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Abstract

We study local homeomorphisms from a punctured surface to the full surface. We prove that
under certain assumptions the surface is a torus and the map coincides with a self-covering

of the torus outside a neighborhood of the puncture.
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Local Homeomorphisms of a Punctured Surface



Chapter 1

Singularization and Desingularization of

Hyperbolic Flows

Much of the material in this chapter, as well as the motivation for this project, is due to

conversations and correspondence with Enrique Pujals.

1.1 Singular Hyperbolic Attractors
Singular hyperbolicity extends the idea of uniform hyperbolicity by allowing the presence
of singularities.

Definition 1.1.1 (Singular Hyperbolic Set [13], Definition 1) A compact invariant set A
of X with singularities is singular hyperbolic if each of its singularities is hyperbolic and,

either for X or — X, A is partially hyperbolic with volume expanding central direction.

The key characteristics of a singular hyperbolic set are:

1. The central direction is volume expanding and contains the flow direction.

2. The singularities are hyperbolic.

The geometric Lorenz attractor is an example of a 3-dimensional singular hyperbolic
attractor. It has a two-dimensional section, >, transverse to the flow, with the following

properties:

1. The intersection of the stable manifold of the singularity and ¥ is a one-dimensional

separating curve, I'.

2. ¥ has a smooth foliation, F?, the leaves of which are one-dimensional, invariant, and

uniformly contracted.

3. The quotient space, > \ F?, is a compact interval, /, and the stable manifold of the

singularity intersects [ at a point, c.



c

Figure 1.1: The Return Maps on ¥~ T"and on I \ {c}. [6]

On X \ T, there is a first return map P : > \ ' - 3 which induces an expanding map

f:I~{c} — I. We can study the flow using these maps.

1.2 Singularizing a Hyperbolic Attractor

In [7], Bonatti, Pumarino, and Viana construct a higher dimensional Lorenz-like attractor,
with more than one expanding direction, by introducing a singularity to a uniform hyper-

bolic attractor, a process known as singularization.

Definition 1.2.1 (Singularization) The process of deforming a hyperbolic attractor into a

singular hyperbolic attractor.

The reverse process is known as desingularization.

Apparently, the following is regarded as folklore among experts:

Conjecture 1.2.2: Given a vector field X (with global transverse section), having a hyper-
bolic attractor A whose center unstable manifold has dimension greater than 2, there exists
a homotopy such that X" = X and X! has a singular hyperbolic attractor that is not hyper-

bolic. O

The manifold Bonatti, Pumarino, and Viana construct has dimension n and contains a
hyperbolic singularity whose unstable manifold has dimension m where m > 2 and n >
m + 3. It is later shown that, with a slight adaptation of the proof, the construction also
works when m =2 and n = 4.

As the authors note ( [7], pg. 885)

Topology turns out to play a significant role in this extension, imposing certain

restrictions on the kind of ambient manifolds and of cross-sections one may



have.
For example, Bonatti, Diaz, and Viana point out ( [6], pg. 163)

There are no smooth expanding maps from D"\ {0} to the unit m-dimensional

disk D™ if m > 2 ... The cross-sections should have non-trivial topology.

Because of this, the construction done below starts with an expanding map on a m-dimensional
torus, T™.

We describe the construction when m = 2 (for more detail see [7]). Starting with
f : T? - T2, an expanding map, they take the product ¥ := T2 x D? and define a map
F : ¥ - X that is contracting along the leaves of the foliation {{z} x D? | z € T?}.
Suspending this map defines a hyperbolic flow. They then deform the vector field inside
of a flow box to create a hyperbolic singularity, O, with 2 expanding eigenvalues and 3
contracting eigenvalues.

[0.1]
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Figure 1.2: Multidimensional singular attractors via suspension. [6]

The question arises as to whether every singular hyperbolic attractor comes from a sim-
ilar construction. This motivates us to study the underlying topology of a singular hyper-
bolic attractor, in particular the topology of its unstable manifold. We use a 4-dimensional

singular hyperbolic attractor as a model for our toy surface problem.

1.3 A Model For Our Surface Problem

Let M be a 4-dimensional manifold, X a C" vector field with a singular hyperbolic attrac-

tor, A, and o a hyperbolic singularity. On A, there is a continuous splitting of the tangent



space: TaM = E° & E“, where E° is one-dimensional and contracting and E“ is three-
dimensional, volume expanding, and contains the flow direction.

We assume there is a 3-dimensional global cross-section, ., transverse to the flow.
That is, X is compact, connected, and every point in M either returns to 3 under the flow
or belongs to the stable manifold of the singularity. On X the tangent space splits as:
TxM = E° & E°® E“, where E° is one-dimensional and contracting and E° & E* is
two-dimensional and area expanding.

In addition, we assume that I/Vlf)c(a), the local stable manifold of o, is two-dimensional.
Then, L := W}? (o) n ¥ is one-dimensional and does not separate Y. There is a first return
map R: XN L - .

Let F° be the stable foliation of ¥ and consider the quotient space S := ¥ \ F°. We
assume that S is a connected surface without boundary. The intersection of W} (o) and
S is a point, p, and there is an expanding map f : S \ {p} — S corresponding to the first
return map. With this reduction in mind, we study maps on a punctured surface in order to
gain insight into singular hyperbolic attractors [17].

We now discuss how our topological results on a surface can give insight into the dy-
namics of a singular flow.

Given a surface, S, a point p € S, and a local homeomorphism f : S\ {p} — S, we show
that, under certain assumptions, there is an open disk, B, around p and amap F' : S — S
(defined everywhere) that agrees with f on S'\ B.

Returning to the 3-dimensional cross-section X, S corresponds to the entire cross-
section, p corresponds to L, the intersection of the stable manifold of the singularity with
3., and f corresponds to the first return map R : ¥ \ L — 3. The disk, B, around p then
corresponds to a 3-dimensional “tube”, U, in X containing L. Now, consider the surface
map F': S — S that agrees with f on the complement of B. The corresponding return
map, G : ¥ — 3, is defined everywhere and has the property that it agrees with R on the
complement of U'.

Now we consider how our results relate to, X, the singular flow. Our results indicate
that there is a flow box, V, around the trajectory of L and a non-singular flow, Y, that agrees

with X outside of V.



Chapter 2
The Surface Problem

2.1 Main Theorem

Although we are interested in expanding maps with singularities, our arguments are purely
topological, so we do not need to use the full force of the map being expanding, nor even
that it is a local diffeomorphism. Our arguments work for any local homeomorphism.

We consider f: S\ {p} = S, alocal homeomorphism from a punctured surface to the
entire surface. So that the domain of f is compact, we take a small open disk, B, around
the singularity, p, and consider the restriction of f to S \ B.

We make a technical assumption about the boundary of B to control f near the sin-
gularity. And, if points have a sufficient number of preimages then we are able to find a

(non-singular) map F': S — S that agrees with f on S\ B.

Theorem 2.1.1 Let S be a closed, orientable surface, p € S, and f : S~ {p} - S a local
homeomorphism admitting an open disk, B, whose boundary, T, is a circle around p such

that
Al: the restriction of f to T is a homeomorphism onto C := f(I")
A2: there exists a point in S with more than 3 preimages in S \ B.

Then, there exists a self-covering of S which agrees with f outside of B.

Remark 2.1.2 Using k to refer to the maximum number of preimages a point has in S\ B,
A2 says that k£ > 3. This is a technical assumption used to constrain the topology of S and
is not required until the end of Section 2.3. We prove Theorem 2.2.1, extend f to a covering
map, and prove Proposition 2.3.4 without this assumption. It is only then used to constrain
the consequences of Equation (2.2).

This technical assumption may be able to be removed. We should be able to remove

the case that k = 3 (see Conjecture 2.3.7). Moreover, if f is an expanding map, we have



a method of attack to show that k # 2. Whenk =1, f : S\ B - f(S~B)c Sisa
homeomorphism between two surfaces that are complements of open disks. In this case,
we can show there exists a self-cover of S which agrees with f outside of B using the same
method as we use in the proof of Theorem 2.1.1.

Al, the assumption that f : I' - C' is an embedding, is used to prove Theorem 2.2.1.
Assuming only that C' is an embedded circle, we can show that S \ C' consists of two sets
defined by the number of preimages points have in S°. Requiring that f embeds C' ensures
that the difference between the number of preimages is 1. In Chapter 3 this assumption will

be relaxed to the assumption that C'is an embedded circle. &

Remark 2.1.3 The conclusion of Theorem 2.1.1 implies that S is the torus because any
surface with a non-trivial (k > 1) self-covering must be a torus. A covering, F': ¥ — S of

degree k must satisfy the following formula:

xX(2) = kx(S). (2.1)

For a self-covering, this is x(5) = kx(.5). Since k > 1, x(5) = 0 and S is the torus. This

idea is central to the proof of the main theorem. &

To prove Theorem 2.1.1, we extend f to an auxiliary covering, F': ¥ — S, in order to
apply Equation (2.1) which then shows that this is the desired self-covering of S.

In Section 2.2, we show that C separates .S into two connected components which are
the sets of points with k& and k — 1 preimages in S° := S \ B, respectively. We call the
component of S \ C' consisting of points with k£ preimages in S° the regular part, R, and
the component consisting of points with k — 1 preimages in S° the singular part, P.

In Section 2.3, we take the connected sum, X, of S° and P, extend f to a k-to-1 covering

map, F': ¥ — S, and apply Equation (2.2) to show that P is a disk.



2.2 Cis Separating

In this section, we consider the number of preimages points have in S°. Note that this num-
ber isn’t constant since f : S° — S is a map from a surface-with-boundary to a closed sur-
face and therefore isn’t a covering map. So, we are interested in how this number changes
on S. We find that this number changes when we cross C' and that this is the only time it
changes. Moreover, locally on C, it changes by one. So, if C' is an embedded circle, then
there are only two possibilities for the number of preimages a point in .S has in S°. These
values differ by the number of preimages points on C' have on I'. When f : I' - C'is an

embedding, these values differ by one.

Theorem 2.2.1 S \ C' has two connected components; all points in one component have k

preimages in S° while those in the other component have k — 1.

Lemma 2.2.2 If f : X — Y is a local homeomorphism and X is a compact space, then

every point y € Y has a finite number of preimages in X.

Proof: Suppose the set of preimages, f~!(y), of y in X is infinite. Since X is compact, the
set f~1(y) has a limit point, which is also a preimage of 3. Every neighborhood of this limit

point contains at least two preimages of y and therefore f is not a local homeomorphism.O

Let I : S — N be the function that takes a point in S to the (finite) number of preimages
it has in S° under f. To prove Theorem 2.2.1, we consider how [ varies on S.

The following propositions show that I is locally constant on .S \ C'. Proposition 2.2.3
shows it is upper semi-continuous on S and Proposition 2.2.4 shows that it is lower semi-

continuous on S \ C. Together, [ is continuous on S \ C and therefore locally constant.

Proposition 2.2.3 Each y € S has a neighborhood where no point has more preimages in

S° than y.

Proof: We prove, by contradiction, the equivalent statement: If M is the set of points with
more preimages in S° than y, then y is not in the closure of M. Suppose f~!(y)NS° =
{x1,...,x}. Assume y € cl(M), so every neighborhood of y contains a point with more

than k preimages in S°. Since f : S\ {p} — S is a local homeomorphism each x; has a



neighborhood U; such that f|y, : U; — f(U;) is a homeomorphism. We take the U; to be
pairwise disjoint so that no point in ﬂle f(U;) has more than one preimage in any U;. We
can find a sequence of points (y;) in NY., f(U;) converging to y, and associated to each y;
at least one preimage, z;, not in any U;, i € {1,...,k}. The sequence (z;) in the compact
space S°\ Ule U, has a subsequence (zjn) that converges to a point z, also in .S° \ U,’le Ui.
Since f : S° — S is continuous, (f(z;,)) converges to f(z) and f(z) = y, giving a new
preimage of y, a contradiction.

Since y is not in the closure of M it has a neighborhood where no point has more

preimages in S° than y. O

Proposition 2.2.4 Every point y € S\ C has a neighborhood where all points have at least

the same number of preimages in S° as y.

Proof: Write f1(y)NS° = {z1,...,7;}. We can find a neighborhood of y where every
point has at least k preimages in S°. Indeed, since y ¢ C, f~'(y) c int(S°) and each x;
has a neighborhood U; c int(S°) such that f|y, : U; - f(U;) is a homeomorphism. We
take these U; to be pairwise disjoint. Let W = ﬂle f(U;). Then, for each x;, there is
a neighborhood W; = U; N f~1(W) such that f|y, : W; — W is a homeomorphism and
W; cint(S°). Every point in W has exactly one preimage in each of the W; and therefore

has at least k& preimages in S°. O

Take y, k, and W to be as in the proof above. By Proposition 2.2.3, we can find a
neighborhood V' ¢ W where no points have more than k preimages in S°. So, every point
in V has exactly k preimages in S° and [ is locally constant on S \ C.

Note that we have not yet used the assumption that f : I' - C' is a homeomorphism.

We now do so; we observe that [ : S — N changes by one as we cross C.

Lemma 2.2.5 Ify € C has k preimages in S°, then there exists an arbitrarily small neigh-
borhood of y containing points with k preimages in S° and points with k — 1 preimages in

Se.

Proof: Let f~Y(y)NS° = {x1,..., 2.} be the k preimages of y in S°. Since f: S\ {p} -

S is a local homeomorphism, around each z; there is a neighborhood, U;, in S \ {p} such



that f|y, : U; » f(U;) is a homeomorphism. Recall that B is the open disk around p with
boundary I' and f : I' - C'is a homeomorphism. Assume x; is the (unique) preimage of
yonI'. Since z; is on the mutual boundary of S° and B, U; contains points in S° and
points in B. Shrinking U; if necessary, we can assume that U; NI is an arc of I', which
separates U7 into two components, int(S°) Uy and BOU;. Taking W = ﬂle )
and W; = U; N f~1(W), every point in W has exactly one preimage in each W;. For
i€{2,...,k}, W; cint(S°) so each point in W has at least k — 1 preimages in S°.

Now consider Wj. Each point in W has exactly 1 preimage in Wi. Let a € W1 N .S°,
b € W1 N B and consider their images f(a) and f(b) in W. f(a) has one preimage in
W1 N S° while f(b) has no preimages in W7 (N .S°. Both have one preimage in each of the

Wy ... Wy, and therefore a has k preimages in S° while b has k& — 1 preimages in S°. O

Remark 2.2.6 We will show in Theorem 3.0.1 that this proof can be adapted to show that,
in general, when C is an embedded circle, it separates points with k£ preimages and k — [

preimages, where [ is the number of preimages any point on C has on I'. o

We now prove Theorem 2.2.1.

Proof (of Theorem 2.2.1): For any i € N, let L; be the set of points in .S with exactly ¢
preimages in S°. Note that there are at least two such sets, Ly, and Lj_1, by Lemma 2.2.5.
Let L; = L~ C. Then, by Lemma 2.2.4 every point in L;hasa neighborhood where all
points have exactly ¢ preimages in S°. Thus, L, is an open set in S \ C and {L;} partitions
S\ C. Therefore, every connected component of S \ C'is contained in one of these sets.
Since C'is a connected 1-manifold embedded in .S as a closed subset, by Proposition

6.1 in [8] only two of these sets are nonempty, Lyand Lj_;.

Lemma 2.2.7 L;, and Lj_, are the connected components of S \ C.

Proof: LyuLy_1 = S\C. As noted above, every connected component of S\C'is contained
in one of these sets. Let R and P be the two connected components from Proposition 6.1
in [8]. Then, R ¢ IN/;C and P ¢ Ek_l, up to relabeling. We claim this is not a strict inclusion.

Indeed, suppose there is an 2 € S \ C such that 2 ¢ R but z € L. Since z € S~ C and

10



RUP=S8~C,z¢P.Butthen, z € Lj_1, a contradiction since Ly and Lj_; are disjoint.

So, R = I~/k, P= f/k_l and IN/k and f/k_l are the connected components of S \ C. |

From now on, we refer to R as the regular part, and P as the singular part. Our goal is

to show that P is a disk.

2.3 Extending f to a Covering and Applying Equation (2.1)

In this section, we construct a covering map from 3 := S# P onto S. Then, we use Equation
(2.1) to show that P is a disk. Finally, we define the self-covering of Theorem 2.1.1.

The idea is that points in P are “missing one preimage in S°”” while we require all points
to have the same number of preimages. We attach P to S° by gluing I' to C' using f so that
the missing preimages can come from the identity map on P. To have more flexibility and
to avoid confusion from having P be a part of S as well as 3, we attach a “copy” of P to S°
and use a homeomorphism between the two to fill in the missing preimage for each point
of P.

To construct 3, let P be a surface homeomorphic to P with boundary C' and h: P - P
a homeomorphism. We attach Pto S° by identifying x € I" with y ¢ C := &P for which
f(x) = h(y) € C. This identification gives the connected sum X = S°# P with common

boundary r=s5°npb.

Proposition 2.3.1 The map F : % = S°#P — S given by

f(x) if weS

h(z) if xzeP

F(z)=

is a covering map.
Lemma 2.3.2 F': % — S is continuous.

Proof: F is continuous at every point on S° \ I' and at every point on P~ C since F |so =
flse and F|z = h|p. Now, let z be a point on Tand fix e > 0. F = f on S° so there exists

61 > 0 such that for any = € S°, if d(z,z) < &y, then d(F(z),F(z)) <e. F =hon P, so

11



there exists d, > 0 such that for any z € P, if d(z,z) < 02, then d(F(z), F(2)) < €. Let
d = min{d1, d2}. Then, for any x € %, if d(x, 2z) < ¢ then d(F(x),F(z))<eso F:3 - S

is continuous on I" and therefore continuous on all of X. O
Lemma 2.3.3 F': Y — S is locally injective.

Proof: F is locally injective on S° ~ T and P \ C since F

se=f

let 2 € T. Note that any neighborhood of = has nonempty intersection with both S° and P

so and F|z = h|p. Now,

and, if we take a sufficiently small neighborhood, U, of x (as in the proof of Lemma 2.2.5),
F is injective on U (N S° and F is injective on U N P. We claim F': U — F(U) is injective.

Let a,b € U and suppose F'(a) = F'(b). There are three possibilities:
1. f(a)=F(a)=F(b) = f(b) (where a,b e S°), hence a = b.
2. h(a) = F(a) = F(b) = h(b) (where a,b € P), hence a = b.
3. f(a)=F(a)=F(b) = h(b).

Consider the third case: f(a) = h(b). We claim that if f(a) = h(b), then a,b € T. To see
this, suppose a € int(S°) and b € int(P) and consider z = h(b) € P. By definition, z has
k —1 preimages in S°. If f(a) = z, then z has k — 1 preimages in S° \ U and one preimage,
a,in S° N U, for a total of k preimages in S°. So, a,b € r and, by construction, a = b and

F:U - F(U) is injective. O

Proof (of Proposition 2.3.1): Since ¥ is Hausdorff and F : > — S is a local homeomor-
phism, it suffices (see, e.g., [10, Proposition 6.5]) to show that k, the number of preimages
under F', is constant.
By the definition of P, every point in P has k — 1 preimages in S° and, since F|5 = h is
a homeomorphism onto P, it has one more preimage in P for a total of k preimages in .
By the definition of R, every point in R has k preimages in S° and, since ¥ (?) =P,

no point in R has a preimage in P, for a total of k preimages in X.. O

Proposition 2.3.4 below proves that P is a disk, which allows us to complete the proof

of Theorem 2.1.1 as follows:

12



Consider the open disk B around p with boundary I'. Since P is a disk with boundary
C we can define a homeomorphism h : BnI' - P uC where h = f on I". We attach B to
S° by identifying x € T with the boundary point, y € ', of B for which f(z) = h(y) € C.
Then, ¥ = S°#DB = S (since S° = 5\ B)and F': S — S is a self-covering that agrees with
fonS°.

Proposition 2.3.4 If k is as in Theorem 2.2.1, then k, the genus of R and that of P satisfy
(k-1)(g(R) - 1) + (k-2)g(P) = 0. 2.2)

In particular g(R) < 1, and therefore one of the following holds:
1. g(R) =1 and P is a disk, so S = T2
2. g(R)=1land k =2.
3. g(R)=0and %=L = g(P) e Z so k= 3.

Remark 2.3.5 Note that Equation (2.2) can be written as g(R) + (%) g(P) =1 so, either
g(R)=1org(R)=0.

1. If g(R) =1, then (%)Q(P) = 0, so either g(P) = 0 or k = 2, and we have Case 1 or

Case 2 of the proposition.
2. If g(R) =0, then (%)Q(P) =1,s0g(P) = % This is an integer only when k = 3

(and hence g(P) = 2). This is Case 3 of the proposition. o

Remark 2.3.6 Before we begin the proof of the proposition, we make a few remarks about

the values of k.

1. We assume in Theorem 2.1.1 that & > 3 to exclude the second and third cases of

Proposition 2.3.4.
2. We believe this assumption can be changed to k > 2 by the following conjecture.

Conjecture 2.3.7: g(R) # 0. O

13



Since F| : P — P is a homeomorphism, F~*(R) = f~'(R) c S° and flyrry
f~Y(R) - R is a covering map. One preimage of the boundary of R is T, the
boundary of the surface S°. Since S° has positive genus, it seems reasonable that R
must also.

If g(R) # 0, the third case can not occur.

. When k = 2, if we only assume f : S\ {p} - S is a local homeomorphism there is

nothing to prevent g(P) > 0. For example, if g(P) =land k=2, F: ¥ > Sisa

double cover of the 2-torus by the 3-torus.

. If we assume S = T2, then no assumptions on k are needed since the third case is

impossible and P is a disk in the remaining cases. Moreover, we only need to assume

C is an embedded circle. This gives the following variant on Theorem 2.1.1.

Theorem 2.3.8 If S = T2, p e S, and f : S~ {p} = S a local homeomorphism
admitting an open disk, B, whose boundary, T, is a circle around p such that f(I') :=
C is an embedded circle, then there exists a self-covering of S which agrees with f

outside of B.

Proof: In the next chapter, we show in Corollary 3.0.5 that if S = T2, then f: T' » C
is a homeomorphism and g(P) = 0. Once we know P is a disk, the remainder of the

proof is the same as the proof of Theorem 2.1.1. O

Proof (of Proposition 2.3.4): Equation (2.1), together with x(X) =2 -2¢(X) and x(5) =

2-2g(S) yields:

2-29(%) = x(¥) = kx(5) = k(2 - 29(9)).

Since g(X) = g(S°) + g(P) and g(S°) = g(S), this can be written as:

or

1-9(5) -g(P) = k(1-9(5))

9(P) = (k=1D)[g(5) - 1] = (k- D[g(R) + g(P) - 1]

14



since g(5) = g(R) + g(P). Therefore, (k—1)g(R) + (k—-2)g(P) = k-1 as claimed. O
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Chapter 3

An Embedded Circle versus Embedding a
Circle

The first technical assumption we made, Al, was that f : [' — C' is a homeomorphism.
This was used to prove Theorem 2.2.1. However, there are results in Section 2.2 that do
not require this assumption. A natural way to relax the assumption that f : ' - C'is an

embedding is to assume only that f(T") is an embedded circle.

Theorem 3.0.1 Let S be a closed, orientable surface, p € S, and f : S~ {p} = S a local
homeomorphism admitting an open disk, B, whose boundary, T, is a circle around p such
that the restriction of f to I is an I-fold covering of an embedded circle C := f(I'). Then,
S\ C has two connected components; all points in one component, R, have k preimages

in S° := S\ B while those in the other component, P, have k — [ preimages in S°.

Proof: Suppose f : I' = C'is an [-fold covering of the embedded circle C. By Proposition
2.2.4, the number of preimages a point has in S° is locally constant on .S \ C' and, therefore,
C separates .S. Since C' is embedded in S, Proposition 6.1 in [8] tells us there are at most
two connected components in S \ C'. Moreover, Lemma 2.2.5 can be generalized to show
that these components are the set of points with k preimages in S° and the set of points with
k — 1 preimages in S°. Indeed, in the proof of the lemma, the number of preimages drops by
one on the neighborhood of the single preimage on I'. If a point has [ preimages on I', this
will occur on [ neighborhoods hence the number of preimages drops by /. So, C separates

the set of points with k£ preimages (R) and the set of points with k — [ preimages (P). O

Following the strategy of Section 2.3, we first construct a branched cover, F': 3 - S,
by attaching [ copies of P to S° to get the connected sum, X := S#P#...#P, and, on
the attachment, take a map that multiplies angles by I. Then, we use Equation (3.1), a

generalization of Equation (2.1), to study the topology of P and R.



Note that 1 <! < kand whenl =1, f:I' - C'is a homeomorphism and F': 3 - Sis a
regular (non-branched) covering.

In the construction of the cover, a single branch point of index ! is introduced. Since a
branch point itself is a singularity, our goal is to find conditions that exclude [ # 1, ensuring
we have a regular covering and Proposition 2.3.4 applies.

The following is a generalization of Equation (2.2).

Theorem 3.0.2 The degree, k, of F, the degree, l, of the covering F' : I — C, the genus of

R and that of P satisfy

2(k-1)(g(R)-1) +2(k-1-1)g(P) =1-1. 3.1)

Proof: The Riemann-Hurwitz formula, a generalization of Equation (2.1), can be applied

to I': 3 — S and written as:

2-29(%) = k(2 29(S)) - (1~ 1).

Since g(X) = g(S°) +1-g(P) and g(S°) = g(.5), this can be written as:

2-29(5) -21-g(P) = k(2-29(5)) - (I-1)

or

2(k-1)(9(S)-1)=21-g(P) = -(I-1).

Rewriting (since g(S) = g(R) + g(P)):

2(k - 1)g(R) +2(k -1 -1)g(P) - 2(k-1) = —(I - 1).

Therefore:
2k-1)(g(R)-1)+2(k-1-1)g(P)=1-1.

Note that when [ = 1, this reduces to Equation (2.2).

An immediate consequence of Equation (3.1) is that [ is odd.

17
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Theorem 3.0.3 Theorem 2.1.1 holds if Al is replaced by:

1. flp:T - C is an l-fold covering of an embedded circle and either 1 is even or | = 1.

Observe that Equation (3.1) shows that if [ # 1, then P is not a disk. This means that
the method of proof used for Theorem 2.1.1 can only be applied when we have a regular

cover.

Theorem 3.0.4 If g(P) =0, thenl = 1.

Proof: 1f g(P) = 0, Equation (3.1) becomes 2(k — 1)(g(R) - 1) =1 -1 < 0. So, either
g(R) =0or g(R) =1. If g(R) = 1, it follows immediately that [ = 1. If g(R) = 0,

2(k—-1)=1-1. Since [l < k, this means 2(k — 1) < k — 1 and, therefore, k <l and = 1. O
Corollary 3.0.5 If S = T?, thenl =1 and g(P) = 0.

Proof: If g(S) = 1, either g(P) =0 or g(P) = 1. If g(P) = 0, then [ = 1 by Theorem 3.0.4.
If g(P) =1, then g(R) = 0 and Equation (3.1) becomes -2(k - 1) +2(k—-1-1) =1 -1,

which reduces to [ = -1, an impossibility. O

When k # 1, we can write Equation (3.1) as:

A g(P)=1-=(—=)€(0,1] (3.2)

2 k-1

g(R)+(k—1—l) 1(1—1

Written in this form, we have the following corollaries to Theorem 3.0.2.

Corollary 3.0.6 (of Theorem 3.0.2) Suppose k + 1 and | + 1. g(R) = 0 if and only if

[ < k= 1. In addition, both directions imply that g(P) # 0.

Proof: If g(R) = 0, then %g(P) must be positive sol < k—1and g(P) # 0. If I < k-1,

then £1=Lg(P) > 0. Since 0 < 1 - 3(&2) < 1, g(R) = 0 and g(P) # 0. O

Corollary 3.0.7 (of Theorem 3.0.2) If 1 < [ < k — 1, then 2¢g(S) = ﬁ +1> 1 in

particular, g(S) > 1.



Proof: If 1 <1 < k-1, then g(R) = 0so g(P) = g(S) and [ < k — 1 by Equation (3.2).

Equation (3.2) can then be written as:

k-1-1 1,1-1
(=1 5G9

k-1 -1 k
29(5)_2(k—1—l)_(k—1—l)_k—l—l+1 .

This gives the following extension of Theorem 2.1.1.

SO,

Theorem 3.0.8 Theorem 2.1.1 holds if Al is replaced by:
1. flr:T - Cis an l-fold covering, and either l = 1 or k is prime, and | < k — 2

and A2 is removed.

Proof: If 1<l <k-2,then2g(S)-1-= by Corollary 3.0.7. But, if [ < kK —2 and k is

kll

k
prime, then +——

17 18 not an integer. It follows that [ = 1. Moreover, 1 < k -2 so k > 3 and

A2 is automatically satisfied. O

We now present variants of Theorem 2.1.1 dependent on Conjecture 2.3.7 and Conjec-

ture 3.0.10.

Theorem 3.0.9 If Conjecture 2.3.7 is true, then Theorem 2.1.1 holds when Al is replaced

by:
1. flr:T - C is an l-fold covering and either | = 1 orl + 1 and k is even
and A2 is replaced by:

2. k+2.

Proof: If g(R) # 0 (Conjecture 2.3.7), then, by Corollary 3.0.6, 1 > k — 1. If [ = k — 1, then

Equation (3.2) becomes g(R) =1 — Since k # 2, this is not an integer. In addition,

2 = 1)
l # k since [ is odd (by Equation (3.1)) and & is even. It follows that [ = 1. In this case, the
results of Proposition 2.3.4 hold and, since g(R) + 0 and k # 2, P is a disk. The remainder

of the proof is the same as the proof of Theorem 2.1.1. O



Note that if [ = k, then f : S° - S is not surjective (P has k — [ = k — k = 0 preimages
in S°).

Conjecture 3.0.10: If f : §° — S is an expanding map, then f is surjective. O

Note the conjecture is true when f|p : I' > C' is a homeomorphism (I = 1) since k > 1

andso k—-1>0.

Theorem 3.0.11 If Conjecture 2.3.7 and Conjecture 3.0.10 are true, then Theorem 2.1.1

holds when f is expanding and Al is replaced by:
1. f(T') is an embedded circle
and A2 is replaced by:

A2. k+2.

Proof: Suppose [ # 1. If g(R) + 0 (Conjecture 2.3.7), the proof of Theorem 3.0.9 shows
that [ = k. However, when | = k, f : S° — S is not surjective which is impossible by

Conjecture 3.0.10. It follows that [ = 1 and the results of Theorem 2.1.1 hold. O
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