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Abstract

We describe a conjectural characterization of all groups quasi-isometric to H ˆRn,

where H is any non-elementary hyperbolic group, and we provide an outline of the

steps required to establish such a characterization. We carry out several steps of

this plan. We consider those lines pL in the asymptotic cone ConeωpHq which, in

a precise sense, “arise from lines L in H”. We give a complete description of such

lines, showing (in particular) that they are extremely rare in ConeωpHq. Given a

top-dimensional quasi-flat in H ˆ Rn, we show the induced bi-Lipschitz embedded

flat in ConeωpHˆRnqmust lie uniformly close to some pLˆRn, where pL is one of these

rare lines. As a result, we conclude that quasi-actions on H ˆ Rn must project to

quasi-actions on H and therefore to homeomorphic actions on BH. Finally, we show

that such an action on BH is a convergence action which is uniform if it is discrete,

and we discuss the work that remains to complete the conjectured characterization.
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Chapter 1

Introduction

Geometric group theory explores the geometric properties of infinite groups, follow-

ing seminal papers of Mikhael Gromov (e.g., [Gro81, Gro84, Gro93]). A standard

model space for a given group Γ is the Cayley graph, CaypΓ, Sq. This is a graph

with vertex set Γ and edges determined by a chosen finite generating set S for Γ so

that the word metric on Γ with respect to S is precisely the distance function in the

graph. The natural action of Γ on itself by left multiplication extends to an action of

Γ on CaypΓ, Sq which is properly discontinuous, cocompact, and isometric. Different

generating sets for Γ produce non-isometric Cayley graphs. Nevertheless, any two

Cayley graphs for Γ are quasi-isometric. With the motivating example of Cayley

graphs in mind, features preserved by quasi-isometries are often called (coarse) geo-

metric features of groups, and actions which are properly discontinuous, cocompact,

and isometric are referred to as geometric actions. To an extent, we should only

ascribe geometric characteristics to a group in so far as they are independent of the

generating set (that is, up to quasi-isometry), and we will often study the geometry

of infinite groups via their geometric actions on particular model spaces. (For more

detailed definitions, see Section 2.1.)

A central goal of geometric group theory is to classify groups up to quasi-

isometry, and so problems such as Characterize those groups which act geometri-

cally on a given space X are fundamental. For examples, it is well known that

any group which is quasi-isometric to Zn must be virtually Zn (due to Gromov

and Bridson–Gersten); that any group which is quasi-isometric to a tree is virtually

free (Stallings); and that any group which is quasi-isometric to H2 must be virtu-

ally cocompact Fuchsian [Gab92, CJ94, Tuk88]. (By a Fuchsian group, we mean

a discrete subgroup of PSLp2,Rq.) Eleanor Rieffel [Rie01] provides the following

characterization of groups quasi-isometric to H2 ˆ R:



3

Theorem ([Rie01]). For any group Γ quasi-isometric to the hyperbolic plane cross

the real line, there is a short exact sequence

0 Ñ AÑ Γ Ñ GÑ 0,

where A is virtually Z and G is a finite extension of a cocompact Fuchsian group.

As Rieffel notes in the introduction, this result contributed to a program at-

tempting to classify all finitely generated groups quasi-isometric to each of William

Thurston’s eight 3-dimensional geometries. It was also part of a series of papers

(including [KKL98, KL01, KL97a]), exploring the extent to which “product decom-

positions” are geometric features (that is, preserved by quasi-isometries). A major

result in this category is:

Theorem ([KKL98]). Suppose M,N are closed, nonpositively curved Riemannian

manifolds, and consider the de Rham decomposition of their universal covers ĂM “

Emˆ
śk
i“1Mi, rN “ Enˆ

ś`
i“1Ni. Then, for every K ě 1, C ě 0, there is a constant

D so that for each pK,Cq-quasi-isometry φ : ĂM Ñ rN we have: k “ `, m “ n, and,

after reindexing the factors Nj , there are quasi-isometries φi : Mi Ñ Ni such that

every i, the following diagram commutes up to error at most D:

ĂM

��

φ // rN

��
Mi

φi
// Ni

We will develop some of the tools necessary to generalize this characterization to

the setting of groups quasi-isometric to HˆRn, where H is any non-elementary word

hyperbolic group. We will make use of three major tools: quasi-actions, asymptotic

cones, and convergence groups. A quasi-action of a group Γ on a space X is a

generalization of an isometric action in which the group elements act like quasi-

isometries. There are a variety of reasons to consider this sort of generalization, the

primary reason being that any group quasi-isometric to X will quasi-act on X, even
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if it cannot isometrically act on X. A fairly complete treatment of the basic facts

about quasi-actions may be found in Appendix A. (The facts presented there are

not new, but a treatment including all details does not seem to appear in existing

literature, and some subtleties may be taken for granted in other sources.) The

terminology and facts necessary for our present purposes are included in Section

2.2.

The asymptotic cone of a space is a metric space which is a topological invariant

under quasi-isometries. That is, a quasi-isometry between two spaces induces a

homeomorphism between the asymptotic cones. Section 2.3 provides the necessary

background on asymptotic cones. If H is a non-elementary hyperbolic group, then

its asymptotic cone ConeωpHq is a homogeneous R-tree with uncountable branching

at every point. In Section 3.2.1, we provide a detailed description of those lines

ConeωpHq which (in a sense made precise in that section) “arise from lines in H”.

There is a natural base point pe P ConeωpHq which splits any such line into rays,

which we call midribs. We call the connected components of ConeωpHqztpeu leaves,

and we show:

Theorem 3.2.2. Let H be a non-elementary hyperbolic group with asymptotic

cone ConeωpHq.

1. For each a P BH, there is a unique corresponding midrib.

2. Each leaf contains at most one midrib.

3. If f : R Ñ H is any quasi-isometric embedding with induced map pf on the

asymptotic cones, then the image of pf is precisely the union of the two midribs

corresponding to the boundary points of H which are the endpoints of f .

In Section 3.2.2, we will make use of this description to prove a rigidity result

about the quasi-flats (quasi-isometric embeddings of copies of Rn`1) inside ofHˆRn.

Theorem 3.2.10. Let f : Rn`1 Ñ H ˆRn be a quasi-isometric embedding and let

pf be the induced map on the asymptotic cones. Then

1. the image of pf is of the form pLˆ Rn, where pL is a line in ConeωpHq,
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2. pL is the union of two midribs corresponding to some distinct boundary points

a, b P BH, and

3. for any line L in H with endpoints a, b, pL is the line in the asymptotic cone

arising from L, and the image of f is uniformly close Lˆ Rn.

As a corollary, we may project quasi-actions:

Theorem 3.2.8. Let f : H ˆ Rn Ñ H ˆ Rn be a quasi-isometry and write

π : H ˆ Rn Ñ H

for the natural projection. Then there is some constant D such that, for each x P H,

there exists y P H such that fptxu ˆRnq and tyu ˆRn are at Hausdorff distance at

most D. The assignment x ÞÑ y is a quasi-isometry (which is equivalent to π ˝ f)

whose quasi-isometry constants depend only on those of f .

In particular, if Γ quasi-acts on H ˆ Rn via ϕ, then ψg “ π ˝ ϕg gives a quasi-

action of Γ on H, and ψ is cobounded if ϕ is.

A convergence action is an action with a particular dynamical property. Gehring

and Martin [GM87] defined this property and showed that Möbius groups acting on

spheres have this property. In particular, the actions of Fuchsian groups on H2

extend to actions by homeomorphisms on the boundary S1, and these actions on

the boundary are convergence actions. [Gab92] and, independently, [CJ94, Tuk88]

showed that a subgroup of HomeopS1q is conjugate to the restriction of a Fuchsian

group if and only if it has the convergence property. [Fre94] and [Tuk94] indepen-

dently showed that all non-elementary hyperbolic groups acting on their bound-

ary have the convergence property, and [Bow98] showed that a slightly stronger

property, the uniform convergence property, characterizes non-elementary hyper-

bolic groups. A slightly more complete introduction to convergence groups is given

in Section 2.4. In Section 3.2.3, we show that if Γ is quasi-isometric to H ˆ Rn

where H is a non-elementary hyperbolic group, then there is some homomorphism

Ξ: Γ Ñ F ď HomeopBHq, where F acts like a convergence group. In the case that
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this convergence group is also discrete, we show that F is a uniform convergence

group.

In Chapter 4, we will discuss the work that remains to complete a characteriza-

tion of all groups quasi-isometric to H ˆRn, where H is any non-elementary group.

In addition, we will discuss some areas of potential future research that could build

off of the methods discussed throughout. In particular, we consider a potential char-

acterization of groups quasi-isometric to Gˆ Rn, where G is a relatively hyperbolic

group (see Section 4.2 for definitions and some background).
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Chapter 2

Background

2.1 Hyperbolic Spaces and Groups

In this section, we give a brief introduction to the terminology, notation, and basic

facts of hyperbolic groups and spaces. We describe the maps (quasi-isometries) and

the group actions (geometric actions) which preserve the coarse geometric features

in which we will be interested. We describe the boundary of a hyperbolic space,

a topological invariant of primary importance. And we describe the extension of

quasi-isometries to the boundary. A more complete exposition can be found in any

introductory notes or text on geometric group theory (e.g., [BH99]).

A space pX, dq is called δ-hyperbolic if, for any geodesic triangle with sides p, q, r,

each side is contained in the δ-neighborhood of the other two sides. We say X is

hyperbolic if it is δ-hyperbolic for some δ.

Given a group Γ with a finite generating set S, the Cayley graph of Γ with respect

to S is the graph CaypΓ, Sq with vertices given by Γ, where two vertices g, h P Γ

are connected by an edge if there exists an s P S such that h “ gs. (Here it is

usually assumed that S includes all inverses of elements in S.) Taking edges lengths

to be 1, a Cayley graph has a natural metric, and the action of Γ on itself by left

multiplication extends to an action of Γ on CaypΓ, Sq by isometries.

We say a group Γ is hyperbolic if some Cayley graph of Γ is hyperbolic. In this

case, any Cayley graph is hyperbolic (although possibly with different constants δ).

Definition 2.1.1. Let X and Y be metric spaces. A pK,Cq-quasi-isometric em-

bedding is a map f : X Ñ Y such that

1

K
dpx, x1q ´ C ď dpfpxq, fpx1qq ď Kdpx, x1q ` C

for all x, x1 P X. We say f is a pK,C, δq-quasi-isometry if, in addition, for each
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y P Y there exists x P X such that dpfpxq, yq ď δ. We say that f is a quasi-

isometry (or quasi-isometric embedding) if it is a pK,C, δq-quasi-isometry (or pK,Cq-

quasi-isometric embedding) for some constants K,C, δ. We note that increasing the

constants preserves the property of being a quasi-isometry.

The fundamental example of a quasi-isometry comes from a map CaypΓ, Sq Ñ

CaypΓ, S1q extending the identity map on the vertex set. That is, any two Cayley

graphs of Γ with different (finite) generating sets are quasi-isometric. A question

of central interest in geometric group theory is to classify finitely generated groups

up to quasi-isometry. The following lemma justifies defining the hyperbolicity of a

group by using an arbitrary Cayley graph.

Lemma 2.1.2. If X is a hyperbolic space and f : X Ñ Y is a quasi-isometry, then

Y is a hyperbolic space.

An isometric embedding γ : I Ñ X, where I is an interval (or ray, or line),

is called a geodesic segment (or ray, or line). A quasi-isometric embedding of an

interval (or ray, or line) into X is called a quasi-geodesic segment (or ray, or line).

Let pX, dq be a hyperbolic space with a fixed base point x P X. For points

y, z P X, we will write ry, zs for any choice of geodesic from y to z. The Gromov

inner product of y and z based at x is

py ¨ zqx “
1

2
pdpx, yq ` dpx, zq ´ dpy, zqq.

Up to a bounded error (depending only on δ), the Gromov inner product py ¨ zqx

measures the distance from x to a geodesic between ry, zs.

We briefly note an alternate definition of hyperbolicity. Given a triangle ∆, there

is a unique corresponding metric tripod T and a collapsing map χ : ∆ Ñ T so that

the restriction of χ to each side of ∆ is an isometry. X is said to be δ-hyperbolic

if, for every geodesic triangle ∆ with corresponding collapsing map χ : ∆ Ñ T and

for any t P T , the diameter of χ´1ptq is at most δ. This δ and the δ in the previous

definition may not be equal.
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The Gromov inner product py ¨ zqx is precisely the distance from χpxq to o in

the tripod corresponding to ∆ “ ∆px, y, zq. So, if py ¨ zqx ě C, then the geodesics

rx, ys and rx, zs travel δ-close to each other for at least time C. (See Figure 2.1.)

x

y

z

χpxq

χpyq

χpzq

o

py ¨ zqx

ď δ

Figure 2.1: Hyperbolicity and the Gromov inner product.
.

Given two (quasi-)geodesic rays γ1, γ2, we say they are equivalent if they are

finite Hausdorff distance apart. A sequence pynqn in X is said to converge at infinity

if pyi ¨yjqx Ñ8 as i, j Ñ8. Two sequences pynqn and pznqn are said to be equivalent

if pyi ¨ zjqx Ñ 8 as i, j Ñ 8. There are three standard ways to view the boundary

of X:

1. BX, the set of equivalence classes of geodesic rays,

2. BqX, the set of equivalence classes of quasi-geodesic rays, or

3. BsX, the set of equivalence classes of sequences converging at infinity.

Each of these sets is given a topology which makes precise the intuition that “nearby

rays or sequences are those which stay close for a long time”. For example, if we fix

a constant C, a basis of open sets for the BX is given by sets of the form

Brprγsq “ trγ
1s | dpγptq, γ1ptqq ď C, 0 ď t ď ru.

In a hyperbolic space, quasi-geodesics are always close to actual geodesics:

Theorem 2.1.3 (Stability of quasi-geodesics). If X is a δ-hyperbolic space and

c : I Ñ X is a pK,Cq-quasi-isometric embedding, then there exists some R depend-

ing only on δ,K,C such that the Hausdorff distance between cpIq and a geodesic
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connecting its endpoints is at most R.

With the topologies appropriately defined, the three notions of boundary are

homeomorphic. For example, by the stability of quasi-geodesics, we can choose

geodesic representatives of classes in BqX. So we may refer to BX unambiguously

as the boundary of X, whether we think of its elements as equivalence classes of

geodesic rays, quasi-geodesic rays, or sequences converging at infinity.

Proposition 2.1.4. Let X,Y be hyperbolic spaces. A quasi-isometry f : X Ñ Y

induces a homeomorphism Bf : BX Ñ BY on the boundaries via

Bfprpγqsq “ rpf ˝ γqs.

The map Bf is sometimes referred to as the boundary value of f .

Definition 2.1.5. An action of Γ on a metric space X is called properly discontin-

uous if, for any compact set K Ă X,

|tg P Γ | g ¨K XK ‰ Hu| ă 8.

The action is called cocompact if there exists a compact set K Ă X such that

X “
ď

gPΓ

g ¨K.

An action which is properly discontinuous, cocompact, and by isometries is called a

geometric action.

Lemma 2.1.6 (Schwarz–Milnor). If Γ acts geometrically on a proper metric space

X and x P X is any chosen base point, then the orbit map g ÞÑ g ¨ x is a quasi-

isometry between Γ and X.

Because of this fundamental result, one might hope that we could characterize

those groups quasi-isometric to X by characterizing the groups which act geomet-

rically on X. We note, however, that the converse of the Schwarz–Milnor lemma is

false, so these two questions are not precisely the same.
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Definition 2.1.7. Two quasi-isometries f, f 1 : X Ñ Y are equivalent if

sup
xPX

dpfpxq, f 1pxqq ď C ă 8.

We write f „ f 1, or f „C f 1 if we wish to keep track of the constant C. It is

straightforward to check that this is an equivalence relation. Let f : X Ñ Y be

a quasi-isometry. A quasi-inverse of f is a quasi-isometry g : Y Ñ X such that

f ˝ g „ idY and g ˝ f „ idX .

It is easy to see that quasi-inverses are not, in general, unique, so the collection of

quasi-isometries on a given space X does not form a group. However, the collection

of equivalence classes of quasi-isometries on X does form a group, called the quasi-

isometry group, denoted QIpXq. This group is, in general, extremely large and

complicated.

2.2 Quasi-actions

As mentioned in the previous section, the Schwarz–Milnor Lemma does not quite

say that the collection of groups quasi-isometric to a given space X is the same as

the collection of groups which act geometrically on X. [MSW03] gives an example

of two groups which are quasi-isometric to one another but do not act geometrically

on any common space X. A quasi-action by quasi-isometries relaxes the notion of

an action by isometries. In particular, we will see that, in a “quasi” version of the

Schwarz–Milnor Lemma, the converse will hold. In this section, we present some

basic definitions, notation, and facts about quasi-actions. For a complete collection

of detailed proofs, see Appendix A.

Definition 2.2.1. Let Γ be a group and X a metric space. A quasi-action by

quasi-isometries ϕ is an assignment to each g P Γ of a pK,C, δq-quasi-isometry ϕg,

satisfying the following:

1. ϕe „ idX ,
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2. there is a constant α such that

sup
xPX

dpϕgϕhpxq, ϕghpxqq ď α, and

3. the constants K,C, δ, α are uniform over g, h.

We remark that any quasi-action of Γ on X induces a natural homomorphism

Γ Ñ QIpXq. However—unlike most other group actions by some type of morphism

on some type of space—the converse is false. See Example A.1.2 for an example of

a Z subgroup of QIpRq which cannot quasi-act on R.

Definition 2.2.2 (Cobounded, Proper). Let ϕ be a quasi-action of Γ on X. We

say that ϕ is cobounded if there exists a constant C such that, for each x, y P X,

there exists g P Γ such that dpϕgpxq, yq ă C. We will write

Γx,yϕ,R “ tg P Γ | ϕgpNpx,Rqq XNpy,Rq ‰ Hu| ďM.

We say that ϕ is proper if, for each R, there exists M such that, for all x, y P X,
ˇ

ˇ

ˇ
Γx,yϕ,R

ˇ

ˇ

ˇ
ď M . If ϕ is a cobounded and proper quasi-action by quasi-isometries, we

will call ϕ geometric.

Any action by isometries is, in particular, a quasi-action by quasi-isometries. In

this case, proper is the same as properly discontinuous, and cobounded is the same

as cocompact.

Definition 2.2.3 (Equivalence of Quasi-Actions). We say two quasi-actions ϕ and

ψ of Γ on X are equivalent if there exists a constant C ą 0 such that

sup
xPX

dpϕgpxq, ψgpxqq ă C.

We will write ϕ „ ψ, or ϕ „C ψ if we wish to keep track of the constant.

We observe that the constant C in this definition is uniform over g P Γ. It is not

enough that ϕg „ ψg for each g P Γ.
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Definition 2.2.4. Suppose Γ quasi-acts on X via ϕ and on Y via ψ. A quasi-

isometry f : X Ñ Y is called a quasi-conjugacy between ϕ and ψ if there is a constant

C such that dpfpϕgpxqq, ψgpfpxqqq ď C for all g P Γ and x P X. That is, the following

diagram commutes up to a uniformly bounded error of at most C:

X

ϕg

��

f // Y

ψg

��
œ

X
f
// Y

If ϕ is a quasi-action of Γ on X and f : X Ñ Y is a quasi-isometry with quasi-

inverse f 1, then

ψgpyq “ f ˝ ϕg ˝ f
1pyq

defines a quasi-action of Γ on Y which is quasi-conjugate to ϕ (and f, f 1 are both

quasi-conjugacies).

Equivalence of quasi-actions is an equivalence relation on the set of quasi-actions

of Γ on a fixed space X. Quasi-conjugacy gives an equivalence relation among all

quasi-actions of Γ on any space. We also have the notion of equivalence of quasi-

isometries. The interactions between these three equivalence relations and the quasi-

action properties are recorded in the following theorem:

Theorem 2.2.5. Suppose ϕ is a quasi-action of Γ on X, ψ is a quasi-action of Γ

on Y , and f : X Ñ Y is a quasi-conjugacy between ϕ and ψ.

1. Any quasi-action ϕ1 is equivalent to ϕ if and only if ϕ1 is quasi-conjugate to ψ

via f .

2. Any quasi-isometry equivalent to f and any coarse inverse for f is also a

quasi-conjugacy between ϕ and ψ.

3. ϕ is cobounded (proper) if and only if ψ is cobounded (proper).

4. If ϕ1 is equivalent to ϕ, then ϕ is cobounded (proper) if and only if ϕ1 is

cobounded (proper).
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Lemma 2.2.6 (Quasi-Schwarz–Milnor, [Nek97]). A group Γ is quasi-isometric to a

proper metric space X if and only if there is a geometric quasi-action of Γ on X.

Proof. Supposing Γ quasi-acts on X via ϕ, the same orbit map as in the Schwarz–

Milnor Lemma gives a quasi-isometry. That is, for a fixed x P X, g ÞÑ g ¨ x is a

quasi-isometry.

Conversely, if f : Γ Ñ X is a quasi-isometry with quasi-inverse f 1 and ϕ is the

natural action of Γ on itself by left multiplication, then ψg “ f ˝ ϕg ˝ f
1 gives a

quasi-conjugate quasi-action of Γ on X. It is a geometric quasi-action since the

action of Γ on itself by left multiplication is a geometric action.

2.3 Asymptotic Cones

We briefly recall some basic definitions and notations. For a more comprehensive

introduction to asymptotic cones, see, for example, [BH99].

Definition 2.3.1. A filter on N is a collection ω of subsets of N such that

1. if A Ă B and A P ω, then B P ω,

2. if A,B P ω, then AXB P ω, and

3. H R ω.

The set of filters on N is partially ordered by inclusion. An ultrafilter on N is a filter

which is maximal with respect to this partial order. An ultrafilter which contains all

cofinite subsets of N is called a non-principal ultrafilter. We note that it is common

to think of an ultrafilter as a measure on N, so we may write A P ω or ωpAq “ 1

interchangeably.

Given a non-principal ultrafilter ω and a bounded sequence panqn of real num-

bers, there exists a unique a P R such that

ωtn : |an ´ a| ă εu “ 1
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for every ε ą 0. This value a is called the ultralimit of panqn with respect to ω, and

is denoted ω- lim an.

Let pX, dq be a metric space with a chosen base point x0 P X and a sequence

of scaling factors Dn Ñ 8. We write pXn, dnq “
´

X, 1
Dn
d
¯

for the sequence of

scaled metric spaces. Let X8 denote the collection of sequences pxnqn, xn P Xn,

such that dnpxn, x0q is bounded independent of n. The relation pxnqn „ pynqn if

ω- lim dnpxn, ynq “ 0 is an equivalence relation on X8. We write Xω for the set of

equivalence classes, and we give Xω a metric dω as follows:

dωppxnqn, pynqnq “ ω- lim dnpxn, ynq.

The space pXω, dωq is called an asymptotic cone of X, and is denoted ConeωpXq.

It is common to also choose a sequence of distinct base points in this construction.

Throughout, we will use a fixed base point x0 and assume the scaling constants are

simplyDn “ n. We will make use of the following well-known facts about asymptotic

cones (see [KL95]):

1. ConeωpEnq is isometric to En.

2. If X is geodesic, then ConeωpXq is geodesic.

3. If X is δ-hyperbolic, then ConeωpXq is 0-hyperbolic.

4. ConeωpX ˆ Y q “ ConeωpXq ˆ ConeωpY q.

5. If f : X Ñ Y is a quasi-isometric embedding, then f induces a bi-Lipschitz

embedding pf : ConeωpXq Ñ ConeωpY q, via

pfprpxnqnsq “ rpfpxnqqns.

Moreover, if f is a quasi-isometry, then pf is a bi-Lipschitz homeomorphism.

In Section 3.2.1, we will make use of the fact that we have a characterization

of asymptotic cones of non-elementary hyperbolic groups (namely, that they are
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R-trees). With an eye toward Chapter 4, we observe a few other scenarios in which

there are known characterizations of the asymptotic cones of a class of groups. For

example:

Theorem 2.3.2 ([Gro81]). A finitely generated group is virtually nilpotent if and

only if its asymptotic cones are locally compact.

The asymptotic cone was used in [KL97b] and [KL01] to show that quasi-

isometries of certain products of symmetric spaces and Euclidean buildings (in the

former paper) and symmetric spaces with simply connected nilpotent Lie groups (in

the latter) project to quasi-isometries of the factors.

Definition 2.3.3. Let X be a complete geodesic metric space and P a collection

of closed geodesic subsets. We call the elements of P pieces, and we say that X is

tree-graded with respect to P if the following two conditions are satisfied:

1. Every two different pieces have at most one common point.

2. Every simple geodesic triangle in X is contained in one piece.

Theorem 2.3.4 ([DS05, Theorem 8.5]). A finitely generated group G is relatively

hyperbolic with respect to finitely generated subgroups H1, . . . ,Hn if and only if

every asymptotic cone ConeωpGq is tree-graded with respect to the ω-limits of cosets

of the subgroups Hi.

Again, the characterization of the asymptotic cones seems to be the first step

towards a rigidity result. [DS05] gives a partial rigidity result:

Theorem 2.3.5 ([DS05, Corollary 5.22]). Let G be a finitely generated group that

is hyperbolic relative to unconstricted subgroups H1, . . . ,Hm. Let G1 be a group

that is quasi-isometric to G. Then G1 is hyperbolic relative to subgroups H 11, . . . ,H
1
n,

each of which is quasi-isometric to one of the H1, . . . ,Hm.

2.4 Convergence Groups

In addition to being a topological invariant, the boundary of a hyperbolic group

is studied for another reason. Hyperbolic groups act on their boundaries with a
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particular dynamical property which turns out to characterize hyperbolic groups.

Definition 2.4.1. We say that Γ ď HomeopMq is a convergence group if, given any

infinite sequence pgiqi of distinct elements of Γ, there is a subsequence pgniqi such

that one of the following occurs:

1. there exists g P G so that gni Ñ g uniformly on M , or

2. there exist points a, b PM so that gnpzq Ñ a uniformly on compact sets away

from b, and g´1
n pzq Ñ b uniformly on compact sets away from a. Following

[Bow99], in this case we will say that pgiqi is a collapsing sequence.

We say Γ is a discrete convergence group if the first case does not occur.

Convergence groups were introduced by Gehring and Martin [GM87]. A major

result by Gabai and, independently, Casson–Jungreis and Tukia established that

subgroups of HomeopS1q which are the restrictions of Fuchsian groups (i.e., discrete

subgroups of PSLp2,Rq) are characterized by the convergence property:

Theorem ([Gab92, CJ94, Tuk88]). G ď HomeopS1q is a discrete convergence group

if and only if G is conjugate in HomeopS1q to the restriction of a Fuchsian group.

Bowditch [Bow99] has given the following reformulation of a discrete convergence

group. (In fact, Bowditch attributes this equivalence to Gehring and Martin in the

case that M is topologically a sphere. However, the only reference given is to a set

of hand-written notes. In any case, a fully general proof is given in [Bow99].) We

will write ΘpMq for the space of ordered, distinct triples of M . Then the action of

Γ on M naturally extends to an action on ΘpMq.

Definition 2.4.2. We say that Γ ď HomeopMq is a discrete convergence group if

the natural action on ΘpMq is properly discontinuous. If the action on ΘpMq is also

cocompact, we say that Γ is a uniform convergence group.

Freden [Fre94] and Tukia [Tuk94] independently showed that all hyperbolic

groups act like discrete convergence groups on their boundaries. Bowditch [Bow98]

showed that acting like a uniform convergence group characterizes hyperbolic groups:
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Theorem (Bowditch). Suppose that M is a perfect metrisable compactum. Sup-

pose that a group Γ acts by homeomorphisms on M as a uniform convergence group.

Then Γ is hyperbolic. Moreover, there is a Γ-equivariant homeomorphism of M onto

BΓ.

In [Bow98], Bowditch gives the following alternate characterization of uniformity:

Definition 2.4.3. Let Γ ď HomeopMq. A point x PM is called a conical limit point

if there are distinct points b, c P M and a sequence pgiq in Γ such that gipxq Ñ b

and gipyq Ñ c for all y PMztxu.

Theorem (Bowditch). If Γ ď HomeopMq is a convergence group such that every

point of M is a conical limit point, then Γ is a uniform convergence group.

We remark that the terminology regarding convergence groups has changed

somewhat in the literature. [GM87] and [Tuk94] make a distinction between dis-

crete and not necessarily discrete convergence groups. Since [Gab92] is primarily

concerned with Fuchsian groups (which are, in particular, discrete), any convergence

action is already a discrete convergence action, and so Gabai simply uses the term

“convergence group”. Similarly, Bowditch only uses the term “convergence group”,

but if gi Ñ g uniformly on M for some infinite collection of distinct gi P Γ, then

clearly Γ cannot act properly discontinuously on ΘpMq. The convergence actions in

[Bow98, Bow99] are implicitly discrete.
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Chapter 3

Groups QI to H ˆ Rn

3.1 Summary of Rieffel’s Proof

Rieffle’s main result in [Rie01] is the following theorem:

Theorem (Rieffel). For any group Γ quasi-isometric to the hyperbolic plane cross

the real line, there is an exact sequence

0 Ñ AÑ Γ Ñ GÑ 0

where A is virtually infinite cyclic andG is a finite extension of a cocompact Fuchsian

group.

Here, we will give a brief outline of the ideas of the proof, since we will follow

the structure as closely as possible in the following sections. Given that Γ is quasi-

isometric to H2 ˆR, there is a quasi-action ϕ of Γ on H2 ˆR. Let π : H2 ˆRÑ H2

be the projection onto a horizontal slice H2 ˆ t0u. Rieffel shows that ϕ projects

to a quasi-action by composition with π, essentially by showing that a horizontal

(hyperbolic) plane has too much area to be mapped into a vertical (Euclidean) plane.

The projected quasi-action ψ is clearly cobounded, since ϕ is. (However, it will no

longer be proper.)

Given the quasi-action ψ of Γ on H2, taking boundary values gives an ac-

tion by homeomorphisms on BH2 – S1. That is, there is a map Ξ: Γ Ñ F ď

HomeopS1q. Applying previous results [Gab92, CJ94, Tuk88], Rieffel concludes that

the orientation-preserving subgroup F` ď F is quasisymmetrically conjugate to a

Möbius group. That is, there is a homomorphism Φ: Γ Ñ G, where G is either a

Möbius group or a Z{2Z extension of a Möbius group.

The action of G on BH2 is a convergence action. Rieffel goes on to show that

this must be a discrete convergence action, that ker Φ contains an element of infinite
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order, and that ker Φ must be quasi-isometric to R. These last two facts taken

together imply that ker Φ is virtually infinite cyclic, establishing the main theorem.

We note that these last results rely on G acting like a discrete convergence action,

and the proof of discreteness makes use of machinery that is somewhat specific to

the setting of H2.

Essentially, the argument for discreteness goes as follows: fix a left-invariant

metric ρ on PSLp2,Rq. For a fixed ε, consider the asymptotic growth rate as a

function of n of the number of elements in G which are simultaneously ε-close to the

identity in PSLp2,Rq and also have word length at most n in G. Rieffel calls this the

semilocal growth ofG, and shows that it must be linear. On the other hand, assuming

the action is non-discrete, Rieffel uses a modified version of the Tits alternative to

find elements a, b P G which are close to the identity in PSLp2,Rq and generate a

free group. By a lemma of Zassenhaus, the iterated commutators of a, b remain close

to the identity in PSLp2,Rq. In this way, Rieffel demonstrates exponential semilocal

growth of any non-discrete group. Therefore G must be discrete.

There are many details throughout Rieffel’s proof that won’t directly generalize

to the setting of H ˆ Rn. But the basic structure will be somewhat preserved:

1. Build a quasi-action of Γ on H ˆ Rn. (For details, see Section 2.2.)

2. Project this quasi-action to a quasi-action on H. (For details, see Sections

3.2.1 and 3.2.2.)

3. Consider the induced action Φ: Γ Ñ HomeopBHq. Examine the convergence

properties of this action. (For details, see Section 3.2.3 and Chapter 4 for

comments on work that remains to be done.)

4. Calculate ker Φ. (See Chapter 4 for comments on work that remains to be

done.)
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3.2 H ˆ Rn

3.2.1 Lines in the Asymptotic Cone

Throughout this section, we suppose that H is a non-elementary hyperbolic group

with Cayley graph X. Then ConeωpXq is an R-tree (since it is geodesic and 0-

hyperbolic). In fact, ConeωpXq is a homogeneous R-tree with uncountable branching

at every point ([KL95]). We will explore some features of lines in the asymptotic

cone ConeωpXq which arise in a natural way from lines in X.

In this setting, it is natural to choose as our base point the group identity e P X.

Taking the constant sequence, we have a natural base point pe “ rpeqns P ConeωpXq.

We will use the term leaf to mean any connected component of ConeωpXqztpeu.

Definition 3.2.1. Let L : R Ñ X be an infinite geodesic line. We define pL : R Ñ

ConeωpXq via

pLptq “ rpLptnqqns.

Then pL is a geodesic line in ConeωpXq, and pLp0q “ pe. We will say that a line in the

asymptotic cone arises from a line in X if it can be expressed as pL for some line L

in X. Such a line pL is divided into two rays by removing pe. We will refer to such

rays as midribs.1

In this section, we will establish the following theorem, which describes all lines

in ConeωpHq which arise from lines in H:

Theorem 3.2.2. Let H be a non-elementary hyperbolic group with asymptotic

cone ConeωpHq.

1. For each a P BH, there is a unique corresponding midrib.

2. Each leaf contains at most one midrib.

3. If f : R Ñ H is any quasi-isometric embedding with induced map pf on the

asymptotic cones, then the image of pf is precisely the union of the two midribs

corresponding to the boundary points of H which are the endpoints of f .

1The term midrib in biology refers to the central vein of a leaf, from which other veins emanate.
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By definition, midribs each lie in a single leaf of ConeωpHq. We begin by showing

that each point in ConeωpHq, then each leaf, and therefore each midrib may be

labeled uniquely by a point of BH.

Lemma 3.2.3. Let py P ConeωpXq, and suppose we choose two representative se-

quences rpynqns “ rpy
1
nqns “ py so that yn Ñ a and y1n Ñ b, where a, b P BX. Then

a ‰ b implies that py “ pe.

Proof. Since pynqn „ py
1
nqn, we have

ω- lim
dpyn, y

1
nq

n
“ 0.

Write zn for the point in ryn, y
1
ns which is closest to e. For large enough n, there is

some constant C such that dpe, znq ď C. Now:

ω- lim
dpe, ynq

n
ď ω- lim

dpe, znq ` dpzn, ynq

n

ď ω- lim
C ` dpyn, y

1
nq

n

“ 0,

so pe “ py.

That is, except at the base point pe, for any point py in the asymptotic cone,

there is a unique point a P BX such that any representative sequence pynqn for py

converges (ω-almost everywhere) to a. We will say that a is the boundary point (of

X) corresponding to py. (However, note that this is not a bijective correspondence.)

We will write Bpy “ a.

Lemma 3.2.4. Suppose py “ rpynqns and py1 “ rpy1nqns are not pe. If Bpy “ a and

Bpy1 “ b with a ‰ b, then the geodesic connecting py to py1 passes through pe. In

particular, py and py1 are in distinct leaves.

Proof. Let γn : r0, 1s Ñ X be a geodesic connecting yn to y1n. Since yn Ñ a and

y1n Ñ b, we have pyn ¨ y
1
nqe ď C for some constant C and large enough n. Thus,
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there is a sequence of points wn P ryn, y
1
ns with dpe, wnq ď C. Let tn P r0, 1s such

that γnptnq “ wn. Then tn is a bounded sequence of real numbers, so there is an

ultralimit t “ ω- lim tn. Since wn is a bounded sequence, pe “ rpγnptqqns is on the

geodesic connecting py to py1.

It follows that, for any leaf pB of ConeωpXq, there is a unique point a P BX such

that Bpy “ a for all py P pB. We will say that a is the boundary point of pB, and

we’ll write B pB “ a. Since a midrib is entirely contained in a single branch, we may

also speak of the boundary point of a midrib as the boundary point of the branch

in which it is contained. The correspondence between midribs and points in BX is

bijective:

Proposition 3.2.5. For each a P BX, there is a unique midrib with associated

boundary value a.

Proof. Let γ1, γ2 : r0,8q Ñ X be geodesic rays with γ1p8q “ γ2p8q “ a. Write

pγ1 and pγ2 for the corresponding midribs. Now, the rays γ1, γ2 K-fellow travel for

some K (see, e.g., [BH99, Lemma 3.3]). That is, there exists a constant K such that

dpγ1ptq, γ2ptqq ď K for all t. By definition, pγ1ptq “ rpγ1ptnqqns, and similarly for γ2.

Now

dppγ1ptq, pγ2ptqq “ ω- lim
dpγ1ptnq, γ2ptnqqq

n

ď ω- lim
K

n

“ 0,

so pγ1 “ pγ2.

Example 3.2.6. In the previous lemmas, we establish that each leaf contains at

most one midrib. We now present an example showing that there are (many) leaves

with no midrib. Let Γ “ F2 “ xa, by, the free group of rank 2. Consider the following
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sequences:

yn “ atlnnubn

zn “ atlnnub´n

Write py “ rpynqs and pz “ rpznqs. Then yn Ñ a8 and zn Ñ a8 as n Ñ 8, hence

Bpy “ Bpz “ a8. Moreover, dpyn, znq “ 2n, so py ‰ pz. However, dpe, ryn, znsq “

tlnnu, which grows sublinearly, therefore the geodesic connecting py and pz must pass

through pe. That is, py and pz are in different leaves. Since there is exactly one midrib

corresponding to the boundary point a8, at least one of the leaves containing py

or pz does not contain a midrib. (In fact, neither py nor pz is in the leaf containing

the midrib corresponding to a8. This midrib is in the leaf containing rpanqns.) It

is fairly straightforward to adjust this example to construct many leaves without

midribs.

We complete the proof of Theorem 3.2.1 by showing that the induced image of

quasi-geodesic line is precisely the union of two midribs.

Proposition 3.2.7. Suppose f : R Ñ H is a quasi-isometric embedding, and let

pf : RÑ ConeωpHq be the induced map on the asymptotic cone. Then the image of

pf is the union of two midribs. Conversely, any union of two midribs is the image of

the induced map of a quasi-geodesic line.

Proof. If f is any quasi-isometric embedding, its image lies uniformly close to a

geodesic line L. Therefore, the image of the induced map on the asymptotic cones

is the line pL which arises from L, and this is the union of two midribs.

Conversely, any two midribs correspond to two distinct boundary points a, b P

BH. The geodesic line pL which is the union of the midribs arises from the geodesic

line L connecting a and b in H.

3.2.2 Rigidity of Quasi-flats in the Asymptotic Cone

In this section, we establish the following:
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Theorem 3.2.8. Let f : H ˆ Rn Ñ H ˆ Rn be a quasi-isometry and write

π : H ˆ Rn Ñ H

for the natural projection. Then there is some constant D such that, for each x P H,

there exists y P H such that fptxu ˆRnq and tyu ˆRn are at Hausdorff distance at

most D. The assignment x ÞÑ y is a quasi-isometry (which is equivalent to π ˝ f)

whose quasi-isometry constants depend only on those of f .

In particular, if Γ quasi-acts on H ˆ Rn via ϕ, then ψg “ π ˝ ϕg gives a quasi-

action of Γ on H, and ψ is cobounded if ϕ is.

This result is not entirely new. It is a special case of Theorem B in [KKL98]

that any quasi-isometry of H ˆ Rn is a product of quasi-isometries on the factors

up to a bounded error. We note, however, that the statement of that theorem

is not quantitative (i.e., it is not claimed that the quasi-isometry constants of the

factor maps depend only on those of the original map). This is not guaranteed of

an arbitrary quasi-isometry, so it is important that our quasi-isometries come from

a particularly nice quasi-action. For example, consider the Z-action by an infinite

order rotation on R2. Each power of the generator g projects to a scaling of the

x-axis, but the scaling constants depend on the angle of rotation of the power. Since

the rotation is infinite order, this angle can approach π{2 arbitrarily closely, so the

scaling constants of the projected maps can be arbitrarily close to 0. Such behavior

is not permitted in a quasi-action.

We also note that the proof in the following sections is substantially different.

The proof in [KKL98] involves a global topological property of the asymptotic cone

ConeωpHq (which they call nontranslatability), whereas the following proof involves

the scarcity of lines in ConeωpHq arising from lines in H established in the previous

section. In particular, we hope that some of the methods used in the following proof

may apply in some situations in which asymptotic cones may not be topologically

nontranslatable.

Definition 3.2.9. By an n-quasi-flat in Y , we will mean either a quasi-isometric
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embedding f : Rn Ñ Y or the image of such an embedding (hopefully the distinction

will be clear from context).

Throughout this section, Y will be H ˆ Rn, and any quasi-flat will be assumed

to be an pn` 1q-quasi-flat.

Theorem 3.2.10. Let f : Rn`1 Ñ H ˆRn be a quasi-isometric embedding and let

pf be the induced map on the asymptotic cones. Then

1. the image of pf is of the form pLˆ Rn, where pL is a line in ConeωpHq,

2. pL is the union of two midribs corresponding to some distinct boundary points

a, b P BH, and

3. for any line L in H with endpoints a, b, pL is the line in the asymptotic cone

arising from L, and the image of f is uniformly close Lˆ Rn.

Proof. The first part of the theorem is established in the case n “ 1 by [KL95,

Lemma 2.14]. To generalize, we need only note that the reduced homology rH1pS
n`1;Zq

is trivial for all n ě 1, so that the Alexander Duality theorem applies. The remainder

of the proof is unchanged. (The reader may refer to, e.g., [Mas91] for the definition

of the Alexander–Spaniel cohomology and the Alexander duality theorem.)

Now the image of pf is of the form pL ˆ Rn for some line pL in T . We next show

that pL is the union of two midribs. We will suppose without loss of generality that

e “ fpe1q is in the image of f .

The base point pe splits pL into two rays. Consider a point py “ rpynqns “ rpfpxnqqns

on one of these rays. Passing to an ω-full measure index set, we will suppose that

yn Ñ a P BH. We will write γ for the geodesic ray emanating from e and converging

to a, and we will write γn for the geodesic segment from e to yn. Let zn be the

point on γ which is closest to yn. Let t ą 0, and choose n large enough so that

pyn ¨ znqe ą t. (Since yn Ñ a and zn Ñ a, pyn ¨ znqe Ñ8, so we can always find such

an n.)

By definition of δ-hyperbolicity, dpγptq, γnptqq ď δ. Moreover, by stability of

quasi-geodesics in a hyperbolic space, γn is K-Hausdorff close to the image of the
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geodesic segment γ1n “ re
1, xns, where K depends only on δ and the quasi-isometry

constants of f . Thus every point γptq lies δ`K close to the image of f . (See Figure

3.1.)

e1

xn

γ1n

e
a

yn

γ γptq zn

ď δ

fpγ1nq
ď K

Figure 3.1: A quasi-flat is uniformly close to an “obvious” flat.

Let wn be a point in the image of f within δ ` K of γpnq. Now rpγpnqqns “

rpwnqns “ pw1 must be a point of pL. Since γ is a geodesic ray converging to a,

the point pw1 lies on the midrib corresponding to a. Considering the sequences

pwk “ rpwknqns “ rpγpknqqns for each k P N, we find points arbitrarily far along the

midrib corresponding to a which are also in pL. It follows that pL contains the midrib

corresponding to a.

The same argument applied to the other ray of pL implies that it contains another

midrib. Since distinct midribs have distinct associated boundary points, this other

midrib has some boundary point b which is distinct from a. Since pL is a line, it

must precisely be the union of the midribs corresponding to a and b. Let L be an

infinite geodesic line with endpoints a and b. Then pL is the line arising from L.

Finally, we must show that the image of f is uniformly close to L ˆ Rn. The

following argument is adapted from [SW02, Lemma 2.6]. The image of f coarsely

contains L ˆ Rn. That is, there is some D so that every point of L ˆ Rn is within

D of some point in the image of f .

Let f´1 : fpRn`1q Ñ Rn`1 be a coarse inverse for f . Then fpRn`1q cannot

contain any points whose distance from L ˆ Rn is more than KC ` D, since f´1

cannot identify points which are more than KC away from each other.
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We can now complete the main theorem of the previous this section:

Theorem 3.2.8. Let f : H ˆ Rn Ñ H ˆ Rn be a quasi-isometry and write

π : H ˆ Rn Ñ H

for the natural projection. Then there is some constant D such that, for each x P H,

there exists y P H such that fptxu ˆRnq and tyu ˆRn are at Hausdorff distance at

most D. The assignment x ÞÑ y is a quasi-isometry (which is equivalent to π ˝ f)

whose quasi-isometry constants depend only on those of f .

In particular, if Γ quasi-acts on H ˆ Rn via ϕ, then ψg “ π ˝ ϕg gives a quasi-

action of Γ on H, and ψ is cobounded if ϕ is.

Proof. We apply an argument which can be seen in [FM00, Section 7.2] and [SW02,

Section 2.2]. Let h P H. Then h is the quasi-center of some ideal triangle, whose

infinite geodesic sides we call L1, L2, L3. Any quasi-isometry ϕg : HˆRn Ñ HˆRn

restricts to the quasi-isometric embedding of pn` 1q-dimensional flats Li ˆRn. By

the previous results, the images of these restrictions are uniformly close to pn` 1q-

flats L1iˆRn, where the lines L1i form an ideal triangle. Let h1 be some quasi-center

of this ideal triangle. The assignment of ψgphq “ h1 is a quasi-isometry of H which

is equivalent to π ˝ϕg. The resulting quasi-action ψ on H is clearly cobounded.

3.2.3 The Action on the Boundary

Let Γ quasi-act on X “ HˆRn via ϕ. Let ψg “ π ˝ϕg be the projected quasi-action

of Γ on H. Any quasi-isometry of a hyperbolic group induces a homeomorphism of

the boundary, so the quasi-action ψ induces a homomorphism Ξ: Γ Ñ HomeopBHq.

Write F for the image of Ξ. Two equivalent quasi-isometries induce the same home-

omorphism on the boundary, so any quasi-action equivalent to ψ will induce the

same homomorphism Ξ. By [Tuk94, Corollary 3G], F acts like a (not necessarily

discrete) convergence group on BH.

Proposition 3.2.11. If F is a discrete convergence group, then every point b P BH

is a conical limit point.
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Proof. Let b P BH, and let L : RÑ H be a geodesic line with Lp8q “ b. Since ψ is

cobounded, there is some constant C such that, for each i P N there is some gi P Γ

so that

dpψgipeq, Lpiqq ď C.

Since this C is uniform, we may without loss of generality assume that ψgipeq “ Lpiq

for each i.

Write Ξpψgiq “ fi. We claim that, possibly after passing to a subsequence,

the elements fi are distinct. Suppose not. Since H is non-elementary, there are

at least 3 boundary points. Since any hyperbolic group is a visibility space, there

is a geodesic line L1 connecting two boundary points which are not b. The quasi-

isometries ψgi all have the same quasi-isometry constants, so there is a uniform

constant K such that ψgipL
1q lies K-Hausdorff close to a geodesic line. For any

gi, gj such that Ξpψgiq “ Ξpψgj q, ψgi and ψgj must move L1 K-Hausdorff close to

the same geodesic line. However, any infinitely many such ψgi must move e outside

any K-ball, a contradiction. So, the collection tfiu must contain infinitely many

distinct elements of F .

By assumption, F acts like a discrete convergence group, so there is some possibly

further subsequence pgniq and points a, b1 P BH so that

ψgni
pzq Ñ b1

ψ´1
gni
pzq Ñ a

uniformly on compact sets of H Y BH away from a and b1, respectively. Since

ψgni
peq Ñ b, we must have that b “ b1. Taking the sequence pf´1

ni
q, we have a

collection of homeomorphisms showing that the given point b P BH is a conical limit

point.

Applying [Bow98, Theorem 8.1]:

Corollary 3.2.12. If F is a discrete convergence group, then it is a uniform con-

vergence group. Thus F is hyperbolic, and BF is homeomorphic to BH.
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We also observe that, in the case in which H is virtually free, then F is conju-

gate to a group which acts cocompactly on the space of triples, even without the

assumption that F is a discrete convergence group:

Proposition 3.2.13. Suppose H is virtually free. Then F is conjugate to some

uniformly quasi-conformal group F 1 ď HomeopBHq which acts cocompactly on the

space of triples.

Proof. H is quasi-isometric to a bounded valence tree T with boundary a Cantor

set. By [MSW03, Theorem 1], the cobounded quasi-action ψ is quasi-conjugated to

an isometric action ψ1 of Γ on some tree T 1 which is quasi-isometric to T . More

precisely, there is a map h : T Ñ T 1 and a constant C so that

dphpψgpxqq, ψ
1
gphpxqq ď C

for all g P Γ and x P T . Since ψ is a cobounded quasi-action, ψ1 is a cocompact

isometric action. The map h induces a homeomorphism Bh : BT Ñ BT 1. Since the

maps h ˝ ψg ˝ h
´1 and ψ1g are equivalent as quasi-isometries, they induce the same

homeomorphism on BT 1. Now, taking the boundary values of ψ1, we have a map

Ξ1 : Γ Ñ F 1 ď HomeopBT 1q – HomeopBT q,

and the group F 1 is a conjugate (by Bh) of F .

Since the quasi-isometry constants of ψ1g and h are uniformly bounded, we have

that F 1 is a uniformly quasi-conformal group. Since ψ1 is a cocompact isometric

action on a hyperbolic space, the induced action on the space of distinct triples is

cocompact.
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Chapter 4

Future Work

4.1 Characterizing Groups Quasi-isometric to H ˆ Rn

We have so far established the following:

Theorem 4.1.1. Suppose H is a non-elementary hyperbolic group, and Γ is a group

which is quasi-isometric with H ˆ Rn. Then there is a homomorphism Ξ: Γ Ñ

HomeopBHq whose image F acts like a convergence group on BH. In the case that

F is also a discrete convergence group, then F is hyperbolic and BF – BH.

It may be the case that F is always a discrete convergence group. In the case

of H2 ˆR, [Rie01, Theorem 5.20] shows that the analogous group (called G in that

paper) must be a discrete convergence group. The proof relies heavily on facts about

PSLp2,Rq that have no generalization as far as the author is aware to the context

of non-elementary hyperbolic groups. Briefly, the proof goes as follows.

Given that G is a Möbius group, we have two notions of the size of an element

of G. On the one hand, we have the word metric d with respect to a fixed finite

generating set. On the other hand, the elements of G are represented as elements of

PSLp2,Rq, and we can fix some left-invariant metric ρ on PSLp2,Rq. Rieffel writes

Gnε “ tg P G | dpg, eq ď n, ρpg, eq ď εu.

The semilocal growth of G in PSLp2,Rq is the growth rate of |Gnε |. Rieffel shows

that the semilocal growth of the given G is at most linear, while any non-discrete

convergence group must have super-linear semilocal growth. As part of the latter

claim, Rieffel shows that any Möbius group acting as a non-discrete convergence

group must contain a pair of infinite order elliptic elements which generate a free

group. Rieffel provides exponentially many elements of this free group that remain

within ε of the identity to prove super-linear semilocal growth.
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We might hope to provide some formal notion of “close to the identity map on

BH” which is analogous to “close to the identity matrix in PSLp2,Rq”. Given such

a notion, we could define semilocal growth as Rieffel does. So long as the “closeness

to the identity map on BH” also limits the distance a point can be moved as a

quasi-isometry acts on H ˆ Rn, it will follow essentially unchanged from [Rie01]

that the semilocal growth of F will be linear. It will then remain to show that any

non-discrete convergence group would have super-linear semilocal growth.

Supposing that any F is a discrete convergence group, the rest of the character-

ization lies in calculating the kernel of Ξ. In the case n “ 1, the proof of [Rie01]

goes through unchanged and shows that the kernel is virtually Z. In the general

case, we may consider the quasi-action of ker Ξ on the fibers Rn. This quasi-action

is clearly proper, since ϕ is proper. It is not clear whether or not the quasi-action is

cobounded. Establishing coboundedness would establish that ker Ξ is virtually Zn,

completing the characterization of groups quasi-isometric to H ˆ Rn.

4.2 Relatively Hyperbolic Groups

As stated in Section 3.2.2, the fact that quasi-actions on the product space H ˆRn

project to quasi-actions on H is not entirely new. That quasi-isometries project in

this setting is a special case of the following theorem:

Theorem ([KKL98, Theorem B]). Suppose M “ Z ˆ
śk
i“1Mi and N “ W ˆ

ś`
i“1Ni are geodesic metric spaces such that the asymptotic cones of Z and W

are homeomorphic to Rm and Rn, respectively, and the components Mi, Nj are of

coarse type I and II. Then for every L ě 1, A ě 0 there is a constant D so that for

each pL,Aq-quasi-isometry φ : M Ñ N , we have k “ `, n “ m, and after reindexing

the factors Nj , there are quasi-isometries φi : Mi Ñ Ni such that for every i the



33

following diagram commutes up to error at most D:

M
φ //

��

N

��
Mi

φi
// Ni

Definition 4.2.1. Let X be a geodesic metric space. For points p, q P X, write

p „ q if there is a continuous path from p to q whose image is contained in the image

of any continuous path from p to q. X is said to be of type I if each equivalence

class is a geodesically complete tree which branches everywhere. A space is said to

be of coarse type I if every asymptotic cone has type I.

The reader may refer to [KKL98] for the precise definitions of (coarse) type

II. For our present purposes, it suffices to point out that a non-elementary hyper-

bolic group is of coarse type I, and that this implies that any two homeomorphisms

f, g : ConeωpHq Ñ ConeωpHq which are finite distance apart must coincide, a prop-

erty referred to as nonstranslatability.

There are interesting classes of groups for which one might hope to extend the

argument given in the previous chapters. As an example, we consider the case of

relatively hyperbolic groups.

Definition 4.2.2. Let G be a finitely generated group with subgroups H1, . . . ,Hr.

The coned-off Cayley graph, CaypG;H1, . . . ,Hrq, is constructed from CaypG,Sq as

follows: add a vertex for each left coset gHi, and add an edge from this vertex

to each element of gHi. We say that G is hyperbolic relative to H1, . . . ,Hr if the

following two conditions are satisfied:

1. The coned-off Cayley graph is hyperbolic.

2. For every integer k, each edge of the coned-off Cayley graph belongs to only

finitely many simple cycles of length k.

Relatively hyperbolic groups need not be of coarse type I. The simplest example

is that Zn is hyperbolic relative to Zn, but any asymptotic cone of Zn is Rn, and any
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translation of Rn is a homeomorphism which is finite distance from the identity map

without coinciding with the identity. So Zn is not nontranslatable, and therefore

does not have coarse type I. This example is fairly trivial. Consider the group

G “ Z2 ˚ Z2. The asymptotic cone of G with respect to a chosen fixed base point

consists of uncountably many planes, each with infinitely many planes wedged to

every single point in an R-tree like fashion. Each point in ConeωpGq is its own

equivalence class, so G is not of coarse type I. So the results of [KKL98] may not

apply to this class of groups.

The methods of Sections 3.2.1 and 3.2.2 do not directly apply in this setting

without additional work. However, the first steps of that work already appear in

the literature in the form of a description of the asymptotic cones of relatively

hyperbolic groups and a characterization of relatively hyperbolic groups by their

boundary actions:

Theorem ([DS05, Theorem 8.5]). A finitely generated group G is asymptotically

tree-graded with respect to subgroups tH1, . . . ,Hmu if and only if G is (strongly)

hyperbolic relative to tH1, . . . ,Hmu and each Hi is finitely generated.

[DS05] also includes proofs of some rigidity results, showing that quasi-isometries

preserve the property of being asymptotically tree-graded, so that there is some hope

for results analogous to those obtained in Section 3.2.2:

Question 4.2.3. Suppose G is hyperbolic relative to some family of subgroups

tH1, . . . ,Hmu. Does every quasi-action of a group Γ on Gˆ Rn project to a quasi-

action on G?

An appropriate notion of the boundary of a relatively hyperbolic group is defined

in [Bow12]. [Yam04] provides a topological characterization of relatively hyperbolic

groups according to the dynamics of their actions on compact spaces, and [Ger09]

provides (among other results) a slightly simplified characterization:

Theorem ([Ger09, Yam04]). Suppose G acts like an expansive, discrete convergence

group on a non-empty, perfect, metrisable compactum M . Then G is hyperbolic
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relative to the set of its maximal parabolic subgroups, and M is equivariantly home-

omorphic to the boundary of G.

So, one might hope to answer a question like the following:

Question 4.2.4. Suppose Γ is quasi-isometric to G ˆ Rn, where G is a relatively

hyperbolic group. Then, is there necessarily a short exact sequence

0 Ñ AÑ Γ Ñ G1 Ñ 0,

where A is virtually Zn and G1 is relatively hyperbolic with boundary homeomorphic

to BG?
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Appendices



38

Appendix A

Quasi-actions

A.1 Definitions, Properties, and Examples

A central idea in geometric group theory is to explore the geometry of groups through

the spaces on which they act. With the goal of classifying groups up to quasi-

isometry, one often seeks to characterize all groups which act geometrically on a

given space X. The Schwarz–Milnor Lemma says that all such groups are quasi-

isometric to X, however the converse is false. That is, there exist groups quasi-

isometric to spaces on which they cannot act geometrically. However, any group

quasi-isometric to X must quasi-act on X. A quasi-action by quasi-isometries gen-

eralizes the usual group action by isometries so that the converse of a “quasi” version

of the Schwarz–Milnor Lemma holds.

Many basic definitions and facts about quasi-actions can be seen in some form

in [KL01, MSW03, Nek97]. Many small details have elementary proofs, and so

they often go unproven (or unstated entirely), and some terminology or conventions

have changed somewhat since these papers. We provide here an introduction to

the theory of quasi-actions in the hopes of saving some future mathematician some

time. All proofs given are essentially elementary, and I make no claim that all of

these results are original.

We will begin by defining quasi-actions. There are some aspects of this defini-

tion which are, perhaps, unexpected. We will discuss and provide some examples

illustrating pathological behavior. We will then define the quasi-action properties

in which we will be interested—cobounded and proper. We will define and discuss

three separate equivalence relations—equivalence of quasi-isometries, equivalence of

quasi-actions, and quasi-conjugacy of quasi-actions—and discuss their various in-

teractions with each other and with the quasi-action properties. Finally, we show
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the converse of a “quasi” version of the Schwarz–Milnor Lemma for quasi-actions:

Theorem. A group Γ quasi-acts on a space X coboundedly and properly if and

only if Γ is finitely generated and quasi-isometric to X.

Definition A.1.1 (Quasi-action). Let Γ be a group and pX, dq a metric space. A

quasi-action by quasi-isometries of Γ on X associates to each g P Γ a quasi-isometry

ϕg : X Ñ X satisfying:

1. (ϕe is almost the identity) supxPX dpϕepxq, xq ă 8

2. (ϕ is almost an action) there exists a constant α ą 0 such that, for all g, h P Γ,

sup
xPX

dpϕgϕhpxq, ϕghpxqq ă α, and

3. the quasi-isometry constants K,C, δ and the constant α do not depend on

g, h P Γ.

We observe that the uniformity of the constants K,C, δ, α may seem unusual.

In most cases, a group action of Γ on X by isometries (or homeomorphisms, or

linear transformations, etc.) is equivalent to a homomorphism Γ Ñ IsompXq (or

Γ Ñ HomeopXq, or Γ Ñ GLpXq, etc.). This is not the case with quasi-actions: any

quasi-action ϕ induces a homomorphism Γ Ñ QIpXq, but the converse is false. The

following is a striking counterexample:

Example A.1.2. Let Γ “ Z and X “ R. The map fn : RÑ R given by fnpxq “ nx

is easily seen to be a pn, 0q-quasi-isometry of X. Moreover, fn is not a pK,Cq-

quasi-isometry for any K ă n. It follows that the equivalence classes rfns and rfms

are distinct when n ‰ m. Consider the assignment ϕn “ f2n . Taking equivalence

classes, this gives a homomorphism Γ Ñ QIpXq whose image is isomorphic to

Z “ xrf2sy. However, for any fixed K, there is some n so that f2n cannot be

equivalent to any pK,Cq-quasi-isometry. Since the maps ϕn cannot be replaced

with equivalent quasi-isometries with uniform constants, we have an infinite cyclic

subgroup of QIpXq which cannot quasi-act on X.
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Definition A.1.3 (Cobounded, Proper). Let ϕ be a quasi-action of Γ on X. We

say that ϕ is cobounded if there exists a constant C such that, for each x, y P X,

there exists g P Γ such that dpϕgpxq, yq ă R. We say that ϕ is proper if, for each R,

there exists M such that, for all x, y P X,

|tg P Γ | ϕgpNpx,Rqq XNpy,Rq ‰ Hu| ďM.

For brevity of notation, we will write

Γx,yϕ,R “ tg P Γ | ϕgpNpx,Rqq XNpy,Rq ‰ Hu.

If ϕ is a cobounded and proper quasi-action by quasi-isometries, we will call ϕ

geometric.

We note that any action by isometries is also a quasi-action by quasi-isometries.

In this case, it is cobounded (proper) if and only if it is cocompact (properly dis-

continuous).

A.2 Equivalence and Quasi-conjugacy of Quasi-actions

There are a variety of ways in which we can adjust quasi-actions, or build new

quasi-actions out of old ones, while maintaining the properties of being cobounded

or proper.

Definition A.2.1 (Equivalence of Quasi-Actions). We say two quasi-actions ϕ and

ψ of Γ on X are equivalent if there exists a constant C ą 0 such that

sup
xPX

dpϕgpxq, ψgpxqq ă C.

We will write ϕ „ ψ, or ϕ „C ψ if we wish to keep track of the constant.

Example A.2.2. We remark, again, on the uniformity of the constant C in this

definition. Let Γ “ Z and X “ R. Define ϕnpxq “ x and ψnpxq “ x`n. Then ϕ and
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ψ are both quasi-actions, and both induce the trivial homomorphism Γ Ñ QIpXq.

Moreover, for each n, ϕn and ψn are equivalent as quasi-isometries. However, there is

no uniform constant C (independent of n) so that supxPX dpx, x`nq ă C, therefore

ϕ and ψ are not equivalent as quasi-actions. We also note that ψ is a cobounded

and proper quasi-action, while ϕ is not. This example shows that we cannot hope to

identify these quasi-action properties by examining the induced map Γ Ñ QIpXq.

For the remainder of the chapter, we will not specify our constants each time

they show up. All quasi-isometries will have constants K,C, δ. The constant α

will refer to the uniform “almost action” constant from the definition of quasi-

action. We will overuse the constant C, which is one of the quasi-isometry constants,

the coboundedness constant, the constant in the definition of equivalence of quasi-

actions, and the constant in the definition of quasi-conjugacy (below). We note that

we do not lose any generality by equating these seemingly different constants—in

all our definitions, constants may be increased, and in all of the following claims,

there are uniform bounds on the given constants, so that we can take the maximum

of each constant.

Proposition A.2.3 (Equivalence preserves cobounded, proper). Suppose ϕ and ψ

are equivalent quasi-actions of Γ on X. Then ϕ is cobounded if and only if ψ is,

and ϕ is proper if and only if ψ is.

Proof. Let ϕ „C ψ, and suppose ϕ is cobounded. Let x, y P X be arbitrary, and

choose g P Γ such that dpϕgpxq, yq ă C. Then

dpψgpxq, yq ď dpψgpxq, ϕgpxqq ` dpϕgpxq, yq

ď C ` C.

C does not depend on x, y, so ψ is cobounded.

Now, suppose ϕ is proper, and let R ą 0. We must show that there is some M

such that |Γx,yψ,R| ďM for all x, y P X. We will show that

Γx,yψ,R Ă Γx,yϕ,R1
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where R1 “ R`C (which does not depend on x, y). The set Γx,yϕ,R1 has size bounded

independently of x, y since ϕ is proper.

Let g P Γ such that ψgpNpx,RqqXNpy,Rq ‰ H. Then there is some z P Npx,Rq

such that ψgpzq P Npy,Rq. Since dpϕgpzq, ψgpzqq ď C, we have ϕgpzq P Npy,R`Cq,

hence g P Γx,yϕ,R`C . Therefore, ψ is proper.

The most useful tool for building new quasi-actions out of quasi-isometries or

existing quasi-actions is the notion of quasi-conjugacy. Quasi-conjugacies also allow

us to push quasi-actions from one space to another without affecting the properties

of the quasi-action.

Definition A.2.4 (Quasi-conjugacy). Suppose Γ quasi-acts on X via ϕ and on Y

via ψ. A quasi-conjugacy between ϕ to ψ is a quasi-isometry f : X Ñ Y such that

there exists a constant C ą 0 satisfying

dpfpϕgpxqq, ψgpfpxqqq ă C

for all g P Γ and x P X. In this case, we say that ϕ and ψ are quasi-conjugate.

The phrase “quasi-conjugacy between ϕ and ψ”, rather than “from ϕ to ψ”, is

justified by the following lemma, which says that coarse inverses to quasi-conjugacies

are also quasi-conjugacies.

A quasi-conjugacy consists of three pieces of information: the quasi-actions ϕ

and ψ, and the quasi-isometry f . The following sequence of lemmas up to Corollary

A.2.7 explore the relationship between quasi-conjugacy, equivalence of quasi-actions,

and equivalence of quasi-isometries. They show that we may freely replace ϕ or

ψ with equivalent quasi-actions, and we may replace f with an equivalent quasi-

isometry or coarse inverse. Lemma A.2.8 gives the last detail needed to show that

quasi-conjugacy is an equivalence relation.

Propositions A.2.9 and A.2.10 and Theorem A.2.11 are the punchlines of this

section. The propositions establish that quasi-conjugacy preserves the quasi-action

properties, and that we can build quasi-conjugate pairs of quasi-conjugacies in a
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natural way. The final theorem is the converse of a Schwarz–Milnor lemma for

quasi-actions.

Lemma A.2.5. Suppose Γ quasi-acts on X via ϕ and on Y via ψ. Let f1 : X Ñ Y

be a quasi-conjugacy between ϕ and ψ. Let f 11 : X Ñ Y be a quasi-isometry which

is equivalent to f1, and let f2 : Y Ñ X be any coarse inverse of f1. Then f 11 and f2

are also quasi-conjugacies between ϕ and ψ.

Proof. We first show that f 11 is a quasi-conjugacy. Since f1 and f 11 are equivalent as

quasi-isometries, they are at some bounded distance C in the sup norm. Now:

dpf 11pϕgpxqq, ψgpf
1
1pxqqq ď dpf 11pϕgpxqq, f1pϕgpxqqq`

dpf1pϕgpxqq, ψgpf1pxqqq`

dpψgpf1pxqq, ψgpf
1
1pxqqq

ď C ` C ` pKC ` Cq,

and this bound does not depend on x or g. Therefore, f 11 is a quasi-conjugacy.

We now show that f2 is a quasi-conjugacy. We have:

dpf1pf2pψgpyqqq, f1pϕgpf2pyqqqq ď dpf1pf2pψgpyqqq, ψgpyqq`

dpψgpyq, ψgpf1pf2pyqqqq`

dpψgpf1pf2pyqqq, f1pϕgpf2pyqqqq

ď C ` pKC ` Cq ` C.

Now, applying the quasi-isometry inequalities for f1, we have:

1

K
dpf2pψgpyqq, ϕgpf2pyqqq ´ C ď KC ` 3C

ñ dpf2pψgpyqq, ϕgpf2pyqqq ď KpKC ` 4Cq,

and this bound does not depend on y or g. Therefore, f2 is a quasi-conjugacy.

In this lemma, we had two fixed quasi-actions and a given quasi-conjugacy.
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The lemma says we may freely replace the quasi-conjugacy with any equivalent

quasi-isometry or coarse inverse, giving us many quasi-conjugacies between the same

two quasi-actions. We may ask what happens when we start with different given

information. The following lemma establishes that, given a quasi-action on X and

a quasi-isometry f : X Ñ Y , all quasi-actions on Y for which f is a quasi-conjugacy

are equivalent as quasi-actions.

Lemma A.2.6. Suppose Γ quasi-acts on X via ϕ and on Y via ψ and ψ1, and let

f : X Ñ Y be a quasi-conjugacy between ϕ and ψ. Then f is a quasi-conjugacy

between ϕ and ψ1 if and only if ψ „ ψ1.

Proof. We first suppose that f is a quasi-conjugacy between ψ and ψ1. Let y P Y

and g P Γ be arbitrary. Since f is, in particular, a quasi-isometry, there exists x P X

such that dpfpxq, yq ă δ. Then:

dpψgpyq, ψ
1
gpyqq ď dpψgpyq, ψgpfpxqqq`

dpψgpfpxqq, fpϕgpxqqq`

dpfpϕgpxqq, ψ
1
gpfpxqqq`

dpψ1gpfpxqq, ψ
1
gpyqq

ď pKδ ` Cq ` C ` C ` pKδ ` Cq,

hence ψ and ψ1 are equivalent.

Conversely, suppose ψ and ψ1 are equivalent. Let x P X and g P Γ be arbitrary.

Then:

dpfpϕgpxqq, ψ
1
gpfpxqqq ď dpfpϕgpxqq, ψgpfpxqqq ` dpψgpfpxqq, ψ

1
gpfpxqqq

ď C ` C,

hence f is a quasi-conjugacy between ϕ and ψ1.

The following corollary is immediate:
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Corollary A.2.7. Suppose ϕ,ϕ1 are quasi-actions of Γ on X, and ψ,ψ1 are quasi-

actions of Γ on Y . Let f : X Ñ Y be a quasi-conjugacy between ϕ and ψ and also

between ϕ1 and ψ1. Then ϕ „ ϕ1 if and only if ψ „ ψ1.

A quasi-conjugacy involves three separate pieces: a quasi-action on X, a quasi-

action on Y , and a quasi-isometry X Ñ Y . The previous lemmas establish that we

may freely replace each of these pieces by an equivalent piece while maintaining the

quasi-conjugacy. The following lemma completes the claim that quasi-conjugacy is

an equivalence relation among all quasi-actions of Γ on any metric space.

Lemma A.2.8. Let Γ quasi-act on X via ϕ, on Y via ψ, and on Z via ξ. Let

f1 : X Ñ Y be a quasi-conjugacy between ϕ and ψ, and let f2 : Y Ñ Z be a quasi-

conjugacy between ψ and ξ. Then f2 ˝ f1 is a quasi-conjugacy between ϕ and ξ.

Proof. We have:

dpf2pf1pϕgpxqqq, ξgpf2pf1pxqqq ď dpf2pf1pϕgpxqqq, f2pψgpf1pxqqqq`

dpf2pψgpf1pxqqq, ξgpf2pf1pxqqqq

ď pKdpf1pϕgpxqq, ψgpf1pxqqq ` Cq ` C

ď pKC ` Cq ` C.

Having explored every possible interaction between quasi-conjugacy, equiva-

lence of quasi-actions, and equivalence of quasi-isometries, it remains to show that

quasi-conjugacies preserve the quasi-action properties, and that we can build quasi-

conjugate pairs of quasi-actions fairly naturally.

Proposition A.2.9 (Quasi-conjugacies preserve cobounded, proper). Suppose Γ

quasi-acts on X via ϕ and on Y via ψ, and let f : X Ñ Y be a quasi-conjugacy

between them. Then ϕ is cobounded (proper) if and only if ψ is cobounded (proper).

Proof. Suppose ϕ is cobounded. Let y, y1 P Y be arbitrary. Since f is a quasi-

isometry, there exist x, x1 P X such that dpfpxq, yq ď δ and dpfpx1q, y1q ď δ. By
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coboundedness of ϕ, there exists g P Γ so that dpϕgpxq, x
1q ă C. Now:

dpψgpyq, y
1q ď dpψgpyq, ψgpfpxqqq`

dpψgpfpxqq, fpϕgpxqqq`

dpfpϕgpxqq, fpx
1qq`

dpfpx1q, y1q

ď pKδ ` Cq ` C ` pKC ` Cq ` δ,

therefore ψ is cobounded.

Now, suppose ϕ is proper. As in Proposition A.2.3, we seek to show that

Γx,yψ,R Ă Γx,yϕ,R1

which is a finite set. Here, R1 “ Kpδ ` R ` pKδ ` Cq ` 2Cq does not depend on

x, y. (The reader may wish to refer to Figure A.1.)

Let R ą 0 and y, y1 P Y be arbitrary. Let g P Γ such that

ψgpNpy,Rqq XNpy
1, Rq ‰ H.

Then there is some z P Npy,Rq such that ψgpzq P Npy
1, Rq. Since f is a quasi-

isometry, there exist x, x1, w P X such that

dpfpxq, yq ď δ

dpfpx1q, y1q ď δ

dpfpwq, zq ď δ

It follows that dpψgpzq, ψgpfpwqqq ď Kδ ` C. Now, we have dpfpx1q, fpϕgpwqqq ď

δ `R` pKδ ` Cq ` C (see Figure A.1).
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yz

fpxqfpwq

R

ď δ

ď δ

y1

fpx1qψgpzq

ψgpfpwqq

fpϕgpwqq
R

ď δ

ď Kδ ` C

ď C

Figure A.1: Quasi-conjugacy preserves properness.

Applying the quasi-isometry inequality of f , we have:

1

K
dpx1, ϕgpwqq ´ C ď δ `R` pKδ ` Cq ` C

ñ dpx1, ϕgpwqq ď Kpδ `R` pKδ ` Cq ` 2Cq.

We observe that dpfpxq, fpwqq ď R` 2δ. Applying the quasi-isometry inequality:

dpx,wq ď KpR` 2δ ` Cq ď Kpδ `R` pKδ ` Cq ` 2Cq
looooooooooooooooomooooooooooooooooon

“R1

.

That is, ϕgpwq P ϕgpNpx,R
1qq X Npx1, R1q ‰ H, completing the claim and the

proposition.

Proposition A.2.10 (Building quasi-conjugacies). Suppose ϕ is a quasi-action of

Γ on X. Let f1 : X Ñ Y be a quasi-isometry with coarse inverse f2 : Y Ñ X. Then

the assignment

ψgpyq :“ f1pϕgpf2pyqqq

gives a quasi-action ψ of Γ on Y , and f1, f2 are quasi-conjugacies between ϕ and ψ.



48

Proof. We first note that the quasi-isometry constants of the ψg are bounded inde-

pendently of g since this is true for the ϕg. First, we check that ψe is finite distance

in the sup norm from the identity map:

dpf1pϕepf2pyqqq, yq ď dpf1pϕepf2pyqqq, f1pf2pyqqq ` dpf1pf2pyqq, yq

ď pKdpϕepf2pyqq, f2pyqq ` Cq ` C

ď pKC ` Cq ` C,

which is bounded independent of y P Y . Now, we check that ψ is almost an action:

dpψgpψhpyqq, ψghpyqq “ dpf1pϕgpf2pψhpyqqqq, f1pϕghpf2pyqqqq

ď dpf1pϕgpf2pψhpyqqqq, f1pϕgpϕhpf2pyqqqqq`

dpf1pϕgpϕhpf2pyqqqq, f1pϕghpf2pyqqqq

ď rKdpϕgpf2pψhpyqqq, ϕgpϕhpf2pyqqqq ` Cs`

rKdpϕgpϕhpf2pyqqq, ϕghpf2pyqqq ` Cs

ď rK rKdpf2pψhpyqq, ϕhpf2pyqqq ` Cs ` Cs`

rKα` Cs

“ rK rKdpf2pf1pϕhpf2pyqqqq, ϕhpf2pyqqq ` Cs ` Cs`

rKα` Cs

ď rKrKC ` Cs ` Cs`

rKα` Cs.

This bound is independent of g, h P Γ and y P Y , so ψgh and ψg ˝ ψh are uniformly
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bounded finite distance in the sup norm. Thus, ψ is a quasi-action. Finally:

dpf1pϕgpxqq, ψgpf1pxqqq “ dpf1pϕgpxqq, f1pϕgpf2pf1pxqqqqq

ď Kdpϕgpxq, ϕgpf2pf1pxqqqq ` C

ď KrKdpx, f2pf1pxqqq ` Cs ` C

ď KrKC ` Cs ` C,

therefore f1 is a quasi-conjugacy between ϕ and ψ.

The converse of a “quasi” version of Schwarz–Milnor is now immediate:

Theorem A.2.11. Suppose Γ is finitely generated and quasi-isometric to X. Then

there exists a cobounded and proper quasi-action of Γ on X.

Proof. Γ acts on itself by left multiplication, and this action is properly discontin-

uous, cocompact, and by isometries. In particular, it is a cobounded and proper

quasi-action by quasi-isometries. Using the given quasi-isometry Γ Ñ X, we con-

struct a quasi-action of Γ on X which is quasi-conjugate to the action of Γ on itself

by left multiplication. Since the quasi-action is quasi-conjugate, it is also cobounded

and proper.
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