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Abstract—An ellipsoid bound is introduced and proven to be a 
tight and conservative approximation of a sphere to which it is 
tangent. The bounding ellipsoid is constructed with a fixed shape 
that can be scaled arbitrarily (so, for example, the ellipsoid shape 
matches the contours of a given probability density function).  
The ellipsoid bound is proven conservative in that the bound 
always contains the sphere to which it is tangent.  The ellipsoid 
bound is proven tight in that its volume is the minimum 
guaranteeing conservative bounding. Applications for the 
ellipsoid bound include analysis of vector integrity monitors with 
nominally chi-square distributions. 

Keywords- Chi-Square, Integrity, Minimum Volume Ellipsoid, 
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I.  INTRODUCTION 
The main focus of this paper is the construction of an 

ellipsoid model that is a tight and conservative approximation 
of a sphere, when both the ellipsoid and sphere are tangent at a 
specified point and when the volume of the ellipsoid is scalable 
(but when its shape is otherwise constrained).  The bound 
considered in this paper applies to vector spaces of arbitrary 
dimension and might thus also be described as a hyperellipsoid 
bound to a tangent hypersphere.  The proposed bound has 
application to analysis of vector signal monitors, including 
many integrity monitors used in safety-of-life navigation.   

The proposed bound is an example of a broader class of 
ellipsoid bounding problems that arises commonly in 
engineering.  One related geometric bounding example is the 
problem of constructing a minimum-volume ellipsoid that 
contains a cluster of points, spheres, or other ellipsoids, a 
problem which can be solved numerically using convex 
optimization methods [1].  A modern library of numerical 
algorithms dedicated specifically to solving convex 
optimization problems and other geometric problems involving 
ellipsoids is described in [2].  Unfortunately, available 
numerical solvers do not yet provide standard tools to solve the 
problem considered here:  that of determining a minimum-
volume, fixed-shape ellipsoid to contain a tangent sphere. 

Whereas recent research on geometric bounding has 
emphasized numerical problem solving, this paper identifies an 

analytical ellipsoid bound.  This analytical bound is 
advantageous, as compared to a numerical bound, because it 
can be used to reduce computation and to decompose large 
optimization problems into simpler ones.   

The proposed ellipsoid bound has significance in risk 
analysis of integrity monitors that support safety-of-life GPS 
navigation.  Such monitors include the Signal Deformation 
Monitor (SDM) used in Ground-Based and Satellite-Based 
Augmentation Systems (GBAS and SBAS) [3]-[5], ionosphere 
storm monitors [6]-[7], least-squares Receiver Autonomous 
Integrity Monitoring (RAIM) [8]-[11], and Collaboration-
Enhanced Receiver Integrity Monitoring (CERIM) [12]-[14].  
A common trait of all these monitors is that they detect signal 
anomalies whenever an input measurement vector falls outside 
a spherical threshold.   

Typically, integrity monitor risk is characterized using a 
chi-square distribution; however, care must be taken in 
assessing risk when the parameters describing the input noise 
are uncertain [15],[16].  Monitor noise is nominally chi-square 
because, ideally, the measurement error distribution is pre-
conditioned such that the elements of the input vector are 
independent and identically distributed (IID), with spherical 
contours of constant probability.  In practice, however, pre-
conditioning is imperfect because of the difficulties in precisely 
characterizing the parameters describing the input noise 
distribution. (For GPS, the position-solution error varies 
continuously due to satellite motion, multipath, radio-frequency 
interference, and atmospheric weather.)  To account for 
uncertainty in the parameters of the input noise distribution, 
new methods are desired.  The proposed bound serves this 
purpose, providing a bound on integrity risk probability that is 
tighter than previously proposed conservative bounds [15],[16] 
because the shape of the bound is sculpted to match that of the 
monitor threshold (which is hyperspherical). 

The remainder of the paper is organized as follows.  The 
next section introduces a tight but conservative ellipsoid bound 
for a tangent sphere.  A subsequent section applies the ellipsoid 
bound to integrity-monitor performance analysis.  The paper 
concludes with a brief summary and an appendix that provides 
detailed proofs establishing conservatism and tightness. 



II. BOUNDING ELLIPSOID 
This section introduces a locally tight yet conservative 

ellipsoidal bound for a sphere to which it is tangent.  As 
described in the next section, the sphere can be regarded as the 
threshold in vector integrity monitoring applications.  

A. Defining the Sphere and Tangent Ellipsoid 

As a first step, construct an  ellipsoid bound for a sphere 
when the two surfaces are tangent at a chosen contact point.  
Define the sphere to be F: 

 | ( ) 1F f  z z . (1) 

Here f is a level-set function constructed for vectors Nz   
that creates a sphere of radius T  where f is unity. 

1( ) Tf
T

z z z . (2)  

Next construct G to be an ellipsoid that is tangent to the 
sphere F at a particular contact point zc (see Fig. 1).  This 
ellipsoid G can be defined in terms of a level-set function g. 

 | ( ) 1G g  z z  (3) 

The level-set function g is characterized by three parameters:  a 
covariance matrix N NΛ   that determines ellipsoid shape, a 
scaling parameter Tg, that determines ellipsoid size, and an 
offset parameter N

g μ   that determines ellipsoid location. 

     11 T

g g
g

g
T

  z z μ Λ z μ  (4) 

It is assumed that the shape of the ellipsoid is fixed (through 
the definition of a constant covariance matrix N NΛ  ).  
Thus, the enclosed volume can be varied only by adjusting the 
scaling parameter Tg.  Also, the covariance matrix  is 
assumed diagonal, without loss of generality, since the 
coordinates of z are arbitrary and can be chosen to be aligned 
with the ellipsoid principal axes.  The positive diagonal 
elements of , labeled i. correspond to the principal axis 
lengths (squared) of the ellipsoid.   

In order to ensure that the two surfaces G and F remain 
in contact at the point zc, the ellipsoid center gμ  must be 
constructed to change with the scaling parameter Tg.  Because 
the surfaces are assumed tangent at the contact point, the 
gradient vector fields for the two surfaces must align at zc. 
Thus, 

   c cf g  z z , (5) 

where  is a scalar.  Applying this tangency constraint, by 
substituting (2) and (4) into (5), allows the ellipsoid center 

location gμ  to be obtained as a function of the scaling 
parameter Tg: 

g

g cT
c c

T 
  
 
 

μ I Λ z
z Λz

. (6) 

 

 

Fig. 1.  Bounding Concept – An ellipsoid G with fixed shape must contain a 
spherical volume F  when both surfaces are tangent at zc. 

 

B. Ellipsoid Bounding Tangent Sphere 

This section identifies a tight but conservative ellipsoidal 
bound G for the sphere F.  To define conservative, it is 
useful first to identify the volumes associated with the ellipsoid 
and sphere surfaces.  These volumes are labeled F and G and 
defined as follows. 

 | ( ) 1F f z z  (7) 

 | ( ) 1G g z z  (8) 

A conservative bound is defined as one for which the ellipsoid 
fully contains the sphere, that is G F . 

The tight, conservative bound is found by varying the 
ellipse scaling parameter Tg until it is no longer true that 
G F .  As shown in Fig. 2, the tight bounding condition 
occurs either when a new tangent point appears on the surfaces 
F and G, or when the curvatures of the two surfaces become 
equal at the original tangent point zc.  This process can be 
repeated for two cases, a first case in which the constructed 
contact point zc has a known value and a second in which zc is 
unknown.   

When the tangent point zc is constructed at a known 
location the tight, conservative bound occurs for *g gT T . 

* 2
min

T
c c

gT



z Λz

 (9)  

zc

G F 

g

O



A proof that the bound is tight and conservative when *g gT T  
is given in the appendix by Theorem 8 (Tight Bounding 
Theorem).   

When the tangent point zc may occur at any unknown 
location, then additional conservatism is required.  To allow for 
any possible contact point location zcF, the scaling 
parameter must be  *gT T . 

max
* 2

min

T T



  (10) 

The proof that the bound is conservative for any contact point 
zc is given in the appendix by Theorem 9 (Bounding for 
Unknown Contact Point). 

 

 

Fig. 2.  Tight Bounding – As the scaling parameter shrinks, the ellipsoid G 
becomes a tight bound under one of two conditions.  Either a new tangent 
point appears, as shown at point zp in case (a), or the curvatures of the two 
surfaces G and F become equal at the original tangent point zc, as shown in 
case (b). 

 

III. APPLICATION TO INTEGRITY MONITORING 
The problem of bounding a sphere with a tangent ellipsoid 

has significance to safety-of-life applications in which integrity 
monitors are used to verify the quality of vector signals.  
Typically, such signals are conditioned to be zero mean with 
additive random noise.  As such, anomalies can be classified by 
detecting large deviations from zero of an input signal vector z.  
To characterize these deviations, integrity monitors typically 
use a quadratic monitor statistic m. 

Tm  z z  (11) 

The monitor determines that a fault is present if the static 
exceeds a threshold T.  In this case, an alert is issued. 

alertm T   (12) 

With a few notable exceptions, such as in [14], the input 
vector z is typically decorrelated with preprocessing such that 
the random noise on each element of the input vector is nearly 
independent and identically distributed (IID).  Ideally, this 
decorrelation step warps the noise distribution such that its 
isoprobability contours are spherical.  In reality, the 
decorrelation process is imperfect, in large part because the 
input noise is nonstationary, due to time-varying conditions 
that affect the noise environment such as changing satellite 
location (for GPS monitoring) or radio-frequency interference 
(for monitoring of GPS or other radio navigation systems).   

Accounting for imperfect decorrelation, and hence for input 
noise that is not IID, requires the analysis of input noise 
distributions with non-spherical isoprobability contours 
[15],[16].  In the case of a multivariate Gaussian density 
function Np ,  the shape of the isoprobability contours is 
ellipsoidal, as characterized by a covariance matrix Q.   

    111
22( ; , ) 2

T
z z

N zp e



z-μ Q z-μ

z Q μ Q  (13)  

Here the distribution mean  is nonzero only in the presence of 
a fault which biases the distribution away from the center of the 
spherical threshold.   

For integrity monitoring, it is critical to establish the 
probability that the monitor fails to detect a bias of a particular 
magnitude zb  μ .  A failed detection occurs when the bias 
magnitude b is larger than the threshold T at the same time that 
random noise pushes the monitor static m below T.  The 
probability of missed detection can be assessed by integrating 
the probability distribution of the input vector z within a sphere 
of radius T . 

( ; , )
T

md N z
T

P p dV


  
z z

z Q μ  (14) 

Because the spherical shell is symmetric about the origin, 
this analysis is unchanged if a coordinate system is selected 
with orthogonal axes aligned with the principal axes of the 
covariance matrix Q.  Thus, without loss of generality, Q can 
be replaced by the positive-definite, diagonal matrix .  This 
transformation of Q into  involves a simple rotation, and 
since rotation matrices are unitary, the length b of the mean 
vector  is unchanged.  Hence,  

( ; , )md N z
F

P p dV   z Λ μ  (15) 

Note here that (7) has been invoked to change the volume of 
integration to F. 

zc

G F 

O 

zp

zc

G 
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(a) 

(b) 



System safety verification requires that the missed detection 
probability be computed by evaluating the integral (15) for a 
range of unknown biases  and unknown covariance matrices 
.  Were the isoprobability contours aligned with the boundary 
of the spherical volume of integration F, a relative compact 
solution to (15) is possible.  Specifically, when =I, the 
integral results in Pncx, the noncentral chi-square cumulative 
distribution function for N degrees of freedom. 

 2; ,md ncxP P m T N b   Λ I  (16) 

The noncentral chi-square distribution is tabulated by most 
statistical software packages. 

When the isoprobability contours are elliptical and the 
volume of integration is spherical, the integral (15) results in a 
distribution is said to be generalized chi-square [17].  This 
distribution is significantly more involved to evaluate than the 
noncentral chi-square distribution, and typically requires a 
custom numerical integration solution (as provided in [16]).   

This paper introduces a useful tool for analyzing integrity 
monitor performance that simplifies (15) through a 
conservative approximation.  The approximation, denoted mdP , 
is a conservative representation of the actual missed detection 
probability in that it is never smaller. 

md mdP P  (17) 

To ensure conservatism as defined by (17), it is sufficient to 
increase the volume of integration, replaces F with a larger 
approximation G.  The substitution is guaranteed conservative 
if F G  as described by the equation below. 

\
( ) ( ) ( )

( )

N N N
G F G F

N
F

p dV p dV p dV

p dV

       

  

z z z

z

  


 (18) 

In defining the ellipsoid G, the contact point zc is assumed 
to be aligned with the bias zμ . 

c z

T

b
z μ . (19) 

This choice makes G a relatively tight approximation of F 
where the probability density is highest (that is near zμ ), and 
allows for the bound to be looser where the probability is 
lowest (away from zμ ). 

In a typical Pmd analysis, the bias direction zμ  is assumed 
unknown, and Pmd is computed (for the worst-case direction) as 
a function of bias magnitude b.  Since the bias direction is 
unknown, the contact point location zc is also unknown.  To 
guarantee that F G , therefore, the level-set function g(z) 
from equation (4) must be defined with *gT T , where the 

scaling parameter *T  is given by (10).  For *gT T , the bias is 

*z μ μ , where  

max
*

min

1
cT

c c

T


 
  
 
 

μ I Λ z
z Λz

. (20) 

To ensure a conservative approximation of Pmd, the covariance 
matrix  should be set to its worst-case value, as discussed in 
[16].   

To simplify analysis, it is now convenient to introduce a 
change of variables. Since the ellipsoid volume of integration G 
now has the same shape as the ellipsoid isoprobability contours 
of the distribution Np , both can be converted into spheres 
through the same transformation.  The appropriate change of 
variables is 

 1/2
*

 w Λ z μ . (21) 

For this change of variables, 

*

( ; , )
Tmd G tot

T
P p dV


  

w w
w I μ , (22) 

where  

 1/ 2
*tot z

 μ Λ μ μ . (23) 

By analogy to (16), the integral (22) can be expressed as a 
noncentral chi-square distribution, where 

 2
* *; ,md ncxP P m T N b   (24) 

with 

max
*

minmax

1 1b b T



  
       

. (25) 

This result is useful because (24) is simply a noncentral chi-
square distribution, easily computed by standard statistical 
software, and because the set of distribution parameters is small 
and well characterized.  Specifically, the parameters needed to 
evaluate (24) and (25) and (10) include only the monitor 
threshold T, the monitor degrees of freedom N, the 
parameterized bias magnitude b, and the extreme principal axes 
of the covariance matrix, max and min. 

IV. CONCLUSION 
The paper introduces an ellipsoid model that is a tight, 

conservative approximation of a sphere to which it is tangent.  
The ellipsoid bound is constructed assuming that its shape is 
fixed but that its volume can be scaled to a minimum, beyond 



which further scaling would result in the ellipsoid failing to 
bound the sphere at one or more points.   

The ellipsoid model can be applied for performance 
analysis of integrity monitors that alert when anomalous signals 
are detected.  Specifically, the ellipsoid can be constructed as a 
model of a spherical monitor threshold, a model that is tangent 
(and therefore tight) at a point aligned with any fault-induced 
measurement bias.  This construction ensures that the ellipsoid 
is a close approximation to the original threshold in the region 
where the probability density for monitor noise is highest, 
allowing for relatively accurate though approximate predictions 
of monitor missed-detection performance.  Importantly, the 
ellipsoid bound allows for relatively simple (chi-square) 
analysis of monitor missed-detection performance, even when 
the parameters governing the monitor input noise are poorly 
characterized. 
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APPENDIX 
Theorem 1 (Large Tg Limit):  If Tg is sufficiently large 

and T is finite, then the volume F excluding the contact point zc 
is contained in the interior of G. 

Background:  Subsequent theorems will shrink Tg until G 
no longer contains F.  This theorem provides a starting point by 
guaranteeing that G contains F if Tg is sufficiently large, with 
no contact points other than zc. 

Proof:  Define the hyperplane tangent to the hypersphere F 
through the contact point zc to be H.   

  | 0T

c cH   z z z z  (26) 

The normal vector field of the plane H is parallel to both 
 cf z  and  cg z .  To simplify subsequent analysis, define 

1ê  to be a unit vector in this direction.  

1ˆ /H H  e  (27) 

Now introduce a mapping that transforms z to w, where the 
first vector element in new coordinate system is the component 
in the 1ê  direction. 

 1/ 2T
c

 w R Λ z z  (28) 

This mapping performs three functions.  First, shifting by zc 
maps the contact point to the origin (such that the hyperplane H 
passes through the origin of the new coordinate system).  
Second, scaling by -1/2 converts the volume G from a 

hyperellipsoid into a hypersphere.  Third, multiplying by the 
rotation matrix R maps the 1ê  direction into the first coordinate 
of w (if R is appropriately defined).   

With this transformation, the tangent hyperplane H can be 
expressed 

 1ˆ| 0TH  w w e . (29) 

The mapping (28) is an affine transformation that preserves 
topology. As such, the volumes F and G remain in the negative 
halfspace (below H), touching H only at the contact point (i.e. 
at the origin of the w coordinate system). 

Apply the mapping (28) to the level-set function g(z).  The 
result is  

2

1ˆ( ) /g gg T T w w e . (30) 

With this definition, G can be expressed as  

  2

1
2 0gG T   w w w . (31) 

In this paper, the notation  i  refers to the ith component of the 
vector enclosed in brackets.  As such,  1w  is the first 
coordinate of the w vector, the distance to the plane H.  By 
construction G contains the origin; in addition, an appropriate 
choice of Tg allows G to pass through any point in the 
halfspace with  1 0w .  In the limit when Tg approaches 
infinity, the volume G is the union of the origin and the entire 
halfspace with  1 0w . 

Each point in F, excluding the contact point ( \ cF z ), lies in 
the halfspace with  1 0w .  If T is finite, then Tg can be set 
sufficiently large such that    \ \ cG G F   z (You could 
use G^o and F^o here since the set of points G and F have been 
defined).  In other words, the interior of G contains all points in 
F except for the contact point. 

 

Theorem 2 (Bounding Near Contact Point): If *g gT T , 
then, in the neighborhood of the contact point zc, F is 
contained within G. 

Background:  As Tg shrinks, G can fail to bound F at one 
of two locations:  either (i) locally, near the specified contact 
point zc, or, (ii) if a new tangent point appears and then Tg 
shrinks further, at that point.  This theorem considers the first 
case and establishes conditions under which bounding is 
guaranteed near the specified contact point zc. 

Proof:  Consider a trajectory that moves away from the 
contact point zc in an arbitrary circular arc along the surface F.  
Parameterizing by an angle , the circular arc trajectory can be 
represented by the equation 



   cos sinc t  z z z , (32) 

where zt is defined to be orthogonal to zc with the same length 
(such that 0T

c t z z  and c t T z z ).  Along this 
trajectory, the level-set function g changes by an amount 

     cg g g  z z z .  Noting that the contact point is on the 
surface G, where the level-set function is unity, the change 
can be simplified to     1g g  z z .  For the point zF to 
lie inside the volume G, it must be true that g(z)1, or 
equivalently 

  0g G   z z , (33)  

The change in the level-set function g can be computed by 
integrating the gradient g along the circular arc. 

   
0

g g d






   


z
z z , (34) 

Evaluating this integral using (4) and (32), and taking the limit 
for small angles  gives 

 
2

1

14
gT

t t T
g c c

T T
g

T

 



 
    
  

z z z
z z

. (35) 

From this formula, it is evident that at small angles (i.e., in the 
neighborhood of zc),  that condition (33) is satisfied if the term 
above in parentheses is nonpositive.  Rearranging terms, (33) is 
satisfied if  

1

1

T
g t t

T
c c

T

T










z z

z z
. (36) 

The maximum value of the right-hand side of the (36) occurs 
when the direction of zt, which is arbitrary, aligns with the 
shortest principal axis min.  Hence, allowing for all possible zt, 
(33) is satisfied if  

1
min

1g

T
c c

T




z z
. (37) 

Using (9), this inequality can be rewritten *g gT T .  Since (33) 
is satisfied when *g gT T , we can say that all points z on F in 
the neighborhood of zc are contained in G.  

 

Theorem 3 (Matching Orthant): Consider a point 
 * F G  z .  If the sign of any component of *z  is 

opposite the sign of the corresponding component of zc, and if 

*g gT T , then there exists a point *z  such that * Fz  and 
* Gz . 

Background:  Whereas the previous theorem concerned the 
first case of bounding failure (failure near zc), this theorem 
considers the second case (failure at a new tangent point other 
than zc).  In fact, no new tangent point can appear for *g gT T .  
This result is developed in two steps.  First, this theorem 
(Theorem 3) establishes that new tangent points cannot appear 
in any orthant except the orthant containing zc. Next Theorem 4 
will complete the contradiction, proving that a new tangent 
point cannot appear in the same orthant as zc, either. 

Proof:  To provide a means of comparing orthants for two 
vectors, define a vector function  , Ns a b   with elements 
computed as follows. 

       
     

0
,

0
i i i

i
i i i

      

b b a
s a b

b b a
 (38) 

Using this function, define the subspace J to be  

  ,cJ  z z s z z . (39) 

In other words, J is the closed orthant containing zc. 

Now consider a point *z , where the surfaces F and G are 
tangent.  Assume one element of *z is opposite to the sign of 
the corresponding element of zc. Then, *z  is not in the same 
orthant as zc and hence * Jz .   

Also consider a point * Jz , where 

 * *,csz z z . (40) 

Combining (38) and (40), it is straightforward to show that 

 * * 0T
J  z z z  (41) 

for any point J Jz . 

Now evaluate the level-set function g(z) at both *z  and *z .  
Forming a difference and canceling equal quadratic terms gives 

     * * 1 * *2 T
g

g

g g
T

  z z μ Λ z z . (42) 

This difference can be rewritten 

     * * * *T
jg g  z z z z z , (43) 

where substituting (6) for g gives 



1

min *

2 g

j c
g g

T

T T

 
  
 
 

z Λ Λ I z . (44) 

In (43), zj can be shown to belong to the same orthant as zc 
( J Jz ), because the leading terms of (43) are positive and 
because the term in parentheses is also positive, since *g gT T  
and mini  .  Combining (41) and (43) implies that 

   * * 0g g z z .  Furthermore, because * Gz , 

 * 1g z .  Thus,  * 1g z  and so * Gz .   

Also, because * Fz  by construction,  * 1f z .  With  

    2* * *

1

1N

i
i

f f
T

    z z z , (45) 

it follows that  * 1f z  and hence that * Fz .   

 

Theorem 4 (Appearance of New Tangent Points):  If T is 
finite, *g gT T  and F is tangent to G at zc, then zc is the only 

point where the surfaces F and G are tangent. 

Background:  As a companion to the prior theorem, this 
theorem completes the proof that no new tangent point appears 
so long as *g gT T . 

Proof:  Consider all values of gT , incrementally decreasing 
from infinity to *gT .  At the large gT  limit, Theorem 1 states 
that, given finite T, all points in F lie on the interior of G with 
the exception of the contact point zc. Hence, by construction, 
the only contact point present in the large gT  limit is the 
tangent point zc. 

Because the surfaces F and G are smooth and 
continuously differentiable, any new contact point that appears 
on both surfaces as Tg shrinks must be a tangent point.  
Hypothesize the existence of such a tangent point zp.  Because  

p F G z , 

    1p pf g z z . (46) 

Furthermore, because the surfaces are locally tangent,  

   p pf g  z z , (47) 

where  is a positive scalar. 

A test for the appearance of a new contact point at any 
value of Tg can be constructed from the two constraints (46) 
and (47).  First re-arrange (47) to solve for zp.  The result is 

 i
p c ii

i

n

d
   z z , (48) 

where the denominator di is 

1g i
i

T
d

T




  . (49) 

And the numerator ni is  

* min

1g i
i

g

T
n

T




  . (50) 

If *g gT T , the numerator ni is strictly positive ( 0in  ), 
because mini  .   

Equation (48) indicates that, when the value of Tg is fixed, 
the set of allowable tangent points zp is characterized by a 
single tunable parameter .  This scalar parameter  is the ratio 
of the level-set function gradients, as described by (47).  
Because the level-set gradients, which are parallel to the 
surface normal vectors, must both be outward facing when 
tangency first occurs, this parameter is positive  0  .  The 
implication is that, if a tangent point exists, it will be found by 
considering all positive, real values of . 

Now start at the large gT  limit and progressively increment 
through infinitesimally smaller values of gT .  For each gT , it is 
possible to show no tangent point appears for any .  Hence no 
new tangent point appears so long as *g gT T  and thus zc is the 
only point where the two surfaces F and G are tangent. 

At each incrementally decreasing value of gT , it can be 
shown that no tangent point appears by considering four 
subsets that span the range of allowable  values.  These 
subsets are:   0,  ,    ,  ,   ,  ,   , 
where the parameter  

*
ming gT T

T


  , (51) 

and where the parameter  

g mnzT

T


  . (52) 

Note that mnz  is the smallest of the i (diagonal elements of 
) that corresponds to a non-zero element of zc.  Symbolically,   

  
 

0
min

c i

mnz i
i i

 
 


z

. (53) 



 

For each of the four subsets of  values, suppose that zp is a 
tangent point and establish a contradiction by showing that at 
least one of the requirements (46) and (47) is violated.  To 
simplify evaluation of the gradient requirement, (47), consider 
its reformulation as (48) and invoke the Matching Orthant 
Theorem (Theorem 3).  Theorem 3 states that a new contact 
point only appears in a different orthant from zc if a 
corresponding contact point has already appeared (at a larger Tg 
value) in the same orthant as zc.  Hence, if no new tangent point 
has appeared at a larger Tg value, then the sign of all elements 
of zp must match the sign of the elements of zc, and hence, the 
ratio of the ni and di terms in (48) must be non-negative.  
Noting also that 0in   for *g gT T ,   

  0 0i c i
d i  z  (54) 

on this range of Tg values.  In short, on the range *g gT T , 
tangency is only possible if the two constraints (46) and (54) 
are met. 

Consider the first range  0,  , and evaluate constraint 
(46).  Note that i id n  on this range.  This result can be 
verified by substituting (51) into (49) to find that ni = di  when 
 =  and by further noting that smaller values of  increase di.  
Because i id n  for all i, the magnitude pz  is less than the 

magnitude cz  according to (48).  Because    2 /f Tz z   

by (2),    p cf fz z ; furthermore, because  c Fz and 

because points z can only belong to F if f(z)=1,  pf Fz , 
and hence zp fails to satisfy requirement (46). 

Next consider when   , which presents a special case.   
Substituting (51) into (49), gives the result that ni = di  when  
= , and hence p cz z .  The constraints (46) and 54) are 
satisfied; however, zp is clearly identical to the existing tangent 
point zc, and hence no new contact point appears. 

Now consider the range  ,   .  For all nonzero 
elements of cz , 0i in d   on this range.  The upper bound on 
di can be established by noting that increasing values of  
monotonically decrease di according to (49) , and that all values 
of i id n  because ni = di  when  = .  The lower bound on di 
can be established by substituting (52) into (49) and noting that 
di  = 0 when  i mnz   , which occurs where   .  Because 

0i in d   for all nonzero elements of zc, the magnitude pz  

is greater than the magnitude cz  according to (48), with 
magnitude tending toward infinity in the extreme case (   ).  
Appealing to (2),    p cf fz z  over the entire range 

 ,   . This result implies that pz  lies outside F and that 

  1pf z , which violates constraint (46). 

Finally, consider the range  ,   .  Since increasing  
monotonically decreases di according to (49), and since    
results in 0id   for at least one nonzero element of zp, then 

0id   for at least one nonzero element of zp on the range 
 ,   , violating constraint (54) as long as *g gT T .   

Since at least one constraint is violated for every , except 
the case    that corresponds to the existing tangent point 
zc, no new tangent point appears at any value of Tg 
incrementing downward from large Tg through all values with 

*g gT T .   

Theorem 5 (Conservative Bounding):  If T is finite and 

*g gT T , then G F . 

Background:  Here all the above theorems are combined to 
prove G is a conservative bound for F. 

 

For any point on the sphere F to leave the volume G as  
gT  shrinks, that point would need to exit G in the 

neighborhood of a tangent point.  Theorem 2 states that G 
continues to bound F in the neighborhood of the specified 
tangent point zc, so long as *g gT T .  Theorem 4 states that no 
new tangent point appears on the range *g gT T .  By 
extension, were gT  to shrink infinitesimally such that *g gT T , 
any new tangent point appearing would still belong to both the 
surfaces F and G, and so no point on F would leave G.  
With no points on F leaving G for *g gT T , it can be said that 
G F  over this range. 

 

Theorem 6 (Bounding Failure Near Contact Point) If the 
component of cz aligned with the smallest principal axis of  is 

zero, then G fails to contain F in the neighborhood of zc when 

*g gT T . 

Background: To establish that the bound from the previous 
theorem is tight, it is sufficient to show that a failure happens at 
any smaller value of Tg, either because of a bounding failure at 
zc (as shown in this proof) or at a new tangent point (as shown 
in the next proof). 

Proof: In developing Theorem 2, condition (36) was 
necessary for G to contain points on F in the neighborhood of 
zc.  In the proof, a vector zt was identified as orthogonal to zc.  
If the component of zc in the direction of the smallest principal 
axis of  is zero, then one possible vector zt is aligned with the 
smallest principal axis, and for this case, 1

min/ 1/T
t t T  z z .  

To ensure bounding for points in the neighborhood of zc, the 
right side of (36), equivalent to * min/g gT T  , must therefore  
exceed min .  This requirement is a contradiction for *g gT T  
and hence G fails to contain F in the neighborhood of zc when 

*g gT T . 



 

Theorem 7 (Bounding Failure at New Tangent) If the 
component of cz aligned with the smallest principal axis of  is 

nonzero, then a new tangent point   \c cF G  z z  appears 

when gT  shrinks to *g gT T .  This point c Gz  if *g gT T . 

Background:  This theorem establishes that the second 
failure condition, where a new tangent point appears and then 
leaves G as Tg shrinks, occurs when *g gT T . 

Proof: First, define a vector function   Nr a   that 
reflects the first element of a vector 

   
 

1
1

i

i
i

i

i

     

a
r a

a
 (55) 

Now consider the two boundaries F and G defined by (1) 
and (3), respectively.  Assume without loss of generality, that 
the diagonal elements of  are sorted in ascending order by 
magnitude, such that the smallest diagonal element min  is also 
the first diagonal element ( 1 min  ).  Modifying the general 
equation (6) for the ellipse center g using the relation 

1 min   and the assertion that *g gT T , the following results. 

1

1
g c

 
  
 

μ I Λ z . (56) 

By construction, F and G are tangent at zc. For *g gT T , 
the two boundaries can also be shown to be tangent at a 
complementary point cz : 

 c cz r z , (57) 

where the point cz  is distinct from zc because the component 
of zc aligned with the smallest principal axis of  is nonzero 
(i.e.,  1 0c z ).  To obtain this result, it is first necessary to 
show that the point cz  lies on both boundaries.  The point cz  
lies on F because c cz z  and so, by (2), 

    1c cf f z z .  The point cz  lies on G since (57) 

guarantees that c g c gi i
        z μ z μ  for all components i 

including the first component, since 
1

0g   μ  by (56). It 

follows from (4) that     1c cg g z z  and hence that 

c Gz . 

To establish that F and G are tangent at cz , it is also 
necessary to show that the normal vector fields for both 
boundaries, F and G,  are parallel at cz .  The normal vector 
fields at cz  are given by the following equations. 

  2
c cf

T
 z z  (58) 

   12
c c g

g

g
T

  z Λ z μ  (59) 

Combining (57) with (58) gives 

    c cf f  z r z . (60) 

Noting that ,1 0g μ  and that    c ci i
z z  for all i1, the 

formula (59) gives 

    c cg g  z r z . (61) 

Now substitute (5) into (61). 

    1
c cg f


  z r z  (62) 

Comparing (60) and (62), it is evident that  cg z  is parallel 
to  cf z , since all vector components are identical after 
multiplying by a constant scalar value .   

Since cz  lies on both F and G and since the normal 
vector fields at cz  are parallel, cz  is a new tangent point 
appearing when *g gT T , assuming that  1 0c z . 

If Tg shrinks incrementally, such that *g gT T , then cz  
moves outside G.  To see this, note that if *g gT T , then 

 11g c   μ z where 0  . Hence c g c gi i
        z μ z μ  

and    c cg gz z .  Because  cg Fz ,   1cg z  and 

  1cg z .  Thus c Gz  if *g gT T . 

 

Theorem 8 (Tight Bounding) Regardless of the location of 
the contact point zc, the smallest value of Tg for which G F  
is *g gT T . 

Background:  This theorem builds on the previous two to 
prove the conservative bound from Theorem 5 is a tight bound. 

Proof: Theorem 6 identified that point on F in the 
neighborhood of zc move outside G if *g gT T  and  1 0c z .  
Theorem 7 identified that a new tangent points appears and 
moves outside G if *g gT T  and  1 0c z . These two cases 
cover all values  1cz .  Hence, G does not contain F if 

*g gT T .  By contrast, Theorem 5 proved that G F  for 

*g gT T .   Combining these results, the smallest value of Tg for 
which G F  is *g gT T . 



 

Theorem 9 (Bounding for Unknown Contact Point):  If T 
is finite and *gT T , then G F  regardless of the location of 

the contact point zc. 

Background:  This theorem extends the previous theorem 
to cases when the contact point location zc is unknown. 

Proof: Because the definition of *gT , from (9), depends on 
zc, it is only possible to use Theorem 8 (to ensure G F  by 
setting *g gT T ) when the contact point zc is known.  The 
requirement that zc be known can be relaxed by finding the 
maximum value of *gT  over all zc.  Recalling c Tz  and 
that max is the largest element of the diagonal covariance 
matrix , 

max
2 2
min min

max
c

T
c c T


 

 
 

 z

z Λz
. (63)  

The value on the right side of (63) has previously been defined 
as *T  in (10).  If *gT T  then *g g cT T z  and hence  G F  
regardless of the location of the contact point zc 

 
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