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Abstract

In this thesis, we study problems in the modeling, analysis, and design of
complex, distributed, and networked dynamical systems. More specifically, we
investigate three distinct problems in networked systems and control theory
as follows:

We first address a problem in distributed estimation where a network of
agents is tasked to estimate the state of a Continuous-Time, Linear Time-
Invariant system under the assumption that no agent possesses enough mea-
surements in its communication range to estimate the entire system state on
its own. In this context, we provide a networked Kalman-type estimator that
combines prediction and innovation with information fusion among the agents
and consider an approach based on designing static estimator gains. The main
contribution of this work is to analyze the estimation error using the notions of
dissipativity and the input-output approach, enabling us to formulate stability
and performance arguments as quasiconvex optimization problems involving
linear matrix inequalities. We show that the resulting estimation error is stable
and further ensures a given level of performance regarding noise rejection.

Next, we study the optimal control of information epidemics and charac-
terize a variant of the viral marketing phenomenon over heterogeneous social

networks. The marketing objective investigated in this framework is product



i
adoption. In this context, borrowing concepts from the theory of epidemic pro-
cesses, we model the transitions of the members of the target market between
different stages of the adoption process; specifically, we introduce a simple yet
insightful 3-compartment setup, i.e., the potential-adopting-dormant-potential
model. We then propose an optimal control scheme aiming at simultaneously
optimizing the population of the adopting and dormant compartments under
given time and resource constraints. We prove the existence of the solution to
the optimal control problem and provide both analytical and numerical solu-
tions using the Pontryagin Maximum Principle and Forward-Backward Sweep
Method, respectively.

Finally, motivated by various applications from large-scale data science to
mobile wireless sensor networks, we aim to solve the distributed optimiza-
tion problem over multi-agent networks, where each agent has a local func-
tion derived from private information. The goal is to have agents collaborate
with each other to optimize the sum of these local functions. Existing algo-
rithms mostly deal with the corresponding problems under the assumption that
the underlying network topology is strongly-connected, static, and undirected.
The contribution of this work lies in the relaxation of such assumptions on the
network topology. In particular, we assume that agents communicate accord-
ing to a time-varying directed graph and present a computationally efficient

fast distributed optimization algorithm. Contrary to the existing work, our
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proposed algorithm does not require the estimation of the Perron eigenvector
of the weight matrices. Instead, the proposed approach, termed as TV-AB,
relies on a novel information mixing approach exploiting both row and column-
stochastic weights to achieve agreement toward the optimal solution when the
underlying graph is directed. We show that TV-AB converges linearly to the
optimal solution when the global objective is smooth and strongly-convex, and
the underlying time-varying network exhibits bounded connectivity. We de-
rive the convergence results based on the stability analysis of a linear system

of inequalities along with a matrix perturbation argument.
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Chapter 1

Introduction

1.1 Overview and Outline

The field of Systems and Control Theory originally focused on the model-
ing, analysis, and design for dynamical systems described by linear or nonlinear
differential or difference equations. In the interconnected world of today, how-
ever, the focus has shifted towards complex, often distributed and networked,
systems. In this thesis, we are interested in systems that capture the dynamics
of such multi-agent systems. We take a control theoretic approach to obtain
insights and tools for the control of networked systems in the presence of dis-
tributed information delivered over a network infrastructure. Specifically, we
study problems in distributed estimation, control of spreading processes over

networks, and distributed optimization, respectively. In the remainder of this



CHAPTER 1. INTRODUCTION 2

chapter, we briefly introduce each of these problems and provide preliminaries

and notations necessary to formulating and approaching these three problems.

1.1.1 Distributed Estimation

Estimation of linear dynamical systems is an active field of research, pio-
neered by Kalman filtering [1]. However, the increasing complexity of system
dynamics, stemming from the high-dimensionality of such systems, and the
availability of diverse sensing methodologies push the traditional centralized
estimation techniques to the limit and the need for distributed algorithms
arises quite naturally. In Chapter [2| of this thesis, we aim to address the
distributed estimation of Continuous-Time, Linear Time-Invariant (CT-LTT)
systems where a network of agents is tasked to estimate the state under the
assumption that no agent possesses enough measurements in its neighbor-
hood to estimate the entire system state on its own. In this context, we
provide a networked Kalman-type estimator that combines prediction and in-
novation with information fusion among the agents and consider an approach
based on designing static estimator gains. The main contribution of this work
is to analyze the estimation error using the notions of dissipativity and the
input-output approach, enabling us to formulate stability and performance

arguments as quasiconvex optimization problems involving linear matrix in-
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equalities (LMIs). We show that the resulting estimation error is stable and

further ensures a given level of performance regarding noise rejection.

1.1.2 Control of Spreading Processes

In Chapter [3] we study the optimal control of information epidemics and
characterize a variant of the viral marketing phenomenon over heterogeneous
social networks. The marketing objective investigated in this framework is
product adoption. In this context, borrowing concepts from the theory of
epidemic processes, we model the transitions of the members of the target
market between different stages of the adoption process; specifically, we intro-
duce a simple yet insightful 3-compartment setup, i.e., the potential-adopting-
dormant-potential model, which is equivalent to the compartmental model
susceptible-infected-recovered-susceptible in epidemiology. We then propose
an optimal control scheme aiming at simultaneously optimizing the popula-
tion of the adopting and dormant compartments under given time and resource
constraints. We prove the existence of the solution to the optimal control prob-
lem and provide both analytical and numerical solutions using the Pontryagin

Maximum Principle and Forward-Backward Sweep Method, respectively.
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1.1.3 Distributed Optimization

In Chapter [4] of this thesis, motivated by various applications from large-
scale data science to mobile wireless sensor networks, we aim to solve the dis-
tributed optimization problem over multi-agent networks, where each agent
has access to a local function derived from private information. The goal
is to have the agents collaborate with each other to optimize the sum of
these local functions. Existing algorithms mostly deal with the correspond-
ing problems under the assumption that the underlying network topology is
strongly-connected, static, and undirected. The contribution of this work lies
in the relaxation of such assumptions on the network topology. In particu-
lar, we assume that agents communicate according to a time-varying directed
graph and present a computationally efficient fast distributed optimization
algorithm. Contrary to the existing work, our proposed algorithm does not
require the estimation of the Perron eigenvector of the weight matrices. In-
stead, the proposed approach relies on a novel information mixing approach
exploiting both row and column-stochastic weights to achieve agreement to-
ward the optimal solution when the underlying graph is directed. We show
that our algorithm converges linearly to the optimal solution provided the
global objective is smooth and strongly-convex, and the underlying sequence

of time-varying directed graphs exhibits bounded connectivity. We derive the
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convergence results based on the stability analysis of a linear system of in-

equalities along with a matrix perturbation argument.

1.2 Notations and Preliminaries

In this section, we first introduce the mathematical notation used through-
out this work. We then review some of the fundamental concepts regarding
graphs and nonnegative matrices, dissipative systems, LMIs, mathematical
analysis, and iterative methods necessary to the problems investigated in this

work.

1.2.1 Notations

We denote column vectors by lowercase bold letters, x, and matrices by
uppercase italics, X. For a vector x, its i} element is denoted by [x];, while
for a matrix X, its (i, 7)™ element is denoted by [X]; ;. The superscripts ‘T’
and ‘x’ denote transpose and complex-conjugate transpose, respectively.

The n x n identity matrix, the n X m zero matrix, and the n-dimensional
column vector of all ones are denoted by I,,, 0,,x,, and 1,,, respectively. The
indexes are dropped if the context is clear. Similarly, the dependency ()
is dropped for functions of the continuous time variable ¢ to achieve more

compact expressions if allowed by the context.
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For matrices X and Y, their diagonal aggregation and Kronecker prod-
uct [2, Definition 4.2.1] are denoted by diag[X,Y] and X ® Y, respectively.
For a vector x, diag[x] denotes a diagonal matrix with elements of x on the
main diagonal. For a square matrix X, p(X) denotes the spectral radius,
while \;(X) denotes the i*" eigenvalue when X is symmetric. For symmet-
ric matrices, ‘>’ (‘>’) denotes positive (semi)definiteness, while for a system
of linear inequalities written in matrix form Cx < b, the inequality sign <
represents an elementwise comparison.

The notation || - || denotes the Euclidean norm for vectors and the spectral
norm for matrices, whereas || - || max denotes the [,-norm on the set of square
matrices. Refer to [3, Chapter 5] for more details.

For a differentiable function f : RP — R, the transpose of its first-order
derivative with respect to x is called the gradient of f and is denoted by V f(x).

Its components are the partial derivatives of f: [Vf(x)]; = 2 1 <i < p.

The extended set of square integrable functions, see e.g., |4, Chapter 4] is
denoted by L£§ while R is the set of positive real numbers.
For sets A and B, A x B represents their Cartesian product. In addition,

we denote the cardinality, i.e., the number of elements in the set S, by |S].

Definition 1.2.1.1 (Lower Linear Fractional Transformation [5]). Suppose

that matriz G is partitioned into four blocks G11, G2, Ga1, and Gao, such that
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the following expression is well-defined:
.E(G, K) — G11 + G12K (I - GQQK)_I G21.

We denote Fi(G,K) as the lower Linear Fractional Transformation (LFT)

of G with respect to K.

Similarly, F,,(G, K) = Gaa+Go1 K (I — GHK)_1 G2 denotes the upper LFT

of G with respect to K.

Definition 1.2.1.2 (H,, Norm [5]). For a stable LTI system represented by

transfer matriz G, the Ho, norm is defined as:

|Gl = sup [|G(jw)]-
weR

1.2.2 Graph Theory

In this section, we present some graph theoretic concepts and basic def-
initions and preliminaries regarding nonnegative matrices which support the

contents in this thesis.

Undirected and Directed Graphs

An undirected graph G(V, &) is a collection V = {1, 2, --- |, n} of nodes/
agents and a collection & C V x V of unordered pairs of nodes called edges,
i.e., the edges are bidirectional. In contrast, a graph where there exists at least

one unidirectional edge is called a directed graph (digraph for short).
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Definition 1.2.2.1 (Weighted Adjacency Matrix). The weighted adjacency

matriz of a [dilgraph G(V,E) is a nonnegative matriz A € R™ ™ such that

[A]l}j 7é 07 (ja Z) €&
0 otherwise

where n = |V|. When [A];; € {0,1}, A is simply referred to as the adjacency

matrix of the graph G.
An agent j can send information to an agent ¢, i.e., 7 — ¢, if and only
if (j, 1) € €.

Definition 1.2.2.2 (Neighborhood of a Node). Given a digraph G(V,E) and
its [weighted] adjacency matriz A, the in-neighborhood at the i™ node is defined

as N = {j|[A]i; # 0} while the out-neighborhood is N = {j|[A];; # 0}.

Definition 1.2.2.3 (Degree Matrix). Given a digraph G(V,E), the in(out)
degree matriz Dy ou) is a diagonal matriz with the number of in(out) neighbors

of agent i on the i diagonal entry, i.e.,
[Dinouli = V™).

For an undirected graph, the adjacency matrix A is symmetric. There-

fore, /\[iin = 'A/;OUt = M and Di, = Doy = D.
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Definition 1.2.2.4 ((Strong) Connectivity). A (di)graph is said to be (strongly)
connected if every node is reachable from every other node, i.e., there exists a

(directed) path from every node to any other node in the (di)graph.

1.2.3 Nonnegative Matrices

Definition 1.2.3.1 (Perron Eigenvector). For a nonnegative square matriz A,
the spectral radius p(A) is an eigenvalue and the corresponding eigenvector

is positive and denoted as the Perron vector: Aw = p(A)r.

Definition 1.2.3.2 (Reducibility). An n x n matriz A is reducible if there

exists an n X n permutation matriz P such that

B C

PTAP = 1<r<n-1.

Onfr,r D

An n x n matrix A is irreducible if it is not reducible.

Definition 1.2.3.3 (Primitivity). A nonnegative square matriz A is primitive

iof it is irreducible and has only one nonzero eigenvalue of marimum modulus.

Stochasticity

A stochastic matrix describes the one-step transition probabilities of a
Markov chain, i.e., each entry is a nonnegative real number between 0 and 1. A

row-stochastic matrix is a nonnegative square matrix, with each row summing



CHAPTER 1. INTRODUCTION 10

up to 1. A column-stochastic matrix is a nonnegative square matrix, with each
column summing up to 1. A doubly-stochastic matrix is a nonnegative square

matrix with both rows and columns summing up to 1.

Remark 1.2.3.1. For an n x n doubly-stochastic matriz W, both the left and

right eigenvectors corresponding to the eigenvalue 1 are the vector 1,, i.e.,
Wi, =1,, 1w =1!.
For an n x n row-stochastic matriz A, on the other hand,

Al, =1, 7T;|—A =)

o

where 7, € R™ is not necessarily equal to 1,,. Similarly, for an n X n column-

stochastic matrix B,
Bm, = m,, 1ZB = 1;,
where . € R™ is not necessarily equal to 1,,.

Definition 1.2.3.4 (Stochatic Vector). A nonnegative vectorx € R™ is stochas-

tic if all the elements sum up to 1, i.e.,
1)x=1.

Definition 1.2.3.5 (Absolute Probability Sequence [6]). For a sequence { Ry}

of row-stochastic matrices, an absolute probability sequence is a sequence {my}
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of stochastic vectors such that
m =mp Ry, V>0

Definition 1.2.3.6 (Ergodicity [7]). An ergodic sequence of nxn row-stochastic

matrices { Ry} is such that for integers s > 0 and all i,7 =1,--- n,

lim [U(e,s)]m‘ — [ds}jv

e—00

where Ue sy = Re - -+ R, is the backward product of { Ry} and [d,]; is a constant

not depending on 1.

1.2.4 Dissipativity Theory

Dissipativity theory gives a framework for the design and analysis of con-
trol systems using certain input-output properties related to the conservation,
dissipation, and transport of energy. We refer to such input-output proper-
ties as dissipative properties, and systems with dissipative properties will be

termed dissipative systems. More specifically, consider a general state space:

x = f(x,u), ueR™,
(1.1)
y = h(x,u), y€R?
where x € R? is the p-dimensional state vector and (u,y) is the input-output

pair. We can provide a description of the system based on the concept of

dissipativity, relating the internally stored energy of the system to a gener-
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alized energy supply rate function s(u(t),y(¢)). The internally stored en-
ergy is measured by an energy storage function S(x(t)). As a measure of
energy, S(x) > 0, Vx. There are many different notions of dissipativity intro-
duced in various publications, see e.g., [4, Chapter 4] for a detailed discussion.

In Chapter 2, we use the following notion of dissipativity:

Definition 1.2.4.1 (Dissipativity [8]). A causal operator T with input q(t)

and output p(t) is strictly (X,Y, Z)-dissipative, where X = X', Y, and Z =

X Y

Z" are real matrices of appropriate dimensions with full-rank, if
Yy' Z
there exists € > 0 such that for all q € L5 and all T > 0,

q(t) X Y| |qa(t) dtg_g/Tq(t)Tq(t) dt. (1.2)
| bw| |y 2| b °

If the inequality in Eq. (1.2) is satisfied with € = 0, the operator is said to
be (X,Y, Z)-dissipative. If T is also stable and LTI, using Parseval’s theo-

rem [4, Theorem 2.5], we obtain the frequency domain equivalent of Eq. (1.2):

*

I X Y I
+el <0, (1.3)

T (jw) YT Z| |T(w)

for some € > 0 and almost every w > 0.
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1.2.5 Fundamental Results on LMIs

We now revisit some well-established results that are essential to the anal-

ysis carried out in Chapter 2]

Lemma 1.2.5.1 (Bounded-Real Lemma, |9, Chapter 10]). Given the CT-LTI

system G':

(t) =Ax(t) + Bu(t),

y(t) =Cx(t) + Du(t),

we have ||G||loo < 7v if and only if there exists a real symmetric matriz P > 0

such that

ATP+PA+C'C PB+C'D
< 0.

B'P+D'C D'D —~%I,
Lemma 1.2.5.2 (Elimination Procedure for Matrix Variables, [9, Chapter 2]).
Given matrices J, U, and V' of appropriate dimensions, there exists a matriz ()

satisfying
J+UQVT+VQ'UT -0,
if and only if
(i) UTJU <0,  and (ii) VT JV <0,

hold, where U and V are orthogonal complements of U and V', respectively.
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1.2.6 Properties of Functions

We now recap some standard definitions and properties of functions neces-
sary to the last part of this thesis. The details can be found in any standard

reference on convex optimization, see, e.g., [10].

Definition 1.2.6.1 (Convexity). A function f : RP — R is convez if, for any

points x, y € R?, and 6 € [0,1], it satisfies

fOx+(1—0)y) <O0f(x)+(1—0)f(y).

Definition 1.2.6.2 (Smoothness). A function f : RP — R is continuously
differentiable if its derivative exists and is continuous. It is smooth if it has

derivatives of all orders.

Definition 1.2.6.3 (Strong Convexity). A smooth convex function f : RP —
R is further said to be strongly convez if there exists some positive p such that

for any point x, y, it satisfies

(VFx) = Vi) (x—y) > ulx—yl*

Definition 1.2.6.4 (Lipschitz Continuity). A function g : R? — R™ is said

to be Lipschitz-continuous if there exists a constant £ > 0, such that

lg(x) = g < €lx = yll;

for all x, y € RP.
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Given the above definitions, we state a standard result in optimization

theory regarding the optimality gap in the gradient descent methodﬂ

Lemma 1.2.6.1. Let g : R? — R be p-strongly-convex and have £-Lipschitz
gradient. Define x =x — (Vg(x), where 0 < ( < 2/{. Then the optimality

gap in the domain space shrinks by at least a fized ratio:
™ = x| < xllx — x|
where x* = arg miny g(x) and x = max{|1 — Cul|, |1 — ¢/|}.

Proof. Given optimality condition, Vg(x*) = 0 and we can treat the mini-

mization problem min, g(x) as an equivalent nonlinear equation
Xk+1 = (I)(Xk), k Z O, (14)

where ® : R? — RP and ®(x) = x — (Vg(x). Note that x* is a fixed point
of @, i.e., P(x*) = x*. Therefore, we can view the gradient descent method as
a fixed-point iteration and based on the Contraction Mapping Theorem [11,
Proposition A.26], x;4; converges to the fixed point x* if ® is a contraction.

If we run the fixed-point method in Eq. ([1.4]) starting at x¢, then we have:

X1 = X7 = [lxe = CVg(xx) = X7 = [|D(x4) — (x7)]|.

1Refer to [11, Chapter 1] for a detailed introduction and analysis of gradient methods
for unconstrained optimization.
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Without loss of generality, assume g is twice continuously differentiable, then
given the Lipschitz continuity of Vg and pu-strong-convexity of g, the eigen-

values of V?g(x) are in the interval [u, £] for all x. We then have

12(y) — 2(2)|| =||(y —2) = ((Vy(y) — Vy(2))]|
1
5 -2-¢ [ Pty -2) -2
0
1
(1< [ ottty -anar) -2
1
<o (1-¢ [ Vota ity - apar) Iy .
The eigenvalues of the matrix I — Cfol V?2g(z +t(y — z)) dt are in the range
Therefore,
1
p(1-¢ [ Fatat oty ~ ) ar) = max{]1 - cul. |1 - ),
With 0 < ¢ < 2,
O<Cu<l<2 <= —-1<1—-<1-(u<l.

Therefore, y < 1, we have a contraction, and the lemma follows.

1.2.7 Convergence Rate for Iterative Methods

Consider the sequence {x;} and suppose it converges to the limit x*.
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Definition 1.2.7.1 (Q-Linear Convergence). The sequence {xx} is said to
converge Q-linearly (linearly for short) to x* if there exists a number T € (0, 1)

such that

e =X
m —7 =7T.
oo i — x|

The number 7 is called the rate of convergence.
Definition 1.2.7.2 (R-Linear Convergence). The sequence {xy} is said to

converge R-linearly to x* if there exists a sequence {1} converging Q-linearly

to 0 such that
lxp — x| <7, VEk. (1.5)

The R-linear rate extends the definition of linear convergence rate in that
the overall convergence rate remains linear while the convergence “speed” at

every iteration may vary.

Definition 1.2.7.3 (Sublinear Convergence). We say that {xx} converges

sublinearly to x*, if there exists a number 7, — 1 for k — oo such that

lim —HXHI —x'| = Tk.
koo [|x — x|
Typical sublinear rates include O(%), O(1k),
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1.3 Summary

In this chapter, we provide an outline on how we plan to take a control
theoretic approach to obtain insights and tools for the analysis and control of
networks in the presence of distributed information. We briefly introduce each
of the problems addressed in this thesis and present the necessary notations

and concepts.

1.3.1 Contributions

We now summarize the main contributions of this thesis.

1. An input-output approach for distributed estimation (Chapter : We
take a novel input-output approach toward designing a networked Kalman-
type distributed estimator for CT-LTI systems. Our design procedure
consists of solving quasiconvex optimization problems involving LMIs.
To the best of our knowledge, this work is the first input-output ap-
proach for distributed estimation of CT-LTI systems. Parts of the re-
sults of this chapter have been published in the proceedings of the 2018

IEEE European Control Conference [12].

2. An epidemiological perspective toward product adoption in heteroge-

neous networks (Chapter : Inspired by the theory of epidemic pro-
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cesses, we introduce a new model of viral marketing in social networks
and devise an optimal control problem to optimize product adoption in
the target market. The results of this chapter have been published in the
proceedings of the 52"¢ IEEE Asilomar Conference on Signals, Systems,

and Computers [13].

3. Computationally efficient distributed optimization over dynamic directed
networks(Chapter : We develop an algorithm for distributed optimiza-
tion over directed time-varying graphs where the goal is to optimize an
objective function composed of a sum of private local functions. Unlike
existing algorithms over dynamic directed graphs, our algorithm does
not rely on eigenvector estimation to address the information asymme-
try in the network. Instead, using a novel information mixing regime
based on both row and column-stochastic weight matrices, our algo-
rithm provides a computationally efficient approach to tackle the com-
munication asymmetry without addressing further nonlinearity in the
algorithm. This algorithm can be viewed as a general framework for dis-
tributed optimization over time-varying directed graphs covering many
existing algorithms. In addition, our analysis approach is novel in that
it uses the notion of absolute probability sequence and the concept of

ergodicity to establish contractions and proves convergence using results



CHAPTER 1. INTRODUCTION 20

from matrix perturbation theory. The results of this chapter are to be
presented in 2019 IEEE Data Science Workshop [14]. A journal version
of the results and contributions of this chapter is currently under review

for publication in IEEE Transactions on Automatic Control [15].
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Chapter 2

Distributed Estimation: An

Input-Output Approach

In this chapter, we investigate the distributed estimation of Continuous-
Time, Linear Time-Invariant (CT-LTI) systems monitored by a network of
agents communicating over an undirected graph. We assume that no agent
may possess enough measurements in its neighborhood to estimate the entire
state on its own. In this context, we propose a networked Kalman-type esti-
mator that combines prediction and innovation with information fusion among
agents and present an approach based on designing static estimator gains. We
analyze the estimation error using the notion of dissipativity and the input-

output approach| which enable us to formulate the stability and performance

1Refer to Section for more details.
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arguments as quasiconvex optimization problems [16, Chapter 3.4] involving
Linear Matrix Inequalities (LMIs) [9]. We show that the resulting estimation
error is stable provided the connectivity of the communication graph and a
certain observability argument and further ensures a given level of performance

regarding noise rejection. We finish the chapter with numerical simulations.

2.1 Introduction

Distributed estimation of physical and social phenomena has long been
a topic of significant interest, see e.g., [17-21]. Some prime examples include
tracking objects with multi-agent networks [22], estimating the state of a large-
scale power system [23], and studying opinion formation or voting models in
complex social networks [24]. Estimating the underlying dynamics in such sys-
tems is a challenging problem as measurements are typically distributed over a
network of geographically-dispersed agents (sensors, robots, individuals). Dis-
tributed estimation, see e.g., relevant work in [25-27], thus enables estimating
the dynamics without collecting measurements at a central location, a practi-
cally infeasible task, by exploiting local estimation and information fusion.

Relevant work on decentralized estimation of CT-LTI systems can be found
in [28-31]. For instance, Ref. [28] considers decentralized state estimation of

linear stochastic systems based on a combination of local Kalman filters and a



CHAPTER 2. DISTRIBUTED ESTIMATION: AN INPUT-OUTPUT
APPROACH 23

dynamic consensus scheme among the agents. Ref. [29] proposes a theoretical
framework for coupled distributed estimation and motion control of mobile
sensor networks based on distributed Kalman filtering for collaborative target
tracking. Ref. [30] extends adaptive diffusion models to continuous-time se-
tups. Moreover, a recursive algorithm is presented in [31] for the distributed es-
timation of a moving target under switching interconnection topologies, where
the stability of the algorithm is analyzed under mild observability and connec-
tivity assumptions. Of significant relevance to this chapter is Ref. [8], which
tackles the problem of control law design for interconnected systems, ensuring
global stability and a certain pre-specified performance criterion using the no-
tion of dissipativity, focusing on certain input-output properties of dynamical
systems referred to as dissipative properties.

Given that no agent possesses enough measurements in its neighborhood
to be able to estimate the entire state vector on its own, standard estimation
techniques are not applicable. Our approach, employing a predictor plus in-
novation estimator, recovers the observability at each agent with the help of
consensus on the neighboring predictions. To keep the estimator design simple
and develop an estimator that requires minimal computation and coordina-
tion, we use a static gain that is the same for both consensus and innovation
terms. In this context, we use the machinery developed in Ref. [8] and cast

the distributed estimation problem in a similar decentralized control frame-
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work, where based on dissipativity characterization of the dynamical systems,
we show that the gain design problem can be reduced to two quasiconvex
optimization problems under LMI constraints. In particular, we apply the
bounded-real lemma and matrix elimination procedure |9, Chapter 2] to ob-
tain existence conditions and a design procedure for a static estimator gain,
which guarantees stable error dynamics while also satisfying a given perfor-
mance level in terms of an upper bound on the H normﬂ of the global error
transfer function. Our design is based on the input-output approach, i.e.,
given a power spectral density (PSD) specification on the input, the H., norm
is closely related to the PSD of the output, see e.g., [32-34].

We now describe the rest of this chapter. Section formulates the prob-
lem and presents fundamental results on dissipativity and the input-output ap-
proach. Sections [2.3|and contain the estimation error analysis and present
our main results on the design of a static estimator gain ensuring stability and
performance specifications, respectively. Section [2.5|illustrates our results and

Section [2.6| concludes the chapter.

2See Definition [1.2.1.2
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2.2 Problem Formulation
Consider the following CT-LTT dynamics:
x(t) = Ax(t), (2.1)

where ¢ > 0 is the continuous time variable, x(¢) € RP is the state vector at
time ¢, and A is the system matrix. The system is assumed to be evolving in
response to initial condition x(0) only.

The measurements for this system are distributed over a network of n
potentially geographically dispersed agents, communicating according to an

undirected graph G(V, € )ﬂ Each agent 7 has the following observation model:
yi(t) = Hix(t) + r;(t), (2.2)

where y;(t) € R% is the local measurement, H; is the local observation ma-
trix, and r;(¢) is the zero-mean additive noise whose PSD is bounded by 1.
Letting A and D denote the corresponding adjacency and degree matrices,
respectively, the normalized adjacency and Laplacian matrices are defined
as A=D3AD % and L = I,, — A, respectively.

Given the dynamical system described by Eq. and local observations
in Eq. (2.2), the goal is to estimate the state x(¢) of the system in a distributed

manner. We assume the state to be globally observable as defined below.

3Refer to Section for preliminaries on graph theory.
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Definition 2.2.1 (Global Observability). The state is said to be globally ob-

servable when the matriz, G = Zfil H;"H;, is invertible.

Clearly, this concept of observability does not require observability at any
agent or any neighborhood. As a result, due to a lack of (neighborhood)
observability, no agent can implement the standard Kalman filtering equations
to estimate the state vector, x(t), even if it collects all of the measurements in
its neighborhood. The distributed estimation problem is thus to estimate the
state of the system in this setting.

We propose a variant of the Networked Kalman-type Estimator (NKE),
initially introduced in [35], which follows a prediction + innovation framework
based on state and output exchange among agents with an additional consen-
sus term from inter-agent interactions to address the distributed nature of the
problem. Not only does this force agreement but it also diffuses information

on the states for which there may be no measurement in the neighborhood:

Xi(t) = ARi(t) + > Kij (%;(t) —%(t) + > BijH, < — Hxi(t )) (2.3)

JEN; JEN;

predictor

Vv
state exchange: consensus measurement exchange: innovation

where X;(t) is the local state estimate at agent 7, K;; € RP*P are consensus
gain matrices, and B;; € RP*? are innovation gain matrices between agents ¢
and j. Towards a simplified estimator that relies on minimal coordination
among the agents, we assume the gain matrices to be identical over the con-

sensus and innovation terms and across each agent, i.e., K;; = | /\/|’ B = K,
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where K € RP*P; this also serves as a baseline with respect to the solutions

obtained with higher degrees of freedom.

2.2.1 Error Dynamics

Defining the local estimation error as e;(t) = X;(t) — x(t), it is straightfor-

ward to show that

é;(t) = Xi(t) — x(t)

Vil JEN; JEN;
+ KDY Hlri(t) . (2.4)
JEN;

(. s

VvV
external input due to noise

The matrix K can be thought of as a static estimator gain, designing which
is the main goal of this chapter such that the estimation error dynamics are
stable at each agent and further meet certain performance criteria with re-
gard to noise rejection. The block diagram corresponding to the graphical
representation of the local estimation error dynamics is depicted in Fig. 2.1]
The signals enclosed in the dashed octagon represent the estimation errors
from the neighborhood N; of agent i, constructing the auxiliary variable ey,
as labeled in Fig. 2.1} The aggregate auxiliary signal from the entire network,

denoted as €(t), reveals how the network topology affects the global estimation
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1
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Figure 2.1: Local error dynamics.

error dynamics and is obtained from the global estimation error:

en: (t) e(t)

e, (t) e,(t)

Next we investigate the effect of agent measurements on the global estimation

error dynamics:

Ym (t) €1 (t>

_yj\fn () e,(t)

where Dy is a block-diagonal matrix with 3 jen, H ]T H; as its i*" block, and

T, (t) Zje/\/l HjTrj(t)

Ty, (t) D jen, Hiri(t)

which is the external input due to measurement noise.
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The input-output relationship of the local error dynamics represented in

Fig. can be further simplified by taking Laplace transform and noting that

ei(s) = G(s)K (ra;(s) +en;(s) —yai(s) —ei(s))

where w;(s) = ra;(s) + en:(s) — ya:(s), G(s) is the transfer function from d;

(as labeled in Fig. to e;, and

e;(s) = Ti(s)uy(s),
where Tj(s) = (I+G(s)K)'G(s)K is the unity feedback system from u; to e;,
depicted in Fig. 2.2a] By rewriting Tj(s) as G(s)K (I + G(s)K)~! based on

the push-through rule from [36, Chapter 3], we can express T;(s) in terms of

the lower LETfY| of P(s) with respect to K
Fi(P(s), K) = Pui(s) + Pra(s) K (I = Paa(s)K) ™ Par(s),

as in Fig. [2.2b] where

Pll(S) 7312(8) 0 G(S)
P(s) = = ) (2.6)
Pai(s) Paals) I —G(s)

For the global error process, concatenating wu;(t) in a vector u(t) results in:
u(t) =(t) +&(t) - y(t) =1(t) + [(A® L,) — Dyle(t).

The resulting global error process with ¥(¢) as the input and e(t) as the output

is represented in Fig.[2.3] This system can be interpreted as the lower LET of n

4See Definition
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€ <. 'P< u;

u; Yy k F9 G(s) Ly i - a4
- : " K |

1 T3 (s) | T;(s)

(a) Unity feedback. (b) Lower LFT.

Figure 2.2: Equivalent representations of T;(s).

identical subsystems T;(s) = T'(s) with respect to F', mathematically denoted

as Fi (L, @ T(s), F),

where

e(s) =(In @ T (s))u(s),

= 2y . (2.7)
e Ipn 0 r
F
:Fl (S)
T (s)
u e
e 44— F l— r

Figure 2.3: Global error dynamics.

In Eq. (2.7)), the interconnection F' is static; i.e., it is a gain matrix, which

means that the equation holds in both time and frequency domains. Having
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laid the necessary foundation, we now describe the main problem addressed

in this chapter.

Problem 2.1 (Distributed Estimation). Given the above formulation, find
the estimator gain matriz K such that given the local dynamics P as defined
in Eq. (2.6) and the interconnection matriz F in Eq. (2.7), the global error

process, depicted in Fig. 1s stable and meets the performance specification
|Fi(In @ T, F)[[oc <, (2.8)

for a given n > 0. This objective directly affects noise rejection properties of

the global error by setting an upper bound n on the noise amplification from t

to e, see Fig.[2.5

To this aim, we will design procedures based on the dissipativity properties
of the interconnection matrix F' and the local system 7'(s). We now recap the
background material required for our analysis. We start with the following
theorem, serving as the basis for our proposed solution to the problem inves-
tigated in this chapter. The analysis is carried out in Sections and for

stability and performance, respectively.

Theorem 2.2.1.1 (|8, Theorem 1]). Given n > 0, a stable interconnection F,
a local plant P(s), and the real matrices X = X' < 0, Y, and Z = Z" of

appropriate dimensions, if there exist
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(1) a positive-definite matriz S € R™*™ such that F is

(dmg [S ® X, —772]] ,diag[S ®Y,0], diag[S ® Z, I]) -dissipative;

(ii) a local controller K such that T'(s) = F(P(s), K) is

strictly (—Z, -YT, —X) -dissipative;

then the large-scale system F; (I, @ T(s), F), depicted in Fig. is stable
and || F; (I, @ T, F) ||« <.

Theorem [2.2.1.1| can be specialized to analyze the internal stability:

Corollary 2.2.1.1 ([8, Corollary 1]). Given a stable interconnection F, a
plant P(s), and real matrices X = X'< 0, Y, and Z = Z" of appropriate

dimensions, if there exist
(i) a positive-definite matriz S € R"™" such that M = Fy1 in Eq. [(2.7)), is
(S®X,S®Y,S® Z) -dissipative;
(ii) a local controller K such that T'(s) = F(P(s), K) is

strictly {—7Z, Y ", — X }-dissipative;

then the large-scale system depicted in Fig. 15 stable.



CHAPTER 2. DISTRIBUTED ESTIMATION: AN INPUT-OUTPUT
APPROACH 33

In this chapter, we assume diagonal matrices of the form

X=zl, Y=yl (2.9)

Dy

7 =zl

Dy

for the choice of X, Y, and Z in Theorem [2.2.1.1| and Corollary [2.2.1.1| and

find x, y, and z such that conditions (i) and (i7) are both satisfied.

2.3 Error Stability

Recall that our goal is to design the estimator gain matrix K such that
the global error dynamics are internally stable and satisfy a given level of
performance. In this section, we consider the stability of the error process,
which ensures that the estimation error would vanish if no measurement noise
is present across the network; the performance will be discussed in the next
section. We only focus on the case where the system matrix A is unstable,
i.e., there exists an eigenvalue of A with a positive real part, since otherwise,
the error process is stable with K = 0. We now present our main result on

the error stability.

Theorem 2.3.1 (Stability). Given the dynamics in Eq. (2.1) with an un-
stable system matriz A, the global estimation error process F; (I, @ T(s), F),
and M = Fi; = A® I, — Dy, there exists an estimator gain matriv K € RP*P

ensuring internal stability if there exist a positive-definite matriz S € R™*",
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and real values x > 0 and c such that

M (S @ LYM=x(cM — L))" S(cM — 1,,), (2.10)
23
| 1

Proof. The proof is derived by directly applying Corollary [2.2.1.1] Choosing

r=—-1,y=c and z = i - in Eq. (2.9), Eq. (2.10) is equivalent to con-

dition () of Corollary [2.2.1.1] Moreover, the frequency domain equivalent of

condition (ii) of Corollary [2.2.1.1] can be expressed ag|

*

I <c2 _ i) I —cl I
<0,
T(jw) —cl I T(jw)

which is equivalent to

T (jw)T (jw) — cT*(jw) — T (jw) + (62 — i) I<0&

(T(jw) — eI)* (T(jw) — eI) %1 <0 (2.12)

In order to satisfy the hypotheses of Lemma [1.2.5.1] and to use it in our
proof, we apply common loop transformations, i.e., linear multiplication and
shift to the closed loop system T(s) to obtain T(s) = VX (T'(s) —cl). As
demonstrated in Fig. [2.4 f(s) can be viewed as the transfer matrix from

signal u; to an auxiliary signal z;.

SRefer to Eq. (1.3)) in Section m
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u;

Figure 2.4: Modified system due to loop transformations.

Consequently, the state-space representation of T\(s) is:

(2.13)

/Z\Z‘ = \/%]ez — c\/%]ui

We now show that Eq. ([2.12) is equivalent to |Ts < 1:
- * . 1
(T(jw) — )" (T(jw) —cI) — ;] <0

A (T(Gw) — eI)* (T(jw) — eI)) < i S A (f*(jw)cf(m) <1

& sup{ |[Tw)|| |lweR}<1e [[T]e<1 .-

Given the state-space representation in Eq. (2.13]), we can apply Bounded-

Real Lemmaﬁ to T(s) and with the change of variables Q = PK, |T||o < 1 if
SLemma




CHAPTER 2. DISTRIBUTED ESTIMATION: AN INPUT-OUTPUT
APPROACH 36

and only if there exists a positive-definite matrix P € RP*P such that

ATP+PA—(QT+Q)+xI Q—cxI
<0, (2.14)

Q" —ex! (x = )1
for 42 = 1. We proceed by proving that the feasibility of Eq. (2.14)) is equivalent

to Eq. (2.11)). First note that Eq. (2.14)) can be expressed in the following form:

ATP+PA+xI  —cxI —-QT+Q) Q
+

—exl (Ax — DI QT 0

T

0 —— 0
vT
U
=Q+UQV +VQ'U' <0. (2.15)

Applying the Elimination Procedurd’ Eq. (2.15) is equivalent to:

UTQu < 0, (2.16a)

ViQv <o, (2.16b)

T T
where U = {0 [} and V = [[ [] . From Eq. (2.16a)), we have

ATP 4+ PA +xI —cx! 0
{0 ]1 <0&

—cx! (Ax—DI| |I

"Lemma
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1
(Ex-1DI<0ePx<lex<,
C

and Eq. (2.16b)) results in

ATP + PA+xI —cxl I
[[ [} <0«
—exI (Ax—-DI| |1
ATP+PA+ [x(c=1°-1]I <0«
1—x(c—1)* > Apax (A" P+ PA). (2.17)

It remains to show the equivalence between Eq. (2.17)) and y < ﬁ to com-

plete the proof. If Eq. holds for the unstable system matrix A (as
assumed earlier), based on the Lyapunov stability criterion, see, e.g., |37,
the matrix AT P + PA is not negative-definite for all real symmetric matri-
ces P > 0, which implies that the left hand side of Eq. is positive,

further implying x < ﬁ

For the other direction, assuming xy < ﬁ, we have 1 — x(c — 1)> > 0

and for an unstable matrix A, we can always find a sufficiently small P, > 0

such that
1—x(c—1)> Apax (AT P+ PA) & ATP. + PA+ [x(c—1)> = 1] I < 0;

for instance, P, = eI, where 0 < € < % is a candidate, where R{-}

denotes the real part of the given complex argument.
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Consequently, Eq. (2.14) is feasible if and only if the condition in Eq. (2.11]

holds and the proof is complete.

]

Theorem establishes the existence conditions for a stabilizing estima-
tor gain matrix K. In the remainder of this section, we provide an algorithm
to compute K based on this theorem and the resulting observations made in

the following Remarks.

Remark 2.3.1. For a single-input single-output (SISO) system T, Eq.
means that the Nyquist plot of the transfer function T(s) lies inside the circle
centered at ¢ + j0 with radius \/L? A similar interpretation applies to the
multiple-input multiple-output (MIMO) case as well. To relax this constraint

for a given center c, the radius has to be mazimized, which is equivalent to

minimizing x-

The key idea of the algorithm is based on the fact that minimizing Y,
as mentioned in Remark , would strengthen the constraint in Eq. ;
therefore, Egs. and cannot be simultaneously relaxed. As a result,
the following optimization problem can be solved to satisfy the conditions of

Theorem [2.3.1, leading to the computation of the estimator gain matrix K
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ensuring global stability.

mlrilguze X
subject to S =0, S=95® I, (2.18)

MTSM < x(eM — In)" S (eM — L),
which is a generalized eigenvalue problem for a fixed value of ¢ (see Re-

mark. [2.3.2)), with S € R™" and x € R* as the decision variables, [9].

Remark 2.3.2. If the center c is selected as a decision variable, the optimiza-
tion problem in Fq. 15 no longer a generalized eigenvalue minimization
problem; therefore, it has to be fixed in order to have a tractable optimization
problem. The choice of ¢ must be in a way that Eq. is feasible. In what
follows next, we derive a mecessary condition on c based on the spectrum

of M. First, note that Eq. (2.10) can be alternatively expressed as:

.
cx 3 cx X 3
M 1) S(M )< —2 3§ 2.19
(4 52500) S(0rs 25 ) < s d e
M "

where p > 0 by definition. Decomposing S=0asS= §%§%, we obtain:

MTSM = uS & MTS252 MT < 1S

[ SIS

Sz,

o

Multiplying by S7 from right and left, on both sides, we have:

(5M57) (SEMEF) <l & o (SIMET) < vl (220)
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where oymax(+) denotes the maximum singular value of its argument. The

Eqgs. (2.19) and (2.20) are in general difficult to verify. From the submul-

tiplicative property of the matriz 2-norm,

G (§M§*) < O (S

=

> Omax (M) Omax (5_71> = cond <§%> Omax (M),

where cond(-) denotes the condition number of its argument and equality holds
for the case of a diagonal matrix S = 1. Therefore, imposing a diagonal
structure 61 (6 >0) on S in S = S ® I, allows us to simplify Eq. [2.19), at

the price of a more restrictive condition on c:

.
cx cx
M I M ) < ul.
( +1—62x) ( +1—C2X)_u

We can further simplify the above equation by exploiting the symmetry of M

for an undirected network topology:

2

cx .
A (M < 9221
0N+ 2| < v 2:21)
——
:Cm
SAHM) 4 2c\/ax N (M) + Eux < = (1 — c*x) —2¢y/xAi(M) > 0,
\_\/\i_/
X

for all \i(M) # 0. Dividing the last inequality by \/px, we obtain the following

necessary condition on c:

(M) < =, for \i(M) # 0, (2.22)

DO | —



CHAPTER 2. DISTRIBUTED ESTIMATION: AN INPUT-OUTPUT
APPROACH 41

which s further expressed as:

¢ < gmmoany 3 NM) >0 2.2

Based on Eq. (2.23)), we can make the following implications:

(a) If M = 0 with at least one positive eigenvalue, ¢ is bounded from above by

a positive real number:

1

< .
S (M)

(b) If M <0 with at least one negative eigenvalue, ¢ is bounded from below by

a negative real number:

1

c > —2)\min(M).

(¢) If M is indefinite, ¢ is bounded with bounds of opposite signs:

| 1
DM = D (M)

Remark 2.3.3. Having formulated the optimization in Eq. as a gen-
eralized eigenvalue problem (with ¢ = ¢* selected according to the discussion
in Remark , we cannot include Eq. as an explicit constraint; con-
sequently, we proceed in the following iterative manner: We use the objective
value obtained from the optimization in Eq. , i.e., X", to verify whether
the constraint in Eq. is met, in which case the static estimator gain is

computed as K = (P)7*Q’, where P/ and Q' are solutions to the feasibility
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problem in Eq. fory =1, c=c", and x = x*. If not, we fir a new
value ¢* for ¢ according to Eq. and repeat the earlier steps. Given a
sufficiently large number of feasible values for the parameter ¢ — selected ac-
cording to Eq. — and gathered in the sample set C, one approach is to
do a linear search on ¢ until the conditions of Theorem |2.53.1] are met or the
sample set is exhausted, the latter implying that a static estimator gain K,

ensuring stability of the global error, was not found.

The above procedure to compute the static estimator gain matrix K is

summarized in Algorithm [T}

Algorithm 1 Compute Static Estimator Gain K

given M, C = {c is selected according to Eq. (2.23)},
repeat

c¢* < avaluein C
X" < solve the generalized eigenvalue problem in Eq. (2.18) for ¢ = ¢*

if x* < min{ =, ﬁ} then
P! Qf < solve the feasibility problem in Eq. forc=c", x=x"
K« (P Qf
return K

end if

until C has been exhausted.
return Static estimator gain K not found

Remark 2.3.4. In case of a stable system matriz A, the condition in Fq. (2.11))
simplifies to x < C%, since we can always find a real symmetric matrix P >~ 0

such that Eq. (2.17)) is satisfied; i.e., Amax (ATP + PA) <1—x(c—1)>2
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2.3.1 Discussion on Network Connectivity and

Observability

We now discuss the interplay between the stability of the global error dy-
namics and network connectivity and global observability from two different

perspectives.

1) Fizing c¢: As mentioned in Remark regarding Theorem the
algorithm to find controller gain matrix K relies on satisfying Eq. (2.10))

while relaxing Eq. (2.11]) as much as possible. As demonstrated in Fig. ﬁ,

the upper bound in Eq. (2.11)) is largest for ¢ = % In order for Eq. (2.10)

to be feasible with ¢ = %, M must satisfy the following condition:

for \j(M) #0: (M) < 1= Apax(M) < 1.

The reasoning follows directly from Eq. (2.22]). As stated earlier,

M=Fy=(A®lL)—Dy=1I,— (LI, + Dy) =

(. S

Q=0T

)\max(M> =1+ AInax(_c-g) =1- )\min(Q) = Amax(*]\4) <l<& AInin(Q) > O;
the matrix @ was shown to be positive-definite in [35] for a globally ob-
servable and connected system.

In what follows next, we prove that global observability and connectivity are

also necessary conditions for Q > 0 < Apax (M) < 1, which is a necessary
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Figure 2.5: The bound in Eq. (2.11]) plotted versus c.
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condition for Eq. (2.10) to be feasible for ¢ = 1 and S = §I; in this case,

2

the upper bound in Eq. (2.11]) is at its largest!

Lemma 2.3.1.1. For real symmetric matrices X = 0 and Y = 0 in R"*",

rank(X +Y) > max (rank(X), rank(Y")) .

Proof. Let null(-) denote the null space. For any v € null(X + Y'):
vV X4+Y)v=0&v Xv=0, vYv=0
Consequently, v € null(X) and v € null(Y") equivalent to
null(X +Y) = null(X) Nnull(Y).
Therefore, denoting the dimension of a given vector space by dim(-):

rank(X +Y) =n —dim (null(X +Y)) = n — dim (null(X) N null(Y"))
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> n — dim (null(X)) = rank(X).

Similarly, rank(X +Y’) > rank(Y") and the lemma follows.

O

Lemma 2.3.1.2. 9=L® I, + Dy > 0 implies network connectivity and

global observabilitsff]

Proof. By contradiction, assume that the state is not globally observable
or the network is disconnected, which is true if global observability doesn’t
hold, i.e., if G, as defined in Definition [2.2.1] is not full-rank. Note that the
network can be either connected or disconnected; we present our argument

in both cases:

(i) The network is connected: In this case, £ ® I, has p eigenpairs of
form (0, 1, ® v), where v, is any nonzero vector in R? — according

to |2, Theorem 4.2.12].

Also, note that given the rank deficiency of G, any block in Dy is

also rank deficient according to Lemma [2.3.1.1], i.e.,

null (Z HjHj> £0, VieV.

JEN;

8See Definition m
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Furthermore, null(G) C null (ZjeM H]-TH]->, for all 7 € V, i.e.,

N
null(G) € () null (Z H/ Hj) .
=1

JEN;

Now, pick an eigenvector v of I, such that v € null(G). Note that

this is possible as G is rank deficient, i.e., null(G) # (). We have

(L,@v) QL ®V)

=1, 0ov) (L&) (1, @v)+ (1, V) Dy(1, V)

N
=0+ v’ (ZHJTHj)v:o,
=1

JEN;

which contradicts the fact that Q = 0.

(ii) The netowrk is disconnected, i.e., the algebraic connectivity (second-
smallest eigenvalue) of the normalized Laplacian £ is equal to zero; or
equivalently, the algebraic multiplicity of the zero eigenvalue, C' (the
number of connected components), is greater than one. In this case,

after suitably renumbering the vertices, we can write
Z — diag {z‘”, . z“’)} ,
where Z(C), c=1,---,C, is the normalized Laplacian of the ¢ con-

nected component, G., consisting of n. agents. Note that £ has at

least C' orthogonal eigenvectors corresponding to the zero eigenvalue:

On—nc
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Rearranging the blocks in Dy accordingly and picking an eigenvec-

tor v of I, in null(G) , we have

(v(c) ® v)T Q (V(C) ® v) =0+ (V(C) ® v)T Dy (V(C) ® V)

=> ' (ZH}H])v:o,

i€Ge JEN;

where the last equality follows from the same line of reasoning as in

case (i), contradicting the fact that Q > 0.
[

Remark 2.3.1.1. Note that network disconnectivity on its own is not suf-
ficient for Q to be rank deficient since in that case Q > 0 if there exists
a connected component in which global observability holds, i.e., if there ex-

ists c€ {1,---,C} such that G. = ..., H.! H; is full-rank!

i€Gc
Remark and the above discussion is summarized in the following:

Proposition 2.3.1.1. Let ¢ = 3; there exists 6 > 0 such that Eq. (2.10)
holds for S = 01 only if the network is connected and the state is globally

observable.

Proof. The proof follows directly from the equivalence between Q > 0 and

network connectivity and global observability.
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2) Spectrum of M: From Eq. (2.21)), we have the following bounds for the

spectrum of M and Q:
M) + eyl < Vi S V(L +eyX) < (M) < il — ey/R).
Since \;(Q) =1 — (M),

1= V(1= eyX) £ M(Q) < T+ Vil +eyx) (2.24)

Vv
positive

We now show that if the condition in Eq. (2.11]) holds, the lower bound

in Eq. (2.24)) is poisitive which is equivalent to Q > 0.

Eq. @11) © max{ld], e — 1]} < %
1= i — ey = VAT Lo

I+cy/Xx
Proposition 2.3.1.2. There exists 6 > 0 such that Eq. (2.10]) holds for

S =061 and x < min{c%, ﬁ} (Eq. (2.11))) only if the network is con-

nected and the state is globally observable.

Proof. The proof follows directly from the equivalence between Q > 0 and

network connectivity and global observability.
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2.4 Performance

In this section, we compute an estimator gain matrix K satisfying the H.,
performance objective specified in Eq. in addition to stability; as men-
tioned earlier, this performance objective sets an upper bound 7 on the noise
amplification gain from the external signal r to the global estimation error e —
depicted in Fig. — directly affecting noise rejection properties of the global
error process. We now present our main result on H,, performance character-

istics of the global error process.

Theorem 2.4.1 (Performance). Given the global error process F; (I, @ T, F),

there exists an estimator gain matriz K ensuring performance objective

[Fi (L @ T, F) [l <,

if there exist a positive-definite matriz S € R™"™, and real values x > 0 and ¢

such that | _
00; 0 0 15 000
00: 0 0 X
o700 3L 0)axyeT| 0 ST00) e (2.25)
s 0 0:00
100 0 I 0O 0:00
I0i—clO )
where ® = | 0.1:.0..0 , and
00 1 0f |,
00 0 I
1 1
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Proof. The proof is based on Theorem [2.2.1.1| and is similar in part to the

proof of Theorem [2.3.1, Choosing = —1, y = ¢, and 2 = i —c?in Eq. (2.9),
Eq. (2.25) is derived from condition (i) of Theorem [2.2.1.1] following some al-

gebraic manipulations. Moreover, as proved in Theorem [2.3.1] the condition

in Eq. (2.26) is equivalent to condition (ii) of Theorem [2.2.1.1] (or equiva-

lently Eq. (2.12))); thus, there exists an estimator gain K ensuring the perfor-

mance ||F; (I, @ T, F) |0 < n if Egs. (2.25)) and (2.26]) are satisfied.

]

Similar to the case of internal stability, we present a systematic procedure
to compute an estimator gain matrix K satisfying the performance specifica-
tion in Eq. in addition to internal stability based on Theorem . An
analogous observation to the one made in Remark reveals that Egs.
and cannot be simultaneously relaxed, leading to the following optimiza-

tion problem:

minimize X
x:S

subject to S >0, S=8® I,

~ : 2.2
00000 S 000 (2.27)
00:0 0 2|
T | T usy§
® 003150 ®=x® 0 ,,,,, X IOO ’
X 0 000
000 I 0 000

with ® as defined earlier.
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To formulate the optimization in Eq. as a generalized eigenvalue
problem, we fix both ¢ and x by first solving the stability problem and using
the resulting values for ¢, x and ||F; (I, ® T, F) || (as a baseline for n) and
introduce the change of variables ¢ = %S and = % The resulting opti-
mization problem, presented in Eq. , is a generalized eigenvalue problem

with ¢ € R™™ and x € RT as the decision variables, [9].

minimize X
X:s

subject to ¢>=0, S=c® 1,

o (2.28)
0000 ¢ 000
00 c0| — 0000
0001 0 0i00

In the optimization problem above, [ acts as a tuning parameter; if the op-
timization problem has no solution, § should be increased to relax the last
constraint of the problem. Also note that for a given value of 5, minimizing x
results in the minimization of the upper bound on noise amplification gain 7
according to the relation n? = 2.

As demonstrated in [34], conditions (i) and (ii) of Corollary are
necessary conditions for conditions (i) and (i) of Theorem [2.2.1.1} therefore,
the necessity of network connectivity and global observability apply to the

performance problem as well.
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2.5 Simulations

In this section, we illustrate the concepts introduced in this paper and
evaluate the effectiveness of the proposed static gain distributed estimator in
terms of internal stability and H., performance, experimentally. We consider
a network of n = 20 agents communicating over a random undirected graph
generated based on the Barabdsi-Albert model [38]; one instance of such for-
mation is shown in Fig. 2.6al The agents’ goal is to estimate the state of
an unstable p = 3-dimensional CT-LTI dynamical system evolving according
to the model in Eq. with a randomly chosen initial condition x(0) using
Eq. , with the following structure for the system matrix A as in Eq.
where x is a uniform random variable in the interval [0, 2], ensuring unstable
dynamics. The measurement model, H;, at agent i is chosen from the set QO
in Eq. according to the specific protocol determined by the chosen setup

as explained below.

L 05 0
A=1o 1 ol QH:H1 0 0],[0 1 0],{0 0 1” (2:29)
005 x|

(1) Setup I: In the first setup, 3 non-neighboring agents iy, is, and i3 are
selected at random such that each of these three agents measures one

of the system states while the rest of the agents make no measurement;
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i.e. Hz = |:O 0 0:| for ¢ ¢ {ih ig, 13}

(2) Setup I1I: In this setup, an agent ¢ is randomly picked and the measure-
ment matrices in its neighborhood are picked such that the system is not
observable in 7’s neighborhood. This is guaranteed by avoiding the simul-
taneous appearance of [1 0 0] and [0 0 1] in NV; as this would make
the system observable in the neighborhood. For the agents not in Nj,

measurement matrices are chosen randomly from Q.

(3) Setup I11I: In the third setup, the measurement model at each agent i is

randomly chosen from Q.

Note that with the choice of measurement matrices given in O, no agent
is able to estimate the state based on its own observations alone. Furthermore,
no agent is observable in its neighborhood in Setup I, while at least one agent
is not observable in its neighborhood in Setup /1.

In the remainder of this section, we demonstrate the stability and perfor-
mance characteristics of the static gain estimator through a series of Monte

Carlo simulations.
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|—Setup | —Setup II| —Setup Il

0 5 10 15

time[s]

(a) Network of 20 agents. (b) Averaged normalized error.

Figure 2.6: Network topology and global error signals.
2.5.1 Internal Stability

To illustrate the stability of the estimation error process, agents are as-
sumed to have perfect (noise-free) observations; i.e., r;(t) =0. Given zero
initial estimate X;(0), each agent makes an estimate of the system state us-
ing Eq. for t € [0, 15] seconds. This procedure is repeated over 100 Monte
Carlo simulations, each with randomly generated sets of system matrix A and
observation matrices H; (according to the setup-specific protocol).

Numerically consistent with the theory presented in previous sections, ex-
ploiting the information exchange among agents, the distributed estimator in

Eq. (2.3]) results in asymptotically stable error dynamics in all setups as illus-

trated in Fig. , where the normalized 2-norm of the global errors, i.e., Hej(\f)”
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— averaged over 100 Monte Carlo simulations — has been plotted. The three
setups are further shown over each trial in Fig. where the normalized 2-
norm of the global error is plotted for each setup. As expected, the setup with
a more limited observation protocol has a longer settling time; i.e., the error

takes the longest to vanish in setup /.

time[s] timel[s]

(a) Setup I. (b) Setup II.

time[s]

(¢) Setup III.

Figure 2.7: Normalized errors.
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2.5.2 Performance

In this subsection, the performance level n in Eq. is set equal to 288, 36,
and 24, for setups I, I1 and II1, respectively — note that the stricter the ob-
servation regime, the higher the performance level 1 needs to be — and the
performance characteristics of the global error process are demonstrated in
presence of noise signal T(t) defined in Eq. , for the case where agent ob-
servations are subject to Additive White Gaussian Noise (AWGN) with PSD
equal to 02 = 0.25. For each of the observation setups explained, this proce-
dure is repeated over 100 Monte Carlo simulations with a fixed set of system
matrix A, communication graph G, and setup-specific observation matrices H;.
The resulting normalized 2-norm of the global error signal is plotted in Fig.[2.8]
averaged over 100 Monte Carlo simulations.

It’s worth mentioning that setups I/ and I1I can achieve better (lower)
performance levels given the less limited observation regime they follow. As
we can see, the error process is stable. The H.,-norm of the resulting global
error process || F; (I, ® T, F) ||, is found to be 159.2574, 27.7207, and 16.5032
for setups I, I1, and 111, respectively, satisfying the performance specification

in Eq.(2.8) for n as specified above.
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04

'—Setup | —Setup Il —Setup IlI]

oasf

03

0z

01

timel[s]

Figure 2.8: Two-norm of the normalized error.

2.6 Summary

In this chapter, we describe a static estimator gain design method to solve
the distributed estimation problem for CT-LTT systems monitored by a net-
work of agents. In this context, we express the problem of distributed esti-
mation as corresponding optimization problems and apply techniques based
on the input-output approach to perform stability and performance analyses.
We derive existence conditions for a static estimator gain matrix resulting in
stable error dynamics, i.e., estimation error vanishing over time in the absence
of measurement noise; additionally, we derive existence conditions regarding
static estimator gain design, guaranteeing desirable performance characteris-

tics for the error process in terms of noise rejection.
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Chapter 3

Optimal Control of Spreading

Processes

In this chapter, we study a variant of the viral marketing phenomenon
over heterogeneous networks. The marketing objective investigated in this
framework is product adoption. In this context, we borrow concepts from the
theory of epidemic processes to model the transitions of the members of the
target market in between different stages of the adoption process; specifically,
we introduce a 3-compartment model, i.e., the potential-adopting-dormant-
potential (PADoP) model, which is the equivalent of the susceptible-infected-
recovered-susceptible (SIRS) epidemic model. We then formulate the simul-
taneous optimization of the population of the adopting and dormant states

under certain time and resource constraints as an optimal control problem
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and prove the existence of a solution. Furthermore, using the Pontryagin
Maximum Principle and forward-backward sweep method (FBSM), we pro-
vide analytical and numerical solutions, respectively. Simulations illustrate

the findings of the chapter.

3.1 Introduction

The last decade has witnessed a rapid development of online social net-
works (OSNs), such as Facebook, YouTube, Twitter, and Instagram, making
the modern world more connected than ever [39]. This connectedness has man-
ifested itself in the surprisingly fast and intense spread of news, information,
rumors, and new products as well as epidemics and financial crises around the
globe. These phenomena are not only based on the links that connect us and
the ways in which each of our decisions can affect outcomes of everyone else’s,
but they also revolve around networks, incentives, and the aggregate behavior
of groups of people [40].

Business strategists have noted an increasing tendency in the target market
to search for and diffuse product information using OSNs. The information
individuals receive and the opinions they form as a result are significantly
influenced by other individuals within their social network; in a sense, a piece

of information, awareness of brands, products, ideas, and political ideologies
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propagate through such a network much like infections in the human network,
leading to the phenomenon of “information epidemics” and a class of marketing
techniques referred to as Viral Marketing in which new products are advertised
by certain influential users in the OSN in a cascading manner [41]. As a result,
firms have become more interested in models of spreading processes in social
networks in order to improve their marketing campaigns. In particular, many
retailers are interested in exploiting information about the dynamics of the
spread in order to maximize their product consumption and achieve the most
profit in a competitive market [42]. It is also worth mentioning that in the
past few years, there has been a large body of research on spreading processes,
viewing the problem through the lens of various academic disciplines [43-46].

As explained above, the goal of the marketing campaign is to have as
many individuals as possible adopt a certain product by the campaign dead-
line. Moreover, considering the advertisement cost and limited resources, there
is a need to devise optimal campaigning strategies which can achieve this goal
while respecting the constraints. To this aim, inspired by the theory of math-
ematical epidemiology, we model the adoption process of a product in a target
market, e.g., the social network under study, with a microscopic (node-based)
model equivalent to the SIRS epidemic model, namely the PADoP model.
In this context, we deploy tools from graph theory to describe networks and

to characterize the connections between individuals; we start with a Marko-
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vian description of the adoption process and move to a deterministic mean-
field approximation, see e.g., [47] for a detailed analysis of the exact Markov
chain model of the SIRS spreading process and the connection to its nonlinear
“mean-field” approximation.

In this chapter, using the proposed model of product adoption, we cast
the marketing problem as a constrained optimal control problem for which
we prove the existence of the solution; i.e., we find control inputs to si-
multaneously increase the size of the adopting population and decrease the
number of dormant individuals. Analytical and numerical solutions are ob-
tained using the Pontryagin Maximum Principle and a version of forward-
backward sweep algorithm, respectively. It is worth mentioning that optimal
control of node-based information epidemics has received much less atten-
tion compared to the analysis of disease-free equilibria in epidemic models,
see the survey [48] for a comprehensive overview of the development, anal-
ysis, and control of epidemic models. Stability and fixed-point analyses of
the susceptible-infected-susceptible (SIS) epidemic model can be found in [49)
and [50] while [51] and [52] present results on the optimal control of the node-
based SIS model. Our work, while focusing on enhancing product adoption,
extends the 2-compartment SIS model to 3 compartments allowing to study
a broader range of products and campaigning strategies. Also note that the

control problem we address, although based on the same epidemic model, is



CHAPTER 3. OPTIMAL CONTROL OF SPREADING PROCESSES 62

different in nature from the problem addressed in [53], where the focus is on
regulating the probabilities of transitioning into the infected and recovered
states to desired values.

The rest of this chapter is organized as follows. Section formulates the
problem and describes related concepts in epidemiology, networks, and graph
theory. Sections and prove the existence of the solution and provide
the algorithm to solve the problem, respectively. We illustrate our results in

Section [3.5 Finally, Section [3.6] concludes the chapter.

3.2 Problem Formulation

Consider a marketing campaign during the time interval [to, tf] targeting a
social network, mathematically modeled as a digraph G(V, ), where V and &
denote the set of individuals and links — social ties, not necessarily bidirectional
— among them. Let A denote the corresponding weighted adjacency matrix
where [A];; quantifies the influence of node j on node i. We assume the
market size |V| to be the constant n as the time-scale of marketing campaigns
is usually much shorter than the period in which significant change in the size

of the target market can occur, due to e.g., births and deaths.
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3.2.1 Mathematical Modeling of Spreading Processes

We now explain the PADoP model for the product adoption process. In
this model, at any time ¢, a node ¢ of the target network is assumed to be in
one of the 3 possible states, i.e., potential (P) are those individuals who might
buy the campaign target product (referred to as the product in short from
now on), adopting (A) are those who are actively paying for and consuming
the product, and dormant (Do) individuals are those individuals who have no
intent of buying the product (maybe because they have previously purchased
the product or a similar rival product).

In this chapter, we study the word-of-mouth (WoM) advertisement tech-
nique [54]. Therefore, we assume that product adoption occurs only via inter-
actions between individuals; i.e., a potential customer has no chance of actu-
ally adopting the product unless at least one of their neighbors is already an
adopter. Under this assumption, the process of a potential customer adopting

the product is influenced by two factors:

(i) The rate 8 at which an adopting individual spreads positive WoM re-

garding the product: modeled as a Poisson process; and,

(ii) the degree to which a potential individual i is affected by WoM from an
adopting individual j in making decisions regarding product adoption:

modeled by the network weighted adjacency matrix A.
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We also investigate the role of customer loyalty programs in retaining cur-
rently adopting customers, this directly influences the transition of individu-
als from the adopting state to the dormant state. Consequently, as shown in
Fig. 3.1, an individual ¢ can transition between different states with different
rates. Assuming Markovian interacting agents, the transitions are modeled by

independent Poisson processes with the following positive rates:

P—A: j, A— Do: ¢ Do— A: ;.

Figure 3.1: Node-based PADoP and the transition rates.

The effective transition rate §; is derived from the mean-field approxima-
tion of the node-based PADoP model and denotes the eagerness of node 7 to
adopt the product. For small At, the model works according to the following
ordinary differential equations (ODEs):

Gi(t+ At) = ALY Bigi(t) (1= qi(t) = ra(1) + (1 = At6)gi(t) + o(At) =

JEN pi(t)
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n

= (1= q(t) = 7i(t) D _[ALi;B80(t) =8iai(0),

Jj=1
N -~ e

Bi

ri(t + At) = Atdiqi(t) — v Atri(t) + o(At) =

gt = Jim Al

= 0iqi(t) — viri(t),

where 0 < p;(t), ¢i(t), ri(t) < 1 are the instantaneous probabilities of node i
being in potential, adopting, and dormant states at time ¢, respectively.

The network-wide equations are:

q:(t)

a =1 | ¢ | =0-QW - Rw)ABa@) - Dat),  B.)
| 4n(1),
o

o) =< | ¢ | = Datt) - Te(r), (3.2)
_T’n(t)_

where

I, R(t) = diag[r(t)],

)
- T
B=|8 - @n] , B = diag[g3],
] . T diaghy].

-
o=15 .. 5n} : D = diag]d].

Note that starting with initial conditions

0 < pi(to), qi(to), ri(to) <1,  pi(to) + ai(to) + 7i(to) = 1,
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for all © € V, the state occupancy probabilities are guaranteed to remain in the
interval [0, 1] and sum up to 1 at any time, due to positively invariance prop-
erty of the set Q = {(q(t), r(¢))] 0 < ¢;(t), ri(t) <1, ¢;(t) + ri(t) < 1}; see [55)
for an overview of positively invariant sets and their application to the analysis

and synthesis of control systems.

3.2.2 Formulation of the Optimal Control Problem
The campaign implements two marketing strategies:

1. Referral reward programs where individuals are incentivized to spread
positive WoM about the product at even higher rates: increasing [;

by w;(t) at some cost.

2. Customer loyalty programs aiming to decrease the rate at which individ-
uals transition from adopting to dormant states: dynamically decreas-

ing d; by v;(t) at some cost.

Defining u(t) = [u1(t), - ,un(t)]", U(t) = diaglu(t)], v(t) = [vi(t),--,va(t)]",

and V' (t) = diag[v(¢)], the network-wide controlled process is expressed as

(I = Q) — R(t)) A(B+U(t) a(t) — (D = V(1) q(t), (3.3)

q(t)

r(t) =(D—V(t)q(t) — I'r(t). (3.4)
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Defining x(t) = and w(t) = . )

_ (I-Q-R)AB+U)a-(D-V)q
x= f(x,w)= . (3.5)
(D-V)q—TIr

Realistically, the control inputs u(t) and v(¢) are constrained to be in the

bounded sets U and V, where

U ={u(t) : u;(t) is Lebesgue integrable, 0 < u;(t) < Uy, ¥V i € V},

V £{v(t) : v;(t) is Lebesgue integrable, 0 < v;(t) < Upmax,V i € V}.

The goal is to simultaneously maximize the probability of the individuals being
in the adopting state and minimize the probability of the individuals being in
the dormant state at the end of the campaign, i.e., q(t) and r(ty), respectively,
given the constraint sets on the control inputs, while spending the minimum

campaign budget, i.e., we address the following problem in this chapter.

Problem 3.1. Find the control functions u : [to,tf] — R™ and v : [to, t;] — R"
such that the performance index J is maximized and the system equations and

input constraints are satisfied:



CHAPTER 3. OPTIMAL CONTROL OF SPREADING PROCESSES 68

ty T
u(t) Wy 0| [u(t)
minimize J = {1T _1T} x(ty) — dt,
u(t)el, v(t)ev
- - - J v(t) 0 Wyl |v(?)
o(ty) ’

subject to (3.5), x(t) € Q, x(to) =x0 = [QO To} T,

(3.6)
where L (u(t),v(t)) is the running cost of the marketing campaign with con-
stant diagonal positive definite weighting matrices W, and W, associated with
referral rewards (control input u) and customer loyalty programs (control in-
put v), respectively. The quantity ¢(tg) = > i, (¢i(ty) — ri(ty)) abstracts the

marketing objective and is the reward associated with campaign deadline .

3.3 Existence of the Solution

In this section, we verify the existence of the solution to Problem [3.1] using
fundamental results from [56]. Let F denote the class of all (xq, w(t)) such
that u(t) € U, v(¢) € V, and the solution to the Cauchy problem in Eq. (3.5

satisfies the initial condition x(tg) = xo € €.

Theorem 3.3.1 (Existence). There exist (x5, w*(t)) mazimizing the perfor-

mance index J on F.
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Proof. The proof is based on verifying the assumptions and conditions of the
Cesari Theorem [56, Chapter II1] for Problem which we have repeated here

for convenience:

Assumption 3.3.1. The function f in Eq. (3.5)) is continuous and there
exist positive constants Cy, Cy such that for all t € R, x(t), x(t) € R*",

and w(t) e UxV,

1 (), w(t)) [[n <Ci(1+ [lx(@)]lx + [[w(t)]l1), (3.7)
1 G (8), w(t) = f(xa(t), w(t))[ln <Collxa(t) = x2(8) [+ (L + [[w(t)[l1). (3.8)

From Eq. (3.5) f is continuous by definition; also since the the set U x
V is bounded, the term ||w(t)||; can be omitted from the right-hand side
of Egs. (3.7) and (3.8]), with '} and C replaced by different constants. Taking

this into consideration, for the assumption in Eq. (3.7), we have

n

1 (x(8), w(t)) [l = Z |G ()] + 17:(2)]

= Z (1 —q(t) —mi(t)) Z[A]z’,j(ﬁj +u;(t))g;(t) — (0 — vi(t))ai(t)
+Z| 5 _Uz 4q; ) ’Wz(t)|
<ZZ i (B; + us(t +Z (i) +7i(6)) > [ALg (85 + u;(t))g;(t)

i=1 j=1 J=1

+ ) 20q:(t) + Z Yiri(t)
i=1 =1
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<[ Alax (B + tmas) ()1 Y (14 as(t) +7:3(1))

i=1

+ 20max|a(t)]]1 + Yamax| £ (£) ]2
<[ Almas (Brmax + tmax) (@)1 (4 [[%(E)]]1) + max{20max, Ymax HX(E)[1
<[ Almax (Bmax 4 tmax) (1 + [|1X(£)[]1) + max{20max, Ymax Hx(E)[l1
=12 [ Al s B+ thma) + (1Al (B + )
o+ 105 2 Yo} ) [5(8) s
<[ Al max (Bmax + Umax) + MaX{ 260, Yinasc
+ (N2 [ Al max (Bmax + tmax) + maxX{ 20 mar, Ymax }) [1%()]1

< (n?[Almax (Bmax + Umax) + MaxX{ 20max, Ymax}) (14 [1x(0)]1) 4

J/

c
where [A]yax 1S the maximum element of the weighted adjacency matrix A.
The assumption in Eq. (3.8)), is equivalent to proving Lipschitz continuityﬂ

of the function f relative to x. Using 1-norm as the metric on the domain and

range of f, we have

n

£ (x(t), w(t) = fFEw(t)] =)

=1

S| = w0 @ = 4) + (L= alt) = 13() DAL + (s 1

i4(t) = Fi(0)| =

i) = di(t)| +

n

— (L= @(t) = 7)) ) _[ALis (8 + Uj(t))@'(t)‘

i=1

1See Definition [1.2.6.4
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+ Z |0 = i) (@i(t) = @(t) + 7 (Tilt) = ri(t))| =

Wmax[a(t) = @) |1 + Yol (E) — F(O)
30 YA+ ws ) s (6) - G®)

i=1  j=1

n

+ (@) +7i(0)) Z[A]m (B; +u;(1))g;(1)

— (@) + () STAL (B + () 0)] <

7=1

max{25max ’Vmax}”x - X ||1 + Z max Bmax + umax) HQ( ) (t) Hl

+ Z | Z 1.7 (B; + i ()4 (1)@ (1) — g;(1)ai(t))]

=1 j=1

+Z|Z Ji5(8; 4 u; () (g ()7i(t) = ¢;()r:(1))] <

i=1 j=1

max{?émaxa 7max}||x(t) - i(t) ||1 + n[A]max(Bmax + UmaX)Hq(t) - a(t)Hl
+ [A]maX(ﬂmax + umax) (

S GO - SO + TOO - 6 Oa))

i=1 j=1

+ [A]max(ﬂmax + Umax) <

S GORE) ~ B + HORD - Or0) <

i=1 j=1

max{20max, Ymax }[X(t) = X()|l1 + nfAlmax(Bmax + tmax)[|a(t) —a(t) |1
+ N[ Almax (Bmax + Umax) (3[la(t) —a(t) [l + llx(t) —T(@)[1)

= (max{25max, /Ymax} + n[-A]maX(ﬁmax + UmaX)) ||X(t) - i(t) ||1
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+ BnAmax(Bmax + umaX) HQ(t) - a(t) Hl

S (max{?émax, /Ymax} + 4n[~/4]max(/6max + umax)) ”X(t) - §(t) ||1;

Ca

Having shown that f is Lipschitz continuous relative to x, there exists
a unique solution to the Cauchy problem in Eq. over [to, t¢] for any
initial condition xo € €2 according to the Global Existence and Uniqueness
Theorem [37, Chapter 3|. Furthermore, the set of admissible inputs U x V is
non-empty by definition; therefore, F is non-empty.

By structure, the set U x V is also closed and convex and the function f is
linear in w. The running cost function L is convex quadratic on U x V given

positive definite weighting matrices W, and W,,; in fact,

L(u(t), v(t)) = Auin(diag[We, Wo])[[w(t)]]*.
wi(t)

Finally, the set Q C R?" is closed and bounded and therefore compact and
the function ¢ is continuous on (2. With all the assumptions and conditions of

the Cesari Theorem satisfied, we conclude the existence of an optimal solution

for Problem 3.1l on F.
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3.4 Solution to the Optimal Control Problem

Having guaranteed the existence of a solution, we now solve the optimal

control problem formulated in Problem [3.1]

3.4.1 Analytical - Pontryagin Maximum Principle

The analytical solution is based on the necessary conditions provided in
Pontryagin Maximum Principle |56, Chapter II]. The first step is to obtain

the Hamiltonian H:

H (x(t), w(t), X(t) = =L (w(t)) + ()" f (x(t), w(t))

= —u(t) ' Wu(t) — v(t) ' Wv(t) + A1) " f (x(t), w(t)),

-
where A(t) = [)\;@) )\:(t)} € R?" denotes the co-state vector, interpreted
as the Lagrange multiplier associated with the state equation in Eq. (3.5).
According to the Maximum Principle, the solutions to Problem [3.1] also solve

the following set of differential equations:

e State equation:
x(t) =V H = f(x(t),w(t)), x(ty) = Xo.
e Co-state equation:

A(t) == ViH = =V (AT() f (x(t), w(t))) ,
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1
A(tf) =(Vx9) ‘x(tf) = ;
-1

therefore,
Ay(t) = Ag()A(B+U(#)) alt)

—(B+U®)A" (I - R(t) = Q1) A(t)

(3.9)
+ (D = V(1)) (A1) = A1),
A(t) = A () A(B +U(1) alt) + TA(t),
where A, (t) = diag [A,(2)].
e Optimality (stationarity) condition:
0=VwH = VyL(W(t)) + Vi (AT (1) f (x(t), w(t)) =
W, u(t) QAT (I = R(t) — Q1)) Ag(t)
0=-2 +
Wyl |v(t) Q1) (Aq(t) = Ar(t))
The optimal controls are then computed as
W) = S QUAT(L - R ()~ Q')A (1), w'(r) €U,
; (3.10)
V) = SR ()~ A (0) V(D) €.

Remark 3.4.1.1. The Pontryagin Maximum Principle delivers necessary con-
ditions for optimality. As far as global mazimality is concerned, the optimality

condition stated above hints at a sufficient condition, i.e.,

=arg max H | x(), S A(E
5 max | x(t) 0
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Sufficient conditions for the above are, for example, the concavity of the Hamil-

tonian H in the control inputs u(t) and v(t) which is the case here.

The expression in Eq. , i.e., the characterization of the optimal control
inputs u*(¢) and v*(t), cannot be directly evaluated given that q*(t), r*(¢),
A, (t), and X(t) are unknown beforehand. Substituting Eq. in the state
and co-state Eqs. and and using the state initial condition x(ty) and
co-state final condition A(tf), we get a system of ODEs which can be solved

numerically using standard techniques. We next discuss one such method.

3.4.2 Numerical - FBSM

To solve for the optimal control inputs in Eq. , we use FBSM ex-
plained in [57] and [58]. This method is a discrete-time algorithm with suffi-
ciently small sampling period 7.

At each iteration k of Algorithm [2, we use an explicit method, i.e., forward

Euler [59], to numerically solve Eq. (3.5)):

k k k k u(k)(tj)
x®)(ty) = xq, xW(ti0) =xP(t) + T f | xP (L)),

v (t))

For Eq. (3.9), which is backward in time, using forward Euler would result



CHAPTER 3. OPTIMAL CONTROL OF SPREADING PROCESSES 76

Algorithm 2 The Forward Backward Sweep Method (FBSM)

given set of admissible inputs U x V| tolerance € > 0, and sampling period T:
- gather equidistant time steps in vector t = ¢y : T, : t; — indexed by j,

- make an initial guess for the control inputs over t:

UO )] _ [0 (to), u®(to +T), - u®(tp)] [0t +iT)] Ly
VO)]  [vOto), vO(to + Ty), -, vO(tp) |7 [vO(to +4T5) ’
k<0

repeat

- Forward in time: compute x*)(t), the solution to Eq. corresponding
to the series of inputs U®)(t) and V(*)(t) and initial condition x.

. Backward in time: compute A% (t), the solution to Eq. corre-
sponding to the series of inputs U®)(t) and V¥ (t), the state x*)(t), and
terminal condition A(t).

- Compute U*+D(t) and V*+(t) according to Eq. using x*) (t)
and A (t) obtained from previous steps.

watit | [V ts)| = [yooge)| 1<«

in an implicit method as follows:

The resulting system of linear equations solving for A% (tj—1) given AR (t;)

has the following matrix form:

My My | | [ AW () AE) ()

q

IQn + Ts -
My Ma, A(k)(tj—l) )‘(k) (tj)

r

M
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The block-diagonal matrix M has the following blocks:

My, = (D —y® (tj,l)) + diag [.A (B +U® (tjfl)) q® (tjﬂ)]
—(B+UW(t;1) AT (1= RP(t;0) = QW(t;1))
My, =diag [A (B+ U®(t;1)) q®(t;1)]

My =—(D—VW(t;_1)), Myp=T,

where U®) = diag [u(k)} and V*) = diag [v(k)]. Thus,

1
AP (ty) = , AB() = Ty + T.M) AW (1),

1
3.5 Simulations

In this section, we illustrate the concepts introduced in this chapter. We
consider a random undirected social network with n = 50 nodes generated
using the Erdés-Rényi model G(N,p.) [60] where each edge is included in
the graph with probability p. independent from every other edge. Choos-
ing p. = % ensures the existence of a large connected component in the
network. A realization of this random graph is shown in Fig. The tran-
sition rates 3;, ¢;, and ~; are randomly selected from the intervals (0.5, 0.7),
(0.4, 0.6), and (0.3, 0.5), respectively. The initial probabilities of an individ-

ual ¢ being in the adopting and dormant compartments, ¢;(0) and r;(0), are

randomly chosen in the interval (0,0.01), which represents the low probability
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of individuals actively adopting or having previously adopted the product in
the beginning of the marketing campaign. The weighting matrices W, and
W, in the campaign running cost L, are chosen such that for customer i,
W, = 2+ 0.02d;, and W,,, = 1 + 0.01d;, where d; is the number of neigh-
bors ¢ has; i.e., the weight for each individual is composed of a constant cost
associated with a specific marketing strategy and an individual-specific com-
ponent directly related to the number of connections an individual has, e.g.,
celebrities tend to require considerable incentives to adopt a new product and
usually expect a flawless customer experience. The difference between the two
strategies’ constant costs reflects that fact that attracting new customers is
usually costlier than maintaining the current clientele. The campaign time ¢
and inputs bounds . and vy., are set to 12, 0.3, and 0.4, respectively.

The effectiveness of the proposed marketing strategies on optimizing the
marketing objective, i.e., ¢(t), is illustrated in Fig. where we have aver-
aged ¢(t) over 100 Monte Carlo simulations. Comparing the end reward ¢(ty)
in the presence and lack thereof control inputs, i.e., marketing strategies, the
optimal control regime proves to have been effective.

In Fig. , we have plotted the components of ¢(t) separately; the final
sum 17q(¢;) is an approximation of the expected size of the adopting popu-
lation while 1r(¢;) approximates the expected number of individuals in the

dormant state.
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(c) Components of ¢(t) = 1T (q(t) — r(t)).

Figure 3.2: Network topology, ¢(t), and its components.

3.6 Conclusions

In this chapter, we study the optimal control of marketing campaigns on
heterogeneous networks. We propose a model of product adoption equivalent

to the node-based SIRS epidemic model. In this context, the performance cri-
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terion is formulated based on optimizing the expected number of individuals
adopting the product while taking resource limitations into account. We prove
the existence of a solution according to Cesari theorem and solve the optimal
control problem analytically using the Pontryagin Maximum Principle. Ad-
ditionally, a numerical method is proposed to compute the performance and

control inputs.
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Chapter 4

Distributed Optimization Over

Dynamic Directed Graphs

In this chapter, we provide a distributed optimization algorithm, termed
as TV-AB, that minimizes a sum of convex functions over time-varying di-
graphs. Contrary to the existing work, the algorithm we propose does not
require eigenvector estimation to estimate the (non-1) Perron eigenvector of a
stochastic matrix. Instead, the proposed approach relies on a novel informa-
tion mixing approach that exploits both row and column-stochastic weights
to achieve agreement towards the optimal solution when the underlying graph
is directed. We show that TV-AB converges linearly to the optimal solution
when the global objective is smooth and strongly-convex, and the underly-

ing time-varying graphs exhibit bounded connectivity, i.e., a union of every C
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consecutive graphs is strongly-connected. We derive the convergence results
based on the stability analysis of a linear system of inequalities along with a
matrix perturbation argument. Simulations confirm the theoretical results of

this chapter.

4.1 Introduction

Emerging technologies such as artificial intelligence (AI), the blockchain,
and virtual and augmented reality, enabled by the advent of 5G, are making
their way into the mainstream. Many potential applications of these tech-
nologies rely heavily on training machine learning models based on the data
collected by a large number of devices. For example, as a concrete application
of Al self-driving cars rely on computer vision in order to accurately navigate
and plan their route. Such tasks can be framed as classification, regression, or
risk minimization, with a simple sum of cost optimization at the core. Such
problems arise for example in sensor networks [61], large-scale machine learn-
ing [62], distributed estimation [63], and localization [64]. However, the volume
and velocity of data along with privacy concerns limit data sharing. It is there-
fore imperative to develop solutions to the underlying optimization problems
that are local and distributed [65-67]. Furthermore, the algorithms must ac-

commodate mobile and autonomous agents characterized by time-varying and
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non-deterministic information exchange.
Recently, there has been a large body of work on distributed optimization,

where the goal is to minimize the following sum of costs:
. 1 n
min " > i fi(%),

such that each objective function, f; : R? — R, is private to agent . In order
to solve this problem, the agents exchange information with nearby nodes over
a sparse communication graph. When the graphs are static and undirected,
carly work on first-order methods include [6870] with the convergence ratd]
of O(%) for arbitrary convex functions and O(2E) for strongly-convex func-
tions, where k denotes the number of iterations. The sublinear convergence is
due to the use of diminishing stepsizes. The rate improves to linear with a con-
stant stepsize though at the expense of a sub-optimal solution |71]. Methods
based on the Lagrangian dual |72} 73] converge faster but suffer from a high
computational burden as they require solving a subproblem at each iteration.

Optimization over digraphs is developed in [74H76], where push-sum [77,
78| is used to achieve consensus among the agents. The convergence rate, with
diminishing stepsizes, is O(%) for arbitrary convex functions and O(2E) for

strongly-convex functions. In contrast, Refs. [79, 80] use an alternate ap-

proach called surplus consensus [81] to achieve consensus but with the same

'Refer to Section for details on the convergence of iterative algorithms.
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convergence rates as [74H76]. The main reason for slow convergence is that
a local gradient is used at each agent, which requires diminishing stepsizes
to ensure optimality. To overcome this challenge, Refs. [82-84] replace the
local gradient with an estimate of the global gradient, with the help of dy-
namic consensus [85] over undirected graphs, and show linear convergence to
the optimal solution. This gradient estimation approach was combined with
push-sum type methods in [84) 86-88] to achieve linear convergence to the op-
timal solution over digraphs. Related work along these lines also include [89)
over undirected graphs and [90] over digraphs that are related to [84) 86]. An
alternate approach that builds on |79} |80] and does not use push-sum has been
developed in |91], where a row and a column-stochastic matrix are used simul-
taneously to achieve linear convergence to the optimal solution over digraphs.
Accelerated methods can be found in [92-94], while non-convex problems are
considered in [95].

In this chapter, our focus is on time-varying digraphs. Early work on time-
varying communication among the agents can be found in [69, (96, where the
exchange is undirected and in [97], where the exchange is directed. These
methods are built on local gradients at each agent and are thus sublinearly
convergent. Recent work includes [9§], where the authors establish a geo-
metrically converging distributed optimization algorithm over digraphs under

uncoordinated yet bounded stepsizes, and [99], where agents communicate over
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graphs subject to random link failures. Further work on random graphs can
be found in [100], where the problem of constrained convex optimization is in-
vestigated for non-differentiable costs under Markovian communication model.
For random networks modeled by a sequence of independent, identically dis-
tributed (IID) random matrices drawn from the set of symmetric, stochastic
matrices with positive diagonals, [101] proposes two accelerated distributed
Nesterov-like gradient methods featuring resiliency to link failures, reduced
computational load, and improved convergence rates compared to other gradi-
ent methods. Ref. [102] establishes a convergence rate of O(%) for distributed
stochastic gradient methods over temporally 1ID random undirected graphs
for strongly-convex costs when local gradients are subject to noise that is IID
in time and has a finite second moment. Furthermore, asynchronous multi-
agent optimization is considered in [103], where the authors adopt the cur-
vature estimation technique of the Broyden-Fletcher-Goldfarb-Shanno quasi-
Newton optimization method [104}{106] for use in asynchronous distributed
settings over undirected graphs [107]. An asynchronous implementation of
subgradient-push [76] algorithm is also recently developed in [108].

In this chapter, we use gradient estimation as was used in [82-84} 86] and
extend the AB algorithm introduced in [91] to time-varying digraphs. Of rele-
vance in this context is Ref. |[84], which uses gradient estimation and push-sum

consensus [77, 78] to implement distributed optimization over time-varying
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graphs. However, the push-sum based methods [84, |86-88| involve estimating
the (non-1) Perron eigenvector of a stochastic matrix and an appropriate scal-
ing with the estimated eigenvector components. The eigenvector estimation
adds conservatism to the overall algorithm as its convergence may dominate
the overall rate. In contrast, the AB algorithm [91] does not require such
eigenvector estimation and employs both row and column-stochastic weights
in a novel way. The time-varying algorithm proposed in this chapter, termed
as TV-AB, thus is applicable to time-varying digraphs without the need of
eigenvector estimation resulting from push-sum.

The TV-AB algorithm we introduce involves a unique and rather counter-
intuitive way of mixing information among the agents. As the graph at each
iteration may not be strongly-connected, the mechanics of TV-AB can be
explained over a single directed edge, i — j. First, we note that TV-AB
involves two updates: one with a row-stochastic weight matrix, A, and the
other with a column-stochastic weight matrix, B. The update involving A is
standard where the receiving agent j implements a sum-preserving update to
its past and the incoming information from agent ¢, while agent ¢ assigns a
weight of 1 to its past since it does not receive any information. However,
the update with the column-stochastic weights, B, requires the transmitting
agent i to implement a strictly stable update (by assigning a weight less than 1

to its past) and the receiving agent to implement an unstable update (by
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assigning weights that sum to a number greater than 1 to its past and the
incoming information from agent ) in order to maintain column-stochasticity
of B. In other words, the updates involving B are not sum-preserving, unlike
the traditional information fusion.

We show that TV-AB converges linearly to the optimal solution when each
local objective is smooth and the global objective is strongly-convex. The
graph at each iteration can be generated randomly in an arbitrary fashion as
long as the union of every C consecutive graphs is strongly-connected. This
notion is known as bounded connectivity and is standard in the consensus
and optimization literature on time-varying graphs, see e.g., [76, 84]. The
bounded connectivity notion enables us to obtain more concrete convergence
results as without this assumption, the analysis is restricted to the expected
behavior of the optimization algorithm, see e.g., [96, 99, |L01]. We show linear
convergence with the help of a linear system of inequalities along with a matrix
perturbation argument.

We now describe the rest of the chapter. Section formulates the prob-
lem and introduces the assumptions necessary to algorithm development. Sec-
tion[4.2.1]develops and interprets the TV-AB algorithm. Details on the conver-
gence analysis are presented in Section [4.3| while Section |4.4] states the main
result. Finally, Section provides numerical experiments and Section

contains the concluding remarks.
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4.2 Problem Formulation and Algorithm

In this section, we formulate the distributed optimization problem, state
the assumptions, and introduce the TV-AB algorithm. To this aim, we assume
that the set of agents, V = {1,2,--- ,n}, communicate according to a time-
varying digraph, G(V, &), where k is the discrete-time index and & is the
set of directed communication links at time k. The goal of the agents is to

collaboratively solve the following problem:
. |
Problem 1: min f(x) = = >, fi(x), (4.1)
x n

where each local objective function, f; : R? — R, is held privately at agent 1.
We next formalize the set of assumptions that are standard in the distributed

optimization literaturd?

Assumption 4.2.1 (Strong-convexity). The global objective function f is -

strongly-convez.

For Assumption to hold it suffices that each f; is convex and at least
one of them is strongly-convex. Under this assumption, Problem 1 has a unique

optimal solution, denoted by x*.

Assumption 4.2.2 (Smoothness). Fach f; is {;-smooth, i.e., it is differen-

tiable and has a Lipschitz-continuous gradient.

2Refer to Section on properties of functions.



CHAPTER 4. DISTRIBUTED OPTIMIZATION OVER DYNAMIC
DIRECTED GRAPHS 89

Assumption implies that f = 1/n), f; is (-smooth, where ¢ =

1/n>""  ¢;. Furthermore, collecting the local variables in column vectors

x! fi(xh) V fi(x!)

x" fn(xn> an(xn)

we note that f is L-smooth, where L = max;{/;}.

Assumption 4.2.3 (C-bounded strong-connectivity). For the sequence of time-
varying digraphs {Gr(V, & C V xV)}, there exists some positive integer C such

that the aggregate digraph GS(V, Ufj,ffl&) 15 strongly-connected ¥ k > 0.

Assumption 4.2.4 (Weights). For the sequence {Gr(V, &)} of time-varying
digraphs and the sequences, {Ax} and {By}, of n x n matrices compliant

with Gy, i.e., (j,1) € & < [Axlij, [Brlij # 0, the following hold.
(i) Stochasticity: { A} and { By} are row and column-stochastic, respectively.

(i1) Aperiodicity: Gy has self-loops; i.e., [Ax)i; > 0 and [Byli; > 0, Vi € V

and Yk >0.

(111) Uniform positivity: There are scalars 0 < a, B < 1 such that [Ag];; > «

and [Byli; > 3,V (j,i) € &, k> 0.
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The strong-connectivity bound C and the uniform positivity bounds «

and S introduced in Assumptions |4.2.3|and [4.2.4] are not required to be known

at any of the agents. They are only used in the analysis of the algorithm.

4.2.1 Algorithm Development

We now describe the TV-AB algorithm to solve Problem 1. At each time k,
agent ¢ € V maintains two variables, xi and y% , both in R”, initialized with
arbitrary x} and y = V fi(x}). The x}-update at each agent is essentially
gradient descent, albeit after mixing incoming information, and where the
descent direction is given by an estimate of the global gradient, y, instead of
the local gradient, V f;(x}). The yi-update at each agent tracks the global
gradient and is based on column-stochastic weights.

We first use a simple framework to explain the algorithm where only one
edge 1 —» j is active at time k. The x,-update follows the standard sum-
preserving notion where weights assigned to the past information are non-

negative and sum to 1:
Xps1 =X, — MW ViF ],
Xt =[Arlaxi, + [Arljgxt — 1y,

where 7 is a constant stepsize. The weight matrix, A, behind this update is

row-stochastic: Each diagonal element, [A;];; = 1,Vi # j, while the j® row
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has only two positive elements such that [Ag];; + [Ax];; = 1.
Defining the auxiliary variable z as the successive difference of the gradi-

ents, V fi(xi,,) — V fi(xt), the yj,-update is given by

YZ%—H :[Bk]m,myzl + Z?a m 7£ 7:7 m 7é j7
Y1 =Brlii¥h + 24,

Vi1 =Brliiyi + [Belisyy, + 2.

Note that every column of By, except for the ", has only one non-zero ele-
ment as no agent other than ¢ is transmitting. Hence, for By to be column-
stochastic, [By];,; = 1,Vj # 4. For the transmitting agent, we have [Byl;; +
[Bil;» = 1. In contrast to the traditional row or doubly-stochastic updates,
the yj_,-update is locally stable as [By];; < 1, while the yi 41-update is locally

unstable as [Byl;; + [Bx]j; > 1.

4.2.2 The TV-AB Algorithm

The simple scenario discussed above can be generalized to arbitrary graphs,

resulting into the following algorithm:

n

X;c—&-l = Z[Ak]i,jxi — Y, (4.2a)
j=1
Vi1 = Z[Bk]i,j}’i; + 12y, (4.2b)

j=1
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where the weights [A4);; and [By];; satisfy Assumption [4.2.4 Letting A; 2
Ar® 1, and By, & B, ® I, we present Egs. (4.2)) in a vector-matrix form, where
the local variables x.’s, yi’s, and z}’s and gradients V f;(x)’s are stored in

the column vectors Xy, yx, 2z, and V£(xy), respectively:

X1 = ApXp — NYk, (4.3a)

Yi+1 = Bryr + 2, (4.3b)

where zp = Vf(x441) — VI(x;). The weight matrices, Ay and By, are row-
and column-stochastic, respectively. However, since each Gy is not necessarily
strongly-connected, the weights A, and By are not necessarily primitive or
irreducible; thus, the standard Perron-Frobenius arguments |3, Theorem 8.8.4]
are not applicable here. To overcome this issue, we use the notions of absolute
probability sequences and ergodicityﬁ to establish multi-step contractions as

described next.

Lemma 4.2.2.1 ([109, Lemma 5.2.1]). Under Assumptions |4.2.5 and |4.2.4),

the row-stochastic matrix sequence { Dy = HfijgflAl}, obtained from the back-

ward product of {A} and compliant with GS(V,U;CIE71E), for all s > 0, is
ergodic, 1.e.,

lim Dy -+ Dey1 Dy = 1],

t—o00

3Refer to Section m
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where {p,} is the unique absolute probability sequence for {Ds} (see, e.g., [0],
/110, Lemma 1]) and is uniformly bounded away from zero, i.e., there ex-

ists 0 < 0 < 1 such that [py]; >0, Vi€V and ¥s > 0. Furthermore, the

convergence rate is geometric, i.e., Vt > s > 0:
1D+ Dor D = 1 || < Mg,

where the constants M > 0 and q € (0, 1) depend only on n and « introduced

in Assumption [4.2.4).

The next corollary extends the result above, deriving the absolute proba-

bility sequence for the sequence { A} in terms of {p,} in Lemma 4.2.2.1}

Corollary 4.2.2.1. Under the assumptions of Lemma the sequence

{¢p,} is an absolute probability sequence for the matriz sequence { Ay}, where

(;bg :,uST, k= sC,
(4.4)
¢;— :NZ+1A(5+1)071 s Ak, sC <k< (S + 1)6,

fors=20,1,2,---.

Proof. Since the products A(sy1)c—1--- Ax are row-stochastic and {p,} is an
absolute probability sequence from Lemma [4.2.2.1] each p, is a stochastic

vector by definition and so is the vector ¢, in Eq. (4.4)). In fact,

¢g :N5T+1A(s+1)cfl e 'Ak = /’l‘;-lA(erl)Cfl e 'Ak+1Ak = ¢g+1Ak,
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for sC < k < (s+ 1)C while for k = sC, we have
¢1: :#ST = H5T+1Ds = ¢;+1Asc = ¢;+1Ak;

i.e., the sequence {¢,} is an absolute probability sequence for {Ay}.

]

The next lemma establishes multi-step contraction of a backward product
of a series of row-stochastic matrices {Ay}. This result is fundamental to the

convergence analysis of TV-AB.

Lemma 4.2.1 (C4-step contraction for {A} |84, Lemma 5.3]). Let Assump-

tions |4.2.5 and |4.2.4] hold. Recall that Ay, = Ay ® I, and define an integer

C 4 > C such that

Then for any k > C4 — 1 and any vector b € R, if
a=Agi-ca-1P
where A, @.-1) 2 Ay “Ay_ -1y, we have

” ((In - 1n¢’lj+1) ® Ip)aHQ < VAH ((In - 1n¢;—(@\—1)) ® ]p)b

27

where {¢} is the absolute probability sequence of {Ay}, defined in Eq. (4.4)).
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The next corollary establishes the multi-step contraction for the sequence

{Ri =V, BrVi}, where Vj, = diag[vy] and {v}} evolves as
Vi+1 = Bka, Vo = 1n (46)

Corollary 4.2.2.2 (Cp-step contraction for {R.}). Let Assumptions

and hold. Define Ry, = Ry ® I, and Cs > C such that

Cr— 1 —nC
B = QB(l - Tnc)iicl < 17 QB = 277/1_'——7—7107
.

(4.7)
where T = %; then for any k > Cg — 1 and any vector b € R™, if
a =R - Cs-1)P:
where R, _@g—1)) = Ri+ - Ry_(gy—1), we have
[((Zn = Lavii) @ L)al|, < || ((Lap — 1nvg—(€g—1)> ® I)b||,.

Proof. 1t can be verified that

(In = 1,vi) © )Rk @p-1y)

o T T
—((R(k,kz—(@;—l)) - 1nd,(5B,1))<In - 1nd,(5B,1))) ® Ip.

Therefore,

” ((In —1,v,) ® Ip>a”2

S| Rr-@a-1) = LnVi @y llo| (T = 1uvi_ 1)) @ L),



CHAPTER 4. DISTRIBUTED OPTIMIZATION OVER DYNAMIC
DIRECTED GRAPHS 96

where the inequality follows from the compatibility of vector 2-norm with ma-
trix spectral norm. We now find an upper bound for the first term on the right
hand side of the above equation. First note that [Ry|; ; = [Bklij[Vil;/[Vi+1li-
From [76], Corollary 2(b)], we have that [v;]; > 1/n"¢,Vk > 0. Since 1/[v]; >
1/n and for any (j,i) € &, [Bili; = B by Assumption [4.2.4] we have [R;];; >
T = B/n"tL for any (j,i) € &. Therefore, noting that for an n x n ma-

trix, X, || X|l2 < n|| X ||max, we have

[Ri-@s-1) — Vi @solls < 7l Bk o1 = 1oVie @p 1) lonax < 75

LT g TnC)c,‘i—gl and the last inequality follows from [69,

1—7nC

where vz £ 2n

Lemma 4(c)].

4.3 Convergence Analysis
To proceed with the analysis, we perform the state transformation
Sk = (Vk_l & ]p>Yk

on yg, where Vi, = diag[vy] and vy, follows Eq. (4.6). The TV-AB algorithm

is thus equivalently written as

Xk+1 = .Aka — U(Vk X ]p)slm (48&)
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k1 = Ras + (Vi @ L) (VE(xpp1) — VE(x4)), (4.8b)

It can be verified that { Ry} is a sequence of row-stochastic matrices for which
the absolute probability sequencd|is {vy}.

We now proceed with the convergence analysis of the equivalent algorithm

in Eqs. (4.6)-(4.8b). Our approach rests on a the following quantities:

(i) X = (¢, ® I,)Xg, which is the average of xi’s weighted by the absolute

probability sequence, {¢,}, of {Ay}, see Corollary [4.2.2.1;

(i) x) = x; — 1, ® X}, which can be regarded as the weighted consensus

error in the network;

(iii) rr = 1, ® (X — x*), which is the optimality gap associated with the

weighted average;

(iv) Sy = sy — (1,v] ® I,)sg, which is an error term corresponding to the

update in Eq. (4.8b)).

With the help of these quantities, we define the vector

%512
= | el | (49)

5% 112

4See Definition
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and show that it goes to zero as k — oco. Clearly, if t, — 0, then x; converges
to 1,, ® x*, and rate of convergence of TV-AB is upper bounded by the rate
at which t, — 0. To establish that t; — 0, we derive a linear system of

inequalities that expresses the evolution of t; in the following form:

trr1 ty

<M(n) : : (4.10)

where the elements of M (n) are the coefficients of the linear system. Clearly,
if p(M(n)) < 1, then x; converges to 1,@x* at least at the rate of O(p(M(n))*).

Fig. provides a roadmap to establish Eq. . The next four lemmas
establish the corresponding inequalities. The system of Eq. is then

analyzed in the next subsection.

Remark 4.3.1. The constant C = max{C 4,Cg} used in the rest of the chapter,

ensures concurrent multi-step contractions for both variables X}’ and s}'; see

Lemma[4.2.1 and Corollary for more details.

Lemma 4.3.1. The following inequality holds ¥V k > 0:
[¥ellz <nL|xill2 + nLfrll2 + [Isg][2-
Proof. Recall that s, =S}’ + (1,v} ® I,)s; and it can be verified that

(1,v, @ L)s, = (1,1) ® L) VE(xy). (4.11)
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— %KMl —lIX, _c 1.2
Iyl €4 lIrell, 18, Il €Ty _z,kll2
P W
— 11511, I8}z 1.x 2
— 1%l — %y 21l
||1"k+1||2 ||rk||2 ”§k+1”2 & Hr}:—5+1:k”2
— 1151l I8} 2, q.ill2

Figure 4.1: Roadmap of deriving the linear system of inequalities.
Exploiting the optimality condition Y | V f;(x*) = 0,, we can express s, as
s, =sp + (1,1, ® L)(Vf(x;) — VF(1, ® x)).

Therefore, from the triangle inequality we have
Isell2 < [I8¢112 + vn 320 (IVEi(x) — VE) 2,

< Isillz + vRL 32 I = x|l2,

< |IS¥llz + nL|[xk + (1poy ® L) (x — xz) — 1, © x*

27

< [Is¥ll2 + LXK 2 + nLifrx2-

where the second inequality uses Lipschitz continuity and the third inequality

is a consequence of Cauchy-Schwarz. Noting that yx = (Vi ® I,)sg, we have
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| ¥ill2<||(Vk ® I,,)]]2]|sk||2 from the compatibility of vector 2-norm with matrix

spectral norm. Next, since ||(Vi @ L,)||2 = ||Vk||2 = max;[vy]; < 1, we have
Ikl <liswlle < nLlIxill2 + nLllrellz + 5K,

and the lemma follows.

Lemma 4.3.2. The following inequality holds ¥k > C — 1:

c-2

%5l < (v +nQanL) XY oyl +1QanL Y % ll2
=0

[
+ QuanL (Il ll2 + D relz)
=0

Cc—2
+1Qa (I8 eyl + DRI ).
1=0
where y4 and Q4 are the constants defined in Lemma[{.2.1]
Proof. From Eq. (4.3a]), we have

c-1

Xii1 =A@ )Xk — 1 | Yr T D Ack-a-0¥ei |
=1

which leads to
X552 :” (([n - 1n¢l—|c—+1> ® Ip)Xk+1H2

< ((In = 10941) © L) A -1l

+ 77(” ((I- 1,¢p1) ® [p)y’sz
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+ZH — 1.¢),) ® Ip) A g—(1-1)Y k- 1H2>

Consequently, Vk > C — 1,

15655 1ll> <VAlR oy ll2 + 1Qu S [ye-illa,
where the second term follows from [69, Lemma 4(c)]. From Lemma [4.3.1]
C—2 ||zw
X 1llz <(a+nQanl) 3. @_yylle +1QanL 32 Zq 1K |2,

C—
+ UQA”L”rk_(E_D [2 + nQanL 21:02 rr—ill2;

QIS oyl + 1Qa T2 B

where v4 and @ 4 are the constants defined in Lemma [£.2.1]

Lemma 4.3.3. The following inequality holds ¥V k > 0:

Sw /‘L Sw
Irclle <oZIRE + (1= 12 el + pv/alE

Proof. Note that y;, — (vi1) @ I)yr = (Vi ® L)Y, we have

|lTkt1]l2 :H(lnqb;rl ® )X — 1, ® X*”2
=||(Lupiys ® L) (Arxi = nys + (Vi @ L)yr(—n + 1)) — L, @ X",
SUH(ln(ﬁLl & Ip) (Yk - (Vkll— & [p)Yk) H2

+ H(1n¢;— & [p)xk -1, ®x" - 779k(1n12 ® Ip)Yk”Q
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VATl + | (L] @ )xe — 1o @ %" — nfu(L1] @ L) VEG)|l,

(4.12)

where 0 = ¢, V). From [84, Section 5], we note that ), > 1/n"¢, while from
Cauchy-Schwarz, 0, <1, Vk.

The substitution of (1,1, ® I,)yx by (1,1, ® I,)Vf(x;) follows a similar

reasoning as in Eq. . Furthermore, the second term on the right hand

side of the above inequality can be expressed as follows:

|1, @ X — n0e(1,1,) @ L) VE(1, © X)) — 1, ® X
+10p(1,1] @ L)(VE(1, @ X)) — VI (xz)

g

ngn ® (Xy — bV f(X)) — x¥)

B
+ 001, © (X1 (VAED) — VAED),

<Vl — iV f(XY) = x7[l2 + L1, @ X — X2,

where the second term is due to Assumption 4.2.2l From Lemma [1.2.6.1]

fo<n<-=z< we can bound the first term on the right hand side:

nLB ’

ViR = bV f(Xy) = X7l <VnxelRy = %"l = xelIrkll2,

where

X =max{|l — nnbpul, |1 — nndyL|}

=1 —nnbep <1 —n—om
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for n < 4 < —L—. Going back to Eq. ([4.12)),
nL nLOy

resillz <nvnllsillz + xellrellz + mn L% 2

~w 1t
<on||Xy > + (1= n—a=) Irella + nv/nl[S 2,

and the lemma follows.

Lemma 4.3.4. The following inequality holds ¥k > C — 1:

Cc-2
I82ll2 <myvn(@ + L) (IR c_yy 2+ D IR 2)
=0

()
+ Uan(“rkf(éq)H? + Z Hrkfl’b)
1=0

C—-2
(4 8B oyl + i S [,
=0

where m = n"°QpL, and y5 and Qp are the constants defined in Corollary .

Proof. From Eq. (4.8b)), we have

c-1
1

ste1 =R @ pS-@n + Virh © 1)z + 3 Rek--1y (ViZr) @ L)t
=1

Applying triangle inequality, we get

’|§112/+1H2 =[|((1n — 1nVII+1) ® Ip)sk+1l2
<N = 1avi) @ L) Rk e-1)Se_@n 2

+ [ (I — 1nvl—cr+1) ® ]p)(ijrll ® ]p)ZkH?
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—2

+ ”((In - 1nvlj+1) ® Ip)R(hk—l)(ij ® Ip)zk—(l+1)”2v
l

Ql

I
o

Therefore, Vk > C — 1,
C—2

||AS«121+1||2 < sl|((1 - 1VZ_(5_1)> ® [p)skf(5—1)||2 +Q@82 ”(Vk_—ll ® ]p)zk—(l+1)||27

where the second term follows fromf |69, Lemma 4(c)]. With the help of 76,

Corollary 2(b)] and Corollary 4.2.2.2) we have
n Cc—1
B lls <7818 ol + 77°Qs S sl

From Assumption [£.2.2] the summation in the second term can be bounded

as follows:
S Izl <L Sy 1%k 1) — Xpilfo-
Furthermore,

1xk—-1) — Xitllz =||(Ar—t = Lp) (Xket — (Lagpf_y @ L)Xp—t) — nyi-i|,

<Akt = Lnpll2 134 ll2 + 0 lly el

Summing over [ leads to

("3 I
-

1Xn—(-1) — Xp—il2
!

Il
o

Cc-2

<2VIRY @yl + allYieelle + D (2VAIR s + nllye-ilz).
=0
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From Lemma [4.3.1] we have Vk > C — 1:
88 lls <m(2v/m + nLm) (IR oy e + S5 IR 2)
Cc-2
+nnmL (||rk7(571)||2 + 22120 llrr—l2)

C— W
+ (npm + 78)||§ZV_(5_1)|’2 +nm 25:02 IS¥_ll2,

and the lemma follows.

4.3.1 The Resulting Linear System of Inequalities

Summarizing the results of Lemmas 4.3.4] for 0 < n < ==, Eq. (£.10)

can be expanded as follows:

nQanL nQanL  nQa
bey1 < L 1— 4= nyn| bt

my/n(2+nL)  nmnL nm

-~

My

nQanL nQanL nQ4

+ 0 0 0 |(be1+ .o+t o)

my/n(2+nL) nmnL nm
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Ya+nQanLl nQanL — 1Q4
+ 0 0 0 -1y
my/n(2+nL) nmnL s +nm
N ]\7[% .
which is equivalent to
ty M, M, M, M t,
tr 1 tr1
tp_1 < I
ty_c—2)
e | 1 | [t

106

(4.13)

The system matrix, M (n), in the above can be partitioned as

where

MY MY M| |MP o M ME
I 0
+n
I 0
JO ]V},E
0 00 QATLL QATLL Q.A
2m+/n 0 0 my/nL  mnL m

, (4.14)
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- 0 0 0- - QanL  QunL QA-
My=1| 0 o0 of My=| o 0 0l
2my/n 0 0 my/nL  mnL m
Y4 0 0 QanL QanL Qa
Me=| 0 o of Mz=| o 0 0
2my/n 0 g my/nL  mnL m

Recall that our goal is to establish the geometric decay of t in Eq. (4.9).
To this purpose, it is sufficient to show p(M(n)) < 1. As a first step, we finish
this section with a lemma on the spectral radius of the matrix M in Eq. (4.14)

and its corresponding eigenvector.

Lemma 4.3.1.1. The spectral radius of the matriz M° is 1 and A\ =1 is a
simple eigenvalue of M°. In addition, the right and left eigenvectors, Mou = u,

w' My =w"', are given by

T T
u=%®%'1@, W=%10~-4-

Proof. Based on the successive application of Schur’s determinant identity [3,

111], the characteristic polynomial of M? is given by
(=1 = Dl = A (9 = A,

Given that y4,7v5 € (0, 1), the spectral radius of M is 1 and the corresponding

eigenvalue, A = 1, is simple. We now proceed to find the corresponding right
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and left eigenvectors, u and w, respectively.
By decomposing u and w as follows,
ul wl
u= , w = ,
u® wl
where each u’, w' is in R3, from M%u = u, we get
yaful]y = [u'];, w=ut, 1<i<C-1,
resulting in [u’]; = 0, V4. Furthermore,
B c
vl + 2my/n Y [’y = [u'ls.
i=1
Therefore, yp[u€ls = [u']s which implies [u']s = 0, Vi. The entries [u]

are free variables and we set them equal to 1, Vi. Consequently, u’ = u =

-
[0 1 0] and u = 1; ® u.

Similarly, from w' M° = w', we have

2my/n[w'ls + [w = W]y, i=1,...,C—1,
2my/n[w']s + ya[w']; = [wC.

Summing over all 7, we obtain

2Cmy/n[w']s +ya[w'h = [w'].

(4.15)
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Furthermore,

resulting in [w'], = 0,¥2 < i < C. Note that [w'], is a free variable and we

can set it equal to 1. Additionally,

'VB[Wl]ZS = [W ]37

resulting in [w']3 = 0, which from Eq. (4.15]) implies [w’]; = 0, for all i. Con-

sequently,

4.4 Linear Convergence

We now state the main convergence result for TV-AB.
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Theorem 4.4.1. The spectral radius of M(n) is strictly less than 1 provided n
is sufficiently small. Therefore ||x; — 1, ® x*||2 converges to zero (at least) at

the rate of O(p(M(n))*).

Proof. From Lemma 4.3.1.1, let g(n) be the simple eigenvalue of M (n), as
a function of 7, for which ¢(0) = 1. Recall that M(n) can be partitioned
as M° +nM¥ from Eq. (#.14). Borrowing a result from matrix perturbation

theory [3, Theorem 6.3.12], we have

dg(n) w' M*u
wlu

Y

where u and w are right and left eigenvectors corresponding to the simple
eigenvalue, ¢(0). From Lemma , it can be verified that w'u = 1
and w' MFu = —p/n"~1 < 0, which implies that %q(n) is negative at n = 0.
Since the eigenvalues are a continuous function of the elements of a matrix,
we have that q(n) decreases for a sufficiently small 7 (slightly increasing from

zero) and the theorem follows.

4.5 Numerical Experiments

This section illustrates the application and performance of the TV-AB

algorithm in a variety of numerical experiments. In the rest of this section, we
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adopt a simple uniform weighting strategy to construct the row and column-

stochastic weights [Agl; ; and [Bgl; ;:

1/d.§§7in7 (37 Z) € 8k7
[Akli; = (4.16)
07 (.]7 Z) ¢ 5/4:7

where dj ;, is the in-degree of agent i at time k; and

1/d o (G,0) € &,
[Bilij = o (4.17)

0, (J,7) ¢ &,

where di,out is the out-degree of agent j at time k.

4.5.1 Distributed Training for Binary Classification

In this experiment, we consider n = 20 agents communicating over a 15-
bounded strongly-connected network. In this scenario, the agents communi-
cate over a strongly-connected random graph every 15" iteration and rely
solely on local iterations for the rest of the time. The agents aim to col-
laboratively learn the parameters (w*, b*) for a regularized logistic regression
mode]E] to classify digits {3, 8} from a downsampled subset of the MNIST
database [113], given in [114]. Examples of the handwritten digits in the
training observations are shown in Fig. for both classes. For each digit we

use a total of 700 samples from the database, where 540 samples are used for

5See, e.g., [112, Chapter 4].
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training and the remaining 160 for testing. The training set is further par-
titioned equally and randomly among agents such that an agent ¢ has access
to m = N/n training examples: (ci(j),yi(j)), for j=1,2, -+, m, where i’
is the 16 x 16-dimensional feature vector of the ;' training sample at the i

agent and y ) € {—1, 1} is the corresponding binary label for digits 3 and 8,

respectively. The agents solve the following distributed optimization problem:

mmeb Zfzwb

where the private loss function f; at agent 7 is the empirical negative log-

likelihood plus a regularization term:

Y {1 + e‘y”j)(WTcm“’)] + %(HWH% +07).
j=1

33 3 3 3
g ¥ ¥ 8 9

Figure 4.2: Samples of 16 x 16 grayscale images of handwritten 3’s and 8’s,
enlarged for clarity.

The regularization parameter A penalizes large model parameters and guar-
antees the strong-convexity of the loss functions f;. The decision variable w
represents the coefficient(s) of the logistic regression algorithm and b is the bias

term. It is straightforward to verify that the local loss functions f; satisfy both
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Assumptions [4.2.1] and 4.2.2] Fig. compares the performance of TV-AB

with Push-DIGing [84] with the average residual 1/n) " | [|xi — x*||2 as the
evaluation metric. In this experiment, x* is the solution obtained from cen-
tralized gradient descent (CGD) and the stepsizes have been hand-optimized
to give faster convergence and more accurate solution for all algorithms. This
numerical experiment confirms that TV-AB converges linearly. Furthermore,
it is observed to be faster than Push-DIGing given no eigenvalue estimation

iteration involved.
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Figure 4.3: Performance comparison based on the average residual.

In Figs. 4.4 we look at the accuracy attained on the 160 samples we set
aside for testing. Fig. compares the algorithms based on average accuracy,
while Fig. focuses on TV-AB where the shaded region shows the maximum

and minimum accuracy at different nodes in the same experiment.
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Figure 4.4: Performance comparison based on accuracy on the test set.
4.5.2 Distributed Least Squares on Random Directed

Graphs

In this example, we consider a network of n = 12 agents. In perfect com-
munication conditions, the agents’ communication topology is based on the
strongly-connected digraph G* shown in Fig. [£.5] However, we assume the
network is subject to random link failures such that at every iteration, the
agents communicate according to the digraph generated through randomly
uniformly sampling the edges from G* with 90 percent. The agents aim to

collaboratively find the solution x* of the following least-squares problem:

fx) =30 filx) =5 20 [[Hix — by3,

where the vectors and matrices are of appropriate dimensions. We choose

each H; such that it is rank-deficient but Y. H,' H; is invertible. In other
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words, no agent can find x* on its own and must cooperate.

Figure 4.5: G*: The underlying strongly-connected directed graph for the
experiment.

The performance of TV-AB along with Push-DIGing [84], and subgradient-
push [76] (with constant and diminishing stepsizes) is shown in Fig. with
the average residual 1/ny "7 | ||x} —x*||2 as the comparison metric. The step-
sizes follow a similar regime as in Experiment This numerical experi-
ment, once again, confirms the linear convergence of TV-AB to the optimal

solution provided the stepsize is sufficiently small.
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Figure 4.6: Distributed least squares: Performance comparison with the tran-
sients magnified.

4.6 Conclusions

In this chapter, we introduce the algorithm TV-AB to minimize a sum of
smooth and strongly-convex functions over time-varying and possibly random
digraphs. We show that TV-AB converges linearly to the optimal solution
when underlying time-varying graphs satisfy the standard bounded connec-
tivity assumption, i.e., a union of every C consecutive graphs is strongly-
connected. We derive the convergence result based on the stability analysis
of a linear system of inequalities along with a matrix perturbation argument.

We further provide simulations that confirm the findings in this chapter.
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Chapter 5

Epilogue

In this thesis, we focus on problems in the modeling, analysis, and design
of complex, distributed, and networked dynamical systems. In particular, we
investigate three distinct problems in networked systems and control theory
as summarized in the following. We also discuss some possible directions for

future work.

e Distributed Estimation — We consider a network of agents tasked to
estimate the state of a Continuous-Time, Linear Time-Invariant system
under the assumption that no agent possesses enough measurements in
its neighborhood to estimate the entire system state on its own. Design-
ing static estimator gains, we provide a networked Kalman-type esti-

mator that combines prediction and innovation with information fusion
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among the agents. The main contribution of this work is the analysis
of the estimation error using the notions of dissipativity and the input-
output approach, enabling us to formulate stability and performance
arguments as quasiconvex optimization problems involving linear matrix
inequalities. We show that the resulting estimation error is stable and
further ensures a given level of performance regarding noise rejection.
Our approach serves as the foundation of future investigation towards
extending the current work to the case of dynamical systems driven by
external forces v(t) € R? and to dynamic estimator design meeting cer-
tain frequency-dependent performance objectives in addition to stability

and noise rejection.

e Control of Spreading Processes — We study a variant of the vi-
ral marketing phenomenon over heterogeneous social networks. The
marketing objective investigated in this framework is product adoption.
Borrowing concepts from the theory of epidemic processes, we intro-
duce a simple yet insightful product adoption model, i.e., the potential-
adopting-dormant-potential model and propose an optimal control scheme
to simultaneously optimize the population of the adopting and dormant
compartments under given time and resource constraints. We prove the

existence of the solution to the optimal control problem and provide
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both analytical and numerical solutions using the Pontryagin Maximum
Principle and Forward-Backward Sweep Method, respectively. Future
directions include extending the current work to networks with time-
varying links as well as a discrete-time model of the adoption process

which seems to be more realistic.

e Distributed Optimization - We aim to solve the distributed opti-
mization problem over multi-agent networks, where each agent has a
local objective function derived from private information. The goal is
to have agents collaborate with each other to optimize the sum of these
local objective functions. Existing algorithms mostly deal with the cor-
responding problems under the assumption that the underlying network
topology is strongly-connected, static, and undirected. The contribution
of this work lies in the relaxation of such assumptions on the network
topology. In particular, we assume that agents communicate according
to a dynamic directed graph and present a computationally efficient fast
distributed optimization algorithm. Contrary to the existing work, our
proposed algorithm, rather than estimating the Perron eigenvector of
the weight matrices, relies on a novel information mixing approach ex-
ploiting both row and column-stochastic weights to achieve agreement

towards the optimal solution. We show that our algorithm converges
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linearly to the optimal solution when the global objective is smooth and
strongly-convex, and the underlying time-varying graph exhibit bounded
connectivity. Obtaining convergence rates for non-strongly-convex func-
tions and extending current convergence results to random graphs are

potential future directions to be explored.
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