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Abstract

This thesis addresses computational and representational challenges associated with large
scale problems involving high dimensional data by developing reduced order methods for
two critical fields: imaging inverse problems and multivariate time series analysis. The
goal is to build effective reduced order methods in large scale systems by leveraging model
based and data-driven machine learning and statistical techniques under limited data and
computational resources.

First, we introduce PaLEnTIR, a novel parametric level-set (PaLS) method for piecewise-
constant image reconstruction. Our key contribution involves a unique PaLS formulation
utilizing a single level-set function to restore scenes containing multi-contrast piecewise con-
stant objects without requiring knowledge of the number of objects or their contrasts. Our
model integrates anisotropic basis functions to represent a broader class of shapes. PaLLEn-
TIR streamlines the model by reducing redundancy and indeterminacy in the parameteriza-
tion, improving numerical performance. PaLLEnTIR’s performance is evaluated via diverse
experiments, including linear and nonlinear inverse problems.

Next, PaLEnTIR framework is extended to track evolving objects in spatiotemporal data.
Leveraging a ladder function design and temporal smoothness regularization, the proposed
method contributes to field by delivering a single level-set formulation capable of capturing
multiple contrast levels evolving over time. Simulated diffusion experiments demonstrate
that the method recovers key concentration thresholds even under sparse and noisy sensor

conditions.
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Finally, an Al-driven probabilistic change point detection framework is presented for high
dimensional multi-agent time series data. The proposed framework models the collective be-
havior as a non-stationary stochastic process, where each time step’s multi-agent state is
treated as a sample from an underlying probability distribution that evolves over time. This
representation captures both spatial configurations and temporal dynamics of the group, and
it naturally handles varying numbers of agents by producing a consistent feature dimension
equal to the number of bins in histograms. We integrate a cascaded dimensionality reduction
pipeline combining principal component analysis and autoencoders to manage the massive
dimensionality due to probabilistic modeling. This drastic reduction enables efficient non-
parametric density estimation on the embedded space and robust detection of distribution

shifts. The method is evaluated through synthetic and realistic multi-agent scenarios.
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Chapter 1

Introduction

The exponential increase in data generation and collection across various fields has begun
an era where handling and analyzing large scale systems, and high dimensional data have
become both a necessity and a challenge. Advancements in sensors have led to collection of
complex data in fields such as medical imaging [1], environmental monitoring [2], and finance
[3]. For instance, medical imaging modalities like magnetic resonance imaging (MRI) and
computed tomography (CT) produce high resolution images that are crucial for diagnosis
and treatment [4]. Similarly, the advancements in sensors and the Internet of Things (IoT)
have led to the accumulation of complex and high dimensional time series data in various
applications ranging from climate science to wearable technology [5].

However, the high volume and complexity of this data pose significant challenges for
computational methods. High dimensional datasets; such as crowd sourced GPS trajectories,
high resolution 3D medical images etc. often require significant computational resources for
storage, processing, and analysis [6]. The associated computational cost in large scale systems
originates from several factors [7].

First, many applications rely on forward models, which are computer models designed
to simulate system behavior given certain input parameters. In fields like geophysics, for

example, a forward simulation might start with subsurface properties (e.g., rock densities)



and produce predictions of seismic wave travel times, enabling researchers to test hypotheses
about the Earth’s interior [8]. In medical imaging, a forward model may describe how elec-
tromagnetic or acoustic waves interact with biological tissues to deliver measurable signals
[9]. These forward simulations are key to understand many complex physical processes, guide
experiment designs, and evaluate the performance of engineering systems. However, when
these simulations are run extensively, whether to tune system parameters, explore multiple
scenarios, or to generate synthetic data, they rapidly become computationally expensive.

Second, the high dimensionality of data causes the “curse of dimensionality”, that in-
creases computational costs [10]. This phenomenon implies that, with growing dimensions,
the computational cost and, in most cases, the size of data required to obtain reliable results
grow exponentially [11]. Increased computational complexity impacts critical tasks such as
sampling and uncertainty quantification [12].

Lastly, storing and processing high-dimensional data often requires expensive resources,
including electricity, cloud and server services. These requirements can be problematic due
to limited resources and consequently lead to delays. This could have severe impact in
time sensitive applications like emergency medical diagnosis or real-time anomaly detection
problems [13].

One way of reducing computational burden is through low order representation of a prob-
lem. Such methods consider computationally inexpensive mathematical representations of
problems to enable efficient optimization [14], uncertainty quantification [15], and sensitiv-
ity analysis [16] across various fields such as engineering design, environmental modeling,
finance, and machine learning. These methods result in lower dimensional problem through
surrogate models, and reduced-order models. Surrogate models are approximation meth-
ods used to emulate the behavior of complex and computationally expensive simulations or
processes [17]. They are employed when running detailed simulations is impractical due to
high computational costs or time constraints. Reduced-order models (ROM) can be divided

into two categories; model-based, and data-driven ROMs. Model-based reduced-order meth-



ods rely on a mathematical or physical understanding of the underlying model [18]. Some
ROM techniques such as the Craig-Bampton method in structural mechanics are designed
for specific PDE-based models [19]. In linear system analysis, linearization, linear parameter-
varying models, and techniques such as balanced truncation and pole-zero simplification are
often used to simplify the system model [20]. Another option is through the parameterization
of the problem. Parametric reduced order methods aim to reduce the search space via a low-
order representation of the problem through parameterization. For instance, parameterizing
the level set function in level set methods result in a significantly lower dimensional prob-
lem, and consequently paves the way for easier use of Newton and quasi-Newton methods
[21]. Data-driven ROMs use input/output data from the original high-fidelity first-principles
model to construct either a dynamic or static reduced order model that accurately represents
the underlying system [22]. Traditionally, Principal Component Analysis (PCA) and fac-
tor analysis were performed for dimensionality reduction [23]. However, these methods are
only able to represent linear dependencies among the data. Alternative to linear methods, a
large number of nonlinear techniques for dimensionality reduction have been proposed [24,
25]. Recently, many machine learning based approaches have emerged as promising tools for
reduced order modeling, such as autoencoder and LSTM networks [26].

This thesis focuses on two fundamental and computationally intensive domains, imag-
ing science and time series analysis, and applies the previously discussed frameworks of
reduced-order modeling and dimensionality reduction to address their inherent challenges.
Imaging science is an interdisciplinary field dedicated to the study and use of technologies
for applications in imaging. This ever-evolving branch of study incorporates knowledge and
techniques in physics, mathematics, electrical engineering, computer science, and computer
vision. By combining these different disciplines, imaging science supports the development
of new imaging systems and enhances our ability to analyze and apply visual information
in a broad set of applications. This thesis mainly focuses on inverse problems, where, as

discussed in greater detail below, the goal is the recovery of an image of objects or scenes of



interest from various forms of measured sensor data. Our work employs parametric level-set
methods to achieve a low-order representation of the reconstruction problem. Parametriza-
tion of the level-set function reduces the image recovery to a problem defined in terms of a
considerably lower number of parameters.

Similarly, time series analysis is a fundamental problem that involves examining sequences
of data points collected over time to identify underlying patterns, trends, and anomalies.
With the increasing availability of high-frequency and high-dimensional time series data
in fields like finance [27], healthcare [28], security [29] and environmental monitoring [30],
efficient processing and analyzing the time series data becomes more and more important
every day. This thesis mainly focuses on time series analysis of multi-agent simulations where
agents interact each other. Examples to such simulations include crowd anomaly detection
[31], prey-predator relations [32], collective behavior of agents and groups of animals [33] etc.
This thesis leverages both linear and nonlinear data-driven reduced-order techniques. Using
Principal Component Analysis (PCA) for linear reduction and Autoencoder architectures for
nonlinear reduction, complex multi-agent time series data are projected onto a far smaller,
more tractable space. This reduced representation facilitates reliable and efficient density
estimation, addressing the previously discussed dimensionality problems and computational

costs [11].

1.1 Inverse Problems and Imaging

Inverse problems are fundamental in science and engineering problems. An inverse problem’s
primary goal is to determine a medium’s unknown composition and structure from a set of
indirect measurements related to the desired unknowns through a physical model. Reduced
order methods have shown great promise in particularly solving inverse imaging problems,
such as MRI, CT, and ultrasound [34], where the size of the problem can be a significant

concern, especially if high-fidelity high dimensional reconstructions are needed.



A key challenge in many inverse imaging problems is their inherent ill-posedness, which
causes the solutions to become extremely sensitive to noise in the data or discrepancies in the
sensor’s physical model [35]. This problem often arises from the basic physics of the sensing
systems, such as in applications like electrical impedance tomography [36], diffuse optical
tomography [37], and inverse scattering [38]. Consequently, the accuracy of the reconstruc-
tions is affected negatively by this phenomenon. Another reason that leads to ill-posedness is
the poor positioning of sensors, leading to limited data that does not contain enough obser-
vation to capture fine details across the region of interest. Many practical inverse problems
encounter both issues, resulting in reconstructions containing artifacts characterized by high
frequency and large amplitude if ill-posedness is not addressed correctly.

To overcome ill-posedness, regularization techniques are typically implemented [39]. These
methods use prior knowledge regarding the unknowns and add constraints to the inverse
problem to regularize the solution. In a variational framework, regularization is often done
by including terms in the cost function that act as penalties for undesirable characteristics
of the reconstruction. Tikhonov regularization [40], which favors smoother solutions, and
total variation (TV) regularization [41], which encourages piecewise-constant regions, are
two examples of such regularization. While these pixel-based approaches have been prac-
tical, they struggle as image data becomes higher in resolution and dimension. The large
number of unknowns in high-resolution problems can make pixel-based methods computa-
tionally expensive and ill-posed. Under these circumstances, reduced order methods become
increasingly crucial as low order representation of a problem can result in a better-posed

problem and can reduce computational cost.

1.1.1 Shape Based Inverse Problems

In the pursuit of extracting the unknown composition and structure of a medium from in-
direct observations governed by physical models, researchers often focus on characterizing

“regions of interest” (ROIs). Examples of such ROIs include cancerous tumors in diffuse



optical data [42], subsurface contaminants in hydrological data [43], or buried objects in
electromagnetic data [44]. These problems typically involve a computationally intensive
image formation step followed by post-processing it to identify the ROIs [45]. When data
are limited, the initial image formation stage will require potentially complex regulariza-
tion methods to overcome ill-posedness. While this two-step approach can be effective, it is
computationally intensive. Moreover, when data are limited, the initial image reconstruc-
tion stage may require complex regularization techniques to mitigate the ill-posed nature
of the problem. Alternatively, direct estimation of ROI geometry and contrasts from data
offers a more efficient approach. This approach is known as inverse obstacle or shape-based
problems [46, 47]. This methodology typically uses a straightforward reduced-order shape
parametrization. Compared to methods that rely on pixel-based imaging, this geometric
approach generally leads to better-posed problems due to more accurate obstacle repre-
sentation. Additionally, regularization in this context can either be implicitly integrated
through the shape parametrization or explicitly through geometric constraints on the shape.
However, this form of shape representation lacks topological flexibility and requires prior
knowledge of the number of shape components. It also struggles with topographical features
like holes and regions with high curvature, such as corners. These challenges have driven
the development of shape-based inverse methods using level set-type representations because
of their ability to naturally recover objects whose topology (i.e., the number of connected

components) is not known a priori [48].

1.1.2 Level Set Methods

Originally introduced by Osher and Sethian [49], the level set method is a general frame-
work for the computation of evolving interfaces using implicit representations. The implicit
representation of the geometry introduces the possibility to handle topological changes such
as splitting and merging of connected components in an automatic way, and allows to con-

struct efficient and accurate numerical methods. Santosa [48] was among the first to ap-



ply these models to inverse problems, prompting significant subsequent research utilizing
classical level set evolution methods, particularly in image processing applications [50]. In
ill-posed inverse problems, regularization of the level set function is required to obtain sta-
ble solutions. Various strategies have been employed to address this challenge, including
conventional pixel-based regularization methods [51], incorporation of geometric constraints
[52], or representing the level set function in a finite-dimensional basis, as in the parametric
level set (PaLS) approach first introduced for inverse problems by Aghasi et al. [21]. This
latter method forms the foundation of the work presented in Chapter 3 of this thesis.

The PaLS model has proven capable of capturing the topological advantages of a level-set
methods while avoiding difficulties such as explicit regularization and reinitialization that
occur frequently when using traditional level-set methods for inverse problems. Moreover, it
was shown in [21] that the low order representation of the inverse problem makes it possible to
use Newton and quasi-Newton methods for determining the PaLLS parameters and potentially
reducing down the size of the problem by reduced-order parameterization. Recently, the
PalLS model in [21] and variants have been used across a range of application areas and
imaging modalities including geophysics [53], seismology [54] and reservoir monitoring [55],
image segmentation [56], tomography problems [57, 58, 59], electromagnetic imaging [60],
and multi-modal imaging [61].

Despite the advantages of Pal.S, room for improvement remains. Existing PaLLS models
and most other level-set methods struggle to recover distributions of objects with multiple
contrast values. Approaches like colour [62], vector [63], and binary level-sets [64] rely on
a number of level-sets proportional to the logarithm of the number of contrast levels [56],
leading to scalability challenges as the object count increases. Furthermore, the choice
of basis functions for PaLS raises limitations. Traditionally, a weighted superposition of
predetermined basis functions, predominantly radial basis functions (RBFs) [65, 66, 67],
has been employed. RBFs possess circular cross-sections and thus can limit the range of

objects that can be represented using a given number of RBFs. Moreover, despite their



efficacy, many prevailing PaLLS models grapple with numerical conditioning issues. Models
employing RBFs can encounter non-uniqueness in parameter representation due to infinitely
many parameter pairs yielding the same circular cross-sections. As we illustrate empirically
in this thesis, this can yield ill-conditioned, even singular, Jacobian matrices — detrimental
for quasi-Newton and even for trust-region methods, the performance of which degrades

under such conditions [21].

1.2 Time Series Analysis

Among the various types of data, time series is one of the types that has been studied for a
long time in academia and in practice. Time series analysis includes a wide range of methods
for examining data points collected at successive points in time, including approaches that
leverage statistical and probabilistic techniques, one significant class of methods in this field.

Time series analysis aims to build models that capture the underlying mechanisms gener-
ating the observations [68]. These models ideally learn the temporal and other dependencies
in data and are used in critical problems, including detecting change points and predicting
future outcomes based on the previous observations [69]. Different sectors including eco-
nomics, finance, environmental science, healthcare engineering and control systems make
use of time series analysis. Economic time series analysis predicts key indicators including
GDP growth rates alongside unemployment patterns and inflation trends [70].

Financial modeling requires accurate prediction techniques for stock prices, and exchange
or interest rates [71]. Precise predictions in these domains support strategic planning, invest-
ment decisions, and risk management. Researchers can model climate patterns through time
series analysis while predicting weather conditions and tracking environmental changes [72].
Studying long-term temperature and precipitation data uncovers patterns of climate change.
Healthcare professionals analyze time series data from patient monitoring systems, such as

blood pressure and heart rate measurements, to identify anomalies and forecast potential

10



health problems [73]. Time series analysis is also used in epidemiology to model the spread
of diseases over time [74]. Engineers use time series analysis for system identification, con-
trol, and fault detection in various systems, including manufacturing processes and robotics.
Monitoring time series data from sensors allows for predictive maintenance and optimization
of system performance [75].

The developments in techniques for collecting high-frequency data such as sensors, or
[oT devices, and rapid growth of digital sources of information have led to the collection
and generation of vast amounts of time series data. Efficiently processing and analyzing
this data is crucial for most modern-day problems. However, analyzing time series data
poses significant challenges. The study of high-dimensional and high-frequency time series
data presents multiple difficulties [76]. The main challenges encountered when working with
these datasets include computational complexity and the curse of dimensionality. Analyzing
large datasets, especially at high temporal resolution, demands substantial computational
resources. Furthermore, the complexity of data analysis grows significantly when multiple
variables and multi-agent interactions are involved [3]. Another noteworthy challenge as-
sociated with time series data is non-stationarity, which refers to changes in the statistical
properties of the data over time [77]. Moreover, dynamically sized problems such as crowd
behavioral problems where varying numbers of agents enter and leave the scene [78]. Such
problems can produce inconsistent data structures that require special processing techniques
that can handle dynamic-sized inputs over time. Finally, time series problems often contain
missing data and are also affected by measurement errors or noise, which can hide underlying
patterns [79].

Addressing these challenges requires advanced techniques that can efficiently process
large-scale data while capturing essential temporal dynamics. Several statistical methods
are employed in time series analysis. Some of the commonly used techniques include: Au-
toregressive Integrated Moving Average Models, Exponential Smoothing Models, and State

Space Models. Alternatively, machine learning methods such as recurrent neural networks
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(RNNs) and long short-term memory (LSTM) networks have been applied to time series
forecasting due to their ability to model complex nonlinear dependencies [80]. However,
recurrent models use sequential processing, meaning that they process one token at a time
from first to last. As a result, they cannot operate in parallel over all tokens in a sequence.
Recently, transformers gained significant attraction for time series analysis [81]. Transform-
ers have the advantage of having no recurrent units and overcoming one token at a time
limitation, therefore enabling parallel operation and requiring less training time than earlier
recurrent neural architectures, RNNs an LSTMs. Selecting the appropriate model depends

on the characteristics of the data and the specific objectives of the analysis.

1.2.1 Dimensionality Reduction

High dimensionality stands as one of the primary obstacles in time series data analysis
[76]. Real-world datasets, including speech signals, digital images, and fMRI scans, typically
exhibit complex high-dimensional structures [82]. Effective management of such data of-
ten depends on diminishing its dimensional complexity. Dimensionality reduction processes
high-dimensional data and transforms it into a more straightforward representation of fewer
dimensions while preserving essential data features. The reduced representation ideally needs
to align with the intrinsic dimensionality, which represents the smallest number of parame-
ters that describe data features [83]. Dimensionality reduction plays an essential role across
multiple domains since it addresses issues in high-dimensional spaces. Through this proce-
dure we gain assistance in tasks such as classification of data as well as its visualization and
compression. Dimensionality reduction has been traditionally accomplished through linear
techniques, including Principal Components Analysis (PCA) and factor analysis [23]. These
traditional methods fail to detect nonlinear patterns within the dataset. Researchers have
introduced various nonlinear dimensionality reduction methods to overcome this shortcom-

ing [24] since the complexity of most real-world data requires nonlinear methods.
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1.2.2 Change Point Detection

As we stated previously, time series data are sequences of observations over time describing
the behavior of systems. While systems may gradually drift in behavior over long periods
due to slow, continuous changes; the class of problems considered in this thesis focuses on
sudden shifts in system dynamics [84]. These abrupt changes can occur when external events
disrupt the equilibrium or when the internal parameters of the system transition sharply from
one regime to another. Change point detection (CPD) refers to the task of identifying these
points in time where an underlying property of the time series—such as mean, variance,
or underlying model parameters—undergoes a sudden and persistent alteration. Detecting
these abrupt transitions is critical in a variety of real-world applications. In medical moni-
toring, CPD is used to analyze trends in physiological variables like heart rate and EEG to
facilitate automated, real-time health monitoring for conditions such as epilepsy and sleep
disorders [85, 86]. It plays a crucial role in climate science, helping detect shifts in climate
patterns [87]. CPD also covers multi-agent problems such as prey/predator relations, collec-
tive crowd and animal behaviors [88, 89].

Despite the availability of a wide array of CPD algorithms, many of the existing methods
suffer from notable limitations that could impact their performance. First, many standard
approaches rely on the assumption of data independence among dimensions to solve simpler
problems with smaller dimensions [90]. In reality, time series data typically exhibit temporal
correlations or other dependencies (e.g., collective behavior and inter-agent dependencies in
multi-agent problems), which, if ignored, may lead to inaccurate change point estimates.
Second, in high dimensional datasets, the computational complexity can grow exponentially
as the dimensionality increases, leading to the curse of dimensionality [11]. Traditional CPD
models, designed for moderately sized data dimensions, may become impractical for handling
numerous variables simultaneously [84]. Third, modern multi-agent systems, ranging from

fleets of autonomous vehicles to networks of sensors, produce dynamic data streams where
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the number of agents (and hence the dimensionality of data) can change over time [91]. Most
CPD techniques assume a fixed data dimension and thus struggle with missing or variable-

sized data [92].

1.3 Thesis Contributions

This thesis contributes to the field of imaging and time series analysis. In particular, it
contributes reduced order methods that consider high dimensional complex imaging and time
series problems, including multi-contrast imaging, spatiotemporal monitoring of evolving
objects, and change detection in multi-agent time series.

In Chapter 3, we employ an enhanced image reconstruction model for inverse problems
in imaging. For inverse problems where one is concerned with recovering the shape and con-
trast of an unknown number of objects embedded in a medium, parametric level set (PaLS)
methods provide much of the flexibility of traditional level set methods while avoiding many
of the difficulties such as regularization, re-initialization. In this thesis, we consider the
restoration and reconstruction of piecewise constant objects in two and three dimensions
using a significantly enhanced PaLlS model relative to the current state-of-the-art. We de-
velop Parametric Level-sets Enhanced to Improve Reconstruction (PaLEnTIR) for piecewise
constant image reconstruction to address the issues related to Pal.S methods.

In Chapter 4, we extend the PaLEnTIR framework developed in Chapter 3 to track ob-
jects evolving over time. The proposed approach addresses significant practical challenges
encountered in environmental monitoring. The primary motivation is the difficulty and ex-
pense associated with embedding sufficient number of sensor networks in large, inhospitable
environments, which typically results in sparse, noisy measurements. Our model specifically
targets scenarios involving the spatial and temporal monitoring of critical concentration lev-
els of substances, such as nutrients or contaminants, evolving through diffusion processes.

Chapter 5 focuses on detecting abrupt shifts in the dynamics of multivariate systems
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concerning multi-agent systems. These systems possess complex dynamics, including tem-
poral dependencies, collective behavior, and inconsistent input data structure due to variable
number of agents, which often pose difficulties to statistical and machine learning techniques,
including change point detection techniques. Many CPD techniques rely on the assumption
that the data observations are independently and identically distributed (iid). However, this
assumption rarely holds in realistic, high-dimensional systems where observations come with
strong temporal dependencies and non-stationary behavior. Another commonly made as-
sumption is a fixed size input data. This assumption does not apply to multi-agent systems,
since agents can enter/exit the system frequently and causing inconsistency in succesive ob-
servations. Lifting these assumptions significantly complicates the processing and modeling
of the problem. These challenges are addressed by using the principles of probabilistic meth-

ods and modern Al-based tools.

1.3.1 Parametric Level-sets Enhanced To Improve Reconstruction

PaLEnTIR significantly advances previous parametric level set methods by coping with

several key challenges:

Multi-Contrast Representation

We introduce a smooth transition function to replace the binary Heaviside function tradition-
ally used in PaLiS models. This replacement allows our model to represent multiple objects
with different contrasts using a single level-set function. To our knowledge, this capability is
unique to our proposed method. A major advantage of this approach is the stable number of
parameters regardless of the number of contrasts. The efficacy of this multi-contrast feature
is contingent upon its capacity to specify space-varying bounds on the contrasts at relatively
coarse scales. The new model achieves this by parametrically characterizing the spatially

varying contrast limits on a sparse grid of points.

15



Enhanced Shape Expressiveness

To increase geometric flexibility, we replace radial basis functions (RBF) with anisotropic
basis functions (ABF) which are capable of forming rotated ellipsoidal cross-sections. This
choice provides enhanced shape expressiveness and greater geometric flexibility. This is
particularly important in challenging scenarios like representing long, flat or sharp objects
where RBFs have difficulties while representing. The ABF-based model captures more detail

while employing fewer number of basis functions.

Improved Numerical Performance

The streamlined parameterization of PaLEnTIR addresses issues related to non-uniqueness
which is commonly seen in Pal.S-like models. Empirical analysis reveals that the new param-
eterization and enhancements in the proposed PaL.S approach enhance numerical stability
and performance. PaLEnTIR reduces redundancy and indeterminacy in the parameteriza-
tion, and results in better-conditioned Jacobian matrices. This contributes to faster and
more reliable convergence during the optimization process for the estimation of the PaLS

parameters.

1.3.2 Parametric Level-Set Methods for Tracking Evolving Ob-

jects
In Chapter 4, we introduce a PaLLS approach for tracking evolving objects over time. The
main contributions of this work are as follows:
Multi-concentration Representation

We develop a novel parametric level-set formulation for tracking time-evolving piecewise
constant concentration levels. This formulation utilizes a ladder function, replacing the

binary Heaviside function. The ladder function is defined by the summation of shifted
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binary Heaviside functions to efficiently represent multiple concentration levels using only a
single level-set function, and thus the proposed method significantly reduces the complexity

of the multi-contrast reconstruction problem.

Temporal Smoothness Regularization

To promote smooth transitions of concentration levels in reconstructions of successive time
points, we introduce a temporal smoothness regularization term into the PaLEnTIR frame-
work. This modification results in enhanced temporal coherence of reconstructions, and
significantly improving the stability and accuracy of recovered sequences from noisy and

sparse sensor data.

1.3.3 AI-Driven Probabilistic Change Point Detection in High Di-

mensional Time Series Data

In Chapter 5, we employ an Al-driven probabilistic change point detection method for time
series analysis. The proposed approach targets detecting abrupt shifts in the dynamics of
multivariate systems concerning multi-agent systems. The major contributions presented in

Chapter 5 are as follows:

Probabilistic modeling

The proposed approach models a reduced order representation (through dimensionality re-
duction techniques) of the data as a non-stationary stochastic process, where a change point
marks a shift in the underlying generative distribution. Instead of analyzing individual time
steps, the method employs a sliding window strategy, capturing short-range dependencies
in time series data. In the context of crowd behavior, the model treats the collective agent
states at each time as samples from a population distribution and represents them using

histograms over a discretized state space. By tracking sequences of these histograms within
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sliding windows, the framework aims to capture inter-agent and temporal dependencies by

probabilistic modeling of time series data.

Cascade dimensionality reduction:

In the proposed CPD approach, a probabilistic approach is considered to model the crowd
behavior as a stochastic process discretized over time. The resultant problem becomes huge
in dimensionality. The proposed approach integrates linear and nonlinear dimensionality
reduction methods (PCA and autoencoders) to simplify the probabilistic characterization
of the underlying stochastic process of the crowd behavior, reducing the dimension of the
data up to a factor of 3750. This dimensionality reduction step significantly reduces compu-
tational complexity and enables the application of efficient and effective density estimation

and change point detection.

Fixed-sized representation of multi-agent data

Active agents can enter or exit the media, or they can disconnect over time. One of the
challenges of dealing with time series problems with multiple active agents is to deal with
varying-sized, or missing input data. The proposed approach addresses both varying-sized
and missing input data by histogram-based representation of the agent data. The proposed
model maps the raw agent data into fixed-sized histograms, ensuring consistent dimension-

ality irrespective of agent entry, exit, or missing observations.

1.3.4 Thesis Publications

The publications related to the work presented in this thesis are as follows,

e Ege Ozsar, Misha Kilmer, Eric de Sturler, Arvind K Saibaba, and Eric Miller. “Para-
metric level-sets enhanced to improve reconstruction (PaLEnTIR)”. in: Inverse Prob-
lems 41.2 (Jan. 2025), p. 025004. DOI: 10.1088/1361-6420/ada798. URL: https:

//dx.doi.org/10.1088/1361-6420/ada798
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Chapter 2

Background

In this chapter we will review forward and inverse problems, parametric level set methods,

optimization algorithms, dimensionality reduction, and density estimation.

2.1 Forward and Inverse Problems

Consider a region of space to be imaged, 2 C R%. For r a point in €2, let us define a spatially-
dependent property f(r) of the medium (e.g., electrical conductivity, optical absorption,
sound speed, etc.). We denote with M the map which takes f(r) to a vector of noise free
data. Typically, M encompasses the physics of the sensing modality and the engineering
details of the associated sensors. The data available for processing is equal to M( f) corrupted
by noise. Unless specified otherwise, we assume that the noise is additive Gaussian. In

summary, the forward model can be written
d=M(f)+w, (2.1)

where w,d € Rt represent the additive noise and the data available for processing, re-
spectively.

The inverse problem requires determination of the unknown function f from d. Following
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the penalized likelihood approach, (2.1) leads to the following minimization problem as the
basis for recovering f(r),

min M) - dIg +£(9) 2:2)

The first term in (2.2) arises from a Gaussian assumption on the noise and quantifies the
mismatch error between model prediction and the data, while £(f) is the regularization
functional which is usually used when the problem is ill-posed and is chosen based on prior
knowledge concerning, e.g., the degree of smoothness associated with f [94]. It is also possible
to regularize the problem using a geometric parameterization of the unknown property.
This is done by either embedding the regularization implicitly in the parameterization of
the unknown property, in which case no explicit £ may be needed, or by expressing it as
geometric constraints on the shape of the unknown [38]. In this work, we follow the former
approach using a parametric level-set type of model. Next section, we will define and review

parametric level-set (PaLS) methods.

2.2 Parametric Level-set methods

Under a PaLS model, f : R? — R consists of object, O, and background, Q\O, terms and is

written as

f(r) = fo(r)xo(r) + fp(r)(1 — xo(r)), (2.3)

where fo(r) and fp(r) are the generally spatially dependent property values of the object
and background, respectively, and xo(r) = 1 for r € O and 0 elsewhere is the characteristic
function of the region O. Under this model, we seek O (or the boundary, 00), fo(r), and
fB(r). As O can be multiply connected with each component having no specific (i.e., easily

parameterized) shape, level-set methods have proven convenient [21]. Mathematically, the
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level-set representation of O satisfies

;

>c reo,
po(r)q{=c re 00, (2.4)
<c re\O,

where ¢ is a constant determining the level-set! [21]. In terms of ¢o, xo(r) = H(¢o(r) — )

where H (z) is the Heaviside function. Thus, (2.3) becomes

f(r) = foH(¢o(r) —c) + f5(1 — H(do(r) — ¢)) (2.5)

where fo and fg are, for now, taken to be constants.

Many level-set methods follow a finite difference discretization of the level-set function,
which requires a dense collection of nodes. The difficulty of implementing this approach as
well as the numerical considerations of its discrete computation overshadow the advantages
of the level-set function, especially in the case of ill-posed inverse problems [21, 95]. Alterna-
tively, a parametric form for the level-set function expands ¢o(r) as a linear superposition of
a set of basis functions (e.g., polynomial, radial basis function, trigonometric, etc). Specifi-

cally, the original PaLLS model takes the form

Q

asrbf(r;p)=Zajw<5j(r—xj>>, p:= 8] (2.6)

=

In this case, the PalLS function is formed as a weighted summation of N basis functions
p;(r) = Y(B;(r — x;)) for j = 1,2,..., N. The basis functions v;(r) are often taken to be
RBFs [96, 97, 98, 58]. We will refer to use of such basis functions as “RBF PaLS”, and it

IThis could be taken to be the zero level-set, though in [21], the case was made for c slightly larger.
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is against such representations that we compare our new PaLEnTIR representation.? Each
basis function v;(r) is associated with its own dilation coefficient f;, and center location
X;- lgnoring the contrasts fp and fo for a moment, p contains the geometric unknowns to
be determined, including o, 3, and x, containing the expansion coefficients «a;, the dilation
values 3;, and PaLS centers x; € R respectively. In general, the length of this vector is
(d + 2)N, which results in length 4N (for 2D problems) or 5N (for 3D).

Combining (2.6) with (2.5), we obtain f = f(r;p). The goal of a PaLS-based inverse
problem is to recover the unknown p based on the observed data d and the model M. In
practice, this requires replacing the exact Heaviside function with a differentiable approx-
imation (we discuss this more in section 3.1). If the contrast coefficients fo and fp are
known, the resultant inverse problem formulation using PaL.S recovers f as f(r;p) where p

is a minimizer of a nonlinear least squares problem with the objective function

Fp) = 5 |M(f(e:p) — dJ 2.7

When the contrasts are not known, a cyclic descent method is often employed [100], in which
one alternately estimates p for the current estimates of fo and fp and then updates the
contrasts using the just-computed PalLS parameters. For linear inverse problems, computing
the contrasts is a linear least squares problem which can be solved efficiently, and the bulk
of the computational effort is focused on estimating p.

Since the number of PaLLS basis functions is always much smaller than the size of the grid
obtained from discretizing €2, the PaLS parameterization acts as a form of regularization, so

we can drop the regularization term £(f) from the objective function.

2In [21], the norm in the argument is replaced by a pseudo-norm and () is taken to be a compactly
supported radial basis function. The compactness of the basis functions may be advantageous in terms of
yielding a sparse Jacobian [21]. Here, we will use Gaussian RBFs instead of CSRBF's and forgo compactness
in favor of retaining a norm, rather than a pseudo-norm. This choice facilitates the comparative analysis of
the expressiveness and numerical properties of the proposed approach over RBF PaLS. The parameterization
developed here and the analysis, can be utilized in a CSRBF framework. We acknowledge that the Gaussian
RBFs do not guarantee the same level of sparsity as seen in [21]. However, we use the TREGS algorithm [99]
as our optimizer, and since TREGS involves performing an SVD on the Jacobian, it does not take advantage
of any potential sparsity.
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2.3 Optimization Algorithms

2.3.1 TREGS (Trust Region Algorithm with Regularized Model

Solution)

In this work, we use Trust region algorithm with REGularized model Solution, TREGS, in
[99] to minimize (2.7) and solve for the PaLS parameters. The TREGS algorithm combines
the Basic Trust Region Algorithm from [101] with solution update algorithm, Algorithm SU
in [99] to construct a globally convergent optimization algorithm for solving (2.7). TREGS is
designed to address nonlinear least squares problems encountered in parameterized imaging
scenarios. By analyzing which spectral components of the Gauss-Newton direction should
be discarded or damped, TREGS aims to minimize the total number of function and Jaco-
bian evaluations. Additionally, following [14], the algorithm reduces the number of Jacobian
evaluations and reduced SVD computations by doubling the trust region and trying a larger
step from the current solution iterate after a very successful step (p > n,; as shown in the
algorithm below.). The pseudocode for the TREGS algorithm is given in Algorithm 1. The
algorithm requires the initial approximate solution p., the initial residual r., the initial ob-
jective F,, initial Jacobian and a starting 6. newSV D is a Boolean variable that determines
whether the SVD of the Jacobian should be calculated or not. newJAC' is another Boolean
variable which determines whether a new Jacobian needs to be calculated or not. The last
Boolean variable doublestep determines whether the algorithm should double the size of the
trust region and try a larger step at the same solution iterate. If the larger step fails then
algorithm proceeds with the previous smaller step from the current iterate. Initial values,
parameter relations and more details about the TREGS algorithm can be found in [99].

To prove convergence for a specific objective function, two sets of properties need to
be satisfied, one set concerns the method/algorithm, and the second relates to the objec-

tive function being minimized [101]. The algorithmic properties are proved in [99]. For
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Algorithm 1 TREGS: Trust region algorithm with regularized model solution

1: Choose initial approximate solution p.; 7. = r(p.); Fe = F(p.); me = F.; J. = J(pe)
2: Choose starting o
3: newSV D <+ 1; newJAC < 0; doublestep < 0
4: while not converged do
5: if newSV' D then
6: (U, S, V] < red_svd(J.)
7: newSV D < 0
8: end if
9: Compute trial solution update s using Algorithm SU with r., U, ¥, V', 7, and ¢
10: Compute trial solution p; = p. + s, 1, = r(py), Fr = F(py)
11: Use SU output to compute (efficiently) m; = mgn(p:) from (3.1)
12: p = ﬁ
13: if p 2cn2 and s is not a Gauss—Newton step then
14: very successful step
15: double trust region, d < 29, but continue to use p., F., SVD of J., r.
16: save current trial solution values in case larger step fails
17: doublestep «— 1
18: else if 71 < p <, then
19: successful step
20: accept the trial solution: p. < py; F. < Fi; ro <1y
21: newSVD < 1; newJAC + 1
22: else if p < n; then
23: unsuccessful step
24: reject the trial solution and reduce trust region: § < 10
25: if doublestep then
26: set pe, Je, 1e, Fr. to saved trial solution values
27: newSV D < 1; newJAC + 1
28: else
29: newJAC + 0; newSV D + 0
30: end if
31: else if p > 1y and s is the Gauss—Newton step then
32: no need to try a larger step
33: accept trial solution: p. < p;; F,. < Fy; r. <1y
34: newJAC < 1; newSV D + 1
35: end if
36: if newJAC then
37: Jo +— J(pe)
38: newJAC < 0

39: end if
40: end while
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the PaLEnTIR problem, we prove the second set of properties in Appendix B. The (suf-
ficient) requirements on the objective function in (2.7) are; (1) F(p) is twice continuously
differentiable, (2) F(p) is bounded from below, and (3) the norm of its Hessian is bounded
[101]. For the problems in this paper, the algorithm employs a discrepancy principle—based
stopping criterion which states that one should stop iterating when the norm of the residual
reaches the norm of the (weighted) noise vector [102]. In our experimental setup, an addi-
tional stopping criterion is implemented to prevent unnecessary computational expenditure.
Specifically, the algorithm concludes its iterations when the relative decrease in the residual
falls below a predefined threshold. However, these additional stopping criteria are not used

in the proof that TREGS is guaranteed to converge to a stationary point [99].

2.3.2 ADAM (Adaptive Moment Estimation)

In this work, we use Adaptive Moment Estimation (ADAM) algorithm as an optimizer for
training neural network models [103]. ADAM is a first-order gradient-based optimization
algorithm that combines the advantages of two popular methods: AdaGrad [104] and RM-
SProp [105] . ADAM is a preferred optimizer in most deep learning tasks due to it’s speed,
and efficiency in working with large problems involving a lot of data or parameters. ADAM
offers faster convergence compared to traditional gradient descent-based optimizers such as
Stochastic Gradient Descent (SGD) by leveraging past gradient information. It computes
each individual adaptive learning rates of parameters from estimates of first and second mo-
ments of the gradients. Some of the advantages are that magnitudes of parameter updates
are invariant to rescaling of the gradient, step-sizes are approximately bounded by the step-
size hyperparameter, it does not require a stationary objective, allows sparse gradients, and
naturally performs step size annealing [103].

The pseudo-code of ADAM in [103] is given in Algorithm 2. At each time step ¢, ADAM
updates the parameters by taking the following actions: First, it first computes the gradient

g; of the stochastic objective function with respect to the parameters ¢;. Then, it updates
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the biased first moment estimate m; and the biased second moment estimate v; where the
hyper-parameters (5; and [y control the exponential decay rates of these moving averages
respectively. To address the initialization bias that appears from initializing the moments
with 0, ADAM applies bias-correction terms to these moment estimates, which yield m; and

0. At the end of each step, the parameter updates are defined as:

Oé‘mt
VoL + €

where « is the learning rate, and € is a small constant added for numerical stability.

O =01 —

Algorithm 2 Adam: Stochastic optimization algorithm

Require: «a: Stepsize

Require: 3,32 € [0,1): Exponential decay rates for the moment estimates
Require: f(0): Stochastic objective function with parameters 6

Require: 6,: Initial parameter vector

1: my <0 > Initialize 1st moment vector
2: 90 > Initialize 2nd moment vector
3:t+0 > Initialize timestep
4: while 6; not converged do

5: t+—t+1

6: gt < Vo fi(0i—1) > Get gradients w.r.t. stochastic objective at timestep ¢
7 my < By -my_1+ (1= 51) - g > Update biased first moment estimate
8: v < Bo v+ (1 — o) - g2 > Update biased second raw moment estimate
9: My — 1’11—/;{ > Compute bias-corrected first moment estimate
10: Vg 4— lftﬂ% > Compute bias-corrected second raw moment estimate
11: 0; + 0,1 — \;%rj:e > Update parameters
12: end while
13: return 6, > Resulting parameters

2.4 Dimensionality Reduction

Dimensionality reduction is the process which transforms high-dimensional data into a lower-
dimensional space while largely maintaining the key structures and relationships from the

original data. Formally, given a dataset of N points {x;}}*; with each x; € R”, a dimen-

28



sionality reduction method seeks a transformation

g:RP 5 RY d< D,

such that the resulting set of points {y;}¥; with y; = g(x;) € R? keeps the key information
and structure of the original data.

Dimensionality reduction exists primarily as a solution to the problems that high-dimensional
datasets create. With growing dimension D, the computational cost and, in most cases, the
size of data required to obtain reliable results grow exponentially, also known as the curse of
dimensionality [10]. Conversely, reducing the degree of dimensionality has the potential to
ease computational costs while improving the efficiency of data-driven algorithms and the
discovery of meaningful patterns.

Dimensionality reduction not only addresses computational aspects but also eliminates
noise and redundant features to improve performance of tasks such as classification, re-
gression, and clustering [106]. In addition, low-dimensional representations are essential to
visualize and interpret high-dimensional data and display patterns or groupings that would
remain obscure otherwise [107].

The design of a dimensionality reduction procedure requires the knowledge of the in-
trinsic dimensionality and geometry of the data. These properties are often unknown, and
therefore the dimensionality reduction is usually considerred as an ill-posed problem [108].
Therefore, these methods typically require to make assumptions regarding the properties
of the data such as model complexity or geometry of the data based on error tolerances,
available resources, and application requirements.

There are two primary groups of dimensionality reduction methods which are linear
methods and nonlinear methods. Linear methods aim to find a linear subspace within the
high-dimensional space that retains most of the variance or other essential statistical char-

acteristics. Nonlinear methods operate without the linearity constraint in mind and work
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on the assumption that the high-dimensional data contains complex structures. Nonlinear
methods demonstrate superior representational power over linear methods because they can
map latent and observed variables through complex transformations that extend beyond
linear mappings. The increased flexibility necessitates a significantly larger number of pa-
rameters which demands substantially more data for accurate parameter estimation. For
example, when PCA projects data from a D-dimensional space onto a P-dimensional sub-
space, the resulting model involves a number of parameters on the order of O(PD). Notably,
as few as P 4+ 1 data points may suffice to fully determine these parameters. By contrast,
3P D parameters is hardly enough to describe a basic nonlinear model [109].

In this work, we use both linear and nonlinear methods for the dimensionality reduction.
For the linear dimensionality reduction method, this thesis considers PCA. For the nonlinear
method, we consider autoencoders. In the rest of this section, we will focus on these two

approaches.

2.4.1 Principal Component Analysis (PCA)

Linear methods achieve dimensionality reduction by mapping the data to a lower-dimensional
linear subspace. Among numerous dimensionality reduction techniques PCA stands out as
one of the dominant unsupervised linear method [110]. This thesis applies PCA as a method
for linear dimensionality reduction.

PCA transforms high-dimensional data into a lower-dimensional space while preserving
the highest possible amount of data variance [111]. Let us define a dataset that consists
of N observations represented by {x;}, where each observation x; € R has D features.
Before PCA analysis takes place the dataset is centered to encourage equal influence of each
feature in the analysis. The data centering process involves subtracting the sampled mean
from all observations. For the dataset X, elements of the sample mean vector {y;}/, can

be calculated as:

N
=) g (2.8)
=1
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Then, for a sample mean vector u, the centered data Z takes the form:

(- )7
72| - WL e gven (2.9)
_(XN - M)T_

The next step involves the calculation of the sample covariance matrix C using the
previously centered dataset. The covariance matrix tells us how each individual feature
relates to all each other within the dataset. Redundant features can be identified through
detection of highly correlated attributes. For a centered dataset, the sample covariance

matrix is defined as:
1
n—1

C:

VAVA (2.10)

where ZT is the transpose of the standardized data matrix Z. Note that C € RP*P is a
symmetric, positive semi-definite matrix.

Once the covariance matrix is computed, the next step is to calculate its eigenvalues
and eigenvectors. After calculating the covariance matrix, we proceed to find its eigenvalues
and eigenvectors. The eigenvectors of the covariance matrix represent the directions of the
principal components. The eigenvalues provide a measure of the variance contained within
each principal componentb [112]. A vector v with dimension N is an eigenvector of the

matrix C if it satisfies a linear equation of the form:

Cv =)v, (2.11)

where the scalar A is the eigenvalue. Since C is symmetric and positive semi-definite, it

admits an eigen-decomposition of the form:

C=VAV', (2.12)
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where V = [vy, vy, ..., vp]is the matrix of orthonormal eigenvectors. A = diag(A1, A2, ..., Ap)
is the diagonal matrix of eigenvalues ordered in descending order (A > Ay > -+ > Ay > 0).
Note that, C is a real symmetric matrix. Every real symmetric matrix is Hermitian, and
therefore all its eigenvalues are real. The k-th principal component direction is given by
the k-th eigenvector vi. The corresponding eigenvalue A, indicates the amount of variance
captured by that principal component [110].

The next step involves identifying principal components that show the highest variance
levels in the data. We select a subset of principal components based on the largest the
eigenvalues to reduce the dataset’s dimensionality. Typically a threshold is determined to
keep components that account for a major amount of variance like 90%. If we choose to
keep the top k principal components {vy, Vs, ..., v} where k < D, we can form the matrix
Vi =[vi,...,vi] € RP*F Then each centered observation z; = x; — g is projected onto
this subspace as:

yi=Viz; €R" (2.13)

The vector y; is the coordinate vector of x; in the k-dimensional principal component space

[110].

2.4.2 Autoencoders

The previous subsection examined PCA which serves as a linear approach to reducing data
dimensions. Our next topic of study is a nonlinear dimensionality reduction technique known
as autoencoders.

Autoencoders use neural networks to create data representations from unlabeled sources
for various applications such as dimensionality reduction [113]. Autoencoders works as fol-
lows: Initially the input data undergoes compression to form a lower-dimensional represen-
tation in the latent space and then it is reconstructed from this compressed form with high

accuracy. Autoencoders serve as a robust unsupervised learning method as they learn the
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Figure 2.1: General structure of an autoencoder.
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fundamental properties of data without requiring a labeling process [114].

Autoencoders have three main components: the encoder, the latent space, and the de-
coder. Each of the three parts has a specific role in the overall autoencoder framework. A
typical autoencoder architecture is illustrated in Figure 2.1. Each of the three component
isdescribed below in detail.

The encoder in an autoencoder is a function f, : X — Z that maps the input data x € X
into a lower-dimensional, compressed representation in the latent space Z. Mathematically,
this is achieved by the mapping z = f,(z;0y,), where 8, are the learnable parameters of the
encoder network. This function is typically realized through a series of neural network layers
[115]. The parameters of these layers are learned in such a way that the encoder reduces the
dimensionality of the data while maintaining as much of the relevant information as possible
[116].

The latent representation, z € Z, functions as the encoded version of the input data.
The dimensionality of Z is desirably much lower than that of X [113]. This compressed
version is a lower dimensional representation of the input, which ideally captures the most

essential features required reconstruct the original data with minimal loss.
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The decoder in an autoencoder is a function g, : Z — X that attempts to reconstruct the
original input data = from the compressed representation z in the latent space. Mathemati-
cally, the reconstruction & = g,(z;6,,), where 6, are the learnable parameters of the decoder
network. The architecture of the decoder often mirrors that of the encoder, utilizing a series
of neural network layers that progressively increasing the dimensionality until reaching the
size of the original input from the size of the latent representation [115]. During the training
of the autoencoder, the parameters ¢,, are learned in a way that the decoder reconstructs
Z from z with the minimal difference between the input = and its reconstruction z, usually
measured through a loss function such as mean squared error or cross-entropy [117].

Both the encoder and the decoder components of the autoencoder architecture used in
this thesis are built from artificial neural networks [118]. In the following section, we will
delve deep into artificial neural networks, to understand their structure and functionality in

detail.

2.5 Artificial Neural Networks

Neural networks are computational models inspired from the human brain’s structure and
function [119]. They consist of layers of multiple interconnected units or nodes called neurons,
which are capable of collectively performing complex and difficult tasks that would be difficult
or sometimes impossible to solve using traditional methods. Neural networks are the main
component of many modern machine learning algorithms, particularly in deep learning,
where they learn to perform tasks without being explicitly programmed with task-specific
rules [120].

A neural network typically includes an input layer followed by one or several hidden layers
which then lead into an output layer. The network structure includes multiple neurons per
layer which establish weighted connections to neurons in the subsequent layer. Weights

represent connection strength between neurons which determines the influence one neuron
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has over another. During neural network learning, weights get updated by measuring the
difference between predicted output and actual output [121].

There are many different neural network models available in the literature [122]. One
of the key ways of characterizing the neural network models is by direction of the flow of
information between its layers. In a feedforward neural network model, the flow of the
information is uni-directional, meaning that the information in the model flows in only
forward direction from the input nodes, passing through the hidden nodes and reaching to
the output nodes, without any cycles or loops [121]. In contrast, a recurrent neural network
(RNN) have a bi-directional flow where the building block of RNNs, called recurrent unit,
maintains a hidden state, a form of memory, which is updated at each time step based on
the current input and the previous hidden state [123].

The primary difference among neural network models emerges from how their layers
interconnect. In fully-connected network layers each neuron connects to every neuron in
the subsequent layer so that all neurons from the preceding layer affect every neuron in the
current layer [124]. A convolutional layer architecture allows each neuron to receive input
from only select neurons from the preceding layers of the network [125].

This thesis considers feedforward neural networks in fully connected layers. In feed-
forward fully connected neural networks (FCNNs), neurons are structured such that, each
neuron is connected to every neuron in the following layer.This type of network structure

can be expressed mathematically as follows:

a™) = g(Wha® 4+ p®)
where:
e al¥) is the activation vector of layer I, of dimension n; x 1,
e WU is the weight matrix connecting layer [ to layer [ + 1, of dimension 7,4, X ny,

e b is the bias vector for layer [, of dimension ny,; x 1,
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e o represents the activation function.

The activation function ¢ introduces non-linearity into the network, enabling it to learn
complex functions. Neural networks commonly use sigmoid, tanh, and ReLLU functions as
activation functions o.

The training process for feedforward fully connected neural networks requires modifying
weights W and biases b to reduce the loss function values. The optimization process typically
employs algorithms such as stochastic gradient descent or Adam [103]. In section 2.3, we
reviewed the Adam optimizer as we use Adam optimizer for training neural network models

in this thesis.

2.6 Probability Theory

Probability theory forms the mathematical foundation for understanding uncertainty and
variability in data [126]. This section briefly reviews the key concepts of probability theory

relevant to the methodologies employed in this thesis.

Probability Spaces

A probability space is defined as a W = {Q, F, P}, where:
e () is the sample space, representing all possible outcomes.
e F is an event space, where and event is a set of outcomes in 2.
e P:F —[0,1] is a probability measure satisfying:

1. P(A)>0forall Ae F

3. P(AUB) = P(A) + P(B) for disjoint A, B € F.
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2.6.1 Random Variables

A random variable X is a measurable function X : {2 — R, mapping set of possible outcomes

in a sample space to real numbers.

Types of Random Variables

Random variables can be categorized into two main types:

e Discrete Random Variables: Take values from a finite or countable set. The prob-

ability mass function (PMF), px(x), specifies the probability of each outcome:
px(z) =P(X =xz), Y px(z)=1 (2.14)

e Continuous Random Variables: Take values from an uncountable set, typically
intervals in R. Their distribution is described by a probability density function (PDF),

fx(z), such that:
b )
Pla< X <b) = / fo(x) de, / Fr(a)de = 1. (2.15)
The cumulative distribution function (CDF) of random variable X is defined as
Fx(z) = P(X < x). (2.16)

Expectation and Variance

The expectation of a continuous random variable X is given by:

For discrete X : E[X] = prx(x), (2.17)
For continuous X : E[X] —/ z fx(z)dx. (2.18)
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and its variance is:

Var(X) = E[(X — E[X])2]. (2.19)

Multiple Random Variables

When dealing with multiple random variables, their relationships and dependencies are de-

scribed using joint, marginal, and conditional distributions:

e Joint Distribution: For random variables X and Y, the joint PDF fxy(x,y) de-

scribes the probability density over pairs (z,y).

e Marginal Distribution: Derived by integrating the joint PDF over one variable:
fx(x) = /_Z fxy(2,y) dy. (2.20)
e Conditional Distribution: Describes the probability of one variable given another:
fapaly) = I g0 2.21)
fr ()

¢ Independence: Random variables X and Y are independent if and only if:

fxy (@, y) = fx () fy(y). (2.22)

2.6.2 Gaussian Random Variables

PDF of a Gaussian random variable, referred to as N'(x | u, 0?), is defined as:

fx(z) = \/% exp <—($2+‘f)2> : (2.23)

where:
e i is the mean of X.
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e o2 is the variance of X.
Gaussian random variables have several key properties:

e Symmetry: The distribution is symmetric about the mean pu.

e Expectation and Variance: E[X] = p and Var(X) = o

e Standard Normal Distribution: A Gaussian random variable with g = 0 and

0% = 1is called the standard normal random variable, denoted Z ~ N (0,1).

Multivariate Gaussian Distributions

The multivariate Gaussian distribution extends the univariate case to d dimensions. A
random vector X € R? is a multivariate Gaussian distribution, referred to as N (x | u, X),
if its PDF is:

1

1 Ty—1
i) = st e (g E -] (224

where:
e 1 € R? is the mean vector.

e 3 ¢ R¥9 ig the covariance matrix, which is symmetric and positive semi-definite.

2.7 Density Estimation

Density estimation involves reconstructing the probability density function that defines a
dataset using samples that have been observed [127]. The objective with dataset {x1, xo,..., 2, }
is to create an approximation of the PDF px () which produced the data.

There are two main classes of density estimation techniques which are divided into para-
metric methods and non-parametric methods. Parametric methods assume that we have a
prior knowledge about the form of the distribution. Gaussian mixture models is one of the

most commonly used parametric density estimation approaches [128]. However, we do not
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always have a prior knowledge about the probability distribution. Non-parametric methods
can be used with arbitrary distributions and without the assumption that the form of the
underlying densities are known [129]. Histogram, kernel density estimator and k-nearest
neighbor estimator are some of the commonly used non-parametric density estimators.

In this work we use histograms and Gaussian mixture models for the purposes of data
processing and density estimation. In the rest of the section, we will review these two density

estimation methods.

2.7.1 Histograms

Histograms function as fundamental non-parametric statistical tools that enable researchers
to estimate and depict the probability distribution of datasets [130]. The data range gets
divided into separate bins with each bin containing the number of data points that belong to
it. Histograms serve as valuable tools in exploratory data analysis because they enable fast
evaluation of data distribution features including modality, symmetry, skewness and outliers.

Consider a univariate dataset comprising observations {z;}” ; drawn from an unknown

probability distribution. To construct a histogram, the data range is divided into & bins:

B; =laj_1,a;), for j=1,2,...k,

where ap < a1 < --- < ag represent bin edges, typically chosen to be equally spaced. The

width of the bin, denoted as A, is given by:

ar — Qo
A= .
k

The histogram is then defined by counting the number of observations n; falling into each
bin Bj:

nj=Y 1p(z:), j=12.. .k
=1
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where 1p,(7) is the indicator function defined as:

1, if x € Bj
1Bj(ZL‘) = .

0, otherwise

The empirical density function is approximated by the normalized histogram as:

~ N
flz) = n_i’ for z € B,

where it holds that Z?Zl n; =n.

Histogram assigns an equal density value to every point within the bin, effectively treating
all observations in a bin as equally likely to occur. The bins are often chosen to have equal
width, but adaptive binning can be used for better representation of the data [131]. In this

work, we treat all observations as equally likely and choose all the bins to have equal width.

2.7.2 Gaussian Mixture Models

A Gaussian Mixture Model (GMM) is a parametric probability density function represented
as a weighted sum of multiple Gaussian component densities. It is widely used to model the
distribution of continuous data [132].

Mathematically, a GMM is expressed as:

px(x) = mN(@ |, Sp), (2.25)

where:
e K is the number of Gaussian components,
e 7 are the mixture weights satisfying Zle T = 1,

o N (x|ux, k) represents the Gaussian component density with mean puy and covariance
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matrix .

Each component density is given by:

1 1
N (x|, Bi) = @ PR[s, i P <—§($ — ) B (@~ Mk)) ) (2.26)

where D is the dimensionality of the data.
The GMM parameters {my, ug, 25 } are typically estimated using the Expectation-Maximization

(EM) algorithm, which iteratively maximizes the likelihood of the observed data [133].

2.7.3 Change Point Detection

Change point detection (CPD) is the task of identifying time points at which the underlying

distribution of a time series changes abruptly. More formally, let

{Xt}thl

be a sequence of observations in a time series of length T, where x € R? If the data-

generating process is piecewise stationary, there exist time indices {7, 7o, ..., 7%} such that
Xiyeoy Xy ND17 X71+17"'7X7'2ND27 LR X7k+17"'7XTNDk+17
where each D; denotes a (unknown) distribution. The set of time indices {7, 7o, ..., 7}, are

referred to as the change points. The problem of unsupervised CPD is to estimate the set
of change points from the sequence of observations based on the previous observations.

In this work, we focus on CPD in high-dimensional time series data arising from multi-
agent systems, where each observation z; may itself represent the combined state of N,
agents at time ¢. Such multi-agent systems are pervasive in real-world scenarios: from
sheep herds [134] ; to crowd dynamics [135, 136]. The essential feature of these systems is

collective behavior which develops through simultaneous local interactions between multiple
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agents [137]. Researchers investigate collective behavior by studying scenarios like flocking
and swarming movements and crowd motion dynamics which can undergo sudden significant
transformations as a result of environmental stimuli or through decision-making processes

and external interventions.
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Chapter 3

Parametric Level-sets Enhanced To

Improve Reconstruction (PaLEnTIR)

This chapter is based on [93]

In chapter 2, we stated that previous PaLS models, despite their advantages over tradi-
tional level-set methods, still have room for improvements in terms of three main categories;
multi-contrast recovery, shape expressiveness, and redundancy and indeterminacy in the pa-
rameterization. In this chapter we present PaLEnTIR, a significantly enhanced parametric
level-set (PaLS) method to improve the restoration and reconstruction of piecewise constant
objects by addressing the above mentioned problems observed in previous PaLLS models. The

proposed PaLEnTIR model is defined as follows

f(r;p) =Cru(r)T(¢(r;p)) + Cr(r) (1 = T((r;p))), (3.1)
¢(r; p) :Zcrh (a;) ¥ (Ry(r — x3)) , (3.2)
b(r, p) =~ IERE=IE (3.3)
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Where p? = {aT a7 77} and as described below R; depends on 3; and «;. In this model,
T is the new transition function, replacing the Heaviside function, Cy(r) and Cy(r) are the

new “contrast coefficients”, replacing fo and fp in (2.5). The weight coefficient oy (z) is

defined as
B 1—e*
1l 4e =’

on() (3.4)

The new parametric level-set function of PALEnTIR, ¢(r; p) defined in (3.2) is formed by the
weighted summation of anisotropic basis functions (ABFs), ¢ (r, p), that are defined in (3.3).
The N matrices, R; := R(83;,7;), for j = 1,2..., N, depend on the 3 and -~ sub-vectors
of p, respectively. Suppressing the explicit dependence on 3 and 7, in 2D R is defined as

follows

R=u (3.5)

where, as detailed in Section 3.2 S and v define the eccentricity and orientation of the
elliptical level-sets and p is a constant that controls the maximum allowable size of the
ABFs. We call (3.5) as the Stretch and Slide Matriz. The 3D version of the Stretch and
Slide Matrixz is provided in Section 3.2

Though structurally similar to the original RBF-PaLS modeling (2.6), the PaLEnTIR
model in (3.1) enhances PaLsS in the following ways, each of which is discussed in depth in

the following sections:

A) Multi-contrast, single level-set reconstructions are obtained by: (a) Replacing the
Heaviside function with the smooth transition function 7'(z) : R — (0,1); and (b)
Relabeling and reinterpreting fo(r) and fp(r) as upper and lower contrast bounds,

Cy(r) and CL(r). [See section 3.1 for detailed discussion.]

B) Shape-expressiveness is expanded by replacing the scalar dilation coefficient, j; in
PaLS, by a matrix R;, implementing what we call stretching and sliding. [See section

3.2 for detailed discussion.|
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C) Numerical performance is improved by (a) Fixing the basis function centers on a
grid of pre-specified points, x;; (b) Constraining the size of the expansion coefficients
using a function op(c;) € (—1,1); and (¢) Replacing RBFs, that have non-unique
mapping of parameters to c-level-sets, with the new anisotropic basis functions (ABFs).

[See section 3.3 for detailed discussion.]

3.1 Multi-contrast, Single Level-set Reconstructions

In the previous section, we assumed that the property function f(r) had a binary structure,
i.e., each point in €2 either belongs to the region O or the background. However, it may
well be the case that we have to represent regions containing objects with more than two
contrast values [138, 139, 140]. RBF PaLS uses approximate Heaviside function designed
for distinguishing between two contrasts and thus requires a number of level-set functions
proportional to the logarithm of the number of contrast levels in the problem. To solve this
problem, we replace the approximate Heaviside function in the RBF PalLS model with a
transition function T'(x) which smoothly, and monotonically varies between zero and one.

Specifically, in this work we take

w

T (z) = % {1 + %tanl (M)} : (3.6)

where w determines the steepness of the transition region. The approximate Heaviside
function used in the RBF PaLS work also monotonically increased from zero to one [21] and
thus is similar to T'(x). The difference lies in the width of the transition. As seen in Figure
3.1a, for the approximate Heaviside function, the transition region is by construction very
narrow, as the goal was to represent binary valued objects, whose “phases” are separated by
a narrow, smooth interface. In the new formulation, we stretch the width of this transition
region, so that there is a far broader range of r for which f(r) can assume values between

C'p, and Cpy, as seen in Figure 3.1b.
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Figure 3.1: Plots of (a) the approximate Heaviside function H(z) and (b) the new transition
function T'(z) for the zero level-set (¢ = 0).

To illustrate the impact of these changes to the PalLS model, in Figure 3.2a, we display an
image of size 256 x 256 pixels, comprised of five piecewise constant objects on a zero-contrast
background. Here, we took the forward model to be the identity, so that d = f(p)+w, where
f(p), a discrete representation of f(r;p,Cp,CL), is a vector of length N, = 256% = 65536
obtained using the discretization process described in section 3.4. The vector w contains
independent, identically distributed Gaussian random variables, with variance such that
the signal to noise ratio (SNR) of the corrupted image is 22 dB. The corrupted image is
shown in Figure 3.2b, along with our PaLEnTIR reconstruction in Figure 3.2c. We used 225
basis functions centered on an equally spaced 15 x 15 grid. Each basis function requires the
parameters «,  and -, resulting in total of 3N (675) parameters for N (225) basis functions.
Contrast coefficients are chosen as C'y = 1 and Cf, = 0, since the maximum contrast in the
image is equal to 1 and the minimum is equal to 0.

In Figure 3.2¢, we see that the bright yellow region, whose contrast is equal to Cpy, is
recovered most accurately among the objects. The «a; of the basis functions in this region
take on relatively large values which are truncated by T'(x). The regions without objects are

also recovered very accurately. In those areas the coefficients are relatively small, so that
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Figure 3.2: (a) Image of five piecewise-constant objects with varying shapes and contrasts.
(b) The image corrupted with additive Gaussian noise. (c) PaLEnTIR reconstruction with
fixed contrast limits. (d) PaLEnTIR reconstruction using manually adjusted vectors (e) Cy
and (f) Cp. (g) PaLEnTIR reconstruction with parameterized contrast limits, p. € R?V,
included in the estimation problem. Estimated parameterized contrast limits: (h) Cg(r)
and (i) CL(r).
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the transition function T'(z) creates a constant, zero-background. For the remainder of the
structures whose contrasts are between 0 and 1, we see blurred edges and oscillations similar
to what we would expect from least squares denoising. Overall, the use of T'(z) resulted in
accurate recovery of regions with values not between Cy and C', and rough recoveries of

both shapes and contrasts of regions with values in between Cy and C. This is achieved
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through the utilization of a single level-set, requiring only 675 unknowns, despite dealing
with an 65536-pixel image.

The strong results in Figure 3.2¢ for the background and the yellow object in the upper
left corner arise from the ability of the transition function to truncate the values of ¢ which
are not between Cy and C. More generally, PaLEnTIR can achieve similar results across
the entire scene by varying C'y and C}, in space. For example, consider the case where we set
Cp(r) and CL(r) as shown in Figures 3.2e and 3.2f. Re-estimating p with these distributions
of Cy(r) and Cp(r) yields the results in Figure 3.2d, where we now see near-perfect recovery
of all objects and the background.

The results in Figure 3.2d and the associated discussion illustrate the ability of the
PaLEnTIR model to recover piecewise constant scenes comprised of objects with more than
two contrasts using a single level-set function. This feature rests heavily on the ability to
specify space-varying bounds on the contrasts at relatively coarse scales. The key issue
is to do this in a way that retains the advantages of a PaLS-type model: low-order and
no need for explicit regularization. In this work, this is accomplished by parameterizing
Cy(r) and Cr(r), the spatially varying contrast limits, using bi-cubic (tri-cubic for 3D)
interpolation [141, 142] (via the Matlab function “imresize”). Thus, in addition to «, 3,7,
for each basis function, we add two new parameters, which we refer as p; and p;, for upper
and lower contrast bounds respectively. Consequently, for a PaLEnTIR model with N basis
functions there are two N-vectors of parameters, referred as py and py. To see the impact
of parameterizing the contrast limits, we repeat the same experiment with the same w to
recover the multi-contrast objects in Figure 3.2a. We initialize py and py to ones and zeros
respectively and rerun the TREGS algorithm. Figure 3.2g shows the resultant PaLEnTIR
representation. The number of estimated parameters is increased from 675 to only 1125,
still significantly fewer than the number of pixels in the represented image, which is 65536.
As seen in Figure 3.2g, the new model with parameterized contrast limits has recovered all

objects and the background accurately with near-perfect sharp boundaries, and maintains
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smooth piecewise constant contrasts everywhere. The contrast limits produced with the
estimated p. = [py;pr], are shown in Figures 3.2h and 3.2i. The estimated contrast limits
capture the contrast values of the objects at a relatively coarse scale. Noticeably, they look
very similar to the handcrafted Cy(r) and CL(r) in Figures 3.2e and 3.2f, especially at or

near where the objects are located.

3.2 Advancements in the shape-expressiveness

While radial basis functions (RBFs) provide flexibility in terms of shape representation for
PaLsS, they are limited by the fact that they posses only circular, in 2D, or spherical, in
3D, level-sets, making them inefficient for representing, e.g., highly anisotropic shapes [61].
Motivated by these observations, we replace the RBF's in the RBF PaLsS [21] with a model of
the form defined in (3.3) where R is a 2 x 2 matrix for 2D problems and 3 x 3 for 3D problems.
As in [61], this model produces elliptical cross-sections; however, the parameterization of R
is new and requires fewer parameters. We discuss the 2D and 3D cases separately. In the
2D case, R is defined as in (3.5). The parameters 8 and 7 define the eccentricity and
orientation of the elliptical level-sets, while p impacts the area of the ellipses. In this work,
f and ~y are parameters to be determined, while u is fixed. To elucidate the role of these
parameters, we consider the N = 1 case for both PaLS and PaLEnTIR. We define the c-
level-set representation of a curve I' as I' = H(¢(r,p) — ¢). That is, I" is the set of points r

such that ¢(r;p) = ¢ with ¢ > 0:

I'={(z,y) € R*¢(z,y;p) = c}. (3.7)

We begin by examining the Pal.S c-level-set of a single RBF centered at the origin:

¢rbf(x7 Yy, o, B) = ae—ﬁ(x2+y2)‘ (38)
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With ¢, in (3.7) and ¢ > 0, we require a > 0 as well to obtain a nonempty shape. Simple

algebra gives

1
Frbf:{(:r,y)E]R2 $2+y2:glng}. (3.9)
c
As anticipated, (3.9) defines a circle with radius %ln <. We emphasize here that, with ¢

fixed, there are an infinite number of («, 3) pairs that will give the same circle.

Next, we consider the N = 1 PaLEnTIR c-level-set where ¢(x, y, o, R) = o, () exp (—||Rr|3)
with r” = [z y]. Notice that oy, defined in (3.4), bounds the weight coefficients of the basis
functions between —1 and 1. Using ¢ in (3.7) and ¢ > 0, a non-empty I" requires o, () > 0

and thus a > 0. Dividing both sides by o (a) and taking the logarithm yields

Toew = {(2,9) € R | (¢ +9y)” + e ¥y = 72} (3.10)

with 72 = l% In "héo‘). When § and « are 0, similar to ¢, ['hew 18 a circle with a radius
of 7. As 0 < |op(er)] < 1, and p and ¢ are constants, the maximum area of a single ABF
is bounded, to restrict the extent to which the ABFs overlap each other. Note that in this
work the c-level is set to 0.01, a value slightly larger than 0, for the reasons discussed in [21]
while ¢ = 10 which makes the maximum area of a single ABF to be around 15% of the total
area when the image coordinates are normalized to a unit square or unit cube (as in all cases
considered in this work).

When  and v are nonzero, the I[',,.,, curve becomes elliptical. To understand the role of
each parameter in defining the geometry of the ellipse, we start by viewing R as the Cholesky
factor of the symmetric positive definite (SPD) matrix A = RTR, which we call the Stretch
and Slide Matriz. This matrix includes two types of parameters which are estimated by
the PaLEnTIR reconstruction: the stretching parameter 5 and the sliding parameter .
In Figure 3.3a, the impact of the stretching parameter § is shown. With v = 0, nonzero

values of [ produce ellipses with principle axes in the z and y directions. We visualize

the impact of increasing 8 as someone holding the circle (assuming f = 0 initially) at two
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Figure 3.3: (a) Effect of the stretching parameter 3, and (b) effect of the sliding parameter
~ on the c-level ellipsoidal representation of the new basis function.

opposite points touching the = and y axes (points shown with green dots in Figure 3.3a),
and stretching in the direction of green dashed arrows. We call this shape transformation
“stretching,” and hence 3 the stretching parameter. Similarly, as shown in Figure 3.3b, v
is the sliding parameter, because increasing v horizontally “slides” the maximum and the
minimum points of the ellipse along the vertical axes, as shown in with red dashed arrows.
Since the determinant of A is p2, these two shape transformations do not change the area of
the ellipse. The area depends on the constants u, c-level, and the parameter a. In summary,
with 4 and c is fixed, a controls the total area, 8 controls the upper and lower tangent lines
by stretching the ellipse, and v slides the tangent points of the ellipse along the tangent
lines.

If we compare (3.9) and (3.10), we can clearly see that the 5 in ¢u,¢, which adjusts the
scale of the circles, is replaced with p?. As we explained above, the parameters o and 3 in
¢ have a related (but opposite) effect on the c-level-set, and infinitely many pairs («a, J)
exist that give the same I'y,¢. Hence, we replaced the 3 in ¢, with a constant p? which has

no influence on the c-level-set, to reduce the dimension of the search space of the model by
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eliminating infinite pairs of (a, #), and use only the parameter « to determine the scale of
the ellipses.
For the 3D case, we construct R,; € R**3 using three stretch and slide matrices, as

follows

ey 0 1 0 0 B0
Ryy=p |0 e 0ol x|0 e ~ | X]0 1 0

0 0 1 0 0 e 0 0 e

Note there are six parameters in our model, with each of the three matrices in the product
affecting a shear transformation in a 2D plane within R3. Similar to 2D case, R, creates
anisotropy in x,y, z and, assuming all three (; are finite, may be viewed as the Cholesky
factor of the symmetric positive definite (SPD) matrix A = RI,R,;. We note that in the
3D PaLsS model in [61], the authors modify the CSRBF formulation to use a matrix-based
dilation to define ellipsoids. Unlike what we propose here, their method uses a symmetric
3 x 3 matrix, parameterized by the six unique elements of such a structure. One of the
advantages of our formulation is that R%,R,, is always SPD, whereas in the 3D PaLS model

in [61] regularization is required to enforce this constraint.

3.3 Numerical improvements and stability

PaLEnTIR eliminates two key sources of redundancy inherent in RBF PaLS, thus improving
numerical stability and performance.

First, PaLEnTIR resolves the indeterminacy arising from floating centers in RBF PalS.
In the case of RBFs, the cost function remains invariant under permutation of the basis
functions by switching the parameters, which introduces a structural redundancy in the
model. This permutation invariance indicates that there is no unique representation of the

shapes in terms of the basis functions. We hypothesize that these redundancies manifest as an
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increased condition number in the Jacobian matrix, which can impact the convergence rate
and stability of the inversion process. By fixing the centers of the anisotropic basis functions
(ABFs) in PaLEnTIR, we remove this source of indeterminacy and as demonstrated shortly
reduce the dimensionality of the search space, thereby improving both the conditioning of
the Jacobian and the overall performance during inversion.

Second, PaLEnTIR addresses redundancy in RBF Pal.S associated with what we term
the “width-height trade-off.” In RBF PaLS, as illustrated using a single basis function in
section 3.2, the same circular shape can be obtained by varying either the a (height) or g
(width) parameters, introducing further indeterminacy. This results in non-uniqueness in the
parametric representation of the basis functions, which we show below degrades numerical
stability. In PaLEnTIR, we mitigate this issue by (a) bounding the weight coefficients of the
basis functions through the use of oj,(«) and (b) using the stretch-and-slide matrix to define
the c-level-set geometry both of which control the width-height trade-off.

While we do not claim that PaLEnTIR entirely eliminates all possible redundancies,
we argue that these three modifications—fixing the centers of ABFs, bounding the weight
coefficients, and adding the stretch-and-slide matrix—substantially reduce the sources of
indeterminacy in the model. These changes qualitatively improve the structure of the prob-
lem, making it more amenable to optimization. In the rest of this section, we quantitatively
demonstrate these improvements through empirical results, showing that PaLEnTIR leads
to better performance in terms of the conditioning of the Jacobian and the convergence
properties of the TREGS algorithm.

Here, we use the condition number of the Jacobian matrix, defined as the ratio of the
largest to smallest singular value, to quantify numerical performance. As discussed in [143,
144], this is a crucial metric in determining the performance of a Newton-type approach to
the estimation of the model parameters. Values of the condition number near 1 indicate a
well-conditioned matrix and large values indicate an ill-conditioned matrix. The expressions

detailing the derivatives of the PaLEnTIR parameterization with respect to model param-
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eters, which are necessary for the derivation of the Jacobian, are provided in Appendix A.
However, it should be noted that the condition number of the least squares problem depends
not just on the condition number of the Jacobian but also on the angle between the residual
and the range of the Jacobian [145].

Similar to the discussion in section 3.2, our initial focus is on the single-basis function
scenario. Given that RBF PaLsS is confined to generating circular cross-sections (see section
3.2), we evaluate the numerical performance of both models in terms of their condition
numbers when their respective basis functions generate identical circles in their c-level-set
representations and the forward model is taken to be the identity in a noise-free case. Figure
3.4a plots the condition number of the Jacobian matrix evaluated at the true parameters
against the radius of the circular cross-sections for both RBF PaLS and PaLEnTIR models.
Given that the leading coefficient of PaLEnTIR limits the size of produced shapes, we focus
on circular cross-sections with radii ranging from 0.01 to 0.2 units within a square region of
2 units per side. The condition number is computed using the function ” cond(.)” in Matlab.
Unlike PaLEnTIR, RBF PaLS can produce the same cross-section with many («, ) pairs.
Consequently, we produce identical cross-sections for radii ranging from 0.01 to 0.2, with
increments of 0.001. We vary (a, #) pairs, increasing a by 0.01 within the range of 0.01 to
1. For each radius, we plot both the minimum and maximum condition numbers. The black
and blue lines represent the maximum and minimum condition numbers for RBF Pal.S,
respectively, and the red line represents the condition number for PaLEnTIR. Notably, even
if specifically selecting the («, 5) pairs that yield the minimum condition number for RBF
PaLS, this is still much larger than the condition number obtained with PaLEnTIR. In the
worst case scenario for RBF PaLS, where we pick the (a, §) pairs with the largest condition
number for each cross section radius, the condition number is significantly larger than for
PaLEnTIR.

Next, we evaluate the numerical performance of the methods using the deconvolution

problem described in Subsection 3.4.1. The reference image of the object, which we aim to
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Figure 3.4: (a) Condition number of the Jacobian matrix versus the radius of circular cross-
sections (corresponding to level-sets of single basis functions) for the two models. The black
line (max) and the blue line (min) represent RBF PaL.S, while the red line represents PaLEn-
TIR. (b) Condition number of the Jacobian matrix versus TREGS iterations (log-log scale);
and (c) Objective function values over TREGS iterations (log-log scale) for the deconvolution
experiment discussed in Subsection 3.4.1.

reconstruct, is shown in Figure 3.5a. This analysis was performed using a 11 x 11 grid of
basis functions per level-set for both the RBF PaL.S and PaLEnTIR configurations, with the
corresponding reconstructions presented in Figures 3.5d and 3.5e, respectively.

Figure 3.4b plots the condition number of the Jacobian versus TREGS iterations, where
the blue line represents RBF PaLS and the red line represents PaLEnTIR. Throughout the
iterations, the condition number for PaLEnTIR remains significantly lower than that of
RBF PaLS, consistent with the observations in the single-basis function case. On average,
the condition number of RBF PaLS is 2.7 x 10'? times higher than that of PaLEnTIR over
the iterations.

Figure 3.4c plots the objective function (misfit) against the number of TREGS iterations.
Again, the blue line represents RBF PaLS, while the red line corresponds to PaLEnTIR.
According to the objective function plots, PaLEnTIR achieves a misfit score that is roughly
one-thirth of the RBF PaLS misfit score, aligning with the visual observations made in section
3.4.2. Furthermore, the convergence in the objective function plot occurs much faster for

PaLEnTIR, as its objective plot settles within 100 TREGS iterations.
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3.4 Experimental evaluation

We explore the utility of PaLEnTIR using a variety of linear and nonlinear forward models,
particularly for problems where the data are limited. All experiments require that we use a
discrete form of the forward model developed in section 2.1. To keep the discussion simple,
we use quadrature rules for all integral operators and finite differences if the forward operator
involves a PDE. We could use other methods of discretization, but these assumptions permit
a straightforward extension of the continuous to discrete notation for purposes of this work;
that is, the vector of unknowns represents the values of the desired function f(r;p) at a
finite set of grid points. Specifically, let r;, for i = 1,..., Ny, denote a discrete set of 2D
or 3D spatial grid points in €. We define the N,s-vector f(p) as [f(p)]; = f(r;;p). In this
discrete case, M(f(p)) represents the measured data for all sources given the discrete values

f(ri;p). The discrete forward model thus becomes
d = M(f(p)) +w. (3.11)

We evaluate the performance of the PaLEnTIR model against RBF PaLS [21] and L2-
Total Variation (TV) regularization methods. For the TV method, we employ TVReg from
[146]. A notable advantage of PaLEnTIR over pixel-based approaches like TV is that it does
not require a regularization parameter. In contrast, the TV method relies on selecting an
appropriate regularization parameter, which we determine using the L-curve technique [147].

RBF PaLS is formulated with [log, N level-sets for N contrast levels, meaning the
number of level-sets is directly tied to the number of distinct contrasts in the image. This
requires prior knowledge of contrast levels, which limits RBF PalLLS’s application in scenarios
where the number of contrasts is uncertain. Without accurate information about contrast
levels, RBF PaL.S may fail to capture image variations correctly. For the purposes of this

work, we assume the exact number of contrast levels is known and formulate the RBF
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PaLS model accordingly. In contrast, PaLEnTIR eliminates the need for prior knowledge of
contrasts by always using a single level-set, regardless of how many contrast levels exist. This
feature makes PaLEnTIR more flexible, especially in cases where estimating the number of
contrast levels is difficult or infeasible.

In terms of parameterization, RBF PaLS and PaLEnTIR differ in how they define and
parameterize the level-sets. In RBF PalsS, each RBF requires four parameters in 2D (or
five in 3D) to define its shape. For PaLEnTIR, each ABF requires three parameters in 2D
(or seven in 3D). However, the key difference lies in the number of level-sets each method
requires. PaLEnTIR is always formulated with a single level-set, so for a parametric level-
set function with N basis functions, PaLEnTIR uses 3N parameters in 2D (or 7N in 3D).
In contrast, for RBF PaLS formulated with M level-sets, where each level-set is modeled
with N basis functions, RBF PaLsS requires 4M N parameters in 2D (or 5M N in 3D). For
PaLEnTIR, the initial values of «; are set to 0.001, 3; and ; are set to 0.0001 for all j from
1 to N. For RBF PaLS, the initial values of «; are set to 0.001, 3; are set to 10, initial RBF
PaLS centers x; € R?, are set to X,Y coordinates of an equally spaced N, x N, grid for
Ny, = v/N in 2D, and N, x N, x N, grid for N, = ¥/N in 3D.

Contrast levels are handled differently in each method. In RBF PaLS, the property
values fop and fg are not part of the parameterization and are estimated separately from the
PaLLS parameters. In this work, we employed an alternating minimization approach, where
the RBF PaLS parameters and property values are iteratively fixed and solved for until
the algorithm converges. PaLEnTIR directly parameterizes the contrast values within the
overall optimization, solving for them simultaneously with the shape parameters. The total
number of unknowns for PaLEnTIR, including both shape and contrast parameters, is 5V in
2D (or 9N in 3D). For RBF PaLsS, the total number of unknowns is 4M N shape parameters
in 2D (or 5MN in 3D) along with 2™ property values. Compared to TV regularization,
which treats each pixel as an unknown, both PaLEnTIR and RBF PaLS offer a significant

reduction in the number of unknowns, independent of image resolution, making them more
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computationally efficient for large-scale problems. For PaLEnTIR, the vectors p; and py
are initialized to the contrast limits, set to all zeros and ones in this work, respectively. In
RBF PaLS, the property values are initialized as 2" evenly spaced samples within the range
defined by the contrast limits, 0 and 1.

We show results for the methods and compare (if ground-truth is available) them based
on the following metrics: SSIM, MSE, SNR (dB), and PSNR (dB). The Structural Similarity
Index (SSIM) was developed to replicate the human visual perception system [148]. A value
closer to 1 indicates that the two images are very similar, whereas a value closer to -1
indicates the opposite. Mean Squared Error (MSE) is a commonly used metric to quantify
the difference in the values of corresponding pixels between the sample and the reference
images. Signal-to-Noise Ratio (SNR) measures the level of the desired signal relative to the
level of noise. Peak Signal-to-Noise Ratio (PSNR) quantifies the image quality by comparing
the peak level of a signal to the level of noise. The scores and the number of parameters of
each method are presented in separate tables for each problem, with the better scores for

each metric highlighted.

3.4.1 Deconvolution

Deconvolution is a linear inverse problem that recovers a desired signal from its convolution
with a filter or a distortion function associated with an instrument or the physics of the
problem. The discrete forward model is defined as in (3.11) with f(p) as in (3.1), giving
the forward mapping M (f(p)) = Af(p). The matrix A comes from discretizing an integral
equation that represents convolution.

In this deconvolution experiment, we aim to reconstruct a 256 x 256 image, shown in
Figure 3.5a, from input data that has been both blurred and corrupted by noise. The data
is generated by convolving the true image with a 5 x 5 rotationally symmetric Gaussian
low-pass filter using the MATLAB function fspecial, followed by contamination with 10%

additive Gaussian white noise, resulting in a data SNR of 22dB (as shown in Figure 3.5b).
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Figure 3.5: Deconvolution experiment results: (a) Reference image; (b) Blurred and noisy
input image; (c¢) TV reconstruction; (d) RBF PaLS reconstruction; (e) PaLEnTIR recon-
struction. Zoomed-in images of (f) TV reconstruction, (g) RBF PaLS reconstruction, and
(h) PaLEnTIR reconstruction.

The goal is to assess the performance of PaLEnTIR, RBF PaLS, and TV regularization
in recovering the original image. Figures 3.5c-3.5e display the reconstructions using TV,
RBF PaLS, and PaLEnTIR, respectively. Zoomed-in versions of these reconstructions are
provided in Figures 3.5{-3.5h.

PaLEnTIR uses 121 (11 x 11) basis functions with a total of 605 parameters, while RBF

PaLS employs three level-set functions, resulting in 363 (11 x 11 x 3) basis functions and
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Method Unknowns | PSNR | SNR SSIM MSE
TV 65536 30.4 | 22.3 | 52.0e-02 | 92.2e-05
RBF PalLS 1460 22.8 | 14.8 | 47.7e-02 | 53.0e-04
PaLEnTIR 605 31.5 | 23.5 | 53.1e-02 | 71.3e-05

Table 3.1: Performance metrics for the deconvolution experiment: Number of unknowns,

PSNR, SNR, SSIM, and MSE scores for the TV, RBF PaLS, and PaLEnTIR methods.

1452 parameters as well as 8 property values to be estimated. TV regularization, in contrast,
operates on the pixel level with 65,536 unknowns. Despite the vast difference in parameter
count, PaLEnTIR demonstrates exceptional performance by accurately recovering objects
with smooth, piecewise constant contrast levels and sharp boundaries. PaLEnTIR’s perfor-
mance, as reflected in metrics like PSNR, SNR, SSIM, and MSE (Table 3.1), consistently
surpasses that of both RBF PaLS and TV regularization.

TV regularization successfully recovers smooth contrast levels but suffers from slight
blurring at object boundaries. This blurring is evident in the zoomed-in Figure 3.5f. While
TV performs quite well in terms of PSNR and SSIM, PaLEnTIR’s sharper boundaries (see
Figure 3.5h) and smoother regions ultimately give it the performance edge.

RBF PaLsS struggles the most as seen by the scores shown in Table 3.1 in this experiment.
Despite using three level-sets, RBF PaLS fails to accurately capture the contrast levels of
both the inner square and some parts of the rotated plus sign object, as shown clearly in
the zoomed-in Figure 3.5g. Furthermore, RBF PaLS fails to represent geometric details
of the objects. The inner blue square appears almost circular rather than a square. The
rotated plus sign object exhibits overly rounded, poorly produced shapes. The RBF PalLS
produces rough and inaccurate boundaries for the orange object on the top right as well.
The zoomed-in Figure 3.5g shows the wavy blue surface at the boundary of the object. Also
the recovery of the donut-shaped object does not reflect the true shape of the object. The
inner boundary of the the object is not circular as in the reference image and there is a large
artifact on the object.

Local sensitivity analysis was performed using the One-at-a-Time (OAT) technique [149]
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to demonstrate that selecting the fixed parameters for PaLEnTIR is straightforward and
much easier compared to the challenge of tuning the regularization parameter for TV reg-
ularization. Specifically, we assessed the robustness of PaLEnTIR with respect to the four
fixed parameters: p (a parameter controlling the maximum area of ABF ellipses), w (a pa-
rameter controlling the steepness of the transition function), ¢ (the c-level-set), and N (the

number of basis functions).
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Figure 3.6: Sensitivity and stability analysis: MSE between the true image and PaLEnTIR
reconstructions as a function of (a) the parameter p, which controls the maximum area of
ABF shapes; (b) the parameter w, which controls the steepness of the transition function; (c)
the parameter ¢, which defines the c-level-set; and (d) V,, the square root of the number of
ABFs in PaLEnTIR. (e) MSE between the true image and TV reconstructions as a function
of the TV regularization parameter A. (f) MSE of TV and PaLEnTIR reconstructions across
different data SNR values (dB). The blue line represents TV reconstructions, and the red
line represents PaLEnTIR reconstructions.

Figures 3.6a-3.6d present the mean squared error (MSE) between the true image and
PaLEnTIR reconstructions as a function of the parameter values. Figure 3.6a shows the

MSE as a function of the u. The MSE remains relatively unchanged for values of p ranging
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from 8 to 18. Note that u controls the maximum area of the ABF ellipses. When p is set
to 8, a single ABF ellipse can take up to 23% of a unit square, whereas when p is set to
18, a single ABF ellipse can take up to 4% of a unit square. Figure 3.6b shows the MSE
plot as a function of w in log scale. The MSE remains relatively unchanged for values of w
ranging from 107 to 107!, Similarly, Figure 3.6c shows the MSE as a function of ¢ in log
scale, with negligible variation observed and staying below 2 x 1073 for values of ¢ ranging
from 2 x 10™* to 2 x 1072, Figure 3.6d shows the MSE as a function of square root of the
number of ABFs, N, = v/N. The MSE decreases until the number of ABFs reaches above
100, after which it converges, showing no further noticeable change with an increase in the
number of basis functions.

For comparison, an additional sensitivity analysis was conducted for the TV method with
respect to it’s regularization parameter, \. Figure 3.6e presents the MSE as a function of
A in log scale. The TV method is significantly sensitive to variations in A, with the MSE
increasing markedly as A deviates from the optimal value near 1072

In addition to the sensitivity analysis with respect to the fixed parameters, a stability
analysis was conducted to compare PaLEnTIR and TV regularization in the presence of
noise. Figure 3.6f shows the MSE versus data SNR (dB) plots for both PaLEnTIR and TV.
These plots were generated by gradually increasing the amount of additive Gaussian white
noise in the input data for each simulation. The regularization parameter for the TV method
was carefully selected for each simulation using the L-curve method, whereas PaLEnTIR’s
fixed parameters remained unchanged throughout the simulations. The results demonstrate
that PaLEnTIR consistently maintains lower MSE across varying data SNRs compared to
TV. Furthermore, the gap between the MSE values of the two models widens as the noise

in the data increases.
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3.4.2 X-ray Computed Tomography

X-ray computed tomography (CT) is typically well-approximated as a linear problem and
is one of the most common and well-known methods for medical imaging applications. The
forward model again takes the form of a matrix vector product, i.e., M(f(p)) = Af(p) where
A denotes a (discrete) Radon transform, and the vector M (f(p)) denotes the vectorized form
of the sinogram data. In this work, we explore the performance of PaLEnTIR on both two
and three dimensional CT problems, focusing on limited-angle angle and/or sparse view

reconstructions.
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Figure 3.7: Reference images for the X-ray CT experiments: (a) Thin slice of Edam cheese
carved with “CT” letters; (b) Lotus root filled with various objects; (c) 3D objects in the
shape of a plus sign and a sphere.

In the first X-ray CT experiments, we utilize an open-access dataset of tomographic
X-ray data featuring a carved cheese specimen [150]. The dataset does not specify any
noise-level approximations, and because a ground truth image is unavailable, quantitative
performance metrics cannot be provided. Figure 3.7a shows the reference image, which is
produced by applying a pixel-wise adaptive low-pass Wiener filter to the high-resolution
filtered back-projection (FBP) reconstruction, computed from the provided full-angle 360-
projection sinogram in the dataset. A thin slice of Edam cheese has been carved with ”CT”
letters. In particular, the curvy shapes of the carved letters make the target challenging for

limited angle tomography applications.
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Figure 3.8: 2D X-ray CT experiment 1 results: (a) TV reconstruction; (b) RBF PaLS recon-
struction; and (c) PaLEnTIR reconstruction. Zoomed-in images of (d) TV reconstruction,
(e) RBF PaLS reconstruction, and (f) PaLEnTIR reconstruction.

In this experiment, we focus on a limited angle, limited view scenario, using 15 projections
within a narrow angular range of 1°-90°. PaLEnTIR and RBF Pal.S are both implemented
using an 11 x 11 grid of basis functions. This is equivalent to 605 parameters for PaLEnTIR
and 484 parameters plus 2 property values for RBF PaLS, less than 1% of the unknowns in
pixel-based methods. The reconstructions of the methods are shown in Figures 3.8a-3.8c,
with the zoomed-in Figures 3.8d-3.8f.

The TV recovery in Figure 3.8a, displays pronounced artifacts including blurred bound-
aries around the cheese and the carved letters. Additionally, noise artifacts appear in the
background. Despite these limitations, TV is still recovers some fine details of the carved
letters, such as the curvy shapes of the carved letters, seen in the zoomed-in Figure 3.8d.
However, the blurring in the TV reconstruction significantly reduces the overall clarity of

the recovered image.
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RBF PaLS reconstruction, shown in Figure 3.8a, suffers from significant artifacts, includ-
ing non-existent carvings around the letters, which make the letters difficult to distinguish.
Additionally, the main body of the cheese is inaccurately recovered, with false extensions
appearing. The shapes of carved letters C and T are poorly represented.

In contrast, PaLEnTIR, recovery is shown in Figure 3.8a, demonstrates superior perfor-
mance with respect to other methods. The PaLEnTIR reconstruction accurately captures
the intricate details of the carved letters as seen in the zoomed-in Figure 3.8f. The impact
of the limited-angle of view sparse data is apparent in the rough surface of the PaLEnTIR

recovery as well, yet the impact is relatively suppressed compared to the TV reconstruction.
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Figure 3.9: 2D X-ray CT experiment 2 results: (a) TV reconstruction; (b) RBF PaL§ recon-
struction; and (c) PaLEnTIR reconstruction. Zoomed-in images of (d) TV reconstruction,
(e) RBF PaLS reconstruction, and (f) PaLEnTIR reconstruction.

We next reconstruct a lotus root filled with chemical objects using tomographic X-ray
data from the open-access dataset [151]. The reference image in Figure 3.7b is produced

by applying a pixel-wise adaptive low-pass Wiener filter to the high-resolution filtered back-
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projection (FBP) reconstruction, computed from the full-angle 360-projection sinogram. The
lotus root, with its starchy texture and varying hole sizes, serves as an ideal test subject for
sparse-data C'T applications due to its challenging structure. The filled objects are circled in
the reference image, including a pencil (circled in red), chalk (circled in green), three ceramic
pieces (circled in yellow), and match-heads (circled in black), contributing a range of shapes,
sizes, and contrast levels.

We employ a sparse-view reconstruction setup with 120 projections over the full range of
angles. The PaLEnTIR, RBF Pal.S, and TV reconstructions are shown in Figures 3.9a-3.9c,
and the zoomed-in Figures 3.9d-3.9f respectively. The TV method uses 65,536 pixels while
PaLEnTIR uses 3,125 parameters with a 25x25 ABF grid. RBF PaLS is formulated with two
level-sets and 25x25x2 RBFs, incorporating prior knowledge of four contrast levels, yielding
5,000 shape parameters plus 4 property values.

The TV reconstruction captures fine details such as small holes and the filled objects,
though some blurring and mild X-ray artifacts remain. It provides the highest level of
detail among the methods, with only minor imperfections. RBF PaLS, on the other hand,
struggles significantly to recover the objects. In the RBF PaLS reconstruction, the lotus
root’s surface appears rough, with many details either missing or poorly defined, and the
filled objects are indistinguishable, except for the chalk. The small holes near the root’s
boundary are completely missed, and larger features, such as the main holes, appear blurred
and indistinct.

In contrast, PaLEnTIR produces a notably improved reconstruction compared to RBF
PaLS. PaLEnTIR successfully captures key details, including the chalk, the match-heads,
the ceramic pieces, and the pencil. Unlike RBF PaLS, PaLEnTIR can distinguish both
the larger and smaller holes on the surface of the root. However, PaLEnTIR still struggles
with some blurring and roughness on the root’s surface. While it manages to capture small
details that RBF PaLS misses, these details are not as sharp as in the TV reconstruction,

highlighting a limitation of PaLS-like methods in resolving very fine features.
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We now consider a 3D limited-view parallel beam tomography experiment using synthetic
data. The true object is shown in Figure 3.7c. The input data is generated from 7 projections,
each centered on the surface of one-eighth of a Lebedev sphere [152], resulting in sparse and
limited-angle CT data. The data is corrupted with 1% additive Gaussian white noise. The
experimental setup was constructed using TVReg [146].

We compare the performance of PaLEnTIR, RBF PaLS, and TV regularization. PaLLEn-
TIR and RBF PaLS used 216 basis functions centered on a 6 x 6 x 6 grid, resulting in
1,944 unknowns for PaLEnTIR and 1,082 unknowns for RBF PaLS, compared to the 19,683
unknowns required by TV. Figures 3.10a-3.10c present the reconstructions produced by the
three methods, while performance metrics are listed in Table 3.2.

PaLEnTIR demonstrates exceptional performance, as shown in Figure 3.10c. It not only
matches the visual quality of the TV reconstruction but outperforms it in terms of key
metrics such as PSNR, SNR, and MSE, with a marginally higher SSIM. The structural
details of the objects are recovered accurately, with smooth surfaces and sharp edges, and
the reconstruction shows no noise or artifacts.

In contrast, the RBF Pal.S reconstruction, depicted in Figure 3.10b, performs signifi-
cantly worse than both TV and PaLEnTIR. The edges of the object at the top are rough
and overly rounded, lacking the sharpness seen in the other reconstructions. Additionally,
the object on the bottom is poorly recovered compared to almost identical recoveries of TV
and PaLEnTIR methods. These visual shortcomings are reflected in the substantially lower

performance metrics.

Method Unknowns | PSNR | SNR SSIM MSE
TV 19683 33.8 | 20.9 | 99.0e-02 | 41.7e-05
RBF PaLS 1082 18.4 5.5 83.1e-02 14.4e-02
PaLEnTIR 1944 54.7 | 41.7 | 99.6e-02 | 34.1e-07
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Table 3.2: Performance metrics for the 3D X-ray CT experiment: Number of unknowns,
PSNR, SNR, SSIM, and MSE scores for the TV, RBF PaLS, and PaLEnTIR methods.
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Figure 3.10: 3D X-ray CT experiment results: (a) TV reconstruction; (b) RBF PaLS recon-
struction; and (c) PaLEnTIR reconstruction.

3.4.3 Diffuse Optical Tomography

Diffuse optical tomography (DOT) is a non-invasive, low-cost alternative for breast and
brain imaging compared with X-ray and MRI [37]. In DOT, the tissue is illuminated with
near-infrared light and the data, comprised of point measurements of diffused and partially
absorbed photon fields, is collected external to the body. These measurements are used
along with a mathematical model, typically a diffusion-absorption equation (posed in the
frequency domain), to recover the optical absorption and (sometimes) scattering properties

of the medium. Here we use such a model of the form

V- (D) Vn(r) + K(r:p)n(r) + —n(r) = g(x), (3.12)
where D(r) represents the (here) known scalar diffusion at a point r, x(r; p), the quantity for
which we invert, represents the absorption as a function of space and the parameter vector
p, w represents the modulation frequency of the light source, and v represents the speed
of light in the tissue. The sources are placed one grid point inside the medium [42], and
the detectors are placed on the opposite boundary. On the boundaries where the sources
and detectors are located, we have Robin boundary conditions; on the other boundaries, we
use homogeneous Dirichlet boundary conditions, n(r) = 0. For details, see [153, 154, 155].

The recovered absorption coefficient (and sometimes also the diffusion/scattering) can be
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used to characterize the state of the tissue [37, 156]. Following, e.g., [157], we assume that
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Figure 3.11: Diffuse optical tomography experiment results: (a) True anomaly with sources
(right) and detectors (left); (b) RBF PaLS reconstruction; and (c¢) PaLEnTIR reconstruction.

the absorption coefficient can be modeled via (3.1). As shown in Figure 3.11a, we take the
region to be imaged as a rectangle of size lem by lem, with my, = 32 sources arrayed on
the right side and my = 32 detectors on the left. As before, we let f(p) denote the discrete
absorption image for a given parameter vector, that is, [f(p)]; = f(r;, p) for any grid point
r;. Assuming we collect data for all detectors when each source is active, we obtain a data

vector d with m = m, X my values for each modulation frequency w.

Method Unknowns | PSNR | SNR SSIM MSE
RBF PaLS 486 7.9 3.1 | 77.3e-02 | 16.2¢-02
PaLEnTIR 605 18.3 7.2 | 55.4e-02 | 14.8e-03

Table 3.3: Performance metrics for the diffuse optical tomography experiment: Number of
unknowns, PSNR, SNR, SSIM, and MSE scores for the RBF Pal.S, and PaLEnTIR methods.

The input-output map from sources to detectors [158] (also called the transfer function)

as a function of p and w, is given by

P(f(p);w) = C"A(f(p);w)"'B € R™*™, (3.13)

where B € R™™s represents mg sources, n is the total number of voxels or grid points,
A(f(p);w) € R™™ represents the discretization of the diffusion-absorption equation, and

CT € R™*" simulates the measurement of outputs at mqy detectors. So, A(f(p);w)X = B
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represents the discretized PDE that relates photon fluence/flux at grid points to the sources
[42]. The DOT inverse problem is then specified by the forward mapping M(f(p);w) =
vec(¥(f(p); w)), the vectorization of the transfer function outputs for a vector of frequencies
w = [wi,...,Wn,]. Given a vector of measured data (with additive noise) d, we solve for p
by minimizing £ ||vec(¥(f(p);w)) — d||3. Note that regularization is provided implicitly by
the parameterization.

We present the results of the DOT experiment in Figures 3.11a-3.11c, with the true
anomaly depicted in Figure 3.11a. This experiment focuses on assessing the quality of shape
reconstruction using the new PaLEnTIR parameterization and comparing it to the RBF
PaLS method. The DOT problem, known for its severely ill-posed nature—due to the lim-
ited number of sources and detectors, along with the highly diffuse forward model—poses
a significant challenge for accurate reconstructions. In this context, shape-based, param-
eterized methods like PaLEnTIR are particularly valuable for problems with well-defined
boundaries.

We introduced 1% additive Gaussian white noise to the data. Both PaLEnTIR and RBF
PaLS used 112 = 121 basis functions. Table 3.3 summarizes the performance metrics and
the number of parameters for both methods.

The PaLEnTIR r