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ABSTRACT

Classical mechanics challenges students to use their intuitions and experiences
as a basis for understanding, in effect to approach learning as “a refinement of
everyday thinking” (Einstein) [27]. Moving on to quantum mechanics (QM), students, like physicists, need to adjust this approach, in particular with respect
to the roles that intuitive knowledge and mathematics play in the pursuit of coherent understanding (these are adjustments to aspects of their epistemologies).
In this dissertation, I explore how some students manage the epistemological
transition.
I began this work by recruiting both graduate and undergraduate students,
interviewing each subject several times as they moved through coursework
in QM. The interviews featured, among other things, how students tried to
fit ideas together in mutually consistent ways, including with respect to intuitive knowledge, mathematics and experiment, if at all. I modeled these dynamic cognitive processes as different epistemological framings (i.e., tacit, in-themoment responses to the question “How should I approach knowledge?”).
Through detailed qualitative analyses of students’ reasoning and a systematic
coding of their interviews, I explored how these coherence-seeking related
framings impacted their learning.
The dissertation supports three main findings: (1) students’ patterns of epistemological framing are mostly stable within a given course; (2) students who
profess epistemologies aligned with the coordination of coherence-seeking framings tend to be more stable in demonstrating them; and (3) students aware that
their understanding of QM ultimately anchors in its mathematics tend to produce more coherent explanations and perform better in their courses. These
findings are consistent with existing research on student epistemologies in QM
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and imply that epistemologies, in particular whether and how students seek
coherence, require greater attention and emphasis in instruction.
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P R E FA C E

Consider an undergraduate student, call him Taylor,1 whom I interviewed
while he was taking his second course in quantum mechanics (QM). During
our fourth session, he asks permission to discuss a question related to quantum
tunneling that had been bothering him: can a particle have negative kinetic energy? For some thirty minutes, Taylor discusses his ideas without much pause:
observing such a particle would be inconsistent with classical notions of kinetic energy; measurements of its position or energy would not be definitive
because of the uncertainty principle; and yet, wave function solutions to the
Schrödinger equation imply particle states with negative kinetic energy. Taylor
then observes:
So you can’t observe the particle to have negative kinetic energy
and yet there’s still some relevance in talking about when the wave
function has negative kinetic energy cause it, it changes the behavior of the wave function—I don’t know, this is just one of those
very weird parts of QM that sort of the way in which...something
like negative kinetic energy like has some place of existence but
not something we could ever observe or ever exist to us. But there
seems to be some idea of it within the mathematics even if it can’t
be realized I guess.
Taylor wrestles with the idea that negative kinetic energy influences the exponential behavior of the wave function inside a barrier, implying a mathematical
existence but not a physically observable one.
Now consider a second undergraduate student, call him Pat, whom I interviewed while he was taking his first course in QM. During our final interview,
I ask him how he plans to study for the final exam. He sees a large number of
1 I use pseudonyms to protect the identities of undergraduate students.
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possible things he could be tested on, and so is studying as much content as
he possibly can. He adds:
I think quantum fundamentally more than the other subjects at
least that I’ve taken has many more subjects that would be placed
on equal and separate worth, so you know I say equal and separate, because in some subjects everything builds. I took the general
relativity special topics course with [instructor] and most of that
syllabus is built. So you’re using tools that you previously derived,
and in that regard then it’s actually very easy to study and to just
march through your notes and understand how the course and how
the subject built up, whereas quantum is a bunch of discrete hills,
so to speak, or at least that’s what it feels like, because so much
of it is founded on mathematical tricks and I’ll say tricks because
they aren’t derivations that you’d naturally be able to come across,
they’re derivations that someone spent a very long time before they
figured out the best way to do it.
Pat describes QM as a set of disconnected topics, and learning it as mostly
about remembering mathematical “tricks” that are too difficult to reconstruct
for himself. He contrasts this with his experience of general relativity, in which
ideas progressively built on one another.
Later, I discuss both of these excerpts within their broader contexts and in
greater detail; here, I present them to motivate the central questions of this
dissertation.
At one level, there is the question of how Taylor’s and Pat’s conceptual understanding align with the goals of a course in QM. For example, what does
Taylor mean when he says the wave function has negative kinetic energy, and
how exactly is he thinking its behavior changes? What does he think measurement entails, and how is it related to the mathematics he describes? And what
are the mathematical derivations that Pat is having trouble with? Answers to

acronyms

these and similar questions could inform instructional strategies or approaches
to support or improve his conceptual understanding.
On another level, one might notice how Taylor and Pat approach learning
QM. It appears, for example, that Taylor is trying to operate in a mode of
sense-making, having brought his own question to the table and formed different arguments about it. He tries and fails to fit his intuitive knowledge with his
sense of what takes place in the mathematics (and its physical implications),
and in doing so, comes face-to-face with one of the distinctive challenges of
QM.

Pat does not appear to get as far, having experienced QM as a set of discon-

nected ideas set in mathematical “tricks.” Does he perceive the mathematics in
QM

as corresponding to physical meaning? Are these things that he says about

QM

aligned with how he engages it?

While the transcripts from Taylor and Pat arise in different contexts—Taylor’s
comes in the midst of his sense-making about a problem and Pat’s a reflection
on how he will study based on how he has experienced QM—they are striking in the way they show how approaches to learning can influence outcomes.
This dissertation explores students’ approaches to learning in QM, in particular
with respect to whether and how they seek coherence in their thinking. These
are aspects of student epistemologies, which have had significant attention in
research on learning in introductory courses but less in QM education research.

dissertation overview

Chapter 1 reviews the literature on QM education research, and then introduces
the construct of personal epistemology, which provides a key theoretical perspective of this work. It also discusses epistemology in relation to QM, and the
challenge it has presented to both physicists and students.
Chapter 2 discusses methodology, including my choice for data collection
and subject selection. It discusses the development and validation of my analytical framework centered on coherence-seeking.
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Chapters 3 and 4 present the graduate and undergraduate analyses, forming the heart of the dissertation. They show, among other things, how epistemology can influence students’ learning, vary dramatically from student-tostudent, and remain stable or shift between contexts.
Chapter 5 looks across subjects analyzed in the previous two chapters to
form broader claims. It also offers possibly useful directions for instruction.

1
Q U A N T U M M E C H A N I C S E D U C AT I O N R E S E A R C H

In this chapter, I situate my research in the quantum mechanics (QM) education literature. I first show how assessing and improving students’ conceptual
understanding has dominated the literature to this point, providing a comprehensive overview of what has been done. I review research in QM education
that focuses on students’ epistemologies, but before that go into depth on how
epistemologies have been treated in the broader literature. Finally, I make a
case for how this dissertation addresses gaps in the literature.

1.1

introduction to quantum mechanics education research

In 2002, Thacker & Leff [129] published an introduction to a theme issue of the
American Journal of Physics that focused on QM education research, bringing
greater attention to the emerging topic. It highlighted significant challenges
that students face when learning QM, including representing and interpreting
quantum phenomena, connecting theory with results from experiments, cataloguing common conceptual difficulties, and addressing gaps in classical understanding as they venture into modern ground. In light of these challenges,
the article also asked basic pedagogical questions concerning what, when, and
how to teach QM.
To get a sense of the breadth and depth of QM education research for myself, I set out to comprehensively review the literature. While a few groups
have launched productive research programs to address some of these issues,
the topic within Physics Education Research (PER) is young as evidenced by
the total number of articles. By searching online repositories and scanning bibliographies of published articles, I collected the majority of the PER journal
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articles and conference papers that have been published in the past 30 years.
This comes to some 123 papers that I broadly categorized into three areas (see
Figure 1):
• Assessing Conceptual Understanding (48 papers)
• Instructional/Technology Interventions (44 papers)
• Epistemology/Metacognition (31 papers)

Figure 1: Distribution of articles in QM education research. The vast majority of articles
relate to assessing and improving conceptual understanding, while small
minority focus on examining student approaches to learning.

As I skimmed through these articles, I noticed that most in the first two
categories were explicitly concerned with students’ conceptual understanding,
and those articles that I binned as instructional or technological interventions
were primarily concerned with improving this understanding. Several within
that category discussed research-based assessments that led to researchers’ interventions, while surprisingly the majority of articles did not provide such
justification. Of the articles that I categorized under Epistemology/Metacognition, 24 out of 31 were about epistemology, many of them centering on the
interpretive issues surrounding QM, while the remainder were loosely about
metacognition (i.e., thinking about thinking processes).

1.1 introduction to quantum mechanics education research

1.1.1 Research on conceptual understanding

The distribution of papers demonstrates that research has been dominated by
concern with students’ conceptual understanding, and in particular, assessing it (48 out of 123 papers). A focus on evaluation seems reasonable; for instance, how does student thinking compare to canonical knowledge? One way
to find out is by developing and administering assessments. Among these articles, some centered on developing multiple choice or short-answer summative
assessments, including ones that probe student understanding at the beginning of graduate instruction [116] or during undergraduate peer instruction
[121], probe conceptual understanding of core ideas in QM [18, 141], determine
whether learning goals have been met in a reformed course [40], and assess
the effectiveness of different instructional methods [22, 80] or curricular approaches [106].
Designing effective assessments is a surprisingly difficult thing to accomplish [80, 137]. McKagan et al. [80] cited numerous challenges while developing their survey instrument, including the lack of faculty consensus on what
should be taught (and thus assessed) in a modern physics course. They described an even bigger problem in that the very meaning of “conceptual understanding” in QM is still debated. The authors assert that it entails “an understanding of the relationship between the mathematical description and the
physical world, an understanding of what is actually happening, rather than
just the ability to calculate a result.” However, interpretations of what is actually happening in many quantum experiments varies—to the degree that
some prominent physicists adopt a “shut up and calculate” approach implying that understanding what’s actually happening is not possible [8, 84, 123].
Indeed, Dubson et al. [25] relate survey findings that show significant faculty
disagreements about what it takes to effectively teach QM.
Yet, these kinds of tools for evaluation can reveal useful, even surprising
insights into common difficulties. For example, according to Singh [116], typi-
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cal incoming graduate students are not able to exercise basic functional skills
using the machinery of QM. They have difficulties in relating the meaning of
stationary states, expectation values, properties of wave functions and the evolution of states. Carr and McKagan [17] show that graduate QM instruction
does not improve understanding of basic undergraduate concepts. Parallel to
findings in classical mechanics, Singh also observes that students who can
solve technically challenging questions often have difficulty responding to the
qualitative versions of the same questions. Baily & Finkelstein [6] similarly
find that students can apply mathematical rules to solve a problem without
a corresponding conceptual understanding. Later, Singh & Marshman [118]
explain that students tend to “show similar patterns of reasoning difficulties
as they move up along the expertise spectrum in each of these sub-domains
of physics.” They suggest that classical and QM paradigms are sufficiently different that students essentially start from scratch in building their quantum
knowledge as beginner students would in classical, and “go through a phase
in which their knowledge is in small disconnected pieces which are only locally consistent, and this causes reasoning difficulties.”
In addition to the studies that evaluate student understanding more broadly,
numerous studies have also been done to assess student conceptions on more
specialized topics such as the uncertainty principle [4], wave particle duality
[4, 74, 91, 136], tunneling [82, 87, 138], quantum measurement [105, 113, 144,
145], operators [37], time dependence [30, 76, 86], the Stern-Gerlach experiment
[142], Hilbert space [115], Dirac notation [119], quantum computing [114], the
deBroglie wavelength [2, 136], single dimension particle dynamics [146] and
nuclear physics [64]. A recent review article by Singh & Marshman [120] shows
that many documented student difficulties arise from applying ideas to unrelated contexts and failing to distinguish between related concepts. The details
of the work have helped reveal strengths, weaknesses, and patterns of student
understanding in particular areas, which can shape productive instruction [77].
To conclude this section, Singh’s & Marshman’s [118] study cited earlier in
which knowledge is viewed as constructed from pieces contrasts with many

1.1 introduction to quantum mechanics education research

other studies that implicitly or explicitly take up student difficulties as misconceptions (in fact, during the mid-1990’s, Styer [126] catalogued an informal
list of such misconceptions). This was also, at the time, the predominant view
towards students’ knowledge in introductory physics, where they come into
the classroom with strongly held conceptions that first need to be revealed,
then eliminated, and finally supplanted by expert notions [48]. While it might
appeal to common sense to correct students’ “wrong” ideas with the “right”
ones, the misconceptions approach presumes that knowledge resides in the
mind as fixed units to be discarded or replaced, and does not provide a theory
of conceptual change—that is, it cannot account for how students move from
novice to expert views [122].
An alternative explanation first proposed by diSessa [23] argues that students’ ideas are formed out of more basic building blocks (i.e., phenomenological primitives or p-prims) developed from childhood that come together in a
given context to form a particular conception. For instance, the motion implies
a force idea that is commonly treated as a student misconception can be understood in terms of the p-prim “maintaining agency.” This p-prim corresponds
to the idea that maintaining motion requires a continuing cause, which is abstracted from many experiences such as engines being necessary to keep cars
moving or a supply of energy being necessary to keep light bulbs shining. The
p-prim itself is not right or wrong, but rather can be appropriately or inappropriately applied. In this view, then, students have the means to construct
their own knowledge, which both accounts for how they can have consistent
(or inconsistent) conceptions across contexts, and how they can change their
conceptions. The importance of recognizing productive resources in students’
initial knowledge is supported by mounting evidence in research [29, 49, 100].
Gire & Manogue [36] take this approach with respect to reported student
difficulties related to quantum measurement. Specifically, they notice both undergraduate and graduate students thinking that “when an operator acts on
a state it is a mathematical representation of making a measurement of the
physical quantity associated with the operator.” They suggest this belief may
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originate from a productive view of quantum measurement as an agent that
causes physical change in a system—that is, a measurement causes the collapse of a wave function into an eigenstate of the observable. Gire & Manogue
argue that this view of measurement as agent is problematic when students
conflate the functions of measurement and operators, since the latter correspond to observables that can be measured.
Acting on a view in which students have productive conceptual resources
with which to build, Gire & Manogue propose an instructional strategy of helping students tune their thinking of measurement to an act of selection instead.
Measurement as selector facilitates a particular kind of change in a system,
namely, the selection of an eigenstate from a linear expansion of possible eigenstates determined by the operator. So the thinking that a measurement selects
an eigenstate cues up the role of an operator as a selector of possible eigenstates. In short, instructor awareness of students’ intuitive ideas (e.g., agent,
selector) opens up possibilities for instruction to help students build knowledge from their existing ideas. This approach to instruction, however, has been
more the exception than the rule, as evident in the next section where I detail
instructional reforms that have been attempted by QM education researchers.

1.1.2 Research on instructional reform

As evidenced by the fraction of papers devoted to instructional reform (44
out of 123 papers), researchers have made many efforts to improve instruction, whether at the larger scale of a reformed course or at the smaller scale of
an instructional unit or computer tutorial. Researchers have modified course
structures to increase student engagement through classroom group activities
[17], peer instruction [97], pre-lecture activities and in-class clicker questions
[109], interactive lectures [41], and supplementary tutorials [94]. They have reenvisioned entire course content, including ones centered on the Stern-Gerlach

1.1 introduction to quantum mechanics education research

experiment and spin dynamics [21, 75], or on the major conceptual and interpretive questions of QM [8, 88].
Dispelling the myth that graduate education must be lecture based, Carr &
McKagan [17] show that research-validated teaching innovations—e.g., interspersing in-class questions throughout lecture notes that are made available
before lecture, soliciting responses from students in lecture, facilitating discussion among students, assigning group work in class, and emphasizing conceptual understanding—can all be successfully incorporated and implemented in
a graduate-level quantum course. They also suggest that existing texts, while
not perfect, can be supplemented to meet the demands of an evolving field
with new developments that students find exciting (e.g., quantum information
processing and entanglement).
Researchers have also devised instructional units around numerous topics
(conduction models [140], quantum effects in LEDs and luminescent devices
[31, 33], quantum computing [16], probability and probability density [9, 139],
models of the atom [81], potential energy diagrams [60] and a long line of research surrounding the photoelectric effect [3, 61, 79, 90, 125]), many of which
followed similar patterns in designing for student involvement and developing
interactive content.
In this respect, researchers have leveraged technology to help students build
intuitions about abstract QM concepts through computer tutorials and simulations, including Quantum Interactive Learning Tutorials (QuILTs) on angular momentum [147] and quantum measurement [143], among others, and a
large number of Physics Applets (Physlets) [10, 83]. They have also shown that
animations help students build mental representations [62, 63, 65, 67], and
how computer-based visualizations coupled with research-based pedagogical
strategies can help overcome documented student conceptual difficulties [32,
66, 92, 95, 117].
Of the few proposed instructional reforms that focused on dimensions other
than the conceptual, Hadzidaki’s [44] treatment of the Heisenberg microscope
was particularly compelling. He used it to foreground some of the profound
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issues lying at the heart of QM (e.g., relationship between observer and observed, the referents of wave-particle duality, the nature of uncertainty), which
he suggests pushes students to exercise the metacognitive thinking necessary
to begin learning QM. And while he does not show how the unit impacts students’ metacognition, the paper highlights the need for students’ to exercise
metacognition, as well as examining another dimension to student thinking,
namely students’ views of knowledge or their epistemologies. I introduce this
topic in the next section, including how the PER community has engaged it.

1.2

personal epistemology

To this point, I have reviewed research efforts that have contributed to the
PER

community’s knowledge about gaps in students’ QM thinking and devised

ways to bridge some of them. But as illustrated in the Preface, there are other
aspects of learning that also require attention, namely students’ approaches
to learning. That is, how are students thinking and what are they doing as they
face new ideas and problems in QM, whether in class, on homework, or reading
a textbook?
Students face multiple challenges in approaching their learning of QM, many
of which involve how they think of the nature and structure of physics knowledge, how it’s generated and justified. While philosophers have for thousands
of years been concerned with the nature of knowledge more generally, about
50 years ago, psychologists began to study how peoples’ views of knowledge
influenced their thinking and behavior—referred to in the literature as personal epistemology [58]. Since then, a cross-disciplinary group of scholars has
investigated, debated, refined, and gradually expanded upon the nature and
boundaries of personal epistemology. In what follows, I analyze some of the
main developments in its history, examine its ontological structure, present
how and why it has been studied at the introductory level, and finally review
what has been done with it in relation to QM.

1.2 personal epistemology

1.2.1 Development of personal epistemology

Research on personal epistemology first arose with William Perry’s [96] work
on college students’ developing views of knowing and valuing. Based on responses to a survey instrument on epistemology, Perry selected a diverse range
of students to follow over the course of their Harvard educations and conducted annual interviews to gather accounts of their experiences. When he
analyzed the trajectories of these experiences, Perry saw patterns of epistemological development that he described as nine “positions.” He later organized
these positions into four categories:
• dualism: knowledge is received, binary distinctions of right/wrong or authority/learner;
• multiplicity: knowledge is subjective, answers to many questions seem to
conflict so it is important to trust oneself;
• relativism: knowledge depends on context; all solutions are supported by
reasoning that requires evaluation; and
• commitment within relativism: knowledge is constructed by integrating
what is received with what comes from personal experience and reflection.
Perry organized these categories to reflect a developmental progression within
a single dimension that students move along, and he offered reasons for why
someone might transition from one position to another. For example, a student
exhibiting a dualist position expects his teacher (the authority) to be the repository of knowledge and sees his own role as absorbing that knowledge (passive
recipient). That student transitions to a multiplist position when he recognizes
that even his teacher has to search for answers to some questions, and a lot of
the time, the answers are not known. By virtue of the shift, he can accept that
there could be multiple points of view on a given problem. The student may
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then transition to relativism and commitment within relativism, further stages
along the progression.
Twenty years later, Schommer [110] conducted studies involving more than
two hundred students who were administered questionnaires. From the results, she gleaned that personal epistemologies are more complex than researchers had been considering up to that point. Instead of being comprised
of a single dimension, for example, as implied by Perry’s work, she proposed
that they are comprised of five largely independent dimensions:
• certainty: knowledge as certain or not;
• structure: knowledge as connected systems or isolated facts;
• source: knowledge as coming from authority or from within;
• control: learning is based on innate ability; and
• speed of knowledge acquisition: productive learning is quick or not.
Schommer asserted that everyone has generalizable beliefs that correspond to
these orthogonal dimensions.
In a 1997 landmark review and synthesis of research on personal epistemology, Hofer and Pintrich [58] abstracted two overarching categories, the nature
of knowledge and the process of knowing. In relation to Schommer’s work,
they distinguished between those dimensions related to learning (e.g., control,
speed of knowledge acquisition) and those of knowing (e.g., structure, certainty,
sources), arguing that only the latter is epistemological. Within the dimensions
related to knowing, they specified a total of four dimensions in their two abstracted categories, first characterizing the nature of knowledge as relating to
• simplicity: continuum that runs from accumulation of facts to a coherent
set of concepts; and
• certainty: continuum that runs from fixed to fluid.
And second, by thinking of the process of knowing as relating to
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• source: evolution of perspective in which knowledge resides outside the
self and in an authority, to one in which the self is knower who can
construct knowledge with others; and
• justification: evaluation of knowledge through evidence or expertise, moving from dualism to multiplicity to reasoned justification.
The latter dimension of justification, first identified and described by Perry in
his student subjects, made its way into Hofer and Pintrich’s proposed framework, which they suggested forms the core of an individual’s personal epistemology.
This trend towards complexification continued most recently in 2011, when
Chinn et al. [19] conducted an extensive literature review in which they looked
at and catalogued what epistemologists were studying, finding that the field
is much richer, with much wider scope than what personal epistemologists
were considering (e.g., simplicity, certainty, source, and justification). They effectively extended Hofer and Pintrich’s derived framework by including new
categories and proposing a far more detailed set of dimensions within them.
Their review enabled them to synthesize “a network of interconnected cognitions that cluster into at least five distinguishable components.”1 In relation to
the four dimensions outlined by Hofer and Pintrich, Chinn et al. collapse certainty and simplicity into a single category as “the structure of knowledge and
other epistemic achievements,” and include other dimensions like the degree
of universality and determinism of knowledge. They also collapse sources and
justification into a single category, and significantly increase the range of ideas
that contribute to those. They add three entirely new categories of epistemology, namely aims and values, virtues and vices, and processes for achieving
aims, the details of which are elaborated in Appendix A. Figure 2 depicts the
increasing complexification of personal epistemology over the past 50 years as
considered by these four research groups.

1 They point out that these cognitions should be further distinguished between individual and
social dimensions of each component, since people may treat these differently.
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Figure 2: The development and complexification of personal epistemology over the past
50 years, from Perry’s initial work to Schommer, then to Hofer and Pintrich
and ending with Chinn et al.

One way to account for the expansion of the construct is to consider Chinn
et al.’s argument that people operate with a wide range of epistemic cognitions to help guide their thinking and behavior. They point out that how these
cognitions are used varies from situation to situation (particularly with respect
to the categories of sources, justification and reliable processes), and that their
framework provides the theoretical resources to help explain variations evident in thinking and behavior. They suggest that researchers have investigated
personal epistemology at too coarse a grain size to make accurate predictions
about learning outcomes or explain students’ learning processes. Chinn et al.,
however, treat personal epistemology at a finer grain size by positing more
specific cognitions or by specifying some of the conditions under which they
are applicable. This approach foregrounds a key question about the nature of
personal epistemology: what is its underlying ontological structure? As briefly
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touched upon at the end of Section 1.1.1 with respect to the ontology of conceptual understanding, the answer to this question has important ramifications
for research and instruction.

1.2.2 Ontologies of personal epistemology

Ontological structure refers to the theoretical form epistemic cognitions are
understood to take in the mind. The underlying ontological structure of the
epistemological frameworks reviewed in the previous section helps determine
modes of research and instruction that follow from them. To begin, Schommer’s work, like Perry’s, assumes that epistemological beliefs are consistent
across contexts. While Perry and Schommer provide for development of beliefs within their respective frameworks, they also give such beliefs a status
similar to personality traits that can but do not easily change. Context-free,
fixed beliefs presume a unitary ontology; that is, they reside in the mind as
independent units of cognitive structure.
This unitary, trait-like view is reflected in one aspect of Schommer’s research
methodology. She arrives at a set of epistemological beliefs for each student by
examining their responses to a series of statements. For example, Schommer
investigated two ways in which learners can oversimplify knowledge that is
otherwise complex: paying attention to a single aspect (“seek single answers”)
or compartmentalizing in pieces (“avoid integration”). She tested these stances
by having students use a Likert scale to respond to statements like “When
I study I look for specific facts” and “Most words have one clear meaning.”
Using factor analysis, Schommer showed that the overall pattern of student
responses could be explained by a set of context-general beliefs associated with
her five independent dimensions of epistemology (one belief per dimension).
Instead of regarding personal epistemology as a developmental framework
(whether stage-like along a single dimension as in Perry or along orthogonal
dimensions as in Schommer), Hofer and Pintrich consider it a personal the-
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ory analogous to scientific ones because it meets three criteria. First, they say
personal epistemology exhibits interconnections among its constituent parts.
Second, personal epistemology makes distinctions about elements within it
and how those elements are to be categorized. And third, it points to a causalexplanatory framework, as in for example, if someone believes knowledge is
absolute, then they are likely to view the source of knowledge to be authority
figures. But it could also be argued that someone might be less dependent on
authority because they have their own access to knowledge. Hofer and Pintrich acknowledge the weakness of their example and the need for further
evidence to bolster the third criterion. If personal epistemology is indeed a
causal-explanatory framework that is theory-like, then it must exhibit a consistency across contexts that reflects a unitary ontology.
Yet, the epistemologies that give rise to patterns of student thinking show
evidence of variability across domains and even lack consistency within a domain, suggesting that a unitary ontology of stages or belief systems cannot
account for them [19, 72, 108, 124]. In his 2005 paper, Sandoval [108] challenges the view that epistemological beliefs are coherent frameworks and proposes that they are much more contextualized. He makes this claim based
on the gap he notes between students’ practical (“ideas that students apply to
their own scientific knowledge building through inquiry”) and formal (“beliefs
about professional or formal science”) epistemologies. He points to a paradox
in research on students’ epistemological beliefs and their inquiry practices:
the former seem to be largely at odds with how science works and the latter
share a lot in common with scientific practice. Sandoval observes that there
is a growing body of research showing students’ epistemological views to be
“inconsistent, fragmented and possibly unstable beliefs.”
In part to account for context sensitivity that a unitary ontology cannot,
Hammer and Elby [50], a few years after Hofer and Pintrich’s paper, proposed
an alternative model of personal epistemology that was explicit about its ontological form. Much like diSessa’s p-prims [23] that act as the basic building
blocks people use to construct knowledge, Hammer and Elby proposed that
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multiple epistemological elements could also serve as basic resources out of
which different epistemologies take shape. Their framework corresponded to
a set of naïve epistemologies, ones a child has developed. They presented these
elements as resources that come together to shape a person’s thinking and behavior in a given context. They posit four general categories of epistemological resources—ones for understanding epistemological activities, forms, and
stances, as well as nature and sources of knowledge (see Appendix A for details). So, for example, a person who wants to write a story implicitly draws on
resources of “free creation” and “fabricated stuff” (resources related to “how
do you know?”, in this case something made up or created from other knowledge), of “formation” (resource related to “what are you doing?”, in this case
crafting something), and of “stories” (resource related to the forms things take).
In this resource-based framework, a thought or behavior is not viewed in terms
of acquiring or forming cognitive objects, but rather as entering a cognitive
state emerging from multiple interacting elements that have been activated by
contextual factors.
Hammer and Elby lay out the advantages of this perspective as being able
to account for how peoples’ epistemological expressions are sensitive to context, while at the same time being able to explain how consistent expressions
can also manifest. In other words, a manifold ontology of resources, one that
is comprised of many interacting elements, accounts for variability in student
epistemologies, as well as for stability in local coherences (i.e., groups of resources that activate together in familiar situations).
A related way to view this manifold ontology of resources is to connect it to
a large body of socio-linguistic research that says in any given situation, people develop particular sets of expectations based on similar experiences [39,
127]. Depending on the situation, a particular set of expectations (also called a
frame) determines how someone interprets the question “what is it that’s happening here?” and then how to think and behave accordingly. The response
to the question can be influenced by numerous social, affective, and epistemological resources, among others, which can be activated in a coherent way so
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as to manifest a particular interpretation. For example, the set of expectations
surrounding an examination might lead a student to frame the activity as one
of rehearsing solution algorithms, while the set of expectations surrounding a
homework assignment might elicit another frame of constructing arguments
and explanations using experience. These framings emerge dynamically, and
are “activations of locally coherent sets of resources” elicited by particular contexts. As might be expected, the epistemological resources, which are a subset
of resource activations, lead an individual to interpret knowledge in a particular way and control the conceptual resources to be brought to bear (see
Figure 3).

Figure 3: Depiction of framing as emerging from the dynamic interaction of mind
and world. There are multiple interacting aspects of framing—conceptual,
affective social, positional, epistemological, among others—that give rise to
an overall framing, or an answer to the tacit question “What is it that’s going
on here?”

The two theoretical outlooks, namely unitary vs. manifold ontologies, have
distinct implications for research methods that would be used to investigate
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personal epistemology. While I discuss my chosen methods in greater detail
in Chapter 2, a manifold ontology, which I adopt, necessitates methods that
yield data from carefully crafted contexts because people think and behave
differently depending on what those contexts are. So, the use of surveys or
questionnaires to get at epistemology, or even direct questioning about epistemological matters—methods typically employed while operating under a unitary ontology (e.g., Schommer, Hofer and Pintrich)—would be unlikely to capture responses representative of thinking or behavior in the context targeted by
those instruments. Researchers need to stay as close as possible to the context
in which people are actually operating so that the associated epistemological
resources activate.
With respect to instructional implications and the treatment of student epistemologies, a unitary ontology conveys an outlook that is “glass half-empty.”
Thinking of students’ epistemologies as traits (suggested by Schommer) is to
understand them as parts of who they are as people, resistant to change; thinking of them as theories (suggested by Hofer & Pintrich) requires debunking
and replacing them with the right ones. In contrast, a manifold ontology implies students’ “beliefs” (i.e., stable activations of resources in local contexts)
can and do change by virtue of the fact that different sets of resources can
activate in different contexts.
This theoretical position can be put to practical use by a teacher who sees a
student struggling in one context, and facilitates a shift to activate a different
set of more productive resources. The teacher views the student as having the
means, and just needing the right environment to give them expression.
This kind of instructional intervention is illustrated in a classroom episode
analyzed by Rosenberg et al. [103] as a series of discussions among eighth
grade students studying a rock cycle. The students initially approach the activity as an exercise in learning and using science vocabulary. The teacher
discerns this, calls it out as unproductive for the purposes of doing science,
and encourages them to start with what they know. From that point forward,
students reframe the activity as one of sense-making, as evident by the sub-
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sequent discourse in the transcript. Rosenberg et al. identify different locally
coherent epistemologies that they then use to model as stable patterns of activation among resources. They note: “the coherence we observe in students’
epistemologies derives from the mutual activation of a set of resources. In this
ontology coherence may be understood as the self-consistency and stability
of a pattern of activations. It need not be a fixed property of the knowledge
system; it can be local in time or context.”

1.2.3 Research on student epistemologies in introductory physics

Returning to the question posed at the beginning of this section: why study student epistemologies in physics? PER has shown that even while some students
can perform well in introductory physics courses, when faced with simple
questions on related content beyond the course context, they persist in similar pre-instruction reasoning. Despite these common difficulties, students have
success in introductory courses because they develop proficiency in applying
algorithms to solve particular problems without understanding the underlying
concepts [20].
Researchers have discussed this failure of instruction as arising from a number of factors, including non-disciplinary student epistemologies [1, 49, 55,
101]. For instance, it’s often the case that students defer sense-making to an
authority—the instructor or textbook—whom they view as the source and arbiter of that knowledge. Further, they expect physics knowledge as consisting of a collection of disconnected formulas that need to be memorized, and
physics problem solving as applying these formulas in prescribed ways [47].
These epistemologies are quite different from those of expert physicists, and
below I elaborate on how they have become targets of instruction and are important to conceptual learning.
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Epistemologies as targets of instruction in introductory physics
I contend that enacting productive epistemologies is part of learning how to be
a physicist—asking questions, basing claims on evidence, noticing inconsistencies, drawing meaning from mathematics and intuitive knowledge, carrying
out experiments, being comfortable in confusion, among many others. This
is as important a target of instruction as content knowledge, since without it,
content knowledge does not emerge. That is, physicists at the edge of what
is known are not aiming for a right answer because mostly one is not known;
they are rather trying to fit their various kinds of knowledge together in ways
that are mutually consistent. Out of that coherence might eventually emerge
an answer that a community of scientists then engages with [51].
A commonly repeated counter-argument is that students need to learn a
breadth of content and learn such disciplinary practices on their own along
the way. However, research indicates that while a small fraction of students
are able to do this, the vast majority do not demonstrate these kinds of expert behaviors [98]. This implies that a target of instruction needs to include
disciplinary practices.
For more than 30 years, PER has examined the impact of student epistemology in introductory physics, mostly through qualitative studies [29, 47]. These
studies have, in turn, lead the PER community to a recognition that epistemology should be a target of instruction in its own right. Insights from qualitative work spurred researchers to develop quantitative instruments that assess epistemologies on a larger scale, such as Maryland Physics Expectations
Survey (MPEX) [101], the Views About Sciences Survey (VASS) [45], Colorado
Learning Attitudes About Science Survey (CLASS) [1], and the Epistemological Beliefs Assessment for Physics Science (EBAPS).2 These instruments, with
their respective target audiences and limitations, have helped assess the effectiveness of instruction in moving students towards expert epistemologies [73].

2 http://www2.physics.umd.edu/~elby/EBAPS/idea.htm
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A second indication that epistemology has become a target of instruction
is the rise of curricula seeking to help students approach physics as a coherent system of thought consistent with everyday thinking that has been refined.
Hestenes [54, 55], for example, investigated and developed a model-based approach to physics that made explicit the structure of physics knowledge, how
it is generated and applied (moving away from an instructional approach that
emphasizes facts, equations, and procedures to solve problems). Etkina et al.’s
Investigative Science Learning Environment (ISLE) [34] is another curriculum
that empowered students to act as scientists in making observations of physical phenomena, forming explanations about them using evidence, and testing
their explanations through experiments. As Etkina et al. put it, students “become familiar with the epistemology of the scientific community.” In fact, studies involving interventions that explicitly attend to model-building and nature
of science beliefs yield positive gains using CLASS and MPEX surveys [73].
Epistemology can even be made an explicit and primary goal of instruction
in a large-lecture format course, as described by Redish and Hammer [100].
They identified several epistemologies tied to scientific practices and explicitly incorporated them into various aspects of the curriculum. Significantly,
the learning gains recorded from the Force Concept Inventory (FCI) [56] and
Force Motion Concept Inventory (FMCE) [133] instruments were strong relative to other reform courses in the country, and the highest to that point at
the University of Maryland, demonstrating that conceptual gains do not have
to be sacrificed in a large lecture course focused on epistemological learning.
Further, the epistemological gains they recorded on a modified MPEX survey
enabled them to similarly conclude that such gains do not have to be at the
expense of conceptual gains.
Epistemologies’ influence on conceptual understanding in introductory physics
Many empirical studies involving math and science show that expert-like epistemologies correlate with gains in conceptual understanding [110, 124]. Hammer [47], for example, systematically characterized students’ stable epistemo-

1.3 research on epistemologies in quantum mechanics

logical beliefs, and found that those subjects who view the structure of physics
knowledge as a coherent system, the content of formulas as meaningful concepts, and learning physics as a process of reconstruction, develop better conceptual understanding.
By the same token, researchers have shown that when students’ epistemological views are at odds with scientists’ views, learning can be disrupted [26,
102]. Lising and Elby [72] developed a case study about a student whose epistemological views discouraged her from connecting canon to relevant experiences and intuitions, effectively stifling the development of her conceptual
understanding.
More recently, Ding [24] sought to make a causal claim about the role of
epistemologies on conceptual learning. He tested a simple model involving students’ reasoning skills and epistemologies as primary factors influencing conceptual development. Ding characterized students’ epistemologies in a calculusbased mechanics course by administering CLASS at the beginning of the course,
and through a multi-regression technique, inferred causal influences from students’ epistemologies to conceptual gains (as measured by the FCI administered at the beginning and end of the course). While based on a simplified
model that considers only two of many other possible influences on conceptual
development, Ding takes an approach that could be followed by researchers
seeking to strengthen the general causal claim, say by including in the model
additional factors like student learning behaviors.

1.3

research on epistemologies in quantum mechanics

As elaborated in Section 1.1, QM education researchers’ focus on assessing and
improving conceptual understanding has been productive for, among other
reasons, mapping a landscape of student difficulties and integrating PER bestpractices into instruction. In this section, having introduced personal epistemology, I review what the PER community has learned about how it influences
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student learning. I also discuss what makes learning QM epistemologically
challenging as compared to classical mechanics. But first, it’s worth touching
on the special epistemological relationship physicists have had with QM, which
I do next.

1.3.1 Physicist epistemologies

Generally speaking, matters of epistemology accompanied the development of
classical physics. In early mechanics, for instance, Aristotle first proposed that
general principles could describe the world, and those could be exclusively
derived from logic and observation. It was only many centuries later that scientists, including Bacon and Galileo, began to use experiments for hypothesis
testing and considered them as a reliable source of knowledge. Another example lies in the gradual and broad acceptance of mechanism—seeking explanations of phenomena in natural laws that govern the behavior of matter—over
other views like essentialism, which attributes inherent qualities or characteristics to the essence of things that are being observed. Today, however, these
kinds of epistemological issues are rarely considered among practicing physicists and most physics courses do not address them directly because they are
taken for granted.
The history of QM is also no stranger to matters of epistemology. It reveals
some of the most animated arguments that have been made about the purpose
of science and what can and cannot be know about the world. In one famous
interchange with Niels Bohr, Albert Einstein contended that a scientific theory
should completely describe an objective reality that stands outside of human
observation, with system characteristics like position and momentum having
definite values at all times whether we know about them or not. Bohr countered that no such independent reality in the classical sense exists, that there’s
no dividing line separating the observer and the observed. As such, unless a
measurement has been made on a system, position and momentum remain
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undefined and nothing can be definitively said about it [12, 28]. Bohr sought
to upend Einstein’s conviction about the broader purpose of science: “It is
wrong to think that the task of physics is to find out how nature is. Physics
concerns what we can say about nature...” [93] These kinds of epistemological debates continue to thrive among physicists faced with similar questions
rooted in epistemology [57, 123].

1.3.2 Research on student epistemologies

The epistemological crises experienced by physicists bear some similarities to
students’ experiences. Consider Taylor from the Preface who tries to make
sense of a particle with negative kinetic energy: he engages the mathematics
of the Schrödinger equation as saying things with physical meaning, but finds
what it says to be in conflict with the classical intuitions he uses to build his
understanding. This is an epistemological issue that has parallels in the historical development of QM, and in this dissertation, I will argue that students
need to gradually form for themselves a sense about what epistemologies are
productive in learning QM.
There is, of course, some research that has been done in this area. About 20%
of the 123 articles I found are directly concerned with student epistemologies.3
Here, I review the research most relevant to this dissertation.
Bing & Redish examine coordination of epistemological aspects of framing
Bing & Redish tried to better understand how students’ shifting epistemologies
helped or hindered problem solving in QM [11]. They identified and analyzed
how students coordinated multiple “epistemological framings” of what they
were doing. As noted earlier, the idea of a “frame” corresponds to how people
develop particular sets of expectations based on similar experiences [39, 127].
3 It’s worth noting, however, that the fraction of papers dealing with epistemology in QM education is higher than that devoted to introductory physics. This may be due to a recognition for
the salience of epistemology in QM or for the general recognition of epistemology as relevant to
student learning.
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The frame is an interpretation of the tacit question “what is it that’s happening here?” Among the kinds of expectations that influence how an activity is
framed are social (“how and with whom am I interacting?”), affective (“how
am I feeling about this?”), and epistemological (“what kind of knowledge is
relevant and why?”) [52, 99] aspects of framing, among others. So a student
solving a QM problem with a classmate who frames the activity as one of producing the correct answer may be doing so because he wants to please or look
competent in front of her, feels confident in doing so, or thinks that is what
science demands, among other interacting and competing possibilities.
As such, framing can be characterized as a dynamic process that involves
layering, nesting, and shifting of various frames [Watkins & Hammer, personal
communication, December 22, 2015]. They can be layered in the sense that
multiple frames sit within a broader one, as in e.g.,
• the student solving the QM problem (introduced in the previous paragraph) broadly frames the activity as arriving at the correct answer, and
sets out to accomplish that by looking up formulas and applying them
(sub-frame one), while at the same time reasoning through how those
formulas came to be (sub-frame two).
They can be nested in the sense that multiple frames comprise and support a
broader one, as in e.g.,
• the broad frame of arriving at the correct answer is supported by a social
aspect of framing in which the student wants to be viewed as smart in the
eyes of his classmate, and by an intellectual aspect of framing in which
the student wants to generate explanations about the world.
Finally, they can shift in the course of an activity, from one frame to another
on the same level, or between levels, as in e.g.,
• the broad frame of arriving at the right answer shifts to one of pure
exploration of the problem because the classmate clearly communicates
the value of the latter; or the broad frame of arriving at the right answer
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gives way to a sub-frame of only wanting the activity to be over because
of some debilitating stress and fatigue.
Bing & Redish applied notions of epistemological framing to their analyses
of students problem solving in QM, specifically with respect to students sense
of what they are doing with mathematics. For example, they saw instances
in which students expected that carrying out prescribed computations should
lead to trusted results. Bing & Redish called this a calculation framing. In
others, they noticed students justifying their ideas by attributing them to an
authority (an invoking authority framing). They observed students characterizing a system using mathematical representations, expecting accurate correspondence between the two (a physical mapping framing). And they recognized that students would view mathematics as reliable and consistent across
contexts (a mathematical consistency framing).
Having seen both beginning and intermediate students falter in their problem solving because they stick to only one framing, Bing & Redish present two
case studies in which intermediate students are expert-like in switching from
one framing to another depending on how their work needs to be advanced.
Bing & Redish suggest that a mark of expertise in physics is the ability to coordinate a variety of epistemological framings, and that evaluating students’
reasoning must be done with a much richer set of criteria than just looking at
the correctness of a solution. One of these criteria must be an epistemological
lens, which reveals how students think about the activity they are engaged in
and whether they seek “coherency among the different arguments produced
for the same problem.”
Baily & Finkelstein investigate student interpretations.
In a series of papers, Baily & Finkelstein investigated students’ epistemologies
as reflected in interpretations of quantum phenomena, and how these views
were impacted by instruction centered on a particular (or no) interpretation.
Two major findings in their research are most relevant here: first, students
have interpretations that can remain at odds with scientists’ views when left
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unattended by instruction, and second, students’ interpretations are context
dependent. Both of these findings are in agreement with research on student
epistemologies at the introductory level.
On the first point, Baily & Finkelstein [7] suggested that over the course of
instruction students formed views on interpretive themes because such questions about the “nature of reality and the role of science in describing it” are
fundamentally interesting, and regardless of an instructor’s preferred interpretation, they found students can have views at odds with those of scientists.
They also indicated that for areas of instruction in which interpretations were
not discussed or made explicit, students tended to revert to their classical intuitions and express realist views4 with respect to that content [7, 8].
In that study, for example, Baily & Finkelstein showed the influence of
instruction by comparing students’ thinking with respect to contrasting approaches to the double-slit experiment. In one, the instructor described an
electron in a double-slit experiment as passing through both slits and interfering with itself before being detected on the screen. In the other, the instructor
asserted that one cannot characterize the trajectory of an electron since there
is no way of determining its actual path without destroying the interference
pattern. While these are both valid interpretations of QM, Baily & Finkelstein
showed that when the former was taught explicitly as an interpretation, students transitioned from a realist perspective to one compatible with what most
physicists believe. In contrast, when the latter view was not taught explicitly
as an interpretation, students continued to take realist positions.
On the second point, Baily & Finkelstein found students’ views to change
within and across context [5, 6]. For example, in one study, they saw that the
majority of students were not consistent in the way they viewed uncertainty
and measurement [5]. They compared student responses to two end-of-term
essay questions, one of which presented fictional students’ accounts of doubleslit electron interference, ranging from realist to quantum interpretations, and
4 A realist believes that whether or not an observer makes a measurement on a physical system,
it has definite properties.
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asked students to agree or disagree with each, arguing their views in brief essays. In another, students were asked whether they agreed with the statement
“An electron in an atom has a definite but unknown position at each moment
in time.” Roughly half of the student were inconsistent across the two questions, showing a realist view on one and a quantum view on the other. Looking across their full set of questions, B&F found that 61% of students varied
in their reasoning between quantum and realist perspectives. Because of this
context dependence and to press for coherence, they propose that instruction
needs to regularly attend to students views in multiple contexts throughout a
course.
These two points inform the design of their reformed course that prioritizes
frequently and explicitly attending to students’ physical interpretations [8],
making a primary goal of instruction to help students transition from classical
to quantum thinking. Levrini [71] similarly calls for reformed instruction that
helps students contrast quantum from classical mechanics and foregrounds
multiple interpretations by analyzing historical debates in the development
of QM. Baily & Finkelstein find that in their reformed course, as compared to
other courses, “students developed more consistent interpretations of quantum
phenomena, more sophisticated views of uncertainty, and greater interest in
quantum physics.”
Baily & Finkelstein further argue that instruction needs to develop student
capacity to wield the mathematical tools of QM while enhancing conceptual
understanding. Their findings suggest that conceptual understanding does not
simply emerge as students learn to make calculations. Indeed, they note that
students learning both classical and QM can apply equations without associated conceptual understanding [6]. This problem is exacerbated in QM because
conceptual understanding about such confounding ideas as wave-particle duality and the uncertainty principle require resolution within the mathematics
of the theory.
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Other work on student epistemologies in QM
Beyond the explicitly epistemological investigations of Baily & Finkelstein and
Bing & Redish, there are other contributions that have been made to this area.
Among these include Mason & Singh [78] who investigated whether students
learn from mistakes in the context of exam corrections (roughly the same number of students perform better and worse on four problems of a quantum final
repeated from a midterm to which they had been given the solutions). They
found that even advanced students do not necessarily use exam corrections as
opportunities “for learning, repairing, extending, and organizing their knowledge structure.” Brown et al. [14] build on this research to show that students
given an incentive to correct their mistakes outperform those who are not given
one.
Other work, loosely organized around how students experience and interact
with quantum representations, includes Brookes & Etkina [13] who explored
how metaphors used and understood by physicists to communicate QM can
be misapplied by students or not well coordinated across contexts. Among
the examples they analyzed was student discourse around a problem involving a potential well, which the authors described as a metaphorical system
comprised of two ontological metaphors encoded in grammar (potential energy graph as physical object or feature, and particle/wave function/energy
as physical object or matter) and one identified in imagery (energy as vertical
spatial dimension). They show in transcript that students often pull apart the
particle or wave function from its potential energy graph by virtue of the encoding grammar, leading students to believe that a potential bump or well is
an external energy that interacts with the particle.
Also researching quantum representations, Gire & Price [38] investigated
features of Dirac, wave function, and matrix notations, and showed evidence of
student reasoning interacting with these features in the context of representing
superposition states and calculating energy expectation values. They found
that students were prone to making errors in calculation using wave function
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and matrix notations (due to misordering integrands and matrices). In contrast,
they found students gravitated towards Dirac notation to perform both tasks,
using it most effectively by virtue of its distinct representation of basis states,
clear template for calculation, and compact structure.
Finally, Thacker [128] investigated students’ mental models, which include
analogies, metaphors, equations and other representational devices used for
explanations. In her study, she interviewed groups of students before and after instruction on a modern physics topic, and during the interview, showed
them a related modern physics experiment. In one instance, before instruction,
she asked students to predict what they would see in an electron double-slit experiment. After making their predictions based on classical thinking, students
observed the experiment and were asked to account for what they saw which
was mostly different from what they had predicted. Thacker found that they
persisted in their classical explanations, using similar fragmented mental models in conjunction with ideas they had come across in previous physics courses.
She reported that post-instruction, students “moved closer to a paradigmatic
explanation”, and suggested that the reason they made this progress was because the instruction helped students connect macroscopic observations from
experiments to the quantum models they were learning.

1.4

centrality of mathematics to sense-making in quantum mechanics

The QM education literature on epistemology cited in the previous section
shares common features with research in introductory physics. Both reveal that
when student thinking is consistently attended to in various course contexts,
they can make progress in their approaches to learning and thinking about QM.
Additionally, both show that epistemologies are context dependent. The construct of framing—specifically its epistemological dimension—has been useful in examining how students’ structures of expectations help determine the
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kinds of knowledge they bring to bear in a learning activity. Instruction, then,
needs to include careful attention to students’ epistemologies, ensuring that
they are taking up activities in ways that physicists would.
As noted earlier in Section 1.3.1, the advent of QM challenged physicists’
epistemologies, and it is reasonable to assume that it challenges students in
similar ways. That is, some epistemologies useful in approaching classical mechanics may not always be productive in QM. I elaborate now on one that seems
particularly consequential.

Thought experiment as path to discovery and understanding

Historically, there’s a clear distinction between how physicists developed mechanics as compared to QM. With respect to the former, physicists often motivated their theories with appeals to thought experiments (TE) that drew from
everyday experience [69]. These TE served as foundations of their work by
amplifying productive lines of reasoning and helping raise new questions. According to Kuhn and Baltas, and born out in Nersessian’s cognitive-historical
analysis, TE also helped spotlight inconsistencies and hidden assumptions in
prevailing conceptions, which then led to new insights and paradigm shifts in
science [44].
Galileo, for instance, is known for proposing many such TE. In his famous
“Dialogues Concerning Two Natural Sciences” [35], Galileo laid out a TE to determine which one of two balls of different weight dropped from the same
height would hit the ground first (and at what speed). In iconic fashion, Galileo
employed three fictitious characters to animate the experiment: Salviati and
Sagredo, who make brilliantly intuitive propositions about what might happen, and Simplicio, who has traditional views and is usually compelled by the
sheer force of reason to abandon them.
The substance of their dialogue boils down to evaluating the merits of three
possibilities: first, the balls fall at the same rate and hit at the same time; sec-
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ond, the heavier ball falls faster and hits first; and third, the lighter ball falls
faster and hits first. But what if the balls were tied together by a string? Assuming heavier objects do fall faster, then one argument says that the lighter one
holds back the heavier one from falling as fast as it would alone. So together,
they hit the ground more slowly than the heavier one would alone and faster
than the lighter one alone. Another argument says that when the two balls are
tied together, they essentially form one greater weight, and therefore must fall
faster than either ball would alone.
Here’s a contradiction! And the only way to avoid it is to assume that the
balls, regardless of their weight, drop at the same speed. By using the TE to tap
into knowledge people already have, Galileo arrived at a revolutionary idea
that free falling objects must fall with the same acceleration independent of
mass.
In another TE, Galileo imagined a marble placed at the top of one incline
facing another, and letting it go (see Figure 4). He reasoned that the marble
should roll to the same height on the facing incline. But then, he thought that
if the facing incline was less steep, the marble would travel farther, taking
more time to reach the same height. With this in mind, he imagined that the
more level the facing incline was, the longer it would take the ball to come
to a stop. And if the incline was completely leveled, then the ball would roll
forever without stopping, its speed unchanging. This simple, but profound line
of reasoning led Galileo to conclude that an object can move at constant speed
without a force acting on it (and Isaac Newton took this to be his first law of
motion). At each step in this TE, Galileo appealed to his audience’s common
sense ideas, as if to say “doesn’t this make sense?” And then he explored the
idea’s very unexpected though still sensible implication.
Newton himself devised many TE. Perhaps the one he is best known for is
his cannonball TE in which he envisioned a cannon positioned high atop a
mountain where the air is exceedingly thin [89] (see Figure 5). He reasoned
that if gravity was not acting, fired cannonballs would simply follow straight
line paths; with gravity acting, their behavior would be dictated by speed. Can-
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Figure 4: In Galileo Galilei’s marble on an incline TE, he imagined a marble placed at
the top of one incline facing another, and letting it go. He reasoned that the
marble should roll to the same height on the facing incline. But then as the
facing incline was taken to be less steep and less steep, the marble would
travel farther taking more time to reach the same height. In the limit of a
completely flat incline, the ball would roll forever with unchanging speed.

nonballs with low speeds would simply fall back to Earth following a curved
path. He imagined that ones with just enough speed would circle the Earth
continuously, falling towards it but always missing while in circular orbit. Cannonballs with higher speeds would either follow elliptical orbits or leave the
Earth entirely. Newton used this TE to hypothesize that the law of gravitation
governed the dynamics of celestial bodies and was universal in nature.
Perhaps the most famous of thought experimenters was Einstein, who used
them to lay the groundwork for his paradigm shifting theories of special and
general relativity. With respect to special relativity, he was just a boy of sixteen
when he wondered what light would look like if he travelled at its speed.
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Figure 5: In Isaac Newton’s cannonball TE, he imagined a cannon at the top of a tall
mountain. He reasoned that with gravity acting, slow cannonballs would
fall back to Earth along curved paths (trajectories D, E, and F). Cannonballs
with just enough speed would circle continuously, falling towards but always
missing the Earth (trajectory B). Cannonballs with higher speeds would follow elliptical orbits (outer two orbits) or leave the Earth altogether. Image
reproduced from Newton’s 1731 book A Treatise of the System of the World.

Bringing it closer to home, he imagined the scenario with a more familiar kind
of wave: water moving towards the shore as he ran down a dock parallel to its
motion. He realized that if he were running the same speed, the water wave
would look to him like a stationary hump. Because he knew that light consisted
of changing electric and magnetic fields inducing one another in succession, he
realized that they could not be motionless relative to the observer, and indeed
would have to be moving with constant velocity for all observers. This idea
was the seed that eventually blossomed into the theory of special relativity,
which was animated further by other TE like the light clock on the train.
General relativity had similar origins in TE, where Einstein imagined what it
would be like to be in an isolated stationary elevator as compared to a rocket
accelerating at g (or an an elevator accelerating downwards at g as compared to
a rocket in free fall). He reasoned it would be impossible to determine whether
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he was in the elevator or rocket. From this, Einstein hypothesized that inertial
and gravitational masses are identical, and laid the cornerstone of his theory.
In each of these cases involving mechanics, the physicists started from lived
experience and followed lines of reasoning it implied. They gradually mathematized their ideas and arrived at general principles governing behavior.
TE

in the development of QM did not play out in this way. Rather than be-

ginning with an experienced sense of physical mechanism, the founders created mathematizations that rested on a body of empirical evidence generated
through painstaking experimentation.
This is not to deny the existence or usefulness of TE in QM, which are quite
numerous. It’s worth detailing, for example, the Heisenberg “gamma ray microscope” TE in order to point to a general difference between the TEs discussed above in mechanics and those in QM. According to Hadzidaki [44],
by 1926, Dirac and Jordan unified matrix and wave mechanics in a complete
non-relativistic QM formalism that was not yet considered a physical theory
because it remained uninterpreted. In particular, position and momentum pervaded the formalism but their meanings could not possibly correspond to their
classical origins.
In his famous 1927 paper [53], Heisenberg set out to “extract the ‘visible’
(and therefore ‘intuitive’) content of QM from its experimental consequences.”
[44]. First, he mathematically derived his well-known and testable uncertainty
relations, ∆p∆q > h and ∆E∆t > h. Still, Heisenberg saw the variables in these
relations—p, q, E and t—as just numbers without any clear physical significance. Heisenberg asserted that they could only embody their usual classical
meanings in the context of experimentation since that’s where observations are
made. So an apparatus might measure the position of an electron, much like
measuring the position of a nail for a wall-hanging, but otherwise, with respect
to QM formalism, speaking of the “position of an electron” is ill-conceived.
Continuing in the same paper, Heisenberg looked for “operational” definitions of these variables through his uncertainty relations, and invented a TE for
this purpose. In his “gamma-ray microscope” TE, he imagined a light micro-
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scope designed to measure the position of an electron. Consistent with the laws
of classical optics, he envisioned maximizing the measurement accuracy to an
arbitrary degree by using light of the shortest wavelengths (i.e., gamma-rays)
scattering off the electron, collecting at the lens, and observed by a detector. But
there was a wrinkle in this line of reasoning: QM dictates that an interaction
between light and the electron causes a discontinuous change in the electron’s
momentum, a change that is inversely proportional to the wavelength of the
scattered light. And because the precision of measuring the position of the
electron also depends on the wavelength, Heisenberg concluded: the greater
the precision in the measurement of the electron’s position, the greater the
uncertainty of the electron’s new momentum.
Hadzidaki [44] contends that owing to an unswerving commitment to quantum discontinuity and the particle model of matter it implies, Heisenberg’s
analysis proceeded by first connecting the electron’s shift in momentum to the
uncertainty with which its momentum could be determined, and then connecting the gamma-ray wavelength to an uncertainty with which its position could
be found. Heisenberg combined these uncertainties to yield a product on the
order of h, which was consistent with his mathematically deduced uncertainty
relations.
At the end of his paper, Heisenberg foreshadowed a correction to his analysis that would be coming from Bohr, who completely reinterpreted the TE. Bohr
pointed out that nothing in Heisenberg’s analysis inhibits a well-defined and
measurable change in momentum, implying that the electron’s new momentum can be determined precisely. In Bohr’s analysis, uncertainty arises, but
not because of the discontinuous electron-light interaction. Rather, he said the
wave nature of light focused by the microscope imposes a limit on its resolving power and results in an uncertainty in position. Further, the finite aperture
through which a photon enters at an unknown point presents an uncertainty
in post-collision momentum. These sources of uncertainty born out of Bohr’s
analysis and different from those described by Heisenberg, yielded the same
uncertainty relations first derived mathematically in Heisenberg’s paper. This
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agreement gave rise to a thorough questioning of Heisenberg’s epistemological
positions. It’s worth mentioning that Bohr’s analysis is still consistent with the
larger claim being made here about the kinds of knowledge driving TE in QM.
Heisenberg’s TE provided the context and related conditions to define and
bound the classical concepts of position and momentum. While the results
showed that in the context of any experiment they retain their common classical meaning and can be used unproblematically to describe quantum systems,
they can do so only because any experiment is also subject to the limitations
of the uncertainty principle.
The development of Heisenberg’s TE hinged on critical epistemological considerations dictated by QM [44]. Among these included what Heisenberg took
as given: a particle model of matter. Further, he believed that any interpretation
of QM and related phenomena had to come from within its formalism (and that
perceived paradoxes like wave-particle duality also had to be resolved from
within it).
There are many other TE in QM, including Schrodinger’s cat, the EPR paradox, and Wheeler’s delayed choice that similarly tap into and use particular
epistemologies or ontologies originating in the theory itself. In other words,
while the mechanics TE in the earlier accounts tap into and build from aspects
of intuitive physics, TE in QM explore conceptual implications and connections
with mathematical principles of the theory. It is worth examining this distinction at a finer grain size of analysis, and I do this next.

A changing connection between objects of understanding and experience

Regardless of the nature of the TE, part of the physicists’ work involves developing coherence between different aspects of their understanding. That is, they
try to develop explanations that are internally consistent and hang together
with as much of their knowledge as possible [51, 130, 131]. I argue that this is
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what students have to do as they develop their conceptual understanding in
physics.
While the dominant view from PER regarding students’ naïve conceptions
and their role in learning classical mechanics is that they are at odds, and even
hinder learning, researchers [48, 100] have shown that students can start with
their lived experience and gradually arrive at canonical principles, which is
very much in line with Einstein who said that “the whole of science is nothing
more than the refinement of everyday thinking” [27]. In doing so, students develop coherence in their everyday thinking as it relates to the theory. In short,
everyday thinking and intuition can serve as building blocks of understanding: they can fit together and connect to the reasoning that underpins these
theories.
For instance, Elby [29] shows how students’ basic intuitions can be used to
build an understanding of Newton’s third law. He posed the following question to students:
A truck rams into a parked car, which has half the mass of the truck. Intuitively, which is larger during the collision: the force exerted by the truck
on the car, or the force exerted by the car on the truck?
As expected, most students responded according to a common misconception:
that the truck exerts a larger force on the car than the car on the truck. This
response runs counter to the third law, and might dissuade students from
trusting, or even considering their intuitions when thinking about physics. To
counter this, Elby posed follow-up questions, including the following:
Suppose the truck has mass 1000 kg and the car has mass 500 kg. During the
collision, suppose the truck loses 5 m/s of speed. Keeping in mind that
the car is half as heavy as the truck, how much speed does the car gain
during the collision? Visualize the situation, and trust your instincts.
Here, students’ instincts were in agreement with the third law, and Elby makes
explicit to his students that learning it is a matter of refining their everyday
thinking instead of viewing it as a liability. In this case, it was a matter of
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seeing that their intuition “the car reacts twice as much” applies not to the
concept of force, but to acceleration. The intuition acts as raw material to build
an understanding of Newton’s laws when appropriately applied. Again, this
developing coherence of the sense of mechanism rooted in experience and
intuition is the hard work students need to take on in mechanics.
As students move on to study more advanced physics topics like QM that
describe domains beyond direct physical experience, they can be confounded
by this approach, just as it really troubled Einstein for whom QM did not seem
to be a “refinement of everyday thinking.” I argue that the distinctive difference
in learning approaches lies in the fact that the nature of the connection between
the objects of understanding and intuitive knowledge changes.
How does this play out? When students engage questions about Newtonian
mechanics with their everyday thinking, there’s a straight-forward connection
to experience. If I push a block on a table, it will move, gradually slow down
and stop. If I push the block harder, it will move faster. The heavier the block,
the harder I have to push to make it go as fast. Students can make these and
other experiences fit together to form a Newtonian understanding of the world.
A less direct connection to experience is evident when students form a generalization across a range of experiences and bring it to bear in understanding
a more abstract idea. For example, the idea of “conserved quantities” arises
from students’ experiences with different types of entities like water, marbles
and pennies. They can then use this generalized experience to support their
understanding of the more abstract idea of energy conservation.
A more complex variation on this arises when students need to piece together a few different ideas abstracted from experience to arrive at a coherent understanding of something. For example, when they learn about conductors in electrostatics, they may unconsciously draw upon the intuitive ideas of
“freely” moving stuff abstracted from experiences of running, falling; the idea
of “flowing” stuff abstracted from experiences of pouring water, seeing rivers,
playing with sand; the idea of “repulsion and attraction,” abstracted from experiences with magnets, people; and the idea of equilibrium abstracted from
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observations involving balance, stillness or homogeneity. Putting all these together, students can construct the concept of a conductor as a material in which
electrons flow freely across a surface until they are evenly distributed.
The challenge associated with QM is that the ideas to be pieced together
are sometimes intuitively incompatible. For example, students have a conception of particle and a conception of wave, and based on everyday experience,
they understand the two as describing fundamentally incompatible entities
that are ontologically distinct. That is where the coherence that cannot be otherwise achieved in everyday thinking needs to arise in, around, and through
the mathematics of the theory.5

Mathematics as anchor for sense making

Consider again Taylor from the Preface, but an expanded version of the problem he considers. How might an expert account for the potentially bizarre
behavior of the particle as it tunnels through the barrier (if it had less energy
than it) or as it is reflected back (if it had greater energy than the barrier), and
the probabilistic nature of the transmission/reflection expressions?
To begin, it is clear that everyday experience about transmission/reflection
is formed around macroscopic objects that interact with barriers of various
kinds and follow deterministic trajectories that can usually be anticipated,
or at least in principle, predicted. These expectations seem in conflict with
probabilistic outcomes of quantum experiments. The only place to turn to for
sense-making is the mathematics that gave rise to transmission/reflection expressions. An expert would examine the derivation, and recognize that while
the wave functions from which they arise evolve deterministically according
5 It is worth emphasizing that other areas of physics, like special relativity and electricity & magnetism, also challenge intuitive ideas and compel a reliance on mathematics for understanding.
But they do not break so sharply with our basic conceptions of the way the world works as
QM does. For example, physicists may not know what a magnetic field is, but they do know
that it has an observable effect on a charge. The field is real-valued, exerts forces, and contains
energy. In special relativity, fast moving objects may behave strangely, but they have distinct
trajectories and momenta, and are subject to local forces. In QM, physicists need to abandon
notions of locality and realism that are so fundamental to how they make sense of the world
[Tobin, personal communication December 27, 2016].
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to the Schrodinger equation, the construction itself is famously described in a
postulate of QM, namely Born’s statistical interpretation as being proportional
to a probability. Determining the state of a system involves calculating an inner product with the wave function that describes the system. This calculation
manifests an indeterminacy that is, at a fundamental level, built into the model
through an interpretation of the nature of the wave function. While being at
odds with classical expectations, it’s a view that an expert trusts by virtue of
its rigorous agreement with experiment.
Similarly, the difficulty in making sense of the particle transmission/reflection behavior lies in the fact that there is no analog for it in everyday experience.
If a ball is kicked towards a cliff (or at a wall), it’s not going to reflect backwards upon reaching the edge (or move through the wall). So people develop
strong intuitions that forces are necessary for recoil or penetration, and are left
mystified when those intuitions are violated.
Here again QM theory as founded in the mathematics becomes essential for
sense-making and coherence building. The mathematics suggests that the nature of the interacting quantum entities is different from balls, cliffs and walls
(which also renders related analogies as misleading at best). This becomes very
apparent, for example, when studying the transmission behavior of “particles”
incident upon a finite square well, where scattering states (with E > 0) are
found to be completely transmitted for a specific set of energies, with some
chance of reflection in between (see Figure 6). These energies of perfect transmission correspond exactly to the bound state energies of the infinite square
well that show resonant behavior typical of entities having wave-like characteristics. Looking at the mathematics, then, leads the expert to consider wave-like
ontologies that help make sense of these particular outcomes that particle-like
ontologies (and analogies!) cannot.
At the same time, there are other contexts in QM where the mathematical
framework reflects particle-like treatments. To take an obvious case, the same
“particle” incident on a square well can at some point be detected, and while its
behavior prior to detection is best described by a form of wave mechanics, the
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Figure 6: The transmission behavior of “particles” incident upon a finite square well,
where scattering states are found to be completely transmitted for a specific
set of energies. Figure reproduced from D.J. Griffiths’ Introduction to Quantum Mechanics [43].

detection process itself points to particle-like ontologies. That is, the propagating entity that could be considered as distributed in space becomes localized
with a well-defined position (within the limits of the uncertainty principle) and
definite energy as a result of an interaction with a measuring device. Another
example is how particle physicists describe particle behavior. Often, they use
Feynman diagrams to represent interaction processes in quantum field theory
by using relevant particle trajectories to calculate transition probabilities from
one state to another. That is, they use a model that strongly implies particle-like
ontologies to make calculations.
To end this section, it bears repeating that the main difference between sensemaking in classical mechanics and QM lies in how ideas are coordinated. In QM,
experts perform this coordination mostly through the mathematics of the QM
models that are useful to describe a given context. They then make connections
to intuitions that are developed and refined through the mathematics.6 Experts
become fluent in coordinating these intuitive connections based in those models, and switch fluidly from one to another, which can pose challenges to the
novice who has not grasped them.
6 Certainly, the mathematics of any subject in physics, including classical mechanics, can be approached in a principled way to sense-make and build coherence. To this end, in classical mechanics, everyday thinking and experience can serve as the main platform to do so.
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1.5

summary

Most QM education research focuses on studying students’ conceptual understanding, as well as assessing and improving it through instructional reforms.
Complementing this work, a smaller number of researchers have examined another dimension to student learning in QM, namely students’ views of knowledge (i.e., personal epistemologies) that influence thinking and behavior in a
learning process. Indeed, physics education researchers have argued that learning to enact productive epistemologies is a critical part of doing physics, and
at the introductory level where it has been studied more extensively, positively
correlates with gains in conceptual understanding.
In many respects, research to date on student epistemologies in QM is continuous with prior work and leads to similar conclusions: Students must learn
to see physics as a coherent body of knowledge, themselves as agents in seeking that coherence, and mathematics as expressing and supporting meaningful
understanding. They have resources for understanding physics in these ways;
part of progress toward expertise involves developing awareness of and stability in productive epistemologies.
In other respects, QM raises new issues of epistemology. It is difficult, for
example, to see QM as a “refinement of everyday thinking,” as Einstein would
want it [27]. Research on student epistemologies in introductory mechanics
has long associated success with a view of physics as related to—and consistent with—everyday experience. Results that seem “counter-intuitive” are explained by reference to other aspects of intuition; successful students work to
reconcile the contradiction. Mathematics also plays a central and essential role,
certainly, but for Einstein as for successful students in introductory courses, it
remains deeply connected to and continuous with everyday thinking.
For physicists or students who understand the study of classical mechanics
as involving a refinement of everyday thinking, QM requires not only new conceptual material but also a change of epistemology. It is a shift with respect
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to the role of everyday thinking and experience and, at the same time, with
respect to the role of mathematics. Historians of physics have examined what
happened for the field. What, I am interested to understand, happens for students? If refining everyday thinking is the favorable epistemology in classical
mechanics, what happens for students as they progress to QM? Or, if that epistemology needs to change as students proceed to QM, perhaps it is not one to
cultivate in the first place.
These questions are part of a more general need for research on students’
epistemological development, over semesters and years. This dissertation contributes to that program by following both undergraduate and graduate students as they moved through courses in QM. In the next chapter, I describe how
this research was conducted.
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I begin this chapter by discussing the reasons behind my choice of methods
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for data collection. I then provide an overview of the subjects in my study, how
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they were recruited and how many interviews they participated in. I follow this

length over a single

with a rationale for the general structure of the interviews, including the tasks

rock, or an

that provided a basis for the conversations. Finally, I describe the development
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and validation of the framework I used to analyze the interviews and construct
detailed accounts of subjects’ salient epistemologies.
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2.1

method selection

develop new
understandings.

The task of identifying epistemologies can be a very delicate one because, as
argued in Section 1.2.2, epistemologies are context dependent: a student might

That’s just what we
hope to achieve in
poring over

approach and answer an identically posed question differently in a one-on-

moments of student

one interview, as they would with a small group of peers, as they would in a

thinking.” (from

large classroom [19, 50, 52, 103, 108]. These differences arise because contextual

Becoming a

factors influence the kinds of knowledge students choose to bring to bear in

Responsive

the moment, shaping their framing of the activity (see Section 1.2.2 for more
on framing). As a result, staying as close as possible to the course context is the
first step to ensure that the data provides evidence from which I could make
credible claims about students’ epistemologies that would be demonstrated
within their course activities.
Ideally, data would come from recording student thinking and behavior
within actual course activities. Recording classes, for example, could have been
one such source. With respect to graduate classes, I was not able to attend most
due to time conflicts. With respect to undergraduate classes, I did attend many

45

Science Teacher)

46

methodology

the first semester, but students were mostly silent. During the second semester,
there was some participation in the form of students’ responses to instructor
questions and their own clarifying questions, but evidence of student thinking
was still too sparse and sporadic.1 Another data source could have been recording student study groups, since they would be working on their courses in a
natural setting. Such opportunities did not materialize because students met
to work irregularly and at odd hours, and undergraduates were also reluctant
to give up their privacy.
Yet another data source that can potentially keep students close to the course
context is the interview. This method would enable students to talk about their
course experiences, including their interests and difficulties from textbook, lecture, homework and exam problems. I chose the interview method because
of at least two critical advantages it affords. First, it can flexibly generate a
rich data set that allows for exploration and discovery of unanticipated ideas.
Because research on student epistemologies in QM has been limited, it is important to adopt an approach that enables students to speak freely about what
they’re experiencing in the course and thinking about with respect to the content, while going into as much depth as necessary. As I discuss in a later section, I rely on the richness in the interview data to focus in on detailed accounts
of the effect of students’ epistemologies on their work.
A second advantage of the interview is that it allows for monitoring of how
students frame the interview activity itself. The interviewer needs to elicit framings that are congruent with how students think and behave in a QM course.
As such, students should feel at ease and unjudged, participating in the flow
of natural conversation. Setting up and maintaining such a dynamic requires
monitoring the discourse and behavior that emerges, since the interview can
be a highly sensitive interaction. Even very small shifts in the dynamic can
tip a subject into unproductive framings such as viewing the activity as an
examination of their understanding or as an opportunity to prove their intelli1 In addition to looking for student participation and access to their thinking, I tried to attend as
many classes as possible to be aware of what was being covered in class, as well as observing
the approach to instruction.
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gence [104]. At the same time, with the interview, there’s always a chance of
repairing and helping a subject reframe the activity.
These two advantages of interviewing are lost for the methods of surveying
or administering questionnaires. While these would have enabled me to gather
a data set from a larger number of students, I would not have been able to get
a handle on the effect of the context of the study on subjects’ participation
and the limited number of predetermined questions would have prevented me
from exploring subjects’ unanticipated ideas. It’s not even clear what those
predetermined questions would be at this point in the early stages of research
on students’ epistemology in QM. When researchers wanted to study students’
epistemologies at the introductory level using surveys, they used results from
studies involving interviews to inform their design.
Furthermore, another aspect of the context dependence of personal epistemology—
one that also renders questionnaires more tricky to implement—is that how
people discuss their ideas and actions is often different from their behavior.
As noted in Section 1.2.2, Sandoval [108] finds that directly questioning students about epistemological views they have not given thought to (e.g., “do
you strive for coherence in your knowledge” or “do you believe using mathematics is important to sense-making in QM”) results in a different set of responses than observing students talk through issues brought up in class or
work through problems. As such, I refrain from directly asking subjects about
their epistemologies unless they themselves bring it up in the moment.

2.2

subject selection

Over the course of two academic years, I implemented a simple recruitment
strategy. It involved pre-arranging classroom visits with the instructor at the
beginning of each semester, when I gave a brief presentation to students about
the study. Those willing to participate contacted me via email or told me in per-
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Table 1: Listing of subject pseudonyms, the number of interviews and semester of
participation.

subject name

qm 1

qm 2

Mike (Graduate)

4

0

Justin (Graduate)

4

0

Nancy (Graduate)

3

0

Jim (Graduate)

4

0

Ted (Graduate)

4

0

Bailey (Graduate)

5

4

Dakota (Graduate)

4

4

Jesse (Graduate)

5

4

Ari (Undergraduate)

5

4

Jamie (Undergraduate)

5

0

Pat (Undergraduate)

5

0

Brett (Undergraduate)

0

4

Taylor (Undergraduate)

0

5

son. I enrolled and followed five undergraduate and eight graduate students
through one or a sequence of two QM courses (see Table 1 for a summary).
Since graduate students are generous with their time and take opportunities
to help their fellow colleagues, they were not compensated for their time. Undergraduates, on the other hand, received $15/session. I conducted interviews
with each student in a private office space roughly every three weeks during the semester, sometimes scheduling them before or after exams or major
homework assignments. As I discuss in the following section, the interviews
involved a number of tasks that guided my approach, including open and semidirected conversations, and more directed tasks on course content, homework
assignments and exams. These tasks, which I drew from dynamically as the
conversations unfolded, helped me keep subjects close to the course context.
I video recorded the interviews, totaling approximately 74 hours. I used
these recordings to analyze their thinking and behavior in light of the widest
possible range of communication modalities, from tone of voice to facial expression, from torso movements to hand gesturing, and their particular coordi-
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nation and arrangement, all of which provided additional context about how
students were thinking and behaving, and generally engaging the interviews.
In addition to conducting the interviews, I collected course artifacts from
each student, including homework, exams, and their notes, which I used to see
how they were performing in their courses and relative to one another. While I
was unable to observe most graduate classes, I did observe many undergraduate classes, which were held twice a week for 75 minutes/session. Each course,
both graduate and undergradate, was taught by a different instructor in the
physics department.

2.3

interview design

As explained in Section 2.1, directly inquiring about students’ epistemologies
is unlikely to yield relevant data. Rather, engaging students in activities connected to their course experiences would be much more likely to elicit course
related epistemologies. Further, the interview activities have to produce conversations that are as natural as possible, where subjects discourse spontaneously
about their quantum thinking and demonstrate their approaches to learning it.
For this reason, I made strong efforts not to influence subjects with my own
views, and instead tried to listen attentively while limiting my comments to
requests for clarification and restatements of subjects’ thinking to ensure that
I’ve understood them correctly.2
In order to probe epistemologies that emerged within the variety of activities
that students experienced in their course (e.g., lectures, homework sets, examinations), I used four interview tasks adapted from Hammer’s work [46] (none
of these were explicitly shared with interview subjects). Each task helped open
up the possibility to naturally discuss ideas and provide direct and indirect evidence of epistemology. These tasks were “Open Discussions,” “Semi-Directed
2 In earlier interviews before this study, I tried hard to listen to students, but at times, I pushed
discussions in particular directions such that students sensed I was interested in their physical sense-making, and more particularly, their interpretations of what the mathematics in QM
means. It took some time to fully take on my role as mirror for students ideas and keep my
lines of questioning more neutral.
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Discussions,” “Discussions of Content,” and “Problem Solving.” Regardless
of the particular task, the goal was to listen without unduly influencing or
seeding the conversation with my own ideas.
I used “Open Discussions” to give subjects the space to freely voice concerns,
bring up points of interest, or raise any other issues related to the course that
was on their minds. I often initiated these conversations at the beginning of or
during a pause within each interview using prompts such as
• How’s the course going?
• How do you like the course so far?
• Anything happened that is challenging or surprising?
After getting oriented during the first interview, students frequently came into
the conversations with things to say about the course, or their studies in general. This openness contributed to subjects’ comfort and ease, and gave them a
sense of agency over what could happen during our time together.
Related to this open task, “Semi-Directed Discussions” focused subjects’ attention on an issue they brought that was course related (e.g., lecture, homework, exam), and I initiated these by using prompts such as
• What happened in class today?
• Tell me about the homework problem you said you had difficulty with.
• How did the homework go?
• How did you prepare for the exam?
This task was particularly useful for subjects who were less talkative and benefited from some direction to elicit their thinking.
I used two additional tasks to probe approaches to and assess understanding
of content. The first of these was “Discussions of Content,” which I would typically initiate within another task to gain insight into a subjects’ understanding
of a topic by using prompts such as
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• What is (concept)?
• Where did (equation) come from?
• How do you know (equation)?
• What does that mean or imply?
The second was the “Problem Solving” task for which I would ask subjects
to delve into particular homework or exam questions that seemed to be of
interest to them. In addition to the prompts described in the “Discussions of
Content” task, I used related prompts including
• I’m interested in what you did—how did you solve the problem?
• Can you explain what you did here?
• How would you begin solving this problem?
Because I interviewed subjects taking the same courses, I found that over the
course of almost every round of interviews, all would discuss at least one
common problem that served as a baseline for comparison.
Throughout these interviews, I used some common accompanying prompts
that helped subjects maintain focus around the questions at hand, including
• I see what you’re saying.
• Why was this interesting to you?
• Why did you think that? What did you do then?
• I’m not interested in the right answer, I’m interested in your thinking
and what you did in class (or on the exam or homework)

2.4

analytical framework and approach

My approach to analyzing the data evolved, roughly going through three
stages:
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1. Recording observed epistemologies in a complete set of one subject’s
interviews, weaving evidence into a narrative;
2. Adopting a more systematic approach to identifying a broad set of epistemologies; and finally
3. Narrowing down the scope of epistemologies to focus on subjects’ coherenceseeking, and establishing a coding scheme of indicators of those epistemologies.
Below, I describe these stages in greater detail, showing how I converged on
my final approach.

2.4.1 Initial analytical framework and approach

My first research goal was to develop a case study of a graduate student
subject, Bailey,3 who was particularly articulate about their thinking and approaches to learning. The main benefit of taking a case study approach was in
dwelling in the interviews so that I could gradually form detailed, context-rich
accounts of Bailey’s epistemologies.
I moved through Bailey’s nine interviews and gathered evidence of their
epistemologies from statements they made about QM, how the courses were
taught, and their approaches to learning. I also looked for evidence in their
behavior, including in how they studied for exams, solved problems, or used
lectures.
As I synthesized an account of Bailey’s epistemologies, I came to realize that
I would be performing different levels of analysis towards making three kinds
of claims about subjects’ epistemologies:
• Local claims, or identifying epistemologies that are tied to particular contexts;
3 Because there are relatively few graduate students in the program I drew participants from, I
protect their identities by using use gender neutral pseudonyms, pronouns and adjectives (i.e.,
they, them, their, themself).
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• Envelope claims, or identifying epistemologies that emerge regularly and
appear stable across contexts; and
• Broad claims across subjects, which point to productive epistemologies
for learning QM.
In order to make local claims, I would need to identify epistemologies that
emerge only in particular contexts. Local claims are most evident when they’re
tied to particular contextual factors, or as counter-indications of a stable epistemology (as when, for example, a student who has regularly spent time to
reconcile inconsistencies shifts to ignoring them on a timed exam). To make
credible envelope claims, I would need to identify instances throughout the
series of interviews that also span different contexts within the interviews
themselves. For example, I could make a stronger claim that a student generally approaches QM knowledge as a coherent system if the evidence spans
the contexts of explaining a topic within a lecture, solving a problem on homework and describing exam preparation, than if the evidence was connected to
only one of them. Finally, after analyzing a set of subjects, I would need to
look across both envelope and contextual claims to form broad claims about
learning and instruction.
Since I had not, to that point, gathered systematic evidence of Bailey’s epistemologies, I set out to establish a coding scheme so as to mark and organize the
evidence to support the three levels of claims. For this purpose, I began with
Chinn et al.’s [19] categories (e.g., “Sources” of knowledge in Figure 7; see Appendix A for definitions of these categories), to be inclusive of the widest range
of epistemologies and try to maintain an awareness of lesser known aspects of
epistemology (e.g., students’ epistemic aims/values, virtues/vices, and affect).
In an iterative process, I went back through Bailey’s interviews, and added
epistemologies that appeared relevant and consequential (e.g., to the category
of “Sources” of knowledge, I added “Physical” intuition), and re-visited earlier
interviews to code for them.
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Figure 7: StudioCode coding window showing epistemologies in the initial graduate
student analysis.

I also adopted a video analysis software, StudioCode, to organize the evidence, keeping track of instances of each epistemology to effectively create
a map of the interviews as seen, for example, in Figure 8. For each instance
in the timeline, I loosely transcribed the dialogue and noted points of interest
that I then compiled and organized such that they would support claims about
Bailey’s epistemologies.

Figure 8: Preliminary StudioCode timeline showing instances of different epistemologies for graduate student subject Bailey. Each rectangle corresponds to an
instance, and its width to its duration.

Challenges related to forming and using initial coding scheme
As I implemented this analysis with data from two additional graduate student
subjects who went through the same courses, I became acutely aware of three
challenges. First, recognizing each epistemology, and formalizing the process
of identifying them, was a significant step in building a reliable methodology.
Initially, what I took to be coding for epistemologies was in fact coding for
their indicators: it is impossible to directly access and make determinations
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about epistemology, since it is, in the sense I use the term here, a cognitive
state (see Section 1.2.1).4 Because I had not made the indicators explicit, it both
took longer to make coding determinations and likely resulted in my missing
codes. To increase the quality of the coding, therefore, I established a set of
indicators for the final analysis described in the next section.
Second, by trying to identify many epistemologies across several categories,
there were simply too many things to simultaneously pay attention to and instances to identify. I made two separate attempts to rectify this problem. After
characterizing a large portion of data from the first subject, I combined some
finer-grained epistemologies in with broader ones to simplify the scheme. For
example, I folded the aim to explain in with the aim to understand, since understanding involves explanations of connections among ideas. I assumed application of theory is useful partly because it has predictive power, so I subsumed
the latter into the former. I didn’t have a need to distinguish among sources of
knowledge such as reasoning, introspection and memory, since I viewed related
instances as all indicative of productions arising in the self. Yet, the effort to
reduce categories fell far short of what would be a reasonable number of epistemologies to hold in mind simultaneously and consider for a large data set
(i.e., 7 categories and 18 epistemologies!). For the final round, I greatly pared
down the number of epistemologies I was considering to five, which I detail
in the next section. On a practical level, StudioCode made the implementation
of these sorts of changes easy, since I could easily move any set of instances
within any category into a target of my choice (e.g., in Figure 8, if I wanted to
combine “Patience” and “Perseverance” into the combined category “Affect,”
I could select all the instances in one, and paste them into the second and
rename the row “Affect”).
Third, as I moved through the data, I realized that I was attending to different epistemologies nesting in time (see Section 1.3.2 for details on related
4 To suggest in a given moment that a person values knowledge that has, say, “Predictive Power”
would require analysis of things they say or do that are indicative of that stance. For instance,
they may say that they do not see the point of a theory because it does not describe anything
about the world. Such a statement would communicate their expectation that theories worth
learning make physical predictions.
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dynamics). For instance, at the 8:20:00 mark in Figure 8, Bailey demonstrates
an aim of understanding content, which is associated with many utterances
that span a period of several minutes. Nested within that overall aim, Bailey
demonstrates epistemologies related to coherence-seeking through mathematics and conceptualizing meaning, and briefly shows epistemic affect by conveying a feeling of dissonance and confusion about the content. As such, the
level of analysis was a complicating factor until I reduced the number of epistemologies to be studied so that there were far fewer overlapping over different
time scales.

2.4.2 Final analytical framework and approach

Arriving at a final coding scheme involved both substantially reducing the
number of categories of epistemologies I was coding for, as well as establishing
indicators for them. As elaborated on in more detail in Section 1.2.2, Hammer
& Elby proposed a model reflecting a manifold ontology of mind such that sets
of fine-grained epistemological resources activate in response to contextual
factors [50]. Redish related this view of epistemological resource activation to
epistemological aspects of framing, a person’s tacit sense of “what is it that’s
going on here with respect to knowledge?” [99]. Generally speaking, framing
is an ongoing, dynamic process of in-the-moment interpretation wherein a
person (usually) unconsciously draws from a structure of expectations they
have developed about similar situations over a lifetime of experience [39].
For my final analytical framework, I explicitly conceived my codes as relating to particular epistemological framings. In the effort to narrow down the
number of framings I would consider, I reflected on my initial graduate subject analysis, as well as thought more broadly about what is epistemologically
distinctive about learning QM. Both deliberations pointed to whether and how
students seek coherence in their thinking. In other words, are they trying to
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connect different parts of their knowledge?5 And, if they are, what parts are
they trying to connect? More specifically, if they are indeed seeking coherence,
then are they doing so through mathematics?6 Do they turn to their intuitive
knowledge or to experiment to do empirical work? If they do not seem to be
seeking coherence in conceptual understanding, is it because they are feeling
incapable of doing so and seeing it more the responsibility of an authority, or
because they view QM as inherently inconsistent, a set of disconnected topics?
These questions helped define five epistemological aspects of framing that I
would be finding evidence for. I both define and exemplify these below:
• Coherence-Seeking through Mathematics (cohma): Someone framing a learning activity as cohma is seeing QM as an interconnected system of ideas, where relationships between ideas are made more meaningful and consistent using the mathematical framework of quantum theory.
e.g., “So the thing is that I don’t, we were sort of slogging through a lot
of math to get to this [referring to AB effect], and um, you know, we
go through a lot of heavy math to get to any single conclusion that
we get to, it seems, um, but you know, we sort of, we ended at this
place and it was like, well wait, and you know you sort of looked
at the fact that it’s, it’s just this localized field can cause a non-local
effect, um, and that’s when you realize that you should pay more
attention to the math that lead you there [laughing]—wait I need to
understand that!” (Bailey, QM 1–Int 2)
• Coherence-Seeking through Intuitive Knowledge (cohik): Someone
framing a learning activity as cohik is seeing QM as an interconnected
system of ideas, where relationships between ideas are made more meaningful and consistent using intuitive knowledge.
5 While I focus my analysis on students’ coherence-seeking with respect to conceptual understanding, research shows that they may choose to build coherence with respect to “cultural,
linguistic, social, material, and affective elements which are often overlooked in science education.”[112] In other words, students are always seeking coherence in a broader sense, and the
question is what are they doing it with respect to.
6 Section 1.4 argues that for QM, coherence in understanding ultimately arises from the mathematics of the theory.
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e.g., “That’s the way QM works. In the limit of big things, it behaves classically. And so I think that that’s where I draw most of my intuition
is, “alright, in the classical limit, I want it to behave like this,” and
so no matter what happens in quantum, even though I don’t necessarily have a particle that’s definitely oscillating back and forth
[motioning with hands back and forth] I should be able to say something about how this oscillation should be similar to what I expect
from a classical oscillator.” (Dakota, QM 2–Int 1)
• Coherence-Seeking through Experiment (cohex): Someone framing a
learning activity as cohex is seeing QM as an interconnected system of
ideas, where relationships between ideas are made more meaningful and
consistent using observational data and experiment.
e.g., “We did an example, very similar to this in class actually where we
were looking at, I think, two spin-1/2 systems combining or something, um, just to get a sense for something slightly more physical
and a sense for OK, you know, we’ve developed these tools, now we
have to make sure we know how to use them a little bit.” (Bailey,
QM

1–Int 4)

• Weak Coherence (wcoh): Someone framing a learning activity as wcoh
is seeing QM as an interconnected system of ideas, but does not show
agency in pursuing an understanding of those relationships.
e.g., “I mean I would be like working along side the answer key for a
problem like this, cause this problem is hard enough that—I mean
I would, if I were to make it this far, which I might be able to do,
probably not.” (Jamie, QM 1–Int 5)
• Pieces: Someone framing a learning activity as pieces is seeing QM (or
parts of it) as a body of unrelated segments of knowledge, and learning
it means remembering different parts that do not need to fit together.
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e.g., “I think quantum fundamentally more than the other subjects at
least that I’ve taken has many more subjects that would be placed
on equal and separate worth, so you know I say equal and separate, because in some subjects everything builds. I took the general
relativity special topics course with [instructor] and most of that
syllabus is built. So you’re using tools that you previously derived,
and in that regard then it’s actually very easy to study and to just
march through your notes and understand how the course and how
the subject built up, whereas quantum is a bunch of discrete hills,
so to speak, or at least that’s what it feels like, because so much
of it is founded on mathematical tricks and I’ll say tricks because
they aren’t derivations that you’d naturally be able to come across,
they’re derivations that someone spent a very long time before they
figured out the best way to do it.” (Pat, QM 1–Int 5)
As I analyzed the interviews and characterized an instance as corresponding
to a one of the five epistemological framings defined above, I did so believing
the evidence suggested the student was framing the activity in line with the
description of the framing. This is an important distinction to make: I do not
code for framings, but rather for evidence of them. Framings are generally
implicit cognitive states.
I therefore looked for indicators of particular framings in subjects’ discourse
and behavior. Usually, such indicators corresponded to reasons why a subject
would believe something or not (i.e., justifications of knowledge). I formed a
list of them from the basic definition of the framing and as they emerged from
the data itself. Appendix C presents these indicators and illustrates each with
a representative example. Figure 9 shows the final analytical framework I used
in StudioCode, which includes each framing at the top and their indicators
beneath.
Critically, the indicators enabled me to gather evidence for particular framings according to clearly identified justifications, making my framework ac-

59

60

methodology

Figure 9: StudioCode coding window showing epistemological aspects of framing and
their indicators.

cessible to others and my analysis more trustworthy. Yet, there were some
challenges in implementing the framework that I detail in the next section.

2.4.3 Some challenges of implementing the analytical framework

Generally speaking, coding schemes act as tools to organize thinking around
complex realities, and help focus the attention of the researcher on particular
aspects of that reality [42]. As such, they can be very useful in teasing out
patterns, whether and how, for example, a student seeks coherence as in this
study.
However, the codes themselves can greatly simplify those same realities in
ways that cannot capture the full dynamics. In other words, people, their thinking and behavior, are complex, and coding schemes have limitations. Below, I
elaborate on some of the more significant issues I encountered. To get a better overall sense of the various framings and how they manifested in actual
student discourse and behavior, the reader may consider moving through the
episodes presented in Section 3.1 before reading the three subsections below.
Ambiguities among coherence-seeking framings
When a subject’s reasoning is highly connected and integrated, it becomes
more difficult to distinguish between different framings that are then overlap-
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ping. This happened frequently between each of the coherence-seeking framings, including cohma-cohik, cohma-cohex, and cohik-cohex. I will present
one such example in Section 2.4.4 in which I missed a cohex framing enacted
simultaneously with a cohma framing.
In Section 3.1.6, I present a graduate subject7 whose similarly integrated
reasoning leads to the overlap of multiple framings. Consider, for example, the
following excerpt when they are describing a second semester exam problem:
1
2
3
4
5
6
7
8
9
10
11
12
13

Subject: You have a spinless particle bound to a fixed point. If it’s
bound to a fixed point, I don’t see how it can have momentum. Like
if, if we’re in three space and I fix something to be right here
[picks up a pen and holds it in one spot], how can this have any
momentum? [...] This question itself was so confusing--if it’s
bound to a fixed point, and the reference frame is that point, then
there’s no momentum (makes sense), so then, L has to be zero, but
then that would violate the uncertainty principle because I would
know absolutely the momentum, and the position, I would know both
of them explicitly. If the point is fixed, unless we don’t know
where that point is, at all, but regardless, saying that the
momentum is zero, would give us that. So this whole problem really
bothered me, so I was kinda like alright--

There are indicators here of all three coherence-seeking framings acting simultaneously, cohma, cohik, and cohex. In picking up a pen and arguing that
bounding it to a fixed point means that it has no momentum in the lab frame,
the subject enacts a cohik framing. At the same time, a cohma framing is
evident in how they connect this reasoning to the uncertainty principle and
recognize a violation of it. While it is less certain, I take the subject to be doing
some limited empirical work with the physical representation of the pen, guiding their thinking about the particle’s behavior (enacted indicator of a cohex
framing). From this data, either interpretation seems plausible; with additional
data provided in the episode, the former interpretation is somewhat bolstered.
Another representative example of ambiguity between framings comes in
Section 3.1.2 in which a subject describes a harmonic oscillator subject to a
linear perturbation. They say:
1
2
3

Subject: If you look at it on the surface level [drawing a parabola
superimposed with a linear potential], you’ve got half of your
original oscillator where the potential is being driven down, and

7 In order to protect each subject’s identity, I refer to the interviewee in each episode as the
“subject,” and use gender neutral pronouns (i.e., they, them, their, themself).
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4
5
6
7
8

half where it’s being driven up, so I was arguing you can’t tell
that it necessarily should go one way or the other from the get go.
But then another way to think about it, is if you think about the
sort of recentering of the oscillator, it makes sense that it goes
down.

In using a graph to show how adding a perturbing potential reshapes the oscillator (lines 1–5), the subject draws meaning from the mathematics (an enacted
indicator of a cohma framing). Someone could also assert that the subject
uses some intuitive knowledge, namely employing symmetry arguments to
“move” the oscillator up or down. They might say that symmetry arguments
have mathematical roots (or vice versa), in which case, the distinction between
mathematical and intuitive knowledge becomes blurred. I discuss this further
in Chapter 5.
Ambiguities among coherence and noncoherence-seeking framings
Originally, I did not anticipate that any of the coherence-seeking framings
could overlap with either wcoh or pieces. However, Episode 4 in Chapter 3
demanded a broadening of the definition of pieces from just learning bits
of knowledge, to including a focus on learning specific arguments and even
whole story lines. In the episode, the subject describes a path to understanding as involving the repeated construction of a solution or derivation until it is
memorized. But unlike simple memorization, it also requires learning assumptions and relating ideas within the solution, essentially expressing reasoning
within the mathematics. In this sense, the subject’s commitment to mastering
a bounded story line reflects a broader pieces framing, but may also well involve seeking coherence in the relevant mathematics. I expand on this in point
in Section 3.4.3.
In Section 3.1.3, I present a subject reasoning about the nuclear magic numbers by drawing an analogy to the electron shell model. To give a flavor of their
discourse, I excerpt a small portion of the transcript:
1
2
3
4
5

Vesal: The different quantum numbers?
Subject: Yeah, yeah, like n, l, m, s, yeah.
Vesal: Alphabet soupy [empathizing with the subject’s struggle]
Subject: Yeah, yeah, well, I mean, we would know there is going be two
states here [pointing to 1s shell], one for spin up and one for
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6
7
8
9
10
11
12
13
14
15
16
17
18

spin down, and here there would be six [pointing to 2p shell,
labeled as 1p that they modified later]
Vesal: Why six?
Subject: So, I think l is actually going to be 1 here [changes second
tick mark label on horizontal axis from 2 to 1], and 0 here
[changes first tick mark label on horizontal access from n to n0 ],
and your m’s would span from -1 to 0 and 1, and then because of
spin you can also get another, um, 1/2, or sorry another 2 states
for each one. And so, I mean this is related to the Pauli exclusion
principle, where you can only make have one electron in state up,
and one down, they can’t both be up, and so this would correspond
to a closed shell [pointing to 2p state] and then the next energy
level, for 2--

The subject has some trouble recalling the model, and at this point they discuss
the spin states of the electron and the Pauli exclusion principle, which allows
for two opposing spin states to reside at each m.
Someone might argue that the subject seems to engage in some sense-making
by invoking the Pauli exclusion principle to help determine the number of
states in a closed shell. The subject coordinates physically relevant ideas within
a constructed mathematical model.
However, as I argue in the episode, and which becomes more apparent in
the extended transcript, the subject does not appear to be seeking coherence as
much as they are perceiving it in something over which they do not feel ownership. This is not a straightforward judgment, and highlights the challenge
of reducing complex (and subtle) dynamics into the simple parameters of a
coding scheme.
Ambiguities among indicators of the same framing
There were instances in which it is difficult to attribute a single indicator to an
instance, as in the pieces-1 and pieces-3 discrepancy that I will present in Section 2.4.4. There were similar cases associated with other framings, including
the cohma framing. Consider, for example, the following excerpt taken from
Section 4.2.2 in which an undergraduate student, Jamie, reconstructs his solution to the third problem on the midterm exam. It involves two normalized
energy eigenfunctions, each corresponding to distinct eigenvalues and vanishing outside non-overlapping regions:
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1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

Jamie: So we want it so that like the derivative of the probability that
the particle exists in region one with respect to time equals zero
[writes expression in Figure 24b], that’s what I was going for,
which essentially, I show that the probability that it’s in this
region is determined by this wave function which is entirely within
that region and this was true [points to expression in Figure 24c]
Vesal: The rate of change of the probability is gonna be zero?
Jamie: Yeah, that there’s a 100% chance that the particle is within that
region and that does not change with time. (OK) Which I’m not, you
know, I’m not sure how right that is.
Vesal: So, ψ1 is the eigenfunction for (that’s this thing [points to
Figure 24a]) yup, and you tacked on an exponential.
Jamie: A time dependence, yeah, so I said, OK, if you let this wave
function evolve in time, the probability does not change. (OK) It’s
one of those weird concepts that I need to spend more time with.

Jamie shows that the time dependence vanishes upon squaring so that the
probability distribution does not change in time. He reasons using the wave
function and its probability interpretation in a physically sensible way: if he
can show the distribution is unchanging, then the particle should remain in a
specified region. He constructs mathematical content in relation to his thinking,
which is consistent with a cohma-3 indicator. At the same time, he wonders
how a particle’s wave function can time evolve and yet have an unchanging
probability distribution. He tags this as a “weird concept” that he has to “spend
more time with.” His explanations, stemming from an interaction with the
construction, the wave function and its time dependence also reflect a cohma-4
framing. In other words, the cohma-3 and cohma-4 indicators overlap here,
and their meaning is somewhat ambiguous.

2.4.4 Inter-rater agreement

Many of the claims I make about subjects’ epistemologies are based on the
patterns evident in the coding results. Part of the strength of these claims,
therefore, depends on how reliably others can learn and implement the scheme
to produce the same results. That is, if I were to give a colleague my analytical
framework, train them on it, and provide them with video or transcript data,
then they should be able to reproduce my results. I recruited a colleague to do
just this.

2.4 analytical framework and approach

To orient this second coder to the scheme, I provided them with the list of
framings and their indicators as described in Appendix C, as well as some transcript from sections of the dissertation I had analyzed. When they completed
their coding of those sections, I provided them with my analysis and we compared and discussed our results. This lead me to clarify a few things about the
framing and indicator descriptions, including adding “observational data” to
“experiment” in the description of the cohex framing and its indicators. I also
fixed a problem with the pieces-2 indicator to refer specifically to QM rather
than “physics” in general. These changes clarified my intended meanings of
the indicators, and did not change any of my previous codings.
For the actual inter-rater test, I chose four different portions of transcript that
included instances of all five coherence-seeking related framings as I coded
them (each transcript included significant portions that did not correspond to
any of the coherence-seeking related framings of the study). The results of the
inter-rater test are summarized as follows:
• Total Framing Agreements: 7
– Total number of times the same words were characterized with the
same framing and indicator: 5
– Total number of times the same words were characterized with the
same framing but different indicators: 2
• Total Framing Disagreements: 2
– Total number of times the same words were characterized by a different framing: 1
– Total number of times an utterance was coded by only one person:
1
I discuss the disagreements below, including those related to framings and
indicators.
One of the two framing disagreements came in my characterizing the following utterance as cohma-3 while the second coder chose cohex-2:
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1
2
3
4
5
6

Subject: So let’s say you’ve got a particle that’s got some superposition
of rest mass, well...I...and then I would want to translate this to
a view of the particle in position space, right? [...] So a
particle could be represented by some wave packet, you know, under
the Schrödinger equation for a wave packet but, um, you know one of
the inputs there in the Schrödinger equation is mass.

In this excerpt, I saw the subject trying to make sense of the neutrino oscillation
problem by beginning to construct a mathematical model, which reflects a
cohma-3 indicator. The second coder’s justification for cohex-2 was that the
student is sense-making around the neutrino problem experimental results
(as specified in the description preceding the provided transcript), and the
student’s reasoning is predicated on being consistent with those results. Both
my characterization and the second coder’s are consistent with the coding
scheme, and so the resolution is that both are justified. The student may be
enacting both framings concurrently.
The second coding disagreement arose in my characterizing an utterance as
cohik-3 as compared to the second coder’s not coding it: “It’ll be traveling
the fastest, which should cover the most distance in the same amount of time
with the same amount of energy.” The subject draws on intuitive knowledge
to explain the motion of a particle in terms consistent with what they have
learned in classical mechanics, and as such reflects a cohik framing. Critically,
I saw this utterance as continuous with a footnote I included in the transcript
in which the subject expands on this reasoning moments before. While the
second coder saw the footnote as reflecting a cohik framing, they did not see
it as continuous with the single statement in the transcript, which in their view
would have required more detail from the subject in order to be coded. The
disagreement, therefore, is a matter of interpreting how to parse the data.
Among the more subtle discrepancies involved coding the same utterance
as the same framing but justifying it with different indicators. Both such instances occurred with the noncoherence-seeking framings, pieces and wcoh.
In the first, it was my coding the following statement as pieces-1 as compared
to the second coder’s pieces-3: “I can’t exactly remember what we were doing
in this problem. [...] Then there are some other characteristic values that we are
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interested in. Sorry I don’t remember it all that well. [the subject continues on
to the next part of the problem, encountering similar obstacles].” The subject
is having trouble explaining their homework solution that is sitting in front
of them. They say they do not remember it very well, and move on, which I
saw as reflecting a pieces-1 indicator that they need to remember some piece
of knowledge to make progress. The second coder suggested that the subject
is calling attention to but failing to make connections among “other characteristic values,” thus reflecting a pieces-3 indication. In this case, there is enough
ambiguity in the transcript to make it difficult to definitively tag it as one or
the other, while still being consistent with a pieces framing.
The second indicator discrepancy related to my characterizing the following
statement as wcoh-2 as compared to the second coder’s wcoh-1: “It’s kind
of like you know how they say the Internet and our access to information is
changing the way we think, I mean, the sheer fact that I knew that this was
in the book, you know, I have, you know, I have twenty lab reports to grade
[laughter].” I saw the subject implying that the pursuit of coherence in this case
would be too difficult given the time constraint of other work they have to do
(reflecting a wcoh-2 indicator). The second coder thought that the subject may
be deferring responsibility for generating coherence to the book (reflecting a
wcoh-1 indicator). Similar to the pieces discrepancy, there is enough in the
transcript to justify an overall wcoh framing, but there is some uncertainty as
to the specific indicator in play.
Overall, the inter-rater agreement suggests the scheme is reasonable for the
purposes of this dissertation. Because of the small number of codings, it is not
sufficient yet to support quantifying the analyses. However, I provide significant data directly for the reader to assess when I present my analyses in the
chapters that follow.
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2.5

summary

To access students’ thinking and behavior with respect to the QM courses they
were taking, and to keep them as close as possible to that context, I chose
semi-structured interviews as my research method. It enabled me to find and
pursue matters of interest as they arose, and to consider how students were
framing the interview activity itself, whether for example as an examination
of their understanding, as an opportunity to prove their intelligence, or, as I
hoped, as an open inquiry.
I recruited five undergraduate and eight graduate students to participate
in the study. I conducted hour-long interviews of each student roughly every
three weeks of the semester, following them through one or both courses in
their respective sequences. I gathered some 74 hours of interview data in total.
My analysis began by developing a case study of one graduate student
subject. Through that process, and some deliberation on the distinctive epistemological challenges of QM, I developed an analytical framework focused
on whether and how students seek coherence in their thinking. I chose five
coherence-seeking related epistemological framings with which to analyze the
data, and identified indicators (or justifications) of each framing that served as
evidence of its involvement in a given moment. My coding of the data could
then support claims about subjects’ epistemologies, including ones tied to particular contexts or others stable across them, as well as broader claims across
subjects.
While the analytical framework used to code the data greatly simplifies the
complex realities of student thinking and behavior, it does provide useful insights, particularly if coding results can be replicated. As such, I employed
a second coder to use the framework to analyze portions of transcript I had
coded, and found reasonable agreement.

3
G R A D U AT E S T U D E N T A N A LY S I S

This chapter presents my analysis of graduate student data. In the first section,
I present episodes that show the involvement of epistemology in graduate students’ work in QM courses. These qualitative analyses provide a rationale for
the numerical analysis summarized in section two, which among other things
reflects how students’ epistemologies are dynamic. The variability in epistemological aspects of framing evident in the numerical summary motivates section
three, an in-depth profile of one of the more sophisticated subjects. The profile shows that even a sophisticated subject’s framings can be dynamic with
local variations, and exhibits some of the richness in epistemology that extends beyond the analytical framework. In the last section, I revisit some of the
episodes presented at the beginning of the chapter and unpack local dynamics
that point to the reciprocal relationship between epistemology and reasoning.

3.1

the involvement of epistemology in student work

Looking across the more than fifty graduate student interviews, there were
many episodes in which epistemology was both evident and influential in
students’ experiences, including in working through problem sets and exam
questions, and approaching textbooks and lectures. To show how this plays
out in particular moments, I present below six episodes drawn from across the
eight subjects in the study.1 Each episode relates to a conversation in a single
interview and contains transcript that I have broken up into manageable por-

1 In order to protect each graduate student subject’s identity, I refer to the interviewee in each
episode as the “subject,” and use gender neutral pronouns (i.e., they, them, their, themself). I
also refrain from using details like year they took the courses or their course instructors, which
might make them more easily identifiable.
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tions for analysis.2 I follow each portion of transcript with a concise summary
of what the subject has said and then my interpretation of it.
For the purposes of analyzing the six episodes in this section, I look for evidence of epistemological aspects of framing. As discussed in Chapter 2, framings are mental states indirectly identifiable through indicators that typically
correspond to how someone justifies or manages knowledge. These indicators
serve as evidence for a particular framing, and are listed in Appendix C.3 The
episodes themselves provide a detailed qualitative analysis of these framings
in action, which in turn gives meaning to the numerical analysis that follows
in the next section. To be sure, there are aspects of epistemology that my analytical framework does not capture, a point I examine more carefully in a later
section.
In my interpretations of the episodes, there are two kinds of evidence of
framings that I distinguish between: formal vs. practical (as introduced in Section 1.2.2). On the one hand, formal or professed epistemologies are reflected
in students’ descriptions of their views. They typically become apparent when
students describe how they would approach a learning activity. On the other
hand, practical or enacted epistemologies are reflected in students’ behavior.
They typically become apparent when students do something, whether it be
working through a problem, responding to a question about course content, or
otherwise engaging in an activity.
I keep track of both professed and enacted evidence because, as proposed by
Sandoval [108], the same person might have conflicting professed and enacted
epistemologies (e.g., a student may often say they look for physical connections
in equations, but then in practice they may very well not do so). To be able
to make a persuasive claim that a student is stable in a particular framing,
evidence of professed and enacted epistemologies should agree. In Chapter 5,
2 Uninterrupted transcript of each episode is available upon request.
3 I typically use student dialogue and their written work to indicate framings, which I specify
with line numbers at the end of each portion of transcript (e.g., Code: “framing”-indicator number
(line numbers). Sometimes, I use transcript to provide useful background to an episode, including
particular student conceptions of related content. These portions of transcript are not necessarily
indicative of one of the framings I am coding for, and so are not tagged with a code.

3.1 the involvement of epistemology in student work

I revisit students’ coordination of their professed epistemologies with how they
enact them, as that proves important to their progress in QM.

3.1.1 Episode 1: Reasoning about the WKB approximation and tunneling

In this episode, which exclusively features enacted framings, a subject brings
up the WKB approximation as a topic that was recently covered in lecture (QM
1–Int 2). I ask them to tell me more about that and they respond,4
1
2
3
4
5
6
7
8
9
10
11
12
13
14

Subject: Well that’s the approximation for if you have a linear potential
and you end up using the Airy functions as your wave function, um.
So that you can, if you have something hitting a potential wall
that’s not like infinite [motioning with hands up and down in
vertical direction], so that you can approximate the potential as a
linear potential [motioning with hands up and down between the
vertical and horizontal direction] and then figure out the matching
conditions so that you can have a wave function go into the
potential wall kind of thing. So, it’s the “let’s no longer pretend
that we have something that’s really easy to do boundary conditions
on [motioning with hands up and down in vertical direction] and
make it something that’s a little bit more difficult [motioning
with hands up and down between the vertical and horizontal
direction].”

According to the subject, the WKB approximation is used when a potential
can be approximated as linear (line 6–7), and leads to wave function behavior
(i.e., tunneling, lines 8–10) that can be harder to handle as far as boundary
conditions go (line 14). I then ask,
15
16
17
18
19
20
21
22
23
24

Vesal: And is there a limit on how steep the boundary can be?
Subject: The rate of change of the line of the boundary has to be small
in comparison to sort of the wavenumber cause if that doesn’t work,
you’re approximating any boundary as linear, and if your wave
function is wiggling rapidly enough in comparison to how this is
changing [motioning the shape of a potential with hands], this
being our potential side, it doesn’t always look linear right, if
it’s actually quadratic, and you’ve got changes that are happening
rapidly compared to your wavenumber, then you can’t say that it’s
linear cause it appears quadratic or something like that.
Code: cohma-4 (lines 18-28); see Appendix C for list of indicators

In the subject’s estimation, there are physical conditions that have to be met
in order to use the WKB approximation: the rate of change of the potential has

4 See Appendix B for list of symbols used to render the interviews in transcript.
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to be small relative to the wavenumber (lines 18–22). Otherwise, the approximated linearity of the potential over the interaction region fails (lines 23–28).5
The fact that the subject interrogates the underlying assumptions of the WKB
approximation, comparing the slope of the potential to the wavenumber of the
particle and using that as a basis for determining linearity, is evidence of their
coordinating conceptual meaning within the mathematical framework of the
theory. I take this to be an enacted indicator of a cohma framing.
Curious to understand more about their idea that “you can have a wave
function go into the potential wall kind of thing” (lines 9–10), I ask,
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43

Vesal: The wave function corresponds to some particle?
Subject: Yeah, some particle encountering a potential. And instead of it
being able to go over the potential [tracing a step with their
hands], sort of, it’s got energy less than the potential, so you
have to deal with it going in.
Vesal: Where does it go? [smiling]
Subject: Oh! The going in? [laughing] Well, going in is how I visualize
what the functions do, when I draw pictures, that’s what I draw.
But that’s not what’s actually happening. It just means that the
particle continues where the potential is greater than the energy.
Vesal: And so what does that mean physically, that the particle-Subject: The particle can be inside where it couldn’t be classically.
That, you know, like, it’s the sort of “it hits a wall, but it can
go through the wall” kind of a thing. [...] Um, it’s the if you had
a ball rolling up a hill, where the ball didn’t have enough energy
to get up over the hill, in the quantum world, it can sort of like
go through the hill instead, instead of having to go over, it
doesn’t have to turn around when the energy is less than the
potential.
Code: cohma-4 (lines 30-34, 36-40); cohik-4 (lines 43-51)

The subject clarifies that the wave function “going in” (lines 33–34) does not
refer to the motion of the particle so much as the possible location of the
particle where it’s classically forbidden (lines 39–40, 43–44). To further animate
the point, they use the analogy of a ball rolling up a hill that is then able to
move through the hill even when its energy is less than the associated potential
(line 49).
An enacted cohma framing is evident here: the subject considers the mathematical construct of the wave function as providing physically meaningful
5 The WKB approximation stipulates that for particle energy E > V, if the potential is not constant
but varies slowly relative to wavelength, then the wave function stays nearly sinusoidal while
both wavelength and amplitude change slowly with position. For particle energy E < V, similar
dynamics result except that the wave function stays nearly exponential as the decay constant
and amplitude change slowly with position.

3.1 the involvement of epistemology in student work

ideas, including describing possible locations of a particle in relation to a potential. Furthermore, the subject’s use of intuitive knowledge, like the ball analogy,
shows a readiness to use intuitive ideas in advancing understanding of quantum phenomena (indicative of an enacted cohik framing). Specifically, they
use that intuitive knowledge for contrast with quantum behavior. In doing so,
they help define that behavior by highlighting a violation of an expectation for
how objects behave in the everyday world. This rift with experience is marked
by their laughter accompanied by “Oh! The going in?” (line 36), which is evidence of their stance that things get strange in QM. In this sense, intuitive
knowledge supports an effort to build quantum understanding.
While the ball analogy brings out the crux of the unexpected behavior (i.e.,
things go where you don’t expect them to!), it also raises questions about the
nature of an object that could do such a thing. I press the subject’s thinking
about the entities involved in tunneling, and they say it would be better to
think about electrons and electromagnetic fields, since it’s easier to accept their
behaving unexpectedly. In that moment, the idea of tunneling is foregrounded,
and the subject connects to an upcoming problem set question to investigate
the likelihood of proton tunneling:
44
45
46
47
48
49
50
51
52
53
54
55

Subject: One of our problems that I haven’t done yet which is a WKB
problem, is like, alright you’ve got an electron that’s going to
escape from your--or you’ve got a proton that’s going to escape
from your nucleus and there’s like a steep potential wall that then
falls off [motioning hand upwards and then curving downwards away]
afterwards and there is a chance for that proton to be able to get
out of that potential just by--and it doesn’t have to have enough
energy to get up and over, but it’s really unlikely for it to do
that, which it, why it always makes it sort of OK in my mind, in
terms of this quantum like going through stuff, it’s that it’s not
very likely. [...] The probability of it [the proton] going through
falls off as an exponential.
Code: cohma-1 (lines 58-65); cohik-4 (lines 58-65)

The subject indicates that the proton does not need to have enough energy to
escape the large potential of the nucleus (lines 54–56), but that the probability
of proton tunneling through the barrier falls off very rapidly, resulting in low
tunneling rates. For this reason, tunneling is not such a difficult thing to accept
because, in their words, “it’s not very likely” (line 61–62).
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As described earlier, the subject is aware of the inconsistency of tunneling
behavior with intuitive knowledge (indicative of an enacted cohik framing),
and feels the need to reconcile it. The subject takes a distinctive epistemological
stance: their concern about it is moderated by the predicted outcome of the
mathematics itself (indicative of an enacted cohma framing). That tunneling
is an unexpected phenomenon from a classical perspective is clear, but how
much to be bothered by it is correlated to its likelihood. From their perspective,
the mathematics establishes that there is a relatively small chance of tunneling,
and so their concern is mitigated by virtue of what the mathematics shows
them.
In the course of conversation, the subject also describes their approach to the
problem, starting with a description of the potentials involved:
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86

Subject: And we were talking about that with the WKB approximation, using
that to approximate--so if you’re plotting like radius of the atom
and the potential [pointing finger in the air, radius on vertical,
potential horizontal], there’s like, where all the protons are
happy to live inside the nucleus where it’s got like very little
potential and then a very sharp wall [motioning with hand up],
which we’re approximating as straight and then like a linear drop
off [motioning with hand curving down].
Vesal: What does that potential represent?
Subject: It represents the potential energy of like a proton in the
nucleus of this atom. Right, it’s stable because of the weak and
strong forces close in, and then-Vesal: So the potential is due to those forces?
Subject: Yeah, well, but then further out it’s due to electrostatic
forces. Right, that’s why like once it gets through it’s likely to
keep going, right, because the proton is repelled by the other
positive charges, but close in, it’s held by other forces. [...]
Um, but that out here we approximated it with the WKB approximation
and that linear potential [...]
Vesal: Is there a reason that there’s a steep drop off in this case
because--why is that?
Subject: Further out--so I guess we’re approximating it as linear, but
that can’t be, that can’t be true because far enough out it should
fall off like the Coulomb force, so you should have a 1/x. And
we’re approximating it as linear, as opposed to ‘zhooop’ [tracing
an exponential decay in the air]. So clearly our approximation
fails because far out is the Coulomb potential, good ole Coulomb
force, classical situation, and close in is the potential that’s
defined by the weak and strong forces, which I do not understand
[...] but I can explain this one [the decay]--the Coulomb force
fall off that we’re approximating as linear instead of 1/x.
Code: cohma-4 (lines 67-75, 77-79, 81-87, 90-101)

The subject characterizes the two main pieces of the potential: a vertical wall
corresponding to the nuclear potential (lines 77–79), followed by a 1/x drop-
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off corresponding to the electromagnetic potential (lines 92–93). They suggest
the forces holding the proton in the nucleus are large (lines 71–72), but should
it escape, the electrostatic force pushes it away from the nucleus since like
charges repel (lines 83–84).
As the subject works through the physical interpretation of the model (lines
76–89), they realize that there is a discrepancy between what they are approximating as linear and what is in fact a 1/x decay (line 90–95).
This in-the-moment evaluation points to the subject’s framing of the mathematics as physically meaningful (indicative of an enacted cohma framing),
first connecting the potentials to the corresponding physical forces and their
impacts on the proton, and second reconsidering the form of the Coulomb
potential in relation to the application of the WKB approximation.

3.1.2 Episode 2: Reasoning about a modified quantum harmonic oscillator

While solving a problem, a subject from another interview asserted that classical intuitions needed to be “thrown out the window” in favor of something
new. I was prompted by this rather striking statement to ask other subjects directly about their views of the role intuition plays in QM. This episode is about
one such conversation (QM 2–Int 1), which begins with the subject describing
their epistemological views that then connects directly to their enactment of it.
The subject says that a new form of intuition needs to be developed in relation to QM, but that a lot of the same “logic” can and should be used to make
sense of it. To illustrate the point, they immediately bring up a problem to find
the energy levels of a harmonic oscillator to which a perturbing linear potential
had been added. In their description, they first write the relevant Hamiltonian
operator with a quadratic potential and added a linear term. They offer that
contrary to what might be expected of the energy given that something is being added to the system, the perturbation in fact lowers the ground state energy
(see Figure 10a).
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(a) Hamiltonian with added linear potential.

(b) Linear potential superimposed on oscillator potential.

(c) Completing the square for Hamiltonian.

(d) Movement of the oscillator “down” the
hill.

Figure 10: The subject uses intuition and mathematical logic to work through a harmonic oscillator with a linear perturbation.

The subject continues,
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

Subject: If you look at it on the surface level [drawing a parabola
superimposed with a linear potential, see Figure 10b], you’ve got
half of your original oscillator where the potential is being
driven down, and half where it’s being driven up, so I was arguing
you can’t tell that it necessarily should go one way or the other
from the get go. But then another way to think about it, is if you
think about the sort of recentering of the oscillator, it makes
sense that it goes down.
Vesal: When you say recentering?
Subject: [...] When I talk about recentering, I mean completing the
square, right, because if I do this [pointing to the quadratic term
in x, see Figure 10c], then suddenly this just looks like just an
x2 term that’s shifted. And so this is shifting my oscillator over
this way [draws left arrow on the left of parabola in Figure 10b].
[...]
Vesal: But you still have this term here [pointing to subtracted constant
(b/(mω)2 )2 in Figure 10c].
Subject: I still have this term, and this is showing that the energy
actually goes down. So it makes sense because, it’s like, my
potential now has this negative constant, this is just a number,
it’s mass, my natural frequency and the b factor that’s in this
potential which is just a constant. So, this, if you think about
it, about adding this perturbation as essentially shifting the
equilibrium position of the oscillator, it makes sense that it
reduces the energy.
Vesal: [...] Why is it that shifting an oscillator, whatever way you
shift it, whether it’s to the right or to the left, why would there
be an energy difference?

3.1 the involvement of epistemology in student work

29
30
31
32
33
34
35
36
37
38
39
40
41

Subject: [pausing to think for a few moments] So I’m going to draw
another set of pictures because that’s what makes things make sense
to me [draws Figure 10d] [...] What this oscillator looks like
[circling parabola superimposed with linear potential in
Figure 10d], now instead of the force being zero when x is zero,
the force is zero when x is (b/(mω)2 )2 , it does move this way
[indicating a leftward direction on page], alright, making sure I
shift things the right way. [...] Ah, OK, here’s a way I thought
about it that makes sense: that I want to take this [pointing to
parabola superimposed with linear potential in Figure 10d], and
it’s like I want to move it down the hill to the point where this
linear term isn’t in my way anymore. Does that make conceptual
sense?
Code: cohma-4 (lines 1-5, 11-14, 19-27, 33-39), cohik-3 (lines 42-44)

In working through the problem, the subject is trying to substantiate their
assertion that they use much of the same “logic”—embedded in both mathematical and classical intuitions—to solve problems in QM, including when
they
1. use a graph to show how adding a perturbing potential reshapes the
oscillator (lines 1–5);
2. complete the square to show the oscillator’s horizontal shift in space
(lines 11–14);
3. complete the square to show the oscillator’s vertical shift in energy (lines
19–27);
4. use the relationship between force and potential to double check the direction of the shift (lines 33–39); and
5. use a physical analogy of the oscillator sliding down a “hill” to envision
the effect of the perturbation (lines 42–44).
To understand the behavior of the modified oscillator, the subject executes
five moves. The first requires mathematical skill to interpret how to graphically
combine the two potentials. The second and third involve an algebraic modification of the Hamiltonian function to make plain the nature of the shifts in
the oscillator. The fourth move comes from a study of classical mechanics that
relates the derivative of the potential to a force. These actions are indicative of
an enacted cohma framing. And while I could argue that each of them may
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also have roots in intuitive knowledge, the fifth move is surely an intuitive idea
born out of experience and reflects an enacted cohik framing.
The subject then performs a check on their analysis and experiences some
confusion:
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

Subject: And it would be opposite if I flipped the sign here [pointing to
linear potential bx in Figure 10a], right, instead of adding my
linear term I subtracted it, then the sign in here would flip
[pointing to quadratic term (x + (b/(mω)2 )2 in Figure 10c], oh no,
but this stays the same [pointing to sign of constant term
(b/(mω)2 )2 in Figure 10c].
Vesal: No, but then this would be oriented this way [pointing out that
the slope of the linear potential would be flipped].
Subject: Yes, yes, I’m realizing that there’s an inconsistency in my
going down the ramp thought, this sign would change in here
[pointing to quadratic term (x + (b/(mω)2 )2 in Figure 10c], but the
sign of this term [pointing to sign of constant term (b/(mω)2 )2 in
Figure 10c], which is the downshift would stay the same, because
that’s coming from this sucker squared that I needed to subtract
off, so um-Vesal: Well, no, so this would be this way [pointing out again that the
slope of the linear potential would be flipped], and then it would
shift down that way, so it would go down the hill.
Subject: Yeah! It would go down the hill. [laughter] [...] For me, a lot
of like the assessment of “well, what should my answer look like,”
which isn’t so much intuition but reasoning, does have a lot to
with “How is my problem symmetrical?” Right, like I got alarmed
when I was like, wait a second, if I shift the sign of this, and
I’ve got a symmetrical potential, I don’t want to change the sign
of the way that my energy is shifting, and that alarmed me for a
second, until you pointed out, “no the hill points that way [sloped
in the opposite way as compared to the original scenario] and it
goes down the hill [following modified slope to the right].” That,
recognizing things like symmetry, for me, are a big way that I
build up my understanding of like what can I expect this to do.
Code: cohma-3 (lines 45-50, 55-61, 71-74) ; cohik-3 (lines 45-50, 59-61,
71-74); cohik-2 (lines 68-71, 78-81)

To show that the energy would shift downwards whether the slope of the linear
perturbation was positive or negative, the subject changes its sign but thinks
that the resulting expression would not correspond to a shift in the same direction (lines 45–50, 59–61, 71–74). When I point out the graphical implications of
the sign change (lines 52–54, 63–66, 75–78), their expectations are met, which
prompts them to reflect on the usefulness of exploiting symmetries in their
problem solving (lines 68–71, 78–81).
Based on their intuitive sense of the symmetry of the potential, the subject
first makes the move to check their results for a mirrored linear perturbation.
They predict the same downward shift in energy, but when that expectation
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is not met from their initial reading of the modified mathematical expressions,
they feel troubled. Their graphical examination ends up matching their expectations of the symmetry of the potential. They suggest that symmetry considerations open up routes to understanding what physically happens in the
world. Here again are indicators of cohma and cohik framings, with the latter
demonstrated in both enacted (lines 45–50, 59–61, 71–74) and professed forms
(lines 68–71, 78–81).
As with symmetry, the subject also appreciates the usefulness of classical
mechanics in solving QM problems:
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Subject: In the limit of large things, I can think of it as a classical
system. [...] That has to be true. That’s the way QM works. In the
limit of big things, it behaves classically. And so I think that
that’s where I draw most of my intuition is, “alright, in the
classical limit, I want it to behave like this,” and so no matter
what happens in quantum, even though I don’t necessarily have a
particle that’s definitely oscillating back and forth [motioning
with hands back and forth] I should be able to say something about
how this oscillation should be similar to what I expect from a
classical oscillator.
Code: cohik-2 (lines 82-92)

The subject expects there to be some resemblance between the classical and
harmonic oscillator (lines 90-92). This is due to a view that classical and QM
are fundamentally related: in the large-n limit, a quantum description should
give a classical result (lines 84-86).
The subject expresses here an expectation of coherence between different
areas of physics, and in particular, to be able to use classical intuitions in the
context of QM (professed indicator of a cohik framing).
I then wonder how the subject reconciles quantum behavior, say, in the single particle double slit experiment, and ask them about it. They acknowledge
there is “no such thing as the large limit of a single photon” and that classical
intuition must fail. Yet, they countered that in the entire scope of the theory
and its application, it is rare not to be able to draw on classical intuitions:
82
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Subject: There are things that I’ve encountered in the past, where it’s
like this doesn’t make sense to me now, but then I just sort of fit
into my framework, right. And then I can find the way it is
consistent with the rules that I’ve built up. And I think that that
is important to be able to approach problems, to have this sort of
confidence that there is a framework in which this makes sense, and
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88
89
90
91
92

that framework is coming from the sort of mathematical rules of QM
which I trust, and overlaid with a classical intuition, and
sometimes those two things are showing me somewhat different
things, but I can always go to that limiting case that they should
agree.
Code: cohma-2 (lines 93-104); cohik-2 (lines 93-104)

The subject describes a framework with which to approach and think about
QM

problems (lines 98–100). The framework has the trustworthy mathematical

rules of QM forming a foundation on which are laid classical intuitions (lines
99–102). At an appropriate limit, its mathematical rules and classical intuitions
will cohere (102–104).
The subject communicates the following stance: where it is possible to see
correspondence to their physical sense of the world, they pay attention to it;
but in the few cases where there is no correspondence, the mathematical rules
of QM need to be trusted. This is a professed indicator of both cohma and
cohik framings—coherence can be sought through both mathematics and intuitive knowledge as appropriate and according to the framework they have
outlined.

3.1.3 Episode 3: Reasoning about the nuclear magic numbers

This episode follows a subject as they describe their approach to an upcoming
problem set question to solve for the nuclear magic numbers (QM 2–Int 2). I
open it up with a general question about how problem sets compare between
the first and second courses:
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Vesal: How do you compare this homework to what you did last semester? Or
maybe even the content, content and homework. Do you sense a
difference or is it continuous to you?
Subject: There’s definitely a difference. I’m just trying to think like
what it is. I mean, [instructor of current semester] sometimes
gives problems that are slightly more I guess open ended where it’s
kind of like calculate this [motioning with outstretched hand and
stopping at a target]. Like he gave us one where, he gave us a
problem where we were supposed to look at kind of how spin-orbit
coupling can lead to like the magic numbers for a nucleus, and so
like I don’t know--and we just had to, I kind of had to sit down
and like read about it, and then figure out how to get these energy
levels, and then when you incorporate the spin-orbit coupling how
that would lead to these magic numbers.
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The subject describes second semester problems as being more open-ended
and calculation oriented (lines 4–7). As an example, they bring up a problem
in which they are to figure out how spin-orbit coupling leads to the magic
numbers of the nucleus (lines 9–11).
The subject thinks of the problem as “open-ended,” perhaps because they
have not been guided in how to approach this challenging problem, and they
have to “sit down and read about it” (line 13). The subject foregrounds the
purpose of the problem as being to calculate energy levels and to find the
magic numbers (lines 13–16).
I then ask,
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Vesal: When you say magic numbers, what do you mean?
Subject: So, you know in like the nuclear, or I guess just the electron
shell model, you have all these energy levels, um, I feel like I’ve
talked about this a bit ago, but like, when you have a point over
here [draws on page, see Figure 11 as they depict the model], like
they correspond to the orbital quantum numbers, and then you know,
if l is let’s say 1, we have this point for 1s, and this is like
the energy level [draws a tick mark on vertical axis], and then
when it’s 2 we’re going to have like a 2p level over here, and then
basically it behaves like you have, um, I think in the normal level
you have, is it like 2l + 1 states, so l is 2. No, I don’t think
it’s, yeah, that’s what it is,
Vesal: It’s what, 2l + 1?
Subject: Kind of like how many--there’s also the other quantum number,
the magnetic quantum number, [thinks, continues with softer tone] I
think it’s magnetic, where it spans the range of l so that it’s, if
l is -2, or [pauses to think] I’m trying to remember all of the
Vesal: The different quantum numbers?
Subject: Yeah, yeah, like n, l, m, s, yeah.
Vesal: Alphabet soupy [empathizing with the subject’s struggle]
Subject: Yeah, yeah, well, I mean, we would know there is going be two
states here [pointing to 1s shell], one for spin up and one for
spin down, and here there would be six [pointing to 2p shell,
labeled as 1p that they modified later]
Vesal: Why six?
Subject: So, I think l is actually going to be 1 here [changes second
tick mark label on horizontal axis from 2 to 1], and 0 here
[changes first tick mark label on horizontal access from n to n0 ],
and your m’s would span from -1 to 0 and 1, and then because of
spin you can also get another, um, 1/2, or sorry another 2 states
for each one. And so, I mean this is related to the Pauli exclusion
principle, where you can only make have one electron in state up,
and one down, they can’t both be up, and so this would correspond
to a closed shell [pointing to 2p state] and then the next energy
level, for 2-Vesal: Sorry, what do you mean by closed shell? 1s and 2p?
Subject: Yeah, like they’re both their own energy level, but their energy
difference is not that great, between here [pointing to separation
between 1s and 2p], and then when you go to the next level for 2d,
it’ll be a little greater, so this is going to be 1p and this is
going to be 1d [changes 2p to 1p], you need to have I think 10

81

82

graduate student analysis

56
57
58
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states [long pause to think and confirm]. Yeah, 10 states, and
since this energy level--this is my understanding--this energy jump
here is pretty large, if you have all of your electrons in this,
for the p orbitals filled, then, um, this is like considered a
stable state, cause you would need a lot of energy to jump up, and
obviously you can’t go down, like any electron that is in the
different orbitals (right, OK) um, so, we can keep going up, um,
Code: pieces-3 (lines 27-30, 32-36, 38, 46-50, 58-72)

Figure 11: The subject’s description of electron shell model. Using the principal quantum numbers, the subject gradually constructs an electron shell model depicting different shells (1s, 1p, 1d) and energy levels (vertical axis), as well
as their degeneracy (in parentheses next to each level).

The subject likens the nuclear magic numbers to the electron shell model, setting out to describe it from memory. They determine the number of energy
levels and shells from the orbital quantum number l (lines 23–27). In order
to determine the number of states per energy level, the subject gradually converges on a relationship between the l and m quantum numbers, namely that
m ranges from −l to l in integer steps (lines 50–51), and they consider the spin
states of the electron and the Pauli exclusion principle, which allows for two
opposing spin states to reside at each m (lines 53–55). With a bit of a hedge
(lines 66–67), they also point to the notion of stability of a shell as being related to the transition energy required to jump between the 1p and 1d states.

3.1 the involvement of epistemology in student work

Throughout, there is evidence of the subject’s confusion, particularly in recalling ideas that form their explanation (lines 29–30, 33–35, 35–36, 58–60, 63–64).
There is a significant difference between this subject’s dialogue and the dialogue presented in the previous episodes. There is evidence that points to the
subject’s piecing together of formulas from memory in order to depict a model,
much of it without any visible attempts to reference underlying meaning. For
instance, the subject seems to struggle to describe the relationship between the
l and m quantum numbers. They remember that m spans the range of l, but
they do not try or think it is important to describe what that means or where
it comes from (in the intuitive sense that m is a projection of l along a chosen
axis). The same can be said for the number of possible states per level, which
they remember to be 2l + 1 without any elaboration (the underpinnings of
2l + 1 can also be traced in an intuitive sense to a vector projection that takes
into account quantized angular momentum). These enacted indicators point to
a pieces framing.
At the same time, it might be argued that there are moments when the
subject seems to engage in some mathematical sense-making. In particular,
they invoke the Pauli exclusion principle to justify the number of states in a
closed shell, describe a closed shell as when all of its energy states are occupied
and relate stability to its energy separation from other levels. It might be said
that the subject is coordinating physically relevant ideas within a constructed
mathematical model.
However, in these moments, the subject does not appear to be seeking coherence as much as they are perceiving it in something over which they do
not feel ownership. The primary distinction between the two is apparent in
the tone and language they use, reflected in hedges and distancing, including
“I’m trying to remember all of the,” “this is my understanding,” and “this is
like considered a stable state.” The subject seems to be retelling someone else’s
story, as compared to agentively constructing their own (necessary to qualify
as an enacted indicator of a cohma framing).

83

84

graduate student analysis

To be sure, there are complicated and subtle dynamics evident in this part of
the interview, and coding it is challenging. In evaluating whether the portion
of transcript contains indicators of a cohma framing, I am making a judgment
call, based on some contextual evidence, about where the dialogue fits within
the coding scheme. And ultimately, any coding scheme is limited in the way
it characterizes moments of reasoning that can be exceedingly complex. Sometimes, there are unavoidable grey areas in characterizing complex thinking
processes (as mentioned in Section 2.4.3).
The subject then describes the potential that would be used for their problem,
namely an infinite spherical square well:
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Subject: And so, you generally have like a potential that’s gonna be zero
in the box and then infinite outside of it, and so ultimately
you’re going to get solutions that are going to be combinations of
spherical Bessel functions. And those are related to the normal
Bessel functions, and you know, I don’t remember exactly, but they
all kind of like have this kind of sinusoidal kind of like thing
going on, with amplitudes and stuff [draws what the functions might
look like, see Figure 12a], but so kind of similar to the normal
well, um, we have the energy is going to be related to E = h2 k2 /2m
where k is going to be related to the zeros of the Bessel function
[see Figure 12b], so, um [pauses to think]. Somewhat similarly in
the, as like in the normal square well, you’d have like k is gonna
be equal to like, it’s like nπ/a and then you just plug that in
[draws arrow from expression for k to expression for E] where
these other zeros and you get a relation to how, to how like with
these quantum numbers [circles n in k expression], how the energy
is changing, so you find the zeros for these different Bessel
functions and I remember there was a table I found that very
conveniently listed everything that you’d need for these zeros and
Vesal: Why are the zeros important?
Subject: Um, it’s how you find the energies that correspond to the
energies in the different levels in this well.
Vesal: The Bessel functions look like this, and when you find the zero
you’re finding these points [pointing to where the functions cross
the horizontal axis]?
Subject: Yeah, zeros of the Bessel functions.
Vesal: Does it matter that they cross at multiple points?
Subject: That is kind of related to how you find these different--so if
we just looked at the 1s, or just the s state, that would be
related to the first Bessel function j0 , so you would look at when
j0 crosses, you know, is equal to zero and that happens at
something like 3 and 8, something around that, so that gives us
our--I think, this [pointing to energy expression] is going to be
multiplied times--the actual energy is going to be something like
the zeros squared times h2 over 2m [see Figure 12c], kind of
similarly in the same relation here [comparing two expressions for
energy], so, we notice that, so for the first zero of the, so these
will be our n [draws table, see Figure 12d], these will be our l,
we have n to the, so this will be 1, 2, 3, and then we’ll have, so
these different n’s are going to correspond to like what s, like 1s
or 2s or 3s, and then all the different energy levels are going to
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correspond to, it’s going to be this orbital quantum number here
for l, so we’ll get something along the lines of 3 [writes ∼ 3
under the n = 1 column of table] and here’s around [writes ∼ 8
under n = 2 column of table], but then we notice that this is going
to correspond to the p [points to ∼ 3/4 in l = 1 row of table,
comparing to ∼ 3 above it], and so this is going to come at like,
this is going to be something a little bit greater [points to ∼ 4
in l = 2 row in table, comparing to ∼ 3/4 above it], and obviously
this is greater than that [points to ∼ 9 in l = 3 row in table,
comparing to ∼ 4 above it], and I think 2s might come before 1f,
and so, even just by looking at the zeros, you can see that like,
OK, these numbers are going to be increasing, and this one is going
to be greater than this one, and this gives you somewhat of an idea
of what the energy diagram would look like.
Code: pieces-2 (lines 78-80, 93-95); pieces-3 (lines 105-133)

(a) Depiction of spherical Bessel functions.

(b) Energies should be related to the energies of the infinite square well.

(c) Modified energies should involve the zeros of the Bessel functions.

(d) Table organizes energy level calculation.

Figure 12: The subject describes how the zeros of the spherical Bessel functions help
calculate the energy levels of the nucleus.

The subject invokes spherical Bessel functions as the solution to the potential
they use to model the nucleus (lines 74–77). They use a modified version of
the infinite square well energies, ones where the zeros of the Bessel functions
take the place of k2 (lines 78–86, 100–105). They set up a table in which the
impact of the zeros on the energy levels becomes evident—with increasing
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orbital quantum number l, the related zero of the Bessel function takes on a
higher value (with a similar trend as you go to increasing n) (117–127).
There is evidence here of in-the-moment piecing together of facts, particularly in the way the subject falls back on memory (lines 78, 83, 87, 93, 108), as in
writing the expression for the energies (e.g., remembering the formula for energy levels of the normal square well and eventually rewriting k in terms of the
zeros of the Bessel function) and summoning a prescription for the calculation
(lines 105–133). While the subject makes a strong effort to describe some of the
steps, there is little in the way of physical sense-making around them (other
than relating the energies of the square well to the spherical potential, and
pointing out the pattern of increasing energies at the end). A singular drive towards a result, without attempts at sense-making or connecting to other ideas,
is evidence of a pieces framing.
At this point, I wonder about the relationship between the energies the subject has just described, and the spin-orbit coupling perturbation that they first
suggested was part of the problem:
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Vesal: So, you said this was a problem about spin orbit? [...] How would
you describe spin orbit coupling to somebody? What would you say?
Subject: Maybe if I write some stuff down, it’ll [...] Yeah, I’m just
trying to think, we know that there’s total angular momentum is
going to be related to an orbital angular momentum plus spin
angular momentum [writes J = L + S], so this spin-orbit coupling
kinda takes into account like, I guess, you basically use "j"
[unclear if they are pointing to J or j] to describe these states
[pointing to energy levels and shells], and you say that there’s
going to be a split of the energy based on this spin. So, for
example, through plugging in some of the definitions, you get that
the multiplicity of states, which is what I was putting here like
this 2 and 6 that came from this m value plus 2 times this s value,
you’re going to find that that is related to 2j + 1, where j is
going to be l ± 1/2, because spin for this problem was 1/2, so the s
states aren’t really affected by that, but looking at the first
state where it gets interesting is when l = 1, so j for l = 1 is
gonna be, you know you’re going to get 3/2 or 1/2, and then
plugging into here [pointing to 2j + 1], you find that you get 4 and
then 2, so there’s a splitting of the energy from that original 2p
state that had 6 originally. And you calculate that energy, you end
up finding, kind of skipping some steps, to get to how you
calculate the different energies. [...] Up or down, there’s a
split, you do find that these correspond to energy differences, and
it’s something like, [pausing to think] I’m trying to remember
exactly what it is, I know you’re going to have something like hl,
and h(2l + 1), or something like that, and basically in the problem,
you’re going to have an E, and then you’re going to have +, so
this might be the energy for this state here [pointing to the 1p
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energy level in Figure 11], and so, we’ll call this E1p , but then
when it splits, it’s going to have a ± of, actually I think that
it adds (2l + 1)h2 times some constant [instructor] called V , or
minus h2 l times some constant V . The problem was to kind of look
at these different levels, and then there was a diagram that shows
what, I guess like real good model for this approximation would
look like, where the way it splits, and kind of going along that
same idea that if there’s a big energy gap between two levels, then
that level would be considered more stable, and thus these magic
numbers arise. I guess they just called them magic numbers because
they found that atoms that contain these magic numbers in their
nucleus of either protons or neutrons were particularly stable.
Code: pieces-3 (lines 140-185)

The subject attributes the splitting of energy in the nucleon as being due to spin
(lines 148–149). They gradually recall the formulas that determine the number
of states per level (line 154) and the magnitude of the energy change, while
incorporating the effect of splitting of the levels due to spin (lines 165–167,
173–174). At the end, they describe magic numbers as corresponding to stabilities of atomic states with larger gaps between energy levels (lines 174–184).
Similar to the previous portions of transcript, the subject spends time recalling the appropriate formula for the number of states per level, as well as
the formulas for energy, which splits due to the up or down spin of the particle. The subject does not attempt to describe or construct where the formulas
come from or how the energies are actually calculated. For instance, what does
it mean for the states to be represented by j, or why and how does spin interact with orbital angular momentum.6 Even if the subject does not know, they
do not look for the connections, which would be evidenced by a question or
a point of confusion. The subject’s approach is evidently a piecing together of
facts towards the execution of a calculation, and less a discussion about the
underpinnings and sense in the formulas (an enacted indicator of a pieces
framing).

6 The effect of spin-orbit coupling on a nucleon helps to determine its energy shifts. The coupling
is modeled as an interaction between its magnetic dipole moment and the magnetic field caused
by its orbital motion, which is proportional to L · S. This interaction acts as a perturbing potential
ĤL·S that impacts the states of the nucleon. Its energy shifts are calculated using perturbation
theory: ∆E ∝ hj, l, s| L · S |j, l, si where we have chosen |j, l, si because they are eigenstates of the
L · S operator. How the operator acts on these states is known, and correspond to the expressions
that the subject was trying to remember (i.e., (2l + 1)h2 and lh2 , each multiplied by a constant).
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3.1.4 Episode 4: Describing a path to understand the uncertainty principle

This episode is one in which a subject verbalizes what they would do to learn
and understand a quantum topic (QM 2–Int 4). Their professed epistemology
comes up after the subject attempts, at my prompting, to make physical sense
of an electron-hydrogen scattering problem:
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Vesal: That [referring to my question about the physical sense in the
result the subject described] wasn’t a question that crossed your
mind when you were doing this problem?
Subject: I think under normal circumstances, in the things that have
drawn me to physics, it would, but there are times in the semester
that it’s like, I’m going to take the path of least resistance, you
know, it’s unfortunate, but if I see that this is well outlined in
the book, I can read it and it will make sense, but it’s not going
to be as internalized as if I had like struggled with it, you know,
or grappled with it for like a whole week or the whole period when
I was trying to figure it out.
Vesal: So if you really wanted to understand this [referring to an
equation in the electron-hydrogen scattering problem], what would
it entail? What would you do?
Subject: Um, I mean, I would probably look back and look at exactly
what’s, I’d probably go back to the book and try to like more
internalize what they’re, like why they’re saying everything that
they’re saying, and like why, where did this equation come from
[referring to an equation from the electron-hydrogen scattering
problem], cause it’s like I have some ideas, I remember
[instructor] talking sort of like we’re making some assumption that
it’s in this box, like this 1/L3 , then, you know, if you said that
to anyone and didn’t say QM, it’s like, it sounds like some absurd
assumption, you know, that there’s this like finite box that we’re
then going to extend to infinite. So, yeah, I guess would try
to--I’d have to fill in these gaps, and it’s something that I want
to do, it’s just that, you know, you have to have the time and
motivation to like fill in all these little points that may not at
the time really have made much sense in why you were doing it.
Code: wcoh-1 (lines 4-9); cohma-2 (lines 17-28)

The subject values physical sense-making (lines 4–5), and recognizes that they
can learn something better if they struggled and grappled to figure it out,
rather than take “the path of least resistance” by following a textbook’s solution (lines 6–12). Coming to understand the equation, they say, would involve
interrogating the textbook, specifically examining assumptions underlying its
derivation (lines 17–23). They indicate that the lack of time and motivation are
obstacles to taking this kind of learning approach (lines 5–6, 30–31).
Evidently, time pressure is significantly influencing the subject’s approach
to learning. Given an easy way out of solving a problem, they would take it,
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even though they know their understanding is compromised as a result. The
work of putting together the necessary ideas is too challenging under the time
constraints, which is a professed indicator of a wcoh framing.
The subject recognizes that struggle leads to better understanding, and that
the focus of such effort would be to use the textbook or another source to deliberately work through underlying assumptions and derivations. The subject
communicates that there is meaning to be probed in the mathematics, and as
such, qualifies as a professed indicator of a cohma framing.
To get further insight into their thinking about their proposed approach to
learning something, I probe further about it, and the subject responds:
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Subject: Well, I remember, we talked about this in one of our meetings
like early on last semester, sort of talking about the Heisenberg
uncertainty principle, there’s sort of like a difference between
the uncertainty principle for position and momentum vs. the
uncertainty principle between time and energy, whereas the position
and momentum is a little, seems a little firmer, it’s based on the
fact that, um, like this Schwartz inequality, and I feel like I can
look at it and see these different mathematical things, but I don’t
feel like I have it internalized as well. Like, one thing that I
remember, I remember special relativity, like time dilation stuff,
just, I wanted to really make sense of that, and so, I literally
just like looked at it and wrote it down, you know, several times,
and just tried to do it without looking at it at all, and tried to
make sure I understood.
Vesal: Wrote what down several times?
Subject: There’s like a proof using like a light clock, to prove that the
time differences, like, say like, I think the classic example is
like the light clock on the train is moving at a speed v, and then
someone on the train is going to see it bouncing, this light
bouncing up [indicating the light moves vertically, perpendicular
to the motion of the train] and it’s going to go a certain distance
in an amount of time, and then the person, the outside observer is
going to see this kind of triangle as this train is moving [traces
triangle in the air]. Obviously like, at the speeds that we would
be talking about like, the person would probably still physically
see like a just up and down, the speed of light, but if the train
was going at some, you know, absurd speed, I guess, if it was
possible to be this, you know, but that was something.
Vesal: In that case it would take more time, if the train was going
really fast
Subject: Yeah, exactly because it would have to travel a greater
distance.
Vesal: The upshot of that was
Subject: I’m just using this as an example of something that, I guess
like I, you know, really internalized, like, I was just like, I had
this thing like I think, you know, I had the time to like sit down
and really like memorize and understand, you know.
Code: cohma-2 (lines 45-50, 52-67); cohik-2 (lines 54-67)
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The subject expresses some deficit in their understanding of the mathematics that underlies the position-momentum uncertainty principle (lines 41–44).
They contrast this with their sense of mastery of time dilation in special relativity (73–74), and what they did to achieve it: writing out an argument several
times, and gradually doing so without needing to reference anything (46–50).
The subject describes the argument as one involving a light clock on a train
and how an observer would perceive different times depending on the speed
of the train (lines 52–65).
There is evidence here that the subject views the mathematics underlying
time dilation as being physically meaningful. To explain the concept, they coordinate mathematical and intuitive ideas of distance, velocity and geometry
in a thought experiment involving a train and observers. At one point, they
recognize that the observer would have difficulty in perceiving the effect given
the speed of the train relative to the speed of light. Through the example, the
subject communicates that they are looking for this kind of fundamental understanding with respect to quantum topics, including the uncertainty principle,
and that getting there requires the coordination of mathematical and intuitive
ideas. It is a professed indicator of cohma and cohik framings.
Moreover, the subject suggests that learning time dilation involves laying
out the argument multiple times, and presumably, recognizing the connections
among its pieces. To get more clarity on what the subject meant by “memorize
and understand,” I ask,
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Vesal: And what you did in internalizing was, just draw out the scenario
a few times (yeah) and do what, like, you said memorize what?
Subject: Basically, I mean, this is what worked for me to sort of like
learn it to understand this like how is this proved, to just like
start with the assumptions, draw the pictures and then work from
there to, you know, get to the formula of time dilation (OK) I mean
I think there are several ways to do it, but this is one way I saw
in class that made sense, so like I had a pro who said like, you
know, his style of teaching was, I’m going to give you, you know, a
lecture and then I’ll give you, you know, there’s like something
like 15-20 problems throughout the whole semester, and then,
basically, the idea was just to memorize these problems, and then
we should write these, I think he literally said is like we should
have like legal pads filled from just like doing these problems
over and over, and I mean, I don’t know that’s like the worst way,
I think like, I don’t know, we might hear that and think that’s
absurd, but, to literally do it out, not just copy it, but to
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actually think through the same process several times, like I
definitely think that’s like beneficial.
Vesal: So you’re saying like, you’re not necessarily looking at something
and copying, looking and copying (exactly) you’re doing it out
yourself
Subject: Doing it again and remembering like, “oh yeah, that’s what I
did.”
Vesal: And doing it again and doing it again.
Subject: Yeah, yeah. Like what I would do for the Schwarz inequality,
like proving Heisenberg uncertainty is I would look through it, and
maybe I’d have to write it down and like copy it down, but then I
would try to do it again and not look at it, and like try to
remember everything about it, and then, from there, then I would do
it again, and wait a little bit and see how well I can remember
that, and then it gets to a point where it’s just like, oh, yeah,
of course that makes sense, that’s why I’ve been doing that.
Vesal: At what point do you say that, that of course it makes sense
Subject: I guess it’s like, in terms of like proving time dilation, like,
I think like...I don’t know, I feel like there’s a lot going on
especially if you’ve never seen that before, so then once you
realize, like oh, well, of course if something like is moving, this
light is moving up instructor down, but to someone outside it’s
also going to look it’s making a triangle shape, and then, OK well,
there’s some velocities associated with that, and we can use the
Pythagorean theorem to figure out these distances, and then we have
a time with two different time frames and we can relate them with
these distances.
Code: pieces-3 (lines 87-100, 111-116); cohma-2 (lines 17-23, 83-85,
119-129)

The subject indicates that their purpose was to learn time dilation to understand it (lines 81–82)—spelling out assumptions, drawing pictures and working to derive the formula (lines 83–85). Expanding on an earlier idea of copying
something several times to memorize and understand it (lines 46–50), they locate a similar technique in a college class (lines 87–95), communicate a benefit
as being able to think through a process multiple times (lines 96–100), and propose learning the uncertainty principle in that way (lines 107–116). The subject
says that at some point in the process they experience a sense of comprehension, and using the time-dilation example, implied that such comprehension
coincides with a clear chain of meaningful reasoning to a result (lines 117–129).
The subject has delineated a path to understanding as involving the repeated construction of a solution or derivation until it is memorized (lines
46–50, 87–100). But unlike simple memorization, it also requires laying bare
assumptions (lines 17–23, 83–85) and relating ideas within the solution (lines
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117–129), essentially expressing reasoning within the mathematics, which is a
professed indication of a cohma framing.
The subject’s description reflects a singular focus on mastering a particular line of reasoning. Their approach implies an endpoint to learning a topic
(lines 111–116, 122–129), and while it may very well result in a local consistency of ideas, an explicit commitment to connect more broadly to other ideas
or arguments is missing. That is, there is evidence of the subject seeking local
coherence, but not global. I take this to be an enacted indicator of a pieces
framing.
While the evidence presented for a pieces framing may not appear as strong
as for other framings identified so far, the claim fits a larger pattern of enacted
pieces framings that this subject has demonstrated throughout our interviews.
They have consistently discussed bits of course content from lecture and textbook, mostly without attempting to make cross-connections or posing related
questions.
The subject then describes how this approach is useful:
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Subject: I feel like through high school and part of college, there were
times where you could sit down on an exam and just like work
through with logic and figure everything out. But there were times
in college that just didn’t fly, you just had to know it, you had
to have it internalized to do the exam problems. If you don’t know,
you know, if you think you could figure out what Poynting’s theorem
is, and you could reason it out, you can’t derive all these things
on the go, you know [chuckling], like, there are some things in
high school and early college that you could probably figure out on
an exam. But there were times I was just like I really need to know
this like the back of my hand. [...]
Vesal: In terms of understanding, let’s say this [pointing to quantum
work on table], how much of it is memorization and how much of it
is other kinds of reasoning, like for you? It sounds like when you
say internalize, you mean you could reproduce something, without
referring to anything else.
Subject: Yeah, you’d agree that there’s a fundamental difference between
memorization and internalizing something. Would you?
Vesal: Well, I’m asking you [laughing]
Subject: I would say that there is, um. I think I mean, even in just
terms of the connotations, something that’s just memorized, it’s
like kind of like a robot, you’re just spitting this out. If it’s
internalized, I think that you can, you know, you could at least
know the foundations of it and figure it out and then maybe think
that there’s something interesting about it. You know like, I mean
you could memorize the alphabet and you can know the whole
alphabet, but if you don’t know how the letters work, you can’t
really form any words.
Code: cohma-2 (lines 136-140)
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The subject argues that having something “internalized” is necessary to approach exams that involve advanced content, when it is not feasible to reason
out and derive it (lines 133–142). They balk at the suggestion that their description of internalization is like memorization (143–153), and distinguish between
the two by specifying that the former requires understanding how all the parts
of something work while the latter is mindless reproduction (lines 153–163).
The subject points to course exams as a driver of their “internalize” learning
approach, and their pieces framing works well here: it helps students master
particular lines of thinking checked by typical examinations (e.g., lines 135–142,
the subject specifies “figuring” and “reasoning” out Poynting’s theorem and
where it comes from, indicative of a professed cohma framing). At the same
time, the approach restricts the subject’s scope and agency, since the learning
activity for them is primarily constrained by their perceptions of what is going
to be examined.
Moreover, the constraints of life and school seem to be a strong contextual
factor in shaping the subject’s learning approach, as this last bit of transcript
at the end of the episode shows:
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Subject: And yeah, I mean in terms of like say the way I did this
problem, I spent time, and you know, I’ve read the book and figured
out, OK this is pretty much outlined in the book. This is a
resource that I will always have with me, if I need to know this
better, or if I need to know this for an exam, I will have this
resource at my disposal. It’s kind of like you know how they say
the Internet and our access to information is changing the way we
think, I mean, the sheer fact that I knew that this was in the
book, you know, I have, you know, I have twenty lab reports to
grade [laughter]
Vesal: It’s the path of least resistance that you were saying earlier.
Subject: Yeah, I mean, it’s like, you don’t want to admit that that’s the
problem, or I mean that’s why something is happening, but I mean,
you can only have so much to really like, so much like, wherewithal
to like really-Vesal: Particularly, if it takes a long time to figure something out, if
it takes a really long time to figure something out, and you have
five other things to figure out (yeah, yeah) it’s stressful in that
sense-Subject: Or five things and three problems sets and like [chuckling]
Code: wcoh-1 (lines 163-169); wcoh-2 (lines 169-173, 176-179, 184-185)

The idea of “path of least resistance,” appearing at the beginning of the episode
(lines 6–7), surfaces again (lines 171–175). For lack of time and energy (line 173,
lines 178–179, 184), the subject almost abashedly (lines 176–177) turns to the
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solution in the book for homework and as a fallback in case it comes up on an
exam (lines 164–169).
The stress of the subject’s workload constrains their behavior, pushing them
away from what they would deem to be a meaningful struggle (lines 4–7), and
instead moving them to rely on the solution outlined in the book. In this way,
they cede responsibility for generating coherence to an authority, an enacted
indication of a wcoh framing.

3.1.5 Episode 5: Reflecting on learning scattering theory

The episode opens at the beginning of an interview (QM–Int 4) when the subject
expresses frustration with their experience of scattering theory:
1
2
3
4
5
6
7
8
9

Subject: We’ve been doing this scattering stuff, and what I have found is
that, I’m just now at the very end of the semester starting to
understand the big picture of it because it’s felt like a lot
of--and I’ve learned that there’s the same expression in
Spanish--missing the forest for the trees, right, it’s like we’re
seeing all these little details of like, sure, I understand how to
execute this computation and this method, but I don’t actually
understand what it means.
Code: cohma-2 (lines 1-10)

The subject’s communicated sense of missing the forest for the trees (lines
2–5) corresponds to their frustration with executing detailed computations and
using methods divorced from their meaning (lines 7–9).
The subject expects that there is conceptual meaning behind computations
they perform, and they want to understand it, particularly with respect to the
assumptions behind the methods they use to perform them (professed indicator of a cohma framing). They’re somewhat irritated that this understanding
is coming too late, and continue to elaborate on the nature of this deficit with
an illustrative example:
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Subject: For example, let’s talk about this question, we are going to be
using an Eikonal approximation, and basically you can use this
formula and then we like calculate some things. And that’s how I
did the problem and [instructor] pointed out that I plotted this
for up to 2π radians because like whenever I’m plotting something
in radians I go from 0 to 2π cause it covers a whole circle, and
[instructor] pointed out that there’s a fundamental assumption here
that the angle that we’re talking about, this ∆b, which is sort of
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like the phase shift angle is small. So why did I plot it for 2π
radians? But it’s not physically meaningful beyond like here
[pointing to plot].
Vesal: Why is that?
Subject: Well, it’s because it’s only valid for small angles, and I
plotted it for all angles (Oh, I see), and to me--and you know,
[instructor] gives me full credit on this homework assignment--and
to me, that shows that I fund--and [instructor] brought this up in
class and we discussed it and I was really happy about that, to
discuss it and realize this--but to me, that shows the fact that I
wasn’t understanding what I was doing because I didn’t understand
the fundamental assumption of this method.
Code: cohma-4 (lines 11-23); cohma-2 (lines 25-34)

The subject describes using a formula (lines 11–12) to perform a calculation,
and marks it as senseless by virtue of plotting the function over a large angle
even though it is valid only for small angles (lines 15–22, 24–25). Their evaluation of not understanding hinges on missing this fundamental assumption
(line 30–33).
During the interview, by specifying the range of angle over which the approximation is valid, the subject communicates an expectation that the mathematics and related assumptions of the Eikonal approximation are physically
meaningful. This points to an enacted indicator of a cohma framing, one that
is, by their account, different from their framing when first working on the
problem: “I’m a very conceptual kind of person. (Meaning?) Meaning, I tend
not to do this type of work [pointing to homework problem using the Eikonal
approximation], where I’m just like here’s an equation let me execute a computation, right?” At that point, the subject consciously approached the problem
as executing a computation without a grasp of the physical assumptions underlying the method. And in hindsight, they are uncomfortable with that framing.
Here is evidence of the dynamic nature of epistemology, that it can shift and
change depending on contextual factors.
The subject elaborates on the reason behind the discomfort with their state
of understanding:
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Subject: I always want to see the bigger picture of what’s going on,
right. I want to have a sort of coherent here’s how everything fits
together picture in my brain.
Vesal: So, how do you generally arrive at that bigger picture?
Subject: I start from like, “what is physically happening here.” I sort
of get the “I have a wave. It comes in. Something happens, and then
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I have a different wave.” Right, like, boom, boom, boom. [motioning
the different steps with their hands] But, what assumptions do I
need to make to do that, and how does it fit, sort of fit into the
broader picture [...] fitting it into a bigger picture in my brain
of where this goes, and if I just have something that’s like
connected to one other thing [motioning with their hands] I will
never understand this thing over here until it’s connected to a
bunch of other things. And so I just haven’t felt that connection
to multiple things, if that makes any sense. And that makes me
cranky in my work.
Code: cohik-3 (lines 39-52)

The subject strives for coherence in their thinking (lines 34–36, 42–44), and
they haven’t achieved that with respect to scattering (lines 49–50). The subject’s
forming a sense of the bigger picture involves examining a physical situation
and specifying assumptions about it (lines 38–44). They try to fit what they
learn into a whole, while connecting as many parts of their knowledge as
possible (lines 45–49).
The subject describes their intuitive sense of what should happen during a
scattering process. They are also explicit about their expectation around learning and understanding: it involves connecting ideas in as many ways as possible (they represent bits of knowledge with their fists and indicate that they
must be connected to other bits, an enacted indicator of a cohik framing).
Building the network begins by constructing a physical model with associated
assumptions. They feel an absence of that kind of coherence in their knowledge of scattering, and the problem involving the Eikonal approximation was
a stark reminder of that.
By the end of the semester, the subject notes some progress:
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Subject: I’m starting to understand the fundamental assumptions of the
different scattering approximation methods, right, there’s this one
where you sort of assume that it’s not deflected very much, right,
like, because this essentially assumes, the Eikonal approximation
just assumes the wave moves straight through the scattering
potential, and there’s only a small phase shift that’s caused by
going through, and then there are ones that assume the wave has
really low energy, right. And this is a type of high energy
approximation [pointing to problem], right, cause it’s got enough
energy to go straight through, so there are low and high energy
approximation methods, but I don’t have a coherent sense of which
is which.
Code: cohma-2 (lines 53-66)
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The subject begins sorting out the approximation methods based on physical
conditions, including scattering angle and low and high energy approximations (lines 54–55, 63), but still lacks clarity on when to use the latter (lines
64–66).
One kind of connection the subject seeks in this context becomes more apparent: physical connections to the formalism (professed indicator of a cohma
framing). Once those key assumptions about the scattering methods are worked
out, in this case angle and energy considerations, the subject would be able to
apply the methods with attention to what they mean and what they can say
about different physical circumstances.

3.1.6 Episode 6: Reasoning about bounding a particle to a fixed point

This episode takes place during a review of a midterm exam (QM 2–Int 3). It
begins when the subject has already spoken at length about two problems, and
at the tail end of the second one, they speak to what they are most concerned
about with respect to their exam performance and learning QM in general:
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Subject: Yeah it would be interesting to see, I’m going to go take time
to talk to [instructor], because I want to see how valid my
reasoning for this whole problem was, and you know, if the only
problem was I just can’t do linear algebra and normalize functions
and, I think that if that’s the big problem here, if that turns out
to be the big problem, then that’s not as negative a problem as I
don’t understand the physical significance of what I’m doing, um,
yeah, I would always sooner be struggling with the mathematics than
struggling with how the mathematics paints the picture. I think the
picture is more important to me than understanding these pieces
than, I guess the toolbox, the toolbox is much easier I think to
develop, than the appreciation for the phenomena we’re trying to
engage here.
Code: cohma-2 (lines 7-11, 14-15)

The subject is eager to verify that their reasoning is valid (lines 1–3, 7–11,
14–15). They are not as concerned about the calculation techniques (lines 4–6,
9–10) since that is easier to learn than what the mathematics physically means
(lines 12–15).
The subject expects that the mathematics communicates physical ideas and
their goal both for understanding the content and evaluating their performance
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on the exam is making sure they see the physical significance of and the meaning behind the mathematics (professed indicator of a cohma framing).
This stance of sense-making from the mathematics carries over to the subject’s discussion of the last question. It involves a spinless particle bound to a
fixed point with a potential so asymmetric that no energy level is degenerate.
They are to prove that the expectation value of the orbital angular momentum
is zero given that the Hamiltonian is time reversal invariant. The subject, who
has seen posted solutions to the exam, says that the instructor works through
the problem using a similarity transformation with the time reversal and angular momentum operators, hψ| L |ψi = hψT | ΘLΘ−1 |ψT i, concluding that that
could be only true if L = −L, and thus L and its expectation value are zero.
The subject then says they approached the problem differently, first referring to the classical definition of L as r × p, and then considering that the only
way the Hamiltonian can remain invariant is if both the kinetic and potential
energies are separately time reversal invariant. Because the time reversal operator acting on p2 gives −p2 , p must be zero, which also means that L and its
expectation values are zero.
But the subject is not satisfied with their answer, and they begin to question
the problem statement itself:
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Subject: You have a spinless particle bound to a fixed point. If it’s
bound to a fixed point, I don’t see how it can have momentum. Like
if, if we’re in three space and I fix something to be right here
[picks up a pen and holds it in one spot], how can this have any
momentum? [...] This question itself was so confusing--if it’s
bound to a fixed point, and the reference frame is that point, then
there’s no momentum (makes sense), so then, L has to be zero, but
then that would violate the uncertainty principle because I would
know absolutely the momentum, and the position, I would know both
of them explicitly. If the point is fixed, unless we don’t know
where that point is, at all, but regardless, saying that the
momentum is zero, would give us that. So this whole problem really
bothered me, so I was kinda like alright-Vesal: So how do you resolve that? You say the particle is fixed in the
potential. You, um, but you now know it’s momentum, it’s zero-Subject: But I don’t know what bound to a fixed point means. Does that
mean that it must stay within some phase space radii around that
point? Like does it have some h/2 tolerance window to be around
that point, is that what in quantum means bound to a point, or does
it mean, absolutely, in phase space, it is at that point, or in
just position space, fixed to that point, you know, I don’t know
what that means, or does that mean there is some high potential
that keeps it in this region, or what, but I think, in like, to
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take the most like fundamentalist reading of this question, it
reads to me that this particle is absolutely, this spinless
particle is absolutely at this location, meaning that it is not in
any way, shape or form moving away from that location. Then how
could it have momentum, and it can’t, if its momentum is zero, then
its angular momentum has to be zero, cause it’s r × p, so if p is
zero then it’s gotta be zero. So I can make a couple hand-wavy
arguments as to why it had to be zero, none of which involved
applying time reversal operator on L, which is the solution he
posted, but my approach was kind of like, why would you tell us to,
taking that this is the Hamiltonian, cause the Hamiltonian of a
particle bound to a potential is just p2 /2m plus whatever the
potential is, that’s just the definition (right), so if you say
that’s invariant over time reversal then, you know--I don’t know,
that first question seemed to me, kind of...there were too many
possible funky interpretations for me to I think come to an answer
that I found satisfactory. And I don’t know how to resolve, cause
that was what really ate at me, and I just kind of said, “Forget
it,” you know, I think I over thought about the problem, I think.
Code: cohik-4 (lines 18-20, 34, 43-51); cohex-2 (lines 18-29, 34-51);
cohma-4 (lines 21-29, 34-42, 48-51)

The subject takes issue with the basic premise of the problem: if something is
bound to a fixed point, then it is not moving and it does not have momentum
(lines 17-23, 44–51). They go further and propose that knowing the momentum exactly would violate the uncertainty principle, since both position and
momentum would be known (lines 24–29). In light of that, the subject also
reconsiders what it means to bound something to a fixed point in QM (lines
34–42). At the end of the excerpt, they reiterate their angst about the problem
(lines 54–65).
There is evidence here of the confluence of three coherence-seeking framings, cohik, cohex, and cohma. Working under the assumption that their
intuitive knowledge has relevance (enacted indicator of a cohik framing), the
subject picks up a pen and argues that bounding it to a fixed point, by definition, means that it has zero momentum (in the lab frame). To the subject,
this argument seems to render the exam question trivial (in other words, p = 0
means L = 0, which therefore means hψ| L |ψi = 0). The subject’s move is also a
professed indicator of a cohex framing, since they seem to be doing empirical
work with the pen, considering the implications of the question and building
a sense of the mathematics from that physical representation.
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At the heart of what “ate at” the subject is a question about what constitutes
being bound to a fixed point in the quantum realm. For them, the conflict arises
when they consider the physical implications in light of the uncertainty principle. The subject says the wording of the question implies that both position and
momentum are known with certainty, thus violating a central axiom of QM.7
Striving for consistency between what is physically happening and this central
principle (enacted indicator of a cohma framing), they propose possibilities
for alternative interpretations, including the idea that built into a quantum
conception of “fixed” is actually an uncertainty of h/2 in measurement.
Not knowing how to resolve the uncertainty violation may have contributed
to the subject’s dissatisfaction with their approach (despite some of the merits
in their reasoning). I ask them to elaborate on that:
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Subject: We can’t know them both completely, yeah, I mean you can know
them down to a maximum of h/2, right, that the, it’s not really--it
would be the variance, the product of the variances has to be
greater than h/2. But, if you know that your expectation value of
momentum squared is zero and momentum is zero, I mean, if momentum
is zero, momentum squared is zero, right, I think, however you cut
that, you’re gonna still get zero if it’s not moving, and I don’t
know how you can have a not moving particle, that just doesn’t,
that also doesn’t make sense to me, that something can have zero
momentum, like in macroworld, the fact that that pen is not moving,
in our rest frame, that pen is not moving, but it does not have
zero momentum.
Vesal: And you can measure its position-Subject: And you can measure position exactly down to some, well in this
case it would be, what, a volume h3 /8, right, maybe [smiling at the
absurdity of such a measurement], something like that, I don’t
know, um, but I guess [...] I can think myself in circles, I can
keep going down the rabbit hole, I’m not sure at what point I need
to stop because I’m running in circles now, I feel like it’s easy
to get into these bad thought loops in quantum, where you over
think something to the point where you are now running over
yourself and there’s very little in the formalism that will stop
you from doing that unless you appreciate why the mechanics are
doing what they’re doing.
Code: cohma-4 (lines 66-78, 80-83); cohik-1 (lines 74-78, 80-83); cohex-2
(lines 74-78, 80-83)

The subject reiterates earlier arguments with respect to the uncertainty principle, but this time defines it as a product of variances that needs to be greater
7 At one point, when I ask about the meaning of the uncertainty principle, the subject responds,
“It’s a rule. Ah, I guess that lives in the same category as things don’t go faster than the speed
of light, it’s a rule of the game that comes from, I guess, not observation, but we’ve measured
this to be very good, to you know, this theory is acted out to many orders of magnitude.” The
subject sees the uncertainty principle as a law of nature born out in, and trusted by virtue of,
sound empirical evidence.
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than a certain value, while also using it to characterize the minimum uncertainty possible for a position measurement of the pen (lines 66–72, 80–83). They
also bring up the consequences of zero momentum again, this time questioning
more fundamentally how an entity could be characterized as being motionless
(lines 73–78). The subject finally expresses some frustration in their tendency
to think in circles when it comes to QM (lines 84–92).
The same coherence-seeking framings are evident as in the preceding transcript. Whereas earlier, the subject takes issue with the particle’s zero momentum as trivializing the exam question, here they question the idea itself (apart
from the limitations imposed by the uncertainty principle). They wonder: how
could a particle, or their pen, be described as not moving or having zero momentum (presumably, in an absolute sense)?
Interestingly, the subject feels frustrated at frequently talking in circles when
it comes to quantum-related activities. The questions and reasoning in the conversation reflect some of this circularity, as for example when the subject teases
apart the deceptively simple idea of bounding a particle to a fixed point, and
re-examines basic notions of measuring position and momentum in light of
paradigm shifting ideas in QM (which are mostly taken for granted in classical). And then, winding back, the subject asserts that a classical object can be
considered motionless in the lab frame while still having momentum, which
contradicts their earlier reasoning.
In the process of trying to find consistency in their intuitive and mathematical (quantum) reasoning, the subject’s thinking follows a path that falls into
“the rabbit hole.” They are unsettled by their lack of coherent understanding,
which is likely exacerbated by the basic nature of their questions. From an
epistemological standpoint, the subject finds themself to be on shaky ground—
how far do they go with their questions? Their response is that they need to
understand the underlying meaning of the mathematics (line 91) to resolve
unproductive cycles in thinking.
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3.2

numerical summary of framing indicators (graduate)

I coded the entire set of interviews for three graduate students.8 Figure 13
shows three timelines of instances, one for each subject. The instances correspond to indicators of framings that are, as described in Chapter 2, the focus
of this study (see Appendix C for a listing of framings and indicators, with
representative examples). Table 2 presents the total number of instances of
indicators coded for each subject.

(a) Bailey’s interview timeline with coding results.

(b) Dakota’s interview timeline with coding results.

(c) Jesse’s interview timeline with coding results.

Figure 13: Graduate student interview timelines showing instances of indicators corresponding to framings central to this study. Each row corresponds to the
following framings (in the order shown in the timelines): cohma, cohik,
cohex, wcoh, and Pieces. Each rectangle corresponds to an instance, and
its width to its duration—some of them appear wide enough to reveal a
number, or part of one, which corresponds to the number of indicators of
that specific kind of framing that have been coded to that point in the interview (Note: Dakota participated in one less interview than the other two
subjects).

Broadly speaking, Figure 13 and Table 2 suggest that subjects can be relatively stable in demonstrating one or more framings (e.g., Bailey and Dakota
with a cohma framing, Jesse with a pieces framing). At the same time, it is
evident that framings can dynamically change, within all three subjects, even
the stronger ones (e.g., Bailey’s shift towards a cohik framing at the end of
their timeline). In the last section of this chapter, I elaborate on some of these

8 In order to protect each subject’s identity, I use a gender neutral pseudonym, pronouns and
adjectives (i.e., they, them, their, themself).

3.2 numerical summary of framing indicators (graduate)

Table 2: Listing of the total number of instances indicative of framings salient to the
study (graduate student subjects) (Note: Dakota participated in one less interview during the first semester as compared to the other subjects.)

subject

cohma

cohik

cohex

wcoh

pieces

Bailey

104

27

23

2

1

Dakota

73

14

12

0

0

Jesse

46

10

11

13

47

local dynamics and propose possible factors to account for observed stabilities
and variations.
With respect to the unusual codings evident in Bailey’s two instances of
wcoh and one of pieces, it’s worth noting again that because they represent
indicators of framings, there could either be misleading evidence, reconciled
with other evidence of framing, or a genuine deviation from a framing they
have demonstrated stability in. Below, I briefly examine such codings and more
general trends for each subject.
Bailey. Table 3 details the number of instances of indicators shown in Figure 13a. In terms of broad trends, the distribution of instances throughout our
interviews suggests that Bailey is mostly stable in demonstrating a cohma
framing. Though far fewer, instances of cohik and cohex framings also frequently dot the timeline.
As with every subject, the results portray variabilities in both the duration
and distribution of instances. One variation, for instance, starts at around hour
eight, when a swap in frequency of instances reflects a shift away from a
cohma to a cohik framing for a portion of the last interview. Another is made
plain in Table 3, which shows a decline in the number of instances indicative
of a cohex framing from the first to the second course (every subject, in fact,
showed such a decline). In the next section, I develop a profile of Bailey, discussing such dynamics, and their coherence-seeking framings in greater detail.
The very few instances of wcoh and pieces points to Bailey’s stability in
framing physics as an interconnected system of ideas, and that part of their
work in learning it is to make these ideas fit together. The unusual codings
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Table 3: Listing of the number of instances indicative of framings salient to the study
(Bailey).

interview

cohma

cohik

cohex

wcoh

pieces

QM

1–Int 1

6

1

6

1

0

QM

1–Int 2

8

1

2

0

0

QM

1–Int 3

12

1

0

0

0

QM

1–Int 4

23

4

5

0

0

QM

1–Int 5

14

0

2

0

0

QM

1–Total

63

7

15

1

0

QM

2–Int 1

13

3

0

0

1

QM

2–Int 2

9

3

2

1

0

QM

2–Int 3

13

0

3

0

0

QM

2–Int 4

6

14

3

0

0

QM

2–Total

41

20

8

1

0

104

27

23

2

1

Total

could be genuine deviations from Bailey’s stable framings or possibly be reconciled with other evidence. It is worth noting again that because I code for
indicators of framings, the inference could be based on misleading or incomplete evidence. I explore Bailey’s stabilities in greater depth in the next section.
Dakota. Table 4 details the number of instances of indicators shown in Figure 13b. The number and distribution of instances of a cohma framing point
to a general trend that Dakota is stable in demonstrating it. Dakota also demonstrates cohik and cohex framings on several occasions each semester, but not
as often as Bailey.
Yet, like Bailey, there is virtually no evidence of noncoherence-seeking framings (i.e., wcoh or pieces).
Jesse. Table 5 details the number of instances of indicators shown in Figure 13c.
These results depict a pattern different from Bailey and Dakota. Unlike those
subjects, Jesse consistently demonstrates a pieces framing. There are also many
more instances indicative of a wcoh framing.

3.2 numerical summary of framing indicators (graduate)

Table 4: Listing of the number of instances indicative of framings salient to the study
(Dakota). (Note: Dakota participated in one less interview during the first
semester as compared to the other subjects.)

interview

cohma

cohik

cohex

wcoh

pieces

QM

1–Int 1

12

0

2

0

0

QM

1–Int 2

14

6

3

0

0

QM

1–Int 3

10

1

1

0

0

QM

1–Int 4

10

0

2

0

0

QM

1–Total

46

7

8

0

0

QM

2–Int 1

9

5

1

0

0

QM

2–Int 2

7

0

1

0

0

QM

2–Int 3

1

0

1

0

0

QM

2–Int 4

10

2

1

0

0

QM

2–Total

27

7

4

0

0

73

14

12

0

0

Total

At the same time, Table 5 shows that there are as many instances of a cohma
framing as that of pieces, but with fewer (though non-negligible) instances of
cohik and cohex framings.
Table 5: Listing of the number of instances indicative of framings salient to the study
(Jesse).

interview

cohma

cohik

cohex

wcoh

pieces

QM

1–Int 1

12

1

4

1

4

QM

1–Int 2

5

4

3

1

4

QM

1–Int 3

3

0

0

1

8

QM

1–Int 4

2

1

1

0

4

QM

1–Int 5

3

0

1

6

6

QM

1–Total

25

6

9

9

26

QM

2–Int 1

5

0

0

0

4

QM

2–Int 2

7

0

1

0

6

QM

2–Int 3

3

0

0

0

4

QM

2–Int 4

6

4

1

4

7

QM

2–Total

21

4

2

4

21

46

10

11

13

47

Total

105

106

graduate student analysis

The episodes in Section 3.1 provided compelling qualitative depictions of
the involvement of epistemological aspects of framing in students’ work. In
this section, I have presented how indicators of those framings appear in interviews, numerically summarized in coding timelines and tables that reveal
some patterns of stability and variability.
Yet, the coding timelines in Figure 13 also appear chaotic in the distribution of instances, which makes it difficult to distinguish “noise” in the coding
from cognitively significant variations. To make a case that what may appear
haphazard can be cognitively significant variation, I shift to presenting a more
detailed profile of one student, Bailey, in the next section.

3.3

profile of a strong student

As described in Chapter 2, I dwelt on Bailey’s nine interviews and in the process, developed an analytical framework for the larger study. In what follows,
I use the coherence-seeking framings of that framework to examine Bailey’s
work in the course and show evidence of rich epistemological dynamics at
play. Beginning with cohma, I discuss three extended episodes of reasoning,
the first two illustrating Bailey’s stability in demonstrating a cohma framing,
and the third showing a disruption of that pattern. I then describe Bailey’s
demonstration of the cohik framing, followed by their appreciation for experimental connections (in line with a cohex framing). The last section tracks Bailey’s ongoing construction of their epistemologies and intuitions with respect
to QM.
In addition to spotlighting these local dynamics, I show that the analytical
framework is a useful tool that supports qualitative analysis, but is neither
complete nor definitive. As I work through the data, influential epistemologies
surface that the framework does not capture or specify.

3.3 profile of a strong student

3.3.1 Evidence for a COHMa framing and a shift

In this section, I present three extended episodes of reasoning: around the
Aharanov-Bohm (AB) effect, coupling of angular momentum and scattering
theory. There is evidence of both enacted and professed epistemologies, some
of which are dynamic and shifting.

3.3.1.1

Reasoning about the Aharanov-Bohm effect

This extended episode is one which Bailey looks to the mathematics of QM
to seek coherence and reconcile an inconsistency with respect to the AB effect
(QM 1–Int 2). In brief, the AB effect is striking QM behavior predicted by the
Schrodinger equation and well-illustrated by a double slit experiment using
single electrons (see Figure 14). The remarkable feature of the effect becomes
apparent when the interference pattern at point B changes as the magnetic
field (B) is turned on or off in the impenetrable cylinder. That is, even though
there is no B present along the paths, the electron’s behavior changes as if a
force were present!
While the fundamental reason for this behavior is still being debated (see
Vaidman [135]), physicists look at the interaction between the electromagnetic
potential and the complex phase of the electron’s wave function, and see a
phase difference arising between different paths it can take (top and bottom
lines drawn from points A to B in Figure 14). This view leads to the possibility that the once thought unphysical potentials are actually real and not just
mathematical constructs.
After Bailey discusses classical and quantum versions of wave interference,
which had been recently covered in class and had been of interest to them,
they describe the AB effect by first introducing B and how it is the curl of
the vector potential (A). They say that for the effect to happen, A needs to be
different valued in space along the electron’s possible trajectories, resulting in a
difference in phase between them. They note that the phase difference depends
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Figure 14: Double slit experiment illustrating the AB effect. Given the possible electron
paths from source at point A to detector at point B, the resulting interference pattern changes as B in the impenetrable cylinder is turned on or off.
Figure reproduced from J.J. Sakurai’s Modern Quantum Mechanics [107].

solely on the magnetic flux through the enclosed loop bounded by the paths.
Bailey insinuates that by itself, this behavior isn’t surprising: a magnetic flux
through a loop can effect a phase shift. But, they go on to say, interesting
behavior emerges when the field is localized:
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

Bailey: If we instead localized our B, if we’ve just got a solenoid
standing here and we’re letting the particles sort of go around
that, in that arrangement we have a B in the center of the
solenoid, but we have no B outside of that. So it’s this isolated
local field and the area through which the particles are passing is
void of any B, so they’re not experiencing any B as they travel
there, you know, can’t be any work done on them by this B, um, but
there is the flux right in that sort of path
Vesal: There’s flux of
Bailey: There’s still magnetic flux in that
Vesal: within the solenoid
Bailey: larger, well yeah, within the solenoid, and therefore within the
path. Um, [smiling] (uh oh) and therefore, we see this interference
pattern that we’d expect, if that same amount of magnetic flux were
spread out through the entire thing.
Code: cohma-4 (lines 1-9, 11, 13-17); cohik-3 (lines 1-9, 11, 13-17)

Bailey explains the AB effect and its unexpected nature: the interference pattern
is one as if the particle was interacting with a B (lines 14–17). And yet, the B is
localized in the solenoid and can do no work on the particle (lines 3–8).
Bailey’s initial descriptions of the AB effect include mathematical and intuitive ideas such as the existence of a local field that can do no work on the
particle, the particle traveling and ultimately contributing to an interference
pattern as if a field is present (indicative of enacted cohma and cohik framings). I further probed their thinking about the effect (the transcript starts with
my recapitulation of a point Bailey has just made):

3.3 profile of a strong student

16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55

Vesal: So the weirdness enters because there is no B that is interacting
with the particles.
Bailey: Yeah, it’s a super localized B, and yet its effects are seen on
particles in which pass through areas that are, um, well that don’t
have any B.
Vesal: So what does that lead you to? I mean, what do you think about
that?
Bailey: [laughing] I think it’s awesome! Um, so, yeah I think it’s cool
because a lot of times we come to these conclusions in QM and we
can sort of, um, you know, take some limit of them and see that you
know we would expect this classically also, um, but an effect like
this is just purely a QM effect and as far as I can tell there
isn’t um, you know there isn’t any sort of classical way to come to
terms with that.
Vesal: So when you say QM effect, what do you mean?
Bailey: I mean that we, I guess I mean that we can only explain it using
QM, um, yeah. I think that’s the simplest way to phrase it. And I
guess, so one of the things that’s interesting so you asked me
earlier [...] about sort of which of these things are real and I’m
wondering if this effect sort of legitimizes the A as a more real
thing in my mind.
Vesal: Why do you think, why do you say that?
Bailey: But I don’t know if I actually--well, so I was thinking cause I
know that the sort of derivation to get to this conclusion um, was,
I mean depended on that, um, [starting to look through notebook]
I’m sort of blanking on, but, let’s see if I can quickly pick up
anything about this...[looks through notebook for a minute] So the
thing is that I don’t, we were sort of slogging through a lot of
math to get to this, and um, you know, we go through a lot of heavy
math to get to any single conclusion that we get to, it seems, um,
but you know, we sort of, we ended at this place and it was like,
well wait, and you know you sort of looked at the fact that it’s,
it’s just this localized field can cause a non-local effect, um,
and that’s when you realize that you should pay more attention to
the math that lead you there [laughing]--wait I need to understand
that! That’s amazing! [looking at notebook]
Vesal: So, in your mind, the derivation would have helped explain why?
Bailey: So, I think so because this isn’t um, I mean I can tell you that
this occurs and I can tell you that we see it experimentally and
can predict it, but I right now cannot tell you why it occurs.
Code: cohma-1, cohik-4 (lines 20-22, 25-32, 36-40, 42-58)

Bailey’s excitement about the strangeness of the AB effect (lines 25-32, 56-58) is
tempered only by what they feel is an incomplete attempt at accounting for it:
either A has some physical significance or a localized B is having a non-local
effect (lines 29-30, 54-55).9 In their desire to get a better understanding of the
phenomenon, Bailey, in that moment, goes to examine the dense mathematical
derivation leading to the “amazing” conclusion (lines 42-58).

9 Bailey’s thinking here has a parallel in physics history: A was first constructed assuming the
existence of mathematical symmetry. That is, there’s a potential for the electric field (E), so what
would it be for B? A was devised, though it wasn’t thought to have a physical significance. But
it turns out that it very well may have one, and for physicists, it took a lot of effort in coming
to understand that.
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Bailey is surprised by the non-local effect of the B. They experience a violation of their expectations for how things should behave intuitively and classically (enacted indicator of a cohik framing). Bailey goes to the mathematics
because they expect it has physically meaningful substance to it so that the
weirdness of the effect can be understood by following the derivation. Further,
after searching for a better explanation in their notebook, they say that a reconciliation can be found in the mathematics and they need to go back and spend
some time to do so (enacted indicator of a cohma framing).
Later in the interview, Bailey reflects on this view of sense-making more
explicitly:
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74

Bailey: Yeah, I mean the way, it’s too bad because the way it sort of, I
mean it gets at one of the things that makes QM difficult is that
we see these effects that seem to, um, that seem to be almost
caused by just the way that the mathematics work out and not
something that we can, um, not something that we can qualitatively
justify, um, which, one makes them harder to explain, and two
requires a deeper understanding of how the math did work out, um,
which I’m still trying to build.
Vesal: I’m very curious to know how the math helps you make sense of this
(yeah, me too). But you’re pretty confident that the math will be
able to provide that explanation.
Bailey: Yeah, I mean we did the derivation in class, um, I just sort of
wasn’t, you know, it wasn’t one of those derivations where every
step I’m sort of predicting what the next step is going to be, it’s
one of those ones where you’re just like along for the ride (right,
right), um, and you never object to it, and it all seems kosher
but, that doesn’t mean you could have seen it coming (sure, sure),
and we end up at this super cool conclusion, um and now I want to
go back and sort of cement my understanding of how we got there.
Code: cohma-2 (lines 65-73, 77-86)

In order to account for how and why this effect arises, Bailey realizes they need
an intimate grasp of how the mathematics is developed (lines 71–73, 85–86),
since a qualitative justification, which corresponds to our day-to-day intuition
about the world, is going to be difficult to produce (lines 69–71). With respect
to approaching the unfolding derivation, Bailey distinguishes between two possible stances, one “where you’re just like along for the ride” and the other of
“predicting what the next step is going to be” (lines 78–81).
Here again Bailey communicates an expectation that physical meaning is
drawn from the mathematical derivation—that they can use the mathematics
to resolve the inconsistency in the behavior of the electron (professed indicator
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of a cohma framing). Bailey articulates a possible stance towards derivations
consistent with this framing. They say that the stance of passive receiving,
which students can default to when an instructor projects the role of an authority delivering canon, is not helpful. Rather, Bailey implies that a stance of
anticipating each step is productive for constructing the mathematical ideas
underlying QM. This interpretation of Bailey’s view is supported by their reflection on the classroom experience during the first semester (QM 2–Int 1):
75
76
77
78
79
80
81
82
83
84
85
86

Bailey: [Instructor] obviously does the traditional lecture style, to
some extent, but also does very well to be constantly interacting
and you know, especially our quantum class is like [small number]
people, it’s very easy to ask a question and to engage like
individually with people as they--or we as a class try to work out
what the next step should be or how do we expect this to work, or,
you know, we have this equation, what does that physically mean?
And so, so [instructor] as a teacher does a lot of that, which I
think is a great practice, you know it keeps you engaged, it keeps
you thinking during the class, it helps you sort of own the
material a little bit more when he’s sort of asking you what should
our next step be, which leads to, I think, a better understanding.
Code: cohma-2 (lines 93-95)

Bailey suggests that the instructor’s practice of asking students to anticipate
next steps and interpret physical meaning from equations fosters agency and
promotes understanding (lines 92–93, 97–100).
Bailey expects that their active participation in class, particularly in the development of the mathematics and the sense-making around it, is part of a
productive approach to learning (professed indicator of a cohma framing).

3.3.1.2

Reasoning about coupling of angular momentum

In this episode, Bailey walks me through a problem set question involving
angular momentum states of a composite system (QM 1–Int 4). Leading into
it, I ask Bailey to elaborate on a statement they make earlier in the interview
about their experience of the mathematics:
87
88
89
90
91
92
93
94

Vesal: Also, in class you mentioned, you’ve been mostly doing, you’ve
been talking about these angular momentum states and, how you
combine them, and in the class it’s mostly been math (yeah), math,
mathy you said?
Bailey: Well, mathy, mathy but not in the typical way that I would use
the word mathy. Like mathy in the way that we’re, we spend a lot of
time sort of building up these mathematical constructs and
understanding how we sort of work within those, um, but um, I don’t
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95
96
97
98
99
100
101
102
103
104
105
106
107

know, I feel like when I usually say mathy, I mean like, oh, it’s
just a bunch of really complicated awful math or something like
that, whereas this is like pretty straightforward mostly just like
adding and subtracting things, um, but you know it’s, it, we take
time to sort of build up this, um, you know this sense of how we’re
going to operate mathematically and talk about these things
mathematically before we’re then able to actually look at any sort
of physical representations that are, um, are either consequences
of that or in which that sort of math framework that we’ve built up
is helpful to us, um, and so we’ve just started to get to sort of
you know why do we care about this stuff, why have we built up this
mathematical framework, you know like, oh OK, these are the
physical situations in which it comes into play.
Code: cohma-2 (lines 107-110, 115-125)

Bailey thinks of the mathematics of this quantum topic, angular momentum, as
being uncomplicated (lines 112–113). They emphasize that the class has spent
time constructing the formalism (lines 113–116) that they are now applying to
physical systems and using to understand phenomena (lines 117–123).
Bailey suggests that the mathematical structure they have taken the time
to develop is rendered meaningful as they begin relating it to the physical
systems it was meant to describe. In this sense, they expect the mathematics
to convey meaning as they coordinate concepts about the world within the
formalism (professed indicator of a cohma framing).
Bailey then explains the general idea behind the coupled and uncoupled
representations that is explored in the problem. They say you can characterize
a system of two particles by specifying (1) a state of total angular momentum
and total z-component angular momentum for the system as a whole (i.e.,
|J, Mi), or (2) a linear combination of the possible angular momentum states
that the individual components of the system can take (i.e., |j1 , j2 , m1 , m2 i).
Referring to their solution to the problem shown in Figure 15, Bailey first
runs through the |2, 2i and |2, 1i states. They say that the |2, 2i state can be
expressed as |1, 1, 1, 1i in the uncoupled representation, since there is “only
[one] way we could get there,” namely by combining the two z-components of
angular momentum (i.e., m1 = 1 and m2 = 1). This state corresponds to “the
top of the ladder, the you know everything is in the z-direction.” Bailey says
the |2, 1i state gets “more interesting” because it’s a bit more “complex.” That
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is, “we can actually get there from a couple different combinations,” and “we
have to write some linear combination of” |1, 1, 0, 1i and |1, 1, 1, 0i. Bailey says,

Figure 15: Bailey’s solution to a problem involving the coupling of two j = 1 systems.
They use ladder operators to determine the number of possible states in the
coupled representation’s linear super-position (three possible states, each
with probability 16 , 16 , 23 for being measured, written in part (d) in the
image).
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124
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Bailey: And so, we need to assign, you know some probability to each of
those states. You know the idea being that if we go then and
measure the z-component of angular momentum on just one of those
particles, well we know that we can get a measurement of zero or a
measurement of one, and so we want to have some coefficient, you
know, for writing this overall state as a superposition of these
two individual states, the 1, 0 and the 0, 1 [referring to the
uncoupled |1, 1, 1, 0i and |1, 1, 0, 1i states], we want to have some
coefficient out in front of those states to represent how likely it
is to measure each of them. Um, and that coefficient
Vesal: It’s not an equal possibi--probability?
Bailey: Um, it depends on the situation. In this case, it is, in this
case we have an equal chance of finding each of them.
Vesal: And how do you know that? How do you know that it is an equal
chance?
Bailey: So, well, through the Clebsch-Gordon coefficients. Um, and also
sort of logically, right, there’s no reason that those two
particles, if we are just considering two spin-1 particles (yup),
you know it doesn’t seem like, just thinking about it
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127
128
129
130
131
132
133
134

qualitatively, there should be any reason that you know this one
should be called particle 1 and this one should be called particle
2 [representing two particles with fists out stretched], and so
just switching 1, 0 to 0, 1, you know it doesn’t seem like there’s
any meaningful way in which we should be able to say that like one
of those is more likely than the other, right, so it just feels
like, OK, you know, they should be equally likely, um, but we can
do slightly better than that and actually work out the math for it.
Code: cohma-4 (lines 126-137, 139-141); cohma-2 (lines 144, 155-157);
cohik-3 (lines 145-154)

Bailey motivates the need to assign a probability to measure a particular value
of angular momentum corresponding to the possible states in the uncoupled
representation (lines 127–130). For that purpose, they suggest placing a coefficient in front of each state (lines 133–134). They also say that the uncoupled
|1, 1, 0, 1i and |1, 1, 1, 0i states are equally likely to be measured (lines 138–140),
appealing to logic as a rationale and saying that there does not seem to be a
way to distinguish between the states (lines 146–155). They indicate a mathematical justification exists (line 143) and would be more convincing than their
intuitive sense (lines 156–157).
In their construction of the |2, 1i state, specifically in assigning and interpreting its probabilities, and recognizing the role of the Clebsch-Gordon coefficients, Bailey works with the mathematics assuming that it encodes conceptual
meaning (enacted indicator of a cohma framing). Further, while Bailey makes
an intuitive case for why the probabilities should be equal—that there does
not seem to be a way to distinguish between the states (enacted indicator of
a cohik framing)—they recognize in-the-moment that their assertion can be
strengthened by turning to the mathematics.
Bailey continues,
135
136
137
138
139
140
141
142
143
144
145
146
147

Bailey: Um, yeah, so we’ll get to, how do we calculate these
Clebsch-Gordon coefficients, um, which then are, you know, my
understanding of them is basically that they are the probabilities,
they are the coefficients that go in front of these states that
describe how likely we are to measure them, um, you know sort of
their weighting in the overall superposition, um, but so, the more
interesting state here, to me at least, because we see something
that’s not equally likely, is if we look at, um, the state where
we’ve got M = 0, right so, total angular momentum J is still gonna
be equal to two, as we’ve been working with this whole time, but
our z-component now we’re saying is zero, there’s no z-component to
it whatsoever. Um, but we can get there now three different ways,
right, cause we can say, OK, well that could be spin-0, or not
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148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
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spin, z-component 0, z-component 0 for particles 1 and 2, or that
could z-component −1 and +1, or we can switch those and have +1
and −1
Vesal: Ah, so three
Bailey: So there are three different ways we can get there, um, and-Vesal: Could you say it’s a third, a third, a third probability?
[chuckling]
Bailey: No! [laughing]
Vesal: Why not? That seems logical. [chuckling]
Bailey: It does, but it comes down to, it sort of like a um...I don’t
know, it’s a very, like there are definitely probabilistic things
that are exactly the same sort of spread, um, but it’s basically...
Vesal: What do you mean the same, the same sort of thing?
Bailey: I think it’s a-Vesal: How’s it spread?
Bailey: If we consider the, I don’t think I can come up with an example
right now [sitting back], um,
Vesal: Like a real, not a real world, but a, an example from our everyday
experience?
Bailey: Yeah, I was just trying to think of something very
straight-forward, like it’s sort of, if we’re, um... [thinking to
themself] hmm, well...[speaking softly] that doesn’t work... Yeah,
I’ll have to get back to thinking about that. I was thinking, you
know, just in terms of, just in terms of how probability and
statistics tend to work, it seems like it’s one of these things
where you know we’re looking at um, well, hmm, that’s a really
incomplete example [thinking to themself]. Yeah, we might have to
come back to this. (OK) I don’t have a good parallel example for
it, but it’s not a third, a third, a third. It turns out that it’s
more like [looking at paper] it’s a sixth, a sixth and two-thirds,
(OK), two-thirds being the 0, 0 possibility [referring to the
uncoupled |1, 1, 0, 0i state], um and then one-sixth probability each
to the 1, −1 or the −1, 1.
Vesal: Is that [referring to probabilities] something you just look up in
a table or is that something you can arrive-Bailey: So I think you probably can look them up in a table, um, in this
case we derived them, so let’s talk about how cause it’s kind of
interesting.
Vesal: Why is it interesting?
Bailey: It’s always fun when you can derive stuff instead of looking it
up! (laughing)
Code: cohma-4 (lines 158-175, 198-202)

Bailey first identifies a Clebsch-Gordon coefficient as the probability to find a
particular state (lines 158–161), and then describes the |2, 0i state as the more
interesting one because it can also be described by three possible uncoupled
states (lines 167–175). Bailey denies that they could be measured with equal
probability and makes several attempts at finding an accessible explanation
(lines 183–186, 188–191, 194–202). Bailey capitulates, suggesting to come back
to it later, and specifies the probabilities, saying they can be looked up but
finds it more enjoyable to derive them (lines 212–214, 216–217).
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Bailey then goes through a detailed explanation of how to use the ladder
operators on both the coupled (J± ) and uncoupled states (j1± + j2± ) to generate
states of interest (specified in the problem set) as well as their corresponding
coefficients. They reflect on the pattern they see in carrying through with that
process:
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Bailey: So that’s, you know, how these ladder operators work just
generally, um, and it’s kind of cool, right, we just took what our
you know our superposition of states was, acted with you know an
equivalent operator on that side, and then on the other side, and
then we’re just able to solve for, you know, this next state down,
um, and you know similarly we can do that again on what we’ve now
found to be our, ah, you know 2, 1 state we could go down to our 2, 0
state from there [referring to the coupled |J, Mi state], and then
when we act on our superposition of the individual particles, um,
you know, then instead of just being one state it actually is a
superposition of two states, right because we’re coming from either
the 1, 0 or the 0, 1, [referring to the uncoupled |j1 , j2 , m1 , m2 i
states] um, places, and so that’s sort of how we expand our you
know, possible states, and so it makes sense that as we do that
we’ll, you know, at this sort of middle level, where the M value
equals zero for the total state, it makes sense then that we’ve got
you know this more spread out like, um, like a superposition of
three possible states instead of just two as we step [motioning
down with hands] it sort of balloons outward [motioning outward in
a tree], um, and so, you know, that is um, I guess in describing it
now it feels a little more physical than it did as we were going
through it in class. I mean I guess this is a nice example to work
through because it is a, is a physical example, right, we’re
talking about you know, two particles and not just these abstract
like m and j’s floating around. Yeah-Vesal: In class, it doesn’t, it’s not so clear because it is more
general?
Bailey: Um, no, I think it’s just that, um, you know, in class we take
the time to sort of develop these mathematical tools like the j−
and j+ operators and sort of understanding the, um, you know, the
equivalence between these things, um, you know, we, we just sort of
have to take the time to mathematically, um, sort of verify these
tools that we’re using, make sure that they’re legit, yeah, but
then you know, as soon as we’ve done that, um, we did an example,
very similar to this in class actually where we were looking at, I
think, two spin- 1
2 systems combining or something, um, just to get
a sense for something slightly more physical and a sense for OK,
you know, we’ve developed these tools, now we have to make sure we
know how to use them a little bit.
Code: cohma-4 (lines 218-240); cohex-2 (lines 243-246, 257-262)

Bailey describes how the ladder operators acting on the |2, 1i state and its
two uncoupled counterparts (1, 0 and 0, 1) produce the |2, 0i state and more
uncoupled counterparts (lines 220–226). As they walk me through this, Bailey
gets a tangible sense that at M = 0, the number of possible states branches
outwards (lines 232–240). Having taken the time to derive the mathematical
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tools and validate them (lines 250–255), Bailey appreciates the opportunity to
apply the formalism to physical systems (lines 243–246, 257–262).
Bailey recognizes how the number of possible states balloons outwards in
moving from a system with total z-component of angular momentum of M = 1
to M = 0. Working through the problem gives them a more visceral connection to the theory. As remote as the particles are to Bailey, they provide an
anchor for the more abstract m’s and j’s. Seeing how the m’s and j’s act in
the context of a physical system helps them manipulate and reason within the
mathematical framework to understand it better (professed indicator of a cohex framing). Moreover, by saying that it is necessary to allot time to construct
and substantiate the mathematical tools, Bailey expects it to be a necessary part
of the learning process (professed indicator of a cohma framing).
After outlining how the ladder operators acts on the |2, 1i state to get the
|2, 0i state, with its corresponding uncoupled counterpart of three states in
superposition, Bailey says,
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Bailey: Yeah, yeah, and then it starts to make more sense, that sort of
probabilistic analogy that I wanted to get to before but couldn’t
really find a way to explain it, um, you know, just sort of looking
at the, the ways that we can get to these various states, it makes
sense that it wouldn’t be a third, a third, a third, right, because
if we start from the very top of our ladder [motioning with two
hands at out-stretched above their head], you know, we start at
this like M = 2, so therefore M = 1, we start there, and then if
we just sort of cascade down through the possibilities well OK we
can go then to 0, 1 or 1, 0 and then from there, well we could go--on
our 0, 1 state, we could end up at −1, 1 or we can end up at 0, 0, and
then on our 1, 0 state, we could end up at 1, −1 or 0, 0, right, and
so just looking at like the pathways to get there, we see that
there are more pathways to get to that 0, 0 state as opposed to the
1, −1 or the −1, 1 state.
Vesal: Mm, that’s very clear. So that’s why it would make sense that the
coefficients wouldn’t be the same.
Bailey: Right, um, yeah, which, yeah, like it’s nice cause this stuff, I
don’t know, to me at least, this stuff all feels very logical.
(mhm, mhm) Um, yeah, I wonder...I don’t know if it’s true or not
but it reminds me a little bit of like the sort of stat mech
analogy where we’re always talking about how something that’s
energetically favorable, um, is usually just like the more probable
state, um, and so it seems like, you know, if we, if we use that
analogy for this, then, you know it might be that it’s, it’s just
more energetically favorable to be in the 0, 0 state than the 1, −1
or the −1, 1 state, (mhm, mhm) um
Vesal: So you’d have to calculate the energies.
Bailey: Yeah, yeah, it would be fun to look at, actually. Um, it makes
sense, I mean just intuitively it seems like that should be the
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case, um, just cause that’s how probabilities tend to work out
physically, but I haven’t verified that.
Code: cohma-4 (lines 263-279); cohik-3 (lines 263-279, 282-293, 295-299)

By mapping the possible ways to get to each uncoupled state corresponding
to M = 1 (lines 266, 271–279), Bailey makes a case for why the probability is
not an equal spread among them (lines 268). Bailey then connects what they
have just worked out to the idea from statistical mechanics that energetically
more favorable states are more likely, something they would like to verify (lines
285–299).
To Bailey, the mathematics encodes meaning: there are more ways to get to
the |1, 1, 0, 0i state than to the others, making it more likely to measure (see the
last line of part (b) and part (d) in Figure 15). They seek and find coherence
in their thinking around the idea of angular momentum states, their representations, and the probability of measuring them (Clebsch-Gordon coefficients)
in the unfolding mathematics of the problem (enacted indicator of a cohma
framing). Bailey also seeks broader coherence in their thinking with respect to
statistical mechanics (enacted indicator of a cohik framing), intuitively seeing
a correspondence between the mathematics encoded there in energetically favorable states to the probabilities of finding those states. They imply that this
intuitive connection would have to be verified in calculation.

3.3.1.3

Reasoning about scattering theory

Over the span of the three and half weeks leading up our last interview, the
course had been focused on scattering theory and this episode takes it up.
Before describing the episode, there are a few key distinctions to note between
classical and quantum scattering.
Classical vs. quantum scattering theory
At a basic level, classical scattering theory describes incoming particles interacting with some kind of scattering center, whether another particle or potential
barrier. The central aim of the theory is to calculate the angle at which the
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incoming particle deviates from its original path post collision. Classically, the
final trajectory depends completely deterministically on the velocities of the
colliding entities and the impact parameter, which is the perpendicular distance between path and scatterer (labeled b in Figure 16).

Figure 16: A central problem in scattering theory is to characterize the probability of
scattering in a given direction, essentially the scattering amplitude (f(k, θ)),
which depends on the incident cross-section (dσ) as compared to the solid
angle (dΩ) it scatters into. Figure reproduced from D.J. Griffiths’ Introduction to Quantum Mechanics [43].

Quantum indeterminacy upends the basic notions that make such a calculation possible. The momentum and position operators do not commute, and
we lose the ability to calculate a scattering angle for any individual incoming
particle. Instead, quantum theory allows us to calculate only the probability of
scattering at a particular angle for an ensemble of identical particles.
We can think of a quantum scattering process as a system transitioning from
an initial to a final state that is effected by a perturbation (the initial and final
states encode angle information). Mathematically, the transition can be represented by a matrix element, hf|Ĥpert |ii, which corresponds to a probability
amplitude of finding a state i collapsing into a state f given a perturbing Hamiltonian Ĥpert . The probability of a particular transition depends on the initial
and final states, the form and strength of the perturbation, and the number of
ways the transition can happen (i.e. the number of macroscopically equivalent
states of a given energy that are available for the transition, represented as the
density of states ρ(f)).
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Scattering involves quantities that are common to both quantum and classical models including, for example, cross section and scattering solid angle that
essentially refer to the same things in both contexts. However, the conceptualization of the interaction itself is very different. Classically, the precise initial
state of a particle (a pellet) and specification of the scattering object (bowling ball) determines what takes place. In QM, the matrix element provides the
machinery to calculate a probabilistic outcome.
Scattering episode
Near the beginning of the interview, I ask Bailey to work through a problem
that has been interesting to them. Bailey starts to describe one in which students had to reproduce a figure in their textbook related to resonance scattering10 . Before getting into it, Bailey takes a step back and says they have experienced scattering theory as “very formula based and not necessarily...conceptually super grounded.” Wanting to work up to the problem, Bailey first tries to
describe the basics of scattering. In their initial attempt, they resort to listing
pertinent variables without being able to animate them with meaning.
Moments later, Bailey has trouble describing what happens when a wave interacts with a potential, first saying that they don’t really know what motivates
the derivation of the “whole list of formulas” in their notes, and then saying,
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Bailey: It seems like there should be a next logical step here where
basically we just draw this line closer [referring to two entities
on the verge of colliding] and then talk about like, OK, how did
these interact?! Right, but I feel like in my mind I don’t have
that progression super clear. [in an exasperated tone] And instead
we just sort of skip right from this to...define this thing
that’s...f(k, θ), and after that we also have this δ, and some like
cross-sectional area... [...] We sort of decide that there are some
important, you know, basically variables at which we need to look
to understand what’s going on. And so, I’m trying to think of
physically what f(k, θ) represents, but I’m drawing a blank. So, we
talk about... Um, see, that’s the problem with this stuff. I go to
explain it, and I find that the only way I can explain it is by
writing down equations then trying to talk about what those mean,
and I feel like that’s a terrible way to understand something.
Vesal: Why is that?

10 Resonance scattering can take place when the scattering cross-section is no longer independent
of energy, and the incident particle can form a metastable bound state in the scattering potential
well, then decay and be released. In such a case, the resonance scattering cross-section ends up
being much higher than a non-resonance condition.
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Bailey: You know, like you want to be able to talk about it
qualitatively, (right, right) you want to have both of those sides,
you want to be able to do both, but it shouldn’t, I don’t know, I
don’t like the reliance on these equations that is happening on
this piece of paper right now. (understood) Basically just me
complaining about my lack of understanding with this stuff at the
moment, um...
Code: cohik-2 (lines 300-305, 319-321); cohma-2 (lines 311-313, 320-321)

Bailey is frustrated (lines 303–305, 313, 316–317, 322–326) about not knowing
what physically happens during a collision (lines 300–303) and relying on equations (lines 314–316). Instead of dwelling on the physical interactions, the class
pushes ahead to define variables like scattering cross section, amplitude and
phase shift (lines 306–308) that lack meaning for them (lines 311–313). Bailey
says that understanding should have both conceptual and mathematical dimensions and laments that theirs is an imbalanced reliance on the latter (lines
319–326). This is consistent with what they express at another point in the
interview, that they have felt “buried in the math for the last month in this
class.”
A tension is evident in Bailey’s discourse. They are faced with not having
(but expecting to have) a physical sense of a collision process that they could
explain conceptually (enacted indicator of a cohik framing), and not knowing
(but expecting to know) how the mathematics relates to it (enacted indicator
of a cohma framing). They acknowledge that both are necessary, but seem to
indicate that the two are distinct (lines 314–317). They dislike calling up and
foregrounding a mathematics for which they don’t have a conceptual understanding.
Bailey’s irritation cues up the typical physics classroom where equations
are frequently showcased without conceptual discussions getting at what they
“truly” mean. They go on to consider this “equation-based approach” in classical vs. QM:
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Bailey: With early, lower level physics it’s very simple to say OK let’s
put the equations aside and let’s talk about what happens here,
right. [...] You can introduce equations to help you along and to
like, to like, I guess bolster your foundation, but you don’t
necessarily have to rely on them to get to each next step, it’s,
it’s sort of logic and observation based. [...]
Vesal: So right now you’re debating whether it’s possible to talk about
some of these [QM] ideas without--
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Bailey: an equation driving us, right, I think it needs to be there
somewhere, but do we need to necessarily start with, like, here’s
an equation, let’s talk about what that means. Or can we get there
through you know almost like thought experiment, thinking about
like, OK, well, what happens in this sort of situation and then you
just sort of bolster our conclusions with an equation after the
fact.
Code: cohik-2 (lines 332-333, 339-343); cohex-2 (lines 339-343)

In introductory physics, Bailey says that understanding can be built mostly
through observation and logic (332–333), and equations can come in after the
fact to reinforce what has been understood (lines 329–331, 342–343). Bailey
then wonders if this approach can be extended to QM, starting and following
through with thought experiment and coming to sensible conclusions that can
then be “bolstered” with equations (lines 336–343).
Bailey wants to connect equations with physical sense that holds meaning
for them, rather than grinding through mathematics disconnected from that
sense. The resulting discomfort Bailey feels in the interview as they begin that
grind helps push them to reconsider the role that mathematics should play
in learning QM. They propose an approach similar to one they would take
with classical mechanics, where ideas and arguments are constructed through
thought experiment—observation and logic—and equations enter after the fact
to clarify them (professed indicator of cohik and cohex framings). In this way,
Bailey would start without writing equations and discuss QM conceptually.
Significantly, Bailey makes a few attempts at constructing exactly this kind
of conceptual explanation just prior to the exchange above (enacted indicators
of cohik and cohex framings). First, when they falter in explaining the interaction cross-section quantum mechanically, they turn to classical ideas using
trajectories of balls and drawing a graph of cross-section vs. wave number as
constant (see Figure 17). Even though they have said the classical ideas are
far removed from the quantum behavior they seek to understand, they invoke
them because they have a conceptual grasp of those ideas and expect them to
serve as a starting point for discussion, perhaps by bringing into relief differences that might then point to productive lines of QM reasoning.
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Figure 17: Bailey’s classical explanation of scattering cross-section. On the left side,
they have drawn a ball having collided with another, and on the right side
is their depiction of the cross-section vs. wave number resulting from this
classical interaction. They suggest that the cross-section is constant at πr2
because it corresponds to a projection of the sphere onto the scatterer. In the
classical case of two balls colliding, it does not depend on wave number.

Bailey continues by saying that “when we talk about these very small quantum particles, this (classical) picture completely falls apart.” Regardless, they
then take another shot at marrying their classical expectations with quantum
phenomena: they construct what they call a semi-classical account of scattering as a way to animate their thinking about the physical process taking place
and the variables that describe them (indicative of a cohma framing). In their
account, an incident object is represented by an incoming wave, corresponding to a probability distribution of possible states. Each of these possible states
individually interacts with something modeled not as a hard sphere, but as a
potential, and scattered (see Figure 18). By mapping each scattered state deterministically back to the original one that gives rise to it, and weighting it
according to that probability, they find the overall outcome of the interaction.
But after constructing it, Bailey comes to recognize that their explanation has
limitations and boils down to a “weighted average over a series of probabilities,” which they consider too simplistic and essentially classical (one that’s not
“terribly interesting” and “lame,” but “something that we’ll be able to build on
as we go.”). In this, Bailey communicates expectations about the nature of
intuitive knowledge in constructing QM explanations—that what happens in
QM

necessarily extends beyond what can be constructed with their classical

intuitions. This is an interesting nuance in Bailey’s epistemology that is not
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captured by the analytical framework but is nonetheless consequential to their
approach in this moment.
These two examples show Bailey’s ready use of intuitive knowledge to build
understanding and construct explanations in quantum (enacted indicators of
cohik and cohex framings). They also show how they first seek to motivate
scattering conceptually, and then expect to use mathematics to make that thinking more precise (i.e., doing it in a “rigorous mathematical way”). In the end
they feel they lack the depth of understanding to successfully motivate QM
scattering conceptually, “So that’s a long aside about how I would like to be
talking about this. I lack the tools for the moment.”

Figure 18: Bailey’s semi-classical explanation of scattering. On the left side there’s an
incoming electron that they represent as a distribution of states. A particular
state from the distribution they have drawn on the left side interacts with a
scattering potential, which they represent as a circle on the right side. Each
possible electron state scatters in a specific way, resulting in one trajectory
among the several originating at the scatterer. The final state of the electron
is rebuilt by combining all of those possible trajectories.

Bailey’s framing of mathematics in this episode is different from the one involving the AB effect or the coupling of angular momentum. In those contexts,
Bailey approaches equations as containing conceptual substance that needs
probing—a question on their mind is how the equations relate to the conceptual logic of what is taking place. Here, however, Bailey does not seem to view
the equations as a route to understanding, as a structure that organizes conceptual meaning. Instead, they frame the role of mathematics as strengthening
ideas and arguments about the micro-world that form in ways similar to classical mechanics, where experience-based reasoning proves to be productive. To
Bailey, in the absence of conceptual understanding, parsing equations does not
hold value in advancing their aim to understand.
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It might be argued that Bailey’s prescription to calculate the scattering probability originates from the mathematical structure of scattering theory, since a
kind of “weighted average over a series of probabilities” appears in an equation they look over in their notes. While it is clear from the transcript they are
not thinking about a density of states as a weighting function or the scatterer
as a perturbing potential that facilitates a transition of a given probability, it
is at least possible that an expression of that kind occurs to them because of
exposure to the theory. Even if that is the case, which is unlikely, there still
isn’t evidence that Bailey sees meaning coming from there. And, regardless,
connecting to and deriving meaning from the mathematics is not an explicit
commitment for Bailey as it was during the AB episode.

3.3.2 Evidence for a COHIK framing

As evident in some of the extended episodes presented in Section 3.3.1, Bailey
uses intuitive knowledge to understand and construct explanations related to
QM

(27 instances of cohik). In treating angular momentum addition, the AB

effect, the quantum harmonic oscillator, a double-well potential problem (parity), magic numbers (size of the nucleon), and scattering, among others, Bailey
constructed explanations that incorporated classical arguments that provided
useful insights, seeded further QM reasoning, or pointed to where the models
contrasted.
Leading into their discussion of the AB effect (QM 2–Int 2), for instance, Bailey
set the stage by invoking classical ideas:
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Bailey: We can start with this idea of, with the familiar idea from just
looking at light rays, there’s a two slit experiment, say, and we
can trace two different paths that are going to have some
difference in path length, sort of as they go through the slits and
then on our back wall we’re actually looking at the picture there’s
some sort of interference pattern. So, that’s sort of the classical
view, and so we can sort of port that over to QM.
Code: cohik-3 (lines 344-352)
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Bailey brings up the double slit experiment with light as a classical phenomenon,
explicitly referencing path length differential between the slits as the cause of
interference (lines 346–352).
Bailey views the classical interference model as a useful resource to set the
stage for understanding quantum interference related to the AB effect (enacted
indicator of a cohik framing). Along similar lines, while introducing a double
well problem, Bailey refers to a particle’s wave function and how to begin
thinking about whether a particle is allowed in a particular region of the well
system (QM 2–Int 1):
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Bailey: The simple way to think of it is, basically like, classically is
the particle allowed there? Right and so if we have this region
[pointing to the portion of the well with zero potential], as long
as we have a positive energy for this particle, it’s allowed in
there, right. But then we have this barrier here, and so
classically we would say, “Oh, the particle can’t be there,” so if
we have a particle that’s starts out on this side, [pointing
outside the barrier], and it’s got an energy lower than V0 , then
we figure, “Oh, it’s never going to get past that barrier, this
area is never going to have that particle in it.” Quantum
mechanically, we get to, as I’ve said before, throw that classical
intuition out the window and do something a bit more fun!
Code: cohik-3 (lines 353-366)

Bailey calls attention to how energy constrains the behavior of a particle classically: if it has enough energy, it can exist there or be repelled by a barrier with
lower energy (lines 353–355, 366–368). They contrast that intuitive sense with
what happens quantum mechanically (lines 365–366).
Bailey refers to classical intuition to make plain a major distinction in QM:
that we can write a wave function showing a decreasing probability of the
particle existing in a “classically forbidden region.” I have been using the cohik
framing to designate a learning approach in which relationships between QM
ideas are made more meaningful and consistent using intuitive knowledge.
Like the subject in Section 3.1.1, Bailey in this case uses intuitive knowledge for
contrast to the quantum understanding. However, in foregrounding classical,
intuitive behavior, Bailey clearly defines the quantum model by focusing on a
key distinction in its behavior, and coordinating how the energy of a particle
might influence its position. For this reason, I still take it to be evidence of a

3.3 profile of a strong student

cohik framing, since intuitive knowledge supports an effort to build coherence
in quantum thinking.
Bailey also constructs analogies using intuitive knowledge that provide useful explanations. On one occasion (QM 2–Int 4), I ask Bailey what the phase
shift δ represents in a scattering explanation they had given. After a few moments of reflection, they decide to employ an analogy from their experience in
the world. They draw a line of cars travelling on a road at a set frequency that
encounter a set of lights (see Figure 19). In the scenario, each car is directed
to stop and then go by the lights so that they maintain the frequency (represented by the blue cars moving past the lights in Figure 19) but disrupts the
flow of cars (represented by the black cars past the lights in Figure 19). Bailey explains, “So we’re not materially changing our wave, right, we’ve still got
the same wave, we’ve just offset it. We’ve cut a chunk out, we’ve got this discontinuity, we’ve shifted.” The analogy makes plain how they conceive of the
phase shift that might result when a wave interacts with a scattering potential.
It helps them coordinate the ideas of frequency, wavelength, and shifts/offsets,
and indicates a cohik framing.

Figure 19: Bailey’s intuitive analogy of phase factor in scattering. They describe a line
of cars moving at set frequency that encounter a set of lights, signaling to
each car to stop and then go. The light is configured in such a way that it
maintains the frequency (the blue cars passed the toll) but disrupts the flow
of cars as it would be absent the barrier (the black cars passed the toll).
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Moreover, Bailey appreciates how classical models can evolve into more accurate quantum ones. In their introduction to the “magic numbers” problem11 ,
Bailey first discusses the QM model of electron energies, and then describes a
simple classical model of protons and neutrons as objects packing the nucleus
without any form of angular momentum. They explain that scientists had to
“throw out that classical picture a little,” and see if the same QM approach
that worked with electrons could work for nucleons. After they complete the
derivation of the nucleon’s “magic numbers,” I ask them:
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Vesal: So wait, neutrons and protons have angular momentum?
Bailey: Great question! [laughing] Apparently, um-yeah, [...] this is one
of things I thought seemed a little bit weird. [...] Yeah, we think
of them as just being like these packed balls together in the
middle of these atoms, right, but, but that’s definitely not what’s
happening.
Vesal: The textbooks are so deceiving! The pictures-Bailey: Yeah right!
Vesal: I mean, when you say you think of them that way, you’re-Bailey: Yeah, I’m picturing that typical view of like, OK
Vesal: Here are the balls that are
Bailey: We can sort of like [moves to draw on page], we can trace the
whole evolution of this, right, we start with like, here’s your
nucleus [see Figure 20] and then you know, let’s draw some
electrons floating around here. And they’re going to have these
paths that look like this. And like OK, now we draw our atom a
little bit better in terms of electrons and instead of drawing that
[pointing to distinct electron trajectories] we’ll draw like, you
know, these [saying in unison] clouds! And here’s where they have
the probabilities of being, um, you know, whatever. But I think our
picture of this section [pointing to the nucleus] needs to be
adjusted too, it seems like, um, and that is not something I
understand well. It’s something that I think is, um, since we get a
good result from treating them as having--as behaving almost like
electrons, right, having this same sort of, um, um, well, I guess
motion, um, but on just a smaller scale, I suppose.
Code: cohik-3 (lines 370-372, 380-396)

Bailey explains that neutrons and protons do not behave as packed spheres
at the center of atoms (lines 370–372). They then run through an evolution
of our thinking about atoms, from hard sphere to being orbited by electrons
to having electrons occupying a diffuse cloud around it (lines 382–388), and
suggest the same sort of conceptual change needs to happen with respect to
our representations of the nucleus (lines 389–392).

11 “Magic numbers” refers to stable energy configurations of the nucleus that arise from an application of a spin-orbit coupling perturbation to the possible states of the nucleon. The resulting
energy shifts account for the splitting of its energy levels.
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Bailey’s depiction of stereotypical textbook images of the atom point to an
expectation that these models are gradually refined, from classical to QM. They
question whether a close-packed entity at the center of an atom can be an
accurate representation, and imply the next step of this development needs to
be made with respect to the nucleon, whose dynamics are better explained by
QM

(enacted indicator of a cohik framing).

Figure 20: Bailey’s depiction of evolving representations of the atom, from hard sphere
to being orbited by electrons to having electrons occupying a diffuse cloud
around it. They propose that the representation of the nucleus as being a
close-packed entity must also change.

Significantly, in the course of exploring these boundaries of classical and QM,
Bailey begins to sense-make about the physical arrangement of the nucleon:
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Bailey: But so, OK what this makes me want to look up then is, we, I
think, have a good understanding of what the radii of various
atomic nuclei are. And so, we also know electrons are just like
point particles, right, we don’t assign them sort of any radius,
but we do have, um, also the sizes of protons and neutrons that I
think are fairly well understood, and so I wonder then when we talk
about the size of the nucleus of something, what is the connection
between the size of that nucleus and the sizes of a proton or
neutron that we say are making it up
Vesal: Oh, I see what you’re saying.
Bailey: Um, and that probably is a much more subtle thing than it seems
like, right, because these particles probably--like the nuclear
size might not be something that’s a, that’s a physical size, it
might be a size dictated by, um, it might be sort of an effective
size that’s sort of dictated by some property of it, or something.
But, I’d be curious to--
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Vesal: What property?
Bailey: Good question!
Vesal: Why do you say effective size dictated by some property?
Bailey: Um, when we talk about things on such a small scale like that, I
mean when we’re talking about particles, we’ll talk about the size
scale that’s something that isn’t there, you know, when we’re
looking at something that’s that fine, that’s that small and
quantum mechanical, it’s not it seems to me particularly meaningful
to talk about its like physical size, you know like meters or you
know obviously some very very small unit of that; um, it’s not
meaningful to talk about its size in like femtometers or whatever
because instead it’s sort of, it’s like its interaction size,
right, it’s like its sphere of influence that sort of matters more,
right like, cause we never really have particles like interacting
with one another by making physical contact, right, cause we have
instead, we’re sort of like exchanging, you know, like interaction
particles. Um, and so, its effective size I think of as more being
as like a size of interaction, like how close can you get before
you begin to interact. Um, and the connection between that and what
we sort of describe to be its actual physical size might be
one-to-one, but don’t actually know.
Code: cohik-3 (lines 397-406); cohik-5 (lines 408-414, 418-439)

Bailey wonders aloud about the relationship between the sizes of the proton,
neutron, and nucleus (lines 400–406, 409–413). They propose that what may
dictate the size of the nucleus is not the physical size of its constituents (lines
423–427), but rather their field of interaction (lines 428–439).
In presenting the nucleon’s magic numbers, Bailey could have simply presented the calculation and been done with it. Instead, they consider the context
and development around the theory—the classical models that preceded and
connected to it—which opens doors for them to think more deeply about the
“size” of a nucleon in terms of the spheres of interaction of the protons and neutrons that compose it. How close can these sub-atomic particles get before they
interact? Poking at the boundaries of experience, Bailey refines their intuition
about size, openly questioning whether they should be using it to think about
nucleons. Importantly, Bailey demonstrates here an expectation of connection
and consistency among these ideas—that is, they try to align the idea of the
“size” of an object with a distance at which it interacts. This is a more principled understanding of size than the common sense “How big is it?” (enacted
indicator of a cohik framing).
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3.3.3 Evidence for a COHEx framing

Bailey frequently expressed appreciation for how experiment (and, more broadly,
the application of formalism to explain something in the world) helped develop their understanding and served as a source of motivation for them (23
instances of cohex).
To get a sense for how this plays out in our interviews, consider an instance
involving the neutrino oscillation problem (QM 1–Int 1). Bailey begins by reflecting more generally on how the course is going:
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Bailey: Quantum is the class that I feel like is connecting with me the
best right now. Which I would not have guessed a month ago. [...] I
think in part because it’s a little bit less mathy and more
conceptual--at least the way it’s being taught. And there’s also
been, [instructor] has been making a conscious effort, and any good
teacher would do this, to sort of, you know, not just keep it in
the abstract, but to explain like, “Oh, now that we’ve learned this
we can talk about, you know, the neutrino oscillation problem.” And
you know just like connecting what we’re learning to real world
stuff, so there’s a constant, “Oh yeah, this stuff is legit, it
actually happens.” [...] With something like quantum that is so
abstract and where, you don’t necessarily start out understanding
it but more just like having to sort of take it on faith at first
and like gradually get more familiar with it, and just sort of
through exposure then begin to understand it-Vesal: But what do you mean by take it on faith?
Bailey: Well so, you know, it’s such a--at first at least--it’s such a
non-observable, like unfamiliar thing, you know. It’s, you know,
quite definitively not classical mechanics, and so, it’s, you know
there isn’t this connection, “Oh, I drop this it falls, there’s
gravity, I can see these things around me,” there’s not that
obvious connection, and I think that’s one of the things that
helps, you know when you’re learning in other classes, I think the
ability to see like, “Oh, I’ve been observing these things in the
real world for years. I’m finally able to put some like, you know,
equations and some more like specific formalism to it.” I think
that really helps in someone’s understanding, or at least in mine.
(right, right) Whereas suddenly when you’re learning about
something that you’ve never, at least directly observed, um, you’re
forced to kind of just like, you know, there’s this “OK, well, I
guess I’ll believe that that’s occurring. I can’t really back it up
with my own experience,” you know, obviously learning about these
other things like the neutrino oscillation thing, you know that’s
something that’s a real world example that obviously helps cement
it.
Code: cohex-1 (lines 448-456, 481-484)

Bailey appreciates the instructor’s effort to apply the abstract formalism that
has been developed to explain things that happen in the world (lines 444–452).
Bailey says they initially need to take QM on faith, since it’s not readily observ-
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able like classical mechanics (454–457, 460–463, 472–477). They also say that
such applications as the neutrino oscillation problem help form their understanding about it (lines 449–452, 477–480).
Bailey says the neutrino oscillation problem helps “cement” their understanding (professed indicator of a cohex framing). While the neutrino oscillation account isn’t a physical thing to which Bailey has direct experimental
access (as compared to what they might expect if they manipulated the double
slit experiment to reduce intensity on a screen by adding another slit), nonetheless, it is an example of QM being applied to successfully explain a physical
mystery. To Bailey, these real-world connections include personal experiences,
observations and experiments that are continuous with one another and serve
to validate truth claims about the status of knowledge (e.g., a ball falls, they
can explain that; there’s a dearth of neutrinos, they need to and can explain
that too).
I probe further to get a better sense of how the neutrino oscillation topic
helps their understanding. Bailey explains how neutrinos produced by nuclear
reactions in the sun were eventually modeled by scientists as superpositions of
the mass eigenstates to account for a gap in expected detections here on Earth.
The probability of detecting one or the other eigenstate (electron or muon neutrino) oscillates in time as the particle propagates through space, and whether
one or the other is detected depends on where it is in its oscillation. In exploring the problem, Bailey coordinates fundamental ideas discussed in class,
including eigenstates, linear superpositions, and probability coefficients, coordinating their meanings to explain a physical phenomenon (enacted indicator
of a cohex framing).
Later in the conversation, I ask Bailey about the implications of the problem
they have come to better understand:
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Vesal: Mm. And that system, the neutrino system you’re talking about, um,
the outrageous feature [as Bailey phrased it earlier] is that it
actually could have a range of masses depending on, um, how and
when you measure it. (Right) Hmm, that’s weird.
Bailey: Yeah, that’s awesome! [laughter] Yeah, so I think-Vesal: Wait, what’s awesome about it? (Aah) The fact that it’s not in
accord with
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Bailey: Yeah, just the fact that it’s, the fact that it is something that
is so unexpected, um, you know by the same token that it’s nice
when you’re learning things initially to be able to say, “Oh I
observe that on a day-to-day basis, I get it.” It’s really cool to
learn about things that you don’t observe and to um, and to
recognize that there is so much more that’s going on than what we
just see at face value. (Mm) Um, I don’t know, I think it’s, it’s
exciting, I think it, um, it’s sort of that classic situation of,
just the deeper you dig the more questions you have, um, which, you
know at times can be frustrating, but I think on the general scale
is super exciting and will like--you know, that it drives us, we
want to know as much as we can, we want to be able to, you know,
put all the pieces together, and so to find out that there’s, you
know this whole, um, to find out that there’s so much going on
beyond what we casually observe, um, is super exciting.
Code: cohex-1 (lines 493-506)

Bailey is excited by the unexpected result and to learn about things that cannot be observed on a daily basis (lines 486, 489–496, 504–506). They say that
learning science leads to more questions, which drives further investigation to
“put all the pieces together” (lines 498–504).
Bailey’s discourse is punctuated by emotion, some of it due to discovering
the unexpected—in this case, a particle whose mass can be different depending on when you measure it! Learning this opens up a host of questions for
Bailey, and there is evidence here that they are motivated to generate coherent
explanations about the world through their study of QM (professed indicator
of a cohex framing).
Along similar lines, in our last interview, Bailey wonders about the end game
of the scattering theory they have been studying in class (QM 2–Int 4), and
what comes to their mind are particle accelerators. Bailey marvels at physicists’
incredible feat of tracking the enormous particle spray after a collision and
reconstructing an event to say something about, for example, the Higgs boson.
Bailey says,
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Bailey: That is crazy! Like I am a physicist, and I still find that an
unbelievable feat that we can do that, and I think that’s, that
seems like it’s what this [referring to scattering notes] is sort
of building towards in a very rudimentary way [...] so part of me
whenever I see any of these things wants me to try to like, OK,
well why do we care about like each of these things, how does that
help us you know make this--how do these things help us make this
sort of transition happen [pointing to collision drawn on paper],
right, and that’s something I don’t understand outside of like pure
speculation.
Code: cohex-1 (509-517)
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Bailey speculates that the material covered in class is likely building towards
an appreciation for what happens in high energy physics (lines 509–511). They
want any formalism to be connected to a physical understanding of a collision
process (lines 512–517).
Collider physics provides a context for Bailey to develop coherence in their
thinking about scattering theory, in the way it would be connected to actual
physical processes probed in particle experiments. Bailey is motivated to see
how the building blocks of scattering theory contribute to a physical understanding of an actual collision process (professed indicator of a cohex framing).
There were also times when Bailey perceived course content as frustratingly
disconnected from any physical sense. On one such occasion, during a discussion of the second semester midterm exam (QM 2–Int 3), Bailey contrasts
an experience with a take-home exam for another course with their QM exam.
The take-home has them summarizing a biophysics journal article on silver
nanoparticle generation, and then investigating the crystal structure of the particles in the study. Their instructor’s exam questions guides them to draw a
picture of the reciprocal space lattice for the silver crystals, and then look at
the peaks in the x-ray scattering with associated angles that help determine
their locations in the lattice. Bailey reflects on the experience:
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Bailey: Which is super cool! Cause I sort of like, I understood how these
tools worked in an isolated sense, but then to bring them together
and be like, oh wait, this angle means that, you know, our spacing
was this, and if our spacing’s that, then we can figure out, you
know, like this other stuff, just to like bring it all together and
to see it in like a very real application and be like, oh wait, I
just did the calculation that they did to figure out the structure
of what this thing actually is. And that’s a really satisfying
thing, you know? [...]
Vesal: And so this is rather abstract, calculation oriented?
Bailey: Yeah, this particular one was, cause like there’s nothing that
tells us how a real system might be related to this, you know...
I’m sure there’s a reason this is a useful thing to do and there’s
a reason like why people have calculated it before, but I don’t
know what it is, not just yet at least. [...] But you know, sort of
that like, I appreciate now more than ever, like pragmatism. And so
it’s nice to have, uh, it’s nice to, you know, when possible, have
those ties to like, well, this is why we care. And this is where we
see this, and this is sort of how this is going to help us in the
future, and I don’t doubt that for any of this, but it’s nice to
explicitly see that whenever possible because it keeps, you know,
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for me at least, it’s one of the things that sort of keeps me
driven. [...] That’s, yeah, that’s one of the things that my time
away from school really guided me towards. I realized like, oh, I
do love physics, and I miss it, but, but I want to do something
that’s applicable, that’s practical.
Code: cohex-1 (518-527, 529-543, 546-547)

Bailey is gratified to have been able to use the tools of x-ray scattering to determine physical characteristics of a material like crystal structure (lines 519–528).
They then wonder how the construct on the QM exam problem is related to a
real system, how and why it is useful (lines 531–532, 538–540), which would
help with their motivation (line 544).
Bailey juxtaposes these two experiences to make a strong point. They feel
a sense of accomplishment on the solid state midterm, in coordinating the
ideas of the theory to explain something interesting in the world (professed
indicator of a cohex framing). On the other hand, this connection is missing
on the quantum midterm, and they imply that not seeing it dampens their
motivation to learn.

3.3.4 Awareness of constructing new epistemologies and intuitions

As some of the episodes and instances in this profile indicate, Bailey was often
articulate about and conscious of their approaches to sense-making in QM, including in making connections within the mathematics, intuitive knowledge,
or experiment. They discuss their evolving epistemologies even as their conceptual understanding developed. I illustrate this idea further with a few examples.
At the outset, Bailey is aware of a distinction between learning classical and
QM.
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They describe this view in the first interview:
Bailey: When you’re first learning about it [QM], you don’t have sort of
empirical proof that you’ve been exposed to growing up, and so you
don’t therefore, um, or at least I didn’t therefore have the same
sense of like immediate understanding. It was more of a, um, you
know, let’s just be around it, let’s try to like come at it from
the mathematical side instead of the--you know, there’s much less
having like the life experience and mathematical sides come meet
[motioning hands to the middle], it’s more like the mathematical
side really reaches most of the way, and then you have some
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482
483

observations from the other side that sort of help you connect
those, um.
Code: cohex-1 (lines 553, 562-563); cohma-2 (lines 557, 559-563); cohik-2
(lines 559-560)

Bailey suggests that unlike classical mechanics where life experience provides
an immediate basis for understanding, with QM they have to sit with it for a
while (lines 549–553). They speak of mathematics as more consequential for
sense-making in QM as compared to in classical mechanics, where life experience and mathematics are more mutually reinforcing (lines 555–560).
Bailey suggests understanding the macro-world involves correlating everyday experience with classical theory, whereas understanding the micro-world
mostly comes from examining the mathematical framework of quantum theory
(with observation playing a reduced role in that development). This articulated
stance seems in line with the one Bailey takes during the scattering episode (described in Section 3.3.1). There, Bailey is explicitly looking for both sides: they
are aware of the formalism, but are looking for a physical explanation that they
do not see represented in the mathematics.
Later in the same interview, Bailey says that at the very least, if they see a
classical equation, they can immediately relate it to what they’ve seen—that
there’s a simple connection between observed reality and theory that aids understanding in a way that doesn’t happen with QM. You initially have to sit
with QM, they say, take a lot of it on faith and then gradually make connections to observations.
Bailey’s ongoing construction of epistemology and intuition is evident a few
interviews later when, while trying to figure out what may have motivated the
authors of the Wigner-Eckart theorem (QM 1–Int 4), they reflect,
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Bailey: Classically with simpler concepts it’s usually easy to see [...]
if we’re at point b and we want to get to point c, it’s a fairly
straightforward like “Oh, it seems like we should do something
along these lines,” and maybe it’s just that I don’t have that sort
of intuition built up as much quantum mechanically just in terms of
how things tend to work and how the math tends to work.
Vesal: What do you mean by the math, how the math works in quantum? What
would be an example?
Bailey: Just our--well, the whole system of, you know bras and kets and
operators and whatnot is, I mean it’s awesome, and I’m starting to
figure it out more and more, but it’s I think certainly less
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intuitive than just, you know calculus, or something like that, um.
Yeah, it’s just a different math construct with which I don’t have
the same intuition.

Bailey says that, as compared to in classical mechanics, they lack the intuition
for how things work out in QM and its mathematics (lines 561–567). They have
much less intuition for how bras, kets and operators work than calculus (lines
561–562, 564–565).
Bailey expects that their QM intuition will develop as their familiarity and
experience with its mathematics increases. They describe the development of
intuition a little more when they liken it to their experience of learning Spanish
in undergraduate courses and study-abroad programs (QM 2–Int 1):
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Bailey: For a while you just sort of go with the flow and you don’t know
quite what’s going on, where you’re sort of like immersed in it,
and it’s all around, and you eventually you start to like recognize
pieces of vocabulary, um, and sort of like recognize constructions
and how things are just sort of like typically used or talked
about, um, and I was thinking about how that sort of learning
process is mirrored more in like QM than in any other thing that
I’ve done at least that I can think of. Because it’s that same sort
of idea where, you, you are, obviously you have some background in
this stuff, we’ve been doing physics our whole lives, or to some
extent, right...
Vesal: It feels like it. (laughter)
Bailey: Whether explicitly or not, um. And so, you know, to start QM sort
of introduces this new realm in which there is this whole new set
of vocabulary and, you know, to some extent, some sort of like
different rules, like operator mechanics or something that you’ve
never seen until then, um, and so you know I sort of felt like for
a little while, you know, when I started learning quantum, I was,
you know, sort of going about it the same way and like in this
sense of like I don’t fully get what’s happening every moment, you
know, I don’t fully understand like every sentence that’s being
said here, but at the same time, you know, I can make enough sense
of it, I’m recognizing parts here and there, and like every time as
I’m more immersed in it things sort of like build up, and you start
to see, sort of just like through repetition of, um, of you know
practices and sort of approaches to things, you start to develop an
intuition for it, I suppose. In the sense of like how things are
used and how it all goes and you know obviously as that happens you
understand it more, and hopefully at some point, can speak the
language fairly well.

Bailey asserts that learning QM is the closest thing to learning a new language
that they have experienced (lines 583–585). The parallels they draw include
a comfort with not knowing, confusion, and ambiguity (lines 578, 592–595,
599–601); being immersed in it for a period of time (lines 578–580, 604); and a
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gradual recognition of its constituent parts and their meaning (lines 580–583,
602–611).
The language-learning analogy that Bailey draws makes accessible their experience of forming an intuition for QM. It involves being immersed in the
unknown, where words and sentences don’t register, and the resulting lack of
comprehension and the feeling of confusion are a normal part of the process.
They are, to an extent, declaring a tolerance for incoherence. But they trust
that through exposure and repetition, understanding and intuition develop for
the building blocks of QM and how they can come together to facilitate sensemaking. To Bailey, forming this intuition means developing a familiarity with
the mathematics of QM.
Moments later, Bailey suggests that we’re not born with (classical) intuition,
but that we’ve built up (classical) intuition about the world around us over
time, whereas with QM, “the only really, I guess, intuition, in the sense that we
might roll into that intro class with is the sense of like, just like we’ve been
doing mathematics for a while, we know how, you know, equations tend to
work and things like that. But there isn’t that same, um, I mean I think it’s
largely a lack of exposure to it, that leads us to not have some sort of like
expectation for how things should play out.” Because QM is unobservable and
the theory is largely unknown to them, Bailey is left without a sense of what
to expect when it comes to considering phenomena in the quantum domain.
They see quantum intuition as largely distinct from its classical counterpart
and developing independently of it.
The distinction between classical and quantum intuition comes into stark
relief when Bailey responds to a question about what distinguishes classical
from QM (QM 1-Int 5): “That you have to throw your intuition out the window!
[laughing] [...] That’s what to me is sort of the most fundamental thing that
sets QM aside, is that it’s not, um, it’s not observable, I mean, obviously we
work with things called observables in it, um, so it is in a way observable,
but it’s not, ah, it’s not a part of our day-to-day lives or it’s not observable as
part of our day-to-day lives.” The intuition that Bailey suggests discarding is
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the one developed for how things in the macro-world behave. They say that
because they have never directly observed the quantum realm, they have not
developed intuition for it and that the one they have developed from everyday
experiences will not be as helpful.
But, by the end of the two courses, the distinction between classical and
quantum intuition seems to blur a bit (QM 2–Int 4):
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Bailey: You know we’ve talked about how when, well, you know I was about
to say that we’ve talked about how logic sort of goes out the
window, but I don’t think it does anymore. I think that it’s just
that it’s a different logic that we need to build, right, it’s this
different, and this was part of the talk [referring to physics
colloquium speaker from the week before on the topic of QM
education], it’s a new realm and a new sort of way of thinking that
needs to be developed, but you know with that new realm or with
that new way of thinking there comes a, a logic that is still, you
know, reasonable.
Vesal: She [the colloquium speaker] was saying you have to build this new
paradigm from scratch.
Bailey: Yeah, yeah, exactly, but but if we do that, then, then it’s not
like things that happen in this world are then unpredictable and,
and crazy, they work perfectly within that paradigm, and that’s why
we build it.

Bailey says that QM requires a new kind of thinking or paradigm to be developed (lines 619–621, 628), with its own internal consistency (line 627–628) and
the same sort of logic or reason (lines 621–622).
Bailey moderates their statement from the previous semester that logic or
intuition needs to be thrown out the window, and with it any semblance of
reason. They foreground the idea that within the framework of QM, which is
governed by the same logic of mathematics, things happen that are appropriate
and sensible. With this stance, Bailey seems to be pushing against a prevailing
notion that QM defies logic and operates haphazardly. Indeed, there is some
evidence of a growing comfort with classically unexpected behavior, as when
they discuss an interference pattern arising from an incident wave-potential interaction: “Basically, a wave interacts with a potential interestingly” and when
the wave represents a single particle, “there’s this quantum wave-particle duality thing.” Far from their initial characterization of these kinds of things as
“crazy” and “outrageous,” Bailey shrugs them off as normal.
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3.4

local dynamics of epistemologies

I began this chapter by showing how epistemology is involved in student reasoning in QM. I’ll end the chapter by looking back on a few of those episodes
as well as one from Section 3.3, unpacking local dynamics and illustrating how
reasoning in a broad sense can influence epistemology.
As described in Section 1.2.2, epistemological aspects of framing are context
dependent. One way to account for this context dependence is to consider dynamic systems theory. Over the past 30 years, researchers have used dynamic
systems theory to investigate and explain the emergence of thinking and behavior [132], conceiving of the mind as being interconnected on multiple structural
levels, each of which can change over a variety of timescales.
To elaborate, thinking and behavior patterns appear from relations among
multiple aspects of mind (e.g., epistemological, conceptual, affective, social) in
interaction with the environment (e.g., instructor’s pedagogical approach, subject matter, course activity, peers). Such patterns cannot be reliably predicted
from any single factor and are emergent properties of an entire system of interactions.
An important characteristic of an emergent property is its relative stability.
Systems, including ones involving humans, can have preferred states depending on the circumstances. But if the circumstances change, and a consequential
factor provides a sufficient impetus, the state of the system can also change.
A “softly assembled” system (Kugler & Turvey [68] cited in Thelen & Smith
[132]) is one where its elements can join together in different ways to give rise
to stable states that transition into others under specific conditions.
A soft assembly is a useful model with which to think about a framing,
which can emerge and stabilize at different moments, but then shift depending on changes within or outside of the system. In the next three sections,
I examine some of the framings in this sense of soft assemblies, and where
possible, discuss factors that may have given rise to them.

3.4 local dynamics of epistemologies

3.4.1 Local dynamics in Bailey’s final interview

As described in Section 3.3.1.3, for an extended period during their scattering
interview, Bailey shifts from a cohma framing to a cohik framing, accompanied by a sense that the mathematical formalism does not necessarily convey
conceptual meaning. Bailey tries a few times to explain scattering by working
through some of the basic formalism (indicative of a cohma framing). They
are irritated at having to rely on equations and not being able to explain things
conceptually. They wonder if equations should necessarily drive explanations,
because in classical mechanics they definitely shouldn’t. At some point during the interview, Bailey’s view of the role of mathematics shifts: it bolsters
conceptual understanding that has already been established through logic and
observation. They make a few attempts at a physical explanation of a scattering process using classical ideas, but in that framing feel ill-equipped to carry
through with a satisfactory explanation.
There is also evidence that, prior to the interview, Bailey has moments
in which course related activities, including lecture and problem sets, challenged coherence-seeking framings. For instance, they experienced scattering
as “very formula-based and not conceptually grounded,” and that they had
been “swimming in the mathematics.” Stronger statements include one in
which they say they have not “really thought about what this [referring to
total cross sectional area] physically means before—that’s a bad sign!” and at
the end of the interview, “I think I’ll be much better poised to understand what
I’m doing when I go back and read through things... Before I sort of just like
let it pass and just wrote down equations.”
Bailey’s framings of mathematics emerge as different elements of their mind,
in interaction with the environment, softly assemble. At least around the immediate circumstances of the AB effect, angular momentum coupling and scattering episodes, soft assemblies of epistemology emerge and stabilize under
the influence of particular contextual factors. Below, I identify three factors
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that may have helped in forming one assembly (or framing) over another: (1)
instructor expectations, (2) the subject matter, (3) interview context, and (4)
Bailey’s resources.
Expectations communicated by the instructor. Among the factors that can
most influence learning approaches is the instructor, who establishes expectations around course engagement (e.g., how to approach lecture and problem
sets, collaborate with peers, etc.). Bailey’s perceptions of what their instructors
expected is different in the first semester as compared to the second.
Specifically, in the first course, Bailey says that Prof. X encouraged student
ownership of learning. They recount that during class time, Prof. X welcomes
and responds to student questions, asks students to explain the meaning behind equations and work out next steps for problems and derivations (see
lines 87–101 in Section 3.3). Moreover, Prof. X also makes efforts to connect
real world applications to abstract formalism (see lines 445–453 in Section 3.3).
In contrast, Bailey reports that during the second semester, the instructor
puts on a traditional lecture and doesn’t encourage class participation: “Prof.
Y is a bit more traditional in his lecture style. [Prof. Y] more just sort of like
talks and writes on the blackboard, and a lot less of like the, yeah, just a lot
less participatory.” Bailey describes the traditional physics classroom that they
indirectly attribute to their experience in QM 2:
1
2
3
4
5
6
7
8
9

Bailey: I think traditionally, in a lot of physics classrooms, what
you’ll see is like--it’s very very equation-based. And so we’ll go
through and we’ll write down an equation and, you know, presumably
we’ll have derived that out of somewhere, so it’s not like it’s
just plucked out of the sky, though sometimes it is, and then we
sort of like work backwards, or however, but you know it’s, it’s
very equation based in the way it’s presented, and we often will
present an equation, and then, you know, if we’re lucky then talk
about conceptually what that truly means.

Bailey describes an equation-based approach to instruction that can be disconnected from conceptual understanding. Their perception is that such an
approach makes underlying meaning almost a secondary consideration (lines
5–6, 8–10).

3.4 local dynamics of epistemologies

In setting expectations around course activities, then, it’s plausible that with
Prof. X’s encouragement to sense-make, students would be more likely to
frame mathematics as a source of conceptual meaning as compared to Prof. Y,
who was more concerned about laying out the formalism and having students
perform calculations (at one point, for example, Bailey refers to the class’s
approach to perturbation theory as a “graduate level plug-n-chug exercise”).
Sitting in a class taking on the role of observers and watching derivations (already laid out in a book) can evoke a schoolish game in which students tune
out and blindly copy what they see [59, 70].
Conceptual affordances based on the subject matter. Another factor that
may influence the formation of one assembly over another is the nature of the
content. That is, conceptual affordances may play a role in the observed differences. With respect to the AB effect (and angular momentum coupling for
that matter), there’s very little that’s classical about it. Prior to its discovery,
particles were thought to change motion only due to local force fields created
by other particles. But AB found that an electron, say, in a particular setup
where there are no electromagnetic fields present can still have its motion affected by the electromagnetic interaction. So now, the prevailing thinking is
that the motion of the particle is defined completely by the once-thought-to-be
unphysical potentials where the particle moves. It is a bizarre phenomenon
that challenges classical notions of the primacy of forces (vs. potentials) and
the locality of electromagnetic effects. In wrestling with these counter-intuitive
ideas, other than rejecting the experimental result or retreating to “you can’t
understand quantum,” there are few other places to go but the mathematics
that gave rise to the conclusions.
In scattering theory, much of the initial set-up is common to the classical
and quantum cases. For both, we can think of incoming waves or particles
incident upon some kind of scattering center, with the central problem being
to characterize the waves or particles post-interaction. To do this, we calculate
the differential cross-section (basically a classical notion that is the ratio of

143

144

graduate student analysis

incident cross-section to scattered solid angle) and the scattering angle. So, at
least at first blush, classical intuitions appear much more productive for sensemaking within the context of scattering theory—to physicists, the name itself
conjures up things bumping into each other!
Sense-making orientation brought on by the interview context. The interview context has its own influence over how and what Bailey communicates. At the end of the scattering episode, Bailey expresses the desire to have
a deeper understanding of the theory in order to generate a conceptual explanation, and then says,
1
2
3
4
5
6
7
8
9
10
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15
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17
18
19
20

Bailey: For a one-on-one conversation like this, to me it doesn’t make
sense to be focusing on equations, right, I’d rather talk about
concepts and just sort of being able to throw down an equation and
say like, “OK, this thing that we’ve been talking about, here’s
something we can look at that supports this side of it, and look,
there’s this other interesting observation that we can make about
this,” um, and I was about to say that, that that’s something you’d
especially want to do in a conversation like this, you know, as
opposed to being at a blackboard in front of a class of students,
but then I realized that that might not be the case maybe, in both
cases it’s better to be able to motivate it conceptually. But,
um...yeah, so that’s a long aside about how I would like to be
talking about this. I lack the tools for the moment. [...] It’s
going to be much more interesting reading through my notes now... I
think I’m just having the opportunity to talk through this stuff is
more, cause it always does in these sessions, it makes me more
aware of what my actual questions are, and so I think I’ll be, I
think I’ll be much better poised to understand what I’m doing when
I go back and read through things... Before I sort of just like let
it pass and just wrote down equations.

Bailey sees the interview as a place to converse about ideas conceptually, and
to them, writing equations divorced from sensible reasoning violates the conversational norm (lines 1–2, 7–9, 16–19). In the context of the interview, as
well as class, they say it is preferable to start with conceptual explanations,
underpinned by observation, and then later supported by mathematics (lines
3–6, 11–12). Bailey also sees their approach to scattering theory prior to the
interview as writing equations without thinking about them (lines 21–24).
The interview context challenges Bailey’s approach to the lectures on scattering, namely writing equations divorced from meaning. In the context of the
interview, they feel accountable to explaining their understanding, which tips
them into a sense-making framing.

3.4 local dynamics of epistemologies

Bailey’s resources.
Bailey has an extensive variety of resources for thinking about and experiencing the world, from physical phenomena to social interactions to epistemic
activities. They have, for example, a sense of a “plug-n-chug exercise,” which
comes into play in their experience of the second course, as distinct from a
pursuit of understanding; conceptual resources for understanding classical dynamics and everyday experience of collisions, which come into play as they try
to make sense of scattering; a sense of meaningful discussion to understand “a
conversation like this,” which comes into play as they try to explain scattering
in the context of the interview.
Bailey comes to graduate QM with a great deal of prior experience learning
physics, and it is clearly involved in how they experience QM, in both courses.
Across the interviews, I see two ways Bailey frames the role of mathematics in
learning physics, similar to Tuminaro’s & Redish’s [134] Mapping mathematics
to meaning and Mapping meaning to mathematics. These are resources available
for Bailey’s activation. The stable pattern evident in the ab episode involves
the former, and in the scattering example involves the latter.

3.4.2 Local dynamics in episode 5

Like Bailey, the episode described in Section 3.1.5 features a student experiencing difficulties with scattering: “[I] understand how to execute this computation and this method, but I don’t actually understand what it means” and
“I tend not to do this type of work [pointing to a problem using the Eikonal
approximation], where I’m just like here’s an equation let me execute a computation.” In the moment of the interview, the subject describes an expectation
that the mathematics should have meaning, while at the time they were working on the problem, they describe an approach involving calculation divorced
from meaning.
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During their scattering interview, the subject describes the reasons behind
their difficulty with scattering, and in the process, provides evidence of local
dynamics in framing.
I ask what they attribute the gap in their understanding to, and they respond,
21
22
23
24
25
26
27
28
29
30
31
32
33

Subject: One of the things is that it’s the first time I’ve seen this
material. And that hasn’t in general been true, right? I did up
through time independent perturbation theory in my undergraduate
class. And, I think some of it is that I have not done the type of
questions that would really check for that conceptual
understanding. I’m not asked to really interpret my results and
struggle with that interpretation. And when I’m really busy, I
don’t take the time to struggle with the interpretation if I know I
can reproduce what I need in the class and maybe go back to this
later. [...] The textbook and in-class explanations are not great,
that I am getting, they are much more of the “here’s all the
equations” and much less of “here’s what they mean” and when I’ve
had the time, I can go to a third or fourth source.

The subject offers four reasons for their difficulties with the scattering portion
of the course: (1) first exposure to the content (lines 25–28), (2) the nature of
the assigned problems (lines 28–30), (3) unhelpful presentations of the content
(both in lecture and textbook) (lines 35–39), and (4) their expectations of the
instructor’s criteria for success in the course (lines 30–39).
Expectations communicated by the instructor. The fourth factor may be
most consequential in shaping the subject’s framing and approach to the course
activities, including their view of the role of the mathematics. The subject
seems resigned, for example, to execute computations rather than carve out
time to sense-make around assignments because of the instructor’s expectations (lines 30–35). After describing a bit of sense-making they do carry out
on a scattering problem, they protest, “But we weren’t even asked to do this,”
suggesting that the instructor did not expect meaningful interpretations.12
In fact, later in the interview, the subject makes explicit their awareness of
the instructor’s role in setting up class norms:

12 Like Bailey, the subject speaks similarly of their experience learning perturbation theory earlier
in the semester: “I wasn’t pushed to make sense of it. I was encouraged to execute these sorts of
computations. And I can do math, but to me, I’ve been asked to a lot of math, and less physics.
And that’s just less satisfying. I’m here to do physics, and not to do math.”

3.4 local dynamics of epistemologies

34
35
36
37
38
39
40
41
42
43

Subject: A lot of students do well with like, “I will write down what you
say, and I will plug-n-chug and execute.” [...] It bothers me, but
at the same time, I’m just like I can play. I’ve been a very
successful student in my life, right, I can play--as a student, I
can play basically any game an instructor wants me to play. As
like, I will quickly learn the rules and I will accommodate those
rules. Like, I might go off and try to understand on my own to the
side, but I can play whatever rules, whatever the ground rules of
this game that you’re setting up, even if I fundamentally disagree
with them.

The subject’s sense of the different “games” that an instructor sets up (lines
44–45, 48–49) has direct consequences for the epistemological aspects of framing that this study is concerned with. The subject is confident in their ability to
play by the instructor’s rules—sense-making, plug-n-chug, or otherwise—and
while they feel the current game is not helpful to their understanding, they
begrudgingly play it (lines 42–44, 47–50).
Interestingly, the subject indicates that they “might go off and try to understand” of their own accord, should they feel motivated to do so. This is an
indication of their awareness of the possible ways to frame the activity of learning QM, and shift as they might want. In the context of the interview, it was the
difference between an in-the-moment cohma framing as they described their
work on a few problems, and one where at the time of doing the problem, they
were fine with blindly (mis)applying a model to a scattering process.
Later in the interview, the subject recounts instruction that does not clearly
connect formalism to physical meaning, connections that would help motivate
the mathematics. But perhaps more consequentially, they describe their experience in lecture when I ask whether they pose questions in class:
44
45
46
47
48
49
50

Subject: I don’t, because my engaging has not been valuable, I don’t
really engage, right, I sit there and I write down what
[instructor] says, or like I write down what makes it on the board
and I don’t always write down what [instructor] says, I’m sure some
of the things that [instructor] says that I’m not really listening
to are relevant, but I just don’t feel as engaged as with the other
classes, right, I sit there and I don’t critically think.

The subject’s reported disengagement in class—reflected in half-hearted notetaking, not asking questions, or thinking critically—stems from an expectation
that their engagement is not valued (lines 51–59). The subject resigns themselves to reluctantly playing the passive recipient in class, which discourages
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the emergence of any coherence-seeking framings. This is evidence of a local
epistemological framing quite different from the subject’s self-reported engagement in other classes, as well as their behavior in our interviews. The subject’s
characterization of their classroom experience and approach to it seems consistent with that of Bailey’s, if not more pointed in its critique.
The nature of problem set questions. The subject also points to another factor influencing their motivation to sense make, which is the nature of problem
set questions: “there are good questions that lend themselves to physical interpretation, and there are questions that do not.” They expand on this further:
51
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Subject: How much of it [sense-making] I do depends on how interesting I
think it is and like this last question, I was going to talk about
this question [pointing to a homework problem involving the
scattering of an electron off of a hydrogen atom in the ground
state] because, even though I didn’t particularly interpret the
result, I talk a lot about how I’m getting there, and that’s
because this is a much more physical question, if I’ve got hydrogen
sitting there and I shoot an electron at it, this is something you
can do in a lab, I mean, not one electron and one hydrogen, really,
but a sort of free electron-hydrogen interaction happens, a lot,
and so like, this is a physical situation. The wave scattering off
a infinitely hard sphere is not, right, that’s not. And we haven’t
talked about what are the types of potentials that act like these
infinite spheres. We’ve done a lot of scattering off of a hard
sphere, “OK,” [sarcastic] or scattering off of a spherical square
well potential. What are the things that we can approximate that
way and why? They’re not questions that we’ve answered. It might
have better physical interpretation but we haven’t talked about
what can be modeled this way.

The subject describes being stimulated to make sense of problems that can be
easily related to the physical world (lines 65–67, 71–72). They complain that the
types of problems they have done have been abstract and disconnected from it
(lines 72–78).
The subject demonstrates a framing here local in its emergence (the framing itself is similar to some of Bailey’s demonstrations of cohex, described in
Section 3.3.3, though theirs was more stable throughout their interviews). The
subject is frustrated by not having a better physical sense of where the scattering formalism might be useful in generating explanations about the world,
and in cases where they see a connection, they are more likely motivated to
put in the extra effort at physical interpretation.

3.4 local dynamics of epistemologies

3.4.3 Local dynamics in episode 4

Returning to Section 3.1.4, I now elaborate on the pieces framing observed
there and unpack some of the local dynamics surrounding the subject’s framing. In the episode, a subject describes how they would come to understand
the uncertainty principle. On one level, the subject’s delineation of a path to
understanding seems reasonable. It involves the repeated development of a
solution or derivation, and unlike simple memorization, requires clarifying assumptions and knowing the steps of a derivation. Instead of not seeking any
connections in their approach to learning physics, the subject looks for connections within a line of reasoning.
On another level, this approach is narrowly restricted. That is, when this
framing emerges, the subject’s singular focus on grasping a particular storyline may very well result in a local consistency of ideas, but neglects the essential work of connecting it more broadly to others that would stabilize and
strengthen it. So the subject might begin a study of the Heisenberg uncertainty
principle by learning the formal derivation: defining the product of the variances of position and momentum, employing the Schwarz inequality13 , and
casting it in canonical form using a commutator.
But, to come to a more expansive and enduring understanding, the subject
needs to aim for a much broader exploration, one that involves seeking connections to other parts of their own knowledge, as well as other aspects of QM.
They would do well, for instance, to relate the principle to an intuitive sense
of wave-particle duality and the DeBroglie hypothesis of matter waves.14 They
13 The Schwarz inequality essentially says that the absolute value of the inner product of two
vectors cannot be greater than one: |ha|bi|2 6 ha|aihb|bi. It is used in the derivation of a generalized uncertainty principle that helps quantify how accurately incompatible observables (i.e.,
noncommuting operators) can be measured simultaneously.
14 Wave-particle duality might seem more intuitive when considering that near atomic sizes, wavelike characteristics of matter become more apparent and the precise determination of both
position and momentum loses meaning. So, a perfect sine wave having a position does not
make sense—it is spread in space; and the idea of a highly peaked wave having a wavelength is
devoid of meaning since it is well-localized. This thinking could even be applied to an electron:
it is modeled by a QM wave function that helps calculate its probability somewhere in space. If
the wave function is a perfect sine wave, then it is evenly spread and there is no sense in asking
where the electron is. Conversely, if the wave function is composed of a continuous distribution
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also could make many experimental connections, including to the double slit
experiment.15
I point to these possible connections to underscore that understanding the
uncertainty principle cannot be restricted to the essential statistical and algebraic arguments that define it, but also involves relating to intuitive notions
and experiments that add valuable layers of meaning, making the ideas hang
together more completely and rendering them more extensively networked.
From this perspective, a productive epistemology requires a deliberate and
expansive search for connections to as many ideas and lines of reasoning as
possible.
Such an explicit commitment towards coherence is evident, for example, in
Section 3.1.5 (“Reflecting on learning scattering theory”) where the subject describes learning as a process of connecting as many things together as possible.
Bailey has similar moments, including one during our first interview when
they say “just the deeper you dig the more questions you have [...] that it drives
us, we want to know as much as we can, we want to be able to, you know, put
all the pieces together.” And another, during the discussion of the coupling
of angular momentum when Bailey takes time out to make a connection to
statistical mechanics. These examples illustrate an approach to conceiving or
approaching a learning process as about the pursuit of coherent understanding
and more in line with physicists’ epistemologies.

of wavelengths (which by the DeBroglie relation implies a distribution of momenta) then asking
what the momentum is loses meaning.
15 One famous example of the double slit experiment concerns a recoiling variety that Einstein
proposed to defeat the uncertainty principle as part of his ongoing dialogue with Bohr. In the
experiment, the position of a particle in a far screen and the momentum that it transfers to the
double slit would be measured such that both interference and which-path information could
be retrieved. The flaw Bohr found in Einstein’s argument connected the position uncertainty of
the slits, which had to be treated quantum mechanically, with the uncertainty in the momentum
given to the particle. Bohr said that the uncertainty in the double slits’ position was of the same
order of magnitude as the space between the interference minima and maxima on the screen,
and mounting the slits on rollers leads to an uncertainty in the slit positions of just the amount
needed to wash out interference fringes.

3.4 local dynamics of epistemologies

Factors contributing to the emergence of a Pieces framing
Again, multiple factors can contribute to the emergence of any framing. With
respect to the pieces framing evident in Section 3.1.4, there are a few factors
that may be particularly consequential. I take these one at a time: (1) heavy
workload, (2) cognitive overload, and (3) examination.
Heavy workload and time pressure. There’s something seductive about
thinking that one’s work to understand an idea or problem would be complete
by focusing on and learning a single storyline well (whether that storyline is a
fact, formula, line of reasoning, or problem solution), particularly a storyline
that leads to the right answer. This approach bounds the vast scope of knowledge to be learned, restricting it to a manageable size that might otherwise feel
overwhelming. The seduction towards a pieces framing likely becomes more
attractive in the face of a heavy workload and time pressure, which the subject
in the episode at the beginning of this section vividly describes (see lines 4–12,
174, 179–180, 185 in Section 3.1.4). The “path of least resistance” that they follow by using a solution in the book corresponds to a single line of reasoning,
one that they unwittingly restrict themselves to.
Cognitive overload. Related to the stressors of workload and time are the
conceptual challenges presented by QM and the resulting cognitive overload
the subject often faced. For instance, while discussing their midterm exam
during the first semester (QM 1–Int 3), the subject laments:
1
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Subject: [near the beginning of the discussion] It was more difficult
than I was expecting, um. I was expecting something a little more,
I guess, straight-forward, I guess, some things throw me off, like
eigenstates and yeah like, sometimes when I hear some of these
terms like, they’re a little like, I don’t know, mystical or
something, to me. [laughing]
Vesal: Mystical, what do you mean?
Subject: I don’t know, just like, sometimes it’s confusing, just like
what exactly they’re referring to.
Vesal: So when you think of an eigenstate, what does that conjure up?
Subject: Um... (pausing to think) I don’t know, [laughing] confusion! Or
something related to it. [...]
Subject: [near the end of the discussion] I don’t know what my points of
confusion are, it always seems like there’s just like, you get
these exams, and then, “Oh, you didn’t find the trick, well, too
bad.” Some things seem pretty straightforward, some things you
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17
18
19
20
21
22

didn’t realize you could do something, then you’re--I haven’t gone
over the solutions yet, so I’m not sure what I did wrong in each
case. I studied a good amount. I think there’s something
fundamentally I’m missing, some of these terms, the notation, I
suppose, is confusing, is so different on top of something that’s
inherently so different.

At the beginning of the discussion, the subject describes the exam as more
difficult than anticipated and picks out “eigenstate” from among some terms
that conjure confusion (lines 2–7, 9–10). Near the end, they say they can’t pinpoint their confusion and don’t know where they have gone wrong on the
exam other than missing a few tricks and being unfamiliar with some basic
definitions of terms and new notation (lines 15–17, 21–23). In this moment,
they perceive QM and its formalism as being very foreign and unfamiliar (lines
23–25).
Someone with an understanding of QM might read this transcript and simply see the subject as a student lacking in basic conceptual understanding.
Certainly they are overwhelmed and confused by some of the basic content,
and while it’s reasonable to think that learning QM partly involves knowing
some of these ideas, the subject’s emphasis on not knowing terms, definitions,
and notation (i.e., discrete chunks of knowledge) as the place to look to resolve
their troubles is consistent with a pieces framing. A student in such a position,
facing lots of new and difficult content, could feel naturally pushed to focus on
basic parts as a starting point. But an unintended consequence of an approach
to learning “pieces” of knowledge is that, without encouragement to pursue
broader connections, the effort to learn a piece can turn into an end game itself. That is, once a person thinks they know the “answer,” they stop looking
through their minds for other plausible ways of thinking or knowing. The pursuit to connect different ideas, which serves to stabilize that bit of learning, is
lost.
Examination. The course structure itself, with an emphasis on examination,
may have pushed the student into a pieces framing. This is reflected in the
episode presented in Section 3.1.4. There, the subject argues for “needing to
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know this [some content] like the back of my hand” for an examination, and
so uses the process of “internalization” they describe. The subject knows that
the exam checks whether they have learned particular lines of thinking, and
will be rewarded or penalized according to how well they have learned the
right ones. In this way, the subject turns the entire learning process into an
effort to pass the exam.
A shift away from pieces
A shift in framing was evident in the episode that started this section (Section 3.1.4). A question I ask the subject—whether they think about what is
physically happening in an electron-hydrogen elastic scattering process—tips
them into an extended period of sense-making that was not evident in their
pieces framing moments before. After some talking through of the sizes of the
particles involved and the physical interactions that might have been possible,
the subject says,
23
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Subject: But, yeah, I mean, you know, the way the semester is, and
everything, I haven’t had much chance to really think about where
every term in here is coming from [pointing to scattering amplitude
calculation modeled by Born approximation for high energy
scattering], and like what’s contributing, and why, what
assumptions we’re making in each case.
Vesal: So, the constraint being time, [...] you’ve used the formulas but
you haven’t really thought about the deeper meanings, what’s
physically happening?
Subject: Yeah, why is this a good tool to make a good approximation for
such seemingly absurd physical phenomena.
Vesal: Absurd because?
Subject: Just, like I was saying, like this, in terms of the calculations
that we’ve made, if this is the electron and proton [pointing to
big and small spheres on table], if this distance is on the order
of 10, 000 or something like that, and this radius is like 10−15 ,
and this is orbiting at something like 10−11 , and then to think
about, the potentials, the potential energy from these two
different charged bodies is going to fall at this 1/r, one over the
distance, I guess yeah
Vesal: So it seems like they wouldn’t be interacting.
Subject: I mean, not necessarily, the distances are still very small, you
know, it’s like the distances are very small and the charges are
very small [...] I haven’t thought much about why this formulation
would make sense. It’s kind of like, I don’t know, I’m trying to
think of like the analogies I’ve heard of like, when you think of
about the size of the hydrogen atom and the nucleus, it’s like a
marble in a football stadium, where the marble is the nucleus and
then the football stadium is the orbit of the electron, and then
you want to think about a bullet that’s going to pass by [waving
arms and chuckling]. I don’t know if that’s the best analogy. [...]
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Vesal: That wasn’t a question that crossed your mind when you did this
problem?
Subject: I think under normal circumstances, in the things that have
drawn me to physics, it would, but there are times in the semester
that it’s like, I’m going to take the path of least resistance.

The subject indicates not having had a chance to think about the underpinnings
of the model they use to make the calculation for the problem (lines 26–32,
36–38, 64–67). But when prompted, they consider the physical parameters of
the systems the model seeks to describe, including relative sizes of electron
and proton, their distances and the potentials involved (lines 40–48, 50–61).
The subject makes a distinction in how they’ve approached the problem, inthe-moment of the interview as compared to when they executed the problem.
This is evidence of a shift in framing, from pieces to a cohik (or perhaps
cohma). When they first completed the problem, the subject says the pace of
the course had not allowed them to think about the assumptions underlying
the mathematical models they had been using nor the nature of the physical
system involved. They take the path of least resistance: doing what’s necessary
to execute the calculation and moving on. My question, however, tips them
into a framing where they make physical sense of the problem, thinking about
the relative size of the electron, its distance from the nucleus, and whether and
how it would interact given the Coulomb potential.

3.5

summary

The six episodes with which I began this chapter demonstrate the involvement of student epistemologies, specifically coherence-seeking related framings, with their reasoning and work in QM. The episodes motivated, in part,
the numerical analyses that show evidence of students’ enactments of those
framings in varying degrees of stability.
The ostensibly chaotic distribution of coding instances in each subjects’ timeline makes it difficult, in some cases, to differentiate relatively minor variations
in framing from cognitively significant ones. To show that what may appear

3.5 summary

to be a haphazard distribution is actually cognitively significant variation, I
presented an in-depth profile of one graduate student, Bailey, by discussing in
greater detail their enactments of the coherence-seeking framings. In particular,
I substantiate Bailey’s stability in each framing, including cohma, by showing
how they worked to understand, for example, the AB effect, describing and approaching the mathematics as a basis for forming conceptual understanding.
In the last interview, Bailey worked to understand scattering and a deviation
from that stability emerged: he describes and approaches the mathematics as
secondary, as enhancing or building from conceptual understanding but not
as a basis for it.
I provide a theoretical interpretation of Bailey’s shift in framing, from a
steady cohma to cohik, in terms of a dynamic system that extends beyond
them as an individual. That is, their thinking and behavior patterns appear
from relations among resources attributed to Bailey, including epistemological
resources like cohma and cohik as well as conceptual, affective, and social, in
interaction with the features of the context, including the subject matter, the
QM

course, as well as the interview itself. In other words, I interpret Bailey’s

framings of mathematics as Kugler’s & Turvey’s [68] (cited in Thelen & Smith
[132]) soft-assemblies emerging from these interactions. I use this theoretical
model to also account for a few other examples of significant shifts demonstrated by other students.
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4
U N D E R G R A D U AT E S T U D E N T A N A LY S I S

This chapter presents my analysis of undergraduate student data. In the first
section, I introduce a numerical summary of framing indicators for each subject. The timelines appear to be similar in some respects to the graduate student analysis, including apparent stabilities in framings. There were, however,
no significant shifts in framing, and for this reason, in the second section, I
focus on unpacking the richness in variability of epistemologies from studentto-student.

4.1

numerical summary of framing indicators (undergraduate)

I coded the entire set of interviews for five undergraduate students.1 Figure 21
shows five timelines of instances, one for each subject. The instances correspond to indicators of framings that are the focus of this study as described
in Chapter 2 (see Appendix C for a listing of framings and indicators, with
representative examples). Table 6 presents the total number of instances of
indicators coded for each subject.
As with the numerical summary for graduate students, Figure 21 and Table 6 show some patterns of stability and variability: subjects can be stable in
demonstrating one or more framings (e.g., Taylor and Brett with cohma framing, Pat with a pieces framing), while at the same time dynamically changing
in their framings.
Looking at Pat’s Table 7 which details the number of instances of indicators
shown in Figure 21a, for instance, there are three clusters of pieces framings ev-

1 Because the undergraduate classes were large, and the subjects a small subset, I simply use
pseudonyms and do not need to use gender neutral pronouns.
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(a) Pat’s interview timeline with coding results (QM 1).

(b) Jamie’s interview timeline with coding results (QM 1).

(c) Taylor’s interview timeline with coding results (QM 2).

(d) Brett’s interview timeline with coding results (QM 2).

(e) Ari’s interview timeline with coding results (QM 1 and 2).

Figure 21: Undergraduate student interview timelines showing instances of indicators
corresponding to framings central to this study. Each row corresponds to
the following framings (in the order shown in the timelines): cohma, cohik,
cohex, wcoh, and pieces. Each rectangle corresponds to an instance, and
its width to its duration—some of them appear wide enough to reveal a
number, or part of one, which corresponds to the number of indicators
of that specific kind of framing that have been coded to that point in the
interview.

ident in the timeline, arising in the second, fourth and fifth interviews. Those
interviews involve Pat’s discussing quantum topics or problems without referring to notes or solutions. There is a disruption to the pieces clustering at
around 02:15:00, when Pat discusses his own worked solutions to the midterm
exam and demonstrates a cohma framing.
The number and distribution of instances of cohma framings evident in
the timelines and associated tables for Jamie, Taylor, and Brett show that each
subject is stable in demonstrating it. In contrast to Pat, they show virtually
no evidence of noncoherence-seeking framings (i.e., wcoh or pieces). However, the two instances of wcoh in Jamie’s timeline are quite significant and
bring to light a stable aspect of his approach to learning. Additionally, Taylor’s

4.1 numerical summary of framing indicators (undergraduate)

Table 6: Listing of the total number of instances (across all interviews) indicative of
framings salient to the study (undergraduate student subjects).

subject

cohma

cohik

cohex

wcoh

pieces

Pat (QM 1–Int 1-5)

23

11

7

1

24

Jamie (QM 1–Int 1-5)

73

14

12

1

0

Ari (QM 1–Int 1-5)

37

13

7

5

8

Taylor (QM 2–Int 1-4)

49

12

7

0

0

Brett (QM 2–Int 1-4)

36

5

9

0

0

Ari (QM 2–Int 1-4)

24

3

8

1

9

demonstration of a cohma framing was frequently different from other undergraduate subjects. I develop mini-cases around Pat, Jamie, and Taylor in the
next section.
Ari was the only undergraduate subject whom I was able to follow for both
QM

1 and 2. Table 11 shows a similar number of instances of coherence-seeking

related framings from the first to the second course, with the exception of a
dip in instances of cohik (and adjusting for one fewer interview during the
second course as compared to the first). In terms of relative stabilities, she falls
in between Jamie/Taylor/Brett and Pat in demonstrating cohma and pieces
framings.
Table 7: Listing of the number of instances indicative of framings salient to the study
(Pat).

interview

cohma

cohik

cohex

wcoh

pieces

QM

1–Int 1

1

3

5

0

0

QM

1–Int 2

3

4

0

1

7

QM

1–Int 3

11

3

0

0

1

QM

1–Int 4

6

1

1

0

9

QM

1–Int 5

2

0

1

0

7

23

11

7

1

24

Total

In Chapter 3, I made the case that what might appear to be “noise” in the
distribution of codes in the timelines can in fact be characterized as cognitively significant variation; that is, patterns of framings emerge from the con-
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Table 8: Listing of the number of instances indicative of framings salient to the study
(Jamie).

interview

cohma

cohik

cohex

wcoh

pieces

QM

1–Int 1

16

3

6

0

0

QM

1–Int 2

15

5

2

1

0

QM

1–Int 3

11

1

1

0

0

QM

1–Int 4

9

2

0

0

0

QM

1–Int 5

11

0

0

1

0

62

11

9

2

0

Total

Table 9: Listing of the number of instances indicative of framings salient to the study
(Taylor).

interview

cohma

cohik

cohex

wcoh

pieces

QM

2–Int 1

11

5

4

0

0

QM

2–Int 2

16

4

3

0

0

QM

2–Int 3

14

1

0

0

0

QM

2–Int 4

8

2

0

0

0

49

12

7

0

0

Total

Table 10: Listing of the number of instances indicative of framings salient to the study
(Brett).

interview

cohma

cohik

cohex

wcoh

pieces

QM

2–Int 1

12

1

2

0

0

QM

2–Int 2

6

1

4

0

0

QM

2–Int 3

12

1

0

0

0

QM

2–Int 4

6

2

3

0

0

36

5

9

0

0

Total

fluence of identifiable, changing, and interacting factors, both influencing and
being influenced by reasoning. This was apparent, for example, in Bailey’s
dramatic shift in framing during our last interview of the second course (see
Section 3.3.1).
I did not see such shifts in the data with the undergraduate students, and
conjecture on reasons why that might have been in Chapter 5. I instead focus
on the richness in variation and complexity in epistemology from student-to-
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Table 11: Listing of the number of instances indicative of framings salient to the study
(Ari).

interview

cohma

cohik

cohex

wcoh

pieces

QM

1–Int 1

6

3

5

0

1

QM

1–Int 2

6

4

2

4

2

QM

1–Int 3

12

2

0

1

0

QM

1–Int 4

5

0

0

0

1

QM

1–Int 5

8

4

0

0

4

QM

1–Total

37

13

7

5

8

QM

2–Int 1

8

1

0

1

3

QM

2–Int 2

4

2

4

0

2

QM

2–Int 3

8

0

2

0

4

QM

2–Int 4

4

0

2

0

0

QM

2–Total

24

3

8

1

9

61

16

15

6

17

Total

student, and present in the next section three mini-profiles, one each for Pat,
Jamie and Taylor.
To be sure, the timelines represent highly complex dynamics, with an enormous possible range of patterns to explore. I chose to concentrate on three that
would be representative of some of the broad patterns shown by the set of five
undergraduate students.

4.2

mini-case studies

In this section, I develop mini-case studies around three undergraduate students—
Pat, Jamie, and Taylor. They each differ in their epistemologies in some essential ways that I briefly summarize at the beginning of each case.
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4.2.1 Pat reasons about wave function validity and probability current, and discusses
his perception of the structure of knowledge in QM

This case consists of three episodes taken from three separate interviews with a
subject Pat enrolled in QM 1. In the first episode, Pat describes the relationship
between two mathematical proofs involving the rules for valid wave functions
and their relationship to Hilbert space. In the second episode, Pat explains his
approach to writing an expression for the probability current on a midterm
exam problem. In the last episode, he discusses his perception of QM as learning a set of “discrete hills.”
I argue that a pieces framing evident in the last interview is influenced by
the way Pat avoids working directly with the mathematics of the theory, as
illustrated in the first episode. A shift in his framing is apparent in the third
interview, when the context compels Pat to interact with his (mathematical)
solutions to the midterm exam questions.
Interview 2: What’s a valid wave function?
The second interview (QM 1–Int 2) begins with Pat’s saying he is “swimming in
math,” but happy to be learning some of the “concepts and terms” of QM. He
describes the latest lecture topic, which involves solving the Schrödinger equation for different potential functions and “how to deal with the mathematical
tricks to handle” them. This discussion prompts Pat to share “another example” of mathematical rules in QM that require “a wave function be continuous
at all points, continuous and differentiable.” But, he says, there exists a proof
that a function with a cusp could still be valid. What he has in mind is the
exponential function e−k|x| , and he draws its graph (see Figure 22; later in the
conversation, I find out that the function he has drawn comes from a homework problem in which he is to determine whether several wave functions
could correspond to a particle moving in one dimension).
Pat explains,

4.2 mini-case studies

Figure 22: Pat draws the a graph of a cusp, and writes the corresponding function.
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Pat:

Here’s this fun caveat that if the potential goes to infinity in
that one spot, then you’re safe, then it’s a completely valid wave
function because for whatever reason the fact that we’re
postulating infinite potential at that one spike sort of overrides
this other proof [...] So you have this function, and you’d say,
your first instinct would be “that is not a valid wave function,”
not because it doesn’t vanish along this axis--that might as well
drop to zero at the limit [points to tail ends of the function
along horizontal axis in Figure 22], so you know, it has these
boundaries, that the probability doesn’t explode. You can get away
with all of these, the normal rules of the, you know, square
integrable guidelines to see if it is a valid function, but you
nonetheless rejected it off hand at first instinct because there’s
a cusp, because you know when you see a cusp in math the derivative
breaks, you know, there is no cont--the derivative of the function
is not continuous at that point [...] However, there’s this nifty
rule that, at least in our class we were handed, so I don’t
understand or know a lot of the reason behind it, so to speak. If
V(0) = ∞, not, you know, I mean obviously this was handed to us in
that sort of language, but I’d imagine if it was handed more
carefully to us it would be the limit from either side approaches
infinity, just because you’re never going to see equals infinity,
as a matter of technicality. [...] What’s very hand wavy, or cool
in some respects, is that that particular landscape where there is
this infinite potential at that one spot, trumps, so to speak, this
original proof that depended on the derivative being continuous,
and instead says, “OK, you can treat it as a piecewise function and
just remove that one point.” And that’s weird and that strikes me
as not very mathematical, mostly because in this reality, we’re
used to considering infinity to not be a thing, meaning it’s a
mathematical construct, it’s very handy, it’s a very fascinating
mathematical construct, but infinities don’t exist in nature [...]
If it approaches, if the potential is infinite at that one point,
you’d expect that to have no discernable impact in our
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35
36

understanding of QM which is meant to capture a physical landscape
in which infinity doesn’t exist.
Code: wcoh-1 (lines 1-34)

Pat refers to two proofs, one that gives rise to the rules governing a valid wave
function (i.e., square integrable, defined at every point and continuous derivative) and another that gets around one of those rules (lines 1–15). Drawing
the graph and writing the function in Figure 22, he says that while it meets
some of the criteria (lines 27–33), his first instinct is to reject it because its
derivative is not continuous at x = 0 where the potential goes to infinity (lines
24–27). Yet, that assessment is “trumped” by a proof saying the function can
be treated piecewise to remove the discontinuity (lines 1–6, 24–27). Further, Pat
is unsettled about the appearance of an infinite potential, seeing it as strictly
mathematical and essentially unphysical (lines 33–42).
There is evidence in the transcript that Pat expects coherence among some
of the ideas he raises. For instance, his expectation that mathematical rules
should be consistent with one another is violated by a “nifty rule” that somehow “trumps” “your first instinct” to use the continuous-derivative condition.
He is unsettled that ignoring the cusp in the function does not seem “very
mathematical” and likely wonders how the discontinuity can simply be carved
out.
Pat also puzzles over infinite potentials and how they should not be playing
a role in QM, which seeks to describe a world that inherently excludes them
(lines 38–42). That mismatch between intuitive and mathematical knowledge
also comes up in how he describes being “handed” V(0) = ∞ that would
have been better introduced “as the limit from either side approaches infinity.”
In other words, his intuition has a hard time accepting something as actually
being infinity in the real world. It is worth mentioning that Pat communicates
this view at around the same time the course treats the infinite square well,
illustrating some of the core ideas in QM.
While Pat implicitly communicates some of these inconsistencies, he does
not try to resolve them for himself. This is apparent in his treatment of the
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proofs he alludes to, expressing puzzlement on several occasions (lines 3–5,
20–21, 27, 33–34), but not attempting to work on them. Such an effort would
require getting into how the piecewise functions should be stitched together
and the infinite potential at x = 0 impacts the join.2 In the moment, he is not
committed to that kind of mathematical engagement, and essentially treats the
proofs as black boxes in which one somehow wins relative to the other.
Further, Pat’s lack of agency is evident in his tone and language. In particular, he frequently uses second-person constructions (e.g., “you’d expect,” “you
nonetheless rejected,” “you can get away with”) and hedges (e.g., “I don’t
know a lot of the reason behind it,” “what’s very hand-wavy”) to distance
himself from the ideas he presents. Further, three times he describes the “nifty
rule” as being “handed” to him, which offloads responsibility to resolve the
inconsistency he perceives, either because he sees it as beyond his ability or
the role of the authority to do so (enacted indicator of a wcoh framing).
I ask Pat to say a little more about the guidelines for what constitutes a wave
function, and he responds,
37
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Pat:

Um, it’s a loose cookbook for making sure that the thing you’re
looking at could be a wave function, so to speak. I mean, it’s a,
you know, list of criteria that you should be able to check off,
um, when you’re looking--when you’re evaluating whether an
expression is a valid wave function [...] This cookbook or list of
criteria or whatever is the vocab I’d use at a given moment, isn’t
used to generate answers when you’re solving Schrödinger’s equation
for example, it’s used in understanding the nature of that subset
of Hilbert space in which all of QM is housed. So I remember the
last time we were talking I was getting into this whole notion of,
you know, this particle picture of reality, our reality, or what
not, versus what QM exists in, and the idea being that QM doesn’t
quite exist in this reality, it exists in this different landscape
and it just tells us things about our reality, you know it’s
metaphorically consulting you know an oracle in a different plane
for the answers to things here, and these rules, these criteria are
ways of extending that metaphor of making sure you’re talking to a
true oracle and not a little demon, you know that you didn’t go to
the wrong plane, so as long as things can obey these rules that
you’ve been given, as long as the--then you can say that the wave
function is a correct, is a true quantum mechanical wave function,
it’s an expression that’s captured within the domain of QM and as

2 It is likely Pat is referring to something they covered in class, but had not gotten to in the book,
which is solving the time independent Schrödinger equation with a delta function potential
for bound states. There, Griffiths describes how to stitch together the bound state solutions for
x > 0 and x < 0 (with the discontinuity at x = 0). He first applies the boundary condition for a
continuous wave function, and then shows how the delta function determines the discontinuity
in the derivative of the wave function where the solutions are stitched together.
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59
60
61

such we can have all--we can borrow all the confidence we have
built in QM and be that confident in the solution to this local
problem just solved.

Pat describes QM as existing in Hilbert space (lines 52–53, 56–58), and the rules
determining valid wave functions as picking a portion of the space (lines 4852). In describing that process, he uses an analogy that QM is like an oracle in
a separate reality that can be consulted to tell us about our reality. Accessing
the true oracle requires consulting the rules (lines 61–67).
Pat takes a distinctively philosophical approach to describing the relationship between the rules and Hilbert space. The act of inventing a story, with
metaphorical oracles and demons, may be useful in conceptualizing such relationships. However, in refraining from thinking about the specific expressions, how they are constructed, and drawing meaning from them, Pat veers
off course, and there is compelling evidence that his approach is insufficient.
For instance, what does Pat mean when he says QM is housed in Hilbert space
and the rules help access the part that gives insight into our reality? In this,
he may be riffing on the idea that wave functions live in Hilbert space, a boxed
and bolded fact appearing in the course textbook [43], and in order to choose
physically realizable functions, they have to be continuous, differentiable, normalizable, single-valued, and finite everywhere. That is, the particle has to be
somewhere in space, and that requires an interpretation of the position space
wave function as representing a complex-valued probability amplitude, the
square of which gives the probability of finding the particle at a particular
point.
The point, again, is not that Pat misses the right answer, but that his framing
does not give him a chance to make more progress in his own sense-making;
that is, to treat the mathematics from which the philosophy arises as a source
of insight. Interestingly, this relatively stable framing evident in all of our interviews was disrupted during our third one when his worked solutions to exam
questions were in front of him.
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Interview 3: Thinking about probability current using velocity
The third interview (QM 1–Int 3) is mostly Pat’s retelling his thinking on each
problem of the midterm exam. He bases his explanations on his completed
exam that is in front of him, and approaches his explanations of each problem
in a similar way.
I describe our conversation around problem 2 as a representative example.
It has students deriving the Klein-Gordon equation from an expression relating energy and momentum, and a plane wave relation, and then from that,
obtaining expressions for the probability density and current.
Pat describes his approach to the first part, which was mostly plug-n-chug
and pattern matching (though he expressed satisfaction with the exercise in
that it helped him better “appreciate” the origins of the equation). He then
goes on to narrate his thinking about finding the probability current:
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Pat:

I think at that point I was thinking probability current was
vaguely reminding me of talking about tracking the probability of
the location over time, which is like a weird bastardized version
of velocity. [...] I was looking at this probability current
[referring to ~j in Figure 23] and trying to figure out what current
would be referring to.
Vesal: What do you mean by bastardized version of velocity?
Pat: I mean velocity is pretty articulately defined as, you know, the
change of position over time. But, again it’s a very classical
definition. What what we’re talking about here with, you know, the
bracket x or the average value isn’t, isn’t a position. One way of
thinking about it is, if you were tracking an individual
particle--I mean this is glossed over because you don’t want to run
into trouble with the uncertainty principle and what not--but if
you were tracking one particle, it might have, it might be an
outlier, it might not be very well represented by the average x,
and that particle might at, you know, t equals three and sometime
later also be very poorly represented. And it would get
increasingly poorly represented, or in another sense, one that was
very well represented then very much isn’t represented,
well-represented by the average, so-Vesal: Are you saying if you had a distribution of positions [traces a
bell curve in the air] you’re saying you could have some outliers
here [pointing to tail end of curve] Or like you can have some, you
can measure some positions at the tail ends of the distribution
[pointing to tail ends]?
Pat: Right, and then at a later time--alright, so now imagine magically
you’re back to a classical world and you just have an array of
particles, and you move them all with equal velocity, their
velocities would have a spread of zero, by definition I’ve just
said, you know, you move them all equally, but that’s not what’s
happening either because they’re still spread. I mean, you can’t
have a zero spread on the velocity. So you’re going to have
different particles in that array move with different efficacy, or

167

168

undergraduate student analysis

96
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productivity or whatever word you wanna use. So you have to be
careful when you’re taking a derivative with respect to time of
a--of an average of the spread, you don’t want to call that
velocity, because velocity would imply that you’re taking that full
spread and moving it equally (I see, I see) So I think that would,
that in the context of this problem as I said I was floundering, at
this point, I think my logic or my intuition about it, might be
that current might have been the word that we were using to talk,
you know, probability current, maybe that was how we defined this
way of looking at quantum velocity.
Code: cohma-4 (lines 73-79, 81-96, 103-117)

Figure 23: Pat writes expression that the probability current needs to satisfy.

In trying to make sense of the probability current, Pat proposes thinking about
how the expectation value of position changes over time, which is akin to
velocity (lines 73–79). But he clarifies that in QM, velocity is not the same as
one would expect in a classical sense, and is instead defined as the change
of the average value of the position with time (lines 81–85). If it was even
possible to track the position of a particle, he says, its later position could not
be determined because QM demands a spread in velocity (lines 103–117).
While Pat does not end up developing mathematical expressions for the
probability current as the problem asked, there is evidence of his seeking meaning from and interacting with the mathematics to begin doing so. Pat sensibly
relates the probability current to a rate of change of the position probability.
He discusses what d hxi /dt represents, first by considering the motion of a
particle in different parts of a position distribution, and second by considering
a classical ensemble of particles subject to the same velocity and moving by
the same amount over time—something not possible in QM due to the fact that
there must be a spread in velocity (enacted indicator of a cohma framing).
Apart from the other midterm exam questions, and a few other instances of
describing solutions to homework problems, Pat did not consistently demonstrate a cohma framing in the rest of the interviews. I argue that this is consequential to what comes next in the fifth interview.
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Interview 5: Describing the structure of knowledge in QM
For our last interview, I begin by asking Pat what he is doing to study for the
final exam. He says that for a typical exam in other physics classes, he can
identify the main concepts that the instructor is going to test, and he goes to
those particular places to practice problems or reread parts of the textbook.
For QM, he sees a large number of possible things to be tested on, and so he is
going through as much of the content as possible. He adds:
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Pat:

I think quantum fundamentally more than the other subjects at least
that I’ve taken has many more subjects that would be placed on
equal and separate worth, so you know I say equal and separate,
because in some subjects everything builds. I took the general
relativity special topics course with [instructor] and most of that
syllabus is built. So you’re using tools that you previously
derived, and in that regard then it’s actually very easy to study
and to just march through your notes and understand how the course
and how the subject built up, whereas quantum is a bunch of
discrete hills, so to speak, or at least that’s what it feels like,
because so much of it is founded on mathematical tricks and I’ll
say tricks because they aren’t derivations that you’d naturally be
able to come across, they’re derivations that someone spent a very
long time before they figured out the best way to do it.
Vesal: Mmm, (like I love--) like what would be a--yeah, go ahead
Pat: Oh, um, so in the quantized momentum section, Griffiths phrases it
and so did [instructor]--and I don’t think there’s any better way
to teach this necessarily--but at a certain point you need to
declare like a constant, or you know a constant to multiply into
the equation, and Griffiths and [instructor] both said I’m just
gonna call this l times l + 1 and it’ll come up later, while it’s
really like the best way to write it. That’s great, it’s excellent
that people have come and done that and figured all that work out,
but if you’ve forgotten the fundamentals of the subject, there’s no
way in hell you’d be able to figure that out on the fly, um, so
that’s what I mean by a trick. [...] I’ve been saying I love, as I
mentioned before, how Griffiths has this tendency to say “obviously
this follows” and just, he adopts a very blasé attitude with a lot
of the tricks that he uses which aren’t his own, I mean they come
from codified, from the codified discipline of QM, but that’s why
it ends up being discrete because here’s how to solve this one type
which we only know how to analytically solve because people have
taken the work to figure out these tricks.
Code: pieces-2 (lines 124-133, 155-163), pieces-1 (lines 133-155)

Pat describes his perception of QM as a set of disconnected topics (lines 124–135),
and learning in the course as mostly being about remembering unrelated, abstruse mathematical “tricks” that would be too difficult to reconstruct himself
(lines 135-140). He contrasts this with his experience of general relativity, in
which ideas progressively built on one another (lines 128–133).
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Pat’s experience of the course as a sequence of topics devoid of unifying principles bleeds into his actual perception of the subject (though he hedges at one
point “at least that’s what it feels like”). As an example, he brings up quantized
momentum, describing how l(l + 1) popped up randomly in an expression.3
Pat experiences this as just one more “trick” contributing to an accumulated
sense that the mathematics in QM has a magical quality about it (and he sees
no “better way to teach it,” implying the magic is inherent to the subject). In
order to learn it, he needs to memorize things painstakingly developed by others that he would be unable to reproduce. Pat describes himself as effectively
cornered into a pieces framing by virtue of his perception of and experience
with its mathematics.
I then ask whether he sees any connections between the “discrete hills.” He
responds:
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160

Pat:

So I mentioned this like a few times ago, when we were talking, I’m
pretty sure unless I dreamed it, but I mentioned how Chapter 3 with
the formalism, it feels very oddly place after 2 in which you
learned how to do, so to speak.4 I think that example says a lot,
it’s, we’re going to first show you all these tools to solve these
few particular types of problems, these classes of problems, that
doesn’t take any formalism, the explanations everything is done
without the formalism that comes in Chapter 3, but then Chapters
3’s problems, or Chapter 3’s angle or perspective, isn’t let’s
return to the Chapter 2 problems and then like, or let’s return to
the Chapter 2 examples and then show how we would do this from a
formalized setting, which I think perhaps it should be, otherwise
it loses the point that this is the formalized version of what you
just learned, instead it starts, it uses that as a launching point
into another hill, so to speak, where we’re gonna now do other more
fundamental more formalized things like, say, operating over a
basis or how do you change bases, or understanding that the
conjugate is actually the transposed dagger so that the conjugate
transposed, and again that’s fine it’s like interesting subject
material, but it builds another hill. That’s--that subject, that
material is just as inapplicable to Chapter 2 stuff as the Chapter
2 problems are to Chapter 3 stuff. Unlike, to use the example from

3 This separation constant first appears in Griffiths’ textbook [43] when he solves the Schrödinger
equation in spherical coordinates and says: “For reasons that will appear in due course, I will
write this ‘separation constant’ in the form l(l + 1).” He also adds, “Later on we’ll discover that
l must in fact be an integer, and it is in anticipation of that result that I express the separation
constant in a way that looks peculiar now.” A few sections later, Griffiths derives the eigenvalue
expression for the L2 operator: λ = h2 l(l + 1).
4 In Griffiths’ Introduction to Quantum Mechanics, Chapter 2 first develops the time-independent
Schrödinger equation, and then devote the rest of the chapter to solving it for different potentials, including the infinite square well, the harmonic oscillator, the free particle, the delta function potential, and the finite square well. Chapter 3, entitled “Formalism,” introduces Hilbert
space, observables, eigenfunctions of Hermitian operators, the generalized statistical interpretation, the uncertainty principle, and Dirac notation.

4.2 mini-case studies

161
162
163
164
165
166
167
168
169

general relativity, you learn Rindler coordinates, or the Rindler
system in, say, in the first month, and you’re like “this is weird,
I don’t quite like it, it’s probably the hardest math we’ve
encountered so far, but it’s fine,” and then like two weeks later,
you’re learning the analog to it in general relatively where you
just grab that same math and you apply it, and so suddenly it’s
very applicable, so that’s what I mean by building, it’s the stuff
that you previously learned that comes to bear, and I just don’t
see that happening very often.
Code: pieces-3 (lines 164-189, 199)

Pat is confused about the relationship between Chapters 2 and 3, expecting connections between them but seeing none (lines 165–168). He wonders why the
“formalism” is preceded by a presentation of techniques to solve the Schrödinger
equation for different potentials, and why there is not a cycling back to rework
Chapter 2 problems with it (lines 168–178). He comes to a conclusion that
Chapter 2 and 3 subject matter are unrelated (lines 187–189). Pat contrasts this
experience with general relativity in which ideas were made more meaningful
as they built on one another (lines 189–199).
Pat expects there to be a coherence in QM, in particular among the ideas
in Chapters 2 and 3. Griffiths’ himself [43] underscores his intentions for the
chapters in his introduction to Chapter 3:
In the last two chapters we have stumbled on a number of interesting properties of simple quantum systems. Some of these are “accidental” features of specific potentials (the even spacing of energy
levels for the harmonic oscillator, for example), but others seem to
be more general, and it would be nice to prove them once and for
all (the uncertainty principle, for instance, and the orthogonality of
stationary states). The purpose of this chapter is to recast the theory
in a more powerful form, with that in mind. There is not much here
that is genuinely new; the idea, rather, is to make coherent sense of
what we have already discovered in particular cases. (p. 93)
Pat does not see this cycling back to treat Chapter 2 problems with Chapter
3 formalism, which would demonstrate the usefulness and relevance of the formalism (and parallel his experience in general relativity). Pat’s expectation for
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coherence is unmet, and he ends up not seeing the common threads running
between the two chapters. Instead, he sees Chapter 3 as “a launching point
into another hill.”
Expecting coherence, of course, is not the same as seeking coherence, and
one plausible reason underlying his perception of “discrete hills” may be that
he was not looking to make connections available to him, doing so by pursuing
and interacting with its mathematics, and dwelling on the meaning that flows
from it (as he was compelled to do in our third interview exam review). If Pat
was looking to make such connections, he likely would have seen them, as a
quick review of Chapter 3 shows numerous explicit references to Chapter 2
content that could be “formalized” as Pat would have wanted.5

4.2.2 Jamie reasons about stationary states

This case consists of three episodes taken from three successive interviews with
a subject Jamie enrolled in QM 1. The three episodes portray Jamie’s developing
view of stationary and time dependent states. In the first episode, he wonders
how the probability distribution associated with a particle can be static even as
its wave function evolves. In the second episode, he uses intuitive knowledge
and experiment to reconcile how a time-dependent state can be built from a
linear combination of stationary states. In the final episode, Jamie describes
the origins of time dependence in greater mathematical detail, which leads to
a conversation about his approach to homework assignments.
I argue that the first two episodes provide evidence of coherence-seeking
framings that are consistently evident in other parts of the interviews. The
5 In Chapter 3, Griffiths offers numerous explicit opportunities to connect to Chapter 2 content,
including developing the mathematical conditions for wave functions in Hilbert space while
calling attention to the orthonormal states derived for the infinite square well and harmonic
oscillator; defining determinate states and connecting to stationary states of the Hamiltonian;
introducing discrete and continuous eigenfunctions of Hermitian operators and connecting back
to the harmonic oscillator and free particle states; introducing the generalized statistical interpretation in light of how the possible outcomes of an energy measurement and their probabilities
were found; proving the generalized uncertainty principle by expanding on an earlier treatment;
and finding the minimum-uncertainty wave packed in light of what was found for the harmonic
oscillator and the free particle.

4.2 mini-case studies

analysis of the final interview is more complicated in the way that contextual
factors, including Jamie’s mathematical background, constrain his coherenceseeking efforts.
Interview 3: Unexpected confusion around stationary states
The third interview (QM 1–Int 3) mostly involves going through the midterm
exam questions. While Jamie has “quickly” looked over the solutions prior to
our meeting, he does not have them with him and therefore reconstructs his
thinking for each problem. About midway through, Jamie begins to describe
the third problem on the midterm exam. It involves two normalized energy
eigenfunctions, each corresponding to distinct eigenvalues and vanishing outside non-overlapping regions. Jamie says,
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

Jamie: So, I mean, I wasn’t really sure how to deal with these regions
[as he drew in Figure 24a], all I did here was, you know, if this
is, I basically showed that this is a time independent state, so
like, that’s the, um, that’s the wave function for the first region
[writes expression in Figure 24a] give it time dependence,
it-something over h, it2 /h something like that, and then square the
whole thing I guess which is what, then the time dependence cancels
out.
Vesal: If the particle is initially in the first region, then it will
stay there forever, so what did you do?
Jamie: So we want it so that like the derivative of the probability that
the particle exists in region one with respect to time equals zero
[writes expression in Figure 24b], that’s what I was going for,
which essentially, I show that the probability that it’s in this
region is determined by this wave function which is entirely within
that region and this was true [points to expression in Figure 24c]
Vesal: The rate of change of the probability is gonna be zero?
Jamie: Yeah, that there’s a 100% chance that the particle is within that
region and that does not change with time. (OK) Which I’m not, you
know, I’m not sure how right that is.
Vesal: So, ψ1 is the eigenfunction for (that’s this thing [points to
Figure 24a]) yup, and you tacked on an exponential.
Jamie: A time dependence, yeah, so I said, OK, if you let this wave
function evolve in time, the probability does not change. (OK) It’s
one of those weird concepts that I need to spend more time with.
Vesal: So, when you squared it [pointing to Figure 24a], this equals the
original wave function?
Jamie: What you get is this squared [pointing to expression in
Figure 24a] (OK), because, I mean this times the complex conjugate
equals one. Yeah, exactly.
Code: cohma-3 (lines 12-19), cohma-4 (21-31)

Jamie writes a time dependent wave function for a state corresponding to one
of the regions, and shows that the time dependence vanishes upon squaring
(lines 1–9) so that the probability distribution does not change in time (lines
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(a) Jamie depicts the regions specified in the
problem and writes the expression for
the probability when the particle is confined to region one.

(b) Jamie argues that if the rate of change of
the probability is zero, then the particle
remains in region one.

(c) Jamie writes the expression for the probability when the particle is in a superposition state.

(d) Jamie shows how time dependence cancels upon squaring the wave function.

Figure 24: Jamie works his way through a midterm problem involving stationary
states.

12–14, 21–22, 28–30). He seems unsure about his approach and unsettled about
how an evolving wave function could correspond to a static probability distribution (lines 23–24, 30–31).
Jamie reasons using the wave function and its probability interpretation in
a physically sensible way: if he can show the distribution is unchanging, then
the particle should remain in a specified region. At the same time, he wonders
how a particle’s wave function can time evolve and yet have an unchanging
probability distribution. He tags this as a “weird concept” that he has to “spend
more time with” (enacted indicator of a cohma framing).
Jamie’s expressions of doubt about his approach (lines 23–24, 30–31) are consistent with the non-canonical form of his time dependent term (i.e., eit

2 /h

).

The form of the exponential likely creates greater confusion for him in the second part of the problem, which has students describe what happens when the
√
particle is in a superposition state, ψ(x, 0) = 1/ 2(ψ1 (x) + ψ2 (x)) (but still subject to the constraints of non-overlapping regions). Jamie takes a few minutes
to write out the probability distribution, using that time dependence, which

4.2 mini-case studies

upon squaring cancels out in each term of the expression (see Figure 24c).6 He
continues,
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51

Jamie: See, I’m clearly missing something cause I just got that the time
dependence cancels out again, which I’m not sure how much that’s
really saying.
Vesal: So you’re saying, this shows that this is also time independent
because the time dependence vanishes [points to Figure 24c].
Jamie: Yeah, that’s what I did say, um [pauses to think] I mean there’s
clearly more there.
Vesal: What do you mean?
Jamie: I mean cause the next problem asks what happens if they overlap
partially, which I don’t know, how that would change any of what I
just did. (Oh, OK) [pauses to think] [...] I gotta get a cosine in
there somewhere. I don’t know, I don’t understand this problem
[sighs and thinks]. I’d like to think more just about this concept,
I’d like to go back and read that again [writing expression in
Figure 24d], so this is a wave function that describes a specific
state in time, you can tack on a time dependence, so now you have a
wave function evolving over time, um, but when you square it, you
end up with this guy [points to right side of equation in
Figure 24d] so the actual probability of observing a particle
across this spectrum [points to overlapping regions] is independent
of time.

Jamie expects there to be time dependence, and is puzzled by its absence (lines
37–39, 43–44, 49–50). He infers that his approach is flawed based both on his
own confusion about time evolution of the wave function and the corresponding static probability distribution (lines 53–59), as well as what seems to be
implied by the sequence of questions in the problem (lines 46–48).
Even before the regions were overlapping in parts 1 and 2 of the problem,
Jamie was confused about the static probability distribution. With the superposition state now subject to overlapping regions, he is even more sure that the
probability needs to time evolve, prompting him to say the expression needs
“a cosine in there somewhere.” Jamie illustrates the problem by writing the
expression in Figure 24d which reveals the mismatch between what the mathematics says and what he expects.
Having spent some minutes thinking about it, Jamie is spurred by growing frustration with a lack of progress and picks up his textbook [43], going
straight to the section that introduces stationary states:

6 On his midterm exam, which I collected later, Jamie writes the correct time dependence tacked
on to each state (i.e., e−iEn t/h ), but writes the same expression corresponding to the right side
of the expression in Figure 24c and says “the time-components cancel out.”
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52
53
54
55
56
57
58
59
60
61
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64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

Jamie: It’s like so fundamental I feel like we talked about that right at
the beginning [...] [reads for a few moments, then uses a lower
voice] Yeah, so why, how does that make sense?
Vesal: How does what make sense?
Jamie: Just that the actual probability is time independent [pauses to
think] So that’s the reason we’re allowed to work with the time
independent Schrödinger equation.
Vesal: What do you mean?
Jamie: See you gotta take every expectation value as constant in time,
which I guess follows from this [points to general direction of
expressions in Figure 24].
Vesal: Under what conditions is that true? Or is that generally true?
Jamie: [pauses to think] I guess when the solution is separable. I think
that’s what they’re doing [looking at book]. I mean everything
we’ve looked at in this class has dealt with separable states. And
it’s saying that when the solution is separable, when you, we show
that the probability doesn’t change with time for any position or
for any expectation value [long pause] I’m delving into this stuff
I’m confused about.
Vesal: Can you tell me what you’re confused about?
Jamie: Must be this whole page [points to page describing stationary
states]
Vesal: What exactly is
Jamie: I mean what it’s--so, the probability of a particle existing at
any point in space never changing in time. That’s clearly not true.
Vesal: What makes you think that?
Jamie: Because things move [pushes on small sphere sitting on table].
Vesal: You’re thinking when a particle moves in space the probability
distribution should change as it’s moving?
Jamie: And it does, quantum physics works by perfectly predicting the
behavior of probability distributions and that’s supposed to
correspond to some like observable probability and here it’s saying
even while the probability distribution evolves--the actual
probability amplitude evolves, the actual probability distribution
I guess doesn’t change. If it’s a separable solution, which I
thought we had basically established that it didn’t matter if the
solution was separable, for some reason.
Vesal: So it’s confusing that the probability amplitude might be changing
but the probability itself is not changing?
Jamie: I mean that’s essentially what this is saying. I’m, so, I’m
bothered by that.
Code: cohma-4 (lines 74-88, 94-102); cohik-1 (lines 89-93)

Jamie thinks he should know the answer to this “fundamental” question considered at the beginning of the course, so his emotions are apparent in his
gesturing and tone (lines 60–61, 80–81, 83, 86–88, 105–106). He communicates
an intuitive sense that when things move, their probability distribution should
change (lines 89–102). Yet, this sense is violated by his reading of the textbook,
that expectation values and probability distributions are constant for separable
solutions, which he first believes are the only kinds they’ve dealt with in class
and then suggests should not be consequential to time evolution (lines 62–63,
74–81).
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At my prompting, Jamie clearly articulates what he is confused by: how
could a probability distribution be unchanging if a particle is moving (and its
probability amplitude is changing)? Jamie’s confusion is exacerbated by what
he is reading on the page, namely that expectation values are constant, including the particle position which implies a hpi = 0. He contrasts the physical implications of those mathematics with his everyday intuition that “things move,”
leaving him sitting with a conundrum (enacted indicators of both cohma and
cohik framings).
Jamie then discusses a second thing he is confused by in the textbook (and
reads what he’s bothered by verbatim after a long discussion: “Every measurement of total energy is certain to return the value E.”). At that point in the
interview, we left the discussion about stationary states.
Interview 4: Coordination of different lines of reasoning
During the following interview, our fourth (QM 1–Int 4), we begin conversing
about Bell’s theorem and entanglement, a topic recently covered in class. I
ask whether he feels differently reading about such topics7 after having gone
through a part of a QM course:
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114

Jamie: I mean, a stronger grasp, like I guess, but, that’s an interesting
question. Cause like after working out the details of the model
like this [referring to quantum entanglement], in the end the
interpretation, is just kind of like, I feel like I had the basic
concepts before I took the class anyway, so, not you know, how the
wave function behaves in different situations, but what the wave
function is, I had conceptualized, so, I guess it felt pretty
similar reading this now (OK). But I’m sure my understanding is
stronger now, and there’s still a lot more room for understanding a
lot better everything, definitely.
Vesal: You can see it many many times, and you still-Jamie: Yeah! That’s the weirdest thing. Like remember the last time, I
got really confused about what it meant, what a stationary state
was. I hadn’t thought about it in a while, and all of a sudden I
was like, “It doesn’t make any sense,” but you know, and then later
I was thinking about it, well, I guess it makes sense. [...] I was
just confused about like, it seems, a stationary state is basically
saying that when you evolve it over time, the time components
cancel out and the probability distribution actually is unchanged
over time, which is different from saying that like, I mean which
is kind of like saying [places pen on table] if I leave that, the
position of this pen is not changing over time cause nothing is

7 In the first interview, Jamie described in some detail a few interpretations of QM that he had
read about in popular physics books prior to enrolling in the course.
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115
116
117
118
119
120
121
122
123
124
125
126
127
128

happening to it, I guess that’s kind of like what I ended up
deciding it was like. I mean, yeah cause I mean if you look at the
stationary states like in the infinite square well, your first
state is, with each corresponding energy, your first state is a
distribution where it’s more likely to exist in the middle and less
likely to move outwards at a bell curve kind of rate [tracing tale
end of bell curve with hand]. Um, and like even if you know, it
seems like if it’s a particle, it just exists at one point anyway
and it’s OK to say it’s not changing. If it’s a wave, it exists at
all points, and it’s um, uh, what’s it called, a stationary state
and wave behavior with the probability interpretation, where I
guess it makes sense, that if you repeat it [measurement] over and
over again, you’re going to like keep getting that wave pattern, I
don’t know if I’m making sense or not, but.
Code: cohik-3 (lines 130-134); cohex-2 (lines 134-149)

While Jamie does not see his interpretations of quantum theory as having
changed, he believes his general understanding has improved, with room to
grow (lines 110–118). At my suggestion that multiple encounters are needed,
he enthusiastically corroborated the slipperiness of understanding (lines 120–125).
Following-up on the confusion he experienced during the third interview,
Jamie thinks further about it, recounts a similar mathematical perspective, but
resolves it for himself by making a connection to the behavior of a motionless
pen on the table (lines 125–134). He then supports that sense using the infinite
square well and the states corresponding to each energy level, describing each
state as a distribution of probabilities of measuring a location and saying that
“it’s OK to say it’s [the particle’s location] not changing” (lines 134–148).
Jamie’s pursuit of coherence is evident in his spontaneously bringing up the
confusion he faced from the previous week. Prior to encountering the exam
problem, he thought he had a grasp on the stationary state, but in that moment, his understanding had fallen apart and his reading of the textbook was
unsatisfying. After a mathematical description of his confusion, Jamie turns to
intuitive knowledge to address it. He sets a pen on the table, suggesting that
it remains motionless because there are no net forces acting on it (enacted indicator of a cohik framing). In other words, a stationary state with a constant
probability distribution describes a perfectly natural state that had eluded him
in the previous interview when he was flummoxed by the idea that time dependence disappears, saying bluntly, “Things move” (lines 90–91).
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Jamie then uses the infinite square well as a way to make sense of stationary
states and justify how a particle can be motionless. Specifically identifying the
wave function as a probability distribution, which he had done in the previous interview, is not sufficient. This time, he describes the distribution as a
likelihood of the particle existing in a specific place in the context of the well.
Repeated measurements of its position would reveal the same overall wave
pattern, which he sees as consistent with the idea of a “motionless” particle
(enacted indicator of a cohex framing).
Jamie elaborates further on stationary states:
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149

Jamie: So, the weirdest idea that we’ve talked about is that you can get
a time-dependent function as a linear combination of stationary
states [...] When you take a linear combination of like, say, I
mean this right here [pointing to first term in Figure 25], I guess
corresponds to the probability of getting an energy, of getting
E1 -Vesal: x1 ψ1, x2 ψ2 -Jamie: So this is looking at an overall wavefunction as a combination of
stationary states which is like a more accurate description of
where a particle could exist, whereas these, cause I used to think
about these [pointing to terms] as kind of like hypothetical
possible states that a particle could exist in (Mhm), and in
reality, when you observe particles that are a combination of these
hypothetical states, but I mean when you start thinking about
electrons in an atom, like these are the stationary states that
they exist at, um. [...]
Vesal: So, an electron actually can be in ψ1 , it can be in ψ2 , it can be
in ψ3 .
Jamie: Yeah, I guess I didn’t really mean hypothetical, I meant that this
is just a more realistic observation of the state of an electron
(OK) and that it contains a combination of (Got it) these energies.
Code: cohma-4 (lines 158-167)

Jamie finds it intriguing that a time-dependent state can be built from a linear
combination of stationary states (lines 150–152), and such a superposition state
is a better description of a particle like an electron that can occupy different
states corresponding to distinct energy levels (lines 158–167).
Jamie shares a realization he has about what the stationary states physically
represent: he connects them and their associated energies to actual particle
states, and even states of an electron in an atom. In other words, he approaches
the mathematics as a place to guide and order his physical understanding
(enacted indicator of a cohma framing).
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Figure 25: Jamie expresses a wave function as a linear combination of stationary states.

We did not end up discussing why he thought it was the “weirdest” idea
that a time dependent state could emerge from stationary states (though the
weirdness might be self-evident). He discusses this in the final interview.
Interview 5: Progress on time dependence and description of learning approach
During our last interview which takes place an hour before the final exam, I
ask Jamie to run me through problems he spent more time studying based
on their difficulty. He chooses one because it involves phase factors and a
few other things that he did not “totally get.” He reads the problem (3.34 in
Griffiths), which asks him to find the largest possible momentum expectation
value for a particular harmonic oscillator state. He begins to explain what he
has written on his homework paper: set up a linear combination of eigenstates
corresponding to known energies, tack on a related time dependence, and
specify a coefficient for each term that refers to the probability (1/2) of finding
each state (see first line of Figure 26). I then ask him to say more about the
phase factor:
150
151
152
153
154
155
156
157

Vesal: And you said that you were a little uncomfortable with the
interpretation of the phase factor.
Jamie: Yeah, I’m not totally sure about exactly--I guess it would be,
usually the phase factors cancel out. But I guess when we’re
dealing with a linear combination, you always have to include them.
I feel like I’ve done other problems where we just hadn’t included
them, but regardless.
Vesal: What is the phase factor?
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Jamie: Well it’s just, I think it’s just saying that um, uh, there’s
gonna be some sort of, there’s a, this is a complex value and you
know that the squared of it results in one half which is the
probability that we’re looking at in the real number world, but um,
when we’re dealing with the actual complex coefficient it might
contain this complex phase factor that once you take the complex
conjugate um, it will cancel out but before you do that, it’s
there, and when you’re doing a linear combination of states, there
could be some interference between the phase factors (Mmm). That’s
the same reason that the time component--or that’s why a linear
combination of time independent states can create a time dependent
state too, is that the time component involves a complex component
that would normally cancel out but when you’re doing the linear
combination of states before you find the total probability by
squaring it, you get this interference. And you know that’s the
wave interference that quantum physics refers to.
Vesal: Wow, so like, oh, interesting (Mmm). So, in the very beginning
when we were talking about this,8 you could qualitatively describe
this interference that arises let’s say in the two slit experiment
and now you’re sort of putting some, you’re applying some of this
framework, mathematical framework.
Jamie: But it’s still not totally. Like beginning of the class that was
my first big question was, like, mathematically what does this
interference refer to. And, and it took a while to pick up on the
intuition, but I think I have it now.
Vesal: What do you mean, pick up on what intuition?
Jamie: Just like, what, I mean I’m not used to working with complex
numbers, just um it was confusing at first to find that the, or to
realize what cancels out and when.
Vesal: Right, right. And um, do you know why you’ve introduced this phase
factor cause um you said you’re a little shaky on that.
Jamie: Well [pauses to think]
Vesal: Like your intuition would be that it would be one over root two?
Jamie: Well, I think, for me what we know about this variable is that it
exists in a complex vector space and that when you square it you
should get one half. Which means that when you take the square root
of this variable you get one over root two, but you could also have
extra--another complex component that would have cancelled that out
in the squaring process, so, I mean that’s why we introduced this
undetermined variable θ0 and θ1 [see second line of Figure 26].
Vesal: Why have we introduced it?
Jamie: To say that, that this could exist [pointing to exponential phases
in Figure 26] and that would have cancelled that one if we squared
it [pointing to end of line 1 in Figure 26], but if we incorporate
it into our coefficient before the interference takes place
[pointing to lines 3 and 4 of Figure 26], and then determine the
interference we might come out with a different result, and that’s
why here we have this extra phase component to our result for our
expectation value for our momentum [pointing to line 9 of
Figure 26].
Code: cohma-4 (lines 182-211, 223-242); cohma-2 (lines 208-216)

While Jamie has not always seen phase factors included in each term of a
superposition state (lines 178–180), he describes them as “existing” in a com-

8 In the first interview, Jamie described the two-slit experiment in detail, including how interference happens in the context of single particles. At that point, Jamie was eager to learn how
interference arises within the framework of quantum theory.
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plex vector space, and depending on how they are treated, (i.e., whether it
is incorporated in the coefficient before squaring), they can influence interference (lines 222–241).9 Significantly, Jamie draws a parallel from this behavior
to the emergence of time dependent states from time independent ones (lines
190–200).
Jamie closes the loop on the question he asked during our first interview
when he described the double slit experiment with single particles, namely,
how to mathematically understand interference. He recognizes progress in his
understanding, including developing an “intuition for” the underlying mathematics that describes the interference effects and, in particular, his description
for why the phase factor needs to be included (enacted indicator of cohma
framing).
Given the wave function written in line 1 of Figure 26, Jamie then goes
through the calculation of the expectation value for momentum. He notes that
the expression involves several terms. The phase factor related to time dependence is calculated from the energy levels of the oscillator, and the expectation
value of the momentum in the ground and first excited states are zero, since
they are stationary states. Evaluating the other terms involves remembering
“tricks,” including expressing the momentum operator in terms of ladder operators. I ask him what he would do to solve such an expression—how would
he know to employ the “trick,” and he responds,
208
209
210
211
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214
215
216
217
218
219
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Jamie: I mean I would be like working along side the answer key for a
problem like this, cause this problem is hard enough that--I mean I
would, if I were to make it this far, which I might be able to do,
probably not.
Vesal: Let’s say there’s no answer key.
Jamie: Then I would, I mean, I would have not known what to do. Cause
that’s--I mean, I would have spent, you know, maybe an hour messing
around with this integral trying to figure it out, and I don’t
think I would have solved anything.
Vesal: But, um, you’d seen this before, this was introduced at some
point, right?
Jamie: Yeah, I mean, yeah, we’ve seen this before, but really quickly,
this we might not have ever seen before, this Example 2.5 [pointing
to an example problem to determine the expectation value of energy

9 Jamie says, “there could be some interference between the phase factors” and “we might come
out with a different result” for the interference. He refers to this in line 9 of Figure 26, where the
expectation value of momentum oscillates according to the sine function and the phase angles
effect a shift by θ0 − θ1 .
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Figure 26: Undergraduate subject response to a homework question for calculating
expectation value of momentum.
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in the nth state of the harmonic oscillator using ladder
operators], um, and I mean we went, we just go through so much so
quickly, I don’t know if I would have been able to bring that up to
mind, um, [using hedging tone] I mean I don’t know, if I’d have
evaluated it without that, I might have been able to run into the
same answer.
Vesal: So, somehow you got this hint that you should go and look at the
ladder operators, so you go back and see how they function, and
then you sort of applied it?
Jamie: Yeah, I mean I can, I mean, I did that alongside the answer key,
but I could, I understood it as I did it. I make sure I understand
it as I did it.
Vesal: By understanding you mean?
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Jamie: Just like--or follow, follow the steps. At the same time, you
know, when I’m doing these problem sets, I’m not stressing over
really understanding every little key point, just because I was
more interested in picking up big concepts, than, you know, these
kind of round about ways of coming to these answers.
Vesal: So what would be a big concept here?
Jamie: I mean, big concept is setting up this problem as a linear
combination of states, how these different phase factors that can
interfere evolved in different ways (Mhm), how you know the
something about the complex coefficients and you know your energy
values are, um, and that changes how it evolves over time, um, and
that you can evaluate this through the general statistical
interpretation model that we have, and then here [pointing to
solved momentum] when you have an expectation value that, um, you
can see that it’s oscillating through these values and through time
(mhm, mhm), and you can find the point that it’s maximized. And
then you can mess around with it, like set the timeline
Vesal: You maximized it by looking at this
Jamie: Yeah, I mean, recognizing that this sine component is oscillating
between -1 and 1. I mean if you want this whole thing to be equal
to -1 to maximize that by you, then you can set this equal to -1 to
say that at time t = 0 and find how the phases are related at time
t = 0.
Vesal: Mhm. And then, something that you would sort of gloss--and then a
detail that’s not important would be...I mean, not that it’s not
important-Jamie: Not that it’s not important, like, just, I mean I didn’t totally
understand, I mean I feel like I generally understood, but it’s
also like the ladder operators and how they were related to the
wave function and how I can just rearrange the equations in this
way and apply them [pointing to equations in book], like, I sort of
got it, but not, I mean, I’m sure if I took the course again, and
went deeper into it I’d get more out of it. And also like, I felt
like a lot of this I always ended up learning on my own just cause
class has moved really fast, and I always felt like I was
conceptually just one step behind.
Code: wcoh-2 (lines 243-264), cohma (lines 279-297)

Jamie says that he would use an answer key on a difficult problem like this
to avoid spending a lot of time struggling with secondary considerations like
calculating an integral (lines 242–251). He aims for understanding, by paying
attention to what happens at each step (line 267–276), distilling the “big concepts” (e.g., linear combination of states with interfering phase factors that
give rise to time dependence, finding points of maximum momentum by examining oscillating interference) and not worrying about grasping the smaller
details (e.g., re-expressing the equations in terms of the ladder operators) (lines
278–310).
Jamie’s approach to solving a sufficiently difficult problem, which he matterof-factly says involves using an answer key, might come as a surprise to physi-
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cists who pride themselves in figuring things out on their own, and to instructors who expect their students to grapple with all aspects of the problem sets.
But for Jamie, given the amount of time he is willing to spend, solving the
problems on his own is too difficult to do.10 He gives a few reasons for this,
including getting past mathematical “tricks” that present roadblocks (lines
247–251, 300–304) to the solution, as well as feeling perpetually a step behind,
making it difficult to integrate ideas (lines 258–261, 307–310) (enacted indicator
of a wcoh framing).
The fact that Jamie makes the decision to use an answer key could partly
reflect a view that the purpose of homework is to efficiently get to the right
answer. This is apparent, for example, in how he evaluates his approach to
calculating hpi as useful only if it leads to the right answer (lines 261–263). On
the other hand, for students like Jamie who operate under time constraints
but are generally stable in seeking coherence, an answer key could be helpful
in moving past peripheral calculation techniques while focusing on the main
point of the problem (say, in setting it up and interpreting the results). Jamie
says he does not lose sight of the goal of understanding as he uses the answer
key, and his identification and interpretation of the main points of the problem
is compelling (lines 278–299).
Yet, the decision about what is worthy of attention and what is peripheral to
it may require some expertise to come to. Along these lines, I follow up with
Jamie about whether he thinks the ladder operator technique still seems like a
trick to him:
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Jamie: Maybe I don’t totally understand it well enough to say whether
it’s kind of, whether it’s something that naturally associates with
p very well, or some--which, I mean I guess it is, or something
that you know, you have to do to solve the problem anyway,
something inherent [...] There’s a lot to this class that I’m sure,
there’s just a lot more conceptually than I’m picking up, and
mathematically especially, but I’m not, you know, I’m not too
pressed about not being able to grasp all of it, just because I
recognize where I am.

10 In a previous interview, he indicated carving out a maximum of 4-6 hours per week for the
course. This is less time than a federal definition of outside work required per hour spent in
class.
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Jamie hedges a little as whether expressing the momentum operator in terms
of ladder operators constitutes a trick (lines 311–313). To determine that, he
wonders whether using the technique is essential to solving the problem: he
feels like he is missing a lot more conceptual substance that is enshrined within
the mathematics (lines 316–318). But he is at peace with the aspects he does
not understand (lines 318–320).
Jamie proposes a vetting process to determine whether something is worth
spending time on, namely, is it inherently connected to what is being studied?
In this case, he recognizes the possibility of missing some of the conceptual
substance communicated in the mathematics. This makes the determination of
what is central and peripheral less clear, and therefore his use of the answer
key likely less productive.

4.2.3 Taylor models an electron, and reasons about neutrino oscillations and tunneling

This case consists of three episodes taken from three separate interviews with a
subject Taylor enrolled in QM 2. In each episode, Taylor follows carefully what
the mathematics of QM says: first, in describing the evolution of his thinking
about the electron; second, in constructing a wave function of a neutrino; and
third, in determining whether it is possible to observe a particle with negative
kinetic energy.
I argue that Taylor, who like Pat is a physics and philosophy major, provides
a contrasting case in showing stability in coherence-seeking, and beyond that,
Taylor more than any other subject shows agency in constantly trying out ideas
to see if they work, without feeling burdened in-the-moment about getting it
canonically correct.

4.2 mini-case studies

Interview 1: Evolving perception of the electron based on quantum theory
A third of the way through the first interview (QM 2–Int 1), I ask Taylor whether
his interests are aligned with the homework sets in the course. He indicates
that they are, more so than the previous semester’s course, and spontaneously
offers an example. He writes the wave function of a single particle, with radial
and spin components, and comments on how strange it is that orthogonal spin
states, responsible for distinguishability, give rise to distinct wave functions
when spin is measured. He marvels at what appears to him to be similar behavior between single and two particle interference. Taylor then launches into
a reflection on his conceptualization of an electron:
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

Taylor: I, at some point you know, thought of an electron as some little
ball [draws left-most sphere in Figure 27], and then for awhile,
for awhile I was thinking, you know, that it was like a speck
somewhere within, like a speck within a droplet of water, like the
wave function, you know was this like smooth thing, fluid thing,
that controlled where it moved [at the top of Figure 27, draws
circle with three arrows at the tale end of wave], but somewhere
swirling around within the wave function was still this little hard
ball that was the electron [to the right of left-most arrow, draws
hump with dot in the middle], and...now I think I’m losing even
that last connection to, you know, the concept of it having sort of
anything I guess conceptually solid. And just, uh, you know
thinking just like, there isn’t any really like, electron thing,
it’s just um--like you know the fact that self interference seems
to be very similar to two particle interference, you know then it’s
just the end of like [pauses to think] (Mhm, mhm) like the idea of
the singular electron isn’t really the principle thing that exists,
it’s, you know the electron field wave function thing that exists,
and then um the idea of the single electron is again, some sort of,
you know, approximation of some sort of local activity within that.
Vesal: I see. And so, so this progression in your-Taylor: And then I, and then I, end up with something. Right, so like, it
was this to this [draws arrows in Figure 27], and now I’m
somewhere--and you know, all I’ve learned is Physics 61 and 62 and
now I’m somewhere where it’s like--it’s just some continuum [to the
right of middle arrow, draws two humps] and then, this is
approximately that electron idea then, another thing is
approximately, what we think of as the two electrons [draws two
circles and an approximation symbol above each hump, writes e
inside each circle in Figure 27] [...]
Vesal: Oh I see, you’re just thinking about that [points to approximated
electrons in right-most drawing] as a local, you were saying, local
um--something about activity, local
Taylor: Yeah, I don’t remember how I--like local concentration of energy
or local activity or-Vesal: Depending on what you’re doing-Taylor: Local concentration of probability, you’re right, it’s like a
local concentration of probability amongst, and then this is just
some sort of global electron wave function [writes Ψ on the far
right of Figure 27]
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Code: cohik-3 (lines 1-14); cohma-3 (lines 1-14); cohma-4 (lines 15-21,
43-46)

Taylor narrates a progression in his understanding of the electron, conceiving
it first as a speck, then as a speck within a wave, and finally an excitation
of a field (lines 1–24). Connecting the idea of self-interference to two-particle
interference precipitated his last shift: an electron represented by a local concentration of probability within a global electron field (lines 16–21, 43–46).

Figure 27: Taylor narrates the evolution of his physical conception of the electron—
from little speck, to speck-wave, to excitations of a field.

Taylor’s thinking about the electron evolves as he seeks coherence in both
his intuitive knowledge and the mathematics he encounters. Early on, the electron as a little ball makes sense when he considers charges acting in electrical
phenomena or zipping around a nucleus in basic atomic models. Upon encountering QM and the concept of a wave function, he constructs a hybrid account
in which the electron retains its tangibility as a tiny solid but has its behavior
directed by an encompassing wave (enacted indicators of cohik and cohma
framings). With particle self-interference in the mix, he lets go of “anything
conceptually solid” and transitions to a more abstract field view11 that he sees
as more consistent with his interpretation of the mathematics (enacted indicator of a cohma framing).
I probe more for Taylor’s thinking regarding the shifts:
41
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Vesal: So what has led you to move from these different
conceptualizations from here to here to here [pointing to three
phases in Figure 27]?

11 When I ask Taylor to explain what he means by “local activity” (line 24), he is not exactly
sure. Somehow my next statement, “Depending on what you’re doing” (line 42), triggers his
response of “local concentration of probability,” which reflects an orthodox interpretation of the
wave function. Taylor attributes this characterization to me even though I was not probing for
anything specific.
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Taylor: Well Physics 13 got me to here [pointing to second phase in
Figure 27], you know just understanding the nature of wave
functions, of course I can no longer think of it as some little
deterministic Newtonian, you know billiard ball (Uh huh) [...] and
again, I feel like I’m having trouble fully articulating this final
transition just because it was far more recent (Yeah) and I--we
haven’t really done a lot of multi like electron particles, but
it’s you know, again the understanding that the wave function of
any electron affects like the probability distribution of all
electrons, and the understanding that you can’t tell them apart,
unless it’s, they’ve got some spin state that distinguishes them.
But like electrons of the same spin state cannot be told apart, and
the electrons can self interfere which seems to resemble like, it
doesn’t seem to have much difference, I guess if you’re looking at
two peaks in the wave function or two peaks in the probability
distribution, that’s like we say like, one’s electron 1 and one’s
electron 2, and then we look at those interference, versus saying
like we only have one electron but we split the wave function like
cause it went through two slits and then those two peaks won’t
split, interfere again with each other, they just--you know, I was
still able to retain Physics 13, that like, you know we were adding
this concept of the wave function on top of my existing intuition
about the electron being still some sort of solid small object. You
know, the wave function just sort of enveloped that and moved it
around, but I still felt like that thing must still be there (Mhm.)
And now, it’s just that thing is beginning to you know just sort of
lose all meaning to me and just you know, I guess. And again I
can’t fully, I think, probably articulate you know sort of the way
of thinking that I’m coming to, but I know at the very least that
I’m losing entirely this concept (Interesting) too (Interesting.
Mmm.) And, you know, maybe you know I have some misunderstanding of
this, and all of this will change again, and you know, I’m OK, I
never think like I ever have my final understanding of things, but
you know it’s always very exciting to continue to sort of
transition. Cause at the very least, I sort of hope that, you know,
each sort of concept of the way the physical world is set up I go
through is getting, you know, closer to--you know, progressively
more accurate.
Code: cohma-1 (lines 51-54, 58-79); cohik-3 (lines 74-79)

Taylor rejects a classical conception of the electron based on his growing understanding of the nature of wave functions (line 51–54), including his sense that
all electron wave functions are connected and indistinguishable unless they incorporate orthogonal spin states (lines 58–64). Another reason he abandons a
classical view is the idea of a single electron in a superposition of spin states,
represented as a dual-peak wave function, and its near equivalence to two electrons each with single-peak wave functions. In both cases, the wave functions
can interfere, including self-interference in the former (lines 64–73). But, Taylor
suggests that these wave function dynamics could still be compatible with an
electron as a classical object directed by a wave (lines 74–79). Yet his current
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conception, which is hard for him to explain, abandons the notion of solid particle (lines 79–85). He ends by conceding that while his current understanding
may be flawed, he is more interested in the actual process of developing it
(lines 85–94).
Taylor narrates what appears to be a negotiation between his intuition and
the implications of the mathematics he is gradually learning. Despite the inconsistency of single particle interference with classical expectations, for instance,
he still imagines that a wave function concept coupled with electron as small
sphere could fit together: the wave function acts as a guide to the particle (akin
to the deBroglie-Bohm pilot-wave model).
Taylor’s agency is also apparent as he describes his epistemic aim: to develop
a progressively more accurate understanding. His excitement is not in arriving
at a particular view, but rather in transitioning from one to the next. For Taylor,
in this instance, conceptual transitions are facilitated by what the mathematics
says. For instance, he implies that by working with the theory with respect to
multiple electrons, he will better understand how their wave functions behave
and thus be in a better position to conceptualize them (enacted indicator of
cohma and cohik framings).
Interview 2: Accounting for uncertainty in neutrino mass
I ask Taylor if there was anything exciting he had encountered in class since
the last interview. Without hesitation, he responds, “My most recent thing
that’s been on my mind now all the time” is that neutrinos have uncertainty
in mass.12 Taylor recalls from an astrophysics course that the predicted flux of
solar neutrinos is different from what is detected. He continues:
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Taylor: [Instructor] didn’t explain how it worked out but the way I
thought about the way it would work out is that, OK, so let’s say
you’ve got a particle that’s got some superposition of rest mass,
well...I...and then I would want to translate this to a view of the
particle in position space, right? [...] So a particle could be
represented by some wave packet, you know, under the Schrödinger
equation for a wave packet but, um, you know one of the inputs
there in the Schrödinger equation is mass [...] This is what I

12 Taylor recounts that when he was asking the some questions after class, the instructor asserted
this fact in one of his responses.
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would imagine would happen to it over time [pauses to draw
Figure 28a] Right, so you’ve got three wave packets. [...] The
superposition of having different masses would just be, I’d write
out three Schrödinger equations is my idea for it, each with the
different mass value and then you know multiply those all by some
coefficients, you know they go into the superposition, those
coefficients have to add up to one, one squared [...] So what I’m
guessing will happen is that what you started off with some wave
packet that, you know, doesn’t really look that different than
other wave packets but if you look at the mathematical description
of it, it’s a superposition of three different equations that bring
in different mass values, but then over time it splits up into, you
know, it gets sorted, and you end up with three wave packets with
some spatial separation from each other. You know, of course
interfering, but you know, there’s no clear distinction between
them, but I’m imagining three approximately separate-Vesal: So there’s one entity that was originally omitted, separates into
three by virtue of the fact that-Taylor: It’s got a superposition of masses.
Vesal: Well it’s got a superposition of masses, but you said that this
one [points to m1 in Figure 28a] is let’s say it’s the lightest
one,13 it can travel-Taylor: It’ll be traveling the fastest, which should cover the most
distance in the same amount of time with the same amount of energy.
Code: cohma-3 (lines 97-122, 125); cohik-3 (lines 129-131)

Taylor models a neutrino as a superposition of three wave packets corresponding to its three different possible masses (lines 97–104). He suggests that each
wave packet needs to be multiplied by a coefficient, which he implies is a
probability of finding that state (since their squares have to sum to one) (lines
107–112). Taylor clarifies his depiction of the wave packets in Figure 28a by
saying that for a particle with fixed energy, the packets will travel different
distances in the same amount of time as a result of their distribution of mass
(lines 112–122, 129–131).
There is ample evidence here of Taylor’s agency as a learner. He does not
wait for an explanation from the instructor (lines 95–96), but rather constructs
one for himself (e.g., “This is what I would imagine would happen,” “is my
idea for it,” “what I’m guessing will happen”). The construction incorporates
mathematical ideas from the course, including a representation of the neutrino
as a superposition of wave packets and his identifying the dynamics of their

13 I’m referring to an idea that Taylor brought up moments earlier: “If we can also know what the
particle’s energy is, um, you know, the lighter mass component of the wave function is going to
have moved out further than the heavier, I mean it’s going to have, it can move farther with the
same amount of energy because its got less rest mass, it’ll have more momentum, I’m guessing
anyway.”
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(a) Taylor depicts a neutrino as three wave
packets propagating towards Earth.

(b) Taylor writes an equation representing
“a particle in space that has a superposition of spin up and spin down”.

(c) Taylor constructs matrix representation
of inner product using the state in part
(b) to show non-interference as evident
in the square of the wave function (Taylor recognizes a mistake in his ordering
of the vectors).

(d) Taylor arrives at a description of a neutrino state as involving a superposition
of mass states.

Figure 28: Taylor’s inscriptions as he tries to account for how neutrinos could have an
uncertain mass value.

evolution in the Schrödinger equation (enacted indicator of a cohma framing).
At the same time, Taylor uses intuitive knowledge in his representation of the
neutrino in position space. He conceives a spatial separation arising from a
distribution in their momenta: the lighter the packet, the faster it moves since
particle energy is fixed (enacted indicator of a cohik framing).
While Taylor’s proposal may not correspond to a canonical treatment14 —one
that would require more background knowledge to construct—he is, perhaps
more importantly, eager to try out ideas without being concerned in-the-moment
about whether they are canonically correct. He is more concerned about creating a consistent picture of the phenomenon with mathematical and intuitive
knowledge he has called up for himself.
14 The investigations that led to the solar neutrino problem, which Taylor is addressing here, provided evidence that neutrino identity, or flavor, actually changes, or oscillates, as it propagates
through space. The underpinnings of this oscillation lie in the fact that each neutrino flavor
eigenstate can be expressed as a different superposition of three distinct mass eigenstates. The
phases associated with the three mass eigenstates evolve at different but periodic rates, with
the heavier ones advancing more slowly than the lighter ones, leading to changing mixtures of
mass eigenstates and thus different flavor states.
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Taylor then moves to justify his thinking:
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Taylor: Here’s how I will argue for this way of thinking about it which
is not what the professor told me, he just told me that they can
have superposition of mass, but um if I want to represent a
particle in space that has a superposition of spin up and spin
down, I might do something like this [pauses to write equation in
Figure 28b] [...] This is one of the things we saw in the homework.
(Mhm) See, I would have originally imagined that it would be like
you can have some wave function in space for the particle, and then
you’ve got some superposition of spin states, and those two are
completely independent of each other, but what I saw on one of the
homeworks and it was sort of a really interesting insight is that
you can have a particle where its condition is some wave function
over space times a spin state plus some wave function over space
times another spin state. (Mhm, mhm) So these two plus each other,
that just gets you your total, you know, probability density over
position [gesturing with hand in the shape of bell curve], right?
[...] The reason on the homework I argued that there wouldn’t be
wave function interference here is because the two spin states are
orthogonal. (Mhm) So if I just focus on the spin states for a
moment, then I can sort of treat the rest of it always being like
one big coefficient to the spin state [circles c1 ψ1 and c2 ψ2 in
Figure 28b]. The spin states have a coefficient that...varies over
space [...] these two terms can’t interfere with each other because
they ultimately are functioning just as the coefficient of the spin
components. (Mhm, mhm) But of course if there are no spin
components there then these two would interfere [...] They’re
separated because if I represent the two spin states as orthogonal
unit vectors [writes spin states as orthogonal unit vectors in
Figure 28b], then this goes into here and this goes into the top
component and I end up with this [referring to how c1 ψ1 and c2 ψ2
multiply into the orthonormal spin states], so these two terms are
not going to interfere with each other. (Hhmm) But of course if I
don’t [...] have spin states then...well then you’re not going to
have this, or not having spin states would be the same functionally
in this sense as having the same spin state. If I multiplied both
these terms by the vector one zero and this term by the vector one
zero again, then they’re going to end up on the same line of the
vector and they’re going to interfere. [...] I mean you can really
see that if you take the inner product because remember this whole
thing--I’m writing it backwards [writes in matrix form what he
perceives as coefficients of spin states in Figure 28c] This part
was suppose to be on the other side of this [refers to order of the
row and column vectors in Figure 28c], but this multiplied with
this, this multiplied with this [referring to c1 ψ1 × c1 ψ1 and
c2 ψ2 × c2 ψ2 ], there’s going to be no interference because these
are in two different spaces [pointing to column and row vectors]
within this two entry vector. I wouldn’t be able to write it as
such if there was no spin.
Code: cohma-1 (lines 138-151); cohma-4 (lines 157-188)

Taylor draws insight from a homework problem to say that a particle’s wave
function can be written as an entangled superposition of spatial and spin states
(lines 143–148), as opposed to a separable spatial state multiplied by a sum of
spin states (lines 138–143). With orthogonal spin states, Taylor says that the
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spatial functions cannot interfere (lines 151–162). He uses matrix representations to demonstrate this, in particular showing how orthogonal states prevent
the different spatial states from mixing when taking an inner product (lines
177–188).
Taylor’s agency is again apparent here, as he explicitly describes how his
thinking moves beyond what the instructor has said and presents what he conceives as a justification for his neutrino model. He first contrasts an insight
from a homework problem with his expectation that spatial and spin states
should be completely independent of one another, when in fact those two
characteristics are entangled. That he communicates an alternative view is evidence of Taylor’s checking what makes sense to him with new ideas that he is
encountering (enacted indicator of a cohma framing).
A cohma framing is also evident in Taylor’s decision to show how orthogonal spin states prevent interference. He carries out an inner product using a
matrix representation of the superposition state he has constructed, and draws
physical meaning from the mathematics to say why interference is not possible, namely that orthogonal spin states prevent cross terms from surviving (see
Figure 28c).
Taylor then moves to clarify how this construction is relevant to the neutrino
state he described at the beginning:
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182

Taylor: So all of this connects back to this point where I’m using the
way I was thinking about spin in this case, and basically treating
mass as the exact same thing. So you know, just again from what
[instructor] said, he said they have different mass states, so I’m
assuming I can do something like this [writes wave function as
superposition of mass states in Figure 28d]. It’s just like the way
I wrote out the spin states, but instead of having the spin states
as what separates out these terms, and I guess ultimately makes
them non-interfering, it’s mass conditions, mass values, mass
states.
Vesal: Mmm, so when you say they’re non-interfering you mean...what do
you mean? There’s three distinct entities? Or?
Taylor: I mean, yeah, those terms won’t have interference, cross
products, they’ll be on different lines, different--this comes out
to a one--wait a three by one vector, three down and just one
column, and these will all be on different rows, different entries
for that vector. So they’re each multiplied by some different
masses. This for mass state one, this for mass state two--he said
that there were three different mass states so I thought OK how
does a mass state--how do I deal with mass states in terms of
thinking about the particle as a wave packet within space and time.

4.2 mini-case studies

183
184
185

Well, I’ll just say that the particle equals the linear summation
of different terms (Right) that each independently could result in
some wave packet multiplied by the different mass states.
Code: cohma-1 (lines 189-217)

Taylor draws a direct parallel in the behavior of the spin states to the mass
states (lines 189–191). He proposes that the three wave packets corresponding
to a spatial function are multiplied by orthogonal mass states (lines 191–199)
that, like the spin states, prevent interference from arising (lines 203–217).
Taylor focuses on the relationship between the particle as a wave packet situated in space and its associated mass states. He proposes what seems to him
to be a plausible description: linearly superpose the orthogonal mass states
(this time, 1 × 3 column vectors) and multiply each by a spatial state. In doing
this, Taylor engineers a solution with mathematical tools that say things with
physical meaning (enacted indicator of a cohma framing).
Interview 4: Making sense of negative kinetic energy in quantum tunneling
During the fourth interview, Taylor brings up the idea that bizarre quantum behavior is often misrepresented to the public, including Schrödinger’s cat as being alive and dead, and quantum tunneling as teleportation. He suggests these
ideas are much more nuanced than people imagine, nuance that is “buried in
the mathematics.” I ask him about how mathematics has informed his understanding of quantum tunneling. As he draws a wave function superimposed
on a potential energy graph, he asks permission to explore a related point that
he has been thinking a lot about: is it possible for particles to have negative
kinetic energy?
Taylor begins by noting that while we impose the external constraint of accepting only normalizable wave functions to represent physical particles, the
Schrödinger equation allows for non-normalizable ones. He says this is very
different from classical mechanics, where the mathematics does not lead to
such non-physical behavior. He then characterizes wave function behavior as
oscillatory or exponential, depending on its position in the potential energy
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landscape (negative kinetic energy leading to exponential behavior and positive kinetic energy leading to oscillatory behavior). Continuing on, he says,
186
187
188
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Taylor: There’s some probability of it being--the particle being in
space, a particle with this energy being in some space where you
would classically have negative kinetic energy but I don’t think
when you observe it you--it could possibly, I don’t think you can
observe it having negative kinetic energy. I’m not sure that makes
sense, I think...I don’t know exactly what happens there because if
you observe the point here [inside the barrier in Figure 29a] you’d
know how much potential energy it has...I mean and you could know
much like--actually I, I realize that I’m not exactly sure what the
answer to that part is, like if you observe it--and we didn’t go
over this--if you observe the particle in the barrier, which is,
you know, what the equation allows for...you know, what...does the
energy change? Does it suddenly gain enough energy to not have
negative kinetic energy? I mean I would imagine something like that
but I don’t know then if that runs the risk of violating, you know,
conservation of energy laws. (Mmm) Cause if it’s at this sort of
determined energy state [pointing to Figure 29a]...I don’t know, I
need to ask the physics professor about that because I realize this
question’s been bothering me for awhile and I’m not exactly sure
how to explain it...
Code: cohik-1 (lines 218-225); cohma-1 (lines 227-238)

Taylor runs into the question of whether it is possible to observe a particle inside the barrier, something the Schrödinger equation allows for in that there is
a probability of finding the particle there (lines 218–231). Yet, observing a particle with negative kinetic energy does not make sense to him (lines 222–225).
An idea he tries out to avoid the problem is to add energy to the particle upon
observation; however, he then wonders if that would be consistent with energy
conservation for a particle with fixed energy (lines 232–238).
Taylor finds inconsistencies in both mathematical and intuitive knowledge.
For Taylor, the mathematics says that the particle can be found in the barrier
(enacted indicator of cohma framing). But at the same time, observing a particle with negative kinetic energy does not fit with his intuitive knowledge about
kinetic energy, leading him to say that it is not possible to observe the particle
there (enacted indicator of cohik framing).
Taylor’s proposing a way around that problem, and then checking to see if
his idea is consistent with the law of conservation of energy is another indication of a cohma framing. It is also an indication of his agency and ownership
over the learning process. And while Taylor says he needs to ask the instructor
about it, he continues reasoning:

4.2 mini-case studies

(a) Taylor draws a diagram of the wave function of a particle tunneling through a barrier.

(b) Taylor writes equation relating total, potential and kinetic energies.

(c) Taylor defines the classical kinetic energy
operator.

Figure 29: Taylor’s inscriptions as he tries to determine whether it possible to observe
a particle with negative kinetic energy.
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Taylor: So I’m thinking so, just for a moment, God it’s just, it’s so
hard sometimes to follow along, you know, even though I’ve been
looking at this for a year now and you still sometimes think you
see like these weird paradoxes or whatever. You know, cause I’m
looking at it--right, you know it’s this energy, you know there’s
some chance it’s in the barrier, and if it’s in the barrier with
this energy it has negative kinetic energy. But if you actually
observe the particle to be in that barrier, the wave function has
now become, you know, super compressed to, you know, right around
there within the barrier to lead to this spiked thing and if you
look at that sort of, if you look at what that’s built of [points
to spike in Figure 29a], you know a Fourier transform of all the
energy states, it’s a lot of them so then you don’t know what the
energy is, so then you get the sort of weird thing where previously
if the particle was there it would have had negative kinetic
energy. Now you know it’s there but don’t know how much energy it
has. Of course some of the possibilities of the energy it has, if
you look at all the different energy eigenstates that go into
building that spiked wave function, some of those [draws two top
horizontal dotted lines in Figure 29a], have gotta be less than the
barrier [...]
Vesal: Could you ever take a measurement of the energy of the particle
while it’s in the barrier?
Taylor: But then you wouldn’t know that it’s still in the barrier, right?
That’s the sort of frustrating thing about it. So there’s this just
elusive thing that’s just this, this idea in the math of like
(smiling) there’s always this probability that it has negative
kinetic energy.
Vesal: Which you said is a non-physical thing?
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235
236
237
238
239
240
241
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244

Taylor: It’s a totally non physical thing, but...if it’s--if you know
where it is, you know how much energy it has, so then you know
exactly what the potential energy is, cause that’s position
dependent but you don’t know, um, what the actual energy is, and if
you know what the energy is you don’t know if it’s in the barrier
because that that wave function will be partially within the
barrier, partially outside--so yeah, it is...it
is...non-observable--well I guess, I guess in that sense, you can
never then know exactly what the kinetic energy of the particle is,
um...
Code: cohma-1 (lines 247-265, 275-285)

After a year of study, Taylor is bemused to face another quantum paradox
(lines 242–246): the existence of negative kinetic energy and an inability to
observe it (lines 268–273). That is, precisely locating the particle in the barrier
implies a collapse of its wave function, which he says leads to an uncertainty
in its energy (lines 247–259, 275–279). Alternatively, if you know the energy of
the particle, then its position is uncertain because the wave function describes
the particle as both inside the barrier and outside of it (lines 279–285).
Taylor calls up basic principles of QM as a basis for his thinking about the particle’s behavior, including the idea of the collapse and spike of a wave function
upon position measurement, its complementary description in momentum (or
energy) space using a Fourier transform, and the related uncertainty relation
that implies a trade-off in knowledge (i.e., a function and its Fourier transform
cannot both be sharply peaked) (enacted indicator of a cohma framing). This
leads him to a frustrating place, where one part of the mathematics seems to
imply the physical existence of negative kinetic energy that another part says
is unobservable and intuitive knowledge says is non-physical.
Interestingly, at the beginning of the excerpt, Taylor says after prolonged
study “you still sometimes think [emphasis added] you see” paradoxes, implying responsibility for any perceived incoherence in a subject that is inherently
consistent. Indeed, Taylor is undeterred in his sense-making and tries out another idea:
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Taylor: You can never then know exactly what the kinetic energy of the
particle is, could you design an operator to know that? I mean if
you just go back and forth between position and momentum operators
and the position operator will tell you what the potential energy
is, so then the operator that tells you what the potential energy
is, well it’s just the position operator in that case. I’m
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wondering if there is a different way you might go about it. You
can, you can build an operator to tell you what the--I guess then
the problem is, yeah I guess you could build an operator to tell
you what the kinetic energy is, but if you knew what the kinetic
energy was, you wouldn’t know what the total energy was, cause you
wouldn’t know where it is, and you wouldn’t know what the potential
energy was either. So you couldn’t ever observe it being at a
negative kinetic energy. Right, so, right I guess cause that’s
non-physical [...] I don’t think...we’ve never worked with a
kinetic energy operator but I suddenly feel really fascinated by
studying into that because I can’t imagine under the Schrödinger
equation that negative options would be options for the kinetic
energy, any more so than they would be...any more so than there are
negative options allowed for the total energy, um [...] the only
thing that makes sense classically, kinetic energy-wise is [...] If
you look at the eigenstates for kinetic energy, I would imagine you
could only find positive ones. I mean I’m not sure of that. But I
think with the classical energy which is what the Schrödinger
equation usually uses, you know, you couldn’t find negative kinetic
energy. (Mhm) So, you’re not--so you wouldn’t have negative
eigenstates of the kinetic energy operator, which I’ve never seen,
so I’m guessing, but you know energy equals kinetic plus potential,
and if you look at the eigenstates of potential and energy, there’s
certainly options in there to result in negative kinetic energy but
you could never know simultaneously the exact potential and the
exact total (Oh) [writes equation in Figure 29b] [...] So in what
sense does negative--so you can’t observe the particle to have
negative kinetic energy and yet there’s still some relevance in
talking about when the wave function has negative kinetic energy
cause it, it changes the behavior of the wave function--I don’t
know, this is just one of those very weird parts of quantum
mechanics that sort of the way in which...something like negative
kinetic energy like has some place of existence but not something
we could ever observe or ever exist to us. (Mm) But there seems to
be some idea of it within the mathematics even if it can’t be
realized I guess. [...]
Vesal: Would you go and research this [negative kinetic energy] further
to see-Taylor: Yeah, we never went through, um...I guess just in the sense, we
did only in the sense of the Schrödinger equation, did we consider
momentum, (Mhm) but it’s momentum squared [writes p̂2 /2m in
Figure 29c], so even if the momentum is negative--yeah, and you’d
need imaginary--actually, I do know this because kinetic energy
c in Figure 29c]. This would be the classical kinetic
[writes ke
energy operator. You’d need imaginary momentum in order to--OK,
you’d need negative mass or imaginary momentum in order to produce
negative kinetic energy, in this sense. So we’re not working with
either of those, not that I know of yet.
Code: cohma-3 (lines 286-308); cohma-4 (lines 309-328, 337-348); cohma-1
(lines 328-334)

In order to determine the kinetic energy, Taylor wonders if it is possible to
c (lines 286–296). He realizes he would run
create a kinetic energy operator (ke)
into the same obstacle from earlier, namely the uncertainty principle, which
again leads him to think of negative kinetic energy as unobservable and “nonphysical” (lines 296–302). He surmises that just as the Schrödinger equation

199

200

undergraduate student analysis

does not admit negative total energy states, it would not admit negative kic even
netic energy ones—that there would only be positive eigenstates of ke,
though combinations of total and potential energy allow for negative kinetic
energy states (lines 302–322). And he cannot escape the fact that negative kinetic energy influences the exponential behavior of the wave function inside
the barrier (lines 323–328), implying a mathematical existence but not a physically observable one (lines 328–334). At the end, Taylor writes the classical
c and suggests that imaginary momentum or a negative mass would yield
ke
negative kinetic energy (lines 337–348).
Taylor shops his mind to find an idea and follows its implications. He surely
c but initially does not make that connection, and proposes
has encountered ke,
constructing it. That in itself is an interesting act: Taylor channels the idea
that observables correspond to operators in QM, and observing kinetic energy
would require a corresponding operator. At the end, Taylor persists and rec is the same p̂2 /2m that he has frequently worked with in the
alizes that ke
Schrödinger equation, helping him conclude that imaginary momentum is necessary for negative kinetic energy (enacted indicator of cohma framing).
Drawing on his experience with total energy in QM, Taylor excitedly conjectures that kinetic energy15 is also always positive (enacted indicator of a cohma
framing). As earlier, he contrasts this conclusion with the impact of negative
kinetic energy on the form of the wave function. Taylor’s expectation of the
mathematics as a place to draw physical meaning is challenged a bit (“one of
those weird parts of QM”): the theory points to the existence of something that
it also says cannot be physically observed.

4.3

summary

I used the numerical analysis of the undergraduate data to motivate a closer
look at the student-to-student variability in epistemology. In this, I developed
15 In addition, Taylor refers to the eigenstates of kinetic energy as positive. The context in which
his references to eigenstates are embedded (lines 318–322) suggest he meant eigenvalues.

4.3 summary

three mini-cases around Pat, Jamie, and Taylor, each of whom demonstrates
distinctive epistemological profiles.
With Pat, I presented compelling evidence that he expects coherence in QM,
but experiences it as a sequence of disconnected topics instead and therefore
comes to perceive it as a set of “discrete hills” (consistent with a pieces framing). Based on his interviews, I argued that a significant factor contributing to
the emergence of this view is the fact that he consistently avoids direct engagement with its mathematics.
Compared to Pat, Jamie describes and consistently demonstrates a cohma
framing during the interviews. However, by his telling, he is only willing to
spend so much time on homework problems and related content issues, which
he says compels him to complete those assignments alongside available solutions. Jamie enacts this wcoh framing even while he recognizes the importance
of mathematics and tries to extract meaning from it, following carefully along
an authority’s coherent presentation.
In contrast to both Pat and Jamie, Taylor is unwavering in his coherenceseeking and is less concerned about getting to the right answer than building
a consistent explanation. More than any other subject, Taylor shows agency—
to the point of inventing descriptions based on intuitive and mathematical ideas
at his disposal.
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C R O S S - A N A LY S I S A N D I N S T R U C T I O N A L I M P L I C AT I O N S

This final chapter has two main sections. In the first, I look across the graduate and undergraduate analyses to make claims about patterns of students’
epistemological framing, the coordination of framings, and enactments of the
cohma framing. In the second, I conjecture about possibly useful directions
for instruction, including attention to students’ coherence-seeking and their
coordination of framings.

5.1

cross-analysis of all subjects

The graduate student analyses of chapter 3 show how epistemology helps
shape student reasoning in QM, and is in turn influenced by it. They also show
that epistemology can be dynamic and shifting. The undergraduate student
analyses of chapter 4 highlight, among other things, the variation of epistemologies from student-to-student, providing further evidence for the consequentiality of different epistemologies on student learning in QM.
Here, I look across all subjects, both graduate and undergraduate, and will
make three broad claims: (1) students’ patterns of epistemological framing
are mostly stable within a course; (2) students who profess epistemologies
aligned with the coordination of coherence-seeking framings tend to be more
stable in demonstrating them; and (3) students aware that their understanding
of QM ultimately anchors in its mathematics tend to produce more coherent
explanations and perform better in their courses.
Before fleshing out these claims, I will first re-introduce notions of resources,
stability, and patterns of activation in light of the completed analyses. In Section 3.4, I introduced “soft assembly” as a model with which to understand
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shifting patterns of activation of the coherence-seeking related framings of this
study. A soft assembly—or here an epistemological framing1 —emerges from
an interaction of contextual factors and resources of mind. At some point, a
framing itself might be considered a resource of mind available for activation.
One might ask what is required to attribute a framing to the mind of a subject. In Section 3.4.1 I made the case that Bailey has available resources related
to the role of mathematics in QM. In the AB effect episode, for instance, they
expect and show that mathematical derivations convey conceptual meaning. In
the scattering episode, they expect and show that conceptual meaning comes
out of “logic and observation.” These views are similar to the resources identified by Tuminaro & Redish [134] in their students, namely Mapping Mathematics to Meaning and Mapping Meaning to Mathematics. I attribute such resources
for epistemological framing to Bailey’s mind because there is evidence of their
activation across the interviews.
On another level, I characterize framings as stable in a particular context or
more broadly. For instance, during the scattering episode, Bailey refers to the
interview context as a place where they feel accountable to discussing their understanding about QM (a self-described framing of that activity), as opposed
to writing equations divorced from meaning (another possible framing that
Bailey refers to as they experience the course). Because Bailey has not experienced an interview precisely like this before, it is unclear whether this sense
of accountability comes up across other contexts. They have likely experienced
other, similar interactions to help form the interview framing, and the next
time they participate in a similar activity, those resources will be more readily
available for activation, accruing to greater stability of patterns that involve
them. I summarize these relationships in a graphic shown in Figure 30.

1 As described in Section 1.2.2 and Section 2.4.2, an epistemological framing is the tacit response
to the question “What do I expect to use to answer questions and build new knowledge?”

5.1 cross-analysis of all subjects

Figure 30: The resources framework stipulates that contextual factors activate resources of mind to produce stable or unstable patterns of activation that
emerge as thinking and behavior. The framework can be connected to framing through those same patterns of activation.

5.1.1 Patterns of epistemological framing

In chapters three and four, I present timelines of instances of coherence-seeking
related framings (see Figure 13 and Figure 21). As indicated there, while the
timelines appear “noisy,” different framing patterns are discernible, both on local time scales (e.g., in-the-moment shifts between different coherence-seeking
framings) and longer ones (e.g., sustained shifts that extend beyond a moment)
as Bing & Redish found [11].
For instance, looking at the significant number of instances of indicators of
cohma, cohik, and cohex framings coded for each subject, and the variety
of contexts in which they appear, it may be reasonable to attribute them to

205

206

cross-analysis and instructional implications

subjects as resources available for activation. The ways these resources are activated, however, varies from subject-to-subject, and sometimes from interviewto-interview.
In the next section, I discuss some of the shifting patterns of activation
among the three coherence-seeking framings. But first, I discuss shifts from
coherence to noncoherence-seeking framings, vice versa, or challenges to professed epistemology, which I consider to be significant shifts in patterns of
activation.
In all the data that I coded, I observe three such shifts among the graduate
students, and two among the undergraduates:
• Bailey in Section 3.4.1, in the role that mathematics played (both professed and enacted);
• Subject2 in Section 3.4.2, moving from professed/enacted pieces to professed/enacted cohma;
• Subject in Section 3.4.3, moving from enacted pieces to enacted cohma;
• Pat in Section 4.2.1, moving from enacted pieces to enacted cohma; and
• Ari, as seen in Figure 21, moving away from wcoh in the second as
compared to the first course;
Within the sections in which each of these shifts is described (except for the
last one, which I discuss below), I conjecture about some of the possible interacting factors giving rise to them. The first two shifts, both in strong graduate
subjects, are significantly influenced by the difference in instructor expectations between two courses, while the third comes out of a question I asked of
a graduate subject and the fourth out of a change in the interview context in
which Pat must interact with the mathematics of his exam solutions.
It is curious that, out of the many hours of coded interviews, there are so
few such significant shifts visible. One explanation might be that advanced un2 As in Chapter 3, to preserve the anonymity of the graduate subjects, I refer to them as “Subject”
when necessary, and use gender neutral pronouns and adjectives.

5.1 cross-analysis of all subjects

dergraduate and graduate students, having taken many courses, are stable in
their approaches to learning physics, and shifts away from those stabilities are
difficult to effect. Such stabilities may even be stronger for graduate students,
who have already studied a semester or two of QM.
A related explanation might be that a course is the typical scale of context
for stability in epistemological framing. That is, unless epistemology is an explicit target of instruction, students’ patterns of epistemological framing do
not change. So a student like Pat would continue to enact pieces framings,
since there is little changing about the learning environment to help him shift
towards coherence-seeking.
The possibility for shifts in epistemological framing opens up across courses
in which instructors communicate different expectations for what it means to
learn or succeed in QM. The graduate data supports this, given that two out of
the three shifts among the graduate students takes place between successive
courses in which the instructors communicate different expectations.
The undergraduate data is mostly inconclusive in this regard, given that four
out of the five I interviewed were only through one course. The timeline for Ari
(Figure 21), whom I followed over two courses, does not vary much in terms of
broader patterns of coherence-seeking framings from first to second semester.
However, there are fewer instances of indicators of pieces framings in the first
course as compared to the second, and there are more indicators of wcoh
framings in the second as compared to the first. While the reason behind the
change in the pieces pattern is unclear, one factor contributing to the change in
the wcoh pattern is likely related to Ari’s experiences of the two courses. She
frequently describes the instructor of the first course as discussing mathematics
beyond her reach, and the second as emphasizing physical understanding and
mathematics suited to her level. It is plausible, then, that she would be more
inclined to defer responsibility for understanding to the instructor in the first
course as compared to the second.
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5.1.2 Epistemologies around the coordination of framings

In Section 1.3.2, I present the different mathematical framings that Bing & Redish [11] identify in students’ discourse as they work on quantum problems.
Bing & Redish show how it is productive for students to switch between framings to advance their work, and highlight this behavior as reflecting one of two
aspects of expert-novice research, namely that experts have better knowledge
banks and better navigation strategies among framings to deal with problems.
The QM literature review presented in Section 1.1 shows that the latter is an
often overlooked aspect of expertise. Bing & Redish suggest that part of such
expertise is in the coordination of epistemological framings, rather than sticking to one framing or another, and seeking “coherency among the different
arguments produced for the same problem.”
The data show different patterns of such coordination of cohma, cohik, and
cohex from subject-to-subject, as well as different degrees of awareness in that
coordination. I gathered evidence for this awareness by coding for professed
indicators of coherence-seeking framings.
Among all the subjects that I coded, the spectrum runs from mostly conscious coordination (e.g., constructing epistemology to effectively coordinate
coherence-seeking framings), to mostly unconscious lack of coordination (e.g.,
quantum knowledge as fragmented or coherent by virtue of an authority).
Given each subjects’ patterns of activation, I characterize them along the spectrum as follows:
• Bailey, Dakota: actively and explicitly construct an epistemology involving the coordination of framings;
• Brett, Taylor, Jamie: general awareness of epistemology that may help
drive the coordination of framings; and
• Ari, Jesse, Pat: less awareness of epistemology with some implicit coordination of framings, and wcoh and pieces in the mix.

5.1 cross-analysis of all subjects

In the next two sections, I examine these subjects in greater detail, starting
with the graduate students and then followed by the undergraduates.
Graduate subjects
Two of the three graduate subjects I coded for, Bailey and Dakota, do explicit
work to construct an epistemology of QM. As evident in, for example, Section 3.3.2, this work is largely about their awareness of and interest in coordinating the coherence-seeking framings of the study.3 Bailey’s frequent articulation of their epistemology with respect to learning QM includes: their saying
they derive meaning less from intuition and experience and more from the
mathematics of the theory; an apparent shift in their thinking about the role of
mathematics during our interview about scattering theory; a change in their
view about the uselessness of intuitive knowledge to one in which a quantum
intuition needs to be learned based in the internal consistency and logic to
QM;

and, analogizing the development of their QM intuition with learning a

foreign language which requires a tolerance for incoherence and confusion as
a natural part of the process.
Students like Bailey and Dakota who consciously construct epistemologies
around the coordination of coherence-seeking framings open for themselves a
greater range of possibilities to connect knowledge in their minds and navigate
problems. Among such instances is the one described in Section 3.1.2 where
the subject explicitly specifies both mathematical and intuitive knowledge as
useful in QM. They say they look for connections to make within their intuitive knowledge (professed epistemology), and immediately show how they
do this for a harmonic oscillator problem with a perturbing potential (enacted
epistemology). This approach is consistent with their thinking about classical
mechanics as connected to (and a limiting case of) QM. Where the subject does

3 In this section I hope to substantiate the point I make in in Section 3.1 that students’ coordination
of professed epistemologies with how they enact them is consequential to their learning in QM.
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not see any connections to intuitive knowledge, they rely on the axioms of QM
and trusts the mathematics that flows from them.4
In a similar vein, while demonstrating a cohma framing throughout our interviews, and seeing the source of a new QM intuition as originating mostly in
its mathematics, Bailey frequently demonstrates a cohik framing. As detailed
in Section 3.3.2, Bailey’s explanations often employ classical arguments, which
provide useful insights (e.g., using traffic flow as an analogy for the phase
shift), seed further QM reasoning (e.g., connecting the nucleon’s “magic numbers” to classical models and fundamental notions of size), or indicate where
models diverge (e.g., contrasting classical particle behavior to tunneling). At
times, a cohik framing may not be as productive in blazing a path to canonical understanding in QM, as for example when Bailey shifts in his framing of
the role of mathematics in Section 3.3.1.3 and enacts cohik framings for the
better part of entire interview. However, Bailey’s shift is quite productive in
the larger sense that it allows them to construct classical and semi-classical accounts of what physically happens during a scattering process that could then
be useful for comparison with quantum models they eventually get to.
Another framing dimension to coordinate is experiment and observational
data, and both Bailey and Dakota say QM would not be a science without it. Indeed, most subjects, like Bailey in Section 3.3.3, greatly appreciate when they
can relate the abstract formalism to a physical observation or to an experiment that explains something in the world. It is a source of motivation both
in demonstrating the usefulness of the theory and as another way to fit ideas
together mutually consistent ways.
In contrast to Bailey and Dakota, there are students like Jesse who describe
epistemologies without coordination as an explicit goal. For example, the subject in Section 3.1.4 and Section 3.4.3 describes an approach to learning as
4 My coding scheme becomes more difficult to implement as the subject’s reasoning becomes
more and more connected and integrated. In the episode, enacted and professed epistemologies
blur, along with cohma and cohik framings. This makes sense at a basic level: mathematics
codifies sets of rules that may very well have parallels or origins in intuitive knowledge. Sherin
[111] for example describes a physicist’s sense of balancing as “rooted in experiences equating
mathematical expressions as well as experiences of balancing in the physical world.”

5.1 cross-analysis of all subjects

involving the repeated development of a solution or derivation, where they
strive to understand and internalize an explicitly circumscribed set of ideas.
There, I concede that such an approach might be useful as a beginning step, to
introduce and bound a topic, but a students’ walling off of the space of possible connections can lead to fragmented thinking, without their being aware
of a larger rationale for it.5 For instance, that same subject says, “[Instructor]
gave some additional problems where he said basically use this formula and
find Ω for i = 2, I think m = 1, and a few others.” The subject works from the
homework assignment in front of them, explaining,
1
2
3
4
5
6
7
8
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Subject: In terms of the problem, um, I think that this is just an
equation to figure out [pointing to equation describing a
transition rate probability], I believe, this is the frequency of
what would be emitted if there was a transition from one state to
another. [...] So this is, trying to remember, that’s going to be
the frequency that’s emitted.
Vesal: Emitted as in
Subject: If this jump were to happen, what the frequency would be.
Vesal: Oh...frequency of a photon that was emitted?
Subject: Yeah, Fermi’s golden rule... Part of me wants to call it a
transition rate, that’s what this is, but...I think this is how
many are...I guess in terms of units, this is like states per time,
I believe.
Vesal: States per time
Subject: I think that’s what the units are.
Vesal: So you said you think this is what would be emitted.
Subject: I can’t exactly remember what we were doing in this problem.
[...] Then there are some other characteristic values that we are
interested in. Sorry I don’t remember it all that well. [the
subject continues on to the next part of the problem, encountering
similar obstacles]
Code: pieces-1 (lines 1-7, 19-23)

The subject initially tags Ω as a frequency of photon emission (lines 4–5), likely
because in physics that is frequently what ω represents, but then has trouble
making sense of that as they examine their solution. They seem to recall the
name of the formula as Fermi’s Golden rule, which they associate with a transition rate and that seems to cohere with the units (lines 12–15). But the subject
stops cold in their process, saying they do not remember the problem and their
solution well enough to explain it (lines 19–23).

5 There very well might be occasions in which such an approach would be appropriate. I can
imagine, for example, a student working to make sense of a scattering problem, and in the
process needing to execute a particular calculation using Fermi’s golden rule that they do not
understand, but which is not essential to their immediate sense-making about the problem.

211

212

cross-analysis and instructional implications

The subject frames the activity, in this moment (and others throughout our
interviews), as one of recalling an explanation. I could summarize this subject’s frequent pattern of engagement in our interviews as follows: Defer to
book solutions, follow and understand those as best as possible (as described,
for example, in lines 163–185 in Section 3.1.4); then, in the absence of authoritative depictions and difficulty in reproducing them, avoid thinking the problem
through for themselves (whether correctly or not). Critically, it appears more
challenging for them to shift into a coherence-seeking framing and persist in
it as compared to students like Bailey and Dakota facing similar difficulties.
Indeed, perhaps because of Bailey’s awareness of and frequent attention to
constructing their epistemology around coordination, they are supported and
persist in sense-making. In the face of some of the counter-intuitive ideas of
QM,

like the AB effect and the physical nature of particle scattering, they do not

abandon the commitment to meaning and coherence, but rather push themself to examine what it means to know in those contexts. In that sense, their
awareness and attention to epistemology keep open various avenues to thinking about QM matters and opportunities to progress—towards coherent and
perhaps canonical understandings.
Undergraduate subjects
Among the undergraduate subjects, only Brett explicitly refers to his view on
coordinating framings in QM. He, along with Taylor and Jamie, also articulate
more general epistemologies that may influence such coordination, while Pat
and Ari describe their epistemologies in very limited ways. I expand on this in
greater detail below.
Brett describes his thinking about the relationship between mathematics and
intuitive knowledge in our last interview (QM 2–Int 4). Surprisingly, he says
that he has not experienced a major difference between learning classical and
QM

because he likes “to get his intuition a bit more from the math of it.” The

only difference Brett points to is that in classical mechanics, he can also rely
on some “naïve intuition” developed from living in a classical world. Brett
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adds that he needs to develop his quantum intuition from scratch, starting
with its fundamental mathematical rules (he notes the following as off-the-cuff
examples: what an expectation value is and how it’s found, how eigenstates of
any Hermitian operator that have different eigenvalues are orthogonal). Brett
gives the example of probability density as among the “go-to” mathematical
intuitions he might use to think about a quantum problem: “I think about probability density first. I have the picture of a probability density in my head, and
say, you know, like, what’s going to happen to a thing that’s like all over here
[outlining a region in front of him with his hands].”6 He goes on to describe
how this intuition would be useful in a problem “to show that the first order
perturbation from the Earth’s gravitational field on Hydrogen atom orbitals
is zero,” and enacts the epistemology he is describing. Among the students
who do not demonstrate a pieces framing, Brett has the fewest instances of
a cohik framing. One possible explanation is that his professed epistemology
actually pushes him to enact cohma framings to the extent of interfering with
cohik framing activation. Another equally plausible explanation is that Brett’s
intuitive knowledge is essentially “hiding” in his mathematical sense-making.
Brett also describes his epistemology in more general terms that do not explicitly specify coordination of coherence-seeking framings, but which could
be consequential to their activation. For example, Brett says he seeks coherence
in QM for himself because, as he describes it, clear and coherent textbook or lecture presentations yield only short-lived understanding. In relation to learning
concepts covered in class (QM 2–Int 3), Brett says,
22
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Brett: Cause it’s not going to stick unless I can sit and figure it out
for myself, and then you know be able to do something with it
myself. But before then it’s sort of like, kind of like
nebulously--it’s actually one of the things that--cause I do a lot
of textbook reading on my own time, and one of the things that I
find is, you know, in virtually every single chapter of every
single textbook I go through I’ll read through the chapter and
before I go to sleep I’ll go, “Wow, that makes perfect sense, I
can’t wait to try the problems,” and then I sit down the next day
to try out the problems, and I go, “Wow, I have no idea how to do
any of these.”7

6 This is another case in which the lines between mathematical and intuitive knowledge are
somewhat blurred, where reasoning can become very interconnected and integrated.
7 Brett expresses the exact same sentiment at our other points in our interviews. In our first
interview (QM 2–Int 1), for example, I ask him to compare the two QM courses he had taken:
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When Brett says he needs to put things together for himself because the understanding otherwise falls apart (lines 24–26), he describes an epistemology of
coherence-seeking that is more general than the particular coherence-seeking
framings with which I coded interviews, but which could partly drive their
use.
These instances of Brett’s professed epistemology are similar to Taylor’s,
who at multiple points describes an intense motivation to understand the
world in fundamental, physical terms. At the beginning of our very first interview (QM 2–Int 1), for example, Taylor remarks “I can remember as early
as like elementary school, you know, trying to begin to think through things
on my own.” Taylor implicitly connects his desire to develop understanding
with the process of figuring things out on his own, which is consistent with
the remarkable agency he shows in Section 4.2.3. Later in that interview, Taylor
describes his evolving conceptions of the electron and admits his current view
might be incorrect: “And, you know, maybe you know I have some misunderstanding of this, and all of this will change again, and you know, I’m OK, I
never think like I ever have my final understanding of things, but you know its
always very exciting to continue to sort of transition. Cause at the very least,
I sort of hope that, you know, each sort of concept of the way the physical
world is set up I go through is getting, you know, closer to–you know, progressively more accurate.” Taylor’s professed epistemology is consistent with the
rigors involved in trying to figure things out, where it is not always possible
to arrive at canonical understandings but it is possible to construct authentic
explanations that are sensible and consistent with what he knows.
Taylor does not explicitly describe epistemologies related to the coordination
of framings. Yet, in avidly pursuing questions that are of interest to him, Taylor
uses different framings to fit ideas together and construct possible explanations
“I would say, [instructor from semester 2] definitely has a lot more class participation, which is
very nice actually because it means you know, cause very frequently in physics what I find is,
I think I understand something, and then someone asks me a question about it, and I realize
I don’t [laughing], which is why I do the problems in the textbooks I read because I’m like,
“Oh yeah! This makes perfect sense,” then I’m like, “I have no idea how to do this problem!
[laughing] It’s like—that means I know nothing! [laughing]”
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(see Section 4.2.3). Indeed, unlike any other subject, Taylor seeks coherence
to the point of invention, such as in devising a solar neutrino mass state or
conceiving a kinetic energy operator (before realizing one already existed!). In
that creative process, he draws on mathematical, intuitive and experimental
knowledge to construct explanations that he owns. There is some evidence
in support of this implicit coordination of coherence-seeking framings in the
number of instances over the span of four interviews as compared to Brett and
Ari taking the same course.
As presented in Section 4.2.2, Jamie’s epistemology in terms of coherenceseeking presents a contrast to Taylor’s and Brett’s. While there is compelling
evidence that he frequently looks for coherence, Jamie is more selective about
how and when he does it. During the QM course, Jamie says he has limited
time to dedicate to course activities, expresses doubts about his mathematical
ability and feels overwhelmed by the large volume of content. These factors
influence his epistemology: he leans on authoritative solutions to guide his
thinking on homework questions. This professed wcoh framing seems to be
born out of legitimate concerns about passing a course that will cover a large
amount of material, including a variety of calculation techniques. In this sense,
Jamie shares similarities with Jesse at the graduate level, who also relied on
book solutions to generate answers on overwhelming homework assignments.
It may be obvious, but it is worth making explicit that the wcoh and pieces
framings curtail the coordination of framings: wcoh, by definition, in deferring
responsibility for coherence-seeking, and pieces in a variety of ways, among
them not knowing to seek connections or constraining the activity towards
making only those connections that get to a correct answer.
As shown in Section 4.2.1 for instance, Pat is stable in discoursing about
quantum topics in philosophical terms that are detached from its mathematics.
Just as he invokes the oracle analogy to represent the rules of QM, as a model
that is in operation, he does not think more carefully about their expression
and construction as having value for conceptual understanding. This plays a
major factor in enacting a pieces framing and feeling cornered to memorize
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disconnected pieces of knowledge for the final exam. He expects QM to be
coherent, but does not seek it out. He does not look for those connections
available to him, and experiences the subject as a set of “discrete hills.”
There is an interesting inconsistency to point out in Pat’s professed epistemology. At a few points, including our first interview (QM 1–Int 1), he states
that he is not “trustful of the way he interacts with the world” because he does
not experience the world in the fundamental terms that QM describes. He attributes the problem to the “spotty analogies” we use to make sense of things
we cannot understand at a fundamental level. And for that reason, he does not
rely on his intuitions to make sense of QM. However, at several points in the interviews, he uses intuitive knowledge to make sense of quantum phenomena.
In this case, Pat’s professed epistemology appears to be misaligned with his
enactments.
Finally, as compared to other subjects, Ari articulates her epistemologies
much less, and mostly during the first interview of the first course (QM 1–Int
1). There, she says she enjoys physics because it is conceptually challenging
and not about memorizing things; that is, she values sense-making. She also
describes a process of coming to define her own research question during an
internship, implying a value of owning her learning process. Ari’s framing
patterns from the interviews show that she is not entirely stable in coherenceseeking, sitting somewhere between Taylor, Brett, and Jamie, and Pat.
From this analysis, I conjecture that students who profess epistemologies
that are aligned with the coordination of coherence-seeking framings tend to
be more stable in demonstrating them.

5.1.3 Epistemologies around the COHMa framing

The cross-analysis to this point focuses on the importance of students’ coordinating framings in the pursuit of coherent understanding. In Section 1.4, I
conjectured that understanding in QM ultimately anchors in the mathematics of
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the theory. In this section, I compare students’ demonstrations of cohma framings, discuss a few observed differences, and conjecture about possible factors
contributing to general patterns of cohma activation.
The timelines of framing indicators in Figure 13 and Figure 21 show that
each subject demonstrates cohma framings, and to a sufficient extent across
the interviews that it can be considered a resource of mind available to each
subject. What changes is the frequency of its activation, and therefore its relative stability. Among the graduate students, Bailey and Dakota are more stable
in this respect than Jesse, and the undergraduates Brett, Taylor, and Jamie are
more stable than Ari and Pat.
How might we account for the differences in stability? One obvious contributing factor might be students’ proficiency with the kinds of mathematics
in play (e.g., differential equations, linear algebra, complex analysis), which
influences their comfort with working and seeking meaning from it. Bailey
and Dakota are stronger than Jesse in this respect, while Brett is stronger than
all of his peers. Yet, there was no discernible difference in strength of mathematical background between Taylor and Ari. And in fact, while being very
stable in a cohma framing, Jamie has among the weakest backgrounds.8 On
the other hand, Pat’s background seems to be one factor in hindering the more
frequent emergence of cohma framings: he is, for example, embarrassed at not
being able to carry out certain simple calculations like the complex conjugate
(nearer to the end of the course) and notes in multiple interviews that he is
overwhelmed by the mathematics (that was, in fact, a common sentiment expressed by both Ari and Jamie in their experiences of QM 1). These relations
indicate that strength of mathematical background may be a factor in influencing a cohma activation, but not necessarily a dominant one.
Another argument that more consistently correlates with the patterns in the
timelines relates to how Taylor, Brett and Jamie—all three of whom consistently
enact a cohma framing—also profess a commitment to drawing meaning from
8 Jamie’s weaker mathematical background does, however, influence his use of solutions to guide
his way through homework problems.
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the mathematics of the theory. For example, Taylor says there is no way to understand the “mind-bending” concepts of QM without deeply understanding
and interacting with the mathematical models involved (e.g., behavior modeled by wave equation evolution) (QM 2–Int 1, 2, 4). Brett says he gets to intuitive arguments from paying attention to the mathematics (QM 2–Int 1, 4).9
Jamie describes math as like a secret language that QM uses to describe a directly inaccessible reality (QM 1–Int 2, 4). I do not see professed epistemologies
of this kind in the discourse of Jesse, Ari, or Pat.
There are other, subtle differences in subjects’ relationships to mathematics,
even among students who are stable in a cohma, and these can impact patterns
of activation. For example, Dakota says in their first interview (QM 1–Int 1):
1
2
3
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8

Subject: The math of QM I feel better about because whenever we make
approximations I feel like they are well justified and they’re very
explicit. And also I mean so much of quantum in terms of operator
algebra is the same thing as linear algebra, and I feel really good
about the fact that I can prove that I can do what I can do in
linear algebra. So I’m sort of happier with that math. I believe in
its truth a lot more than I believe in various things that I do
with calculus that I feel like I’m pulling things out of nowhere.

Similar to the episode described in Section 3.1.1 where the degree to which
a subject becomes troubled by tunneling is moderated by the likelihood of it
happening (low chance, low concern), Dakota rates the trustworthiness of an
area of mathematics based on the clarity of its assumptions (lines 1–3, 7–10)
. They completely trust math that they have proven themselves and shown
to be generally true, including linear algebra that is used extensively in their
QM

coursework (lines 3–10). Significantly, this view of and experience with

mathematics has implications for their relationship to the conceptual ideas of
QM:
9
10
11
12

Dakota: It’s belief in the validity and comfort with the validity in the
math I’m doing, and that’s what really separates it I think. In
some ways it makes me more comfortable with this sort of conceptual
vagueness of quantum in certain ways and the conceptual

9 Similarly, at a few points in our interviews, Brett proposes that most of physics comes down
to discovering generalized principles: “When I learn physics I like to sort of reduce it as far as
possible so I really only have to remember like five or six things about all of physics [laughing],
um, and then that makes everything easier...” (QM 2–Int 4) Brett’s attention to principle comes
up frequently in his subsequent explanations of problems and reflects a stable commitment to
axiomatic coherence.
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difficulties, because I trust the math so much, I’m more OK with
that conceptual stuff that I’ve struggle with, whereas like in E&M,
I better believe the conceptual side of the question and I better
believe its physical implications, because I don’t necessarily
believe the math that I’m doing, so like I’m very much still
looking at does my answer make physical sense based on all of these
physical reasoning principles, and I feel like I have more of that,
but I want it because I don’t trust the math as much, even if I’ve
executed the math the way I’m supposed to. [...]
Vesal: What do you mean by the fuzziness of the concepts?
Dakota: I mean like the “what does happen when something tunnels”
[motioning with their hands moving through something] kind of
fuzziness of the concepts, right, that that’s really hard to
describe because there’s no great classical analog that we can see
and because we can’t see it, it’s harder to describe with words,
what’s physically going on here, it’s harder, it’s harder to wrap
your brain around. I feel like I’m less bothered by the difficulty
wrapping my brain around it because I trust the math so much. I’m
like OK, if these postulates that I’ve taken to be true are true
then everything that I’ve done here is still true, and I’m okay
with that, it’s like okay, this is, if these postulates are true,
this conclusion is true, which is exactly how math works, right, I
start with, you know, these three things, and I can derive these
five more and those five more things are true if these three things
are true and that’s absolute cause that’s the way math works. I’m
OK with that.

In contrast to the subject of electricity and magnetism (lines 18–25), Dakota
trusts the mathematics of QM (lines 11–12, 16, 35–36). They trust the truth of
what its mathematics has to say, which helps them accept the physical ambiguities that arise in QM (lines 13–15, 32–34) since there is no intuitive knowledge
to turn to (lines 30–32).
Dakota implies that a satisfactory explanation for what is physically happening in quantum tunneling would come in the form of an analogy drawn from
their every day experience in the world, and in this way they would be able to
better understand tunneling. Since they are not able to think of anything from
their daily experience that remotely corresponds to it, there is nothing to go on
in the way of generating such an explanation. This suggests that first, the subject values physical explanations, the pursuit of which is part of doing physics,
and second, the lack of an explanation is problematic. Yet, in the context of QM,
Dakota relies on a mathematics that they deem valid to guide their thinking.
They explicitly decide that they can accept the conceptual fuzziness given the
fact that it emerges from the mathematics for which they can postulate basic
assumptions and follow through with proof.
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Expectations for how the world works depend on our experience with it,
and on this view, there is no reason why we would be able to relate to what
happens in the quantum domain. Consistent with this, Dakota in this moment
does not see physical intuition as a productive resource in making sense of
tunneling, and instead relies on the mathematics. This is a slightly different
stance than Bailey’s. They look for the mathematics to convey and connect
to that intuition, albeit to a limited extent, at least as they describe it at the
outset of the courses when they say, “There’s much less having like the life experience and mathematical sides come meet [motioning hands to the middle],
it’s more like the mathematical side really reaches most of the way, and then
you have some observations from the other side that sort of help you connect
those.” (see Section 3.3.4). As the course proceeds, Bailey comes to expect that
they will develop useful intuitions for QM, mostly born out of experiencing its
mathematics.
Bailey’s framing shifts rather significantly in this respect during the scattering episode (Section 3.3.1.3). There, they explicitly wonder whether it’s possible to start purely from thought experiment and follow its implications in
order to develop conceptual understanding in QM, leaving the mathematics to
play a secondary role that “bolsters” a conceptual “foundation” that’s already
laid.
On the one hand, Bailey’s shift in framing is away from the one outlined
in Section 1.4, which may have hindered their progress in developing a quantum understanding of scattering (which comes from its mathematics). On the
other hand, Bailey’s framing in that episode led them to explore different intuitive explanations for a collision process. That exploration helped Bailey make
connections they otherwise would not have made, and may later serve as a
backdrop of contrasting cases to what QM describes as happening during a
collision process. Bailey’s framing may also help them make progress from an
epistemological perspective. That is, Bailey works through the collision question mostly conscious of their framing. The affordances and limitations of that
framing may become clearer to Bailey at a later point, when they reflect back
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on the process they went through. So, as suggested by Sikorski [112], a judgment about the productiveness of a framing not only depends on the kinds of
sense-making that emerge in the moment, but also the opportunities that open
up for future work that builds on those experiences.
To close this section, students aware that their understanding of QM ultimately anchors in its mathematics tend to be more stable in their enactments
of the cohma framing, and tend to do better in discussing quantum topics
and problems than students who lack this awareness. Moreover, looking more
closely at cohma patterns of activation reveal nuanced relationships to the
mathematics that can shape framing patterns.

5.2

instructional implications

The findings of this dissertation support arguments that student epistemologies influence learning in QM, and therefore require greater attention and emphasis in instruction [8, 71]. And while the findings show students are largely
stable in overall patterns of epistemological framing, they also support views
of student epistemologies as dynamic, varying with context in interaction with
features of instruction [11, 134].
In this section, I first discuss three factors from the data that impact students’
coherence-seeking framings, and second, I suggest instructional approaches
to address them. With regard to the latter, I argue that, ultimately, instructor
attention needs to be directed at whether students are seeking coherence (or
in other words, sense-making), and whether and how they are coordinating
coherence-seeking framings.
Note, however, this is a study involving only several students at one institution, and what can be said about its implications for teaching can only be
conjectural, regarding possibly useful directions for instruction.
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5.2.1 Evidence for three factors impacting coherence-seeking framings

The interviews point to three factors that impacted students’ coherence-seeking:
(1) time constraints perceived by students, (2) the counter-intuitive nature of
QM,

and (3) instructors’ expectations. While there are undoubtedly more, the

interviews provide ample evidence of these three, which I describe below.
The first factor relates to students’ perceived time constraints and lack of instructional support on specific content. Frequently foregoing coherence-seeking,
students like Jesse, Jamie, Ari and Pat demonstrate wcoh and pieces framings
in particular moments throughout their interviews. These instances are often
accompanied by expressions of how overwhelmed they are by the volume
of material presented, coupled with the complexity of its mathematics (apart
from Ari’s take on QM 2). The perceived load pushes them to take, as one graduate subject puts it, “the path of least resistance,” and therefore enact framings
unproductive to long term understanding.
The second factor relates to the reputation of QM as infamously counterintuitive, defying understanding. This narrative came up often in student interviews, and was part of a dynamic that stalled their efforts at coherence-seeking
because of an expectation that QM need not make sense. Instructors might also
unintentionally reinforce this perception. One can imagine, for example, some
instructors thinking that the paradoxes of QM can be accounted for by students,
but not on a first or even second pass. Students feeling disoriented and overwhelmed by the content, therefore, would just be a normal response, situated
in a larger learning trajectory. While it is true that managing confusion and
uncertainty is particularly important in learning QM, expectations that it is reasonable to defer the pursuit of understanding to a later point would likely discourage students’ efforts at sense-making and contribute to dynamics that tip
them into some of the counter-productive framings defined and exemplified
in the dissertation. By unintentionally reinforcing that perception, instructors
can encourage counter-productive student framings.
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The third factor relates to students’ perceptions of their instructors’ expectations of their participation in the course. This factor influenced both undergraduate and graduate student experiences, and with respect to the latter, influenced some of the shifts in framing patterns from the first to second course
(see, for example, Section 3.4.2). Two of the three students communicated a
perception that class was about the delivery of content and homework about
the rote application of equations. As one subject put it, if the purpose of class is
to deliver prescribed content, then they will half-heartedly take notes, refrain
from asking questions and avoid critical thinking—all because of implicit expectations communicated by the instructor. In such instructional environments,
it is easy to see why students might have more difficulty enacting coherenceseeking framings.

5.2.2 Possible instructional responses

There are surely many possible instructor responses that would take these
factors into account. Below, I present a few possibilities that involve attention
to epistemology, specifically intended to support students’ coherence-seeking
and the coordination of coherence-seeking framings.
A relatively straightforward instructor response to students’ feeling overwhelmed by their workloads (first factor), for instance, might be to reduce
the breadth of content and the number of assigned problems. Instead, the instructor would make it a point to open up opportunities for students to spend
more time investigating specific topics while encouraging them to make more
connections in their evolving explanations.
Along these lines, an instructional approach that takes into account the
counter-intuitive nature of QM (second factor) and instructors’ expectations
(third factor) might be to explicitly value coherence-seeking in homework grading. That is, an instructor could grade assignments to reward authentic sensemaking as opposed to only those lines of reasoning that lead to right answers.
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Such an approach would help students calibrate their expectations about how
to approach their work. This finds relevance for example, in Jamie’s using solutions to guide his thinking on homework: he is afraid of making mistakes and
wasting time going down wrong paths when doing assignments. While he is
fairly stable in enacting coherence-seeking framings during our interviews and
in his explanations of content, he defers to an authority on the homework to
get to the right answer efficiently, and in the process, foregoes the opportunity
to connect ideas for himself.
Furthermore, an instructor might actually choose to leverage the fact that
there are counter-intuitive aspects to QM. That is, these aspects may present
an advantage because they are inherently fascinating [8]. When students face
them, the fascination can drive perseverance, as when Taylor, at multiple points
in Section 4.2.3, moves to defer to an authority for guidance, but drives ahead
nonetheless to figure things out for himself. His coherence-seeking is partly
stabilized by the compelling mystery before him. Instruction, therefore, can be
tailored to support students’ persistence in coherence-seeking not in spite but
by virtue of these problems.
To better delineate instruction attentive to coherence-seeking in QM, it will
help to first look at approaches to coherence-seeking in classical physics. Among
the students who consistently enacted coherence-seeking framings in the study
(e.g., Bailey, Dakota, Brett, Taylor and Jamie), for example, was Bailey, who
describes their approach to classical theories as when “the life experience and
mathematical sides come meet” in the middle. Similar accounts from the literature feature students who describe learning in introductory physics as “putting
common sense into equations,” and “modify[ing] common sense” based on
new insights generated from those equations [47]. Such students come to stably view physics as the pursuit of coherent and conceptual understanding,
and the mathematics as speaking with and about that understanding. Indeed,
in classical physics, learners may find an inconsistency in their intuitive thinking about a problem, but are then able to reconcile it with another part of
their common sense. Thus, for example, students can come to understand a
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table surface as pushing by tapping into resources for understanding springs
[15, 85].
In QM, however, reconciling inconsistencies with common sense is, at times,
not an option. This helps define the manner of instructional support required,
in particular to help students navigate the shift from what had been so successful for them in studying classical mechanics. As Baily & Finkelstein point
out:
Everyday thinking can be misleading in quantum physics, but that
is not a sufficient argument for the wholesale abandonment of productive epistemological tools. What is important is that students understand the limitations of these intuitive conceptions, and where
they might lead them astray (p. 12) [8].
This call is not for “coverage” or for arrival at a particular “correct” epistemology of QM, which remains controversial. It is, rather, for instruction to support
students in their sense-making at this level. This would mean a shift for instructors who frame teaching as conveying clear information to one of supporting
students’ disciplinary inquiry in doing physics.
Such support might take into account that when faced with the paradoxes
of QM, students cannot reconcile them in physical experience but rather within
its mathematical framework. In other words, as I described in Section 1.4, there
needs to be an adjustment in students’ coordination of mathematical and intuitive knowledge. As seen in Bailey’s study of QM, for example, they continue to
seek coherence with respect to their “life experience,” which in some contexts
is productive, but in others requires an epistemological reconciliation. In the
latter cases, simply disregarding intuitive knowledge is not sufficient; Bailey
explicitly grapples with whether and how to use their classical intuitions.
This sort of conscious construction of epistemology is productive and consequential to sustained coherence-seeking. In Section 5.1, I argue, for example,
that part of Bailey’s stability in coherence-seeking is due to their active construction of epistemology. There is evidence of it in Dakota’s discourse and
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work, and on a less conscious level in some of the undergraduates, including
Taylor whom I cite in Section 4.2.3 as saying, “I don’t know, this is just one
of those very weird parts of QM that sort of the way in which...something like
negative kinetic energy like has some place of existence but not something we
could ever observe or ever exist to us. (Mm) But there seems to be some idea
of it within the mathematics even if it can’t be realized I guess.” Here Taylor
struggles to coordinate classical intuitions with his interpretations of the mathematics. While he does not explicitly connect this to a process of constructing
his epistemology, he does maintain a productive commitment to meaning and
coherence, which protects against his framing the course activity as memorizing formalism provided by an authority.
Instructors, then, might call students’ attention to the construction of epistemology as a target for themselves, as part of learning to coordinate coherenceseeking framings. In doing so, instructors might consider that giving students
space to enact less productive framings may be helpful to the longer term construction of their quantum epistemologies (this is congruent with work on how
students can advance in their conceptual understanding at the introductory
level [49]). Again, Bailey works through the scattering interview conscious of
a framing that was not the most productive from a canonical perspective, but
certainly was in experiencing first hand the affordances and limitations of that
framing. An instructor might then plan to help Bailey, at some point, to reflect
back on the limitations of those framings, and how their appeal to billiard-ball
thinking distracted them from searching for meaning within the mathematics
of calculating scattering cross-sections.
In fact, supporting students to become conscious of their epistemologies may
have larger implications for the physics major itself. That is, an instructional
implication may be to help students become more aware of coherence-seeking
framings before they encounter QM. In earlier courses, instructor attention to
epistemology, including and in particular with respect to the role of mathematics and how meaning can come from it, would anticipate that need in QM. If
students can construct their own epistemologies so that they are stable in coor-
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dinating framings—adept at shifting from one to another as necessary—then
that would make the transition to demonstrating different patterns of framing
easier. In all this, I am assuming the shifts between frames are nested within
a larger framing of sense-making; that is, a student shifting from cohma to
cohik would be doing so in order to make sense of a phenomenon and not to
satisfy some external requirement.
Of course, the challenge of supporting students’ disciplinary inquiry is amplified by the variation in epistemology from student-to-student illustrated by
the previous analyses. Each student demonstrates different stabilities, depending on the varying contexts, and instruction needs to be responsive to both
local dynamics and longer term trends. Looking at the mini-cases in Chapter 4, for example, from among the myriad possible responses that depend on
in-the-moment judgments, an instructor might nudge Pat to interpret directly
the mathematical statements determining a valid wave function; advise Jamie
to step through fewer problems on his own while initially assigning ones more
suited to his capacity; and, encourage Taylor to further articulate his epistemological struggle in an effort to raise his awareness about it as a learning target.
Again, there is no one way to support students’ epistemological development;
however, instruction might well be directed towards furthering student’s own
authentic sense-making.
Some of the necessary instructional support in this regard might include
more focused attention on modeling what such coordination looks like. Instructors can more explicitly narrate what they are doing and why they are doing
it in the course of instruction, explicitly connecting to mathematics, intuitive
ideas (physical/tangible experience of the world to make sense of an expression), observation or experiment (as for example described in Section 3.4.3).
But likely more consequential is an instructor’s interactions with student
thinking and behavior, from which epistemology can be inferred. A baseline
requirement in this regard is instructor access to such thinking and behavior,
in class, on homework and examinations, and other course related activities.
As such, instructors need to design learning environments in which they listen
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to students ideas, collect their reasoning, and watch them interact with others.
The reformed approaches described in Section 1.1.2 help instructors take steps
in that direction, including interspersing in-class questions throughout lecture
notes made available before lecture, soliciting responses from students in lecture, facilitating discussion among students, assigning group work in class,
and emphasizing conceptual understanding [17].

5.3

summary

The purpose of this chapter was to describe broad patterns of epistemological
framing among the graduate and undergraduate students. One challenge in
this was that the graduate analyses (Chapter 3) focused on how epistemologies
can shift and change with context, while the undergraduate analyses (Chapter 4) showed how they can vary significantly from student-to-student. Both
unequivocally demonstrated how consequential epistemologies can be in student learning.
Looking across the data and associated analyses, I came to three broad
claims. The first is that students’ patterns of epistemological framing are mostly
stable within a course. This claim is rooted in the the fact that the coded data
reveals very few significant shifts in framing, and most of those were across
two different courses. As such, I conjectured that a course may be the typical
scale of context for stability in epistemological framing, unless it becomes an
explicit target of instruction.
The second claim is that students who profess epistemologies aligned with
the coordination of coherence-seeking framings tend to be more stable in demonstrating them. Among the graduate students, this was starkly apparent in how
two out of three actively constructed their epistemology around this coordination, which bolstered their coherence-seeking efforts. While none of the undergraduate students demonstrated such an active construction, they did profess

5.3 summary

more general epistemologies that may have driven their use. Those who did
not, were less stable in enacting coherence-seeking framings.
The third claim is that students aware that their understanding of QM ultimately anchors in its mathematics tend to produce more coherent explanations
and perform better in their courses. Interestingly, this was true even with an
undergraduate student who had the weakest mathematical background.
The second and third claims point to the consequentiality of professed epistemology in students’ learning QM. In Figure 1.4, I argued that QM raises new
questions about what kind of understanding to expect and what sense-making
involves. With respect to student epistemologies in classical mechanics, success is associated with a view of physics as consistent with everyday experience: one can explain “counter-intuitive” results by looking for other aspects
of intuition, and successful students work to reconcile those contradictions.
In QM, this stance needs to shift. For physicists and for students, conceptual
understanding ultimately anchors in mathematics, and learning it requires an
epistemological view of mathematics as “saying things” with physical meaning. For this reason, students who are aware that such a shift is taking place,
who come to grapple with it explicitly, manage the transition from classical to
QM

better than those who do not.

Finally, I conjectured about possibly useful directions for instruction, including calling students’ attention to the construction of epistemology as a target for themselves, as part of an effort to learn how to coordinate coherenceseeking framings. For this to happen, the learning environment needs to shift
to include activities in which instructors can observe students working and listening to their discourse. Instructors can then monitor students’ framing and
help support their disciplinary inquiry.
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APPENDIX: EPISTEMOLOGICAL FRAMEWORKS

Below, I include a more detailed account of two epistemological frameworks,
one from Chinn et al. and the other from Hammer & Elby.

a.1

chinn, buckland, and samarapungavan

Chinn et al. [19] synthesize “a network of interconnected cognitions that cluster
into at least five distinguishable components” characterized as follows:
1. Epistemic aims and epistemic values. In a given context, people have goals
related to “finding things out, understanding them, and forming beliefs.”
Such aims, which are the ends to which all epistemic activities are directed, can take many different forms, including acquiring true beliefs,
avoiding false beliefs, forming beliefs with a high truth to falsity ratio,
or simply seeking understanding. Ultimately, these aims are adopted because their outcomes have some value and might reflect an ideal that
knowledge is more important than true beliefs, understanding is more
important than knowledge, or theoretical knowledge is more important
than practical knowledge.
2. The structure of knowledge and other epistemic achievements. In addition to
the dimensions of certainty and simplicity investigated by Schommer,
Hofer & Pintrich, and others, Chinn et. al. present other possible dimensions to knowledge like ones described by continuums that runs from the
universal (laws of physics apply at all times and places) to the particular
(highly specific and context sensitive), or from deterministic to stochastic.
There are also specific subjects in which there are well developed struc-
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tures of explanations and causal frameworks (e.g., microbiology, classical
mechanics).
3. The sources and justification of knowledge and other epistemic achievements, together with related epistemic stances. There are a broader range of sources
than what researchers have commonly investigated (i.e., variations on
authority and experience). Chinn et al. point to five main ones, namely
perceptual, introspection, memory, reasoning, and testimony (others are
intuition, revelation, sacred scriptures, special mystical or religious experiences, fiction, art, and findings of research). They point out that epistemic sophistication lies in “recognizing how different sources come together to support different knowledge claims.” Additionally, researchers
need to discern the types of standards people use to filter evidence for
a particular justification, and these standards are finer grained ideas that
are applied in different situations (e.g., preferring explanations that explain the greatest range of data or those that explain a narrower range of
evidence but do so with no anomalies; preferring large quantitative studies employing statistical tests or detailed case studies). Finally, people can
take different stances towards knowledge, including being in the mode
of entertaining ideas, withholding judgment, or assuming certainty.
4. Epistemic virtues and vices. Developing understanding depends on epistemic virtues such as intellectual carefulness, perseverance, humility, vigor,
flexibility, courage, and thoroughness, as well as open-mindedness, fairmindedness, and insightfulness. These virtues are developed over time,
and are important in achieving epistemic aims such as true belief, knowledge, and understanding. Epistemic vices are, quite simply, the opposite
of virtues in that they impede knowledge attainment. Whether or not
people achieve their epistemic aims largely depends in part on the state
of development of their epistemic virtues (and relative absence of vices).
5. Reliable and unreliable processes of achieving epistemic aims. A belief is justified if it has been so determined from a reliable belief forming process.

A.2 hammer & elby

However, few processes of belief-formation, like perception, testimony,
and argumentation, are reliable under all conditions; it depends on circumstances that researchers analyze and characterize as reliable or not.

a.2

hammer & elby

Hammer & Elby [50] lay out possible elements of a theory of naïve epistemology. They propose four general categories of epistemological resources:
• Resources for understanding nature and sources of knowledge. This is a category best described by how a child might respond to the question: “How
do you know...?” It includes resources such as understanding knowledge
to be propagated stuff, free creation, or fabricated stuff.
• Resources for understanding epistemological activities. This is a category best
described by how a child might respond to the question: “What are you
doing?” It includes resources that enable children to understand and engage in familiar activities (e.g., accumulation, formation, checking, applying, etc.)
• Resources for understanding epistemological forms. Epistemological forms
are necessary to engage in an activity like writing a story—formation,
free creation or fabricated stuff, and a resource for understanding the
form of a story all work in concert to help a person write a story. There
are many other forms, including Songs, Pictures, Statements, Numbers,
etc.
• Resources for understanding epistemological stances. Belief, disbelief, doubting, understanding, puzzlement, and acceptance are possible stances that
people can take towards an epistemological form.
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APPENDIX: TRANSCRIPTION SYMBOLS

The table below lists the symbols I used to render the interviews in transcript.
Table 12: Listing of symbols used to render interviews in transcript. The symbols help
capture not only what was said, but also the way in which it was said.

symbol

explanation

==

a speaker’s pause at the end of an incomplete statement meant
to encourage another speaker to talk

//

false start

...

pause within an utterance

—

a break in speaker’s turn

Italics

emphasis from speaker

[]

indicates gesture or other nonverbal information

()

indicates quick interjection from another speaker

[...]

indicates the omission of words that are not essential to communicate intended meaning
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A P P E N D I X : I N D I C AT O R S O F C O H E R E N C E - S E E K I N G
R E L AT E D F R A M I N G S

Below, I define five epistemological aspects of framing that broadly relate to
coherence-seeking, that is, whether and how a person seeks meaningful and mutually consistent relationships among ideas. For each framing, I list indicators
and illustrative examples from the data set.
Coherence-Seeking through Mathematics (cohma): Someone framing a
learning activity as cohma is seeing QM as an interconnected system of
ideas, where relationships between ideas are made more meaningful and
consistent using the mathematical framework of quantum theory.
1. Recognizing an inconsistency and trying to reconcile it in the mathematical
framework (or stating it is possible to do so).
e.g., “So the thing is that I don’t, we were sort of slogging through a
lot of math to get to this [referring to AB effect], and um, you know,
we go through a lot of heavy math to get to any single conclusion
that we get to, it seems, um, but you know, we sort of, we ended
at this place and it was like, well wait, and you know you sort of
looked at the fact that it’s, it’s just this localized field can cause a
non-local effect, um, and that’s when you realize that you should
pay more attention to the math that lead you there [laughing]—wait
I need to understand that!”
2. Stating or implying that understanding mathematical content (e.g., proofs
or derivations) is a part of learning.
e.g., “I mean we did the derivation in class, um, I just sort of wasn’t,
you know, it wasn’t one of those derivations where every step I’m
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sort of predicting what the next step is going to be, it’s one of those
ones where you’re just like along for the ride (right, right), um, and
you never object to it, and it all seems kosher but, that doesn’t mean
you could have seen it coming (sure, sure), and we end up at this
super cool conclusion, um and now I want to go back and sort of
cement my understanding of how we got there.”
3. Deriving or constructing mathematical content to make sense of something
(or attempting to do so).
e.g., “This is what I would imagine would happen to it [referring to
neutrino] over time. Right, so you’ve got three wave packets. [...] The
superposition of having different masses would just be, I’d write out
three Schrödinger equations is my idea for it, each with the different mass value and then you know multiply those all by some coefficients, you know they go into the superposition, those coefficients
[squared] have to add up to one [...]”
4. Explaining mathematical content in a way that the relationships between
ideas are meaningful and consistent (or attempting to do so).
e.g., “This is a complex value and you know that the squared of
it results in one half which is the probability that we’re looking at
in the real number world, but um, when we’re dealing with the actual complex coefficient it might contain this complex phase factor
that once you take the complex conjugate um, it will cancel out but
before you do that, it’s there, and when you’re doing a linear combination of states, there could be some interference between the phase
factors (Mmm). That’s the same reason that the time component—
or that’s why a linear combination of time independent states can
create a time dependent state too, is that the time component involves a complex component that would normally cancel out but
when you’re doing the linear combination of states before you find
the total probability by squaring it, you get this interference. And
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you know that’s the wave interference that quantum physics refers
to.”
Coherence-Seeking through Intuitive Knowledge (cohik): Someone framing a learning activity as cohik is seeing QM as an interconnected system
of ideas, where relationships between ideas are made more meaningful
and consistent using intuitive knowledge.
1. Recognizing an inconsistency and trying to reconcile it in intuitive knowledge (or stating it is possible to do so).
e.g., “I was just confused about like, it seems, a stationary state is
basically saying that when you evolve it over time, the time components cancel out and the probability distribution actually is unchanged over time, which is different from saying that like, I mean
which is kind of like saying [places pen on table] if I leave that, the
position of this pen is not changing over time cause nothing is happening to it, I guess that’s kind of like what I ended up deciding it
was like.”
2. Stating or implying that understanding content involves making connections with intuitive knowledge.
e.g., “That’s the way QM works. In the limit of big things, it behaves classically. And so I think that that’s where I draw most of
my intuition is, “alright, in the classical limit, I want it to behave
like this,” and so no matter what happens in quantum, even though
I don’t necessarily have a particle that’s definitely oscillating back
and forth [motioning with hands back and forth] I should be able to
say something about how this oscillation should be similar to what
I expect from a classical oscillator.”
3. Explaining concepts in a way that the relationships between ideas are meaningful and explicitly consistent with intuitive knowledge (or attempting to
do so).
e.g., “We can start with this idea of, with the familiar idea from just
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looking at light rays, there’s a two slit experiment, say, and we can
trace two different paths that are going to have some difference in
path length, sort of as they go through the slits and then on our
back wall we’re actually looking at the picture there’s some sort of
interference pattern. So, that’s sort of the classical view, and so we
can sort of port that over to QM.”
4. Stating that an expectation of consistency between ideas involving intuitive knowledge has been violated.
e.g., “I think it’s cool because a lot of times we come to these conclusions in QM [referring to AB effect, localized field causing non-local
effect] and we can sort of, um, you know, take some limit of them
and see that youtextsc know we would expect this classically also,
um, but an effect like this is just purely a QM effect and as far as I
can tell there isn’t um, you know there isn’t any sort of classical way
to come to terms with that.”
Coherence-Seeking through Experiment (cohex): Someone framing a learning activity as cohex is seeing QM as an interconnected system of ideas,
where relationships between ideas are made more meaningful and consistent using observational data and experiment.
1. Stating that understanding content involves making connections with observational data and experiment.
e.g., “We did an example, very similar to this in class actually where
we were looking at, I think, two spin-1/2 systems combining or
something, um, just to get a sense for something slightly more physical and a sense for OK, you know, we’ve developed these tools, now
we have to make sure we know how to use them a little bit.”
2. Explaining concepts in a way that the relationships between ideas are meaningful and consistent with observational data and experiment (or attempting to do so).
e.g., “I mean if you look at the stationary states like in the infinite
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square well, your first state is, with each corresponding energy, your
first state is a distribution where it’s more likely to exist in the middle and less likely to move outwards at a Bell curve kind of rate
[tracing tale end of Bell curve with hand]. Um, and like even if you
know, it seems like if it’s a particle, it just exists at one point anyway and it’s OK to say it’s not changing. If it’s a wave, it exists at
all points, and it’s um, uh, what’s it called, a stationary state and
wave behavior with the probability interpretation, where I guess
it makes sense, that if you repeat it [measurement] over and over
again, you’re going to like keep getting that wave pattern.”
Weak Coherence (wcoh): Someone framing a learning activity as wcoh
is seeing QM as an interconnected system of ideas, but does not show
agency in pursuing an understanding of those relationships.
1. Stating or implying that the responsibility for generating coherence rests
outside of oneself.
e.g., “I mean that’s the second derivative, and this is, I think this
is just whatever, like the scaling constant—I don’t, again, I don’t
understand where this came from. It’s like one of those ‘presented
on first page of the textbook’ kind of thing, you know. And so like, I
don’t—I would love to know how he came up with this and where
this was derived from.”
2. Stating or implying that generating coherence is too difficult.
e.g., “I mean I would be like working along side the answer key for
a problem like this, cause this problem is hard enough that—I mean
I would, if I were to make it this far, which I might be able to do,
probably not.”
Pieces: Someone framing a learning activity as pieces is seeing QM (or parts
of it) as a body of unrelated segments of knowledge, and learning it
means remembering different parts that do not need to fit together.
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1. Stating or implying that a fact, formula or procedure is needed to make
further progress.
e.g., “I don’t know what my points of confusion are, it always seems
like there’s just like, you get these exams, and then, ‘Oh, you didn’t
find the trick, well, too bad.’ Some things seem pretty straightforward, some things you didn’t realize you could do something, then
you’re–I haven’t gone over the solutions yet, so I’m not sure what
I did wrong in each case. I studied a good amount. I think there’s
something fundamentally I’m missing, some of these terms, the notation, I suppose, is confusing, is so different on top of something
that’s inherently so different.”
2. Stating or implying that learning QM means remembering sets of unrelated
ideas.
e.g., “I think quantum fundamentally more than the other subjects
at least that I’ve taken has many more subjects that would be placed
on equal and separate worth, so you know I say equal and separate, because in some subjects everything builds. I took the general
relativity special topics course with [professor] and most of that syllabus is built. So you’re using tools that you previously derived,
and in that regard then it’s actually very easy to study and to just
march through your notes and understand how the course and how
the subject built up, whereas quantum is a bunch of discrete hills,
so to speak, or at least that’s what it feels like, because so much
of it is founded on mathematical tricks and I’ll say tricks because
they aren’t derivations that you’d naturally be able to come across,
they’re derivations that someone spent a very long time before they
figured out the best way to do it.”
3. Failing to pursue related ideas and draw connections to conceptual meaning.
e.g., “Yeah, and I think that I found that like the homework that
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I’ve been doing in this class has been more mathy than physics. So
I’m not like really getting comfortable with the actual like physics
part of it, you know, so like, so we had this like showing that, you
know, like Planck’s equation goes to these two other ones at different levels, which is helpful and cool from like a math standpoint,
but I don’t know if it really helped like my physical understanding
of what was happening.”
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