 2M)f.

When added together the Pauli-Y terms in the encoded forms of afafbb and

b'bTaa cancel each other:

M-1 M
ala’bb + b'blaa = 2" 3" p(2k) | Q) (1- Z)) Xk+1< X (]I+Zm)>.

k=0 j=1 =k+2

(3.32)

The set of Pauli operators found in the exchange terms a'a'bd and bfbfaa
of the LMG Hamiltonian is exactly the set of all Pauli strings with one X entry
while the rest are either I or Z. As there are M positions for the X entry and 21

combinations of I and Z for the rest of the entries in the Pauli string, there are
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2M=1 01 Pauli terms.

In summary, unarily encoding the LMG Hamiltonian while setting matrix
nonphysical entries to zero requires approximately 2™ ~1(M +2) terms for arbitrary
interaction parameters ¥V and W. This is an exponential amount of terms and is
thus inefficient. In the next Section we improve upon this exponential behavior

while still using the same unary state encoding from Equation (3.21).

3.4 Efficient Unary Encoding of the LM G Hamiltonian

What can we do to reduce the number of Pauli terms? Recall that in Subsection 1.7.3
we discussed Somma’s bosonic encoding which was two-local for a given mode.
Contrast this constant locality with the M-local encoded operators we calculated in
Section 3.3. The unary state encoding given in Equation (3.21) differs from Somma’s
in that it uses one less qubit to encode occupancies indexed from 0 to the cutoff,
but we can make it two-local as well. We can do this because each encoded physical
state |V, + k,vp + 2M — 2k) has a Hamming distance of at most 2 from the encoded
states aabb |v, + k, v, + 2M — 2k) or bibTaa |v, + k, vy + 2M — 2k) by construction
of the encoding.

All we really require of our encoded Hamiltonian is that it acts like the
physical Hamiltonian on the encoded physical states. Setting the action of the
Hamiltonian to 0 when it acts on nonphysical states, like we did in Section 3.3, isn’t
strictly necessary. This is the key property which lets us reduce the locality of the
terms. This improvement from Section 3.3 is not without cost and we will explore
the consequences in Section 3.7.

In our explanation of how to reduce the locality of these encoded operators
from the LMG Hamiltonian, we’ll use the notation that |i)(j|, (,j are 0 or 1 and
1 <k < M) is the one-local operator |i)(j| acting on qubit k.

In the inefficient M-local encoding from Section 3.3, we used the operator
11(1|®M as the encoded [2M + vq, X2M + v4, 13| operator. However, note that

1|®M

the operator |1)(1],, will act identically to |1) when acting on superpositions
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’ LMG Hamiltonian Fock Operator ‘ Reduced Locality Encoded Operator

v, 2M + (e, 2M + 1) 00,
|Va + 2,2M + vy — 2) Vg, 2M + vy |1)(0],

[Va + 25 +2,2M + vp — 25 — 2)Va + 24, 2M + v, — 2j| ‘1><1|j ® ’1><0‘j+1

[va + 25, 2M + vy — 2j)va + 25, 2M + v, — 2j| [1)(1]; @ [0X0]; 14

Ve + 25 — 2,2M + vy — 25 + 2)Xve + 25, 2M + v — 27| \O>(1\j ® ]O)(O\j+1
12M + vg, v + 2)2M + vg, 1) |0X1],,
|2M + vg, vp)(2M + vg, vp] 1)1 ar

Table 3.1: An efficient mapping between the Fock state operators found in the LMG
Hamiltonian and computational basis operators. This mapping assumes the state
encoding given by Equation (3.21) in Section 3.3.

’ LMG Hamiltonian Fock Operator ‘ Inefficient Unary Encoding ‘ Efficient Unary Encoding ‘

Va, vy + 6)va, v + 6| [000)(000 00l
Ve + 2,0 + 4)Xva + 2,1 + 4] |100)100| [1)(1]; @ [0X0],
|Va + 4,05 + 2) (Vg + 4,1 + 2| |110)(110] [1)(1], @ [0X0]4

|Va + 6, vp) (Vg + 6, 1) [111)(111] |1)(1]4

|Va + 2, vp + 4V, vp + 6| |100)%000| |10},
|Va + 4, v + 2)Xva + 2,1 + 4] |110)100| [1)}(1]; @ [1X0],
|Va + 6, p)(Ve + 4, v + 2| [111)110| [1)}(1], ® [1X0]4
Va, Vb + 6)(va + 2,15 + 4 [000)(100] 0)1]; ® [0X0],
Ve + 2,0 + 4)Xve + 4,1 + 2| |100)%110| |0)(1], ® [0X0]4

|Va + 4, v + 2)X1g + 6, 1| [110%111] |0)(1],

Table 3.2: All the operator terms which may be found in the M = 3 LMG Hamil-
tonian and their unarily encoded forms. In the second column the inefficient unary
encoding from Section 3.3 yields M-local encoded operators. We reduce the local-
ity of those operators to at most 2 in the third column. This creates an efficient
unary encoding and is made possible by allowing the operators to act nontrivially
on computational basis states which do not correspond to encoded physical Fock
states.
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of the encoded physical states defined by the encoding in Equation (3.21)

M k
1)1 cr Q) X;10)* _cM®X |0)® (3.33)
k=0 j=1 j=1
k
= [1X1],, Z r Q) X, 10)2M
k=0 j=1

where ¢j, are coefficients in the superposition. This relation holds true because the
encoded physical state |11...1) is the only encoded physical state with the length-
one bitstring 1 starting on the M qubit. Similarly, the encoded physical state
|10...0) is the only encoded physical state with the length-two bitstring 10 starting
on the first qubit, |11...0) is the only encoded physical state with 10 starting on
the second, and so on. We can therefore use operators that are at most two-local
in place of the M-local operators from Section 3.3 because each encoded physical
state can be uniquely distinguished from all other encoded physical states by the
location of bitstring which is at most length 2. Rules for converting the other LMG
Fock operators to encoded physical ones are given in Table 3.1. A complete example
of the encoding is given for all of the M = 3 LMG operators in Table 3.2. When
acting on nonphysical junk states the equivalence between the reduced-locality and
M-local operators does not hold. For example, the operator |1X(1|** does not
return the same state as |1)(1|®" when acting on the junk state |01...1). This
behavior is not seen in the fermionic JW and BK encodings because there are no
junk states [TLMC18, Som05, TSST15].

After defining the LMG operators in terms of bosonic Fock states like in

Section 3.3 and converting to computational operators with Table 3.1, the encoded
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number operators in the LMG Hamiltonian are

M-1
ng = va|0XO0 + (va +2M) [1Y1]5 + D (Ve + 2k) [1)X1], @ [0X0])py (3.34)
k=1
M-1
o o+ 2M 1
= SO+ 20)+ " (= Za) + 7 D (va+20) (T = Z) @ (T4 Zis)
k=1
M-1
np <= (2M + ) [0)XO[y + v (115 + D (2M + v — 2k) [1)1], ® [0X0] .14
k=1
(3.35)
M-1
2M 1
_ %(mzln DM Zn)+ 1 3 @M+ —20) (1= Z4) ® T+ Zysn)
k=1
o (2M o+ 2M
NgNp < 1/(24‘1/}))(]1_1_21)_1_ (V +2 )Vb (]I—ZM)
1 M-—1
+3 > (va+2k) (2M + vy — 2k) (1= Z;) ® (L + Zpsr) (3.36)
k=1
and the exchange operators as
(0) 1 M—-1
alalbh < pT( 1= YD) 4 7 D0 PRI - Z1) © (X1 — Vi), (3.37)
k=1
M-1
oM — 2 1
bbfaa — [)(2)(XM+iYM + - Z p(2k —2) (Xi +iY%) @ (I+ Zgy1).
k=1

(3.38)

Equations (3.34-3.38) differ from the encoded bosonic operators of the pre-
vious Section only in that ket-bra operators were replaced with reduced-locality
equivalents. The actions of the two sets of operators are equivalent only in the
space spanned by the encoded physical states. The encoded number operators in
Equations (3.34-3.36) are made up of the identity, all M Z; operators and (M — 1)
Z;Zj+1 operators for a total of 2M Pauli terms. The encoded exchange operators
from Equations (3.37-3.38) are made up of M X terms and (when allowed) (M —1)
Zj—1X; terms and (M — 1) X;Z; 41 terms. The pattern for the Y terms is similar,
but when the exchange terms are added together all Y; where 2 < j < M — 1 are

cancelled. Thus the entire Hamiltonian, when encoded in this way, has (7TM — 2)
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terms. At M = 1 qubit there cannot be any two-local operators so the Hamiltonian
has only 3 Paulis instead of 7(1) —2 = 5 terms. All of the coefficients for these
Pauli terms in the LMG Hamiltonian are calculated in Appendix D as closed-form
functions of V., W, M, v, and v.

Additionally, for the encoded physical states shown in Equation (3.21) from
Section 3.3, the expectation value of all terms with a Pauli Y in them are 0. To
show this we first define a shorthand notation |M, k) for a generic encoded LMG

Fock basis state from Equation (3.21):
k
M, k) = X)X 0)=M (3.39)
j=1
which lets us define a generic encoded LMG state |¢) of fixed M with

M
) = e |M, k) (3.40)
k=0

where c¢; are real coefficients. The expectation value of the Y, observable with

respect to the state [¢)) is

M

W1 Ye|) =i Y chem (M, E[(J1X0], — [0X1],) | M, m) (3.41)
k,m=0
M

=1 Z ckCm (Ok,m+100,m+1 — Okm—100k+1)
k,m=0

=i(co—1c0 — cp—1¢¢) = 0.

We can similarly approach the expectation values for Yy Zy,1 and ZyYyyq:

M

W YeZorr [¥) =i Z ckCm (Ok,m+101,m+1 = Okm+101,m+1) = 0, (3.42)
k,m=0
M

(| ZeYea |0) =i Z ckCm (Ok,m+191,m — Okm+101,m) = 0. (3.43)
k,m=0

Therefore the encoded LMG Hamiltonian actually scales as (50 — 2) Pauli
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terms.

It is important to note that the the encoded a'albb and btbfaa operators
do not appear to be Hermitian conjugates of each other even when the Y terms
are removed. And, indeed, if one considers the M qubits’ entire 2"-dimensional
space then they are not Hermitian conjugates. This means that the 2*-dimensional
matrix form of H is not guaranteed to be Hermitian. The embedded (M + 1)
dimensional Hamiltonian ¢s Hermitian within the space spanned by the encoded
Fock states, however. To show that the Hamiltonian H is Hermitian within the
encoded physical subspace, consider that the number operators are all diagonal in
the computational basis, meaning they are trivially Hermitian. Therefore we need
only show that the projection of a'abb + bTbfaa into the encoded physical subspace
is Hermitian. Further, because all terms from Equations (3.34-3.38) (without the
negligible Y terms) will create real entries in LMG Hamiltonian matrix, we can show
that the encoded operators are Hermitian conjugates of each other by showing that
they are related by transposition.

Consider a generic matrix element (M, ¢|a’atbb|M,m). Here we again use
|M,¢) as an encoded physical LMG Fock state from Equation (3.21). The state

|M,m) is similarly defined. The matrix element for (M, ¢|ata’bb|M,m) is

M—

—_

1
(M, 0| a'abb| M, m) <~ 5 2 P2K) (Bekr10m ke + OekOm i) (3.44)

k=0

Also consider the matrix element (M, m|b'bfaa |M, )

(M, m|blblaa |M, () <> p(2k = 2) (0k0m k1 + Ot k—10m k)

N | —
M=

1

T
o

P(2k) (00, 1+10m k + 00 k0m k+1) (3.45)
0

(M, 0| a'a’bb|M,m) .

N |
By
Il

As the encoded afa'db is the transpose of bibfaa in the encoded physical

subspace and they have real entries, they are Hermitian conjugates and their sum
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will be Hermitian. The encoded LMG Hamiltonian is therefore Hermitian within
the encoded physical subspace.

The Pauli terms and their coefficients for the LMG Hamiltonian in this en-
coding can be analytically determined in O(M?) time. We were able to calculate
the Pauli terms and coefficients for the M = 1000-qubit (i.e. N ~ 2000 particles)
LMG Hamiltonian in 0.358 + 0.001 seconds with Mathematica version 12.1.1.0 on
a MacBook laptop. In summary the encoding of LMG Hamiltonian operators in-
troduced in this Section are efficient for our purposes. We can therefore use this
encoding in tandem with the unary EGO circuit from Section 2.2 to prepare LMG

eigenstates and estimate their eigenvalues.

3.5 Direct Bosonic Mapping with a Unary Encoding

We have specifically tailored the encoded operators from Section 3.4 to the LMG
model. For example, they treat particle pairs as the fundamental quanta of the
system and do not differentiate when acting on states with differing numbers of
unpaired particles. Without any modification Equations (3.34-3.38) from Section 3.4
only work in dual-mode models where NV is fixed and the number of particles in each
mode only changes by multiples of 2. To work in arbitrary bosonic systems we need
to generalize the unary encoding scheme.

Let’s try a direct encoding of a general bosonic Fock state. Say a system has
M modes which can each hold up to N,, particles. If we encode the m™ mode’s
Fock state in a similar way to our efficient unary encoding of the LMG given in
Section 3.4, each mode will be represented by a register of N, qubits. We’ll need
MN,, qubits to describe the full system. This is all encapsulated in the following

encoding for describing such Fock states:

km) <= | Q) X(m1)npss | [0) (3.46)
j=1

where |k,,) is the Fock state giving the occupancy of the m'™ mode. As an example,
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0,0) < [0000) | [0,1) <= ]0010) | |0,2) < [0011)
11,0) < [1000) | [1,1) <= |1010) | [1,2) < [1011)
12,0) <= [1100) | |2,1) <= |1110) | |2,2) <= |1111)

Table 3.3: A sample set of encoded states for a dual-mode bosonic system where we
apply an occupancy cutoff at 2 particles for both modes. This direct unary encoding
is fully described by Equation (3.46).

if M = N,,, = 2 then there would be 9 states in total; these are given in Table 3.3.
The first mode’s occupancy is entirely encoded in the first two qubits while the
second mode’s occupancy is encoded in the second two qubits.

We can approach the general case for bosonic operators in the same way we
did for the LMG case: write the operators in physical ket-bra space, then convert to
computational ket-bras and use Equations (3.2-3.5) from Section 3.1 to convert to
Paulis. In all cases we remember that the computational operators only need to be
two-local at most; a ket-bra which transforms encoded physical basis state |110) to
|111) only needs to be |1)(1], ® [1)(0]5. After applying these principles the operators

bm, bl and n,, for the m mode are encoded with
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Nm—1
b <= VNp, |0><1|mNm + Z \/3|0><1|(m—1)Nm+j ® |0><0|(m—1)Nm+j+1
j=1

vV Np, .
::“i‘*(x%on+1;4n71)4—2Y}on+1;4n71ﬂ

Npn—1
1St - . .
+ 7 D Viatmj—m) + Xptmjmm) Zptm —m+1) + Yptmj—m) + Vi —m) Zptm,j—m-+1)):
j=1

(3.47)
Np—1
bl, < 1100 =1y t1 T j{: VI A 1y w45 @ X0 1) Ny 1
j=1
1 .
- §(Xp(m,1—m) - ZY;)(m,l—m))
Np—1

1 : . )
+1 Y VI 1 pmgomt1) = Yotmg-mt1) = Zptm,j—m) Xptm,j—m+1) T Zpm,—m) Yo(m,j-m+1))s
j=1

(3.48)
Np—1
M = N (DU, + D 310U 1yt © 10XO0ln 181

j=1

N,

= = ([= Zy(ms1,-m-1))
| N1
j=1

Function p(m, k) is given by

p(m,k) = (m —1)Npy, +m + k (3.50)

and keeps track of which qubits correspond to occupancies of mode m. The number
operator in Equation (3.49) decomposes into 2NN, Pauli terms while the creation
and annihilation operators in Equations (3.47) and (3.48) need 4N,, — 2 Paulis.
Note that the encoded creation and annihilation operators are not Hermitian
conjugates of each other for the same reasons as in the efficient unary LMG encoding
in Section 3.4. For example, a two-qubit encoding of b, according to Equation (3.47)

would only have one two-local operator term: |00X10|. The encoded form of b,
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from Equation (3.48) also has only one two-local operator term but it is v/2 [11)(10.
The two operators, whilst Hermitian conjugates in Fock space, are apparently not
conjugates in the computational basis. However, when we restrict ourselves to the
physical subspace spanned by the encoded Fock states defined by Equation (3.21),
then the relationship between bin and bin is restored. We can demonstrate this
by showing that the bIn and bin are Hermitian conjugates in the space spanned by
encoded Fock states as follows:

Let |N,n) be an encoded mode Fock state with maximum occupancy N
and occupancy n. Because we are using the direct encoding from given by Equa-
tion (3.21), each mode is encoded on a separate register so we may confine ourselves
to discussing a single mode’s operators [Som05]. According to this encoding the
state |V, n) is given by

IN,n) = é)Xj DR (3.51)
=1

When calculating the matrix elements (N, m| b |N, n) of the creation and annihilation
operators operator from Section 3.5, then the only nonzero elements will be where

m=n=x1:

Smn—1V7, (3.52)

M=

(N,m|b|N,n) =
=1
-1

(N,m|b' [N,n) = bmni1n/7+ 1. (3.53)

29

R
I
o

Equations (3.52) and (3.53) demonstrate that the matrices of encoded opera-
tors bin and b, are real and transposes of each other when expressed in the encoded
physical basis. They are thus Hermitian conjugates.

Operators do not always appear alone and may be raised to some positive
integer power s in a Hamiltonian. By definition of an occupancy cutoff we do
not require that the operators raise occupancies outside of the truncated physical
space. What this enforcement of maximum occupancy means is that an encoded

creation or annihilation operator raised to some power has less computational ket-
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bra operators in its decomposition. A single creation operator must map encoded
Fock state [0) — |[1), then |1) — |2) all the way to |N,, —1) — |N,,) for a total
of N,, operators in the decomposition. The same creation operator squared would
only need to map |0) — [2), 1) — [3) up to |N,, —2) — |N,,) for a total of (N, —1)
operators in the decomposition, and so on. For an encoded bosonic mode m with
maximal occupancy N,,, the encoded creation and annihilation operators raised to a
power s > 1 can be decomposed into (V,, + 1 — s) computational ket-bra operators.
At the same time, this means that the quality of the operators’ approximation
drops as the power is raised. A non-truncated bosonic operator in the Fock space is
nonzero for all powers s > 1. Truncated encoded operators become 0 when raised
to a power beyond the imposed cutoff because acting on any Fock state would raise
its occupancy above the cutoff.

Despite the linear reduction in computational ket-bras per encoded cre-
ation/annihilation operator, the number of Paulis in this unary encoding will rise
exponentially with the power s. This is because the number of differing qubits
between two encoded states |f) and |f + s) rises linearly with s. Increasing the
occupancy of an encoded Fock state |f) to |f + s) with a creation operator raised
to the s™ power requires (s + 1)-local operators to correctly update the different
qubits in between |f) and |f + s). These (s + 1)-local operators would thus require
O(251) Paulis according to the Pauli transformation given in Equations (3.2-3.5)
from Section 3.1. The number of Paulis in the decomposed (b;rn)s and b7, operators

in these encoded operators would thus scale as O(2°T1(N,, +1—s5)). They are given



Draft of 5:18 pm, Thursday, July 7, 2022 74

below:

(bm)* = Q) VNm +1 =10y, 41
j=1

Np—s k+s—1
+ > & VEOX U m1yny e @ 10XOl 1y ks
k=1 (=k
7®W p(m+1,1—j—m) T Y p(m41,1—5— m))
Nm sk+s—1
+ - Z ® \[ p(m+2 1—j—2m) +1Y, p(m+2,1—j— 2m))(]I - Zp(m,kJrsfm))a
k=1 (=k
(3.54)
)= ®\/3’1><0’(m71)Nm+j
Nm—s
+ Z (R A Nm+k®®\/€T’1 X0 (1) Ny ko0
® Vi (Xpm,j—m) = Yp(mj—m))
1 Npy—s
+ Z Z (H - Zp(m,kfm)) ® VI{+ k(Xp(m,kJrffm) - Z.YZn(m,k+€7m))a (355)
k=1 /=1
Nm—1
(nm)® <= (Nm)® [1X1],,n,, + Z J° ‘1><1|(m71)Nm+j ® |0><0’(m71)Nm+j+1
j=1
Ny,
= 7(]1 - Zp(m+1,—m—1))
Nm—l
1 Z Zpm,j—m) + Zp(m.j-m+1) = Zpm.j—m) Zp(m,j-m+1) - (3.56)

We improve this O(2°*!) scaling in Section 3.6 by using a different encoding which

has a fixed locality for all powers s.

3.6 Direct Bosonic Mapping with a IV-State Encoding

Define the following W-state-like encoding for mode m of M with maximum occu-
pancy Np,:

) <= Xin 1)t im [0)EMO D (3.57)
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The encoding in Equation (3.57) uses (NN, + 1) qubits to encode a mode with
maximum occupancy [V, and the position of the 1 dictates the occupancy. If the first
qubit is in state |1) then the occupancy is zero, if the second qubit is in state |1) then
the occupancy is one, etc. This method is equivalent to Somma’s encoding [Som05]
up a global bit-flip. However, reference [Som05] does not provide the form of the
bosonic operators raised to integer powers. We perform those calculations and show
that the encoded creation and annihilation operators actually require fewer Paulis
as they are raised to higher powers. We calculated the operators not raised to any

power to be

Nm—1

b = > VEF L0k @ 0K i) (3.58)
k=0

Nflm (

Xp(m k) Xp(m,k+1) T Yp(m k) Yp(m,k+1)

- 4
k=0
— i (Yom ) Xpmh+1) = Xpmk) Yo(mt1)) > ;

Ny —1
b, = D VE+T0)1 i) @ 10|y psn) (3.59)
k=0

Ny, —1
< Vk+1
— { Xp(m,k) Xp(m,k+1) + Ypm k) Yp(m k1)

I
(]

+ i (Ypm k) Xpmks1) = Xpm) Yo(mot1)) > ;

M == > k1A (3.60)

where we must redefine p(M, k) to keep track of qubit indices with a different state
encoding:

p(m, k) = (m — 1)(Np + 1) +m + k. (3.61)

Note that the encoded creation and annihilation operators here are Hermitian
conjugates of each other, unlike those in the unary encoding of Section 3.5. Pauli

decompositions of the number operators in this encoding have (N, 4 1) terms while
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b, bin have 4N,,, Paulis. Compare this to 2V,,, and (4N, —2) for the unary encoding
in Section 3.5. In this encoding any two encoded physical states differ in the values
of exactly two qubits. Raising these operators to the s power would thus not
require us to update s qubits (like in Section 3.5) but only two. By enforcing the
same cutoff rules as in Section 3.5, we calculated that the operators raised to an

integer power s > 1 are equal to

3

Z J (K, 8) [1XO ) @ [OX i pot-s) (3.62)
Nor
f(k, 8)( p(m,k) Xp(mk+s) T Yp(m,k) Yp(m,k+s)
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k=0
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() = > Fk9) 10X ymry @ 11Oy prs) (3.63)
k=0
1Nm—s
1 > flk, 5)< p(m k) Xp(mokts) T Yo(mk) Yo(m kts)
k=0

+ 1 (Yomk) Xp(mk+s) = Xp(m,k) Yp(m,kts)) > ;

Nm
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where we define

f(k,s) (3.65)

While the number operator (n,,)® has the same (N, + 1) terms in its Pauli
decomposition, the creation and annihilation operators raised to the s** power have
4(Np+1—s) terms in their Pauli decompositions for integer power 1 < s < N,,. At
the cost of one extra qubit per mode, we now have an operator encoding which scales
linearly with maximum occupancy, number of modes and when raised to powers.
It actually becomes simpler as the power s increases. This is because, like in the
previous Section, the number of ket-bras in each creation or annihilation operator

decreases as the operator is raised to higher powers. Unlike in Section 3.5, though,
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the operators in this encoding remain two-local for any power s > 1 so the number
of Pauli terms is linearly dependent on the number of ket-bras. When the number

of ket-bras goes down, so too does the number of Pauli terms.

3.7 Expanded Spectra & Non-Hermiticity

In going from an exponential to linear number of Pauli terms by reducing the locality
of the terms, we fundamentally change an encoded Hamiltonian. Unless the dimen-
sionality of the Hamiltonian exactly equals the dimensionality of the qubits’ Hilbert
space it is encoded into, then the encoded Hamiltonian may have a spectrum which
extends above or below the spectrum of the physical Hamiltonian we wanted to en-
code. From the same principles it is also possible for the encoded Hamiltonian to be
non-Hermitian. In this Section we shall see why these situations arise, explain why
they are not present in standard fermionic encodings and figure out how to avoid
their repercussions. These problems of “expanded spectra” and “non-Hermiticity”

are not unique to the LMG model and can be shown more broadly.

3.7.1 Encoding and Expanding the Spectrum

First we demonstrate that an encoding which has nonphysical junk states may ex-
pand the spectrum of a Hamiltonian if the locality of the encoded Hamiltonian’s
terms do not match the dimensionality of the encoded Hamiltonian. By this we
mean that there may exist eigenvalues of an encoded Hamiltonian which are below
the lowest eigenvalue (or above the highest) of the physical Hamiltonian.

Define H as a D-dimensional physical Hamiltonian written in the Fock basis.
We are able to encode the eigenstates of the Hamiltonian into a set P of A-qubit
computational states |vy) which span the “encoded physical space.” These eigen-
states have eigenvalues v; where vy < vy < ... < wvp. Note that 22 > D by necessity.

Let H be a 22-dimensional encoding of # where all junk-state matrix ele-
ments of H are set to zero. It is defined in terms of A-local ket-bras and therefore

requires O(22) Pauli terms. H will have a spectrum which is identical to that of
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the physical Hamiltonian because the transformation # — H simply embeds the
entries of H into a 22-dimensional matrix of zeroes. All eigenvalues of H whose
eigenstates are not purely supported by elements of P (“nonphysical eigenvalues”)
would then be forced to equal zero. The encoding transformation % — H therefore
preserves eigenvectors and eigenvalues.

We can provide concrete examples for physical Hamiltonian H and its A-
local encoded form H by setting values for the LMG Hamiltonian. We'll pick V = 3,

W=-2v,=0,1=1and M = 2. In the Fock basis the Hamiltonian is given by

3 2
2 3\/; 0
_ 2 29 9v2
H=13 s -4 |- (3.66)
9v2 41
0 5 10

and when encoded in the efficient unary encoding from Section 3.4 it becomes

3 2
5 0 34z O
- 0 0 0 0
H = /5 (3.67)
2 29 92
345 0 —%5 5
9v2 41
0 0 : T

with the number of qubits A equal to M = 2. Note that the encoded Hamiltonian
in Equation (3.67) has the second row and column set to zero. This is because we
are using the unary encoding which means the set of encoded physical states P s
{]00),]10),|11)}. Basis state |10) is a junk state and so its corresponding entries in
the matrix of H are set to zero by the A-local encoding.

Now introduce H, a 22-dimensional encoded matrix of H which is defined
by L-local ket-bras where L < A. Because L is strictly less than A, H will have less
Pauli terms in its decomposition than H so we would call it more efficient. Because
it is an encoded form of the physical Hamiltonian ‘H H is constructed to maintain

(H) = (H) for all encoded physical states |v;) € P. However, because H is defined

using L-local operators, the entries of H which don’t correspond to elements of P
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’ Operator \ Eigenvalue 1 \ Eigenvalue 2 | Eigenvalue 3 ‘ Eigenvalue 4 ‘

H —6.303¢ —1.545¢ 2.348¢ N/A
H —6.524¢ —2.712¢ —1.538 2.674¢
H —6.303¢ —2.712 —1.545¢ 2.348¢

Table 3.4: The eigenvalues for a physical LMG Hamiltonian H and the eigenvalues of
its encodings. H was obtained with the inefficient unary encoding from Section 3.3
while H was obtained with the efficient unary encoding from Section 3.4. Note
that the eigenvalues of the physical Hamiltonian # are found in those of H but not
within the eigenvalues of H. Though the encoding from H to H does not preserve
the eigenstructure of the Hamiltonian, Section 3.4 explains that H will return the
correct expectation values when acting on the encoded eigenstates of H.

are not necessarily zero. Using the same LMG parameters as before and the efficient

unary encoding from Section 3.4, we can provide a concrete example of H:

3 9 2

2 53 SVs O

9 _1B 9 3
H=|5v2 ° VIO (3.68)

2 20 92
3vs 0 -1 5
0 3 9we _a
Jio 5 10

The encoded Hamiltonian in Equation (3.68) has nonzero elements in the
junk state entries which means there can be a nonzero nonphysical eigenvalue. Recall
that we defined H to be such that (H) = (H) in the physical encoded space. By
the Variational Principle from Subsection 1.7.5, the lowest eigenvalue of H is at
most the lowest eigenvalue of H (vp) and the highest eigenvalue of H is at least the
highest eigenvalue of H (vp). By extension the same applies for the eigenvalues of
H being at least (for the highest) or at most (for the lowest) the eigenvalues of H.

We can alternatively state this in terms of the the interval in between the
lowest and highest eigenvalues. The “spectral interval” of encoded Hamiltonian H,
the interval of R which is bounded by H’s eigenvalue extrema, must contain the
spectral interval of physical Hamiltonian H bounded by vy and vp. As a check, we
provide the eigenvalues of the physical Hamiltonian H from Equation (3.66) and
encoded Hamiltonians H and H in Table 3.4. In this case it is satisfied that the

spectral intervals of H and H are equal and contained within that of H.
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This behavior is to be expected. When we encode a physical Hamiltonian H
with an L-local operator H, the expectation values of H are all be found within the
spectral interval of its encoded analog. If we were to prepare a state using elements
of the encoded physical states and measure its expectation value with respect to the
encoded operator H, it would give the exact same value as if we had measured with
respect to the A-local encoded Hamiltonian H, and thus the correct expectation
value according to the physical Hamiltonian H.

The question of interest is whether or not there exists an eigenvalue of H
which is not within the spectral interval of H; whether or not the spectrum has
expanded. As both encoded Hamiltonians H and H are 22-dimensional matrices,

we can write

H=H+)» oyP (3.69)
k

where P, are 22-dimensional matrices and «y, are coefficients. We do not require
that Py are Paulis although in the context of encoding for VQE they would be. We

do require that (H) = (H), though, so it must be that

(vi] H [v5) = (oi] H |v;) + > ck (v Py |vg) (3.70)
k

éZak <’Uz"Pk’Uj> =0 Vi,j
k

where |v;) are the encoded physical eigenstates of H. This further implies that
(P) = 0 for all encoded physical eigenstates |v;) and matrices Py because the
coefficients ay, are general. However, at no point have we assumed that the encoded
physical eigenstates |v;) are eigenstates of P, nor have we assumed that Py |v;) = 0.
Thus the encoded eigenstates of H are not necessarily eigenstates of H, though the
transformation H — H does preserve the expectation values. Further note that
no constraints have been placed on the values of «j or the matrices Py so long
as they satisfy Equations (3.69) and (3.70). It is entirely possible that the rows
and columns of H which correspond to nonphysical states have nonzero entries and

nonzero eigenvalues. We have also not required that «j and P, be designed to
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keep the (2 — D) nonphysical eigenvalues of H within the spectral interval of H.
Therefore it is possible that a nonzero nonphysical eigenvalue of H exists outside of
the spectral interval defined by physical Hamiltonian .

Put briefly, if we do not require that nonphysical entries in the encoded
Hamiltonian be set to zero, it is possible that these nonphysical entries will create
nonzero nonphysical eigenstates for the encoded Hamiltonian. The associated ex-
traneous eigenvalues can be above or below the extreme eigenvalues of the physical
Hamiltonian. This is demonstrated in the example given in Equations (3.66-3.68)
and in their eigenvalues from Table 3.4. The spectrum of an encoded Hamiltonian
may thus “expand” compared to the spectrum of the physical Hamiltonian. This
behavior is not seen in the Jordan-Wigner or Bravyi-Kitaev encodings because they
do not have junk states; the dimensionalities of H and H would be identical to .

Spectral expansion has implications for ansatz choice in bosonic simulation
by VQE. If the ansatz is capable of preparing computational states which exist
outside of the encoded physical space spanned by P then it is possible that VQE
would measure energy values below the ground state of the physical Hamiltonian.
This would be a nonvariational error that may cause the optimization step of VQE
to overshoot the ground state. It can be avoided by using an ansatz which only
prepares encoded physical states. The EGO circuits described in Chapter 2 are
only capable of preparing superpositions of the encoded physical Fock states so they

will avoid this problem.

3.7.2 Non-Hermiticity of Encoded Observables

In the case of the efficient unary encoding of the LMG Hamiltonian described in
Section 3.4, it is possible to have a non-Hermitian encoded physical Hamiltonian.
This behavior is also seen in the unary encoding of general bosonic systems shown
in Section 3.5 but not in Somma’s encoding [Som05] or the W-state encoding in
Section 3.6. The presence or lack thereof of non-Hermiticity in the encoded Hamil-
tonians is thus governed by how we store occupancies in a given encoding. We

provide the following example to illustrate why non-Hermiticity occurs in one en-



Draft of 5:18 pm, Thursday, July 7, 2022 82

coding and not the other.
Consider a single bosonic mode with maximum occupancy 2 encoded in the
W-state formalism from Section 3.6. In that case the creation and annihilation

operators for that mode will be encoded as

b= [0)(Lly ® [1)0], + V2 [0)(1], @ [1)0], (3.71)

b <= [1)(0]; ® [0)1], + V2[1)(0], @ |0)1]5. (3.72)

Note that Equations (3.71) and (3.72) are Hermitian conjugates of each other.
If we encode the same bosonic mode according to the unary encoding in Section 3.5,

though, the operators would become

bf = [1)(0]; + V2[1)1]; @ [1)0]; (3.73)

b <= |0)1]; ® [0)(0], + V2[1)0], . (3.74)

In Equations (3.73) and (3.74), the encoded operators b' and b are not Her-
mitian conjugates of each other. In other words, the unary encodings given in
Section 3.4 and 3.5 may produce non-Hermitian “observables” with respect to the
entire Hilbert space of the encoded “observable,” but when confined to the encoded
physical subspace the matrix will be Hermitian. We proved this in Section 3.5. This
means that we can avoid non-Hermitian subspaces in the encoded Hamiltonian’s
eigenspace by using an ansatz which cannot prepare nonphysical states; the same
cure for the problem of expanding spectra in Subsection 3.7.1.

How does this non-Hermiticity appear? In the case of the Somma encoding’s
creation or annihilation operators, the two-local terms alter both qubits they act on.
The unary encoding breaks this symmetry by using one qubit as a “check,” leaving
it invariant, while flipping an adjacent qubit. For the unary creation operators the
“checked” qubit is indexed below the flipped one and for the annihilation operators
the opposite is true. Because they check different qubits, the creation and annihila-

tion operators are not Hermitian conjugates in the unary encoding from Section 3.5.
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Non-Hermiticity doesn’t appear in the fermionic Jordan-Wigner or Bravyi-Kitaev
encodings for a different reason: both encodings have no junk states because the di-
mensionality of the physical system equals the dimensionality of the computational
space.

For VQE with direct state preparation and measurement, non-Hermiticity
will not cause problems. The measurement step of VQE measures Paulis; how
we sum those Paulis is not required to be Hermitian. In that sense VQE is per-
fectly capable of estimating expectation values of non-Hermitian “observables.” By
construction of the unary encoding, the estimated expectation values will be not
deviate from the ones we’d expect from the physical Hamiltonian. The estimates
will still give the correct simulated expectation values up to natural variations due
to sampling and errors from noise.

The non-Hermiticity of the unary encodings in Sections 3.4 and 3.5 does have
implications outside of VQE. Many uses of quantum simulation implement time
evolution with the operator et [Prel8, Fey82, Som05, NC10, TLMC18, TSS*15].

Ht i only guaranteed to be unitary as long as H is Hermitian. For

Operator e
time evolution we’d need to use encodings which preserve Hermiticity such as

Somma’s [Som05] or the equivalent W-state encoding given in Section 3.6.

Summary

In this Chapter we have designed an efficient unary encoding of the LMG Hamil-
tonian in Section 3.4. The encoded Hamiltonian will have (50 — 2) Pauli terms.
The calculations of the coefficients for the Pauli terms in the LMG Hamiltonian are
given in Appendix D.

We generalized the principles of this efficient LMG encoding into general
bosonic systems in Section 3.5. We also explored and expanded on Somma’s encod-
ing from his thesis [Som05] which was equivalent to the W-state bosonic encoding
from Section 3.6. In the last Section we described spectral expansion and non-

Hermiticity of encoded observables, two qualities of the bosonic encodings which
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are not present in fermionic encodings.
In the next Chapter we will analyze the results of actually applying the en-
codings from this Chapter and the EGO circuits from Chapter 2 in VQE experiments

on NISQ devices and quantum computing simulators.



Chapter 4

Implementation

We prepared encoded LMG eigenstates on several quantum devices, sampled the
expectation value of the LMG Hamiltonian and compared the measurement results
to the exact solution. In this Chapter we shall discuss our methods and results be-
ginning with the devices we used. After we discuss a parallel measurement technique
in Section 4.2 and single-shot formalism in Section 4.3, we move on to actual results
from LMG simulations. Subsection 4.4.1 shows preliminary example data taken
from a NISQ device. Sub-subsection 4.4.2.1 compares data from a simulator and
a NISQ device where the same code was run in both cases. Sub-subsection 4.4.2.2
shows the effect of sample size on results for both simulator and NISQ data. Sub-
subsection 4.4.2.3 compares data from two experiments: one where the parallel
measurement technique from Section 4.2 was employed and one where it was not.
Section 4.5 shows results from running the same set of problems on several simula-
tors and NISQ machines to compare performances. Section 4.6 shows data from a
simulated 53-qubit example of LMG eigenstate preparation and measurement. Fi-
nally, Section 4.7 will examine sensitivity of the ansatz circuit to changes in input
parameter precision. We used no error mitigation methods while gathering data
because our aim was to evaluate NISQ performances with noise. The relative errors

of our results were calculated with

Observed Value — Theoretical Value
Theoretical Value

Relative Error = | |. (4.1)

85
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{m,0— —& 02 GL R, (-0/2)

Figure 4.1: Almost all circuits within this thesis use the controlled-R, gate. If
it cannot be implemented directly, then we can use 2 CNOTSs and 2 R, gates in-
stead [NC10].

In all cases in this Chapter we used efficient unary LMG encoding from Sec-
tion 3.4 to encode the Hamiltonian. We also used the unary EGO circuit from
Section 2.2 to prepare the eigenstates. The target eigenstates we prepared were
obtained with the Bethe ansatz or through numerical diagonalization; we could
therefore use the ansatz parameter functions in Section 2.2, Equation (2.6) to pre-
pare the target eigenstate. Because we already knew the parameters 6;, we could
prepare the state directly without the optimization step of VQE.

Additionally, when using NISQ devices we did not have exclusive access to
them. We had to submit individual circuits as jobs. Each job was made up of
the circuit written in Qiskit or Braket, the input parameters for the circuit and a
number of samples. The sample size was also called “shot count.” Amazon Web
Services (AWS) would perform the jobs in the order they were received while IBM
Quantum (IBMQ) used their own fair-share queuing system [AAMA™21, Ser]. The
time required to perform an experiment, then, was highly dependent on how many
other people wanted to run their own circuits at a given time. Tasks with only
four jobs would queue for times on the scale of minutes-to-hours. Larger tasks with

approximately fifty jobs would run for times on the scale of a week.

4.1 Native Gates and Device Specifications

The native gates of the devices we used did not include a controlled-R, gate. We
realized the controlled- R, gate using the standard technique of two CNOT gates and
two R, gates shown in Figure 4.1 [NC10]. Implementing this deocomposition of the

controlled- R, gate would increase the depth of the unary EGO circuit in Section 2.2
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from M to (4M — 3).

4.1.1 Simulator Features

When testing our code we used quantum computing simulators without noise. In
particular we used three: IBMQ’s Quantum Assembly Language (QASM) simulator
and Amazon Braket’s local braket_sv and external SV1 simulators. A noiseless
quantum computing simulator is designed to work identically to an error-corrected
quantum computer [NC10, Prel8]. Classical simulation of quantum computers is
possible for small devices like current NISQ computers [Prel§|.

When we used the simulators to simulate state-preparation and measurement
of LMG eigenstates, we used the same code as with actual NISQ devices. Simulator
results were therefore only prone to small variations due to the nature of sampling
instead of noise [Prel8, NC10]. This natural variability due to sampling is on the
scale of 1/ VS if S samples were taken.

The IBMQ QASM simulator was accessed through the IBM Quantum Ex-
perience and was controlled using IBM’s Qiskit language. This “general purpose
simulator” is able to run noiselessly or with simulated noise [AAMA21|. Braket’s
local simulator braket_sv is freely accessible with an active AWS account. SV1 runs
externally, can simulate more qubits than braket_sv and requires AWS credits to

run [Ser]. Code for each was written in Amazon’s Braket language.

4.1.2 TonQ Specifications and Native Gates

We were gifted credits from Amazon Inc. to use an 11-qubit IonQ ion-trap quantum
computer which we controlled using Amazon’s Braket language [WBD" 19, Aut, Ser].
The 11 qubits’ have a fully-connected topology; each qubit can directly interact with
any other qubit [WBD™'19]. Single-qubit gate fidelity for this device is 0.9973 and
two-qubit gate fidelity is 0.9784. In Subsection 1.5.3 of the Introduction we used
the Ton(Q) gate set to explain the concept of native gates; we repeat them here

[WBD*19, Aut]:
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Figure 4.2: Synthesis of the R, and controlled-R, gates with the native gate set of
TIonQ devices. We do not have access to see IonQ’s own compilations nor can we
use these native gates in Braket. If implemented in this way, the unary EGO circuit
would have a gate count of (10M — 7) and depth of (7TM — 4).

e—i9/2 0
GZ(0) = (4.2)
0 ei9/2
0 e
GPI(0)=| , (4.3)
e? 0
GPI2(0) = — Lo (4.4)
V2 —ie? 1
1 0 0 —i
ms— |0 0 (4.5)
V2 0 —i 1 0
- 0 0 1

where M S is known as the Mglmer-Sgrenson gate [MS99]. We decomposed the R,
gate into 3 native IonQ gates and the controlled-R, into 10 native IonQ gates (see
Figure 4.2). These would give the unary EGO circuit a true gate count of 10M — 7
and depth of (TM — 4).

Amazon’s Braket language does not allow control of the IonQ device at the
level of native gates nor does it permit the user access to compiled circuits that were
actually run on the device [Ser|. For the IonQ device we were then forced to submit

controlled-R,, gates to the machine at the level of Figure 4.1.
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’ Device \ Processor \ CNOT Error | Readout Error \ CLOPS ‘

Manila | Falcon r5.11L | 8.8 x 1073 2.6 x 1072 2.8 x 10°
Bogota | Falcon r4L 9.9 x 1073 7.6 x 1072 2.3 x 103
Quito Falcon r4T 1.3 x 1072 4.4 x 1072 2.5 x 103
Belem | Falcon r4T 1.4 x 1072 2.2 x 1072 2.5 x 10°
Lima Falcon r4T 2.4 x 1072 3.0 x 1072 2.7 x 103

Table 4.1: Specifications for the five 5-qubit IBMQ NISQ devices used for this thesis.
All information is taken directly from the IBMQ website [IBM]. “CLOPS” stands
for Circuit Layers Per Second. Fidelity was not available.

— RO — = VX[ R0 -m)— VX R.(-7)

18,0  AVXHR- -0 HVXH R (n) R (-0 H VX H R (r = 0) |

1y (0) |- — R.(—7)

VX H R (- = 0/2) HX M B (-7 —0/2) | VX [ R=(-7)

a
A\

Figure 4.3: Synthesis of the R, and controlled-R, gates with the native gates of
IBMQ’s free quantum devices Belem, Bogota, Lima, Manila and Quito. The topmost
circuit is the R, and the middle circuit is the controlled- R, implemented by Qiskit’s
compiler. The bottom circuit is a slightly more efficient decomposition we derived.
Instead of a theoretical depth of M, the unary EGO circuit would have a depth
of 10M — 6 with Qiskits decomposition of the circuit or 9M — 5 if using our more
efficient decomposition.

4.1.3 IBMQ NISQ Specifications and Native Gates

IBM Quantum’s (IBMQ) free 5-qubit superconducting devices are IBMQ Manila,
Bogota, Belem, Lima and Quito [AAMA™21]. The specifications for these devices
are shown in Table 4.1. All five of these machines have CNOT, X, VX and R,
as their native gates; these can be found in Section 1.5. Unlike the IonQ device
when using Braket, we were able to see the decomposition used by the devices when
running our EGO circuits. The R, and controlled-R, decompositions implemented
on the devices are shown in Figure 4.3. Figure 4.3 also includes our own more-
efficient decomposition of the controlled-R, gate. We controlled these devices using
IBM’s Qiskit language and accessed them through the IBM Quantum Experience.

Table 4.1 has the provided device specifications from the IBM(Q website [IBM].

a
A\
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Instead of gate and measurement fidelity, IBMQ presents data on CNOT and mea-
surement error rates instead. All five devices have 5 qubits but there are three
hardware architectures employed between them. None of the architectures have a
fully-connected qubit topology like the Ion(Q) device has. The Falcon r4T’s qubit
topology resembles a “T” and is used in IBMQ Quito, Belem and Lima. The Falcon
r4L’s qubit topology is that of a line and can be found in IBMQ Bogota. The Falcon
r5.11L in IBMQ Manila also has linear qubit topology but has faster readout times
compared to the r4L or r4T [IBM].

4.2 Parallel Measurement Method

We did not have exclusive access to any quantum device and were subject to queuing
systems. Recall from Section 1.7 that in VQE we measure Pauli terms one at a time.
Also recall from the beginning of this Chapter that each term measurement counted
as a separate job in IBM and Amazon’s queuing systems. Consequently some of
our eigenstate preparation and measurement problems would run over days as they
estimated each and every Pauli. At that timescale calibration drift for the devices
would be a significant source of error; we were thus encouraged to measure Pauli
observables in parallel to reduce runtime. Parallel measurement is one of several
improvements to VQE which were mentioned in Subsection 1.7.6 and is the only
one of them we implemented.

If two observables P, G commute, then they share a common eigenbasis; there
is some rotation which will diagonalize both P and G simultaneously. If we have a
set of mutually-commuting observables called a “clique,” there exists some rotation
which simultaneously diagonalizes every element of the clique [NC10, GAD"19].
How does this apply to the problem of estimating a Hamiltonian in VQE?

If a Hamiltonian is decomposed into a sum of Pauli operators which can be
sorted into cliques, then instead of measuring each Pauli we only need to measure
each clique. To do so we prepare the ansatz state as normal but append an additional

diagonalization circuit to the end. As shown in Subsection 1.7.1 the use of appended
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Terms Diagonalizing Circuit
I, Z; and Z; 714 None
X; ®L, H;
Z;X; 1 and X;Z;11 (0dd 5) | @M Hop i O (Xgp49) Hogyo
Z;Xjp1 and X;Z;4q (even j) ;E(:Ag_l) A Hopr9oC%*42(X oy 5) Hopy 3

Table 4.2: A table of the (5M — 2) Pauli terms found in the LMG Hamiltonian
when using the efficient unary encoding described in Section 3.4. Gate C7(X})
is a controlled-NOT gate with the control on qubit j and the NOT on qubit &
and Hj is a Hadamard gate acting on qubit k. All the terms in a clique can be
measured at once by appending the corresponding diagonalization circuit onto the
state preparation circuit. This means that we can measure the expectation value of
the LMG Hamiltonian for an arbitrary-IV eigenstate with at most 4 measurements.

circuits is already required to measure non-Z Paulis in a diagonal basis, but now
we design the diagonalization circuit to diagonalize all elements of the clique at
once instead of just one Pauli. The result is that a measurement applied after
the digaonalization circuit yields inferred measurement results for all elements of
the clique [GADT19, VYI20, YVI19]. These diagonalization circuits can always be
constructed from Hadamard, CNOT and S gates [GAD"19].

When encoding the LMG Hamiltonian in the efficient unary method outlined
in Section 3.4, there were only a few specific types of Paulis which appeared in the
decomposition: the identity, Z;, X; (1 < j < M), Z;Zj41, Z;Xj41 and X;Zj41
(1 <j < M—1). These Paulis can be divided up into at most four commuting
cliques as given in Table 4.2. Clique 1 is the identity along with all Z; and Z;7;4
operators. Clique 2 is the set of all X; operators. Clique 3 is the set of all X;Z;,4
and Z; X1 operators with odd j. Clique 4 is the set of all X;Z;,1 and Z; X411
operators with even j.

The circuits to rotate into each Clique’s shared eigenbasis are given in Ta-
ble 4.2 and Figures 4.4-4.6. Clique 1 is made up of entirely diagonal observables in
the computational basis so it requires no diagonalization circuit. Clique 2 requires a
Hadamard on each qubit; the circuit for a five-qubit example is shown in Figure 4.4.
Cliques 3 and 4 apply a Hadamard-CNOT-Hadamard sequence on every other qubit

to rotate the device into a diagonal basis and their diagonalization circuits are shown
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Figure 4.4: A five-qubit quantum circuit diagram showing the state-preparation
circuit required to simultaneously measure all Pauli terms in the second clique of
the LMG Hamiltonian. In this case the Hamiltonian is encoded with the efficient
unary encoding in Section 3.4. The EGO gate stands for the unary EGO circuit
shown in Section 2.2 while all other gates shown form the diagonalization circuit
from Table 4.2.

S
q

EGO l H
H N

Figure 4.5: A five-qubit quantum circuit diagram showing the state-preparation
circuit required to simultaneously measure all Pauli terms in the third clique of
the LMG Hamiltonian. In this case the Hamiltonian is encoded with the efficient
unary encoding in Section 3.4. The EGO gate stands for the unary EGO circuit
shown in Section 2.2 while all other gates shown form the diagonalization circuit
from Table 4.2.
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Figure 4.6: A five-qubit quantum circuit diagram showing the state-preparation
circuit required to simultaneously measure all Pauli terms in the fourth clique of
the LMG Hamiltonian. In this case the Hamiltonian is encoded with the efficient
unary encoding in Section 3.4. The EGO gate stands for the unary EGO circuit
shown in Section 2.2 while all other gates shown form the diagonalization circuit
from Table 4.2.

in Figures 4.5 and 4.6, respectively.

Appendix D contains the coefficients Cp for all of the Pauli terms P in the
efficiently unarily encoded LMG Hamiltonian described in Section 3.4. The functions
for Cp are given in terms of M, V, W, v, and v,. We used these coefficients and
the diagonalization circuits for each clique to construct bitstring-to-energy “clique
functions” Bj for each clique k. These functions B take a measured bitstring x
of length M as an input and output the sum of all inferred measurements for each
Pauli in the clique k& when scaled by their coefficients.

We shall derive each of the four clique functions. Recall from Subsection 1.7.1
that a measurement of 0 represents an eigenvalue of +1 and a measurement of 1
represents an eigenvalue of —1. The structure of any clique function By, then, is a
sum of coeflicients for the terms in the clique where each coefficient is multiplied by
+1. The exact sequence of + and — is dependent on the elements of the clique and
the measured bitstring . For the following Subsections it will be useful to define

z; as the j' qubit entry of bitstring z.
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4.2.1 Clique Function B;

Clique 1 is diagonal in the computational basis and made up of the identity and Pauli
Z;, ZjZj+1 observables. The identity operator has no Paulis, and so the coefficient
Cr will always be positive for any input bitstring x. The Z; Paulis will correspond
to positive measurement for bitstring entries x; = 0 and negative measurement for
entries x; = 1. Similarly, Z;Z;1 will give positive results if ; = ;41 but negative

otherwise. Thus we may write the clique function By as

M-1
(_I)Ij—mﬂ—l CZka+1' (4-6)

M
Bi(z)=Ci+ Y (-1)%Cz +
j=1 k=1

Let us define the bitwise NOT of a bitstring as a global bit flip, e.g. NOT 1011 =
0100. The bitstring-dependent terms of B; are antisymmetric with respect to global
bit flips NOT on the input bitstring. Thus if By(z) = Cy + J for some value 4, then

B (NOT z) = Cf — 0.

4.2.2 Clique Function B,

Applying a Hadamard gate to each qubit rotates the state into a diagonal basis for
the set of observables X; where 1 < 5 < M. This rotated basis is identical to the
Zj basis: if x; = 0 then the device measured eigenvalue +1 and if x; = 1 the device

measured eigenvalue —1. Therefore the second clique function can be written as

By(z) =Y (-1)" Cx;. (4.7)

M
J=1

Unlike B; the clique function B is antisymmetric with respect to a global

bit flip on the input bitstring Bs(x) = —B(NOT ).

4.2.3 Clique Function Bj

The diagonalization circuit for Clique 3 is shown in Table 4.2 and Figure 4.5. The
Clique is made up of Z; X11 and X;Z;11 where j is odd and runs from 1 to (M —1).

The circuit rotates the observables in Clique 3 such that X;Z;,; becomes Z; and
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Z;Xj+1 becomes Z; 1. Therefore the inferred measurement results from X;Z;, are
completely determined by qubits with odd indices j and the results from Z; X are
controlled by qubits with even indices (j + 1). If entry x; in the bitstring is 0, then
B3 will have a positive C' X;Z;4, term; if entry x; is 1 then Bs will have a negative
CX].Zj+1 term. If entry x4 is 0, then B3 will have a positive C’Zij+1 term; if entry

Tj+1 is 1 then Bs will have a negative Cz; x, , term. The form for Clique function

j+1
Bs is therefore:

1 ¥52]

B3(m) = (_1)z2k+1CX2k+1Z2k+2 + (_1)z2k+20Z2k+1X2k+2' (4-8)
k=0

Bs is antisymmetric with respect to a global bit flip on the input bitstring.

4.2.4 Clique Function B,

Clique 4 is identical to Clique 3 except its terms Z;X ;1 and X;Z;,1 act on even j.
The diagonalization circuit is also identical except that qubit indices j are shifted
by +1. By is the same as B3 except for those qubit indices:

1 ¥52]

B4(:E) = Z (_1)x2k+QCX2k+2Z2k+3 + (_1)$2k+3CZ2k+2X2k+3 (4-9)
k=0

By is also antisymmetric with respect to a global bit flip on the input bitstring.

4.2.5 Summary of Clique Functions

To prepare and measure the Hamiltonian expectation value of an LMG eigenstate
with M ~ N/2 pairs will require us to implement the EGO circuit four times (4M
gates) and append diagonalization circuits three of those times. Those circuits
require M, 3| M /2| and 3|(M — 1)/2] gates for Cliques 2, 3 and 4, respectively.
Therefore using the unary EGO circuit from Section 2.2 and the efficient unary
encoding from Section 3.4 requires M qubits and a total of (8 M —3) gates distributed
to make a single estimate of (H) with one measurement per clique. These clique

functions’ runtimes scale linearly with M.
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Term || Sample 1 | Sample 2 | Sample 3... Mean
L 001 010 011... Estimated (L;)
Ly 000 100 000... Estimated (Lg)
Ls 111 101 110... Estimated (L3)
Ly 110 111 011... Estimated (Ly4)
’ Sum H h1 ho ‘ hs... H Estimated (H) ‘

Table 4.3: An example of how to interpret data from VQE measurement where the
Hamiltonian requires four measurements L;. The measurements required can be
individual Paulis or commuting cliques. In VQE, bitstrings from measurement must
be mapped to energy values of +1 if L, are Paulis or with clique functions from
Section 4.2 if using parallel measurement. Traditional VQE estimates the means
for each measured quantity L; and sums to estimate the expectation value of the
Hamiltonian [PMS*14, TCC*21, CAB™20, VYI20]. We can alternatively sum each
single measurement of Ly, into a list of “single-shot estimates” h; of the Hamiltonian

expectation value. The mean of the h; will be equivalent to the estimated value of
(H) [RLTC21].

4.3 Single-Shot Formalism for Estimates of (H)

In this Section we discuss the single-shot formalism for VQE introduced in [RLTC21].
According to the introduction to VQE presented in Section 1.7, measurement in
VQE proceeds by sampling expectation values for each clique or Pauli term one at
a time. Assuming a sample size of S and that K measurements are required to
estimate (H), raw data for a single measurement takes the form of K lists of S
entries. Each of these K x S entries are bitstrings and the required measurements
can be cliques or Paulis. An example of how the data is stored is shown in Table 4.3.

The standard way to use this list of K x .S bitstrings is to map the bitstrings
to measured energies (using +1 for Paulis or clique functions for cliques) and calcu-
late the estimated expectation values for each clique or Pauli [PMS*14, TCC™*21,
RLTC21]. In the context of the example data in Table 4.3, this is equivalent to
finding the means of each row. Afterwards, the estimate of (H) is calculated by
summing the estimates for the Paulis or cliques [PMS*14, CAB*20, RLTC21].

An alternative viewpoint is to transpose the same data into a length-S' list
of K bitstrings. Each sublist corresponds to a complete sample of the Hamiltonian
with a single measurement per Pauli or clique. We then sum over the entries of a

single length-K list multiplying each value by the corresponding coefficient. Each
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summed list will then produce a “single-shot” or “single-sample” estimate of (H)
which we denote h; [RLTC21]. In the context of the data in Table 4.3, this is
equivalent to summing the entries vertically. The average of all h; will then be
equal to the estimate of (H).

Storing the data as single-shot estimates allows us to bin out the h; and
plot probability distributions of the sampled energies. These distributions allows us
to determine the sample sizes needed to know the estimated (H) within an error
bound [RLTC21]. When the h; distribution is plotted as a histogram, we can also
directly observe how the energy distribution is altered due to noise.

The distribution of single-shot estimates h; is not generally symmetric un-
der permutation of the sample order unless the permutation is identical for each
measured observable. If the permutations were the same for each observable, then
permuting the bitstrings is analogous to swapping elements in the list of h;. As
a small example of what can happen when the the order of samples is permuted

differently for each observable, consider the two-qubit non-LMG Hamiltonian
1
He = §Z122 + X1 2. (4.10)

Say we performed an experiment where we prepared some state and sampled the
expectation values of Z1Zy and X7 Z5 four times. Artificial, contrived data for this is
shown in Table 4.4. In the data shown in Table 4.4 there is a difference between the
distributions of h; depending on permutation. One permutation gave a list of single-
shot estimates {h1, ha, hs, ha} = {—1/2,1/2,—1/2,1/2} and the other permutation
gave {3/2,1/2,—3/2,1/2} for the same data. Thus order of samples does matter
when considering VQE measurement data in this single-shot estimate formalism.
Whenever possible, we sorted our own measured data in chronological order.

In this and the previous Sections we have explained our methods and the
hardware we used. Now we move on to discussing the results we obtained with

those methods.
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’ Term ‘ Bitstring 1 | Bitstring 2 | Bitstring 3 | Bitstring 4
AVZ 00 01 11 01
X175 10 11 01 11
h; (Permutation 1) -2 3 1 L
ZZy 11 01 01 00
X175 11 11 10 01
h; (Permutation 2) 3 3 -3 1

Table 4.4: An example of how the distribution of single-shot estimates of a Hamil-
tonian Hey, can vary depending on the order the data is stored. For this table we
used artificial data as if we had estimated the Hamiltonian expectation value (Hex)
given in Equation (4.10) with VQE.

4.4 Results from Braket Simulators and an IonQ NISQ

Device

In this Section we discuss our results from preparing and measuring LMG eigenstates

using Amazon Braket.

4.4.1 First IonQ Results

We sought to prepare the first-excited state of the M = 11 LMG Hamiltonian with
Vo =1, =0,V =3/4 and W = 1/2 which had an expectation value of —8.2414e.
We used the efficient unary encoding outlined in Section 3.4 and did not store the
data in the single-shot formalism. We did use measurement parallelization.

The problem size of M = 11 qubits was chosen because the IonQ device we
were using had 11 qubits available. Values for v,, v, and V were chosen arbitrarily.
The magnitude of W had to satisfy V2 > W? to ensure a trigonometric LMG
Hamiltonian but, beyond that requirement, was also chosen arbitrarily.

Because we used the efficient unary encoding from Section 3.4 we had to use
the unary EGO circuit from Section 2.2 to prepare the eigenstates. The parame-
ters 0; to prepare the first-excited state are given in Table 4.5. These parameters
were obtained by numerically diagonalizing the LMG Hamiltonian to find the tar-
get eigenstate to prepare, encoding it according to the efficient unary encoding from

Section 3.4 and applying the coefficient-to-parameter formula in Section 2.2, Equa-
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Parameter Value

01 T —8.8363 - 107
6 T+ 3.3241- 1077
05 T —5.3099 - 1076
04 7+ 5.5453-107°
05 T —4.3543-1071
O T+ 2.7515 - 1072
0~ 7 — 0.014520
05 7+ 0.065189
B 2.8918

610 3.9569

011 0.40736

Table 4.5: The eleven ansatz parameter inputs to prepare an encoded M = 11-qubit
first-excited LMG eigenstate with eigenvalue —8.2414¢. For this problem we picked
V =3/4, W =1/2 and v, = v, = 0. These parameters ¢; are inputs for the unary
EGO circuit given in Section 2.2. These inputs were used in the VQE examples
described in Section 4.4.

tion (2.6). Some of the 6; in Table 4.5 are very close to 7; recall from Subsection 2.4.5
that the coefficient-to-parameter formula in Equation (2.6) has a tendency for the
ansatz parameters ¢; to approach m as M increases.

We chose a sample size of 213

and submitted the job in Amazon Braket.
The IonQ device prepared the LMG eigenstate using the unary EGO circuit from
Section 2.2 a total of 4 x 23 = 219 times; once for each of the four cliques per
sample. The IonQ device estimated (H) to be —5.7012¢ £ 0.069¢, an error of 30.8%.
We ran the same process again with a sample size of 10 and obtained an estimate
of (H) at —4.5302¢ 4 0.069¢ which corresponds to an error of 45.0%. These errors

are outside the bounds of uncertainty but are not unexpected for NISQ devices run

without any error mitigation techniques [SWS15].

4.4.2 JonQ Single-Shot Results

We used Braket’s local simulator and the IonQ NISQ device to run variations on
the same experiment as in Subsection 4.4.1 using the single-shot formalism. For the
first variation we compared simulator and NISQ data. For the second we increased

sample sizes to find the effect on the distribution of single-shot estimates h;. For
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Figure 4.7: Histograms of single-shot estimates h; of an M = 11-qubit LMG Hamil-
tonian expectation value. The data is a list of 10% single-shot estimates h; of (H)
which were sorted into bins with a width equal to quadruple the range of the h;
divided by the square root of the number of samples. The vertical axis units are
counts for each h; bin divided by the sample size. The theoretical value of (H) for
this case was —8.2414¢ and is depicted with a vertical dashed line. The dotted line
represents data from Braket’s local simulator while the solid line is data is from an
TonQ NISQ device. The vertical orange bar is the uncertainty around the NISQ
data’s mean hj;. The blue bar within the vertical dashed line is the uncertainty
around the simulator data’s mean h;.

the third variation we compared parallel clique-based and term-by-term Pauli-based
measurement. All variations prepared the same first-excited state given by Table 4.5
and used the same LMG Hamiltonian as used in Subsection 4.4.1. The theoretical
expectation value for the prepare state was —8.2414¢ and the relative errors were

calculated with Equation 4.1.

4.4.2.1 Simulation vs. NISQ Data

Figure 4.7 plots two histograms of the sampled single-shot estimates: one from the
IonQ device and one from the local simulator. A sample size of 10* was used.
The estimated (H) for the IonQ data is —4.68¢ & 0.07¢ (error of 43.3%) while the
simulator data’s estimate is —8.26¢ £ 0.04€ (error of 0.347%). The variance of the
IonQ data is higher than that of the simulator data, indicating a wider spread. This
is supported by the distribution shown in Figure 4.7. Simulator data returned the

expected value of —8.2414¢ within uncertainty bounds while the NISQ device did
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Figure 4.8: Histograms of simulated single-shot estimates h; of an M = 11-qubit
LMG Hamiltonian expectation value with sample sizes of 102, 103 and 10*. The
vertical axis units are counts for each h; bin divided by the sample size. The data
was collected with Amazon Braket’s local simulator. The theoretical expectation
value of (H) was —8.2414¢ and is depicted by the vertical dashed line. The 102
sample data has a mean of —7.7623¢ & 0.33¢ and is marked with circles. The 103-
sample data has a mean of —8.2116¢ & 0.11¢ and is marked with triangles. The
10%-sample data has a mean of —8.2700¢ &+ 0.04¢ and is marked with rhombuses.
The bin width is quadruple the range of the 103-sample data divided by the square
root of the number of samples.

not.

4.4.2.2 Varying Sample Size

Figure 4.8 shows the histograms of simulated single-shot estimates h; for sample
sizes of 102, 103 and 10*. Figure 4.9 shows the same but with data taken using the
IonQ device. The means, relative errors, standard deviations and standard errors
for these runs are given in Table 4.6. In both cases the standard deviation did
not change in scale even with a hundredfold increase in sample size. This was to
be expected because we were sampling from a fixed distribution set by the LMG
eigenstate’s coefficients. The standard errors on the mean would then scale as one

over the square root of the sample size because the variances would not scale.
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Figure 4.9: Histograms of single-shot estimates h; of an M = 11-qubit LMG Hamil-
tonian expectation value with sample sizes of 102, 10% and 10%. The vertical axis
units are counts for each h; bin divided by the sample size. The data was collected
with an TonQ NISQ device. The theoretical expectation value of (H) was —8.2414¢
and is depicted with a vertical dashed line. The 10%-sample data has a mean of
—5.43¢ + 0.68¢ and is marked with circles. The 103-sample data has a mean of
—4.64¢ + 0.23¢ and is marked with triangles. The 10%*-sample data has a mean of
—4.68¢+0.07¢ and is marked with rhombuses. The bin width is quadruple the range
of the 103-sample data divided by the square root of the number of samples.

’ Data ‘ Mean Relative Error ‘ Standard Deviation | Standard Error
Simulated (10%) | —7.7623¢ 5.81% 3.3128¢ 0.33¢
Simulated (10%) | —8.2116¢ 0.361% 3.6131e 0.11¢
Simulated (10%) | —8.2700¢ 0.347% 3.6279¢ 0.36¢

TonQ (10%) —5.434¢ 34.1% 6.8095¢ 0.68¢
TonQ (103%) —4.6414 43.7% 7.3910¢ 0.234¢
TonQ (10%) —4.6761¢ 43.3% 7.4143¢ 0.074e

Table 4.6: The means, relative errors, standard deviations and standard errors from
preparing and measuring a first-excited state of the M = 11-qubit LMG Hamil-
tonian. The simulator data was obtained with a local Braket simulator while the
IonQ data was taken from an IonQ NISQ device. In both cases the experiment was
performed with sample sizes of 102, then 10® and then 10%. The distributions of the
single-shot estimates h; that were used to calculate the values in this table can be
seen in Figures 4.8 and 4.9
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Figure 4.10: Histograms for simulated single-shot estimates h; of an M = 11-qubit
LMG Hamiltonian expectation value (H) with a sample size of 10%. The vertical axis
units are counts for each h; bin divided by the sample size. The solid line represents
data where each Pauli term in the Hamiltonian was estimated individually. The
dotted line represents data where the Pauli terms in the Hamiltonian were grouped
into four cliques of mutually-commuting observables and measured in parallel. The
theoretical expectation value of the Hamiltonian is —8.2414€ and is depicted by the
vertical dashed line. The single-Pauli data estimated (H) to be —8.2583¢ £ 0.04¢
which has a relative error of 0.2%. The parallel measurement data estimated (H)
to be —8.2700¢ + 0.04e which has a relative error of 0.2%.

4.4.2.3 Parallel vs. Single-Pauli Measurement

As established in Section 4.2, there are at most four cliques of mutually-commuting
Pauli observables in the LMG Hamiltonian when encoded in the efficient unary en-
coding from Section 3.4. Encoded in such a way the LMG Hamiltonian decomposes
(5(11) — 2) = 53 Pauli terms which make up the four cliques. We prepared and
sampled the same first-excited state as in the last Sub-subsection according to both
the single-Pauli, term-by-term measurement method and the parallel-measurement,
clique-based measurement method. The parameters to prepare the state are given
in Table 4.5 and we used the unary EGO circuit described in Section 2.2. In both
cases the sample size was 10* but the single-Pauli data needed to make 53 estimates
for a total of 5.3 x 10° samples. Conversely, the clique-based method required only
4 x 10* samples as it only needed one estimate per clique. We used Braket’s SV1

simulator and the IonQ device to collect the data.
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Figure 4.11: Histograms for single-shot estimates h; of an M = 11-qubit LMG
Hamiltonian expectation value (H) taken from the TonQ NISQ device with a sam-
ple size of 10*. The vertical axis units are counts for each h; bin divided by the
sample size. The solid line represents data where each Pauli term in the Hamiltonian
was estimated individually. The dotted line represents data where the Pauli terms in
the Hamiltonian were grouped into four cliques of mutually-commuting observables
and measured in parallel. The theoretical expectation value of the Hamiltonian is
—8.2414€ and is depicted by the vertical dashed line. The single-Pauli data esti-
mated (H) to be —4.342¢ £ 0.10e which has a relative error of 47.3%. The parallel
measurement data estimated (H) to be —4.671e + 0.07¢ which has a relative error
of 43.2%. The bin width of the histogram is four times the range of the h; values
divided by the square root of the sample size.

Results from the simulator are shown in Figure 4.10. The single-Pauli data
estimated (H) to be —8.2583¢+0.04¢ which has a relative error of 0.2%. The parallel
measurement data estimated (H) to be —8.2700¢ + 0.04¢ which has a relative error
of 0.2%. Both the single-Pauli and parallel measurement data have the same sample
size and same standard error of 0.04e¢, indicating that their variances are also the
same. In simulation there appears to be no measurable change in the distribution
of single-shot estimates h; when using single-Pauli or paralle] measurements.

The equivalent single-Pauli vs. parallel measurement results from the IonQ
device are shown in Figure 4.11. The parallel-measurement technique estimated (H)
to be —4.6710e £ 0.07¢ which has a relative error of 43.2%. The single-Pauli method

estimated (H) to be —4.3416¢+0.10e which has a relative error of 47.3%. Given that
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Figure 4.12: All four histograms shown in Figures 4.10 and 4.11 plotted together.
Each histogram is made up of single-shot estimates h; for the M = 11-qubit LMG
Hamiltonian expectation value (H). The vertical axis units are counts for each h;
bin divided by the sample size. Circles denote NISQ data from measuring each
Pauli term while triangles denote data from the same device performing parallel
measurement. Rhombuses denote simulator data from measuring each Pauli term
while squares denote simulator data from parallel measurement. Simulator data
was collected from Braket’s SV1 and NISQ data was collected from an IonQ device.
The theoretical expectation value of the Hamiltonian is —8.2414¢ and is depicted
by the vertical dashed line. The bin width is quadruple the range of the single-shot
estimates h; divided by the square root of the number of samples.

both distributions had a sample size of 10* and the parallel measurement data had
a smaller standard error, the single-Pauli data had a larger variance. Further, the
parallel measurement data had a peak at approximately —11e which captured the
theoretical value within the peak’s width at half-maximum (—13.7¢ to —1.3¢). The
single-Pauli data had no such peak despite having approximately the same mean.
The 53-term data was taken over a significantly longer time period than the
4-clique data because we needed to perform more measurements. We also did not
have exclusive access to the device meaning that our circuit runs were spread out
over five days as we waited our turns in the queue. The extra time to estimate (H)
would have allowed for more device drift. This may explain the difference in the

single-Pauli and parallel-measurement results in Figure 4.11.
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Both the simulator data and that from the IonQ device can be seen plotted
together in Figure 4.12. Without using the single-shot formalism, the signal peak
in the parallel-measurement data would not have been seen because both gave the

approximately same estimate for (H).

4.5 5-Qubit Comparison of Braket/IonQ and IBMQ Per-

formances

Research for the previous Section used the IonQ NISQ device and Braket simulators
to compare variations in the measurement methods of VQE for a single problem. In
this Section we instead will use the same VQE method on multiple NISQ devices to
compare the machines themselves.

We chose 5 LMG ground states to prepare and sample from as a set of
benchmarking problems. The data from the NISQ machines could then be compared
to each other and that of simulators. In doing so we can estimate the quality of each
device concerning state preparation and measurement, providing a benchmark other
than fidelities, error rates or qubit count. Counting qubits is one way to compare the
IBMQ and IonQ machines, but ultimately qubit counts are irrelevant if devices are
too noisy [Prel8]. We also compared the results against data where each bitstring
was generated completely randomly with equal probability for an entry being either
Oor 1.

For the five LMG problems we picked V = /3, W = /2, v, = 15, = 0 and
only varied M from 1 to 5. The predicted ground state energies were approximately
—0.616€, —1.616¢, —2.629¢, —3.636¢ and —4.640¢ for M = 1 to 5, respectively. This
defined a set of one- to five-qubit problems to benchmark these devices with. In
all cases we used the efficient unary encoding from Section 3.4 and the unary EGO
circuit from Section 2.2. We also used the parallel measurement technique from
Section 4.2 and took 10* single-shot estimates h; of (H) for each problem.

We used IBMQ’s 5-qubit Belem, Bogota, Lima, Manila and Quito devices and

five qubits of the 11-qubit IonQ device. When obtaining data from the IonQ device,
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Figure 4.13: The estimate of the ground state energy of the 1-, 2-; 3-, 4- and 5-qubit
LMG Hamiltonians with V' = \/g, W = /2 and v, = 1, = 0. The horizontal axis is
the qubits used in the problem (also equal to the number of theoretical gates). Each
estimate of (H) used 10* measurements of each clique in the LMG Hamiltonian.
The NISQ devices used are denoted by “M” for Manila, “Bo” for Bogota, “Be” for
Belem, “L” for Lima, “Q” for Quito and “I” for the Ion(@ machine. “T” indicates
the predicted theoretical values.
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Figure 4.14: The absolute value of the relative error for calculating the ground state
energy of 1-, 2-, 3-, 4- and 5-qubit LMG Hamiltonians with V = /3, W = /2 and
Vg = 1 = 0.. The horizontal axis is the qubits used in the problem (also equal to the
number of theoretical gates). Each estimate of (H) used 10* measurements of each
of the four cliques in the LMG Hamiltonian. The NISQ devices used are denoted by
“M” for Manila, “Bo” for Bogota, “Be” for Belem, “L” for Lima, “Q” for Quito and
“I” for the IonQ machine. Note that most quantum devices’ relative errors rise to
more than 80% at 5-qubits where IBMQ Manila and TonQ are approximately 50%
for the same problem sizes.
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Braket defaulted to sorting the measured bitstrings by their base-10 equivalents
instead of chronologically. This did not happen for the Braket local simulator.
As discussed in Section 4.3 the single-shot estimate distribution is not generally
symmetric under permutation of the bitstring order. To rectify this we applied
random permutations to the data order.

The 10%-sample estimates for the expectation value of the LMG Hamiltonian
were compared to the known theoretical values. The estimates for (H) are the means
of the corresponding lists of single-shot estimates h; and are shown in Table 4.7 and
Figure 4.13. The “Random” row in Table 4.7 contains artificial results from data
generated by randomly sampling bitstrings with equal probability. Effectively, this
data was constructed as if we had flipped a coin to determine every zero or one
in each bitstring. This would yield a symmetric distribution of h; centered on the
identity coefficient Cy because the it is the only term in any clique function By which
is not antisymmetric with respect to the global 0 <+ 1 transformation on the input
bitstrings.

Relative errors plotted in Figure 4.14 and written in Table 4.7 were calcu-
lated according to Equation (4.1) from the beginning of this Chapter. Figure 4.14’s
horizontal axis is M. This is equal to both the number of qubits and the theoretical
depth of the circuit. Most of the devices’ relative errors rose to more than 80% at
five qubits. IBMQ Manila’s and the IonQ device’s relative errors remained on the
order of 50% at five qubits. Figure 4.13 also shows that IBMQ Manila and the TonQ
device were the only NISQ machines whose estimates of (H) did not significantly
decrease in magnitude beyond 3 qubits. The errors in the “Random” data row from
Table 4.7 indicate that relative errors on the order of 100% are still not as poor as
those from random assignment of bitstrings. Thus, even with the large errors, the
NISQ devices were still performing better than random guesswork.

Both Figure 4.13 and Figure 4.14 implicitly group the NISQ devices’ results
into two categories based on performance. IBMQ Manila and the Ion(Q device had
relative errors below 60% while the other free IBMQ devices approached 100%. The

single-shot estimates h; for the M = 3-qubit, 4-qubit and 5-qubit data are plotted
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y Device | 1 Qubit | 2 Qubits | 3 Qubits | 4 Qubits | 5 Qubits
Theory —0.616e | —1.616e | —2.629¢ | —3.636e | —4.640€
QASM Simulator —0.624¢ | —1.607¢ | —2.606e | —3.605¢ | —4.619¢

+0.009¢ | +0.015¢ | +£0.020¢ | +0.026¢ | +0.031¢
(1.3%) | (0.6%) | (0.9%) | (0.9%) | (0.5%)

Braket Local Simulator | —0.610€ —1.620¢ —2.622¢ —3.619¢ —4.612¢
4+0.010e | £0.015¢ | +£0.020e | £0.026¢ | +0.032¢
(0.9%) (0.2%) (0.3%) (0.5%) (0.6%)

IBMQ Manila —0.511€ | —1.318 | —1.848¢ | —2.230¢ | —2.241¢
+£0.010e | +£0.017¢ | +£0.025¢ | +0.035¢ | +0.045¢
(17.1%) | (18.5%) | (29.7%) | (38.7%) | (48.0%)

IBMQ Bogota —0.533¢ | —1.210¢ | —1.672¢ | —0.315¢ | —0.052¢
+£0.010e | +£0.018¢ | +0.026¢ | +0.041¢ | +0.052¢
(13.4%) | (25.2%) | (36.4%) | (91.3%) | (98.9%)

IBMQ Belem —0.498¢ —1.183¢ —1.632¢ —1.735¢ —0.433¢
+0.010e +0.018¢ +0.026¢ +0.036¢ +0.049¢
(19.1%) | (26.8%) | (37.9%) | (52.3%) | (90.7%)

IBMQ Lima —0.520e | —1.330e | —1.234¢ | —0.974e | —0.369¢
+£0.010¢ | £0.017¢ | +0.027¢ | +£0.039¢ | +0.050¢
(15.6%) | (17.7%) | (53.0%) | (73.2%) | (92.0%)

IBMQ Quito —0.418¢ | —0.934e | —1.136¢ | —0.694¢ | —0.001¢
+£0.011€ | £0.018¢ | +0.027¢ | +£0.040¢ | +0.052¢
(32.1%) | (42.2%) | (56.8%) | (80.9%) | (100.0%)

TonQ —0.569¢ | —1.274e | —1.537¢ | —2.01de | —2.020¢
+£0.010¢ | £0.017e | +0.029¢ | +£0.035¢ | +0.048¢
(7.6%) | (21.2%) | (41.5%) | (44.6%) | (56.5%)

Random 0.725¢ | 1.241¢ | 2.005¢ | 3.035¢ | 4.150¢
+0.013¢ | +0.019¢ | +£0.027¢ | +0.035¢ | +0.044¢
(217.8%) | (176.8%) | (176.3%) | (183.5%) | (189.4%)

Table 4.7: Data from Figure 4.14 and Figure 4.13. The Braket local simulator,
IBMQ QASM simulator and five NISQ devices were tasked with preparing five
LMG eigenstates from 1 to 5 qubits and measuring the expectation value of the
LMG Hamiltonian with V = /3, W = v/2 and v4 = 15 = 0.. The estimates of the
expectation value are shown here. The absolute value of the relative error for each
estimate is shown in parentheses. The “Random” row has results from artificial data
where each bitstring = was generated randomly with equal probability for bitstring
entry z; =0 or x; = 1.
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Figure 4.15: Histograms of 10? single-shot estimates h; of the M = 3 LMG Hamil-
tonian expectation value. The vertical axis units are counts for each h; bin divided
by the sample size. The data depicted is from the QASM simulator (circles), IBMQ
Manila (triangles), the local Braket simulator (rhombuses) and the IonQ device
(squares). These devices are grouped together because they are either simulators or
NISQ machines with the most accurate results in our experiments. The theoretical
expectation value of —2.62¢ is denoted with a vertical dashed line. The bin width
is quadruple the largest range of the single-shot estimates h; divided by the square
root of the number of samples.
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Figure 4.16: Histograms of 10 single-shot estimates h; of the M = 3 LMG Hamilto-
nian expectation value. The vertical axis units are counts for each h; bin divided by
the sample size. The data depicted is from IBMQ devices Bogota (circles), Belem
(upward triangles), the Lima (rhombuses) and Quito (squares). These NISQ de-
vices were grouped together because they produced the least accurate results. The
theoretical expectation value of —2.62¢ is denoted with a vertical dashed line. The
bin width is quadruple the largest range of the single-shot estimates h; divided by
the square root of the number of samples.
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Figure 4.17: Histograms of 10* single-shot estimates hj of the M =4 LMG Hamil-
tonian expectation value. The vertical axis units are counts for each h; bin divided
by the sample size. The data depicted is from the QASM simulator (circles), IBMQ
Manila (triangles), the local Braket simulator (rhombuses) and the IonQ device
(squares). These devices are grouped together because they are either simulators or
NISQ machines with the most accurate results in our experiments. The theoretical
expectation value of —3.64¢ is denoted with a vertical dashed line. The bin width
is quadruple the largest range of the single-shot estimates h; divided by the square
root of the number of samples.
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Figure 4.18: Histograms of 10* single-shot estimates hj of the M = 4 LMG Hamilto-
nian expectation value. The vertical axis units are counts for each h; bin divided by
the sample size. The data depicted is from IBMQ devices Bogota (circles), Belem
(upward triangles), the Lima (rhombuses) and Quito (squares). These NISQ de-
vices were grouped together because they produced the least accurate results. The
theoretical expectation value of —3.64¢ is denoted with a vertical dashed line. The
bin width is quadruple the largest range of the single-shot estimates h; divided by
the square root of the number of samples.
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Figure 4.19: Histograms of 10* single-shot estimates hj of the M =5 LMG Hamil-
tonian expectation value. The vertical axis units are counts for each h; bin divided
by the sample size. The data depicted is from the QASM simulator (circles), IBMQ
Manila (triangles), the local Braket simulator (rhombuses) and the IonQ device
(squares). These devices are grouped together because they are either simulators or
NISQ machines with the most accurate results in our experiments. The theoretical
expectation value of —4.64¢ is denoted with a vertical dashed line. The bin width
is quadruple the largest range of the single-shot estimates h; divided by the square
root of the number of samples.
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Figure 4.20: Histograms of 10* single-shot estimates hj of the M = 5 LMG Hamilto-
nian expectation value. The vertical axis units are counts for each h; bin divided by
the sample size. The data depicted is from IBMQ devices Bogota (circles), Belem
(upward triangles), the Lima (rhombuses) and Quito (squares). These NISQ de-
vices were grouped together because they produced the least accurate results. The
theoretical expectation value of —4.64¢ is denoted with a vertical dashed line. The
bin width is quadruple the largest range of the single-shot estimates h; divided by
the square root of the number of samples.
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in Figures 4.15 through 4.20. Each set of data for a given qubit number is split
up into two plots based on accuracy. The two most accurate NISQ devices and
the simulators’ results are plotted in Figures 4.15, 4.17 and 4.19 while the rest of
IBMQ’s free devices’ results are plotted in Figures 4.16, 4.18 and 4.20. In all of
these the predicted theoretical value for (H) is shown with a dashed vertical line.

The one- and two-qubit examples are not shown in their own histogram plots
because of resolution; it was difficult to distinguish the differences between the dif-
ferent devices’ data. In each encoded LMG Hamiltonian there are 2™ different
outcomes for each simultaneous clique measurement. Thus for the single-qubit en-
coded LMG Hamiltonian, which only has two cliques, there are only four different
values the single-estimate h; can take. Similarly for the two-qubit encoded Hamil-
tonian there are only twelve different h;. As the number of values h; can take rises
exponentially beyond that point, so too does the resolution.

The accuracy of IBMQ Manila and the IonQ device evident in Figure 4.14
is also visible in Figures 4.19 and 4.20. The single-shot estimate h; distributions in
the plot with simulators, IBM(Q Manila and the IonQ device are all peaked at the
predicted value. Conversely, the distribution peaks for the other free IBMQ devices
are not.

Looking at the available specifications for the free IBMQ devices in Table 4.1,
Manila has the lowest CNOT error rate, the second-lowest readout error rate and is
the fastest in terms of circuit layers per second. It also has a different processor than
the others, as we discussed in Subsection 4.1.3. It’s possible that these qualities are
why IBM(Q Manila, a free and publicly-accessible NISQ machine, performed on the

same order of quality as the IonQ device.

4.6 53-Qubit Example

Google ran their quantum supremacy experiment on the 53-qubit Sycamore quan-
tum computer [AAB*T19]. We composed a 53-qubit LMG-eigenstate-preparation

problem and ran it on IBMQ’s QASM simulator to demonstrate that we can de-
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fine a problem at the scales of quantum supremacy. As a comparison, the largest
published VQE experiment run on a NISQ device at the time of writing was on the
order of 12 qubits [aFAAB'20]. As we did for the 11-qubit examples, we picked
V=3/4, W =1/2 and v, = v, = 0 as values for the LMG Hamiltonian. In this
problem we used the efficient unary encoding from Section 3.4 and the unary EGO
circuit from Section 2.2. We also used the parallel measurement method described
in Section 4.2. Data was taken with sample sizes of 103, 10* and 10°. All Qiskit code
for this problem was run in IBMQ’s JupyterLab notebook services. We attempted
to run a similar simulation using Google’s Cirq language and their local simulator
but were unable to do so because it could only simulate up to 20 qubits [Dev21].

Due to the size of the problem we were required to numerically diagonalize the
54-dimensional Hamiltonian matrix. Because this problem is scaled to the current
limit of NISQ devices, we took note of the classical runtimes of the steps to find the
eigenstate to prepare and encode it. All of these calculations were done in Wolfram
Mathematica.

Hamiltonian matrix construction took approximately 5 seconds using the
Quantum Mathematica package but only 0.002 & 7 x 107% seconds without the
package. Diagonalization took approximately 10~2 seconds using Mathematica’s
Eigenvectors[] function. Encoding the Hamiltonian in terms of Paulis also took
approximately 1072 seconds. Finding the angles to prepare the target eigenstate
with Equation (2.6) from Section 2.2 took approximately 5 x 1072 seconds. When
all these classical setup processes were performed in series with a sample size of 103,
the total runtime was 0.07 & 10~ seconds. The 53 input parameters are saved to a
file and are available upon request.

We picked the ground state to prepare. The ground state energy for this
configuration of the LMG Hamiltonian is —52.8498¢. The estimated (H) are given
in Table 4.8. All three estimates were within uncertainty bounds of the mean,
indicating that the simulations gave the correct expectation value. The simulated
LMG eigenstate preparation and sampling problem was successful even at the scale

of quantum supremacy.
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’ Shot Count \ Value ‘

—52.3374¢
103 +1.0525¢
(1.0%)
—52.6357¢
10% +0.3288¢
(0.4%)
—52.8693¢
10° +0.1050€

(0.04%)

Table 4.8: The estimated expectation values for the M = 53-qubit LMG Hamilto-
nian using the efficient unary encoding from Section 3.4 and parallel measurement.
This data was taken from IBMQ’s QASM simulator and relative errors are shown
in parentheses. In all three cases the simulator gave the correct result within uncer-
tainty bounds of the theoretical value —52.3374e.
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Figure 4.21: A histogram of 10* simulated single-shot estimates h; of an LMG
Hamiltonian expectation value (H). The vertical axis units are counts for each h;
bin divided by the sample size. The state prepared was the ground state of the
M = 53 LMG Hamiltonian which had a theoretical expectation value of —52.85¢.
This theoretical value is denoted by a vertical dashed line. IBMQ’s QASM simulator
estimated (H) to be —52.64¢ £ 0.33¢ which corresponds to an error of —0.4%. The
uncertainty of the data about the mean is depicted by a transparent blue rectangle.
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Parameter Value
0 7 —1.1465- 1079
0 T+ 4.4577-1078
03 T —7.4479-1077
04 T+ 8.2526 - 1076
05 T —6.9988-107°
O 7 +4.8883-1073
0~ 3.1386
05 3.1574
B 3.0637
610 3.5123

Table 4.9: The ten ansatz parameter inputs to prepare an encoded M = 10-qubit
LMG eigenstate with eigenvalue —9.8469¢. These parameters 6; are inputs for the
unary EGO circuit given in Section 2.2 and were used for the sensitivity tests in
Subsection 4.7.1.

The 10%*-sample simulation data is shown as a histogram in Figure 4.21.
In the Figure the theoretical expectation value is depicted with a vertical dashed
line while the data’s uncertainty about the mean is shown with a transparent blue

rectangle.

4.7 Sensitivity Testing

We tested the sensitivity of the unary EGO circuit from Section 2.2 to losses in
input parameter precision. All runs were performed with IBMQ’s QASM simulator
and used the efficient unary encoding from Section 3.4. We also used the parallel
measurement technique from Section 4.2.

For all sensitivity tests we define a standard error threshold: the scale of the
inherent variability of an estimate from sampled data. The value of the threshold is

calculated as one over the square root of the sample size.

4.7.1 Sensitivity Testing with Rounding for 10 Qubits

Our first tests of sensitivity to input parameter precision simulated preparation and
sampling with the ground state of an M =10, v, = v, =0,V =3/4 and W = 1/2

LMG Hamiltonian. The theoretical expectation value of the prepared state was
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Precision ‘ 10* Shots ‘ 10° Shots ‘ 10% Shots
0 —8.91€ + 0.05¢ | —8.96¢ £ 0.01¢ | —8.97¢ 4 0.004¢
(9.5%) (9.0%) (8.9%)
1 —9.77¢ £ 0.03¢ | —9.78¢ £ 0.01e | —9.79¢ 4+ 0.003¢
(0.76%) (0.72%) (0.58%)
2 —9.81€ = 0.03¢ | —9.85¢ £ 0.01e | —9.85¢ 4+ 0.003¢
(0.37%) (0.01%) (0.007%)
3 —9.86¢ + 0.03¢ | —9.84¢ £+ 0.01e | —9.85¢ 4+ 0.003¢
(0.17%) (0.03%) (0.007%)
4 —9.87¢ = 0.03¢ | —9.84¢ £ 0.01e | —9.84¢ 4 0.003¢
(0.28%) (0.02%) (0.04%)
5 —9.81e = 0.03¢ | —9.85¢ &= 0.01e | —9.84€ £ 0.003¢
(0.38%) (0.03%) (0.04%)
6 —9.82¢ +0.03¢ | —9.85¢ £ 0.01e | —9.85¢ 4= 0.003¢
(0.27%) (0.04%) (0.02%)
7 —9.74¢ + 0.03¢ | —9.85¢ £ 0.01e | —9.85¢ 4+ 0.003¢
(0.08%) (0.06%) (0.03%)
8 —9.85¢ +0.03¢ | —9.84¢ £ 0.01e | —9.85¢ 4+ 0.003¢
(0.02%) (0.02%) (0.07%)
9 —9.80€ +0.03¢ | —9.87¢ £ 0.01e | —9.85¢ 4+ 0.003¢
(0.51%) (0.24%) (0.02%)
10 —9.84¢ + 0.03¢ | —9.86¢ £+ 0.01e | —9.85¢ 4+ 0.003¢
(0.11%) (0.12%) (0.08%)
11 —9.92¢ +0.03¢ | —9.86¢ £ 0.01e | —9.85¢ 4= 0.003¢
(0.70%) (0.15%) (0.04%)
12 —9.89¢ + 0.03¢ | —9.85¢ £ 0.01e | —9.85¢ 4+ 0.003¢
(0.41%) (0.00%) (0.02%)
13 —9.84¢ +0.03¢ | —9.85¢ £ 0.01e | —9.84¢ 4= 0.003¢
(0.05%) (0.05%) (0.32%)
14 —9.83¢ +0.03¢ | —9.85¢ £ 0.01e | —9.85¢ 4+ 0.003¢
(0.22%) (0.00%) (0.01%)
15 —9.85¢ +0.03¢ | —9.86¢ £ 0.01e | —9.85¢ 4+ 0.003¢
(0.00%) (0.08%) (0.02%)
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Table 4.10: The estimated values for (H) when using the unary EGO circuit from
Section 2.2 the input parameters ¢; from Table 4.9. The “Precision” column is how
many decimal places the input parameters §; were rounded to and the other columns
contain the estimated (H), uncertainties and relative errors for a given number

of shots.

Relative errors are shown in parentheses.
value for the LMG eigenstate prepared was —9.847e.

The theoretical expectation

In each case we used the

efficient unary encoding from Section 3.4 and the parallel measurement method
from Section 4.2. We ran the circuits on IBMQ’s QASM simulator. This data is
plotted in Figures 4.22a, 4.22b and 4.22c.
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Figure 4.22: Plots of the absolute value of the relative error of estimating (H)
for a single LMG eigenstate with increasing precision on the ansatz parameters
{61, ...,010}. The state-preparation circuit used was the unary EGO circuit in Sec-
tion 2.2. The dashed lines represent the scale of the standard error threshold.
Figures 4.22a, 4.22¢ and 4.22b depict results from preparing an N = 20, M = 10
LMG ground state with sample sizes of 10%, 10° and 10°, respectively.
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—9.847e. When performing the first iteration of measurements we rounded the
ansatz parameters to integers, then for the second we allowed one decimal point of
precision, and so on to fifteen decimal places. The parameters are given in Table 4.9
and the estimated (H), uncertainties and relative errors in Table 4.10.

Figure 4.22a shows the absolute value of the relative error of the estimated
(H) as a function of the decimal places rounded to. Each data point consists of 10%
single-shot estimates of (H). Figure 4.22b depicts the same for data with 10° samples
and Figure 4.22¢ for 10 samples. In all three plots the horizontal dashed line is the
standard error threshold. Additionally, for all three plots rounding parameters ¢;
to integers gave errors on the order of 10%. Additionally, as long as the parameters
have two decimal places of precision, then the results are indistinguishable from
fifteen-decimal-place precision. The Figures also indicate that the simulators gave
the correct values within uncertainty bounds as long as we used at least two decimal
places of precision in 0;.

In Figures 4.22a, 4.22b and 4.22c the accuracy does not increase beyond the
standard error threshold. This is because, past the threshold, any gains in accuracy

would be on a scale less than that of the natural variation inherent to sampling.

4.7.2 Sensitivity Testing with Rounding for Multiple 3 Qubit States

In Chapter 2, Subsection 2.4.4 we thoroughly detailed the 3-qubit, N =7, V = /3,
W = /2 LMG model’s eigensystem in Table 2.2. Though the values for expectation
values and parameters {61, 62, 63} were rounded to 4 decimal places for the Table,
we saved them to 15 places elsewhere. The eigenvalues in question were —1.40¢,
1.82¢, 3.96¢, 6.10¢, —3.13¢, 0.28¢, 3.26¢ and 6.08¢. Note that the eigenvalue 0.28¢ is
much smaller in magnitude that the other seven eigenvalues.

Similarly to Subsection 4.7.1 we rounded the parameters 6; from 0 to 15 dec-
imal places, then simulated preparation and sampling of each eigenstate 10* times
using IBMQ’s QASM simulator. We took the mean of the measured eigensvalues’
relative errors for all eight states and plotted them against the number of decimal

places used in the angles. Table 4.11 contains the estimated (H), uncertainty and
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Figure 4.23: Plots of the absolute value of average relative errors for preparing
8 different N = 7 LMG eigenstates and estimating (H) 10* times. The state-
preparation circuit used was the unary EGO circuit in Section 2.2. The dashed
lines represent the standard error threshold. For this case V = V3 and W = V2.
Parallel measurement was employed. The device used was IBMQ’s QASM simulator.
We repeated this process 15 times, increasing the number of decimal places in the
ansatz parameters {61, 02,03} each time. Figure 4.23b contains the same information
as Figure 4.23a but the bottom line is the mean relative error of seven eigenstates
instead of eight. The eighth (top line) eigenvalue was close to zero and was inflating
the mean relative error value.

relative errors for preparation and measurement of eigenstates obtained from fidu-
cial state |0,1) while Table 4.12 contains the results for the other four eigenstates
obtained with fiducial state |1, 0).

Figure 4.23a depicts the means of all eight estimated eigenvalues’ relative
errors. Unlike in Figures 4.22a through 4.22¢, Figure 4.23a does not display a trend
where accuracy reaches a maximum after two decimal places, nor does the accuracy
remain below the standard error threshold as the precision increases. This is because
one of the eigenvalues’ magnitudes (0.28¢) was close to zero compared to the others
(1.4€ to 6.1¢) and inflating the relative errors. Data for this eigenstate was separated
from the other seven in Table 4.13 and Figure 4.23b. After removing the outlying
eigenstate data we again see the trend of increasing accuracy until the standard

error threshold is reached in Figure 4.23b.
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Prec. Fig. 1 Fig. 2 Fig. 3 Fig. 4
—1.40¢ 1.82¢ 3.97¢ 6.10¢

0 —0.94€ 4+ 0.02¢ | 1.96€ + 0.03¢ | 3.95¢ £+ 0.02¢ | 6.95¢ + 0.02¢
(33%) (8.0%) (0.46%) (1.37%)

1 —1.39¢ +0.02¢ | 1.84¢ +0.02¢ | 3.97¢ = 0.02¢ | 6.11€¢ 4+ 0.02¢
(0.69%) (1.1%) (0.01%) (0.09%)

2 —1.42¢ £ 0.02¢ | 1.83¢ £ 0.02¢ | 3.97¢ £ 0.02¢ | 6.12¢ 4+ 0.02¢
(1.3%) (0.88%) (0.17%) (0.31%)

3 —1.38¢ +0.02¢ | 1.86¢€ + 0.02¢ | 3.93¢ = 0.02¢ | 6.11¢ + 0.02¢
(1.7%) (2.2%) (0.90%) (0.10%)

4 —1.35¢ 2 0.02¢ | 1.79¢ & 0.02¢ | 3.95¢ £ 0.02¢ | 6.12¢ - 0.02¢
(3.8%) (1.7%) (0.34%) (0.33%)

5 —1.39¢ +0.02¢ | 1.85¢ + 0.02¢ | 3.97¢ = 0.02¢ | 6.12¢ + 0.02¢
(0.82%) (1.86%) (0.00%) (0.24%)

6 —1.40€ +0.02¢ | 1.81€ +0.02¢ | 3.97¢ +0.02¢ | 6.12¢ 4+ 0.02¢
(0.17%) (0.31%) (0.02%) (0.27%)

7 —1.40e€ £ 0.02¢ | 1.80€ + 0.02¢ | 3.98¢ £ 0.02¢ | 6.11¢ 4+ 0.02¢
(0.33%) (0.84%) (0.45%) (0.04%)

8 —1.38¢ +0.02¢ | 1.82¢ + 0.02¢ | 3.99¢ £+ 0.02¢ | 6.09¢ - 0.02¢
(1.38%) (0.09%) (0.55%) (0.23%)

9 —1.39¢ £ 0.02¢ | 1.81€ £ 0.02¢ | 3.97¢ = 0.02¢ | 6.13¢ 4+ 0.02¢
(0.56%) (0.61%) (0.04%) (0.47%)

10 —1.41e £ 0.02¢ | 1.83¢ + 0.02¢ | 3.96¢ £+ 0.02¢ | 6.09¢ + 0.02¢
(0.75%) (0.61%) (0.19%) (0.26%)

11 —1.40€ 4+ 0.02¢ | 1.79¢ & 0.02¢ | 3.95¢ £ 0.02¢ | 6.11€¢ 4= 0.02¢
(0.11%) (1.4%) (0.44%) (0.12%)

12 —1.41e £ 0.02¢ | 1.83¢ + 0.02¢ | 3.96¢ £+ 0.02¢ | 6.12¢ 4+ 0.02¢
(0.78%) (0.52%) (0.05%) (0.20%)

13 —1.44€ +0.02¢ | 1.78¢ + 0.02¢ | 3.98¢ £+ 0.02¢ | 6.12¢ 4+ 0.02¢
(2.9%) (2.0%) (0.36%) (0.02%)

14 —1.41e £ 0.02¢ | 1.78¢ + 0.02¢ | 3.96¢ £ 0.02¢ | 6.11¢ 4+ 0.02¢
(0.79%) (1.9%) (0.16%) (0.15%)

15 —1.45¢ £0.02¢ | 1.76€ £ 0.02¢ | 3.96¢€ £ 0.02¢ | 6.10e £ 0.02¢
(3.1%) (3.3%) (0.01%) (0.02%)
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Table 4.11: The expectation values for 10* single shot samples of (H) when using
the unary EGO circuit from Section 2.2 the input parameters ¢; from Table 2.2
from Subsection 2.4.4. In this case we used the QASM simulator and the unary
EGO circuit to prepare each of the eigenstates of an N = 7 LMG Hamiltonian and
estimated their eigenvalues with the parallel measurement method from Section 4.2.
Data from the four eigenstates obtained with fiducial state |0, 1) is shown here. The
“Prec.” column is how many decimal places the 6; were rounded to and the other
columns contain the means, uncertainties and relative errors from estimating the
eigenvalues of the eight eigenstates. Relative errors are shown in parentheses.
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Prec. Eig. 5 Fig. 6 Fig. 7 Fig. 8

—3.13¢ 0.28¢ 3.26¢ 6.08¢

0 —2.83¢ +0.02¢ | 0.42¢ + 0.02¢ | 3.39¢ £ 0.02¢ | 5.94¢ 4+ 0.02¢
(9.6%) (49%) (4.0%) (2.2%)

1 —3.12¢ +0.02¢ | 0.28¢ + 0.03¢ | 3.28¢ £+ 0.02¢ | 6.08¢ 4+ 0.02¢
(0.53%) (1.2%) (0.41%) (0.08%)

2 —3.11e £ 0.02¢ | 0.34€ £ 0.03¢ | 3.23¢ = 0.02¢ | 6.09¢ + 0.02¢
(0.68%) (21%) (0.93%) (28%)

3 —3.15¢ +0.02¢ | 0.30€ + 0.03¢ | 3.28¢ £+ 0.02¢ | 6.04¢ 4+ 0.02¢
(0.50%) (7.1%) (0.47%) (0.61%)

4 —3.13¢ 22 0.02¢ | 0.27¢ £ 0.03¢ | 3.21e¢ £ 0.02¢ | 6.06¢ = 0.02¢
(0.12%) (2.7%) (1.6%) (0.20%)

5 —3.09¢ £ 0.02¢ | 0.29¢ + 0.03¢ | 3.27¢ £0.02¢ | 6.11¢ + 0.02¢
(1.4%) (2.7%) (0.16%) (0.52%)

6 —3.10e +0.02¢ | 0.32¢ + 0.03¢ | 3.22¢ +0.02¢ | 6.07¢ 4+ 0.02¢
(1.1%) (13%) (1.2%) (0.12%)

7 —3.17¢ £ 0.02¢ | 0.29¢ + 0.03¢ | 3.30e £ 0.02¢ | 6.07¢ 4+ 0.02¢
(1.1%) (3.0%) (1.0%) (0.06%)

8 —3.13¢ +0.02¢ | 0.29¢ + 0.03¢ | 3.26¢€ £+ 0.02¢ | 6.08¢ 4+ 0.02¢
(0.02%) (3.4%) (0.07%) (0.01%)

9 —3.11e £ 0.02¢ | 0.28¢ + 0.03¢ | 3.27¢ £+ 0.02¢ | 6.08¢ 4+ 0.02¢
(0.84%) (0.87%) (0.19%) (0.07%)

10 —3.15¢ +0.02¢ | 0.30€ + 0.03¢ | 3.27¢ £ 0.02¢ | 6.05¢ + 0.02¢
(0.53%) (7.4%) (0.16%) (0.37%)

11 —3.14€ +0.02¢ | 0.29¢ + 0.03¢ | 3.28¢ £ 0.02¢ | 6.09¢ 4= 0.02¢
(0.20%) (3.6%) (0.57%) (0.21%)

12 —3.16€ +0.02¢ | 0.28¢ + 0.03¢ | 3.25¢ +£0.02¢ | 6.07¢ + 0.02¢
(0.77%) (0.72%) (0.34%) (0.03%)

13 —3.13¢ +0.02¢ | 0.25¢ + 0.03¢ | 3.23¢ £+ 0.02¢ | 6.06¢ 4+ 0.02¢
(0.21%) (9.2%) (1.1%) (0.26%)

14 —3.17¢ 2 0.02¢ | 0.30€ + 0.03¢ | 3.25¢ £ 0.02¢ | 6.08¢ 4+ 0.02¢
(1.4%) (8.5%) (0.27%) (0.09%)

15 —3.16€ £ 0.02¢ | 0.35¢ £ 0.03¢ | 3.27¢ £ 0.02¢ | 6.06¢ £ 0.02¢
(0.77%) (27%) (0.18%) (0.25%)
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Table 4.12: The expectation values for 10* single shot samples of (H) when using
the unary EGO circuit from Section 2.2 the input parameters ¢; from Table 2.2
from Subsection 2.4.4. In this case we used the QASM simulator and the unary
EGO circuit to prepare each of the eigenstates of an N = 7 LMG Hamiltonian and
estimated their eigenvalues with the parallel measurement method from Section 4.2.
Data from the four eigenstates obtained with fiducial state |1, 0) is shown here. The
“Prec.” column is how many decimal places the 6; were rounded to and the other
columns contain the means, uncertainties and relative errors from estimating the
eigenvalues of the eight eigenstates. Relative errors are shown in parentheses.
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| Precision [ Al || w/o Outlier | Outlier |

0 1.8% 5.0% 49%
1 0.09% 0.06% 1.2%
2 2.8% 0.19% 21%
3 0.89% 0.01% 71%
4 1.3% 1.1% 2.7%
) 0.41% 0.08% 2.7%
6 1.3% 0.33% 13%
7 0.55% 0.19% 3.0%
8 0.27% 0.17% 3.4%
9 0.05% 0.18% 0.87%
10 1.1% 0.18% 7.4%
11 0.34% 0.12% 3.6%
12 0.14% 0.26% 0.72%
13 1.2% 0.03% 9.2%
14 1.1% 0.01% 8.5%
15 3.4% 0.06% 27%

Table 4.13: Relative errors estimating the expectation value of all eigenstates of
an N = T-particle LMG Hamiltonian with varying levels of precision on the input
parameters. The parameters to prepare the state are given in Table 2.2 from Sub-
section 2.4.4. All circuits were run using IBMQ’s QASM simulator and we used
the EGO circuit from Section 2.2. We also used the parallel measurement method
from Section 4.2. “Precision” denotes to what decimal place we rounded the in-
put parameters 6;. The “All” column averages together the relative errors from
preparing all eight eigenstates and estimating their eigenvalues. The “w/o Outlier”
column differs from the “All” column in that the data from preparing one eigenstate
(eigenvalue 0.28¢) was removed as an outlier. The errors for preparing and measur-
ing that eigenstate are given in the final “Outlier” column. This data is plotted in
Figures 4.23a and 4.23b.

Parameter Value
01 3.1404
05 3.1526
03 3.0904
04 3.3243
05 —2.5612

Table 4.14: The five ansatz parameters to prepare the target LMG eigenstate from
the sensitivity tests in Subsection 4.7.3. These inputs are for the unary EGO circuit
given in Section 2.2. The state they prepare has an eigenvalue of —4.6399¢.
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| Precision d | Estimated (H) |

0 —1.250€ + 0.049¢
(73.1%)

1 —4.557¢ + 0.033¢
(1.79%)

2 —4.612¢ + 0.031¢
(0.61%)

3 —4.583¢ + 0.031¢
(1.23%)

4 —4.594€ + 0.032¢
(0.98%)

5 —4.620€ + 0.032¢
(0.43%)

6 —4.587€ + 0.032¢
(1.13%)

7 —4.665¢ + 0.031¢
(0.55%)

8 —4.629¢ + 0.032¢
(0.24%)

9 —4.663¢ + 0.03¢
(0.6%)

10 —4.582¢ + 0.03¢
(1.2%)

11 —4.625¢ + 0.03¢
(0.32%)

12 —4.674e £ 0.031¢
(0.74%)

13 —4.60€ + 0.032¢
(0.84%)

14 —4.622¢ + 0.032¢
(0.39%)

15 —4.664€ + 0.032¢
(0.53%)
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Table 4.15: The estimated values for (H), uncertainties and relative errors for
preparing an M = 5-qubit LMG eigenstate with perturbed input parameters 6;.
All data was collected from IBMQ’s QASM simulator and used the unary EGO
circuit from Section 2.2. We used the efficient encoding from Section 3.4 and the
parallel measurement method from Section 4.2. By perturbing the input parameters
we tested the sensitivity of the 5-qubit EGO circuit to input precision loss. To do so
we rounded the input parameters 6; to d decimal places and then perturbed them
by a random value from —9 x 107¢ to 9 x 10~¢ for each individual state prepara-
tion. Relative errors are shown in parentheses. The theoretical expectation value
for the LMG eigenstate prepared in all cases was —4.6399¢. This data is plotted in

Figure 4.24.
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Figure 4.24: A plot of the absolute value of the relative error for preparing an
M = 5 LMG eigenstate and estimating (H) 10* times for each data point. The
state-preparation circuit used was the unary EGO circuit in Section 2.2. For each
point we truncated the ansatz parameters 0y to d decimal places and perturbed
them by a random value in the interval {—9 x 107971,9 x 10791}, The dashed line
represents the standard error threshold.

4.7.3 Sensitivity Testing with Non-Rounding Errors and 5 Qubits

Our last test of sensitivity to precision in the input parameters introduced random
errors. We found the ansatz parameters 6; to prepare the ground state of the M = 5,
vy = vy = 0 LMG Hamiltonian with V = /3 and W = /2. The target eigenstate
had an eigenvalue of —4.6399¢. Each ansatz parameter was then truncated to d
decimal places and perturbed by a randomly chosen value between —9 x 107¢~! and
9 x 107971, This was repeated for d = 0 to d = 15. For example: at d = 0 we’d
round 3.1404 to 3 and then perturb it by a random value in between —0.09 and 0.09.
The exact inputs are stored and are available upon request, but the non-perturbed
values are given in Table 4.14.

Table 4.15 contains the estimated 10%-sample Hamiltonian eigenvalues, un-
certainties and absolute errors of the data from preparing and measuring an LMG
eigenstate on IBMQ’s QASM simulator with perturbed input parameters. Fig-
ure 4.24 plots the relative error of the data as a function of the precision d. The
dashed line in Figure 4.24 is the scale of standard error threshold at 1/v/10% = 0.01.

Similar to the previous sensitivity tests in Figures 4.22a through 4.23b, there are no
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clear gains in accuracy from increasing input parameter precision beyond two dec-
imal places. However, unlike those previous plots, the relative error does increase
beyond the standard error threshold of 1% for 10* samples. The largest error be-
yond d = 2 is approximately 1.24%. This deviation appears because we introduced

artificial perturbations introduced into this data.

Summary

We have successfully implemented the unary EGO circuit from Section 2.2 and the
efficient LMG encoding from Section 3.4 to prepare eigenstates of the LMG model
and estimate (H) for them. We used both quantum simulators and NISQ devices.
Though results on NISQ devices had errors on the order of 10% or more, they still
performed better than random guessing as seen in Section 4.5. The results from
simulators agreed with theoretical predictions within the bounds of uncertainty.

To run these experiments, we used the parallel measurement technique from
Section 4.2 and the single-shot formalism from Section 4.3. Parallel measurement
allowed for efficient estimation of Hamiltonian expectation values. When estimating
(H) of the N-particle LMG model, we only need to make at most four measure-
ments for a single-shot estimate h; for any N. Additionally, using those single-shot
estimates h; to plot histograms of sampled energies allowed us to see peaks in very
noisy data.

In the next Chapter we will discuss the Bardeen-Cooper-Schrieffer (BCS)
model of superconductivity, another Gaudin-Richardson model, and the extended

LMG model.



Chapter 5

Beyond the LM G Model

The LMG model is not unique in having an EGO. Ortiz et al. gives a list of Gaudin
models solvable with the Bethe ansatz [OSDRO05]. In this Chapter we’ll explore the

solution of the Bardeen-Cooper-Schrieffer (BCS) model of superconductivity.

5.1 Background and the BCS Hamiltonian

In 1957, Bardeen, Cooper and Schrieffer proposed a micromechanical explanation
for superconductivity which later became the basis for BCS theory: electrons in a
material pulled together ("paired”) via an attractive force mediated by phonons. In
some situations the pull of this phonon-mediated force can overcome electrostatic
repulsion and the electrons form a Cooper pair [ER85]. This fact is the solution

”

of the “Cooper Problem.” A Cooper pair has two electrons in a singlet state with
respect to linear momentum and spin, so the total momentum of each pair is 0. An

example state |¥) for a Cooper pair is given by [Ann04, OSDRO5]
©) = o (|, 1) | =k, 4) — |k, 1) |k, 1)) (5.1)
k

where k represents linear momenta, T, | represent the spin states of electrons and
¢ are coefficients.

We use the textbook Superconductivity, Superfluids and Condensates [Ann04]

127
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as a guide to the Cooper Problem while setting i and the Boltzmann constant kp
to 1. Before we begin we must define the Fermi surface as the edge of the occupied
momentum-space region for electrons in a system at zero temperature and the Debye
frequency wp as a cutoff frequency for phonons established by the total number of
modes the phonons can occupy[Ann04, Kit05].

Consider two electrons in a crystal lattice. They are outside of a filled spheri-
cal Fermi surface with radius ep. Also assume that the temperature T far below the
Debye frequency T' <« wp which confines the electrons to the state space between
er and €p + wp [Ann04]. From this point on we will give energies with respect to
er [Ann04].

The electrons may scatter off of each other in a manner mediated by phonons

and governed by the following Hamiltonian [Ann04]:

H = Z ngek + g Z Z thUcT_kh_Jc_kQ’_gckQ’g (5.2)
k

o ki,k2

where k; is the momentum of electron i. Quantum number o sums over the two

spin states 71, ] of the individual electrons. Parameter g in the Hamiltonian is the

interaction strength and controls whether the interaction is attractive (g < 0) or
T

repulsive (g > 0). Operator ¢, creates a fermion in orbital ko and ¢, annihilates

it. Number operator ny is summed over the spin quantum number as

ng = Z chckg. (5.3)

The interaction term in Equation (5.2) will annihilate two particles of oppo-
site linear and spin momenta and create two new ones with opposite momenta. This
represents the exchange of momenta via a phonon. We have now fully described the
BCS Hamiltonian and can move on to calculating the energy E of a Cooper pair.

Assume a general eigenstate H |U) = E |¥) where |¥) is given by Equa-
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tion (5.1). From the time-independent Schrodinger equation we can say [Ann04]
E¢p =26x0p +9 > dw- (5.4)
k/

We can then solve for the coefficient ¢y,

bk = g(EZ_’“’;Z':) (5.5)

which indicates that
_N 9w )
Zék—z B2 (5.6)
k k
Note that the left-hand side of Equation (5.6) must be equal to the sum in

the numerator of the right-hand side; they are identical up to relabeling of indices.

Therefore Equation (5.6) can be simplified as

1
R

1
:>1:ng_2€k. (5.7)
k

Until now we have treated the k values as quantized. The sum in Equa-
tion (5.7) is over all k such that the energy of the system is less than wp. To solve
Equation (5.7) for E we let k become continuous with a density of states fr. The
sum over allowed k-space in Equation (5.7) is thus transformed into an integral. The
only k-dependent element of the integrand is €; so instead of integrating over the

available k-space we may equivalently integrate over e-space from € = 0 to € = wp:

“D  de
1 =
ng/O T o

=1= %(lnE—lnE—QwD)
el/ng
= E=2wp (5.8)

el/afr — e=1/9fF"

The Cooper pair energy E from Equation (5.8) is less than 0 if ¢ < 0 and
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greater than 0 if ¢ > 0. For g < 0, then, the state of a filled spherical Fermi surface is
unstable and will decay into a state of Cooper pairs. Emergence of Cooper pairs does
rely on the particles being restricted to energy states just above the Fermi energy
er (low temperatures) but does not require the magnitude g of the electron-phonon
interaction to be beyond any threshold value [Ann04, Kit05].

A macroscopic superconducting state is a condensate of many Cooper pairs
into a state just above the Fermi level er. This “BCS state” has an energy gap
in between it and the next-lowest allowed energy state. Electrons will then flow
with zero resistance because energy transfers from scattering off the lattice are not
enough to cross the gap [BCS57, Kit05, Ann04]; the correlated electrons move with

a shared momentum [ER85].

5.2 BCS as a Gaudin Model

We now approach the BCS model as a more general system where we do not assume
spin-1/2 particles. The BCS Hamiltonian governs N fermions which can occupy L
different orbitals labeled by ¢ where each orbital has a maximum occupancy 2, and
energy ¢;,. The degeneracy §2, of each orbital is related to a spin-like quantity 7,
by Q¢ = 27, + 1. The vertical component o of this quantity can take 2, different
values. The general BCS Hamiltonian is given by [OSDR05, DPS04]

L

H = Z €emy + g Z CEUCE,UCZ’—U’CE’U’- (5.9)
(=1 oo

Vertical component quantum number ¢ and index ¢ fully describe any pos-
sible state the fermions can occupy. Fermionic operators czg and ¢y, create and
annihilate fermions in the state o while ny, = ) c}a% is the number opera-
tor. Parameter ¢ is the interaction strength. As described in Section 5.1, if g is
positive then the interaction is repulsive negative g creates an attractive poten-

tial [OSDRO5, DPS04].

In Equation (5.9) we have assumed that quantum number ¢ labels orbitals
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with a position basis but in principle we could also use momentum [OSDRO05]. This

would be implemented with the following Hamiltonian:

L
H = Z €My + g Z ngcig_ac—é’—o’cﬁ’o’- (5.10)
/=1 oo

to respect time-reversal rules about momenta [OSDRO5].

This BCS Hamiltonian in Equation (5.9) was solved by R.W. Richardson in
the 1960s but his solution was largely overlooked [RS64, DPS04, DO06]. Indeed
it is still not widely appreciated that the BCS is exactly solvable. For example,
Reference [Ann04] states that the BCS Hamiltonian is “too hard to solve exactly”
even though it was published forty years after the solution.

Recall that the LMG Hamiltonian in Subsection 1.8.1 was also written in
terms of fermionic operators. As detailed in Appendix B, the Bethe ansatz solution
of the LMG Hamiltonian can be understood in terms of su(1, 1) pair operators which
are functions of the fermionic operators [OSDR05, DPS04]. In the case of the BCS

model the Bethe ansatz solution instead uses su(2) pair operators [OSDRO5]

1
_ P
T = 2;%0%0’ (5.11)
= (5.12)
T, = < CooClo .
¢ 2 . Lo Gl
2n) — Q
=, (5.13)
= o=t
(rp = LT TE 4 (g2 (5.14)

2

to obtain the Hamiltonian in terms of pseudospin pair operators. The 7'[:t operators
correspond to creating and annihilating a Cooper pair in degenerate orbital £ and 77
returns the vertical pseudospin component of the state. Note that because the pair

operators do not obey bosonic commutators, Cooper pairs are not bosons [Ann04,
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I LMG Model I BCS Model |
bT)@ bo| = —0xs {nga Cka’} = 0000/
[KY,K;] = —20\,K; (7). 7] = 2007
(K3, KZ] = 20\, Ky (77, 7] = £ou,
K = (]b))/2 = Y0 Chyhs
Ky = (baby)/2 T, =D 5 CtsClo
K; = (ny—1/2)/2 7= (2, chcto — /2)/2
N =2M + v, + v N=2M+X) v
’Va,l/b> |V1,V27"7VL>
€, V, w €0, g
vy=0orl vp=0o0r1l
Energy level 0 = £ Vertical component o is general (+ for e™)
Particle index 1 < k < N Composite quantum number 1 < /£ < L

Table 5.1: A table comparing parts of the Bethe ansatz solution for the Lipkin-
Meshkov-Glick (LMG) Hamiltonian and the Bardeen-Cooper-Schrieffer (BCS)
Hamiltonian. In the table, we use b; to denote creation operators of the A mode
in the LMG’s bosonic representation (and similarly for by). Particle-pair operators
K/j\[ and K7 are su(1,1) operators given in Appendix B during the classification of
the LMG model as an X X Z Gaudin model and its solution. Particle-pair operators
th, 7; are su(2) operators defined in Chapter 5 in the solution of the BCS model.

ERS5, Kit05]. The BCS Hamiltonian in terms of these su(2) operators is [OSDRO5]

L L
Q
H = E €0 <27’f + ;) +g E T, (5.15)

(=1 00=1

Much like the bosonic LMG Hamiltonian, the BCS Hamiltonian is solvable
with its own EGO and Bethe equations [OSDR05, LHD13, DPS04]. The BCS EGO
is [OSDRO05, DPS04]

M L -
¢
—_— 5.16
11> 552 (5.16)
which operates on fiducial state |1, va, ...,vp) = |v). Fiducial occupancy numbers vy
are restricted to be 0 or 1 because they represent unpaired particles. If v, = 2, then

that would be a pair so the (P

orbital would have no unpaired particles and thus
vy = 0, creating a contradiction. Occupancy for each orbital £ is bounded by the
degeneracy €. This also implies Q; > 2M + v, [DPS04]. To allow for time-reversed

states we can take the degeneracies {2, can be taken to be even which implies half-

integer pseudospins 7, by €y = 27y + 1 [DPS04]. Table 5.1 compares various aspects
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of the exact solutions for the LMG and BCS models.

It is required that 7, |v) = 0 because the state |v) has no particle pairs in it
so a pair annihilation operator 7,7 would map it to 0 for any ¢ [OSDR05, DPS04].
We’ll define the number operators n, for each orbital ¢ to be such that ng|v) =
ve |v) [OSDRO5, DPS04]. The number of Cooper pairs M is related to the number

of particles N by
L

N=2M+)» u. (5.17)
=1

Equation (5.17) is derived from the same principles as the LMG equivalent given in
Subsection 1.8.1, Equation (1.74): the number of particles N is equal to twice the
number of particle pairs (M) plus the number of unpaired particles (Zf vp). The
spectral parameters / “pairon energies” E,, are obtained from Bethe equations as

in Subsection 1.8.1 for the LMG model:

g L0, — o M 1
¢ — «ly
1+= — +2 — =0. 5.18
+22265—Em+ 92 E, - E, (5.18)
=1 n#m=1

The eigenvalues w are simply the energies of the unpaired particles plus the

pairon energies E,, [OSDR05, DPS04]

L M
w= Zégljg + Z E, (5.19)
(=1 m=1

and are in the same units as g and ¢,.

The BCS Hamiltonian differs from the LMG in its dimensionality for a fixed
number of particles. This is due to combinatorics. In the case of the LMG model
there are N particles which can be distributed into 2 modes. Thus an LMG Hamil-
tonian with fixed N is O(N)-dimensional. The BCS model distributes N particles
into L €,-fold degenerate orbitals. This is a variation of the classic “balls in bins”

problem where we place a maximum capacity €2, on each bin ¢ [Par12]. For constant



Draft of 5:18 pm, Thursday, July 7, 2022 134

capacity 2y = Q the number of ways W to distribute N balls into L bins is [Bro]

W(N,L,Q) = ]Z;(_l)j (5) <L R _Ll__lj @+ 1)> (5.20)

where we let (™) = 0 for all m < n [Bro]. Equation (5.20) would then also give the
dimensionality of the BCS Hamiltonian for N fermions distributed over L orbitals
with constant degeneracy (2.

+

In the next Section we will solve for the actions of pair operators 7,-, 77 on

the Fock basis using the requirements defined in this Section.

5.3 Representation of Tgi, T/

We will work in a Fock basis where states are fully described by a list of L occupan-
cies; one for each of the degenerate orbitals. We want to find a valid representation of
pseudospin operators Tei, 77 in such a basis. The requirements for these pseudospin

operators set up in Section 5.2 are [OSDR05, DPS04]:

(r) =1, (5.21)

[ 7 ] = 2077, (5.22)

(77, 7] = +0uT¢ (5.23)
%Z%—%, (5.24)

ng|vi,va, ...,vr) = vg v, ve, .., VL), (5.25)
7, |v1,ve, . v) =0, (5.26)
v € {0,1}. (5.27)

Equations (5.21), (5.26) and (5.27) imply that T;: change the occupation

number of mode ¢ by +2. To proceed, then, we assume generic forms for the
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pseudospin operators as

Q-2

= 3 w2, (528)
Je=0

Qg
=3 di e 2, (5.29)
Je=2

97 _
=3 () bt (5.30)

Jje=0

where j, are the particle occupancies of orbital /. Equation (5.21) forces Equa-

tions (5.28) and (5.29) to be adjoints of each other, implying d;, = u! The

Je—2"
commutator linking Tlft and 77 along with the required form of 77 shown in Equa-

tions (5.22) and (5.24) further imply

Q
Q
u = ug,_3 = ?‘ —1, (5.32)
Q ) .
uj, = 76 — Jo + |uj,—2]?, 2<j, <Q—4 (5.33)

Defining Tf and 77 according to Equations (5.28-5.33) ensures that they
obey the requirements set by Equations (5.21-5.27). We can now make this solution
more complete by finding a closed-form solution for u;, in Equation (5.33). We ap-
proach solving the recursion relation in Equation (5.33) by finding specific solutions,
identifying a pattern as a candidate general solution and then verifying the solution
satisfies the su(2) commutators in Equations (5.22) and (5.23).

To start the solution process, Equations (5.31-5.33) suggests that we might
write the coefficient u;, as a radical with two separate terms within: a positive
integer T multiplying €2,/2 plus a negative integer K. We can suggest an ansatz for
uj, with

uj, = \|T— — K. (5.34)
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Lje [T K]
0|10
1 (1] 1
2 12| 2
3 12| 4
4 1316
5 13|19
6 | 4|12
714116
8 | 5|20
9 | 5|25
10 | 6 | 30

Table 5.2: The integers T and K for the su(2) ladder operator coefficients u;, shown
in Equation (5.34). These values hold true for general degeneracies Q; of orbital £
and are only shown up to j, = 10.

The integers T and K for general €y can be calculated recursively using
Equation (5.33) and are shown in Table 5.2 for 0 < j, < 10. Using this as a

framework, we postulate a closed-form solution for Equation (5.33) as

Qe de+ 1, Get1)?
UJZ—\/Q( R (5.35)
_ \/jz (Q — 2 — jo) + 29 — (2 + 1) (jo mod 2)
1 .

Thus for a Fock state of L degenerate orbitals with occupancies j,, the op-

erators Tlft, 7/ act as

TZ— ’j17j27"7jL> :uj/|7]£+27> (536)
7, |91, J25 - J0) = Uj—2 |y o — 2, ..0) (5.37)
o . 20— Q¢ .. )
7 |1, J2s - L) = 1 71,25 -5 JL) (5.38)
CQeget 1, et D)?
uu—\/z[ L e (5.39)
or \/JZ (2 —2— 7o) + 29 — (2 + 1) (je mod 2)
1 )

Now we must verify that this representation satisfies the su(2) commutators
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in Equations (5.22) and (5.23). First, note that Equations (5.36-5.39) do not deviate
outside a given orbital ¢; therefore the su(2) operators commute when acting on
different orbitals. We proceed in the case where they act on the same orbital by
using the definitions of Tgt and 77 in Equations (5.28-5.30). The commutator of

(7,7, 7, ] will act as

T;Te_ |je) = Ui_z lje) 5 (5.40)

o1 lie) = w3, i) s (5.41)

= [ 7 ey = (uf,—o —u3,) lje) (5.42)
= He= S iy = orf L),

= [, 7] =27 (5.43)

We can also verify the commutator [77, Tg:t] in Equation (5.23) by examining

the actions of T[i, 7; on single orbital’s Fock state |ji):

ujz—l:tl (ng +4 — Qg)

{7y ) = i e £2), (5:44)
i i) = S ) g4, (5.45)
7, 73t ] o) = Fujemran e £ 2) = 275 |je) (5.46)
= [rf, 7] = £7F. (5.47)

Thus the suggested forms for Téi, 7/ in Equations (5.36-5.39) form a valid
representation of su(2) in the Fock basis. We may now proceed to finding specific

solutions of the BCS Hamiltonian using this representation.

5.4 Simple Examples of BCS Diagonalization

In this Section we will diagonalize specific BCS Hamiltonians with fixed values for
their parameters. We will use the Bethe ansatz solution from Section 5.2 and the

su(2) representation on the Fock states outlined in Section 5.3.
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5.4.1 First BCS Example

For this example we shall begin with a single particle pair (M = 1) and three
doubly-degenerate orbitals (L = 3 and €y = 2) where orbitals 1 and 2 have an
unpaired particle but orbital 3 does not (11 = v = 1 and v3 = 0). We'll also set
the interaction parameter g to —1/2 and let the energy levels be given by €, = £.

First we solve the Bethe equation from Equation (5.18):

1

1-———— =0
12 — 2,

(5.48)

11
:EIZE

It follows from BCS EGO in Equation (5.16) that the unnormalized eigen-

state is given by

7'1+ 7'2+ T;—
1,1,0) = —211,1,2 5.49
(11/2—2+11/2—4+11/2_6)‘’’> 1,1,2) (5.49)

which normalizes to |1, 1,2). Finally, the predicted eigenvalue calculated from Equa-

tion (5.19) in Section 5.2 is

3

11 17
Zygeg—I—El:l—FQ—l-?:?. (5.50)
=1

We can now check the validity of this eigenstate-eigenvalue pair by applying

the normalized eigenstate to the BCS Hamiltonian in Equation (5.15):

3 3
1 _
HI1,1,2) = (Z e (217 +1) — 5 > T;T€,> 11,1,2) (5.51)

(=1 0=1

1 1
_ <1+2+6—2> y1,1,z>:57\1,1,2>

The Hamiltonian scaled the eigenstate by the eigenvalue predicted from the

Bethe ansatz, indicating that the solution is correct.
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5.4.2 Second BCS Example

Let us try a second example where we have two particle pairs (M = 2) so that we
may explore a case when the Bethe equations are of higher degree. For this example
we will have four quadruply-degenerate orbitals (L = 4 and €, = 4) where only the
first and third orbitals have unpaired particles (11 = v3 =1 and vy = vy = 0). We'll
pick a positive interaction parameter g = 1/2 and let the energies scale as ¢y = ¢

once again. In this case the Bethe Equations (5.18) become

1 1 1 1 1

1 =0 5.52
+4—2E1+12—2E1+4—E1+8—E1+E1—E2 ( )
I S S S L (5.53)
4—2Fy 12—2Fy 4—FEy 8—FEy FE;—Fy '

which have a solution
Ei=7-V5  FEy=T+5 (5.54)

It follows from the BCS EGO in Equation (5.16) that the unnormalized

eigenstate is

( T1+ 7'2+ 7';_ Tz_ )

+ + +
5—v5 3—-v5 1—-+v5 —-1—-+/5
( L SR - S >\1010>

5+v5 345 1456 —1++5) 77

1,2,3,0) +3,0,1,2) +[3,2,1,0) — 3[1,0,3,2
:|777>+’777>+|777> ’777> (5.55)

2V/2

+\1,4,1,0>+4y1,2,1,2>—\1,0,1,4>

2

which can be normalized by dividing by v/6. Applying the Hamiltonian to this
state results in the same state multiplied by 18. We can compare this scalar to the

predicted eigenvalue according to Equation (5.19):
3
ZV565+E1+E2:1—1—3+14:18 (5.56)

/=1

to see that they agree and we have therefore successfully found an eigenstate/eigen-
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value pair for this case of the BCS Hamiltonian.

5.4.3 Third BCS Example

For our third example we will find the ground state of a seven-particle (N = 7) BCS
Hamiltonian describing a system with four orbitals that are each six-fold degenerate
(L = 4 and 2y = 6). We'll restrict ourselves to the cases where there is a single
unpaired particle, which forces M = 3 by Equation (5.17) in Section 5.2. We'll set
the energy parameters g = —3/4 and ¢y = 1 — 27¢,

There are four sets of Bethe equations because the single unpaired particle
can be found in only one of four orbitals. We numerically solved the Bethe Equa-
tions (5.18) for all four cases using Mathematica’s NSolve [] function and substituted
the solutions into the BCS eigenvalue Equation (5.19) to find the lowest eigenvalue.
The ground state for this configuration of the BCS Hamiltonian occurs when vy = 1
and v = v3 = 14 = 0 and has a ground state energy of approximately —15.039; it
is given when the pairon energies are E1 ~ —5.6792, Fy ~ —4.9332 — 3.91667¢ and
F3 ~ —4.9332 + 3.9166i. Physical experiments have observed finite Cooper pair
lifetimes which suggest complex pairon energies [TBS'13]. Substituting these E,,

into the BCS EGO in Equation (5.16) and normalizing produces the ground state:

|¢) ~ —0.0546 |0, 0, 2, 5) — 0.088210,0,4,3) — 0.04100,0,6, 1)
—0.081210,2,0,5) — 0.2257(0,2,2,3) — 0.18040, 2,4, 1)
—0.19030,4,0,3) — 0.26050,4,2,1) — 0.12210,6,0, 1)
—0.08712,0,0,5) + 0.2307]2,0,2,3) + 0.1748 [2,0,4, 1)
+0.2835(2,2,0,3) + 0.3613 [2,2,2,1) + 0.2252|2,4,0, 1)
—0.2083]4,0,0,3) — 0.2262|4,0,2,1) — 0.10894, 2,0, 1)

—0.564916,0,0,1) . (5.57)

Applying the BCS Hamiltonian given by Equation (5.9) in Section 5.2 to
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the state |¢) in Equation (5.57) agrees with the eigenvalue predicted by the Bethe
ansatz with Equation (5.19).

In this Section we have shown several examples of using the Bethe ansatz
solution of the BCS Hamiltonian. We now move on from the fermionic BCS model

to a bosonic analogue.

5.5 Bosonic BCS

There exists an alternate bosonic BCS-like model simply called the bosonic BCS.
We shall compare its solution to that of the BCS model in Section 5.2 and see how
changing commutators forces fermionic or bosonic behavior.

The bosonic BCS model describes N bosons distributed over L modes with
degeneracy €y and energy €,. The interaction parameter is again called g. The

Hamiltonian is [OSDRO5]

L
H=Y emne+ %Z bibibgbe (5.58)

=1 o
where b}; creates a particle in mode ¢, by annihilates a particle in the same mode and
nyg counts the occupancy of the mode. Diagonalization proceeds nearly identically
to the fermionic BCS Hamiltonian in Section 5.2 [OSDRO05] but instead of using
su(2) operators 7;- and 77, we rewrite Equation (5.58) in terms of su(1,1) pair

operators [OSDRO5]

bibL
K/ = TK (5.59)
_ bt
=0 (5.60)
2n + Q
Kf = 7”51 L (5.61)
(K K] = —20m K7, (5.62)
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which transform the Hamiltonian into

H= ie <2Ké > Z K/K,. (5.64)

=1 £0'=1

The Bethe equations for the bosonic BCS model are given by[OSDRO05]

ZQQEZJFM p» Z — 0, (5.65)

n#m= 1

and the EGO is given by [OSDRO05]

M L +
KE
H Zm‘Vl,VQ,...,VL>. (566)

Fiducial state |v1, ..., vr) = |v) is the initial distribution of unpaired particles
over the modes. Just as in the LMG and the fermionic BCS solutions, vy is required
to be either 0 or 1. The eigenvalues for the bosonic BCS model are given by the
same equation as the fermionic case from Section 5.2 Equation (5.19) [OSDRO5].

Now let us find how the su(1,1) operators act in the Fock basis. We require
that K, |v) = 0. This is enforced for the same reason as 7, |v) = 0 in Section 5.2: if
a pair-annihilation operator K,  acts on a state [v) which only has unpaired particles
then it returns 0.

When solving for the actions of K-, K ; on Fock basis states we used an
identical method as in Section 5.3. We obtained the following representation for a

single mode with occupancy j,:

K} Ui = 2 G D2 (5.67)
K by = Sty |Gy (5.68)
Ki ljo) = MTJFQK!M- (5.69)

Only changing the commutators for the pair operators completely changes

the behavior of the creation and annihilation operators with a single sign flip. The
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coefficients for Klft are completely identical to those of Tgt in Section 5.3 except
for the sign of the second term in the radical; see Equations (5.67) and (5.39) to
compare. The action of K ; scales Fock state |js) by a monotonically increasing
function of j,. Coefficients from operator TZ_ , on the other hand, have a maximum
value for some 0 < j, < , and decrease beyond that until they eventually reach
0 at jp = €. The comparison between the bosonic and fermionic BCS models is
an illustrative, nontrivial and straightforward way to demonstrate the relationship

between commutators and physical behavior in a model.

5.6 BCS EGO Circuit Design

We were unable to find a suitable EGO circuit for the BCS model. As stated in Chap-
ter 2, we designed the LMG EGO circuits around the O(N) number of Fock basis
states in an LMG eigenstate. Those circuits required resources which scaled linearly
with the number of possible Fock basis states in the model they were simulating.
Therefore the BCS Hamiltonian, which has a support that increases combinatorially
according to Equation (5.20) from Section 5.2, will require combinatorially many
quantum resources if simulated using any of the EGO circuits in Chapter 2 [Bro].
Finding an EGO circuit for the BCS model is a potential avenue for further research.
If our time at Tufts was extended we would have further investigated general EGO

circuit design for Gaudin models.

5.7 Modified LMG Models

In addition to the BCS model we examined modified LMG models. Our initial
intent was to use the exactly-solvable LMG Hamiltonian as a zeroth-order term and
add perturbative terms to render it non-solvable and potentially more physically
realizable in experiments.

Generalized versions of the LMG have been proposed for decades [AKT75,
RRMCS21, SSM97|. If we assume an LMG-like structure with N-fermions dis-

tributed over two energy levels, energy gap ¢ — 1 and we assume that N is con-
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served, the most general Hamiltonian is still exactly-solvable. Like in the original
LMG model we use fermionic creation and annihilation operators c}; o> Cko to de-
fine the Hamiltonian. Quantum number k labels the degenerate orbital and can
be any positive integer between 1 and N. Quantum number ¢ = £1 designates
one of two energy levels. The Extended LMG (ELMG) Hamiltonian is given by
[RRMCS21, AK75]

1 1
Heivmg = 3 Z CLUCkU + IN Z 1)(,102,,3046201 c}i,@ckzmak% (5.70)
ko

01,02,03,04,C,C

which can be rewritten in terms of angular momentum operators. This transforma-
tion is the same one as we saw in Subsection 1.8.1 for the original LMG model and

results in [RRMCS21, AK75]

Hgrma :Jz“‘% (J3+J2) +%({J+,J,}—1) (5.71)
i) (]\][V D (Jo4 gy A D (N2 2 (5.72)

The ELMG Hamiltonian differs from the original LMG Hamiltonian in that
there are unpaired ladder operators Ji which increase the size of the support. The
original LMG Hamiltonian in angular-momentum notation could be divided into
two blocks of fixed M for a fixed N because basis states |j, m) were only mapped
to |7,m £+ 2) by the Hamiltonian. Adding terms with unpaired ladder operators
means that basis state |j,m) would be mapped to |j,m £ 1) as well, increasing
the size of the support required to write a state in the angular-momentum basis.
However, j is still fixed at N/2 so the ELMG Hamiltonian is (/N + 1)-dimensional.
O(N) dimensionality of the ELMG eigenstates also means that the model would be
efficiently simulable with any of the EGO circuits proposed in Chapter 2.

Because Equation (5.71) is given in terms of angular momentum operators,
we can always build an (N + 1)-dimensional ELMG Hamiltonian matrix and diag-

onalize it efficiently in O(N?) time.
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Summary

In this Chapter we have explored the BCS Hamiltonian in a similar way as the
LMG Hamiltonian in Subsection 1.8.1: diagonalizing it with the Bethe ansatz and
providing explicit examples. It is not viable for simulation using our EGO circuits,
but the principles of EGO circuit design may be applied to the BCS in future

research. We also discussed the extended LMG model.



Chapter 6

Conclusions

In this thesis we have presented a scalable system of benchmark problems for NISQ
computers based on exactly-solvable models. Each problem can be thought of as
an N-particle LMG state to prepare and the corresponding expectation value of the
Hamiltonian given by Equation (1.69) in Subsection 1.8.1. A measurement of an
N =~ 2M-particle LMG eigenstate would require M qubits and (8M — 3) gates to
prepare and yield one single-shot estimate h; of the LMG Hamiltonian expectation
value. The classical process to find the eigenstate, find the eigenvalue and encode
the Hamiltonian scales as O(M?). This system has potential to be generalized to
other Gaudin-Richardson models beyond the LMG such as the BCS.

After introducing the basics of quantum computing, VQE and the LMG
model in Chapter 1, Chapter 2 gave examples of how to use EGO circuits to pre-
pare LMG eigenstates. The quantum resources required for the three provided EGO
circuits are shown in Table 2.1 in Section 2.3. In large problems we were forced to
used numerical methods to solve for the eigenstate we wanted to prepare with the
EGO circuit, but this does not mean that we did not use the exactly-solvable struc-
ture of the LMG model. The EGO from Equation (1.73) in Subsection 1.8.1 let us
know that an analogous circuit would require at least M parameters and would have
to produce a superposition of (M + 1) encoded Fock states. Previous research into
the Bethe equations from the LMG’s exact solution indicated that the trigonomet-

ric LMG Hamiltonian would always have real coefficients for its eigenstates, further

146
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specifying the qualities of the EGO circuits we needed.

The current state of quantum simulation research is largely focused on fermions [GAN14,
PMS*14, BCLK 22, Prel8]. Our work instead used a bosonic model so our circuits
from Chapter 2 were designed to use bosonic encodings. Chapter 3 extended the
bosonic Fock state encodings from Chapter 2 to LMG operators in Sections 3.3
and 3.4 and general bosonic systems in Section 3.5. Additionally, we expanded
upon the bosonic encoding introduced by Somma in Section 3.6 by calculating the
Pauli costs of encoded creation and annihilation operators when they are raised to
positive integer powers. We found that when the creation or annihilation operators
raised to a power s are encoded with Somma’s method, the number of Pauli terms
in each operator dropped linearly with s. The proposed W-state encoding from
Section 3.6 is equivalent to Somma’s up to a global bit-flip and so it had the same
behavior. This increased Pauli efficiency with powers was not present in the unary
encoding proposed in Section 3.5 but the unary encoding required fewer qubits than
Somma’s or the W-state encoding for bosons.

Chapter 3 also discussed features in these bosonic encodings which are not
present in the fermionic Jordan-Wigner or Bravyi-Kitaev encodings [TSS*15, TLMC18].
These features, spectral expansion and non-Hermiticity of encoded observables, are
products of the embedding of bosonic degrees of freedom into finite computational
space while maintaining local operator encodings. Neither spectral expansion nor
non-Hermiticity presented any problems for sampling of the Hamiltonian expecta-
tion value (H) with directly-prepared states. Spectral expansion is a property of
both the unary and Somma’s encoding while non-Hermiticity is only found in the
unary encoding.

Chapter 4 discussed the NISQ devices we implemented our benchmarking
problems on and the methods we used. We used parallel measurement and the
single-shot estimate h; of (H) formalism to analyze our data [RLTC21]. Results
from NISQ devices estimating (H) were on the order of 10 — 100% relative error
while simulators running the same code yielded the predicted value of (H) within

uncertainty bounds. Both simulators and NISQ devices performed better than ran-
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domly guessing bitstrings in all cases. We compared performances of different NISQ
machines found that the Ion(Q device and IBMQ Manila gave the most accurate
estimates of (H). We also found that and that single-Pauli measurement in VQE
would yield approximately the same results as parallel measurement in simulators.
In NISQ devices, however, plotting distributions of the single-shot estimates for
single-Pauli and parallel measurement revealed that the parallel measurement NISQ
data had a peak at the theoretical value of (H). The single-Pauli NISQ data showed
no such peak despite giving approximately the same estimate for (H) as the paral-
lel measurement NISQ data. This is a difference between parallel and single-Pauli
measurement that we would not have seen without the single-shot formalism.

Chapter 4, Section 4.6 had results from a 53-qubit simulator preparing and
measuring an LMG eigenstate. The resources required for such a calculation are
important in this case; 53 qubits is the same size as the machine which Google used
to demonstrate quantum supremacy [AABT19]. We found that classically preparing
the problem had a total runtime of 0.07 7 x 10~ seconds at the supremacy-level
M = 53-qubit size. The linearly-scaling gate and qubit requirements of the unary
EGO circuit from Section 2.2 made it possible to run this simulation with Qiskit
but not with Google Cirqg.

Section 4.7 in Chapter 4 explored the sensitivity of the unary EGO circuit
from Section 2.2 with respect to losses in input parameter precision. We used
the QASM simulator. In all cases we found that precision beyond two decimal
places was unnecessary and yielded no gains in accuracy. When the accuracy was
increased beyond the standard error threshold, any gains would be smaller in scale
than natural variations due to sampling.

In implementing the parallel measurement technique in Chapter 4, Sec-
tion 4.2, we were able to greatly reduce the number of measurements required to
estimate the LMG Hamiltonian expectation value. Encoding the M-particle-pair
Hamiltonian unarily as in Section 3.4 would require (5M — 2) Pauli terms. By
grouping these terms into at most four cliques for any M, we removed the scaling of

a step of the eigenstate preparation-and-measurement problem. This lack of scaling
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is a near-ideal case in terms of how the number of measurements required grows as
a function of particle number. We also introduced clique functions By in Section 4.2
whose runtimes scale as O(M) when analyzing the data from an M-qubit LMG
measurement. The total runtime to analyze the data for an estimate of (H) will
therefore scale linearly because analysis of each of the fixed number of cliques scales
linearly.

The LMG model is a special case in that the dimensionality of its N-particle
eigenstates scale as O(N). Chapter 5 discusses the BCS model, another Gaudin-
Richardson model, as a comparison. In Section 5.3 we derived an explicit represen-
tation of the su(2) operators in the BCS Hamiltonian and EGO. We also discussed
the bosonic BCS model and demonstrate how differences in commutators alone dic-
tate the fermionic or bosonic traits of the two BCS models. Afterwards we briefly
mentioned extensions to the LMG model and the feasibility of simulating them with
the unary encoding and EGO circuit from Sections 3.4 and 2.2, respectively. The
EGO circuits and encodings presented in this thesis require O(D) qubits and gates
to simulate a D-dimensional Hamiltonian. Therefore the LMG and ELMG models
would be efficiently simulable with these circuits. Other Hamiltonians such as the
BCS will not be efficiently simulable using any of the EGO circuits from Chapter 2
because they have higher dimensionality than the LMG for a given number of parti-
cles. Regardless, it is precisely this simplicity without triviality which lets the LMG
Hamiltonian function as an efficient and scalable benchmarking problem for NISQ
devices as it has done for many-body approximation methods in the past [LMG65].

If we had more time at Tufts, we would explore how to generalize the EGO
circuit to other Gaudin-Richardson models. The first step would be to find a circuit
which prepares eigenstates of the LMG model with a direct relationship between
ansatz parameters 6, and spectral parameters Ey. This would be a more directly-
represented form of the EGO. Then we’d try to generalize that circuit to the BCS
model and to other Gaudin-Richardson models after that.

Another potential research topic for the future is investigating the differences

between bosonic and fermionic encodings discussed in Chapter 3. In particular:
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the interaction between ansatze, noise and spectral expansion in VQE with the
optimization step included. It is possible that noise could push prepared states out of
the encoded physical eigenspace of the bosonic Hamiltonian. Also, depending on the
exact Hamiltonian and encoding choices, the matrix the Hamiltonian is embedded
into may or may not have eigenvalues lower than the Hamiltonian’s ground state
energy. If the Hamiltonian’s spectrum is expanded below the ground state and
noise pushes the ansatz out of the eigenspace, then the classical optimizer for VQE
wouldn’t necessarily be bounded by the Hamiltonian ground state. This would open
VQE to variational errors not present when using Jordan-Wigner or Bravyi-Kitaev
encodings for fermions.

Concerning spectral expansion, we are currently unable to predict when
the spectrum expands below the ground state energy, when it expands above the
maximally-excited state energy, when it expands in both directions or when it
doesn’t expand at all. Section 3.7.1 gives an example where the spectrum expands
in both directions. If we were able to determine an underlying feature for Hamilto-
nians which did not encode with expanded eigenspectra, then we could potentially
determine whether encoded bosonic Hamiltonians would be resistant to spectral
expansion or not.

As a field, quantum computing has long passed the threshold of pure theory.
The NISQ era is a point of adolescence in the evolution of the field: devices cannot
perform complicated tasks and are noisy but there is great potential for improve-
ment. We hope that our work in this thesis is useful to the scientific community at
large, whether it helps by providing benchmarking problems to mark the progress

of NISQ technologies or by furthering the study of quantum simulation.



Appendix A

Step-by-Step Guide to Find,
Prepare and Measure LM G

Eigenstates with NISQ Devices

This is a step-by-step guide on how to find and prepare the eigenstates of the LMG
model using the system outlined through this thesis. This Appendix will assume
usage of the unary encoding for the LMG model from Section 3.4 and the unary

EGO circuit from Section 2.2.

1. Pick values for V., W, M, v, and 1. V can be any real number while W should
be real and chosen to fulfill V2 > W?2. They are interaction parameters. M can
be any positive integer and represents the number of particle pairs. Unpaired
particles are represented with v, and v} so those variables must be either 0 or

1.

2. Solve the Bethe equations given in Equation (1.77) from Subsection 1.8.1 to
obtain at least one set of spectral parameters E,. This yields (M + 1) distinct
solutions of M real numbers Ey. If solving would take too long, write up the
LMG Hamiltonian matrix using the bosonic representation in Subsection 1.8.1,

numerically diagonalize it and skip the next step.
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3. Pick one of the distinct solution sets of spectral parameters E, and input it
into the EGO in Equation (1.73) and the eigenvalue Equation (1.78) from Sub-
section 1.8.1. The result is an unnormalized target eigenstate and eigenvalue

w. Normalize this output state of the EGO.

4. Set the normalized EGO output state equal to target state |T') given in Sec-

tion 2.2, Equation (2.5) using the encoding given in Section 3.4.

5. Find the ansatz parameters ¢; necessary to prepare the encoded state with

the coefficient-to-parameter function in Equation (2.6) from Section 2.2.

6. Find the circuits necessary to prepare and measure the eigenvalue for each
Pauli or clique. Each circuit will have the same base which is given by Equa-
tion (2.3) and described in Section 2.2. Depending on the observable being
measured, there may or may not need to be a diagonalization subcircuit ap-

plied before measurement.

o If measuring one Pauli at a time, there will be (5M —2) terms. The terms

and their coefficients are given in Appendix D.

e If using the parallel measurement method, prepare and measure with at
most 4 commuting cliques of Paulis. These cliques and their diagonaliza-

tion subcircuits are detailed in Chapter 3.

7. Prepare the states many times, measure them and save the sampled output
bitstrings. Each single preparation-and-measurement process is called a shot.

Save the data in chronological order if possible.

8. Analyze the bitstrings. If using the parallel measurement method: use the
clique functions Bj, outlined in Chapter 4, then sum. If measuring Pauli terms
individually, multiply their measured expectation values by their coefficients
from Appendix D and sum over the Paulis. In either case the output is a list
L of single-shot estimates of the LMG Hamiltonian expectation value. We call

this single-shot estimates h;.
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9. The estimate of (H) is the mean of L.



Appendix B

LMG Model as an X X7 Gaudin
Model

In this Appendix we discuss the Bethe ansatz solution of an X X Z Gaudin-Richardson
model. The XY Z Gaudin algebra is defined by three antisymmetric function
X(E;, Ej) = Xij = —Xji, Yij = =Y} and Z;; = —Zj;, Gaudin operators Si(Ej) =
S;E, S*(Ey) = S and their associated commutators. In the case of an X X Z Gaudin
algebra we set X;; = Y;;. The commutation relations that define the algebra are

given by [OSDRO05, LHD13].

(S, 55 =0 (B.1)
—2X;;(SF — 57) ifi#

17,5 1= ) (B.2)
2f; 5% if i = j
+(XiS; — ZisS)) ifi#

z Qf1 _ g J

1S5, 55] = - (B.3)

\:FfiTEfi ifi=j

where 1 < 4,5 < M and f(E;) = f; is a function of E; with limits that go
as [OSDRO5]
fi=lméX(E;, E; + 9). (B.4)
6—0
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Antisymmetric functions X;; and Z;; can be written in terms of other pa-

rameters g, s and t;:

ti —t CARE A

U+ st2 14 st2 |+ stits
Xij =g . =g (B.5)

Parameters g and ¢; are real numbers and s is restricted to be —1,0 or 1. In the

case of a two-level system we define n = —t; = 5.
B.1 The Bethe Ansatz Solution
We can combine the Gaudin operators to obtain a Gaudin field operator

Hy = (5787 +5757 +2(55)°). (B.6)

N | —

To begin the solution process, define the problem: we want to diagonalize H; to

obtain

H;|6) = wi(Ey, .o Enp) |6) . (B.7)

Propose an ansatz |¢) = ng\i1 S, 10) where |0) is defined by S;10) =0 and
H;|0) = wo(En, ..., Ea) |0). State |0) is thus referred to as a “lowest-weight state.”

We can then use the ansatz and definition of |0) to construct the commutator

M
Hj|¢) — wo(Fr, ..., Exr) |6) = [Hm [15/[10). (B.8)
/=1

If one expands the right hand side of Equation (B.8) the result can be written

as

H;|¢) — wo(Er, ..., Ex) |¢) = a(E1, ..., En) |¢) + B(Er, ...En) |0) (B.9)

where « is a scalar and B is an operator; both are functions of {Fy, ..., Eyr}. Solv-
ing the eigenvalue problem defined in Equation (B.7) is now a case of solving the

equation B(El, ..., Epr) = 0: the Bethe equations. If a solution is found that sets é



Draft of 5:18 pm, Thursday, July 7, 2022 156

to 0 then Equation (B.9) becomes
Hj|p) = (a(En, ..., Enr) +wo (Ery .o, Enr)) |6) (B.10)

and the operator Hj is thus diagonalized with an eigenstate given by Hé\il S 10)
and eigenvalue of (o + wp). The LMG equivalents from Subsection 1.8.1 are the
EGO in Equation (1.73) and eigenvalue Equation (1.78), respectively.

Why does this process work? Note that [H;, H;] = 0. As any two Gaudin field
operators H;, H; commute they must share an eigenspace. Put roughly, the Bethe
ansatz is transforming a difficult-to-diagonalize H; into a simpler-to-diagonalize H;

at the cost of solving for a set of Bethe ansatz parameters {E1, ..., Ear}.

B.2 LMG as a Gaudin Model

The LMG model is an example of a two-level X X Z Gaudin model [OSDR05, LHD13,
PD99]. This means that the LMG Hamiltonian can be indirectly written in terms
of the S;E, SJZ» operators of Equation (B.1). The general X XZ Gaudin field operator
H(E,,) = Hy, is given in Equation (B.6). We then rewrite the operators Sji, St

with su(1,1) operators Kf, K} [OSDRO05, LHD13, PD99:

Sy =+) X KF (B.11)
T
1
Si=-5- XT: Zy K7 (B.12)
obeying the commutators
(K, K7] = =20\ K? (K3, K] = £KZ. (B.13)

Indices A, 7 run from 1 to 2. Operators Kf\c and K3 are generators of
su(1,1) @ su(1,1) and can be expressed in terms of bosonic creation/annihilation
operators:

1 1
K= 5aTaT K = 5bTbT, (B.14a)
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1 1

1 1 1 1
Kj = 5 (na + 2) K5 = 5 <nb + 2) (B.14c)

A Hamiltonian H can be constructed out of the field operators by find-
ing their conserved quantities and summing over them scaled with energy levels
¢; [OSDRO5]. After summing the conserved quantities the generalized two-level

X XZ Gaudin Hamiltonian is [OSDRO5]:

H=Y aK;— Y (ex—er) (XM (KYK; + K K) - QZATKjKTZ). (B.15)
A AT
Applying Equation (B.14) to Equation (B.15) yields a general two-level
bosonic X X7 Gaudin-Richardson Hamiltonian.
€1ng + eamy + (€1 +€2)/2 €1 — €

H = 5 i X192 (aTaTbIH— bTbTaa)

1
— (52 - 61) Zlg (nanb + lla _;— 1t + 4> . (B.lﬁ)

We now simplify by rescaling the energy gap ea — €1 = 1 to obtain

nNg+np 1

_ 1 1
b~ Na ZXlg (aTaTblH- bTbTaa) - 5212 <nanb Ty T 4> - (BA7)

4

H =

Equation (B.17) is equivalent to the bosonic LMG Hamiltonian given by
Equation (1.69) in Subsection 1.8.1 except for a constant term of Zi2/8 and an
overall factor of 1/2 to divide out. One also has to set X12 — V/N and Z15 — —W/N

in agreement with Ortiz et al [OSDRO5].



Appendix C

Logarithmic-Depth EGO
Circuit Proof of Viability

Herein we prove that the logarithmic-depth W-state-encoding-based EGO circuit
from Sub-subsection 1.6.2.2 can produce any LMG eigenstate. The proof revolves
around the concept of covering:

A parameterization P(0©) of parameters © covers a surface S if there exists
at least one © such that P(©) equals point s € S for all s € S. A set of parameteri-
zations covers a surface S if there exists at least one parameterization which has at
least one © to return point s € S for all s € S. Such a set is called a covering set.

For example, this parameterized 2-surface covers the unit sphere:
P(61,02) = {sin 0 sin 62, sin 6 cos O3, cos 0 } 0<6;<2r 0<6h,<m (C.1)

but so does the union of these two surfaces:

P(01,02) = p1(01,02) U p2(01,62) (C.2)
B 2 b B O+ 06 6y B
p1(01,62) = \/2 T ein g sinds <sm 5 S, —sin ———=, cos -~ cos > (C.3)
B 2 N 01+ 62 01 . 02
p2(01, 02) = \/2811’191811’192 (Sln 5 COS 5, COSs 9 , COS 5 S1n 2> (C 4)

where 0<6; <A4r 0<b,<m
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Also note that the covering set does not need to bijectively parameterize
the surface. The surfaces parameterized by Equations (C.3) and (C.4) overlap each

other; each surface has an area about 65% of that of a sphere:

I Op1(01,62)  Op1(61,602)
— d6,d0 H 02) o ’ ‘ ~ 0.649 C.5
ar /o /0 s T 96, ‘ (C.5)

and the same for p (61, 62).

Throughout this Appendix we take the convention that an M-sphere is the
unit hypersurface of dimension M which is embedded in (M + 1) dimensions. Thus
the M-ball is the inclusive space between the origin and the (M — 1)-sphere. Equiv-
alently we may define the M-ball as the space within the (M — 1)-ball and the
inclusive space in between the (M — 1)-ball and the (M — 1)-sphere.

As an example, consider the 2-sphere: a generic unit sphere. The 3-ball is
3-dimensional space in between the origin and the 2-sphere. The 2-ball is a disk of
unit size. Inlaid within the 2-sphere we can alternatively define the 3-ball as the
union of the 2-ball and the inclusive space in between the 2-ball and the 2-sphere.

The proof of viability for the logarithmic-depth EGO from Sub-subsection 1.6.2.2

follows these steps:

1. Prove (by induction) that a projection of the (¢4 1)-qubit output state or some
set of (¢ + 1)-qubit output states onto a specific hyperplane parameterizes the
t-ball.

2. Thus the output state (or set of states) parameterizes the ¢-sphere up to an

inversion over the projected hyperplane.

3. Prove that we can obtain another parameterization which is identical except
for being inverted over the projected hyperplane. In the case of the qubit
circuit, we do so by finding a parameter shift © — ©’ which inverts the

parameterization over the projected hyperplane.

4. Thus the output state (or covering set) parameterizes the ¢-sphere.
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Once we’ve shown that the circuit can output any real linear combination of
a set of vectors, then it can reproduce any trigonometric LMG eigenstate encoded
with those vectors. Or, indeed, any real superposition of them.
As a base case for Step [1], look to the M = 1 output of the logarithmic
EGO circuit:
.t 61
|t1) = sin 5 |01) + cos ) |10) . (C.6)

This parameterizes the 1-sphere (unit circle). Further, if we project this surface
onto the hyperplane H; spanned by [10) then it parameterizes the 1-ball on H.

As an inductive hypothesis for Step [1]: assume that output vector [¢;) pa-

rameterizes the ¢-sphere over the support {‘20> 21>t+1 ey |2t>t+1}. Define un-

t+1°
normalized ket [¢]) as |1;) projected onto the hyperplane H; defined by {|2l>t+1 s |2t>t+1}
and also assume that |1);) parameterizes the ¢-ball. Both of these characteristics are
satisfied by the base case [¢1).

By definition, a t-ball is the hypervolume contained within a (¢ — 1)-sphere.
We may also restate this as the hypervolume contained in between a t-ball and a
t-sphere; in the base case these were the line segment —1 to 1 and the 1-sphere
(i.e. circle). The t-ball is parameterized if |¢);) can parameterize any real linear
combination of basis vectors given by H; where the sum of the squared coefficients

is less than or equal to 1.

We can always write output vectors |¢) and |¢r41) as

¢
|the) = ch+1 12),., (C.7)
=0
’ t4+1 .
Y1) = Zdﬁrl ‘2j>t+2 (C.8)
=0

where cjy1, dji1 are real, normalized coefficients. Note that normality requires

dy = 44/1 =Y d2

To act on this state with another factor of the EGO circuit, a (¢+2)*™ qubit in

state |0) must be appended onto the system as a target for a controlled-R, gate. The
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gate is given by C™ (Ry (Or41), +2) gate with its control on some qubit indexed with
1 <m < t+ 2. We let the control qubit be general because the logarithmic-depth

EGO circuit can occupy
The support of |¢;) ® |0) has only a single qubit in state |1) for each of the

basis states. Thus when we act on |¢;) ® |0) with C™ (Ry (641),,) the result is

C™ (Ry (0141),40) [¥0) ©10) = ZCJ+1|2 t+1®

<|o>+ ((9; ~1)10) 4 sin ! \1>> Hlm)

(C.9)

This CNOT gate has its target on qubit m and control on qubit (¢ + 2).
The only vector in the support with |1) as the final qubit also has |1) as qubit m.

Therefore [1;11) is given by:

0141 . 100 ;
[i41) = em (cos 5 2"), o +sin 5 ‘2 >t+2 Z ¢jt1 (1= 0j11,m) ‘2J+1>t+2 :
(C.10)
To demonstrate that [1y11) covers the (t+1)-sphere over the proper support,

examine |1y41) with 6;41 set to 0. This returns |¢;11) to the form of |i);)

|Q;Z)t+1

Orr1—

t
=> |2, (C.11)
j=0

which covers the t-sphere on hyperplane Hy,1 by assumption. If we set 041 — 7

we obtain

¢
(Y1) = Cm ‘20 t+2 - ZCJH 1= dj+1m) }2j+1>t+2' (C.12)
7=0

9t+1 —T

When projected onto Hyy1, Equation (C.12) parameterizes the ¢-ball by as-
sumption. The projected vector |1} is continuous with respect to ;41 so |¢]
p proj t+1 p + t+1

parameterizes the space between the two surfaces at 6,11 — 0 and 6;,.;7 — 7. Thus
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|4, 1) parameterizes the (¢ + 1)-ball on Hy,q. We have now completed Step [1] of
the proof and move on to Step [2].

This means that W{L +1> parameterizes any combination of {da, ..., d;+2} such
that 22122 d? < 1. We also know that |¢);+1) is a unit vector. Thus |i;11) parameter-
izes any combination of {di, ..., d¢+1} up to a possible factor of —1 on d;. Therefore
if output vector |¢;) parameterizes the t-sphere and its projection parameterizes the
t-ball, output vector |iy41) parameterizes the (¢ + 1)-sphere up to a possible factor

of —1 on the }20> component. We have now completed Step [2] of the proof and

t42

move on to Step [3].

Equation (C.7) states that d; is the scalar multiple of basis vector ‘20> 4D

for |1hy11). Equation (C.10) shows that |2°), is multiplied by sin6;;1/2 while no

t+2

other basis vectors are. Therefore letting 6,41 — —6;4+1 changes the sign of only the

‘20>t+2 component of [41). In the context of the hyperplane, letting 6;11 go to
—0;41 constitutes an inversion over H;11. We have thus completed Step [3] of the
proof.

We've already established that |¢11) parameterizes the (¢ + 1)-sphere up to

a possible factor of —1 on the }20> component; thus simultaneously being able to

42
uniquely negate that factor means that the (t+1)-sphere is completely parameterized
by |t1+1). Therefore if output vector |¢;) parameterizes the t-sphere, output vector
|tr+1) parameterizes the (¢ + 1)-sphere.

We have thus completed Step [4] of the proof, demonstrating that the logarithmic-
depth EGO circuit from Sub-subsection 1.6.2.2 is capable of preparing any real su-
perposition of the encoded physical basis states defined by the W-state encoding in

Section 3.6.



Appendix D

Calculations for the 2-Local

Encoded LM G Hamiltonian

As stated in Section 3.4 the efficient unarily-encoded LMG Hamiltonian decomposes
into a specific set of Pauli observables. The number operators ng,, n, and neng
decompose into the identity I, M Zj observables and (M — 1) Z;Zj11 observables.
The exchange operators a'albb and bTbTaa decompose into M X, observables, (M —
1) Xy Zky1 observables, (M — 1) Z; X1 observables, (M — 1) Y Zy1 observables,
(M —1) ZYj41 observables as well as Y] and Yjs. This is a total of (7TM — 2) Pauli
terms in the LMG Hamiltonian. In this Appendix we shall calculate the coefficients

Cp for all the Pauli observables P.

D.1 Number Operator Coefficients

Consider the LMG Hamiltonian from Subsection 1.8.1, Equation (1.69) with the
interaction parameter V set to 0. The remaining terms in the Hamiltonian are
diagonal in the Fock basis and, therefore, in the computational basis when encoded
with the efficient unary encoding from Section 3.4. When we apply that encoding

to the diagonal terms of the Hamiltonian using Section 3.4, Equations (3.34-3.36)

163
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we obtain
1 (2M + vy — v, 1 2M 4wy,
H|, =- (=T R L2AC0 B Y D.1
V=0 2< 2 +W<2+2M+ya+ub I+ 21) (D-1)
1 (vp—vg—2M 1 2M+4ve)w
S (e 2R 7L B Y
+2( 2 +W<2+2M+ua+yb (= 2u)
M-1
1 2M + vy — v, — 4k 1 (2M + vy — 2k) (vq + 2k)
- Wi - -2 I+ Z .
+42< 2 * <2+ OIM + v + v (I=2) ® I+ Zi)

k=1

To obtain a given Pauli coefficient Cp we sum the coefficients of its ap-
pearances in Equation (D.1). For example, the identity observable I coefficient Ct
includes contributions from the first line of Equation (D.1), the second row and the
sum in the third row. After adding the coefficients in Equation (D.1) we obtain the

total Pauli coeflicient Cy:

W M3 +M2(1/b—ya—|—W(1—|—1/a—|—1/b))
6(2M + vy + 1) 4(2M + vy + 1)
N M (21 (vy —vo) + W (14 4 21 (vg + 1) + 6U1))
24(2M + vy + vp)
3(Wp — Va+ W (Vg + vy + 2v413))

+ .
8(2M + vy + 1)

Cr =

(D.2)

Zy and Z) only appear twice in Equation (D.1): once in the initial (I+Z7) or
(I—Zps) and once each in the sums. Their coefficients Cz, and Cz,, can be obtained

by adding up the coefficients they have when they appear in Equation (D.1).

o _ AM? 4+ 8M + 3v, 4 vy (AM + 5) + W (8 — 6M + v (4M + 5) — 3up, + 2v,415)
2 8(2M + v, + 1) ’

(D.3)

AM? + 8M + vy (54+4M) + 3vy + W (6M — 8 + 3vy — vy (5 + 4M) — 2v,1)
8(2M + v, + 1)

CZM =

(D.4)

The Pauli terms Z; where 2 < j < M —2 in Equation (D.1) also only appear

twice but these Paulis are only found in the sum of Equation (D.1). We obtain their
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coefficients by expanding the sums in Equation (D.1):

1 Vg —Up —2M — 2+ 4y
Cy =-+W
z =57t 202M + vg + 1)

(D.5)

The coefficients for Z;Z;1 only appear once in the sum of Equation (D.1) and are

o At v — —2M_W—8j2+4j (2M — v + vp) + Vo (AM + 1) + vy + 2041 + 2M
2% 8 8(2M + vg + 1) '

(D.6)
In finding these coefficients, we are now able to efficiently calculate the co-
efficients of the diagonal Paulis of the LMG Hamiltonian when using the efficient

unary encoding shown in Section 3.4.

D.2 Exchange Operator Coefficients

Because each Pauli term only appears once in each sum from Equations (3.37-
3.38) in Section 3.4, the exchange operator coefficients can be directly read from
Equations (3.37-3.38). In the following Equations we have also introduced Kronecker
deltas to unify the coefficient expressions for Cx; and Cy; because the j = 1 and
j = M terms have slightly different forms than 2 < j < (M — 1):

O = VU O +0)/2

= it ) (D.7)
V(l — 2(5j1)(1 — 5M1)

O = S oM ety 1Y) (D-8)
Cx, i = ST 1) (0.9)
Oz = ~CX;117500 (D.10)
Oy 2 = ig(;/]\(;;iMJ:)Vb)q(j) (D.11)
Cz¥in = OYinZe (D.12)

where

4 =vVWa+2))(Wat+2j—1)2M +vp —2j+1)(2M + v, —2j +2) (D.13)
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Equations (D.2-D.12) allow us to efficiently generate the Pauli representation

of the LMG Hamiltonian.

D.3 Expectation Values for Each Pauli

We can also find the expectation value for each type of Pauli that appears in this
efficiently-encoded unary representation of the LMG Hamiltonian. Because we are
using the efficient unary encoding from Section 3.4 we know the encoded physical
basis {|000...0),[100...0),...,|111...1)}. In these calculations we define |¢5s) as the
M-qubit output state of the unary EGO circuit from Section 2.2 and Equation (2.4).

To illuminate the following arguments we rewrite state [i57) as

X 01\ " . 0
— ] . .
[tar) :Z <cos 2) Hsm?|M,]> (D.14)
7=0 k=1
where ‘
J
M, 5) = @) X [0)2M . (D.15)
k=1

To find the expectation values of the observables begin with the identity.

Expectation values of the identity operator I are always 1 by definition so

(Yu|Tlnr) = 1. (D.16)

The expectation values of Paulis Z; will only have nonzero entries (M, ¢| Z; | M, k)
when ¢ = k. Further, if j < ¢ then the Z; will act on a qubit in state |1) and re-

turn — |1). Similarly if j > £ then Z; acts on a qubit in state |0) and returns |0).
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Therefore
M Orp1 Ok . On
(Wu| Zj[par) = ) cos S C0S—o— 11 m?H sin = (M, {] Z; |M. k)
£,k=0 m=1 n=1
s O N ILE
+1 +1 . m . n .
Z 08 —5— H sin - Hsm ?5% (sgn(j —¥€) —dj0)
0,k= m=1 n=1
M 0 1=8ems
Z < 2 Hl) (sgn (j —€) — d¢5) H sin? (D.17)
=0

The calculation of (M < ¢|Z;Zj11|M,k) is identical except for the sub-
function controlling the sign. Instead of (sgn(j —¥¢) — d;¢) we must use (1 — 26;)
because the unary basis states will only have differing values for adjacent qubits j

and j 4+ 1 when j = ¢£:

- Opr ) 0N ‘
(WOnl ZiZj b)) = <cos2 +) (1 —26;0) H . (D.18)

=0 m=1

When finding the expectation value of the Pauli operator Xj;, the only
nonzero (M,¢| X;|M, k) are those where k and ¢ differ by exactly one and j = ¢
or j = k. These restrictions appears as Kronecker deltas which collapse the sums
within the calculation of (X;) but there are no sign flips as seen in the calculation

of (Z;). Therefore the expectation value of X; is given by

: 001\ M - 2 O
(Um| X [var) = sinb; <cos 2) H sin” . (D.19)

The expectation value (X;Z;;1) will be identical to Equation (D.19) for
1 <j<(M—1)and will be 0 for j = M. This is because, like in the case of (Xj),
the only nonzero terms (M, ¥| X;Z; 1 |M, k) occur when k = £+ 1 and j = £ or
j = k. The Pauli Z operator will always act on qubits in state |0) because the unary

encoding of state |M, k) defines all qubit states above qubit k£ to be |0). Thus

(WOar| XjZjr [0ar) = (1= djnr) (e X [9nr) - (D.20)
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The expectation value (Z;X;11) is similar to Equation (D.20) except the Z

operator will always act on qubits in state |1). Thus

Wl ZiXj1 1Y) = (Oin — 1) (Y| Xja o) (D.21)

As for the expectation values of Paulis Y;, Y;Z;11 and Z;Yj11, we have
already calculated them in the body if the thesis in Section 3.4. We repeat the

results here for clarity:

(Wm| Y1) = (bml Yy Zjia oar) = (bl ZiYir [Yar) = 0. (D.22)

These terms having expectation values of 0 is what allows us to say that the number
of Pauli terms required for the LMG Hamiltonian in the efficient unary encoding
from Section 3.4 is actually (5M — 2) instead of (TM — 2).

Using the expressions in Equations (D.16-D.22), we are able to calculate the
expectation value for any output state of the unary EGO circuit from Section 2.2

as a function of the input parameters 0;.



Appendix E

Output States for the
Log-Depth W-State EGO

Circuit

This Appendix contains the zero-to-five-qubit outputs of the logarithmic-depth EGO
circuit from Sub-subsection 1.6.2.2. We use the notation that |n), is the computa-
tional basis state described by the bitstring of length m representing binary integer
0 <mn <2™—1. State [1ys) is the output of the M-qubit circuit. The logarithmic-

depth circuit has outputs

0) = ‘20>1 (E.1a)
. 010 0 (1
) = in 2L 29), + cos 2L |21, (k.1b)
|1he) = cos % sin% ‘20>3 + Sim%1 }21>3 + cos % COS% ’22>3 (E.1c)

. 91 . 93 91 . (92
|1/J3>:smgsm§}20>4—|—cosismg‘21>4

.0 0 0 0
+Sln§1COS§3 ‘22>4 —|—COS§1COS§2 ‘23>4

(E.1d)
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0 0 0 0

|th4) = cos Elcos 52511154 |20>5 + sinE1 sinE3 ’21>5
0 0 0 0 0 0 0
+ cos 51 sin;2 !22>5 + SinE1 COSES ‘23>5 + cos Elcos gcos 54 }24>5
(E.1le)

0 0 0 0 0 0 0 0

|hs) = sin;lcos gsing5 }20>6 + COSEI (30852 simE4 ’21>6 + sin;lsing3 ‘22>6
0 0 0 0 0 0 ) )
+ cosglsing2 ‘23>6 + sin%cos Egcos 55 |24>6 + COSEl COSEz COSE4 ‘25>6

(E.1f)



Appendix F

Useful Terms

It has come to our attention that some people will read this thesis despite having
little-to-no physics or mathematical background. These people, being caring friends
or family, have not been deterred by our warnings and so we wrote this glossary to

help them.

F.1 Physics and Math Terms

e The adjoint of a mathematical quantity ¢ is denoted with a dagger super-
script; i.e. ¢f. When writing operators O as matrices, their adjoints are the
conjugated and transposed matrices Of = (O*)”. Adjoints of vectors are con-
jugated and transposed as well. In terms of vector spaces, if 1) exists in a

Hilbert space then (i| = W)T exists in a dual space.

e A basis of a vector space V is a minimal set of linearly-independent vectors
v; € V such that for any w; € V, w; is equal to a unique linear combination
of various v;. In some contexts basis vectors are denoted with a hat 0;. It is
usually preferable to work in a basis such that ©; - 9; = d;; where - is some
binary operation. As examples: the & and ¢ axes form a basis for graphs on

paper and & forms the basis of an analog clock.

e Bosons and fermions are two mutually-exclusive categories of physical par-
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ticles. The duality of the two categories is easily seen in systems of many
identical particles: Let there be a system of NV identical particles described by
wavefunction 1 (z1, z2...x ) where x; labels the 4 particle. If we swap two
particles labeled by x; and x; with operator S;; and then swap them back, then
nothing has changed so S;;S;; [1)) = |¢) where |¢) is some parity eigenstate.
Therefore S;j1) = £1. Bosons are the particles for which S;;9 = ¢ (e.g. pho-
tons and gluons) and fermions are those for which Sj;¢ = —1 (e.g. electrons
and neutrinos). Bosons are able to share a common mode while fermionic or-
bitals can have at most one fermion occupying them. As an example, consider
why electron orbitals in atoms stack up with more electrons: they are unable
to share the lowest energy state. Once the first orbital is full, any additional
electrons must settle into the second. As soon as the second orbital is full,
electrons start to occupy the third orbital and so on and so forth. If electrons
were bosons instead of fermions they would all collapse into the lowest-energy

orbital.

e Bras (¢| and kets [¢)) are convenient ways of representing quantum states.
They are related by [))T = (1|. Their inner (a.k.a. dot) product is represented
by (¢|1). In almost any context these are taken to be unit vectors: (¢|1)) = 1.
A classical heuristic way to interpret a braket (¢|v) is: if one is given a system
known to be in state |¢) and one attempts measurement on the system, the

probability of obtaining results which make it seem like the system was in

state |¢) is | (g[y) [

e Commutation is a property of operators. Two operators A, B are said to
commute if AB = BA. If A and B are Hermitian, then we could theoretically
measure both A and B simultaneously. If AB # BA then it is impossible
to have definite values for both expectation values (A) and (B) for a given
state. According to quantum mechanics, this imprecision is not a consequence

of human limitations in measurement accuracy but physical ambiguity.

e Complex numbers, or imaginary numbers, are an extension of the real
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number line into two dimensions. Any complex number can be written as
a+ bi =+a?+ b2 exp <z sin~! (b/\/ a? + b2)> where a and b are real and i is
defined by 72> = —1. In general complex numbers do not represent measurable

quantities and instead can be thought of as tools for calculation.

e A dot product or inner product is an operation between two vectors
which multiplies and sums their coefficients. For example, vectors {1, 2,3}

and {4, 5,6} would have a dot product of

{1,2,3} - {4,5,6} = (1 x 4) + (2 x 5) + (3 x 6) = 32.

e Degeneracy is the concept of two systems being identical with respect to a
certain observable. For example, if one only wants to measure the magnitude
of spin angular momentum for a two-spin-1/2 system then there are three
degenerate states that have an angular momentum magnitude of 1. In practice
it would not be possible to distinguish states in the “triplet” from each other
without changing the measurement done. We would say that the states are

degenerate with respect to spin magnitude.

e Eigenstates and eigenvalues correspond to operators. Let there be an op-
erator A which acts on vectors v; from a space V. If Av; = A\;v; for some scalar

Ai, then we say v; is an eigenvector of A and ); is an eigenvalue of A.

e The expectation value of an observable operator A is the theoretical average
value one would get for measurements of A in the lab if one made many
such measurements without errors. Given a state |¢)) and operator A, the

expectation value (A) associated with that state is written as
(A) = @A) =) oy (v] Alvy) (F.1)
J

where |v;) are basis states for |1)) and «; are their coefficients.

e The ground state of a system is its lowest energy value. By the Variational
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Principle, any superposition of eigenstates of a system must have a Hamilto-

nian expectation value greater than or equal to the ground state energy.

e A group G is a non-empty set of mathematical objects with an operation -

that fits the following criteria:

1. The group has an identity operator I such that 1-g = g -1 = ¢ for all

g €G.

2. For any g,h € G: g - h is also an element of G.

3. Forany f,g,h € G: f-(g-h)=(f-9g)-h.

4. For any g € G: there exists an element g~! € G such that g - ¢~ =

glt-g=1L

A simple example of a group is the integers Z under addition. The identity of
Z is 0, the sum or difference of any two integers is also an integer, addition is

associative, and the inverse of an integer z is —z because z —z = —z+ z = 0.

e The Planck constant h ~ 6.6261 x 1073* m2kg/s, often written as h = h/(27),
is one of the fundamental constants of quantum physics. It appears in many
quantum mechanical calculations and is so ubiquitous that it is set to unity

throughout this thesis to simplify the calculations.

e A Hamiltonian is a sort of “master equation” which encapsulates the behav-
ior of a model within it. In some classical contexts it is expressed as the sum
of energy terms of a system. For example, a ball tossed in the air would be
described by H = (p? + p3)/2m + mgxa where x5 is height and p1, ps are the
horizontal and vertical momenta, respectively. In the contexts of this thesis

we are discussing Hamiltonians written in terms of operators.

e Hermitian operators H are defined by H = H. Hermitian operators, some-
times called observables, are important in quantum mechanics because they

represent measurable quantities such as momentum, position, and energy. An
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important quality of Hermitian matrices is that they have real eigenvalues and

their eigenvectors can form a basis with which to define physical states with.

e Hilbert space is the space which quantum state vectors can occupy. For
example, the Hilbert space of 20 qubits is a 22°-dimensional space which can

be spanned by 220 different computational basis states.

e The identity I of a group with operation - is defined by I -g =g-1 =g
for all elements g in the group. For addition of integers it is zero and for
multiplication of complex numbers numbers it is one. In the case of matrices

it is a square matrix with ones on the diagonal and zeroes everywhere else.

e An operator is a mathematical object which represents an action. Rotation
can be described with an operator, as can evolution through time, swapping
of particles, conjugation and more. One of the chief differences between quan-
tum and classical mechanics is the replacement of variables for position and

momenta (amongst others) with operators.

e The Pauli operators, sometimes called Pauli matrices or just Paulis, are a
set of 3 matrices/operators traditionally labeled X, Y, and Z. Conventions
exist for X being written as o, or o1 and similarly for Y and Z. The identity
matrix is also sometimes included as a zeroth Pauli matrix. Pauli operators

have several important features:

Z-T = 0;) and unitary ol = 0;1. Thus they

— Pauli matrices are Hermitian (o D=

are also self-inverse o;0; = I

— All Hermitian matrices/operators can be written as linear combinations
of Pauli matrices or their tensor products. The Paulis thus form a basis

for Hermitian matrices/operators.
— 005 = 0551 + i22:1 €;jkok for 1 < 4,7 < 3 where €, is the Levi-Civita
tensor. From this relationship it can be shown that Paulis and their

tensor products either commute or anti-commute.
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e Quantum physics is a paradigm of physical science that came about in the

Oth

early 20" century. Some of quantum physics’ distinguishing features from

classical physics include:

— Some deterministic systems become probabilistic.

— Systems exist in superpositions of mutually-exclusive states simultane-

ously.
— Systems evolve reversibly until measured.
— Measurement physically changes a system.

— Variables such as position, energy and momentum are replaced with op-

erators.

— Energy spectra and other continuous quantities can become discretized.
For example, a quantum pendulum with frequency w can only have energy
values w/2, 3w/2, 5w/2, etc. In theory, individual measurements cannot

find an energy in between those values.

e The Schrédinger equation is the true master equation of quantum mechan-
ics. It describes the unitary evolution of a system over time by linking the
Hamiltonian H to time evolution. All quantum systems must abide by the
Equation unless they are in the process of being measured. It can be written

in myriad ways but very succinctly as:

H(t) [(8) =i [o(2))

ot
e Spin is a form of angular momentum which is constant and inherent to types
of particles. For example, electrons are spin-1/2, photons are spin-1 and gravi-
tons have a theoretical spin of 2. Spin is not representative of a literal spinning
action; even a theoretical point object can have spin. If one subjects a spin-s
particle to a uniform magnetic field, then the particle’s spin vector can be

found in 2s + 1 different alignments with respect to the magnetic field. Spin-
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1/2 particles thus have 2 states in a uniform magnetic field and can serve as

theoretical analogues to ideal qubits.

e Standard Error refers to the inherent spread and variation of data sampled
from a distribution of outcomes. The formula is ¢/v/N where ¢ is the stan-
dard deviation of the sampled data and N is the sample size. To differentiate
between the very different relative error seen throughout this thesis, we some-

times refer to standard error as sampling error or sampling variation.

e A state is a representation of our knowledge of a system which we often equate
to a theoretical version of the system itself. A classical example is a simple
oven: it is either on or off and has an associated internal temperature. Given
those two things we can specify all we need to know. Another example would
be flipping a coin. After the flip the coin is described by either heads or tails.
In the context of quantum mechanics states are vectors in some larger space
and are represented by kets [¢)). A general quantum state [¢)) is made up of

some linear combination of basis states |v;)
W) = ailv) (F.2)
i

such that >, [as]? = 1.

e A superposition is a type of state which is unique to quantum physics. If
a system can be measured in state |0) or |1), then we can write a general
superposition as

|¢) = a0[0) + a1 [1) (F.3)

where |ag|? +|a1|? = 1. Superpositions do not represent our lack of knowledge
of a system. Whereas a classical coin is truly heads or tails after being flipped
(even if we haven’t looked), a quantum superposition physically exists as both
|0) and |1) at the same time until measured. Though these two paradigms it

seem identical, they do produce differing physical predictions in very specific
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circumstances.

e The support of a vector is the number of basis elements in a vector which
have nonzero coefficients. In this document it is used interchangeably with
dimensionality because all vectors are assumed to have maximum support

sizes. This accounts for maximum generality of all methods we discuss.

e Unitarity is a property of operators. A unitary operator U, sometimes just
called a unitary, is defined by UTU = UUT = I. In other words, the adjoint
of a unitary U is its inverse U ~!. Unitaries are important in quantum physics
as they are rotations through state space and can therefore represent impor-
tant things like time evolution. All time evolution except for measurement in

3

quantum mechanics is unitary. Some quantum viewpoints such as the “many

worlds” interpretation modify this by letting measurement be unitary as well.

e A vector is a basic type of object in mathematics and physics. In mechanics
vectors represent things that have magnitude and direction. For example,
force is described by a vector but energy isn’t. In many other contexts we
think of vectors as arrows in some abstract space. We write the arrow as a list
of coefficients for the various “cardinal directions” (i.e. basis vectors) of the
abstract space. Higher coefficients mean that the arrow aligns more with that
direction. In addition to vectors (one list of values), there are scalars (single
value) and rank-2 tensors (a list of lists of values). A rank-3 tensor would be

represented by a list of lists of lists of values, and so on.

e A wavefunction 1 is a representation of a quantum state’s probability am-
plitude as a function of some basis variable. For example, one might write the

wavefunction of a free particle as a function of position ¥ (x) or momentum

Y(p).
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F.2 Mathematical Functions

e A commutator [a,b] is equal to a - b — b - a where - is whatever operation is
defined with a and b. If [a,b] = O then a and b commute. There is also an

anti-commutator defined as {a,b} =a-b+b-a.

e A derivative df(x)/dz of a function f(z) is the change in f(x) per infinitesimal
change in x. A partial derivative 0f(x,y)/0y is a derivative of a multivariate
function with respect to a single one of those variables. Derivatives are the
opposite of integrals. As an example: the derivative of position with respect
to time is velocity. If we have a function x(¢) which gives position at time ¢,

then the velocity is dz(t)/dt.

e The exp(z) function represents raising the real number e to the 2 power. It

is usually written as e and is defined by

T roo (J“_T)k
e e 27]{;'

k=0

where 7 is any reference value such that r, z are the same type of mathematical

object. The equation for e* can be made non-recursive by setting r = 0.

e A factorial z!, where = is a positive integer, is the product of all positive
integers from 1 to x. It has definitions beyond the integers but those are not

required for this thesis. Also: 0! = 1.

e The floor and ceiling functions |[z| and [z] represent rounding non-integer

values down or up, respectively. For example, [1.2] =1 and [1.2] = 2.

e An integral fab f(x)dz is a function that finds the area between the curve f(z)
and 0 in the interval x = a to x = b. It is the opposite of a derivative. As an
example: the integral of velocity over the some time interval gives the distance

traveled during that interval.
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e The Kronecker delta d,, (sometimes &, ) is defined as

0 ifz#y

Opy =
1 ife=y

e The log,(x) function represents the value v that satisfies ¥ = z. Depending
on context, a log with an omitted base b implies b = 2 or b = 10. The “natural
logarithm” In(z) assumes b = e. The function log,(x) can also be written as

an infinite sum:
00 e k
log, () = mib) (1 + kZ:l (—1)F ! (wkek)) . (F.4)

e O() notation, often written as O(), is an estimate of how the amount of re-
sources required to perform a computational task scales with the size of the
task. For example: if you were to classically search for a specific entry in a
completely unstructured list of length N, on average you would have to look
through about half of the list before you find your target entry. If we doubled
the size of this list to 2N then the the steps required would similarly dou-
ble, so we say that the problem’s runtime scales as O(NN). If for some reason
the average runtime octupled when we doubled the size of the input, then we
would say it scaled as O(N?3). In general logarithmic, linear and polynomial
scaling are seen as efficient while exponential and factorial scaling are seen as

inefficient.

e Relative error, sometimes called fractional error, is a useful way of stan-
dardizing accuracy relative to the expected value. For example, an error of
1 unit is not important when the theoretical value is 10 units, but if the
target is 107% units then 1 is an enormous error. The formula is (observed —
expected)/expected. This becomes less useful as a tool for comparison if some

expected values are close to 0 and some are not, as shown in Section 4.7.
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o A sum YF f(i) represents adding together ( FG) +fG+1) + fG+2) +
e fle— 1)+ f(k)). Similar ideas include the (big) product [T%_; f(i)
(f(j)f(j FUFG A+ 2)e flh— 1)f(k:)) and (big) tensor product @' £(i)
(fOefG+DefG+2)e ..o k-1 fk).

e The trace Tr(A) of a matrix A is the sum of A’s diagonal elements. It is a

linear function so Tr(aA + SB) = aTr(A) 4+ 8 Tr(B).

e The trigonometric sine, cosine and tangent functions are important cyclical
functions which can output real numbers between —1 and 1. They are related
by many different identities: sin®6@ + cos?# = 1, sin(f + 7/2) = cosf, tanf =

sin @/ cos d, etc.



Appendix G

Previous Work

Before working with Professor Love, we wrote and published a paper with
Professor Ken Olum in the Tufts Cosmology Department. This paper studied the
gravitational backreaction experienced by a very specific configuration of a topo-
logical defect: an infinite string of extremely high energetic density in the shape of
a helix. The radius of this helical string would oscillate sinusoidally. This motion
would lead to gravitational radiation which bled energy away from the system. The
system’s decaying motion could be described as a backreaction, which is what we
calculated.

Our results were partially unexpected. Though the “Helical Breather” sys-
tem had been examined in the past, the expression for the backreaction had never
been published. Another source had calculated the power of the backreaction,
though, and our results agreed exactly. The assumed effect of the backreaction
was that the helical radius would decrease in time. This proved to be only half
of the result. We demonstrated that a second unexpected conservative force term
would dominate in time. The interpretation of this term was not elaborated on in
any great detail as more research was required and one of the authors left to pursue

quantum information.
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Backreaction on an infinite helical cosmic string
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To understand the properties of a possible cosmic string network requires knowledge of the structures on
long strings, which control the breaking off of smaller loops. These structures are influenced by
backreaction due to gravitational wave emission. To gain an understanding of this process, we calculate the
effect of gravitational backreaction on the ‘“helical breather,” an infinite cosmic string with a helical
standing wave. We do the calculation analytically to first order in the amplitude of the oscillation. Our
results for the rate of loss of length agree with the total power emitted from this system as calculated by
Sakellariadou. We also find a rotation of the generators of the string that leads to an advancement of the
phase of the oscillation in addition to that produced by the loss of length.

DOI: 10.1103/PhysRevD.100.103512

I. INTRODUCTION

Symmetry breaking phase transitions in the early
Universe may have led to the production of topological
defects, in particular cosmic strings. “Cosmic superstrings”
may also have formed during the process of string theory—
based inflation. For a review of strings, see Ref. [1], and for
a review of superstrings, see Ref. [2].

Cosmic strings release energy into gravitational radia-
tion, leading to potentially observable signals [3—7]. This
radiative emission reacts back on the string, decreasing its
length and changing its shape. This process affects each
string on small length scales and so is important in
determining the detailed evolution of a string network
[8,9]. Backreaction on long strings may also influence the
number of loops produced and therefore the network’s
gravitational emission spectrum [6,10,11].

The pioneering work on cosmic string backreaction was
done by Quashnock and Spergel in 1990 [12]. More
recently, Blanco-Pillado, Olum, and Wachter have studied
backreaction both analytically [13—15] and numerically
[16]. All such work, however, has studied oscillating loops
of cosmic string. Here, we begin the study of backreaction
on strings that are not in the form of loops, beginning with
the simple case of the “helical breather,” an infinite helical
standing wave whose the radius oscillates between 0 and
some value e¢. We work in the limit where ¢ <« 1, which
permits an analytic calculation of the backreaction.

In Sec. II, we establish the general formalism that we use
to study this problem, and in Sec. III, we discuss the helical
breather and its symmetries. In Sec. IV, we introduce a

“kenneth.robbins @tufts.edu
"kdo@ cosmos.phy.tufts.edu

2470-0010/2019/100(10)/103512(9)
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coordinate system adapted to the backreaction problem
[15]. In Sec. V, we calculate the backreaction, and in
Sec. VI, we show how the backreaction affects the shape of
the string and check the resulting loss of energy against the
calculation of radiative power made by Sakellariadou [17]
for this system. We conclude in Sec. VII.

II. BASICS

We follow the formalism of Refs. [14,15]. We work in
the Nambu approximation where the cosmic string is a
linelike object that traces out a two-dimensional worldsheet
in spacetime. We parametrize the worldsheet by coordi-
nates (z, 6), where 7 is temporal and ¢ is spatial, and work
in the conformal gauge where the worldsheet metric y,,
obeys y,, = 0 and y,, = —¥,,. The motion of a string in a
flat background, before taking account of backreaction, is
described by the 4-vector

X(z.0) = 5 A(0) + B(u)]. (1)

where we have defined null coordinates u = 7+ ¢ and v =
7 — o and A and B are 4-vector functions depending only on
v and u, respectively, with null tangents A’ and B’. We can
further choose the worldsheet parameter 7 to be the same as
the spacetime coordinate z, so A" = B = 1.

Backreaction modifies the above evolution, by introduc-
ing acceleration [12],

1
Xl = = T yA“B". (2)

where I, is the Christoffel symbol,

© 2019 American Physical Society
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1
I, = Enyé(hﬂé,a + hoap = hap.s): (3)
with h,4 the perturbation to the flat-space metric 77,5 due to
the gravitational field of the string.

We can integrate the acceleration to find the changes to
A’ and B,

AA'(v) = 2/duX.m/.(u,v), (4a)

AB'(u) = Z/dUX,m,(u, v). (4b)

There is some gauge (i.e., coordinate choice) freedom in
the definition of /.4, which makes it difficult to separate
physical effects on the string from artifacts. However, for a
periodic source, we can perform the integrals of Eqs. (4)
over N periods. Effects that grow with N are physical,
while those that oscillate may be gauge artifacts.

The metric derivatives in Eq. (3) can be computed by
Green’s function methods. The metric derivatives at some
observation point are found by integrating over all source
points where the string lies on the past lightcone of the
observation point. We will denote quantities at the obser-
vation point with overbars and use the symbol ¢ to denote
the difference between a quantity at the source point and the
same quantity at the observation point, i.e., 5f = f — f.

III. HELICAL BREATHER

We will study a helical string given in Cartesian
coordinates (f,x,y,z) by

A? = (v,ecos v, —esinv, —vV 1 — 62), (5a)
BY = (u, ecosu,esinu, uV 1 — 62), (5b)

so that
Xe = (t,ecos tcoso,ecostsine, o\ 1 — €2>, (6)

and the string is a helix winding around the z axis with
amplitude varying as e cos t. See Fig. 1. The wavelength of

the helix in z is A1 =22V1—¢€% so we will define

A =+V1—¢€ a quantity that will occur frequently. The
energy in one winding is 2z, where y is the string tension,
so the energy per unit z is u/%.

The maximum radius e can run from O to 1. Choosing
e =0 gives a straight string, and ¢ = 1 gives a circular
breather loop. Here, we will study the regime ¢ < 1 and
calculate the backreaction to leading order in e.

The string of Eq. (6) has helical symmetry: it is
invariant under translation by distance / in the z direction
combined with counterclockwise rotation by angle 2z1/A.

z

FIG. 1. The helical breather at t = 0. The string is a constant
distance € from the z axis. The wavelength along the z direction is

4 =2xV'1— €2, while the length of string in each period is 27.

Backreaction will respect this symmetry, so if we evaluate
Eq. (2) at any o, we can easily find its value at any other o.
Different times are not equivalent, however, so we will
calculate the effects for any observation time 7 at 6 = 0, and
thus u = v =1

Symmetry considerations also restrict in what directions
backreaction might act. A rotation of the system by angle z
around the x axis leaves the string invariant (with the
change of parameter ¢ — —o). Thus, the acceleration X%,
evaluated at 6 = 0 may have only ¢t and x components,
which would be invariant under this rotation, not y or z
components, which would be reversed.

In fact, helical symmetry plus energy conservation
almost allows us to compute the whole evolution of the
string. To preserve helical symmetry, the string must always
be a helix with the same physical wavelength 1. Thus, the
only possibility is that the helix shrinks toward the z axis
while remaining helical. This new helix will have smaller
energy density in each winding, and the decrease of energy
density must agree with the known [17] radiation rate for
this system. The only property this argument does not
determine is the phase of the oscillation after backreaction.
Doing the backreaction calculation allows us to determine
this phase, which turns out to be nontrivial, but also this
calculation may act as a starting point for similar calcu-
lations in more complex systems. So, we will calculate
the effects according to Egs. (2)—(4) and check against
Ref. [17] at the end.

IV. COORDINATE SYSTEM

Our calculations are easier in a coordinate system
adapted to the problem. Following Ref. [15], we define
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a pseudo-orthogonal coordinate system uwvcd, as follows.
Basis vectors e(,) = B'/2, e(,) = A’/2 are null, and their
inner product is Z/4, where

Z =A"B', = =2(1 — e*sin®7). (7)

The other two basis vectors, ¢(.) and ¢4, are spacelike unit
vectors orthogonal to e(,) and e(,) and to each other. We
will use greek letters from the middle of the alphabet for
indices in uwvcd coordinates and greek letters from the
beginning of the alphabet for indices in Cartesian
coordinates.

In uwvcd coordinates, the flat metric has the form

My = ’ (8)

S O BN O
S O O RIN
S = O O
- o O O

and Egs. (2) and (3) lead to simple expressions in uvcd
coordinates [15],

- 2

X4 =—=h,, 9
U 7 v ( a)

- 2

X =—=hy. 9b
R7D) AN ( )

1

Xcu@ = 5 (huv,c huc,v - hvc.u) (90)

—d 1

X,uv = E (huv,d - hud.v - hvd,u)' (9d)

We will consider observation points with ¢ = 0, which
lie on the x axis. Because of the symmetries of the problem,
we choose ¢, to have only y and z components, while e )
has only ¢ and x components. This gives

1 _ _A
e‘(‘u) = (5,—§sin t,gcos 7, 5) (10a)
. 1 €. _ € _ A
e, = (E’_Esmt’_ECOSt’_E) (10b)
e,y = (0.0, —%y, ey cosi) (10c)
e?d) = (—eysint,y,0,0), (10d)

where y = \/=2/Z = 1/v/1 — €*sin?%. This is the Lorentz
factor associated with the string velocity, —e sin7. In the
particular case of 7 =0, when the string is momentarily
stationary, e(4) = e(,) corresponds to the radial direction of

the helix. At other times, e is just a boosted version of
that radial vector.

We hope there will be no confusion arising from our use
of u and v as labels for both the worldsheet and the
spacetime coordinates. The coordinate systems are closely
related: at the observation point, the motion generated by
changing the worldsheet coordinate u is just the spacetime
vector ¢(,) and the same for v. The metric £, is a function
of spacetime position, so the notations #,, , and h,,, ,, mean
derivatives with respect to the u# and v directions in
spacetime. In all other cases, subscripts “,u” and “, v
mean derivatives with respect to the worldsheet variables.
All components of vectors and tensors are spacetime
components.

We can convert the components of a contravariant vector
from wuwvcd coordinates to Cartesian via V¢ = M”ﬂ VH,
where

(3]

M"‘ﬂ:(e(u) | €(v) | €(c) | e(d)). (11)

The transpose of this matrix will convert covariant com-
ponents from Cartesian to wved, V, = (MT) W Ve In
computing the metric derivatives, we will often want to
transform contravariant vectors to the uvcd coordinates and
lower the index, which we can do by V, = (M), %,5V".
The components of the transformation matrix are

1 .
—3 —5sint %cost 3

1 € € A
- —£sinf —£cost - £

(MT)yanaﬂ — 2 2 2 2 _
0 0 -4y eycost
eysinft y 0 0
(12)

V. CALCULATION

We can calculate the backreaction at the observation point
X by integrating over all possible source points on the string
worldsheet that lie on the backward lightcone of X. The
vector pointing from X to any worldsheet point X (u, v) is

X = — (6u + 6v, e(w.(6u, 1) + w.(6v,1)),

1
2
e(w,(6u, 1) — ws(6v,7)), A(6u — 6v)), (13)

where we have defined

ws(a,b) =sin(a + b) —sinb (14a)

w.(a,b) = cos (a + b) —cosb. (14b)

The condition to be on the lightcone is that the interval
7 = 0X*0X, = 0. We can write
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2
T = —suév + % (. (61, F) + w0, (60.7))?

+ (wy(6u,7) — ws(60,7))* — (Su —6v)%].  (15)

The intersection of the worldsheet with the lightcone has
two branches, one that starts out in the negative u direction
and another that starts out in the negative v direction [16].
We will choose the former branch and add in the latter
branch by symmetry. Considerations above assure us that
radial and temporal contributions to the backreaction from
the other branch are equal and constructive, while other
spatial directions are equal and destructive.

We thus define 6v(6u) to be the dv that makes Z = O for
the given ou. However, the transcendental nature of
Eq. (15) makes it impossible to write dv(éu) in closed
form, so we must approximate. From this point forward, we
will take € << 1 and keep only terms that contribute at
leading order in €. With ¢ = 0, Z = 0 would give év = 0.
Using this on the right-hand side of Eq. (15), we find

e2du € o

Z +5sin27”. (16)

Sv(éu) = —

In most cases, only the first term on the right-hand side will
contribute.

The metric derivatives can be found by integrating along
our chosen branch of the backward lightcone [12],

0
= 4G,u/ déuZ? [aa (sﬂbéX,{I,_vl)] . (17)
—0o0 v Sv=6v(Su)

where G is Newton’s constant, s

s S = Xy (A, B'), with

EMU(P’ Q) = PﬂQl/ + PvQy - nuu(PlQlL (18)

and hy,, ; here denotes only the contribution from the one

branch. There is a cancellation in the uv term in Eq. (18) [16],
Z

Zuv(P’ Q) = _Z(PCQ0+Pde)' (19)

We then calculate 7 , and the necessary components of
Sy and 6X s

Sy = €2(1 = cos éu) (20a)
Spp = €2(1 = cos 6v) (20b)
€2 ; - ; ;
Sun =5 [0,(6u, D (6v,T) — w.(6u, H)w.(6v,7)]  (20c)
SN ov + 2f -
Sud = e—l—%sinzt—e3sin2 vt w,(6u,1)
5 . ,0U -
+ e’sin 7@(51}, 7) (20d)

3 _
€ . 5 ., 0u+2t
e sin’7 — e3sin?

w,(6v,71)

o _
+ Esin? 3”@3(5% 7) (20e)

ov € - - -
86X, = —5 + 7 [6v — bu + (w,(6u,T) — w,(6v,7)) cost
— (0. (6u, 1) + w.(6v,7)) sin |
1 2 -
= —7” + % 60 — 6u + sindu — w,(60,27)]  (21a)
ou € ; - ;
oX, = —>t7 [6u — 6v + (wy(6v,7) — w,(Su, 7)) cost
— (w.(6u, 1) + w.(6v,7)) sin7]
o 2 _
= —7” + % [6u — 60 + sindv — w,(6u,27)]  (21b)
5X, = g (S + 6v) sin? + w,(60.7) + 0, (5u.7)]  (21c)

2
T,=—6u +%[5u—51j+sin51j—a)s(5u,51;+2f)]. (22)

Here are the orders in e of the above quantities and their
derivatives:

Syu ~ € Suus =0 (23a)
Spy ~ €2 Sppp ~ € (23b)
Sup ~ € Supp ~ € (23c¢)
Syqg ~ € Sudy ~ € (23d)
S e gy (23¢)
X, ~ov+e* X, ~1+¢ (23f)
86X, ~ bu + € 60X, , ~ € (23g)
06X, ~¢€ X4, ~€ (23h)
I,~éu+e* I, ~¢e. (23i)

We can use Eqgs. (23) to see which terms we need to keep in
our calculation.

Equations (20)—(23) apply to all du and dv. After we take
the derivative and set év according to Eq. (16), we can
make stronger statements. First, terms in Egs. (20)—(22)

103512-4



BACKREACTION ON AN INFINITE HELICAL COSMIC STRING

PHYS. REV. D 100, 103512 (2019)

that are simply proportional to §v have two additional
powers of ¢. When Sv appears in the argument of a
trigonometric function, the situation is somewhat more
complicated. Consider an integral of the form

/_ (; déu % f(6u), (24)

u

where w is @, or @, v is arbitrary, and |f(Su)| is bounded
by some constant. This integral is small because
w(6v,v;) < 1 until 6u ~e2, but then the integrand is
suppressed by the large denominator of order e
Specifically, both w. and @, obey

lw(6v,v1)| <2 (25)
and also
lw(6v,7)| < bv, (26)

since |dw(6v,7)/dsv| < 1. Now, we break up the integral at
—e~2. Using Eq. (25),

-2 w(6v,7)
’ /—oo s | = 2, 27)
and using Eq. (26),
[t | ) o

As 6u — 0, v ~du?, so there is no divergence near
that limit. For |su| > 1, 6v ~ —e*Su/4, giving a logarith-
mic divergence,' so

e )
A dou 5—;2 ~e?lne, (29)

and since f is bounded by a constant,

0
/ déu % F(6u) ~ e Ine (30)
o u

at most.
This argument does not hold if su? is replaced by Su in
the denominator of Eq. (24). For example,

oo sindv =&
do ==+ 0(e%). 31

Now, we calculate the components of the backreaction
using Eqgs. (9) and (17). We will compute only the branch
that starts in the negative du direction and add the other by

"The integral can also be done in closed form.

symmetry. This doubles X¢,,, cancels X¢,, so that we do not
have to compute it, and adds our computed X*,, and X?,, to
give a common backreaction in these two directions. These
combinations guarantee that backreaction at 6 = 0 acts
only in the 7 and x directions, as discussed above.

We will find X%, ~ €* and X%, ~ €*, so we will ignore
terms of higher orders.

A hyy g

We start by computing X¢,,, following Eq. (9d). The first
metric derivative, h,, 4, is the simplest. First, using
Equations (23c), (23h), and (23i), we see that the term
with Z ,, is negligible. Then, when we differentiate 6X,
we get

Sup®@s (60, 7)

Su? (32)

0
SundX g T2 = g / déu

Since |s,,| < €%, this has the form of Eq. (24) with a
prefactor proportional to €3, so it does not contribute.

The remaining term depends on s,,, = (¢/2)w,(u,
6v +2f) and 6X,; from Eq. (21c). The term involving
Svsin? is immediately of order ¢°. The term involving
w,(6v,7) has the form of Eq. (24) and gives €’ In € at most.
Ignoring these leaves us with

Gue? _ _
B = / 40U, (3, 50+ 2w, (61,7 + Busin).
a= | dou=s

(33)

B. hyy,

For the second metric derivative 4, ,,, we use Egs. (23d),
(23g), and (23i) and see that we can differentiate any one of
the factors and still have something of order €? in all. But
closer inspection reveals that the 6X,, term goes as
€%(1 — cos 6v), which leads to an integral in the form of
Eq. (24) that does not contribute.

For the other terms, we can use 6X, = —du/2. We then
differentiate one of s,,; , and Z ,, and expand both to leading
order in ¢,

3

_ _ 13 _
Sudy = %sin(év + 2f)w,(6u, 7) + €>sin? 7”003(51} +1)

T,=-6u (34)

2

T, = % (cos 60 — 1 — w, (du, v + 27))

Suq = €wy(Su, 7). (35)
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Thus, we find

hugo = /_(; déu CZ:? (5u sin(6v + 27)w,(6u, 1)
— 25usin® %cos(év +17)
w,(6u,t)w.(5u, 5v + 2?)) (36)
plus a term of the form of Eq. (24) that does not contribute.

C. hy,

The final metric derivative for X¢,, uses Egs. (23e), (23f),
and (23i). If we do not differentiate 6X,, it goes as €. Thus,
the term involving Z ,, goes as €. When we differentiate
S 4, We find

I _G /0 dou
6 —_—
Ldu = H . Su

X (260 + €*(6u — sindu + w,(6v,217))).  (37)

cos(6v + 1)

When we differentiate 56X, the leading-order effect is

0 dou
haw2 =260 [ Shoond. (38)

Su o2
This is superficially of order ¢; however, the argument of
Eq. (24) shows that it contributes only at order €. In
principle, there could be a contribution from expanding any
of 5,4, 60X, ,, and Z , to next order in €, but one can check
that no such term contributes at order €.
Integrating Eq. (38) by parts gives

0 déu d
_zgﬂe/ dou d_

o dou w, (60, 7)

0 déu ds
— —2Gpue /_ mEcos(év—l-t) - 5”. (39)

From Eq. (16), we find

dév Sv € €2
= T Su4 ——sing 40
dou ~ eu 20U T g, Sinou (40)

When we add Eqgs. (37) and (39), all terms cancel except the
term with w,, which does not contribute because it has the
form of Eq. (24). Thus, h,,, = 0.

D. X4,

To compute Xm, we combine Egs. (33) and (36)
according to Eq. (9d). All metric derivatives above are
computed only on one of the two branches. Adding the
other branch multiplies the result by 2, so we just subtract
Eq. (36) from Eq. (33). Many terms cancel, and we find

—d 5 [0 dou - -
X%, = Gue o cos(6v +17) — cos(év — u + 1)
—oo OU

2 _
+ 52 sin(év 4 7)(1 — cos 5u)} . (41)
u
The overall result is
S _. € _
X4, = Gue’ {Cos tan + 7 sin t] . (42)

E. h,,,

Equation (42) will contribute a term proportional to ¢* to
the time component of X ,,. Such a term might also arise
from an ¢* in X?,, and X*,,, so we now compute those terms
at that order.

The only metric derivative appearing in X%, is h,,,.
From Egs. (23b), (23f), and (23i), the term where we
differentiate Z ,, will go as €® and can be ignored. The term
where we differentiate s,, contributes

2

0 5
Ry 2 —2Gu / déue(s—zvsin S0,
oo u

(43)
We replace the dv that stands outside the sine function,
keeping only the first term of Eq. (16) because the second
term contributes at higher order in ¢ by the same analysis as
Eq. (24), giving

0 et
Ry 2 Gﬂ/_ d5u25—u sin v. (44)

o0

Finally, when we differentiate 6X,, we get a term propor-
tional to €2,

0 2€?
h -G, dou— (1
Mu— ,M/_ u5u2(

[Se]

—CoSév). (45)

We should also expand 56X, ,, and /5 to next order in €2, but
all such terms vanish because of Eq. (24).

When we combine Egs. (44) and (45), the integrand is
just the derivative with respect to du of 2¢*(1 — cos 6v) /Su,
which vanishes at the limits of integration, plus terms in the
form of Eq. (24) which are negligible. Thus, the integral
evaluates to zero and X, = 0.

F. h,,,

For X!,,, we need to compute ,,, ., following Egs. (23a),
(23g), and (231). First, notice that s,, does not depend on
ov, so when the derivative acts on it, we get no contribution.
The derivatives of Z , and §X, each go as €2, as does s,,.
So, the result goes as e¢*, and we can ignore subleading
terms in Z , and 6X,. When we differentiate 6X,,, the result

103512-6



BACKREACTION ON AN INFINITE HELICAL COSMIC STRING

PHYS. REV. D 100, 103512 (2019)

has the form of Eq. (24) and does not contribute. When we
differentiate Z , and ignore terms that do not contribute
according to Eq. (24), we are left with

0 4
huwn = G / d&t%(l — cos 5u)w, (8u, 27)
—0 u
€4 _ _
= G'ME (sin27In4 — 7 cos 27). (46)

G. X%, and X",

We now compute X%, and X', following Eq. (9b).
Since the contribution already goes as ¢*, we can ignore the
factor —2/Z = 1 + O(€?). Equation (46) gives the contri-
bution from the branch that starts in the negative Ju
direction. The other branch gives the same quantity in
h,,., and nothing in A, ,, so we find in all

4
Xy, =X, = G/J% (sin2fInd — wcos2f).  (47)

VI. ANALYSIS

A. Effect on tangent vectors

Now that we have X ,,, let us compute its effect on the
tangent vectors A’ and B’. We will now drop the overbars
because we are concerned only with the observation point.
References [12,16] integrated X ,, around the loop to find
the total change to the tangent vectors. Here, we do not
have a loop, but we do have a periodic system, with period
2. So, we can start with the unperturbed vector,

A*=(1,0,—e,—V1—¢€?), (48)

at v = 0 and write the change in one oscillation as’
4n
AA =2 / duX ,,(1,0). (49)
0

Let us first consider the effect of X9, given by Eq. (42).
This multiplies e (), but we must generalize the form given
in Eq. (10d) to account for the fact that we no longer have
o =0, but rather ¢ = r = u/2. This produces an overall
rotation of the coordinate system by angle o, so

ely = (—esin(u/2),cos(u/2),sin(u/2),0), (50)
where we have dropped factors of order €.

*This integral goes to 4z because 1 = (u + v)/2 needs to reach
27z and we are keeping v = 0. The corresponding situation for a
loop is that A and B have period L but the loop oscillates with
period L/2.

Now, multiply Eq. (50) by Eq. (42). Using
Jordusin®(u/2) = [(*ducos®(u/2) =2z, [}* dusin(u/2)x
cos(u/2) =0, we find

2
AA#’__4nGﬂe3(—neJn§[,ﬂ,0>- (51)

Equation (51) is in fact the entire backreaction because
the remaining components, X*,, and X", do not contribute
to AA’. When we multiply them by e(,) and e, respec-
tively, the Cartesian y and z components cancel, and the x
component is suppressed by an additional power of €. That
leaves the time component, but it oscillates with angular
frequency 2 and vanishes on integration.’

The change to the time component in Eq. (51) is just the
fractional change in the energy of the string in one
oscillation [16], in this case —42>Gue*. Multiplying by
the energy per unit length ¢ and dividing by the period
gives the average rate of change of energy per unit length,
—272Gu*€e*, in agreement with the radiation rate computed
by Sakellariadou [17] in the limit ¢ < 1.

To find the perturbed A’, we add Eq. (49) to Eq. (48) but
then rescale to return the time component of A’ to 1,

V1-¢
1 —47°Gue*
(52)

2
= (1,47[G,u€3 lnz,—e(l),—\/ 1 —6(1)2) (53)

with e() = e(1 — 47°Gue?). We ignored terms of order ¢
and higher. By symmetry, B’ will be modified to

2
Al = <1,4JZG/4€3 ln%, —(e—4n’Gue?),—

2
B/((l]) = (1,4-77.’Gﬂ€3 ln%,em, 1 —6(1)2>. (54)

Thus, the helix now has amplitude €, and thus the energy
per unit distance in z is reduced to (1 + 6%1) /2), lower by

47>Gu*e* than before in agreement with the above.

In addition, the new x components in Eqgs. (52) and (54)
represent a rotation of each vector through angle
4nGue® In(e*/4). This rotation obeys the helical symmetry
of the string, but it advances the time that the string comes
to rest (i.e., when A’ and B’ point in spatially opposite
directions) in successive oscillations. In the absence of any
backreaction, the string would come to rest at its original

3Following Ref. [14], our strategy for distinguishing gauge
artifacts from physical effects is that the former vanish on
integration, while the latter accumulate. Thus, we do not know
whether those terms that vanish on integration have any physical
significance.
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position at times 272N, where N is an integer. The effect of
the rotation is to advance these times by

ATS™ = 4zNGue? In(2/4). (53)

On the other hand, the loss of energy decreases the
oscillation period so that the period after N oscillations
has decreased by 873 NGue*, and thus the end of the Nth
oscillation is offset by time

AT

~ 41 N*Gue®. (56)
Since ATI(\r,ad) grows quadratically with &V, it will eventually

be the dominant effect controlling the times at which the

. . . . rot
helix reaches its maximum size. However, ATE\, ! starts

much larger because it has two fewer powers of ¢. There is
also an additional logarithmic term. Thus, if one were to

make a precise observation of a small-¢ helix, the first effect

one would notice is ATI(\r,Ot).

B. Analysis of power with backreaction
treated as friction

For a simple check, we can treat the acceleration due to
backreaction as arising from a force akin to frictional
damping and compute the average power lost to that force.
The effective force per unit length is the acceleration times
the linear energy density p. It acts in the x direction with
magnitude pX7,.

Since (u,v)=(r+0,7—06), 0/0u = (0/0t + 0/0c)/2
and  9/0v = (0/0r — 0/00)/2, so  O*/Oudv =
(0?/07* — 0?/0c?) /4. Without backreaction, the quantity
on the right would vanish, and the effect of backreaction is
to introduce an additional acceleration X ,, = 4X . In the
x direction,

2
X%, = 4Gue® <cos tln% + zsin t> . (57)

and the velocity in this direction is X4 = —esin . To find
the rate of change of energy per unit length, we multiply the
frictional force by the velocity and average over one period,

2Gu? 4 ror 2
_ope / drsint <cos tln% + zsin t) = 22Gu’e,
T Jo

(58)

again in agreement with the calculation of power radiated
in Ref. [17].

VII. CONCLUSION

We calculated the effective backreaction on the helical
breather in the limit of small amplitude ¢. We found a
secular decrease of length in agreement with previous work
[17] for the power radiated. We also found a rotation of the
A’ and B’ vectors, which dominates the behavior at early
times. This is not associated with loss of energy to
gravitational radiation, so one may say that it is a
gravitational effect of the string on itself rather than the
backreaction of radiation emission.

In addition to the two effects above, our calculation
showed some effects that vanish when one integrates over
time. It is not clear whether these should be thought of as
conservative forces that take energy from the string for part
of the oscillation period and return it at others or just
considered gauge artifacts. To resolve this question would
require a clear definition of what one means by acceleration
of the trajectory of the string as it moves in a time-varying
spacetime.

In the long run, we would like to understand the effect of
backreaction on long strings in a cosmological network.
Does backreaction smooth the string on a certain scale, so
that no loops are produced below that scale? This question
will have to await future work, but we hope that the present
analysis of a situation simple enough to be calculated
exactly (in the small-amplitude limit) will act as a starting
point for further investigation.
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