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Abstract
The Fabry-Perot open resonator is widely recognized as a powerful tool
for the measurement of dielectric permittivity and loss tangent in low-loss
materials at millimeter wave frequencies. The measurement technique that yields
the most precise data with this instrument involves varying the length of the
resonant cavity in steps as small as 10nm. Achieving length variations of this
magnitude brings about many unique challenges that often lead to corrupted data
and introduction of error into dielectric measurements. A novel signal processing
technique has been developed to recover the assumed resonance profile and
extract information needed to measure permittivity and loss tangent. Corrupted
data was acquired using a 60GHz open resonator system on dielectric specimens
that had previously been measured. The signal processing technique was applied
to this data and produced measurements with similar accuracy as previously
acquired uncorrupted data. This method, when applied to uncorrupted data, will
likely further improve the precision of dielectric property measurements.
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Chapter 1:
Introduction

Fabry-Perot open resonator systems have been used for years as a
technique to measure dielectric permittivity and loss tangent with extremely high
precision in low-loss materials at millimeter wave frequencies. While other
methods have proven effective for low-loss materials in the radio and microwave
frequencies, dielectric characterization with an open resonator system has proven
time and again to be more effective than conventional measurement techniques at
high frequency. As solid-state sources become more and more accessible and
affordable at higher frequencies the demand for accurate material property data in
this range has risen.
The Fabry-Perot interferometer is a device that has been extensively
studied and used for years. In the microwave and millimeter wave research these
devices are used mostly for radiation filtering, dielectric measurements, gas
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spectroscopy, and plasma diagnostics1. Despite the many uses in the microwave
and millimeter wave spectrum, the Fabry-Perot interferometer was originally
developed and studied as an optical device. They are widely used in regulating
wavelength in the sources of fiber-optic systems and for other applications in the
optical spectrum. The interferometer is made up of two parallel, partially
reflective mirrors. When the mirrors are adjusted to be parallel with a high degree
of precision, light radiation falling normal to the system is trapped between them.
As the light bounces back and forth between the field energy penetrates through
the mirror and is partially absorbed by the mirror and partially diffracted into the
open space beyond the planes of the mirrors2.
The property that makes this system so interesting, and the one that is
most commonly utilized, occurs when the mirrors are spaced at an integer
multiple of the half-wavelength of incident light that is radiated normal to the
plane of the mirror. In this situation the reflected light between the mirrors
experiences constructive interference creating field resonance between the

Fig. 1.1: Ray diagram of a Fabry-Perot
interferometer
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mirrors. If the mirrors are considered to be ideal partially reflective mirrors where
no absorption occurs, light will be transmitted away from the device with the
same power and direction of the incident light and the system is effectively
transparent. When this spacing condition is not satisfied almost all of the light is
reflected back towards the source. When the radiation source or the spacing can
be swept with very fine resolution the transmissivity of the system can be exhibits
very sharp peaks, or a resonance profile2,3.
When the frequency of radiation is decreased into the quasi-optical
millimeter wave realm, the configuration of the system can be changed while still
exploiting its desirable properties. For the application of measuring dielectric
samples several different configurations are possible. These configurations are the
plano configuration, consisting of two parallel-plane mirrors as used in the optical
case, the confocal configuration, which employs two concave mirrors, each
spaced at distance within the focal length of the other, or the semi-confocal or
hemispherical configuration, in which a plane mirror is spaced at a distance less
than the focal length of the other4,5. Both the confocal and hemispherical
configurations hold a distinct advantage over the plano configuration in that they
create a situation in which losses due to diffraction are made negligible allowing
for higher values of Q-factor, however, the hemispherical configuration presents a
physical situation that lends itself to the measurement of dielectric samples1,6.
There is a long history of with Fabry-Perot resonators to measure
dielectric permittivity. Culshaw initially proposed the idea in 19597, and later
presented measured data in two pioneering works8,9 using the plano configuration.
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However, losses due to diffraction were experienced in this work and the field
distribution between the mirrors was regarded as too complex to explain
mathematically5. The work of Kogelnik and Li4 on the comparatively simple
theory of Gaussian beams in confocal and semi-confocal open resonators laid the
foundation for further explanation of dielectric measurement using these
configurations.
Measurement techniques using confocal and semi-confocal were
developed by Cullen and Yu5,10,11 and Jones6,12,13 respectively. Cullen and Yu
developed the theory of precise measurement using the Fabry-Perot open
resonator in a series of landmark papers between 1971 and 1982. Their
development of a vector-field based theory of Gaussian beams yields an exact
solution to Maxwell’s equation. Using the vector-field based theory they were
able to make approximations to create simple equations for the fields inside a
confocal Fabry-Perot resonator. This allowed for accurate bounding of error in
dielectric measurements yielding much higher precision compared to the scalarbased Gaussian beam theory that was the standard up until that point. A
variational formula for the resonant frequency based on Rumsey’s reaction
concept for cavity perturbations was then applied to the simplified field equations
inside the resonator5,10,11.
Jones adapted Cullen and Yu’s theory to the semi-confocal resonator
configuration. His experimental setup consisted of the concave mirror mounted
directly above the plane mirror. This allows the dielectric sample to rest on the
plane mirror for measurement, laying normal to the axis of the beam and
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automatically aligning it with the concave mirror. The placement of the sample in
the semi-confocal configuration is significantly simpler than in the confocal
configuration where the sample must be held exactly at the midpoint of the two
concave mirrors and aligned carefully to be normal to the axis of the beam3,6,12,13.
The Fabry-Perot resonator is widely considered one of the best
instruments for making precision dielectric measurements in extremely low-loss
materials14-16. When a dielectric sample is placed in the resonator, radiation is
reflected off of each of its surfaces and the mirror thousands of times allowing a
means to measure the very small fraction of energy that is absorbed by very lowloss material. By measuring the differences in the resonant frequency or resonant
distance and the Q-factor in the resonance profiles of the empty resonator and the
resonator loaded and using the theory developed by Cullen and Yu, it is possible
to make precise measurements of absorption and refractive index of the low-loss
material. As mentioned before, there exist two practical techniques for creating
resonant profiles for comparison.
The first of these techniques is known as the frequency variation
technique. This method consists of sweeping the source of the resonant energy
about the nominal resonant frequency. Historically this method has been the
preferred method for making measurements because the physical cavity can be
held constant. It should be noted that tunable electronic sources at microwave and
millimeter wave frequencies with the high degree of stability required for these
precision measurements can be expensive make and difficult to make. However,
in the past it has proved far easier to create circuitry that can sweep about the
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resonant frequency with fine resolution than to create a cavity with length
variation with the necessary resolution11.
The other practical measurement technique, known as the cavity length
variation technique involves sweeping the physical distance between the two
mirrors with fine steps about a known resonant length. This method eliminates the
need for the highly stable tunable source. The challenge associated with this
method is being able to step the distance with fine enough resolution to produce
the sharpness associated with high Q-factor in resonant profile needed to produce
measurements with the comparable precision to the frequency variation technique.
This is especially difficult for instruments with higher resonant frequency and
shorter wavelength, as the steps must be very, very small in comparison to the
wavelength to make precision measurements. It can be challenging to build a
resonator with such fine resolution while maintaining good alignment between the
mirrors11.
The Fabry-Perot resonator fills a niche for high-precision dielectric
measurement of very low-loss materials and has many advantages over other
measurement techniques, however, it is important to recognize the shortcomings
of this instrument, as well. The most notable of these is the tight spectral
limitations of an individual instrument. Each resonator is a finely tuned apparatus
that is made to operate at one frequency. Thus many different instruments would
be needed to take measurements over a larger spectral range. Highly stable
tunable electrical circuitry is, by its nature, very sensitive to environmental factors
such as temperature, humidity and vibration. In addition spatially scanning
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mechanical machinery with such fine resolution presents difficulties with
maintaining alignment and smooth and even stepping. However, despite the
difficulties presented with this instrument, it is often still the best or even the only
option for precision dielectric measurements in very low-loss materials.
A 60GHz Fabry-Perot open resonator system has been built at the High
Frequency Materials Measurement and Information Center at Tufts University.
This frequency was chosen because it is a naturally absorbed frequency in the
atmosphere by oxygen17. This property makes 60GHz a frequency of interest for
several specific applications. This frequency is often chosen for satellite-tosatellite communications so that the signal will not be received by ground-based
systems18. The intelligence has operated at 60GHz for years for secure point-topoint communications19. In addition, recently this frequency has been developed
for high-speed wireless data transfer allowing for transmission rates comparable
with fiber optic technology and a high level of security due to its short range20.
While 60GHz is used in many mature technologies, its high atmospheric
attenuation ensures that it will continue to be used for existing applications and
that it will be used in the development of future applications.
Precision measurements utilizing the cavity length variation technique
were first achieved by Afsar et al.14 on the aforementioned 60GHz Fabry-Perot
open resonator system. Generally the cavity length was swept in coarse 500nm
steps as a means to find the approximate location of resonant modes. At this point
the cavity would be set to the length at which a resonance occurred and the
frequency variation technique would be employed to make measurements. This
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frequency scan was performed with 10kHz steps. However, at this time the
system was capable of stepping with resolution as fine as 20nm. Resonance
profiles using a cavity scan with 20nm steps produced Q-factor almost as high its
10kHz frequency scan counterpart, but were not as susceptible to the
environmental factors that affect the stability of the source in the frequency scan.
However, the 20nm step cavity scan would sometimes produce resonance profiles
with a step-function-like shoulder, which suggested that the step resolution was
perhaps too coarse. This feature decreases the accuracy of the measurement and
brings up questions of the integrity of measurements using this technique14.
Great improvements were made by Chen on the 60GHz Fabry-Perot open
resonator system in 2005 to bring the instrument to its current state. The system
will be described in detail in Chapter 4. The most notable upgrade made to the
system came in its improved cavity length stepping resolution. Cavity steps as
fine as 10nm were achieved with the installation of a custom-made micrometer
screw, stepping motor and modified stepping motor electronics. These
improvements in cavity length step resolution led to acquisition of highly
symmetric, noise free Gaussian resonance profiles. It was found that resonance
profiles using the 10nm steps were very stable and highly reproducible. The true
value of the 10nm resolution is apparent when considering that it improves the Qfactor produced by the 20nm scan from around 80,000 to 130,000. This increase
in Q is directly related to an increased precision of permittivity and loss tangent
measurements. These higher values of Q-factor have been shown to extend the
scope of the Fabry-Perot open resonator system beyond measurement of only very
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low-loss samples to medium absorbing and ferrite magnetic samples. These
advancements in precision using the 10nm resolution cavity scan make it the best
method for measuring dielectric permittivity and loss tangent at 60GHz21,22.
The process of reviving this instrument after several years of disuse will
be discussed. While attempting to restore the machine to working order many
problems were encountered. The most notable of these problems has to do with
cavity length stepping at high resolution. Any instrument that has cavity length
scan capabilities on the order of 10nm faces challenges similar to those faced
during this process. These problems exist in both the finely tuned mechanical
stepping mechanisms as well as the digital electronic motor control and
controlling computer that make possible such tiny variations in length. Signal
processing techniques were developed to overcome this problem. These
techniques greatly improved the measured results of permittivity and loss tangent,
essentially make sense of otherwise unusable data. The signal processing
technique that has been developed is an adaptive curve-fitting algorithm, which
extracts important information from the raw data by using statistical analysis.
The 60GHz Fabry-Perot open resonator system was restored to a condition
in which data collection was possible. Measurements were made on two
polyethylene samples using the signal processing techniques that were developed
and comparison can be made to previous measurements. These signal processing
techniques will prove useful not only for data corrupted by the problems that still
exist in this instrument, but also on data acquired on a machine with no
mechanical issues.
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Chapter 2:
Quasi-Optical Fabry-Perot Open
Resonator Systems

2.1 Fabry-Perot Open Resonator Systems

In the simplest terms a Fabry-Perot resonator or interferometer is a system
of two mirrors capable of supporting electromagnetic resonance that is unbounded
in directions normal to the axis of propagation of the standing wave. These
electromagnetic resonances can be described by the amplitude of the electric field
of the radiation and called standing waves. Fabry-Perot resonators are considered
to be multi-pass systems, characterized by resonances of orthogonal modes. In
this case the orthogonal modes are standing waves with a defined wavelength λ of
various wavenumbers. While mirrors are easily described by their reflectivity,
trasmissivity, and absorbance, thinking of a Fabry-Perot resonator configuration
as a system of two mirrors can be misleading. It is far easier to observe the
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standing waves inside the resonator rather than to observe each traveling wave as
it is reflected off the mirrors. Therefore, it is more accurate to think of the
resonator as a single element, rather than a system of elements, and characterize it
as such1,2.
Optical Fabry-Perot interferometers are often characterized by two related
properties: resolving power and finesse. Microwave and millimeters wave
resonators on the other hand are characterized by their quality factor (Q-factor).
These optical and millimeter wave concepts are closely related and are the results
of parallel progress of two different research communities. Equation (2.1) shows
the relationship between these characterization terms and to the physical
properties of the standing waves inside the resonator:
! = !! =

!
!
!" ! 2!" !"#
=
=
=
=
,
∆! Δ! 1 − !
!
!

(2.1)

where Q is the quality factor, RP is the resolving power, λ is wavelength, f is
frequency, Δλ and Δf are the half power distances of the resonance profiles, k is
the wave number and is equal to 2π/λ, F is the finesse of the resonator, D is
distance between the mirrors, and R is the reflectivity of the mirrors1. These
properties can be calculated theoretically as a guide when constructing a
resonator, or can be physically measured to characterize an existing system7.
Quality factor can be described in simpler terms as
!"#$%&!!"#$%&!!"!!"#$"%&'!!!"!#$%

! = 2!" !"#$!!"##"$%&"'(!!"!!"#$%!!"!!"#$"%&'!!!"!#$%.

(2.2)

Thus it can be thought of as a ratio of the energy in the resonator to the losses
exhibited by the resonator due to losses in the reflectors8. The higher this ratio is,
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the higher the quality of the resonator and the sharper the points in the resonance
profile will be. As the sharpness of the points in the resonance profile increase,
the better the ability to resolve the profiles of two or more orthogonal modes
becomes. If the cavity is scanned in space, higher resolving power comes with
small steps compared to the resonant wavelength. This idea of having high
resolution plays directly into the definition of finesse, which varies inversely with
the step size of the cavity. Note that the resonance profile of each orthogonal
mode theoretically should have a slightly different Q value1.
While any open- or closed-cavity resonator can be considered an analog of
a Fabry-Perot interferometer, in reality only open-cavity resonators bounded by
reflectors on either end satisfy the conditions to truly be considered one. In quasioptical operation the electromagnetic radiation is bounded only by the reflectors
at either end and by the condition that the electromagnetic fields inside the
resonator satisfy Maxwell’s equations. It should be noted the that the Fabry-Perot
resonator is capable of achieving much higher Q-factors than a traditional
microwave cavity resonator as any loss typically associated with the sidewall of
the cavity can be eliminated. In a conventional rectangular waveguide radiation is
traditionally of the mode TEmn, TMmn, or TEMmn. These modes describe the
radiation as travelling (or being “guided”) transverse to the electric field,
magnetic field, or both electric and magnetic fields. When the sidewalls of these
are eliminated the radiation is of the mode TEMmnq and gives rise to the subclass
of open resonators at microwave and millimeter wave frequencies. In the case of
an open resonator energy radiates in the transverse direction of both the electric
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and magnetic fields. The q in the number of the mode is defined as the number of
standing waves that exist in the transverse direction, essentially the number of
wavelengths in the resonant standing wave1.
Culshaw7,8 pioneered the use of a Fabry-Perot resonator for dielectric
measurements at millimeter wave frequencies and his collaboration with
Anderson9 resulted in a resonator with reported Q-factor on the order of 3,000.
The design in this work featured a plano configuration, but suffered several
limitations. Diffraction at the edges of the reflectors proved to be a difficult
problem to mitigate as diffraction at the edges resulted in loss and made the
theoretical distribution of the electromagnetic fields very difficult to describe.
Significant advantage was gained when one or both of the reflectors was replaced
with a concave reflector, effectively focusing the radiation into a smaller physical
volume as reported by Fox and Li23 and Boyd and Gordon24. When the additional
restriction that the concave reflectors be spherical is enforced the radiation pattern
in the resonator is simplified significantly such that the measurements can be
made without using overwhelming computational power. As summarized by
Kogelnik and Li4, when a concave reflector is used in an open resonator the
orthogonal modes are reduced to the well-known Gaussian beam modes in the
paraxial approximation1.
It is important to compare the advantages and disadvantages imposed by
using either an open or closed microwave or millimeter wave resonator for
measurement of dielectric samples. For example, for measurement at lower
frequencies an open resonator will require a much larger sample than a closed
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resonator. However, for higher frequencies measurement with open resonators
seems far more convenient, as it has been shown that the spectrum of an open
resonator is far sparser than that of a closed resonator25. The physical
configuration of the open resonator also makes placement and manipulation of
dielectric samples significantly easier. While comparison to closed cavity
resonators is important and the disadvantages of the open resonator system should
be taken into account before deciding on a technique for dielectric measurement,
the advantages of open resonators far out weight its disadvantages and any upside
of closed resonators in most applications of the measurement of solid low-loss
dielectric samples1.

2.2 Quasi-Optical Open Resonator Configurations
The theory surrounding several different configurations of microwave and
millimeter wave open resonators have been reported and resonator systems were
built since Culshaw’s adaptation of the Fabry-Perot interferometer at these
frequencies. Kogelnik and Li4 presented a detailed record of these configurations,
the reflector shapes required and their theoretical field distributions. Rosenberg
and Clarke1 have created a summary of configurations along with many of the
practical design considerations required to build an open resonator at microwave
frequencies. This section will closely follow these two papers and attempt to
summarize their findings.
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2.2.1 Coupling
In optical interferometers typically couple radiation in one of three ways.
The first is called wavefront splitting in which a single point source is used to
create one or more effective point sources that result in an interference pattern.
This method is utilized by Young’s classic double slit experiment in which the
wavefront of a single point source is divided by two very narrow slits into two
separate effective point sources and an interference pattern can be observed. The
second optical coupling method is called amplitude coupling where a partial
reflector is used to divide light from a point source as is the case with a FabryPerot interferometer. The third method involves polarizing light into orthogonal
modes as in dual polarization interferometry. In a millimeter wave Fabry-Perot
resonator coupling may be achieved by exploiting these optical properties in the
quasi-optical frequency range or by using more conventional microwave and
millimeter wave methods such as coupling apertures built into the reflectors1.

Most frequently, quasi-optical coupling is achieved by injecting radiation
through one reflector parallel to the axis of the resonator or using a beam splitter

Fig 2.1: Quasi-optical coupling configurations (a) Coupling parallel to resonator axis and (b)
Coupling using a 45° beam splitter
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Fig. 2.2: Energy coupling using a
rectangular TE10 mode waveguide
feeding into a recess built into the
back of a concave reflector

at 45° to the axis of the resonator and injecting radiation normal to the axis as
shown in Fig. 2.11. Often when radiation is injected parallel to the axis of the
resonator, plano-convex lenses are fixed at the mouth of the radiating horn
antennas to create a flat wavefront at the incident reflector. This eliminates any
phase difference as the wave enters the resonator. In the other quasi-optical
coupling configuration polyethylene has typically been used in the past. There is
an advantage to this configuration in that the Q-factor of the resonator can be
varied by rotating the angle of the beam splitter in relation to the feed horns1.
Energy may also be coupled using techniques that are more conventional
in microwave and millimeter wave disciplines. Typically this involves a
waveguide built into the reflector with a coupling-hole flush to the reflector
surface as shown in Fig. 2.21. In effect the aperture behaves as a radiating
magnetic dipole at the surface of the reflector26. The diameter and thickness of the
wall of the coupling hole is found experimentally by examining the coupling
coefficient, controlling the signal to noise ratio, and the degradation of Q-factor.
These two parameters conflict and therefore a balance must be found between the
two1.
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2.2.2 Reflector Configurations
A. Plano Configuration
The plano configuration features two plane mirrors carefully aligned in
parallel to achieve resonance has been built and studied effectively in a number
early works on quasi-optical Fabry-Perot open resonators. The coupling
configuration shown in Fig. 2.1(a)1 has been used by several authors utilizing
various methods and materials for creating effective reflectors. Resonators
featuring reflectors made of perforated metal sheets and stacked quarter-wave
dielectric sheets were utilized by Culshaw and others in pioneering
investigations27,28. One- or two-dimensional metal grids have also been used as
reflectors in this configuration29. A condition on these plane reflectors noted by
Culshaw in his work with perforated metal reflectors is that the mirrors must be
flat on the order of 1/1000 of a wavelength. This is a known challenge of building
the plano configuration with parallel quasi-optical injection. For a thin sheet of
metal this problem can be mitigated by framing the reflector and placing it under
appropriate tension to achieve flatness. Other proven methods of creating plane
metal reflectors include evaporation or vacuum deposition of metal onto an
appropriate substrate and photo-etching of holes or gratings into a metal1.
Grated metal reflectors in Fabry-Perot open resonators have been
extensively studied. It has been shown that their properties are improved when
they are stacked at quarter-wavelength intervals separated by either air or
dielectric sheets7. Alternating separations of air and dielectric sheets have also
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been used with some success27,28. The most notable limitation when building
reflectors using the alternating air-dielectric “sandwich” structures is dielectric
loss, which must be very low in order to achieve acceptable performance. When
building any reflector using dielectric sheets other material limitations, of course,
come in to play in that the dielectric must be rigid and workable enough to
physically build the structure1.
When building reflectors with grated metal sheets it is important to
consider the Fresnel number of the resonator,
!2

! = !",

(2.3)

where a is the effective characteristic size of the grating aperture and D is the
distance between the reflectors. The Fresnel number characterizes the diffraction
losses through the resonator and it has been shown that it must have a value of at
least 10 to achieve a high Q-factor24.

B. Curved Reflector Configurations
Since the 1982 work Cullen and Yu11 most quasi-optical Fabry-Perot
resonators have featured at least one concave, usually spherical, reflector.
Although it is theoretically possible to use a convex curved reflector, such a
configuration has likely never been realized. A number of different variations
exist using concave reflectors. These reflectors are most often fabricated by
electroforming or machining from a solid, though it possible to create them from a
flat sheet. These reflectors can be made from materials including brass and copper
and are often plated to reduce resistivity, achieving higher resonator Q. Kogelnik
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and Li4 extensively studied and summarized physical configurations possible for
Fabry-Perot resonators using concave reflectors. They found that the distance
between reflectors shown in a configuration like that of Fig. 2.3(a) must satisfy
the condition
0 ≤ (1 − !/!! !)(1 − !/!! !) ≤ 1.

(2.4)

The standard confocal configuration is one that satisfies the conditions r1=r2≈r0
and a1=a2. Boyd and Gordon showed that some degeneracy exists in the standard
confocal configuration, so often resonators are varied slightly during operation to
avoid this position1,24.
The setup shown in Fig. 2.3(b) is known as the semi-confocal
configuration. This system exists when a plane mirror is placed at or near r0/2.

Fig. 2.3: Curved reflector configurations, (a) confocal configuration, (b) semi-confocal
configuration, (c) hemispherical configuration
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The configuration shown in Fig. 2.3(c) is known as the hemispherical
configuration and occurs under the conditions that the plane mirror is placed near
the radius of curvature of the concave mirror and that the concave mirror is
spherical in nature. These configurations hold several advantages over their larger
confocal counterpart in that they occupy less space, they feature a smaller, often
less expensive plane mirror rather than a second large concave one, and, for the
application of measuring dielectric properties, they provide a flat structure on
which a dielectric sample may be placed. The advantages of satisfying the
condition that one or both of the concave mirrors are spherical will be discussed
later1.
C. Other Open Resonator Configurations
Through concave and plano configurations are the most frequently used
quasi-optical Fabry-Perot resonators, other configurations and geometries exist.
However, these geometries are rarely used and there is no reported advantage to
using them, and therefore, they will not be discussed extensively in this paper.
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Chapter 3:
Gaussian Beam Wave Theory in the
Open Resonator

3.1 Scalar Gaussian Beam Wave Theory in an Open
Resonator
Resonator

configurations

that

feature

spherical

mirrors

can

be

advantageous as they focus energy into Gaussian beam waves. The resonant
modes associated with these are well known and have been well defined in
Kogelnik and Li4, Ramo et al. and Cullen and Nagenthiram31 among others.
Conventional Gaussian beam wave theory, as described by the works above, is
essentially scalar in nature11. Cullen and Yu developed a Gaussian beam wave
theory for the purpose of increasing precision and developing a theory that could
exactly satisfy Maxwell’s equations10,11. Both of the scalar and vector field based
forms of Gaussian Beam Wave theory will be studied in this section. Although the
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vector-field-based theory is much more precise for the measurement of dielectric
properties it is important that the scalar theory is presented to lay a foundation on
which the second, more complex theory can be built and to provide a means to
compare the two.
Both forms of the Gaussian beam wave theory utilize the paraxial
approximation frequently used in geometric optics. The paraxial approximation is
essentially a small angle approximation that is made near the beam’s axis of
propagation. It essentially states that near the optical axis the small angle
approximation can be made where for given the small angle !, sin ! ≈ !,
tan ! ≈ ! and cos ! ≈ 1. Making this approximation, of course, adds error to the
analysis. This error will be discussed more in depth in the section featuring
vector-field based Gaussian beam wave theory.

Fig. 2.4: Gaussian beam diagram with parameters: w0 beam waist spot size,
w(z) beam width, zR Raleigh range, b confocal parameter, and Θ angular
spread.
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3.1.1 Scalar Gaussian Beam Wave Theory of the Empty Open Resonator
This section will detail conventional Gaussian Beam Wave theory in a
resonator with a confocal or hemispherical configuration. It will be used as a tool
for comparison to the more exact vector-field based theory that will be discussed
in the next section. The long-time standard on conventional Gaussian beam wave
theory in an open resonator is Kogelnik and Li’s work4 and this section will
follow it closely, though Ramo et al.30 and Goldsmith32 have put together
complete and concise descriptions in their respective works and will be referenced
as well.
The starting point for this theory is the scalar wave equation. A field
component or potential u must satisfy the condition
∇! ! + ! ! ! = 0,

(3.1)

where k is the wavenumber and is equal to 2π/λ. If it is specified that the radiation
is travelling in the z direction, u takes the form of the travelling wave solution,
which in rectangular coordinates can be written
! = ! !, !, ! exp −!"# ,

(3.2)

where ψ is a slowly varying complex function that describes the difference
between the beam wave and a plane wave. These differences include the nonuniformity the distribution of intensity, the curvature of the wavefront and the
expansion of the beam width with distance of propagation. Substitution of the
travelling wave solution in (3.2) into the scalar wave equation in (3.1) yields
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!!!
!" !

+

!!!
!"
− 2!"
=0
!
!"
!"

(3.3)

if it is assumed that ψ varies slowly enough with z that the second derivative
!2 ! !"2 can be neglected as it is much smaller than the −2!" !" !" component4.
Note that the (3.3) is of exactly the same form of Schrödinger’s wave
equation from quantum theory, with the exception that z takes the form of time
and propagation is in only the x and y directions. Though it is possible at this
point to skip to the well-defined solutions for Schrödinger’s equation as some
works do, this jump lacks the derivation of beam wave properties. Instead, this
paper will continue to closely follow Kogelnik and Li4.
Solving for ψ in (3.3) it can be shown that
! = !"# −! !(!) +

!
!!
2!(!)

(3.4)

where r2 = x2 + y2. In this solution P(z) is the complex phase shift due to the
propagation of the beam wave and q(z) is a complex beam parameter for the
Gaussian variation of intensity at distance r from the optical axis4.
At this point (3.4) may be substituted into (3.3) to find relations between
the two complex beam parameters described above. By comparing terms of equal
powers in r it can be shown that
!"
=1
!"

(3.5)

!"
!
=− .
!"
!

(3.6)

and

Integration of (3.5) with respect to z yields

25
!! = !! + !

(3.5a)

This relates the complex beam parameter at two planes of the waves. It is most
simple to think of q2 as the beam parameter of some output plane at some distance
z from some input plane with beam parameter q1 4.
It should be noted at this point that the solution for (3.3) describing a beam
wave with intensity distribution of Gaussian form is not the only one, however,
for our application it is the most important one. This solution is often referred to
in optics as the fundamental mode of a beam, consistent with waves of type TEM00

as compared to modes of higher order. These higher order modes are of little

significance to the application of quasi-optical dielectric measurements4.
At this point some real beam parameters, R and w, can be introduced and
related to the complex beam wave parameter q as
1 1
2
= −!
.
! !
!! !

(3.7)

Substituting this relation into (3.4) yields
! !
!!
! = !"# −! ! ! +
! − !
2!
!

(3.4a)

In comparing (3.4a) to the standard Gaussian beam equation the physical
significance of R and w can be plainly seen. By inspection R(z) is the radius of
curvature of the wavefront intersecting the optical axis at distance z and w(z) is
function relating the decrease in amplitude of the electric field to the distance
from the axis. Note in Fig. 3.1 that w indicates the point at which the amplitude of
the field E has decreased by a factor of e and that the amplitude function is
Gaussian. In an optical beam the parameter w is referred to as the spot size and 2w
is known as the beam diameter4.
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Fig. 3.1: E field intensity about a point on the optical axis

It must be noted that the width of the Gaussian distribution defining the
intensity of the E field varies along the optical axis. The intensity function shown
in Fig. 3.1 is a cross section that would be centered about the optical axis in the
beam diagram in Fig. 2.4. The beam diameter is narrowest when it has value 2w0.
This cross-section is referred to as the beam waist and can be seen in Fig. 2.4.
It is now helpful to examine the cross-section at the beam waist. A
particularly helpful property of this point is that the phase front is plane. For
convenience z will be measured from this point and the point along the optical
axis at the beam waist will effectively become the origin. Examining the complex
beam parameter at the beam waist it can be easily seen that q(z) reduces to the
purely imaginary expression
!! = !

!! !
.
2

(3.8)

From the relation derived in (3.5a) it can be shown that the complex beam
parameter at distance z from the waist will be
! = !! + ! = !

!! !
+ !.
2

(3.9)
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Substituting (3.7) into (3.9) and equating real and imaginary parts one can arrive
at the relations
!

! (!) =

!!!

2!
1+
!!!!

!

(3.10)

and
!!!!
! ! =! 1+
2!

!

.

(3.11)

The beam contour, w(z), is aptly described by Kogelnik and Li as a hyperbola
with asymptotes inclined to the axis at the approximate angle θ, where 2θ =Θ, the
Rayleigh range as shown in Fig. 2.4. The angle θ can be related to the beam waist
diameter by way of the paraxial approximation as
!≈

! !
!! 2!!
2
≈
=
=
.
!
!
!! !!! !!!

(3.12)

This is defined as the far-field diffraction angle of the fundamental mode. The
necessity of the paraxial approximation is notably understated in Kogelnik and Li,
but is very well explained in Ramo et al30.
Another helpful relation surfaces when (3.11) is divided by (3.10) yielding
2!
!! !
=
.
2!
!!!!

(3.13)

(3.13) can quite easily be manipulated to express w0 and z in terms of w and R as
shown below:
!!!

and

=!

!! !
1+
2!

!

(3.14)
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2!
! =! 1+
!! !

!

.

(3.15)

It is possible to find an expression for the complex shift at a distance z by
substituting (3.9) into (3.6) yielding
!"
!
=− =−
!"
!

!
!+!

!! !
2

.

(3.16)

Integrating with respect to z gives the equation for P(z):
!" ! = ln 1 − !

2!
!!!!

2!
= ln 1 + !
!!!!

!

− ! tan−1

2!
!!!!

(3.17)

In this equation the real part of P is the phase shift difference, Φ(z), between the
Gaussian beam wave and a plane wave. The imaginary part of P results in an
amplitude factor of w0/w(z). This gives the expected amplitude decrease due to
beam expansion4.
Substituting these relations into our wave equation in (3.2), the
fundamental Gaussian beam wave can be expressed in terms of beam properties:
!(!, !) =

!!
1
!"
exp −! !" − Φ − ! !
+
,
!
!
!
2!

(3.18)

where
Φ = tan!!

2!
.
!!!!

(3.19)

Significantly more detail and concern was spent on the derivation of the
fundamental Gaussian beam wave equation, but for completeness the well-known
solutions of Schrödinger’s equation, adapted to the case in (3.3). In rectangular
coordinates higher order modes take the form
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!!" (!, !) =

!!
!
! !

2

!
!
! !

2

!
!

× exp −! !" − Φ − ! !

1
!"
+
,
!
!
2!

(3.20)

for a TEMmn wave, where Hm(x) is the Hermite polynomial of order m. Note that
H0(x) = 1, which keeps the formula consistent with the derived formula for the
fundamental mode. It is important to note that the radius of curvature, R(z), is the
same for all modes, however, the phase shift, Φ, relates to the mode numbers by
Φ(!, !; !) = (! + ! + 1) tan!!

2!
.
!!!!

(3.21)

Higher order beam equations can be expressed similarly in cylindrical
coordinates. For a TEMpl mode, the beam wave equation can be written
!!" !, !, ! =

!!
!

2

!
!

!

!!! 2

!!
!!

(3.22)

× exp −! !" − Φ + !" − ! !

1
!"
+
,
!
!
2!

where Lpl is a generalized Laguerre polynomial, and p and l are the respective
radial and angular mode numbers. In this case Lpl(x) obeys
! ! !!!
!!!!
!
+ !+1−!
+ !!!! = 0.
!" !
!"

(3.23)

Similarly to rectangular coordinates, L0l = 1, validating this formula for the
derived form of the fundamental beam mode. Again R(z) is the same for all
modes, but Φ, varies with mode numbers by the relation
Φ(!, !; !) = (2! + ! + 1) tan!!

2!
.
!!!!

(3.24)

To this point a very detailed derivation of scalar Gaussian beam wave
propagation has been laid out following closely the work of Kogelnik and Li4.
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Moving forward it is helpful to follow Clarke and Rosenberg’s1 cross-sectional
study of quasi-optical resonator research.
Given the derivation of the general equation of Gaussian beam wave
propagation for all modes, an analysis of standing waves in a resonator is
warranted. Standing waves can be described simply by superimposing forwardand backward-travelling beam waves of the same mode in a situation that the
criteria for resonance and the boundary conditions at the reflectors are satisfied.
Noting the Gaussian distribution of amplitude of the E field, it can be assumed
that the field is small enough to be considered negligible when the beam
parameter w is a few times larger than r. If the small, local variation of R(z) and z
is ignored, the equiphase wavefronts are parabolic in nature, and close to the
optical axis they can be considered spherical. For the reflectors to produce
resonance it is necessary for them to have the same curvature as the wavefront at
that distance, hence the frequent usage of spherical reflectors1.
Considering the situation of a symmetric confocal resonator featuring two
spherical mirrors with radius of curvature r1 = r2 = r0, then the relationship
between beam waist radius can be related to the distance D between the reflectors:
!!!! =

!(2!! − !).

(3.25)

For the same setup, featuring identical spherical mirrors in a confocal
configuration the resonant frequencies of beams waves can be written
!!"# = ! + 1 !! + 2
= ! + 1 !! +

!!
1 + ! + ! tan!!
!

!
2!! − !

!!
!
1 + ! + ! cos !! 1 −
,
!
!!!

(3.26)
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where f0 = c/2D with c being the speed of light and q is the mode number in the
direction of propagation for the resonant TEMmnq waves. It is important to realize
the physical significance of q. The number antinodes in the standing wave
orthogonal to the axis of propagation can be represented as q+1. It should be
noted that the lowest possible value of q is 0, a case in which the mirrors are
separated by a distance of λ/21.
To this point a detailed derivation of conventional Gaussian beam theory
has been discussed. As noted by the solution to the wave equation derived it is
scalar in character and at no time were the electromagnetic field components
discussed. An investigation of these field components brings to light several
shortcomings of the theory as mentioned in a number of papers10,11,33. There are
three main criticisms of conventional Gaussian beam wave theory as it has been
described above, which have been collected and summarized by Clarke and
Rosenberg1.
The first of these criticisms stems from the approximation made in
deriving (3.3) in which the second-order partial derivative, ! ! ! !" ! , was
assumed to be negligible. This implies that variation in the direction of the axis of
propagation is slow enough that this term is very, very small. However, this
assumption fails to be valid only when the term !!!

!

≫ 1. In plain words, this

inequality states that the beam waist radius is significantly greater than the
wavelength. While this inequality seems to hold in the optical realm, it may not
always the case at microwave and millimeter wave frequencies1.
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The next criticism stems from the use of the paraxial approximation in
deriving (3.3). The derived equation does not describe spherical equiphase
wavefronts, however, it is commonly applied to resonator configurations with
spherical reflectors. This, at least, creates skepticism about the completeness of
the theory at quasi-optical frequencies, and at most, a source of error that is
difficult to predict and quantify1.
The third is the most glaring of these shortcomings at quasi-optical
frequencies. A scalar wave theory cannot describe all Cartesian components of
electric and magnetic fields, E=(Ex,Ey,Ez) and H=(Hx,Hy,Hz). This brings into
question two common assumptions in the application of this theory to a quasioptical resonator. Firstly it is often assumed that u=Ex. However, this assumption
says nothing of the field components in the direction of propagation, Ez and Hz,
which must be zero for the conditions of TEM waves to be satisfied. Secondly the
theory specifies that u=0 at the reflectors, however, the electromagnetic boundary
condition states that only the tangential component of electric field, Etan, must be
zero at the reflectors. The tangential component is actually a combination of all
three Cartesian field components for non-planar reflectors, thus Ex, and its
unfoundedly assumed equivalent, u, do not necessarily equal zero1.
These criticisms of conventional Gaussian beam wave theory suggest the
need an improved theory for describing the theory of quasi-optical open
resonators. Clearly, the assumptions and approximations that are made in the
scalar theory that yield inconsistencies must be addressed. In addition, to satisfy
Maxwell’s equations and effectively make Gaussian beam wave theory consistent

33
with electromagnetic theory, the improved theory must be vector-field based as
opposed to scalar. In the next section such an improved vector-field-based
improved theory will be discussed.

3.1.2 Scalar Gaussian Beam Theory of the Dielectric Loaded Open Resonator
In the previous section scalar Gaussian beam wave theory in an unloaded,
empty open resonator was discussed. It is important to provide a complete picture
of the scalar Gaussian beam wave theory for the measurement of dielectric
properties of materials. Therefore, this section will detail the theory of an open
resonator loaded with a dielectric sample. The analysis will follow the works of
Cullen and Yu5, in which the theory was applied to a confocal configuration
utilizing two spherical mirrors with the dielectric sample centered at their
midpoint as shown below, and Jones6, in which the aforementioned work was
adapted for a hemispherical configuration with a plane reflector placed at the z=0
point in Fig. 3.25. For notation, t, will be referred to as the thickness of the

Fig. 3.2: A confocal loaded open resonator showing a spherical
approximation of the dielectric sample plane
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sample. In the case of a full confocal resonator the physical thickness is actually
2t, but if a plane of reflection is theoretically inserted at point z=0, the theory can
be generalized in some ways for both confocal and hemispherical configurations.
Because the equiphase surfaces in Gaussian beam theory are spherical in
nature the plane of the dielectric sample surface presents a problem when
attempting to match fields. Two options in mitigating this problem are
approximating the Gaussian beam waves as plane waves and approximating the
surface of the sample as spherical. Note that Fig. 3.2 shows an exaggerated
spherical approximation to the plane of the sample edge. The effect of this
approximation can be calculated easily with perturbation theory and is almost
negligible.
In this analysis will be performed for the fundamental Gaussian beam
mode and higher order modes will be ignored. The theory for the loaded resonator
will be adapted from the theory of the unloaded cavity. As mentioned as a
criticism of conventional Gaussian beam wave theory, it will be assumed that u is
equal to Ex. With this assumption (3.18) becomes
!! (!, !) =

!!
1
!"
exp −! !" − Φ − ! !
+
,
!
!
!
2!

(3.27)

and the relation
Φ = tan!!

2!
,
!!!!

(3.19)

still holds5.
Now the assumption is made that Ex is so much larger than the other
components of E that they may be ignored. It is also assumed the terms r2/w2,
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kr2/2R, and Φ vary slowly enough with z when compared to the term kz, that
applying Maxwell’s equations to (3.27) yields
!! =

!
! .
! !

(3.28)

As with Ex, it will be assumed that Hy is large enough compared to the other
components of H that they can be neglected5.
At this point approximate electromagnetic fields for a Gaussian beam
wave travelling in the positive z direction have been derived. Since the wave is
traveling in the z direction and Ey and Hx are ignored, the transverse fields of the
wave (ET, HT) reduce to (xEx, yHy). Note that at this point the derived fields for
the traveling wave lack the circular symmetry about the axis of propagation
consistent with Gaussian beam wave theory. To obtain the required symmetry the
conjugate field theorem may be applied, yielding a second solution where the
conjugate transverse fields (ET*, -HT*) reduce to (jEx*, -iHy*). When the two sets
of solutions are combined linearly the necessary symmetry is restored and the
solution is of the form appropriate for standing waves in the resonator5.
Dielectric properties are extracted by analyzing the dielectric-air interface
in the positive half-space of Fig. 3.2. By way inserting a theoretical plane of
reflection at z=0 the analysis of only one symmetric and one antisymmetric field
distribution along the z-axis is necessary. Electromagnetic theory mandates the
boundary condition that there is no discontinuity between transverse electric and
magnetic fields at this interface. Another boundary condition exists at each
reflector mandating that the tangential component of electric field is zero. For the
confocal configuration as shown in Fig. 3.2 this will apply only to reflector in the
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positive half space, as the z=0 plane is being treated as a plane of reflectance.
However, in the hemispherical configuration, in which a plane mirror is placed at
the z=0 plane the additional boundary condition that the tangential electric field
component is zero exists here also. In the paraxial approximation, if Etan = 0 at
this interface at the z-axis, it will be zero over the entire surface of the mirror if
the mirror has the same radius of curvature as the equiphase surface. This occurs
only when the point z=0 is defined at the beam waist, however, the error small
variations in distance about this point will be ignored. A similar situation exists
with the surface of the dielectric sample. The sample’s planar surface is often
estimated to be spherical so it coincides with the equiphase surface the beam. This
is done so that if the transverse electric and magnetic field components are
continuous across the interface at the z-axis, they may be estimated to be
continuous across the entire surface. As mentioned above, error caused by this
approximation may be readily calculated using perturbation theory techniques5.
To this point the method of the electric and magnetic fields for standing
waves in the resonator has been described. In addition the assumptions,
approximations and boundary conditions that will be used in the loaded open
resonator have been defined. At this point it is possible to define the components
of electric and magnetic fields two volumetric regions. The volume V1 will be
defined as the volume in the open resonator enclosed by the air-dielectric
interface and the plane of reflectance at z=0. The volume V2 will be defined as the
volume in the resonator half-spaced enclosed by the spherical mirror and the airdielectric interface.
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The electric and magnetic field components in the dielectric region can be
written:
!!! =

!!"
! ! cos
!"! !
exp − !
!"# − Φ! +
!!
2!!
!! sin

!!! = ∓!"

! !!"
! ! sin
!"! !
exp − !
!"# − Φ! +
!! !!
2!!
!! cos

(3.29a)

(3.29b)

where
!
!!! = !!"
1+

!!
!
!!"

(3.29c)

!
!!"
!! = ! 1 + !
!

(3.29d)

!
!!"

(3.29e)

Φ! = tan!!
z!" =

!"!!"
.
2

(3.29f)

In the equations above n represents refractive index of the dielectric. The notation
w01 is used to denote the effective beam waist radius in the dielectric material
infinitesimally close to the air-dielectric interface. The stacked trigonometric
functions in (3.29a) and (3.29b) correspond to the two types of modes. The upper
and lower functions refer to the symmetric and antisymmetric modes,
respectively5.
When analyzing the electric and magnetic fields in the air filled, V2
volume of the resonator the symmetric considerations about the plane z=0 must
be dropped from the analysis. This is caused by the assumption that u = Ex and
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the electromagnetic boundary condition at the reflector Etan = 0. The equations for
the electric and magnetic field components in this region are written:
!!! = !

!!"
!!
exp − !
!!
!!
!! !
×sin ! ! − ! − ! − Φ! ! + Φ! ! + ! +
2!!

!!! = !"

! !!"
!!
exp − !
!! !!
!!
×cos ! ! − ! − ! − Φ! ! + Φ! ! + ! +

(3.30a)

(3.30b)
!! !
2!!

where
!
!!! = !!"
1+

! − !!
!
!!"

!! = (! − !! ) 1 +
Φ! = tan!!
z!" =

!

!
!!"
!!

! − !!
!!"

!!!"
.
2

(3.30c)

(3.30d)

(3.30e)
(3.30f)

In the equations above A represents an arbitrary constant. It must be noted that the
beam waist is located at z2 rather than at z=0 as it is in the dielectric volume5.
Up to this point in the analysis a conventional Gaussian beam wave theory
has been derived for both the empty and dielectric loaded open resonator. At this
point the theory allows for the extraction of dielectric properties from the
formulas for the components of electromagnetic fields developed above.
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3.1.3 Measurement of Dielectric Properties Using Conventional Gaussian Beam
Wave Theory
In the previous two sections the conventional Gaussian beam wave theory
has been derived. At this point in the analysis it is possible to derive the
transcendental equation to solve for refractive index, n, of the dielectric sample.
This can be carried out by matching the wave impedances, Ex1/Hy1 and Ex2/Hy2, at
the air-dielectric interface. Particularly this matching will take place on the axis of
propagation (such that r=0) at the point z=t. For case of symmetric standing
waves the upper functions are selected in (3.29a) and (3.29b) and the relation
yields
1
cot !"# − Φ! = tan !" − !! ,
!

(3.31a)

and for antisymmetric case the relation yields
1
tan !"# − Φ! = − tan !" − !! ,
!

(3.31b)

where
Φ! = tan!!

!
,
!!!

(3.32a)

Φ! = tan!!

! !!
!
− tan!! ! ,
!!
! !!

(3.32b)

!! =

! !! (!! − ! !! ),

! !! = ! +

!
.
!!

(3.32c)
(3.32d)

Given that d and t are known quantities, the above series of equations are usually
solved numerically using simple computer algorithms. The algorithm will
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generally requires an approximate value of refractive index, n, in order to
converge in a timely manner. It should be noted that while the confocal open
resonator configuration will support standing waves with both symmetric and
antisymmetric modes as defined above, considerations must be made in the case
of a hemispherical configuration, which will only support antisymmetric modes.
This is due to the boundary condition imposed at the point z=0 by adding a plane
reflector mandating that the tangential component of electric field be zero in this
plane. While these considerations were not explicitly taken into account in the
analysis above, the nature of standing waves and the theoretical plane of
reflectance placed at z=0 inherently consider the case of a hemispherical
resonator5,6.
The error associated with the spherical approximation of the planar
dielectric sample surface has yet to be taken into account. Perturbation theory
calculations may be used to find the frequency shift associated with adding
dielectric material to the spherical volume that would result in a planar surface.
This frequency shift can be written in terms of the parameters that have been
developed in the analysis above as
!"
!! − 1 ! sin! !" − !!
=−
,
!
!! ! ! !!! !" + !

(3.33)

where for symmetric modes
!=

!!
,
!! sin! !"# − !! + cos ! !"# − !!

(3.34a)

and for antisymmetric modes
!!
!= !
.
! cos ! !"# − !! + sin! !"# − !!

(3.34b)
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In the equations above the relative dielectric permittivity, !! , can be derived from
the refractive index, n. Conveniently, the error associated with the shift in
frequency may be ignored as the upper limit can be expressed as
!"
2!
≤ ! ! ,
!
! !! !

(3.35)

which is less than the term that is ignored in the derivation of the wave formula5.
Given the rigorous derivation of the electric and magnetic field
components and the associated parameters associated with the relation of these to
conventional Gaussian beam theory and the calculation of permittivity, a
derivation of the loss tangent, tanδ, may be written quite easily. Loss tangent a
parameter that quantifies the ratio of resistive and reactive components associated
with the electric field in a dielectric material. A material’s complex dielectric
permittivity may be defined as
! = ! ! − !! !! .

(3.36)

Maxwell’s equation for the curl of the magnetizing field in a material can then be
written
∇!×!! = ! !! ! − ! !! !! + !!

(3.37a)

where σs is the material’s static conductivity. Permittivity relates to conductivity
by the relation
!! = !! + !! !
= !! + !! !!

(3.37b)

where !! is the effective conductivity of the material and !! is the conductivity
due to the alternating electric field. Loss tangent is defined as the angle between
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the real, reactive component of permittivity, !! ! , and the effective conductivity,
which is the imaginary, resistive component !!! = ! !! !! + !! , and is defined
tan ! =

!! !! + !!
!" !

(3.38)

Permittivity can then be conveniently written as
! = !! !! 1 − ! tan ! .

(3.39)

The loss tangent quantifies loss due to a material’s resistivity in a form that makes
it easy to get an idea of a how lossy a material is17.
Since loss tangent is related to the loss of a material, it makes sense that it
could be related to the Q-factor of a resonator. More accurately the loss tangent is
related to the difference in Q of an empty resonator, Q0, and that of the same
resonator loaded with a dielectric sample, QL. Loss tangent can be related quite
simply to the parameters of a resonator by
tan ! =

1
1
!" + !
−
,
!! !! !" + 1 !sin 2 !" − !
!
2!

(3.40)

where Δ is defined for symmetric and antisymmetric modes by (3.34) and Φd is
defined in equation 2.35b5.
In this section conventional Gaussian beam wave theory was related to
components of electric and magnetic field in an open resonator loaded with a
dielectric sample. The assumptions and approximations related to these relations
were discussed and carried through the analysis. The transcendental equation for
the calculation of refractive index, n, was derived. The error associated with the
spherical approximation of the planar surface was calculated. Both the nature of
loss tangent and a means of calculating its value in the open resonator were
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discussed. This section, in conjunction with its preceding section, was meant to
provide a foundation of concepts in Gaussian beam wave theory and some insight
into the electromagnetic theory inside an open resonator. It was meant to provide
a means for comparison to the next two sections, which will provide a more
complete vector-field-based theory of Gaussian beam wave theory in the open
resonator and will yield more precise methods of material calculation.

3.2 Vector-Field Gaussian Beam Wave Theory in an
Open Resonator
3.2.1 Vector-Field Gaussian Beam Theory of the Empty Open Resonator
The shortcomings of scalar Gaussian beam wave theory are well document
and have been detailed in Section 3.1.1. The most notable of these shortcomings
is the failure of conventional Gaussian beam wave theory to provide an exact
solution to Maxwell’s equations. It has also been noted that the approximations
and assumptions made make the error of measurements particularly difficult to
calculate11. A vector-field-based Gaussian beam wave theory for an unloaded
open resonator was developed by Cullen and Yu in their 1979 work10. This
section will follow this closely and is provided for comparison with Section 3.1.1.
The theory described in this section and the next is the standard theory used for
dielectric measurements in quasi-optical Fabry-Perot open resonator systems.
The starting point of this analysis is a radiating electric dipole located at
the origin of a Cartesian coordinate system and oriented in x-direction. All six
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Cartesian electromagnetic field components can be derived from the Hertz
potential for a radiating dipole, written
1
! = !! = ! exp −!"# ,!
!

(3.41)

where
!=

(3.42)

! ! + !! + !!.

If the dipole was shifted to some point in space, (x0, y0, z0), (3.41) would still be
valid while the expression for r in equation (3.42) would be simply modified to
reflect this shift. Deschamps34 showed that Maxwell’s equations hold for a
radiating element located at some complex point in space. Applying this property
to the case at hand, the radiating dipole could be shifted to some point (x0, y0, z0)
and satisfy Maxwell’s equations even if x0, y0, z0 are complex points in space10.
This complex source point theory will be specifically applied in this
analysis by shifting the radiating electric dipole to the point (0, 0, -jz0). This shift
modifies the expression r in (3.42) to yield
!=

(3.43a)

! ! + ! ! + (! + !!! )! ,

which can be rewritten as
!

! = ! + !!!

(3.43b)

!! + !! !
1+
.
! + !!! !

The square root term in (3.43b) can expanded binomially to yield
! ≈ ! + !!!

1 !! + !!
1 !! + !!
1+
−
2 ! + !!! ! 8 ! + !!! !

!

+⋯

(3.43c)

At this point it will be assumed that !!! ≫ ! ! + ! ! , effectively making a paraxial
approximation. After making this assumption it is possible to approximate r to
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simplify the analysis. For now the two r terms in (3.41) will be approximated
differently. For the term in the exponent in (3.41), r can be approximated using
the first two terms of the expansion in (3.43c), and for the term in the
denominator of (3.41), the first term of the expansion will suffice in the
approximation. More terms are used in the approximation of r in the exponential
because of the sensitivity of the exponential function even for small variations10.
The appropriate number of terms in (3.43c) may be substituted for r in
(3.41). Making these substitutions, dropping a constant coefficient and
multiplying by a factor of jz0 for convenience allows ψ to be rewritten as shown
below:
!! ≈

!!!
!! + !!
exp −!"# − !"
! + !!!
2 ! + !!!

!

(3.44)

The constant coefficient that is dropped is exp(kz0), which comes from the first
term of the expansion of r in the exponential. This explanation is mentioned only
because the derivation occasionally presents a point of confusion. The constant
coefficients in (3.44) turn out to be arbitrary, which is also why it is possible to
multiply by jz0 for convenience10.
It is convenient at this point to introduce some relations to the parameters
in (3.44):
!!! = 2!! !,
!! !

!!! = 1 + ! ! /!!! ,

! ! = ! + !!! /!,

(3.45a)
(3.45b)
(3.45c)
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Φ ! = tan!!

!
.
!!

(3.45d)

At this point we can make substitutions to (3.44) to yield
!! ≈

!!
!!
!"
exp − ! exp −!"# − !
+ !" ,!
!
!
2!

(3.46)

where
!! = ! ! + ! ! .

(3.47)

Comparing (3.46) to (3.27) and noting the change in notation between (3.28) and
(3.47), it is quite easy to see that the two are mathematically identical10.
At this point the Gaussian beam wave function has been derived in the
paraxial approximation from the Hertz potential of a radiating electric dipole
shifted to a complex point in space. The chief difference between this derivation
and the derivation performed in Section 3.1.1 is that since the starting point of the
analysis satisfies Maxwell’s equations exactly, the Gaussian beam wave function
in (3.46) does as well. One can reduce the error caused by the paraxial
approximation by using more and more terms in the expansion in (3.43c),
reaching the exact solution for Maxwell’s equations as the number of terms
approaches infinity10.
The electric and magnetic fields may be calculated from the Hertz
potential in (3.41). This results in the well-known field equations for a radiating
electromagnetic dipole:
! = !! exp −!"#

3 3!" ! !
+ ! − !
!!
!
!

− !! exp −!"#

!! ∙ ! !

1 !" ! !
+ −
!! ,
!! !!
!

(3.48a)
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! = !!

!" ! !
−
!! !!

!!
exp −!"#
!!

!! ×!! ,

(3.48b)

where
! = !! ! + !! ! + !! ! ,

(3.49)

the electric dipole moment is defined as pe and the direction parallel to the
orientation of the electric dipole is defined ne. Substituting the unit vector in the xdirection, i, for ne, (3.48) can be broken down into Cartesian components as
!! = !!

!!
exp −!"#
!

1−

!
1
3!
3 !!
− ! ! − 1−
− ! ! ! ,
!" ! !
!" ! ! !

(3.50a)

!! = −!!

!!
exp −!"#
!

1−

3!
3 !"
− ! ! !,
!" ! ! !

(3.50b)

!! = −!!

!!
exp −!"#
!

1−

3!
3 !"
− ! ! !,
!" ! ! !

(3.50c)

!! = !!

!! ! !
exp −!"#
!! !

!! = −!!

!! ! !
exp −!"#
!! !

1−

! !
,
!" !

1−

! !
.
!" !

(3.50d)

(3.50e)

The derivation of the wave function in (3.50) does not have the symmetry
between E and H associated with a true Gaussian beam wave. This problem can
be mitigated by superimposing a radiating magnetic dipole with orientation along
the y-axis, such that nm=j. In order to obtain the appropriate symmetry the values
of pe and pm will be chosen such that
!! = +1,
!!

!!
= −1.
!!

(3.51a)

(3.51b)

The superposition results in the following electric and magnetic field components:
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!!
!! = exp −!"#
!
×

!
1
3!
3 !!
!
1−
− ! ! − 1−
− ! ! !+ 1−
!" ! !
!" ! ! !
!"

!! = −

!!
exp −!"#
!

!! = −

!!
exp −!"#
!

1−

!! = −

!!
exp −!"#
!

!!
3!
3 !"
1−
− ! ! !,
!!
!" ! ! !

!! =

!!
exp −!"#
!
×

!! = −

!
1−
!"

1−

! + !!!
,
!

3!
3 !"
− ! ! !,
!" ! ! !
3!
3
− ! !
!" ! !

(3.52b)

!(! + !!! )
! !
+ 1−
,
!
!
!" !

! + !!!
!
1
3!
3 !!
+ 1−
− ! ! − 1−
− ! ! ! ,
!
!" ! !
!" ! ! !

!!
!!
×

(3.52c)

(3.52d)

!!
!!

!!
exp −!"#
!

(3.52a)

(3.52e)

(3.52f)
1−

! !
3!
3
+ 1−
− ! !
!" !
!" ! !

!(! + !!! )
.
!!

The symmetry about the z-axis in (3.52) can be noted by inspection. These field
equations are complete and in closed for, however, they fairly complex and
difficult to work with10.
Some approximations can be made to (3.51) and (3.52) to simplify the
theory for further analysis. Careful considerations will be made to keep track of
the error being accumulated by the approximations. These approximations will be
shown explicitly only for (3.52a) and applied to the other field components for
brevity.
In the conventional Gaussian beam wave theory discussed in Section 3.1,
terms of the order (kw0)-2 are considered negligible compared to unity. This is
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equivalent to replacing the bracketed term in (3.52a) with a constant. In this
analysis terms of the order (kw0)-2 will be taken into consideration and terms of
higher order will be considered negligible. At this point the terms present in
(3.52a) will be considered and a judgment will be made if they can be ignored. It
should be noted that
1
2
2
≤
= ! !.
!"
!"! ! !!

(3.53)

Therefore, (kr)-2 terms may be considered negligible. Further,
!!
! ! 4! ! ! !
1
≤
= ! ! ~ ! !,
!
!
!
!
! !! ! !!

(3.54)

which is valid as long as x is on the same order as w0. This essentially means that
x cannot be very far outside the beam width, an assumption that, for the purposes
of this analysis, is fine to make. Next it can be noted that
! + !!!
≤ 1.
!

(3.55a)

Therefore if r-1 is expressed as a binomial expansion of (x2+y2)/(z+jz0)2, similarly
to in (3.43c), the term in bars can be expressed as
! + !!!
1 !! + !!
1 !! + !!
≈1−
+
!
2 ! + !!! ! 8 ! + !!! !

!

− ⋯!!.

(3.55b)

In the expansion above the second term is on the order of (kw0)-2, so all
subsequent terms may be dropped. The r-1 term outside the exponential and
square brackets in (3.52a) can be expressed in terms of the expansion. When these
approximations are substituted into the equation for Ex to replace the appropriate
terms, (3.52a) becomes
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!! =

2! ! exp(−!"#)
!
5! ! + 3! !
1−
−
.
(! + !!! )
! ! + !!!
! + !!! !

(3.56)

At this point (3.52a) has been simplified considerably, however, the
approximation the r term in the exponential has not yet been addressed. This can
be dealt with by first defining the fractional error caused by an approximation the
r term in exp(-jkr) as -jkδr. To ensure the accuracy of the analysis the condition
!"# ≪ !!!

!!

,

(3.57)

must be met. The expansion for r in (3.43c) can be rewritten distributing the
leading (z+jz0) term as
! ≈1+

1 !! + !!
1 !! + !!
−
2 ! + !!!
8 ! + !!!

!
!

+ ⋯!!,

(3.58)

for comparison with (3.54) to clearly show that if the expansion is restricted to the
first two terms, as in conventional Gaussian beam wave theory, it does not satisfy
the condition set by (3.57). The third term will be included using the relation
exp −!"# ≈ exp(−!"!! ) 1 − !"#$ ,

(3.59)

where r1 represents the first two terms of (3.58), δr represents the third term and
all higher order terms are ignored. Substituting terms of the expansion of r yields
exp −!"# ≈ exp −!" ! + !! exp −!

! !! + !!
2 ! + !!!

! !! + !! !
× 1+!
,
8 ! + !!! !

(3.60)

Note that the bracketed term in (3.59) is the paraxial approximation of exp(-jkδr).
It must be remembered that this approximation is far more accurate than the
paraxial approximation made in conventional Gaussian beam wave theory, in
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which it would be applied to an exponential with the higher terms of the
expansion of r rather than only the third term10.
Equation (3.60) can be substituted into (3.56) to yield

!! =

2! !
! !! + !!
exp −!" ! + !! exp −!
(! + !!! )
2 ! + !!!

!
5! ! + 3! !
! !! + !! !
× 1−
−
+
!
.
! ! + !!!
! + !!! !
8 ! + !!! !

(3.61)

Aside from a constant coefficient, the terms outside the brackets in (3.61) are
identical to beam wave formula found in (3.44) and can be rewritten in the form
of (3.46) with the beam wave parameters defined in (3.45). The bracketed term in
(3.61) can be thought of as a correction coefficient applied to the Gaussian beam
wave formula to take into account the terms of the order (kw0)-2 that are neglected
in conventional Gaussian beam wave theory. For convenience (3.61) can be
multiplied by [jz0 exp(-kz0)]/2k2 to make it identical with (3.44) for substitution10.
The analysis performed above on Ex can be applied to the other electric
and magnetic field components. These can be rewritten in terms of the Gaussian
beam wave function defined in (3.44). Thus, the Cartesian electromagnetic field
components may be written in terms of the beam wave formula, taking into
account the terms of (kw0)-2 that are ignored in conventional Gaussian beam wave
theory, as
!! = 1 −
!! = −

!
5! ! + 3! !
! !! + !! !
−
+
!
!,
! ! + !!!
4 ! + !!! !
8 ! + !!! !

!"
2 ! + !!!

!

!,

(3.62a)

(3.62b)
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!! = −

!! = −

!! =

!! = −

!
!,
! + !!!
!!
!"
!! 2 ! + !!!

(3.62c)

!

!,

!!
!
3! ! + 5! !
! !! + !! !
1−
−
+
!
!,
!!
! ! + !!!
4 ! + !!! !
8 ! + !!! !
!! !
!.
!! ! + !!!

(3.62d)

(3.62e)

(3.62f)

At this point in the analysis all six electromagnetic field components can
be expressed in familiar Gaussian beam wave terms. Although these formulas are
approximate care has been taken to ensure that they are more precise than the
scalar theory. In addition, they were derived from equations that satisfy
Maxwell’s equations exactly. These equations describe travelling waves in free
space, therefore, the next step is to relate them to standing waves in a resonator.
The conjugate-field theorem, as used in Section 3.1.2, will again be used.
It states that if (E, H) satisfies Maxwell’s equations then (E*, -H*) will also
satisfy them. This second solution can be superimposed on the first such that
(E+E*, H-H*) and (E-E*, H+H*) will also satisfy Maxwell’s equations. These
two solutions correspond to cases where Ex is an even and odd function of z,
respectively. The above solutions may also be rewritten as (Re E, Im H) and
(Im E, Re H) 10.
At this point the field components can be rewritten in terms of the beam
wave parameters defined in (3.45). First a part of the leading term in Ex can be
rewritten
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1
1 !!
=
exp(!").
! + !!! !!! !

(3.63)

Now Ex can be rewritten completely in terms of (3.45) as
w!
ρ!
!"! !
exp − ! exp −!"# + !" −
w
!
2!
2
5! ! + 3! !
!!
× 1− !
exp !" + ! ! ! exp !2! − ! ! ! exp !3! .
! !!!
! ! !!
! ! !!

!! =

(3.64)

A standing wave equation for even and odd functions of Ex can now be found by
simply taking the real and imaginary parts of (3.64) respectively. These even and
odd functions of Ex correspond directly to symmetric and antisymmetric standing
wave modes in an open resonator. Applying similar analysis to the other to the
other electromagnetic field components a standing wave solution in an empty
open resonator may be written
!! =

!!
!!
exp − !
!
!
!! !
2 cos
!! !
cos
×
!" − Φ +
− !
!" − 2Φ +
!!
sin
2!
! !!! sin
2!
5! ! + 3! ! cos
!! !
+ ! ! !
!" − 3Φ +
2!
! ! !! sin
!
!
!! !
cos
− ! ! !
!" − 4Φ +
,
2!
! ! !! sin

(3.65a)

!! = −

2!"
ρ! cos
!! !
exp
−
!"
−
3Φ
+
,
! ! !! ! !
! ! sin
2!

(3.65b)

!! = −

2!
ρ! sin
!! !
exp
−
!"
−
2Φ
+
,
!! !
! ! cos
2!

(3.65c)

!! = ∓!

!! 2!"
ρ! sin
!! !
exp
−
!"
−
3Φ
+
,
!! ! ! !! ! !
! ! cos
2!

(3.65d)
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! ! = ∓!

!0 ! !
!!
exp − !
!0 !
!
!! !
2 sin
!! !
sin
!" − Φ +
− !
!" − 2Φ +
!!
cos
2!
! !!! cos
2!
5! ! + 3! ! sin
!! !
+ ! ! !
!" − 3Φ +
2!
! ! !! cos
!
!!
!!
sin
− ! ! !
!" − 4Φ +
,
2!
! ! !! cos
×

!! = −!

!! 2!
ρ! sin
!! !
exp
−
!"
−
2Φ
+
.
!! !! !
! ! cos
2!

(3.65e)

(3.65f)

In (3.65) the upper functions correspond to symmetric modes and the bottom
functions correspond to antisymmetric modes10.
In this section an the Gaussian beam wave formula was derived from a
radiating electromagnetic source at a complex source point in such a way that it is
an exact solution to Maxwell’s equations. This provided a means to find the exact
electromagnetic fields of a travelling Gaussian beam wave. Approximations were
made to these fields taking care to keep track of error and to make more accurate
approximations than conventional Gaussian beam wave theory. From the
approximate electromagnetic fields for a travelling Gaussian beam wave, the freespace standing wave fields were derived for both symmetric and antisymmetric
modes. In the next section these standing waves will be applied to a dielectric
medium, providing all the tools necessary for permittivity and loss tangent
calculations.
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3.2.2 Vector-Field Gaussian Beam Theory of the Dielectric Loaded Open
Resonator
This section will build on the vector-field based Gaussian beam wave
theory derived in the previous section. The formulas defined in (3.65) describing
the electromagnetic field components for standing waves in an unloaded resonator
will be adapted for the case of a resonator loaded with a dielectric sample shown
in Fig. 3.3. These formulas, in addition to the formulas derived in (3.65), will give
a complete representation of the electromagnetic field components in the
resonator. This will allow for matching at the air-dielectric interface shown in Fig.
3.3 as S2, and lead to the equations for calculating dielectric permittivity and loss
tangent. This section will closely follow Cullen & Yu’s 1982 paper11.
It is important to keep in mind that (3.65) represents the fields created by
standing waves in a completely empty resonator with a beam waist located at z=0.
Therefore, both the fields inside the dielectric sample, V1, and in the empty space
V2 must be derived. Thus some beam parameters specific to each volume must be
introduced. In addition, some other substitutions will be made for convenience.

Fig. 3.3: Diagram of a dielectric loaded Fabry-Perot open resonator
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The electromagnetic field components for standing waves inside the
dielectric sample can be written
! !! =

!!
!!
exp − !
!!
!!

2
!
! ! ! !!!
!
5! + 3! ! cos
+ ! ! ! !
! ! !! !! sin
!!
cos
− ! ! ! !
! ! !! !! sin
×

!!! =

2!"

1−

! exp −

!! ! ! !! !!

!!! = ±

! ! cos
!"! !
!"#
−
3Φ
+
,
!
2!!
!!! sin

! !! = ∓!

2!"
!! ! ! !! !!!

(3.66a)

(3.66b)

2!
! ! sin
!"! !
exp
−
!"#
−
2Φ
+
,
!
2!!
!"w!!
!!! cos

!!! = ∓!

(3.66c)

!
! ! sin
!"! !
exp − !
!"# − 3Φ! +
,
!!
! cos
2!!

(3.66d)

!! !
!!
exp − !
!! !!
!!
2
× 1− ! ! !
! ! !!
!
5! + 3! ! sin
+ ! ! ! !
! ! ! !! cos
!!
sin
− ! ! ! !
! ! ! !! cos

!!! = !

!"! !
cos
!"# − Φ! + !! +
!!
sin
2!!
!"! !
!"# − 3Φ! +
2!!
!"! !
!"# − 4Φ! +
,
2!

!

!"!
sin
!"# − Φ! + !! +
cos
2!!
!
!"!
!"# − 3Φ! +
2!!
!"! !
!"# − 4Φ! +
,
2!!

2!
!
! ! cos
!"! !
exp
−
!"#
−
2Φ
+
,
!
2!!
!"#!! !!
!!! sin

!!

(3.66e)

(3.66f)

where
!! = tan!!

and the beam parameters are defined

1
,
!"!!

(3.67)
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!!! !

!!! = 1 + ! ! /!! !!! ,

(3.68a)

!! ! = ! + !! !!! /!,

(3.68b)

!
,
!!!

(3.68c)

Φ! ! = tan!!
!! =

1
!! ! .
2 !

(3.68d)

In (3.66) the upper and lower trigonometric functions again represent the
symmetric and antisymmetric standing wave modes respectively11.
The electromagnetic field components in the empty volume can be
similarly written. These fields can be thought of the result of a virtual radiating
source as described in the previous section giving a beam waist at z=t’=t(1-1/n).
The formulas must satisfy Ex=0 at the point z=t+d on the z-axis to satisfy the
boundary condition Etan=0, as this point on the spherical mirror is normal to the zaxis. Standing wave formulas for V2 satisfying these conditions can be written
! !! = !

!!
!!
exp − ! ×
!!
!!

1−

2
! ! !!!

sin ! ! − ! − !

− Φ! ! + Φ! ! + ! + !! ! − !! (! + !) +
5! ! + 3! !
!! !
sin
!
!
−
!
−
!
−
3Φ
!
+
Φ
!
+
!
+
!
!
2!!
! ! !!! !!!
!!
!! !
− ! ! ! sin ! ! − ! − ! − 4Φ! ! + Φ! ! + ! +
,
2!!
! !! !!

!! !
!!
2!!

+

!!! = !

2!"

! exp −

! ! !! !!

ρ!
w!!

!! !
× sin ! ! − ! − ! − 3Φ! ! + Φ! ! + ! +
,
2!!
!!! = !

2!
!!
!! !
exp
−
cos
!
!
−
!
−
!
−
2Φ
!
+
Φ
!
+
!
+
,
!
!
2!!
!w!!
!!!

(3.69a)

(3.69b)

(3.69c)
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!!! = !

2!"#
! ! !! !!!

!!
ρ!
exp − !
!!
w!

(3.69d)

× cos ! ! − ! − ! − 3Φ! ! + Φ! ! + ! +

! !! = !"

! ! !!
!!
exp − ! ×
!! !!
!!

1−

2
! ! !!!

!! !
2!!

,

cos ! ! − ! − !

− Φ! ! + Φ! ! + ! + !! ! − !! (! + !) +
5! ! + 3! !
!! !
+ ! ! ! cos ! ! − ! − ! − 3Φ! ! + Φ! ! + ! +
2!!
! !! !!
!
!
!! !
− ! ! ! cos ! ! − ! − ! − 4Φ! ! + Φ! ! + ! +
,
2!!
! !! !!
!!! = !

2!" !!
!!
exp
−
!"!! !!
!!!

!! !
!!
2!!

(3.69e)

(3.69f)

× cos ! ! − ! − ! − 2Φ! ! + Φ! ! + ! +

!! !
,
2!!

where A is a constant that is matched at the interface and where
!! = tan!!

1
,
!!! (!)

(3.70)

and the beam parameters are defined
!!! !

! − !! !
,
!!!

(3.71a)

!!!
,
! − !!

(3.71b)

(! − ! ! )
,
!!

(3.71c)

!!! = 1 +

!! ! = ! − ! ! +
Φ! ! = tan!!

!! = ! 1 − 1 ! .

(3.71d)

Equation (3.68c) and (3.71c) can be compared to find that
Φ! ! = Φ! ! .

Using (3.71b) with z=d+t, the parameter z0 can be rewritten

(3.72)
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!! =
=
where

!+! !
!! − ! − ! !

(3.73)

! ! (!! − ! ! ),

! ! = ! + ! !,

(3.74)

and R0 has previously been defined as the radius of curvature of the spherical
mirrors11.
To this point the Cartesian components of all electromagnetic fields
caused by the standing waves in a dielectric loaded open resonator have been
found. These were adapted from formulas for electromagnetic fields of standing
waves in an empty open resonator, which were developed in such a way as to
exactly satisfy Maxwell’s equations. In the next section the equations for to find
dielectric permittivity and loss tangent will be derived from these fields.

3.2.3 Dielectric and Loss Tangent Measurements with Vector-Field Gaussian
Wave Beam Theory
In the previous two sections the electromagnetic field components were
defined for the empty and dielectric loaded Fabry-Perot open resonator. After
building to this point through a number of rigorous derivations, it is now possible
to find equations to directly extract permittivity and loss-tangent measurements of
the dielectric sample. The formulas used will be derived using a number of
electromagnetic concepts, similar to the derivation in Section 3.1.2 for the scalar
based Gaussian beam wave theory. In this section, however, will give a slightly
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more detailed explanation of the derivation of some formulas that will be used. It
will continue to closely follow Cullen and Yu’s 1982 paper11.
First a transcendental equation will be derived as a means to find dielectric
permittivity. This derivation is found by matching the electric and magnetic fields
in the dielectric loaded resonator at the air-dielectric interface. To do this, the
wave impedances, Ex1/Hy1 and Ex2/Hy2, defined in (3.66) and (3.68) respectively,
will be matched at the surface S1, on the z-axis at z=t. Carrying this out yields
1
cot !"# − Φ ! = tan !" − !! ,
!

(3.75a)

for symmetric wave modes, and
1
tan !"# − Φ ! = − tan !" − !! ,
!

(3.75b)

for antisymmetric modes, where
Φ ! = !! ! − !! (!),

(3.76a)

Φ! = !! ! + ! − !! ! − !! ! + ! + !! ! .

(3.76b)

The parameters !! , !! , !! , !! in (3.76) are defined by (3.67), (3.68), (3.70), and
(3.71). The above transcendental equation may be solved numerically for
refractive index, n, given an initial estimate of n. The constant coefficient, A, in
(3.69) may be found by matching the x-components of electric field on the z-axis
at the air-dielectric interface11.
It should be noted that the wave number, k, appears explicitly and
intrinsically in a number of parameters in the transcendental equation and
corresponding parameters defined by (3.75) and (3.76). This is wavenumber
relates directly to resonant frequency of the resonator and is generally estimated
by the frequency of the source used for excitation. However, this resonant
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frequency can be affected by variations in the resonator, including the insertion of
a dielectric sample. In order to accurately measure permittivity and loss tangent,
any variations in resonant frequency must be taken into account. What follows are
calculations for the corrections that must be applied when permittivity is to be
calculated.
To obtain an accurate representation of the resonant frequency
considerations will be made utilizing perturbation theory. A general formula for
resonant frequency change due to a dielectric perturbation in a resonator based on
Rumsey’s reaction concept can be expressed
!! = !

!
!

! ∙ ∇!×!! + ! ∙ ∇!×!! !" +
!
(!!
!

!
!
!

∙ !!×!! !"

∙ ! − !! ∙ !)!"

,

(3.77)

where the parameters V and S represent the general volume and surfaces of the
resonator and perturbing dielectric material35. This formula can be rewritten for
the specific configuration of the open resonator presented in Fig. 3.3 and with the
electromagnetic fields as defined in (3.66) and (3.69) as
!

!! = !

!

!! ∙ ∇!×!!! + !! ∙ ∇!×!!! !" +
!!

!!

!

+
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For a more simple representation (3.77a) can be broken down and rewritten
!! =

where

!! + !! + !!
,
!!

(3.78b)
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At this point the energy stored in the resonator can be approximated with
accuracy on the order of (kw0)-2 by rewriting the right side of (3.79d) as
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The x- and y-components of the electric and magnetic fields in (3.66) and (3.69)
can be substituted in to (3.80). After integration with these substitutions (3.80)
becomes
1
!! = − !!!! !! (!" + !),
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(3.81)

where Δ is defined as
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for symmetric modes and
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for antisymmetric modes11.
Given that the change in resonant frequency can be calculated it is
important to find the initial resonant frequency, as well. In (3.78) the initial
resonant frequency can be expressed as I1/J1. When the terms I2/J1 and I3/J1 are
added the resonant frequency increases by the frequency associated with ω1. To
avoid evaluating I1 as it is written in (3.79a), its integrands can be rewritten using
(3.66) and (3.69) and neglecting high order terms. The two integrands can be
rewritten
!! ∙ ∇!×!!! + !! ∙ ∇!×!!! = −!" !! !! ∙ !! − !!! ∙ !! ,

(3.83a)

!! ∙ ∇!×!!! + !! ∙ ∇!×!!! = −!" !! !! ∙ !! − !! !! ∙ !! .

(3.83b)

Equations (3.83) can be substituted into (3.78) to yield
!! !! = !

(3.84)

where ω is kc, with c referring to the speed of light and k referring to wavenumber
as it appears in (3.75), and is accurate to the order (kw0)-4.
Next it is important to take into account surface corrections for the shape
of the spherical mirrors. In the vector-field based analysis of Gaussian beam
waves the wavefronts were approximated to be spherical. A correction is needed
so that the tangential component of electric field as defined by (3.69) is zero at the
surface of the spherical mirror. The mirrors’ radius of curvature have been
defined as R2(t+d)=R0 at the point z=(t+d). The mirror’s shaped can be described
to the desired degree of accuracy by
!−!−!+

!!
!!
+ !.
2!! 8!!

(3.85)
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Functions Φ2(z) and 1/R2(z) vary slowly near the mirror surface and can be
expressed as a Taylor series expansion. Doing this allows the trial fields on the
surface of the mirror S2 to be found from (3.69) in a similar manner as they were
found in Section 3.2.1 for the unloaded resonator11.
The formula above can be used to describe the unit vector normal to the
spherical mirror
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When evaluating the surface integral I3 the cylindrical coordinates may be used
for a matter of convenience. The surface element can be rewritten as
!!
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and substitution in (3.79c) yields
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where Ex2m, Ez2m and Hy2m
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are the electromagnetic field components on S2.
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Evaluating I3 yields the more simple formula
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At this point the previously derived corrections may be applied to (3.78)
and simplified to yield
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where Δ is defined in (3.82). It should be noted at in the formula above ω is the
associated with the initial estimate for resonant frequency of the dielectric loaded
open resonator by solving the transcendental equation in (3.75) for k and relating
by ω=kc 11.
The estimate ω is an estimate of for resonant frequency found by matching
the electromagnetic fields at the air-dielectric interface. The more accurate value

ω1 is found by using the derived electromagnetic fields into the variational
formula (3.78), taking into account perturbations in the resonator that could
produce error greater than the desired threshold. Therefore the terms on the right
hand side of (3.90) can be thought of as correction factors, with the first
corresponding to correction of matching at the air-dielectric interface, and the
second corresponding to a correction in the tangential component of the electric
field on the mirror surface. The mirror correction factor can be validated by
setting the thickness of the dielectric sample and solving the appropriate
transcendental equation in (3.75). After some manipulation the formula for
resonant frequency can be written
!! =

!
1
!
1
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−
,
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where D=2d. It should be noted that this formula is quite similar to the formula
for an empty open resonator presented in (3.26). Moreover, (3.92) is actually
identical to a formula for resonant frequency of an empty open resonator

66
developed in previous work of Cullen and Yu5 by narrowing the approximations
in the scalar Gaussian beam wave theory11.
Now that appropriate corrections have been made, the losses due to the
dielectric sample may be calculated. Loss tangent is directly related to the
complex part of permittivity and, thus, its formula can be derived (3.75) by
allowing refractive index and wavenumber to be complex. The derived formula is
written
tan ! =

1
2!" ! + !Δ
,
!! 2!"#Δ − Δ sin 2 !"# − Φ !

(3.93)

where Qe is the Q-factor of the open resonator loaded with a theoretical loss-free
dielectric sample with the same permittivity and thickness of the sample to be
measured. This quantity cannot be measured in practice so an estimate can be
obtained by measuring the loaded Q-factor and the unloaded Q-factor for the
same axial mode q. It should be noted that these resonances occur at different
mirror separation distances. The effective Q-factor can be estimated
1
1
1 !! Δ + 1
=
−
!!
!! !! 2 ! + Δ!

,

(3.94)

where QL is the loaded Q-factor, Q0 is the empty Q-factor and d0 is the distance
between the z=0 point and the center of the spherical mirror when the
configuration is adjusted to exhibit resonance with no sample6. It can be noted
that for low-loss dielectric samples the empty resonator Q-factor, Q0, may be
large enough for the second term in (3.94) to be negligible15.
This section has presented the formulas and methods needed to extract
permittivity and loss tangent measurements from the vector-based formulas
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developed for Gaussian beam wave theory in an open resonator. A transcendental
equation was derived for refractive index with a form and in a manner similar to
the results derived in Section 3.1.3. A variational formula was used to apply
perturbational techniques in an effort to ensure that the resonant frequency of the
system is accurate to within the error threshold of the vector-field based theory.
These corrections are used to improve the accuracy of the transcendental equation
for permittivity and to develop an accurate formula for the loss tangent in the
dielectric sample. In the next chapter the theory that has been developed to this
point will be applied to experimental procedures for measurement of permittivity
and loss tangent in real dielectric samples.
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Chapter 4:
60GHz Hemispherical Fabry-Perot
Open Resonator System

This chapter will detail a 60GHz Fabry-Perot open resonator system. The
instrument itself will be described, giving attention to individual components of
the system. Measurement techniques and methods will be discussed and related to
the theory developed in the previous chapter. In addition real data collected with
this instrument will be presented and explained. Finally some frequent problems
with the instrument will be discussed and solutions will be offered. This will
include novel data processing techniques developed to mitigate a particularly
difficult issue with data collection. This chapter, in addition to the instruction
manual in the Appendix B is meant to give a complete understanding of how to
collect data and make precision dielectric measurements with a hemispherical
open resonator system.
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4.1 Description of 60GHz Open Resonator System

Fig. 4.1: A simplified (above) and detailed (below) block diagram of 60GHz Fabry-Perot open
resonator system

4.1.1 Millimeter Wave Sources
The 60GHz Fabry-Perot open resonator system features two millimeter
wave sources: one at 60GHz and one at 56GHz. Each source features a Gunn
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diode, harmonic mixer and driver circuit. The 60GHz source has the added feature
of tuning capability over a 14MHz range by means of a VHF synthesized source
that is controlled by computer software via an HPIB bus. The 56GHz source is
effectively a local oscillator and is included so that analysis can be done at an
intermediate frequency of 4GHz. Each source is varactor tuned and has output
power around 30mW. The 60GHz and 56GHz sources and the VHF synthesizer
are all phase locked to the same highly stable 10MHz crystal oscillator reference,
which is mounted in a specially made, temperature controlled housing.

4.1.2 Ferrite Modulator Loop
The ferrite modulator loop is located at the output of the 60GHz source. It
is made up of a ferrite modulator, detector and modulation driver. This piece
provides a 1kHz square wave reference to the lock-in amplifier, which will be
discussed later.

4.1.3 The Open Resonator
The open resonator features a hemispherical configuration for the
convenience this setup provides when taking dielectric measurements. It features
a small, circular plane mirror oriented normal to the vertical facing a spherical
mirror. The plane mirror faces upwards so that a dielectric sample to be measured
may be placed flat on its surface, without the need for it to be secured. The plane
mirror has a diameter of 101.6mm and the spherical mirror has a diameter of
203.2mm with a radius of curvature of 150.155mm. The plane mirror is polished
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by a diamond turning machine and the spherical mirror is polished using
conventional optical polishing techniques. Both mirrors have been coated with
chromium gold by evaporation deposition. The alignment of the spherical mirror
can be adjusted by turning three hex screws that control tension in springs
mounted to a supporting frame. The resonator is excited via two circular coupling
holes with diameter 1.9mm butted into the spherical mirror with a spacing of
4.064mm from hole center to hole center. E-H tuners are used at both the input
and output coupling holes to minimize any losses associated with the
discontinuity between the rectangular waveguide that feeds the circular coupling
holes. The waveguides are also Teflon filled to help mitigate this problem. The
plane mirror is mounted to a motor-driven micrometer screw that can adjust the
length of the cavity during or prior to measurement up to 18.5mm. The motor
driving circuitry has been modified so that step size can be as low as 10nm. All of
the above considerations have been taken to ensure that the resonator has
extremely high Q-factor.
4.1.4 The Receiver
At the output of the resonator cavity the 60GHz energy is mixed with the
56GHz source to achieve an intermediate frequency of 4GHz. The 4GHz signal is
sent through an IF amplifier featuring a built in isolator. The signal is then fed
into a high-precision lock-in amplifier with variable time constant to minimize
noise. The lock-in amplifier output is recorded by a controlling computer.
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4.2 Dielectric Measurement with the Open Resonator
The system described in the previous section is capable of measuring
dielectric permittivity and loss tangent of solid dielectric samples in two ways.
The first method is known as the frequency variation method. This involves
creating a resonance profile by sweeping the 60GHz source using the VHF
synthesized source for tuning. The second method is known as the cavity length
variation method. This method involves creating a resonance profile by varying
distance between the plane and spherical mirrors about an axial resonance mode
while the source is held constant. Both methods have the similar initial procedure.

4.2.1 Initial Measurement Procedure
In order to measure a dielectric sample using either the frequency
variation or the cavity length variation method, full cavity-length resonance
profiles must first be established. The cavity length is stepped in coarse steps,
with data being recorded from the lock-in amplifier at each step. This is done to
get an idea of the distances at which resonant modes occur.
The cavity length is swept from 0.5mm to 18.5mm, which generally will
feature five resonant modes (q=49-54). Two full resonance profiles must be
established, one of the empty resonator and one of the dielectric loaded resonator.
As explained in the previous chapter when the resonator is perturbed with a
dielectric sample, the placement of axial resonance modes shift. At this point the
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Fig. 4.2: Full cavity scan of the Teflon loaded resonator

individual peaks of resonance modes can be matched between the two full-cavity
scans.

4.2.2 The Frequency Variation Method
Once full resonance scans have been acquired and resonant peaks of the
same mode in each are matched the frequency variation method can be used to
measure the permittivity and loss tangent. This technique involves comparing
frequency scans of the same axial mode, q, in the empty and loaded resonator.
The cavity length is first set to the length where the resonant mode appears in the
full cavity scan. The resonant frequency is then measured by sweeping the 60GHz
tunable source across the range 60GHz ± 2MHz in 10kHz step developing a
resonance profile. At this point an accurate measure of the length at which the
resonance occurs must be established. This is done by iteratively solving for d0 in
the equation
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which has been adapted from (3.92). It is assumed that the resonant length is
known to the extent that the value of q can be deduced. In the above equation the
speed of light in air, c, must be known for the given temperature and humidity of
the experimental conditions. For this reason it is important that the measurements
take place in a controlled environment.
Next the dielectric sample is inserted into the resonator and the resonator
length is set to the resonant length found in the full cavity scan. Again the tunable
source is swept over a ±2MHz range about 60GHz in 10kHz steps and the
resonant frequency of the loaded resonator, fl, is measured. The value of fs should
correspond to the theoretic value f1=ω1/2π found in (3.90) by using perturbation
corrections. Applying these corrections to the value of fl leads to the development
of the uncorrected frequency f=ω/2π, which will be used in future calculations,
by the relation
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for antisymmetric modes, rewritten from (3.82b). In order to calculate f in (4.2) an
initial estimated value of refractive index, n, is needed. It is sometimes necessary
to repeat the procedure with improved estimates of n.
Using the calculated frequency, f, the value of wavenumber k may be
calculated. At this point the value of n can be determined by solving the
transcendental equation for presented in (3.75) and further defined in by (3.76),
(3.67), (3.68), (3.70) and (3.71) which have been rewritten for the configuration
used:
1
tan !"# − Φ ! = − tan !" − !! ,
!
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and
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Once fe and f have been established, (4.5) can be solved iteratively for refractive
index, n, using (4.6), (4.7) and (4.8) and refractive index can be found. The Qfactor of the empty and loaded resonance profile can be found easily by taking the
ratio of resonant frequency to the -3dB bandwidth. Using the value for refractive
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index and the measured Q values the equation for loss tangent presented in (3.93)
can be solved. Equations (3.93) and (3.94) are rewritten below for convenience.
tan ! =

1
2!" ! + !Δ
,
!! 2!"#Δ − Δ sin 2 !"# − Φ !

(4.9)

where
1
1
1 !! Δ + 1
=
−
!!
!! !! 2 ! + Δ!

,

(4.10)

and Δ is defined by (4.4).

4.2.3 The Cavity Length Variation Method
The cavity length variation method is similar to the frequency scan
variation method in that resonance profiles of the same mode are compared for
the unloaded and loaded case. After the positions of the desired corresponding
resonance peaks are located using the coarse scan, a higher resolution scan is
conducted around the corresponding lengths in the unloaded and loaded resonator.
As mentioned in Section 4.1.3 the 60GHz Fabry-Perot open resonator
system is outfitted with a stepping motor and modified driver that step with
resolution as fine as 10nm. A very small distance is scanned using this method
due to the time it to use such tiny steps. Generally the scan will be 30µm, centered
on the resonant distance. This scan encompasses the 60 steps taken with the
coarse cavity scan and increases resolution by a factor of 50, producing a 3000
step scan. The 10nm-step scans produce resonance profiles that are visibly
Gaussian in nature. When using a 20nm step size for the fine cavity scan a slight
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shoulder is visible in the Gaussian profile, therefore 10nm-step sweeps are
generally performed.
The technique for finding the permittivity and loss tangent using this
method is very similar to the technique described for the frequency variation
method in the previous section. Again an exact distance at which the resonance
occurs in the empty resonator can be calculated by numerically solving for d0 in
(4.1). Now, instead of applying the mirror and interface corrections to the
measured resonant frequency of the loaded resonator, these corrections are
applied to the loaded resonant distance. Inserting the dielectric sample effectively
alters the position of the beam waste from d0 to d+t, where d is the distance
between the mirrors at the point of resonance with the dielectric sample present
and t is the sample’s thickness as shown in Fig 4.314. The corrections applied to
this new resonant length are described by the relation
! + ! = !! − ! +
where
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(4.12)

and the values of Δ and wt are described in (4.4) and (4.7a) respectively. Now
(4.11) and the transcendental equation described in (4.5) can be solved
simultaneously for n and d using numerical methods.
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Fig. 4.3: Diagram of the configuration for the cavity length variation method for the loaded case
(left) and the unloaded case (right)

Again, as in the frequency variation technique, the loss tangent can be
calculated once the permittivity is found. The values of Q-factor for the loaded
and unloaded resonator can be found by using the mirror spacing distance and the
distance between -3dB points in the Gaussian profiles. For the ideal configuration
!=
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!!

(4.13)

where Δλ is the change in wavelength, dh is the distance between -3dB points and
d is the distance between the mirrors at the peak resonance. In practice the
expression on the far right is used since d and dh are measurable quantities. Once
the values of refractive index, n, and the loaded and unloaded Q-factors have been
found, (4.9) and (4.10) can be used to determine the loss tangent.

4.2.4 Discussion of Methods
In the past the frequency variation technique has proven to be the more
widely used measurement technique than its cavity length variation counterpart.
Measurements can be performed using only coarse tuning of the cavity length and
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obtaining the resolution needed in the swept sources. While creating a highly
stable, tunable source at millimeter wave frequencies can be difficult and
expensive, it is almost always possible to do.
The cavity length variation, however, does not require a tunable source,
but does require a very high-resolution step size. It has been shown for the 60GHz
Fabry-Perot open resonator that to obtain the necessary resolution, the step size
must be smaller than 20nm. For millimeter wave frequencies the tiny step sizes
can be unattainable. The stepping motors and drivers needed to achieve such fine
resolution are expensive and often must be modified or custom built. However, if
the proper resolution is achieved with the length variation method, the Q-factors
that are exhibited by the resonator are significantly higher than those measured
using the frequency variation method. These extremely high Q values allow for
not only the measurement of low-loss materials, but even some medium-loss
materials, effectively increasing the materials that can be measured using this
instrument.

4.3 Problems Encountered
Quasi-optical Fabry-Perot open resonators are inherently very sensitive
devices. They require incredibly stable and accurate high frequency sources and
detectors that require large time constants to reduce noise. These instruments are
known to be very sensitive to environmental changes including temperature,
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humidity and vibrations1. Often if unused for a long period of time, getting the
open resonator system to an operational state can be an immensely difficult and
time-consuming process.

4.3.1 Tuning Issues Encountered
In attempting to revive the 60GHz open resonator system after a five-year
period of inactivity several distinctly challenging issues presented themselves.
The most expected problem that was encountered was that the instrument required
tuning.
Upon initial data collection attempts in the empty resonator, the signal was
quite weak. The first step in increasing the power of the signal, assuming that the
sources are working properly, is tuning the resonator cavity’s input and output.
This is accomplished by adjusting the E-H tuners located at the input and output
coupling holes of the cavity. These devices transform the impedance in the
waveguide. This is necessary in order to minimize the losses experienced at the
junction of the rectangular waveguide and the circular coupling holes. By closely
monitoring the output of the lock-in amplifier while carefully making
adjustments, significant improvements in resonant power were exhibited.
Although four settings must be adjusted to achieve optimal results, the E-H tuner
settings’ effect on power output are fairly independent of each other. This allows
for adjustments of all four settings to be made individually.
The optical alignment of the spherical and plane mirror is also an
important factor that should be considered when trying to increase the Q-factor of
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the resonator. This is tuned by adjusting three push-pull hex-screws that control
the orientation of the spherical mirror. To tune the alignment the mirror spacing
should be first set to a resonant distance. Next a screw should be turned very
slightly in either direction to see if any increase in power is achieved. Note that
even a quarter of a turn can result in an effective loss of resonance. If an increase
in power is exhibited as the screw turns in a particular direction, the screw may be
adjusted by a larger turn. At each adjustment of the screw the distance must be
varied slightly, in case the adjustment made a change to the resonant length. This
process is repeated at least once for all three screws, and best results are often
achieved by repeating the process for each screw multiple times.
It should be noted that the tuning processes described above are not to be
performed for each measurement. Rather, these are processes required to maintain
the instrument over time. It is common for the instrument to fall out of tune after
not being used for long periods of time, but it is unlikely that it will require tuning
more than once a year.

4.3.2 Stepping Motor and Micrometer Screw Issues
Working with an instrument that moves in precise increments on the order
of a 10nm presents an understandably difficult set of challenges. The micrometer
screw alone requires regular maintenance to allow for smooth even stepping. It is
important that the micrometer screw is both properly lubricated and aligned.
Upper cylinder lubricant and fuel injector cleaner is a product that has been used
on the micrometer screw in the past with good results. Aligning and calibrating
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the micrometer screw is a challenging task that is generally performed by a
mechanic familiar with micrometer technology. Finding and implementing a
motor and motor controller circuitry to torque the micrometer screw correctly to
step 10nm with precision and repeatability is another very difficult task. In the
60GHz Fabry-Perot open resonator instrument described above motor controller
circuitry had to be modified to achieve such precision.
In attempting to restore this instrument to working order after several
years in an idle state an additional issue that had not before been encountered
presented itself. The outdated Dell GX270 computer featuring Windows 2000 and
an Intel Pentium 4 processor, which sends instructions to the motor controller
circuitry caused the motor driving the micrometer screw to experience skipping.
This is caused by errors the instruction data packets sent out by the National
Instruments GPIB card. The controlling computer is slow enough that the data
bits sent by the card do not reach the required voltage level. It is most likely that
the microprocessor attempts to correct this problem, which causes the skipping.
The Dell GX270 has been known to exhibit these sorts of problems in the
past. The short lifetime of the electrolytic capacitors in the motherboard are one
known source of the data packet problem. As the capacitors degrade with use, the
time constant associated with a rising or falling data bit will increase, slowing the
bit rate of the instructions being sent out, and often causing the microprocessor to
attempt to send correction data packets.
In an attempt to mitigate this problem the motherboard of the Dell GX270
computer was replaced. This decreased some skipping at very slow stepping
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speeds, but the problem still persists at rates as high as one step per three seconds.
It is possible that the problem is due to an inadequate amount of memory, which
is slowing the computer down significantly.
In all likelihood replacing the computer could eliminate the skipping
problem. Unfortunately due to time constraints, this was impossible to do for this
work. Because the computer and LabView software that controls the stepping
motor is so outdated, the program would have to be rewritten from the ground up.
Undoubtedly this is a task that will need to be undertaken, but was out of the
scope of this effort. Rather this problem was minimized by post-processing
techniques, which will be covered in the next section.

4.4 Data Processing
This section will aim to explain the post-processing techniques used to
calculate the permittivity and permeability of a dielectric sample from the fine
resolution cavity scans about the same mode for the loaded and unloaded open
resonator. A Gaussian fitting program was developed to mitigate some of the
problems associated with the stepping motor, motor driver and micrometer screw
explained in the previous section. A program that has previously been used by the
Tufts High Frequency Materials Measurement and Information Center uses to
calculate dielectric permittivity and loss tangent was rewritten in the form of
MATLAB script from its original C++ programming language. Great care was
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taken in rewriting this program to be consistent with the nomenclature offered in
Section 4.2 and in other literature on this subject for maximum transparency.
These two novel developments to the measuring process have improved the
results obtained with this instrument.

4.4.1 Gaussian Fitting of Cavity Scans
In Section 4.3 a number of problems that are common to cavity scanning
microwave and millimeter wave open resonator systems with very fine stepping
resolution were discussed. In restoring this particular instrument to working
condition, issues associated with the motor, motor controller and micrometer were
particularly problematic. Skipping occurred in both coarse and fine resolution
scans, but the results are more noticeable in the latter. Results were highly
repeatable, even at different lock-in amplifier time constants, and showed
discontinuities that are cannot be attributed to electrical noise. Figure 4.4 below
shows two 10nm cavity scans of the 49th axial mode centered between two

Fig. 4.4: Cavity scan resonance profiles of the 49th axial mode with a time constant of 300ms (left)
and 1s (right)
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resonant modes that are not of the type TEM00. It can be seen by inspection that
even with two different time constants, the data is repeatable in both the main
resonant mode in the center, and the higher order modes on either side.
Discontinuities in the center resonance profile are quite evident by inspection,
especially when noting that theoretically it should be a Gaussian function. These
are likely caused by the motor skipping due to problems with the controlling
computer and motor control electronics. Problems similar to this can also be
caused by misalignment of the micrometer screw or of the reflectors.
Discontinuities make it difficult to accurately estimate the half power width and
the micrometer reading at the peak of the resonance profile, both of which are
needed to calculate permittivity and loss tangent.
In order to minimize the problems associated with discontinuities in the
cavity scan resonance profiles a Gaussian curve-fitting script was developed in
MATLAB. The script works in two stages. The first stage generates a family of
Gaussian curves with different amplitudes, A, standard deviations, σ, and
expected values, µ, of the form
!(!) = ! exp

!−!
2! !

!

,

(4.14)

with an x point for each micrometer reading point. The family of curves can be
thought of a data cube with each curve, f(x), existing in a data cube with a unique
coordinate (A,σ ,µ). The script next finds the mean square error associated with
each point for a given curve. This error function can be represented
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where P(x) is the relative amplitude of the collected data. The script next finds a
user-defined number of the functions associated with the lowest value of error.
These minima are used as starting points for an adaptive Gaussian curve-fitting
function that is employed in the second part of the script.
Once the Gaussian curves with the lowest mean square error are found,
their associated values of amplitude, standard deviation and expected value are
used as inputs to the adaptive Gaussian curve-fitting function gaussfit. This
function first generates the Gaussian curve from the input parameters mentioned.
It then generates curves with slightly higher and lower amplitude. Whichever of
these curves has the lowest mean square error when compared to the data is
chosen as the new Gaussian fit. This process repeats similarly for standard
deviation and expected value. Additionally this function takes into account a
constant additive amplitude property since the floor of the recorded amplitude is
not always zero. The modified Gaussian function now has the form
! ! = ! exp

!−!
2! !

!

+ !,

(4.15)

where B is the constant added amplitude. The value of B is chosen in a process
that is similar to those described above for amplitude standard deviation and
expected value. This entire process is then repeated with smaller and smaller steps
each time a change is made for a parameter. The result is a program that
effectively takes a Gaussian curve and slowly varies its properties until the
curve’s error function settles in a minimum.
The value of the first part of the script can now be appreciated. The first
part of the script generates a family of curves, whose parameters are varied fairly
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coarsely. As is often the case, the Gaussian curve generated by the first part of the
script that has the lowest initial value of error may result in a higher error value
once the adaptive gaussfit function is applied than a curve with a slightly higher
value of error. The situation is analogous to under-sampling a signal and finding
the minimum value. Though the minimum of the under-sampled signal is the
perceived minimum, if the signal is sampled appropriately it may be seen that this
is only a local minimum. For this reason the gaussfit function is run on more than
on of the curves developed in the first part of the script. Generally running the
adaptive program on three curves with the lowest values of mean square error is
sufficient and will result in finding the true best-fit Gaussian function for the data.
After the adaptive program is run on more than one of the initial generated
curves with low values of error, the curve with the true lowest error value is
selected as the best Gaussian fit. This curve is used to find the micrometer reading
of the peak amplitude and the half power width. These values can be used to
calculate the permittivity and loss tangent of the dielectric sample.
The effectiveness of the script can be seen in Fig. 4.5 with the data in blue
and the script generated best fit in red. As shown at left, when the data

Fig. 4.5: Results of the Gaussian fitting script for the 50th axial mode of a polyethylene loaded
resonator (left) and the 49th axial mode of an empty resonator
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distribution is fairly Gaussian in nature and the amplitude is lower, the effects of
skipping and other stepping problems are less detrimental and a very accurate fit
is achieved. In the figure at right the amplitude of the resonance profile of the
empty resonator is greater and the effect of these issues is more pronounced. Here
the importance of adding a constant additive amplitude factor is can be
appreciated as the floor amplitude of the data is not zero. Though to the eye, the
figure at right may not appear to give an accurate fit, the script is effective in
finding the micrometer reading of the peak amplitude of the resonance profile and
the half power width. When applied to data that is not subject to issues with the
micrometer, the Gaussian fitting algorithms described above would offer some
improvement in finding these properties. While some amount of error will always
exist while stepping problems persist, the Gaussian fitting of the data provides a
vehicle for reducing this error by using statistical methods to extract key attributes
from data that would otherwise be unusable for calculation of dielectric
properties.

4.4.2 Processing of Cavity Scan Data
The script for calculating permittivity and loss tangent from the measured
data is follows the equations in Section 4.2 fairly closely. The user must first use
the cavity scan variation method as it is described above to get resonance profiles
about the same axial standing wave mode for both the loaded and unloaded
resonator. The script requires inputs from the user for micrometer readings of the
peak of the resonance profile for the loaded and unloaded resonator, the half
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power width of the loaded and unloaded resonant profiles, the thickness of the
dielectric sample and an estimate of the permittivity of the sample. Generally for
the estimate of permittivity, well-known data measured at lower frequency using
different techniques is used.
After the necessary data is input the true resonant length of the unloaded
cavity is calculated from the micrometer reading of the peak of the unloaded
resonant profile. The first step in calculating this length is finding the true axial
mode number, q. This is done quite simply by manipulating (4.1) and solving for
q by rounding to the closest integer. Now q may be inserted back into (4.1), which
may be rewritten as a function of d as
! !!

!
1
= −!! +
! + 1 + tan!!
2!!
!

!!
1
−
,
!! − !!
2!"!!

(4.16)

where du is an estimate of the true unloaded cavity length. Since it is known from
(4.1) that the right hand side will equal zero at the true resonant length, du=d0,
may be solved for numerically using Newton’s method for finding roots. This is
done by taking multiple estimates of du using the relation
!!(!!!) = !!" −

! !!"
,
! ! !!"

(4.17)

where n denotes the number of times the process has been iterated, f’ is the
derivative of f with respect to du and (4.17) comes directly from the first order
approximation of the Taylor series expansion
! !! + !!! ≈ ! !! + ! ! !! !!! .

(4.18)

The method is repeated until the absolute value of f(du(n+1)) is below a very small
threshold close to zero.
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Once true resonant length of the unloaded cavity is calculated the
calculations for matching of electromagnetic field components at the air-dielectric
interface may be implemented. First the parameters in (4.3), (4.7) and (4.8) are
calculated. Once this is done the transcendental equation, (4.5), and (4.11) may be
solved simultaneously for refractive index, n, and the true resonant length of the
loaded resonator, d. Again Newton’s method is used to solve this series of
equations. (4.5) and (4.11) are rewritten as functions of n and d:
1
tan !"# − Φ ! + tan !" − !! ,
!
! !−Δ
3
!! !, ! = −! − ! + !! − ! + ! ! ! + ! .
4! ! !
! ! !!
!! !, ! =

(4.19a)
(4.19b)

In this case it is known that the expressions on the right hand side of the equations
above will be zero at the true values of n and d. The same first order
approximation of the Taylor series expansion in (4.18), applied to the system of
equations in (4.19) may be taken yielding
0 ≈ !! !! , !! + !!!! − !!
0 ≈ !! !! , !! + !!!! − !!

!!! !! , !!
!!!
+ (!!!! − !! )
!"
!!! !! , !!
!!!
+ (!!!! − !! )
!"

!! , !!
!"
!! , !!
!"

(4.20a)
(4.20b)

writing these two equations in matrix form yields
!!!!
!!
!! !!
=
,
!!!!
!! − !
!!

(4.21)

where J is the Jacobian matrix

!=

!!!
!"
!!!
!"

!!!
!" ,
!!!
!"

(4.22)

and f1 and f2 are their partial derivatives are evaluated at (nn,dn). Equation (4.21) is
evaluated and into (4.20). This process is repeated until the equations in (4.20) are
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below some tiny threshold and the values for nn+1 and dn+1 may be reasonably
estimated to be the true calculated values of n and d. Once these values have been
calculated, (4.4), (4.9) and (4.10) are evaluated to find loss tangent36.
In rewriting the code from C++ to MATLAB it was found that the mirror
shape error correction that is implemented in the last term on the right of (4.11)
was not being evaluated due to a subtle nuance in the way that the C++ was being
evaluated. Though this error factor is generally very, very small, it is important
for the integrity of the calculations that it is taken into account. A correction was
also made to the code for Newton’s method as described in (4.20)-(4.22). While
the correction does not change the final calculation of n and d because the
program iterates until the right sides of (4.20) are below a certain threshold, this
section of the process does converge with fewer iterations.

4.5 Measurement Results
Months were spent overcoming the challenges presented in getting the
60GHz Fabry-Perot open resonator system to a state of working order. As
mentioned in the Section 4.3, issues persist with the system. These problems can
most likely be attributed problems with the stepping motor, micrometer screw
alignment and calibration and alignment of the mirrors.
The most notable manifestations of the issues that still exist in the
instrument is that when the coarse cavity length scan is carried out, resonant some
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of the higher order resonant modes appear to have shifted, or not be present at all.
Unfortunately this has left only the axial modes corresponding to q=49 and q=50
usable for data acquisition. Undoubtedly this is an issue that must be resolved in
the future, but given the amount of time that was needed to revive the instrument
into working condition for the modes available presently, fixing this problem was
out of the scope of this project.
Measurements were performed on two samples of polyethylene in order to
prove the methods presented previously in this chapter. As noted, data was
collected only for resonances with axial mode numbers 49 and 50. Both samples
were cut from the same polyethylene rod with a diameter of 3.5”. Previous
measurements for one of the samples have been recorded and are presented. Note
that these measurements were recorded without applying the mirror shape error
correction term. The results of these measurements are shown below in Table 4.1:
Thickness
(mm)

Sample
Polyethylene192
Polyethylene193

4.716±0.000
5.463±0.003

New Measurements
Permittivity
2.406383
±0.077224
2.399820
±0.038356

Loss Tangent
(x10-4)
1.236889
±0.223286
1.885879
±0.996725

Previous Measurements37
Permittivity
2.428225
±0.02455

Loss Tangent
(x10-4)
1.5276
±0.9597

Table 4.1: Comparison between new measurements of permittivity and loss tangent of two
polyethylene samples and previous measurements of the same samples taken in 2001

It can be assumed that previous measurements for the polyethylene-193
sample would be similar to those for polyethylene-192 as they were cut from the
same polyethylene rod. The new measurements of permittivity for polyethylene192 and polyethylene-193 are 0.900% and 1.170% less than the previously
performed measurements for polyethylene-192. The variation in the new
permittivity measurements is somewhat higher than that of the old measurements.
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Fig. 4.6: Loss tangent data for polyethylene and other
polymers from 90 to 300GHz measured using DFTS

The new measurements of loss tangent are in agreement with previous
60GHz open resonator measurements. A comparison of the new measured loss
tangent data with earlier data measured using dispersive Fourier transform
spectroscopy on a 50mm thick polyethylene specimen shows an excellent
agreement around 60GHz as shown in Fig. 4.638. The DFTS showed a continuous
loss tangent spectrum from 90 to 300GHz. At 90GHz the loss tangent value was
reported to be 3x10-4. The new loss tangent data shows a value of around 1.5x10-4
at 60GHz, which would be consistent with a continuation of the previously
measured high precision spectrum measured with the DFTS.
It is also necessary to analyze the effect that the adaptive Gaussian curvefitting program has on these new measurements. While the curve-fitting program
provides a simple statistical basis for the extraction of the peak resonant length
and -3dB width information from the raw data, it is possible to find this
information without it. When calculations for these dielectric properties are made
without the curve-fitting program the resonant profile data is smoothed using a
fairly short running average filter and the peak resonance length is determined by
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simply finding the maximum. The -3dB width is found by searching for the two
points closest to the peak resonance length that have amplitude less than or equal
to half of the maximum. This is consistent with techniques used in the past to
calculate these dielectric properties from raw data using the 60GHz open
resonator system. A comparison of the results for permittivity and loss tangent
calculated from the same raw data are shown below in Table 4.2 with and without
the adaptive curve-fitting being applied.

Sample
Polyethylene192
Polyethylene193

Thickness
(mm)
4.716±0.000
5.463±0.003

With Gaussian Fitting
Permittivity
2.406383
±0.077224
2.399820
±0.038356

Loss Tangent
(x10-4)
1.236889
±0.223286
1.885879
±0.996725

Without Gaussian Fitting
Permittivity
2.406521
±0.077310
2.399742
±0.038439

Loss Tangent
(x10-4)
0.623382
±0.368752
2.714430
±2.294980

Table 4.2: Comparison between measurements of permittivity and loss tangent taken from the
same raw data with and without the adaptive Gaussian curve-fitting program applied

It can be noted that the refractive index measurements are very similar. This is
because the equations for the calculation of refractive index are not extremely
sensitive to such small changes in the peak resonant distance. The measurements
for loss tangent, however, are far different than the measurements made using the
adaptive Gaussian curve-fitting program. Both non-fitted measurements have
ranges that are far larger than their Gaussian fitted counterparts. Further the loss
tangent values of the two samples vary more drastically the curve-fitting program
is not applied, when ideally, they should be about the same. This large difference
between the loss tangent values from the same material immediately raises
questions about the validity of those measurements. Thus, it can be concluded that
the adaptive Gaussian curve-fitting program indeed does improve the precision of
the measurement of these dielectric properties.
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4.5.1 Sources of Error
The sources of error that are likely affecting these measurements have
been described in Section 4.3. The most glaring deficiency in the new
measurements is the increase in the range of permittivity when compared to
previously taken measurements. Permittivity is calculated directly from the peak
position of the loaded and unloaded resonance profiles. Some possible sources of
error in this distance are misalignment between mirrors, skipping by stepping
motor giving false micrometer readings and micrometer misalignment.
Variations in thickness and flatness of the sample can also be a major
source of error. Theory accounts for perturbations of a flat dielectric slab,
however if the sample is warped the measurements will incur error. This is
particularly problematic if the side of the dielectric sample resting on the plane
mirror is warped. This situation creates a third volume of air between the
dielectric sample and the flat mirror that is not accounted for. These errors may be
unavoidable and for this reason it is advantageous to measure several samples cut
from a single piece of dielectric material.
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(a)

(b)
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(c)
Fig. 4.7 Various views of a coarse 0.5µm scan of the open resonator
loaded with polyethylene-192
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Chapter 5:
Conclusion

The Fabry-Perot open resonator is an extremely powerful tool for the
measurement of dielectric properties in very low-loss materials. Originally
developed, studied and widely in use as an optical system, Fabry-Perot
resonators’ applications extend into the microwave and millimeter wave
frequency ranges. With a long history of use in these ranges dating back to
195327, the quasi-optical properties of the Fabry-Perot open resonator have been
studied extensively.
The work of Fox and Li23 and Kogelnik and Li4 on cavities for laser and
maser applications led the way in the development of conventional Gaussian
beam wave theory. This theory was applied the measurement of dielectric
properties in quasi-optical open resonators throughout the 1960s and 70s.
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Culshaw7-9, Jones6,12,13 and Cullen and Yu5, among others, connected
conventional Gaussian beam wave theory to electromagnetic theory, yielding
many publications on this new measurement technique. However, it was found
that the errors associated with the use of this scalar conventional Gaussian beam
wave theory were found to be undesirably large and unpredictable. Cullen and Yu
set out to develop a Gaussian beam wave theory that could eliminate these errors
at microwave and millimeter wave frequencies. To do this a vector-field based
Gaussian beam wave theory was developed. Using the complex source-point
technique, an exact solution to Maxwell’s equations was found from this new
vector-based theory10,11. These developments in the theory of the quasi-optical
Fabry-Perot open resonator have allowed it to be an extremely valuable
instrument for the measurement of dielectric permittivity and loss tangent.
The 60GHz open resonator system at the Tufts University High Frequency
Measurement and Information Center was developed over thirty years ago.
Improvements have been made on the instrument over the years to give it
advanced capabilities. One such capability is an extremely small cavity length
variation step size, which in the past has allowed for the measurement of not only
low-loss materials, but also some medium-loss materials.
After sitting unused for several years, an attempt has been made to restore
the open resonator system to working condition. Though many challenges were
encountered, the instrument was restored to a condition in which it was possible
to acquire reasonable data. Unfortunately problems with the micrometer
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controlling cavity variation, the stepping motor, the motor driving circuit and the
controlling computer were unable to be resolved in a timely manner.
In order to mitigate the issues that persist in the instrument signal
processing techniques were developed. An adaptive Gaussian curve-fitting
program can be used to extract key information from the raw data that is
necessary for measurements. The program provides a statistical basis for finding
the parameters needed to extract permittivity and loss tangent information. The
program that has been used in the past to calculate these properties has been
rewritten in MATLAB in a more understandable way. Further, while rewriting the
code several corrections and improvements were made. The signal processing
techniques that were developed were tested on data taken for two polyethylene
samples. The measurements taken were consistent with previously measured data
for polyethylene with the 60GHz open resonator system. This proves that the
signal processing method presented recovers the assumed resonance profile for
10nm steps.
There are a number of challenges regarding this instrument that may be
undertaken in the future. The issue relating to the skipping in the cavity scan must
be addressed. To do this the controlling computer must be replaced and the
LabView software must be redeveloped with an updated version. The micrometer
screw should also be tuned, calibrated and lubricated by a mechanic. Further
testing of the signal processing techniques that were developed should be
conducted with other previously measured samples. Information regarding the use
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of these techniques with data acquired using a smaller time constant would also
be an important addition.
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Appendix A

MATLAB Scripts
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Script to calculate Permittivity and Loss Tangent
meas.m
clear;
clc;
t = 5.467;
error = 1e-9;
d0_mic = 8.046220; % Micrometer reading of unloaded resonance
peak
d0_width = 0.003220; % 3dB width unloaded
d_mic = 7.728500; % Micrometer reading of loaded resonance peak
d_width = 0.007864; % 3dB width loaded
p = d0_mic - d_mic; % difference
e_r_est = 2.37; % estimated permittivity
n_est = sqrt(e_r_est); % estimated refr. index
f = 60e9; % Resonant Freq
R0 = 150.155; % Radius of curvature of spherical
c = 2.99697e11; % Speed of light
k = 2*pi*f/c; % wavenumber
d_u = d0_mic + 121.3376; % unloaded res. length
d_l = d_mic + 121.3376; % loaded res. length
% find true resonant length for correct mode
d0 = peak(d_u);
d1
d2
n1
n2

=
=
=
=

d0-t-p; % distance to air-dielectric interface
d1*1.0000001;
n_est;
n_est*sqrt(1.0000001);

[ff1_11 ff2_11] = perm(n1,d1,k,t,R0,d0,p);
[ff1_21 ff2_21] = perm(n2,d1,k,t,R0,d0,p);
[ff1_12 ff2_12] = perm(n1,d2,k,t,R0,d0,p);
% Begin Newton method
ff1n = (ff1_21-ff1_11)/(n2-n1);
ff2n = (ff2_21-ff2_11)/(n2-n1);
ff1d = (ff1_12-ff1_11)/(d2-d1);
ff2d = (ff2_12-ff2_11)/(d2-d1);
ffb = ff1n*ff2d-ff2n*ff1d;
while abs(ffb)<1e-30
prompt = 'Enter new value for estimated permittivity';
e_r_est = input(prompt);
n1 = sqrt(e_r_est);
n2 = sqrt(e_r_est*1.0000001);
[ff1_11 ff2_11] = perm(n1,d1,k,t,R0,d0,p);
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[ff1_21 ff2_21] = perm(n2,d1,k,t,R0,d0,p);
[ff1_12 ff2_12] = perm(n1,d2,k,t,R0,d0,p);
ff1n
ff2n
ff1d
ff2d
ffb

=
=
=
=
=

(ff1_21-ff1_11)/(n2-n1);
(ff2_21-ff2_11)/(n2-n1);
(ff1_12-ff1_11)/(d2-d1);
(ff2_12-ff2_11)/(d2-d1);
ff1n*ff2d-ff2n*ff1d;

end
i = 1;
n = n_est;
d = 140;
while (i<=10000) && (abs(ffb)>1e-30)
if (abs(n1-n)>error) || (abs(d1-d)>error)
n = n1-(ff1_11*ff2d-ff2_11*ff1d)/ffb;
d = d1-(ff2_11*ff1n-ff1_11*ff2n)/ffb;
n1 = n2;
d1 = d2;
n2 = n;
d2 = d;
[ff1_11 ff2_11] = perm(n1,d1,k,t,R0,d0,p);
[ff1_21 ff2_21] = perm(n2,d1,k,t,R0,d0,p);
[ff1_12 ff2_12] = perm(n1,d2,k,t,R0,d0,p);
ff1n
ff2n
ff1d
ff2d
ffb

=
=
=
=
=

(ff1_21-ff1_11)/(n2-n1);
(ff2_21-ff2_11)/(n2-n1);
(ff1_12-ff1_11)/(d2-d1);
(ff2_12-ff2_11)/(d2-d1);
ff1n*ff2d-ff2n*ff1d;

i = i+1;
else
abs(n1-n)
break;
end
end
% clc;
% display(i);display(ffb);
Q0 = d0/d0_width; % over 2?
if (i<=100) && (abs(ffb)>1e-30)
er = n^2; % permittivity
dp = d+t/n; % d' (4.8)
z0 = sqrt(dp*(R0-dp)); % (4.7d)
R1 = t+n^2*z0^2/t; % R1(t) (4.7b)
R2 = t/n + n*z0^2/t; % R2(t) (4.7c)
Phi_T = atan(t/(n*z0))-atan(1/(n*k*R1)); % (4.6a)
Phi_D = atan(dp/z0)-atan(1/(k*R0))...
-atan(t/(n*z0))+atan(1/(k*R2));
delt = n^2/(n^2*cos(n*k*t-Phi_T)^2...
+sin(n*k*t-Phi_T)^2); % (4.6b)
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Q0p = Q0*2*(d+delt*t)/((d+t+p)*(delt+1)); % (4.10)
Ql = (d+t)/d_width;
Qe = 1/Ql-1/Q0p; % 1/Qe (4.10)
losstan = Qe*2*n*k*(d+t*delt)...
/(2*n*k*t*delt-delt*sin(2*(n*k*t-Phi_T))); % (4.9)
permittivity = n^2;
display(permittivity);
display(losstan);
else
display('No Solution');
end
%%
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peak.m: Function called in meas.m to calculate true resonant length
function d0out = peak(d0)
f = 60e9; % Resonant Freq
R0 = 150.155; % Radius of curvature of spherical
c = 2.99697e11; % Speed of light
k = 2*pi*f/c; % wavenumber
fc = 2*f/c;
d1 = 130;
q = floor(fc*d0-1/pi*atan(sqrt(d0/(R0-d0)))+0.5); % from (4.1)
display(q);
% Use Newton method
while abs(d1-d0)>1e-13
d0 = d1;
ff1 = fc*d0-q-1/pi*atan(sqrt(d0/(R0-d0)))...
-1/pi*atan(1/(k*R0)); % (4.1)
ff2 = fc-1/(2*pi*sqrt(d0*(R0-d0))); % this is d(ff1)/d(d0)
d1 = d0-ff1/ff2;
end
d0out = d0;
%%

perm.m: Function called in meas.m
function [ff1 ff2] = perm(n,d,k,t,R0,d0,p)
dp = d+t/n; % d' (4.8)
z0 = sqrt(dp*(R0-dp)); % (4.7d)
R1 = t+n^2*z0^2/t; % R1(t) (4.7b)
R2 = t/n + n*z0^2/t; % R2(t) (4.7c)
Phi_T = atan(t/(n*z0))-atan(1/(n*k*R1)); (4.6a)
Phi_D = atan(dp/z0)-atan(1/(k*R0))...
-atan(t/(n*z0))+atan(1/(k*R2)); (4.6b)
delt = n^2/(n^2*cos(n*k*t-Phi_T)^2+sin(n*k*t-Phi_T)^2); % (4.4)
w0_sqr = 2*z0/k; % w0^2 (3.68d)
wt_sqr = w0_sqr*(1+t^2/(n^2*z0^2)); % (4.7a)
% Functions for roots: The goal is for these to equal 0
ff1 = 1/n*tan(n*k*t-Phi_T) + tan(k*d-Phi_D); % from (4.5)
ff2 = -d-t+d0-p+t*(n-delt)/(n^2*k^2*wt_sqr)+...
3/(4*k^2*R0); (4.11)
end
%%
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Script to apply Gaussian Fitting Signal Processing Method
gaussian.m
load poly/poly2.mat
x = D(:,1);
P = D(:,2);
x_span = x(end)-x(1);
% plot(x,P)
N = 15; % To be used in linspace defs maybe
[Pmax i] = max(P);
A = linspace(0,Pmax,N);
A = reshape(A,1,1,length(A),1);
sig = linspace((x(2)-x(1))*10,x_span/2,N);
xmat = repmat(x, [1 length(sig) length(A)]); % array of x column
% vectors
sigmat = repmat(sig, [length(x) 1 length(A)]); % array of sig row
% vectors
Amat = repmat(A, [length(x) length(sig) 1]); % array of A depth
% vectors
Pmat = repmat(P,[1 length(sig) length(A)]);
Nmins = 3; % Number of minima taken per iteration
Nmusteps = 4; % Steps moving gaussian in either direction from
middle
mustep = x_span/20; % Size of steps when moving gaussian
Mins = inf*ones(Nmins,Nmusteps*2+1);
rows = zeros(size(Mins));
cols = zeros(size(Mins));
mu = x(1)+x_span/2+(-Nmusteps:Nmusteps)*mustep;
for i = -Nmusteps:Nmusteps
idx = i+Nmusteps+1;
f = Amat.*exp(-0.5*((xmat-mu(idx))./sigmat).^2);
% Err is reshaped such that:
% % Rows correspond to A values
% % Cols correspond to sig values
Err = reshape(sum((f-Pmat).^2,1),[length(A) length(sig) 1])';
% Find the three smallest values of Error
[mins r c] = getmins(Err,Nmins);
Mins(:,idx) = mins; % 3 lowest Err values
Aidx(:,idx) = r; % idx of Corresponding A values
sigidx(:,idx) = c; % idx of Corresponding sig values
end
% take 3 mins from the Mins array
% % column corresponds to mu dispalcement
[m row_idx idx] = getmins(Mins,Nmins);
mu0 = mu(idx);
A0 = A(diag(Aidx(row_idx,idx)));
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sig0 = sig(diag(sigidx(row_idx,idx)));
f0 = zeros(length(x),Nmins);
Err = inf*ones(1,Nmins);
for i = 1:Nmins
disp(i);
%f0(:,i) = A0(i)*exp(-0.5*((x-mu0(i))/sig0(i)).^2);
[f0(:,i) fit_err(i)] = gaussfitB(x,P,A0(i),sig0(i),mu0(i),0);
end
[error f_index] = min(fit_err);
f = f0(:,f_index);
display(f_index);
display(error);
plot(x,P,x,f);
%%
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gaussfit.m: Adaptive Gaussian curve fitting function used in gaussian.m
x_span = x(end)-x(1);
if nargin <= 7
mu_step = x_span/100;
if nargin == 6
inc_thrsh = 0.0004;
end
end
thrsh = 1 + inc_thrsh;
Bstep = 0.05
f0 = A0*exp(-0.5*((x-mu0)/sig0).^2)+B0;
Err = [sum((P-f0).^2) inf inf];
Ainc = 11; % increase factor
Adec = 9; % decrease factor
Aden = 10; % denominator
siginc = 11;
sigdec = 9;
sigden = 10;
muinc = 11;
mudec = 9;
muden = 10;
Binc = 11;
Bdec = 9;
Bden = 10;
flag = 0;
i = 0;
last = 0;
Errmin = inf;
while flag == 0;
if last ~= Errmin
last = Errmin;
end
%

A FIT
Ap = A0*Ainc/Aden;
An = A0*Adec/Aden;
fp = Ap*exp(-0.5*((x-mu0)/sig0).^2)+B0;
fn = An*exp(-0.5*((x-mu0)/sig0).^2)+B0;
Err = [sum((P-f0).^2) sum((P-fp).^2) sum((P-fn).^2)];
[Errmin m_idx] = min(Err);
if m_idx
Ainc
Adec
Aden

== 1
= Ainc+1;
= Adec+1;
= Aden+1;
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last_err
elseif m_idx
f0 = fp;
A0 = Ap;
last_err
elseif m_idx
f0 = fn;
A0 = An;
last_err
end

= inf;
== 2
= Err(1);
== 3
= Err(1);

%

Sigma fit
sigp = sig0*siginc/sigden;
sign = sig0*sigdec/sigden;
fp = A0*exp(-0.5*((x-mu0)/sigp).^2)+B0;
fn = A0*exp(-0.5*((x-mu0)/sign).^2)+B0;
Err = [sum((P-f0).^2) sum((P-fp).^2) sum((P-fn).^2)];
[Errmin m_idx] = min(Err);
if m_idx == 1
siginc = siginc+1;
sigdec = sigdec+1;
sigden = sigden+1;
last_err = inf;
elseif m_idx == 2
f0 = fp;
sig0 = sigp;
last_err = Err(1);
elseif m_idx == 3
f0 = fn;
sig0 = sign;
last_err = Err(1);
end

%

MU FIT
mup = mu0 + mu_step*mudec/muden;
mun = mu0 - mu_step*mudec/muden;
fp = A0*exp(-0.5*((x-mup)/sig0).^2)+B0;
fn = A0*exp(-0.5*((x-mun)/sig0).^2)+B0;
Err = [sum((P-f0).^2) sum((P-fp).^2) sum((P-fn).^2)];
[Errmin m_idx] = min(Err);
if m_idx == 1
muinc = muinc+1;
mudec = mudec+1;
muden = muden+1;
last_err = inf;
elseif m_idx == 2
f0 = fp;
mu0 = mup;
last_err = Err(1);
elseif m_idx == 3
f0 = fn;
mu0 = mun;
last_err = Err(1);
end
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%

B fit
Bp = B0+Bstep*Bdec/Bden;
Bn = B0-Bstep*Bdec/Bden;
fp = A0*exp(-0.5*((x-mu0)/sig0).^2)+Bp;
fn = A0*exp(-0.5*((x-mu0)/sig0).^2)+Bn;
Err = [sum((P-f0).^2) sum((P-fp).^2) sum((P-fn).^2)];
[Errmin m_idx] = min(Err);
if m_idx == 1
Binc = Binc+1;
Bdec = Bdec+1;
Bden = Bden+1;
last_err = inf;
elseif m_idx == 2
f0 = fp;
B0 = Bp;
last_err = Err(1);
elseif m_idx == 3
f0 = fn;
sig0 = Bn;
last_err = Err(1);
end

if

Ainc/Aden <= 1.004 ...
& siginc/sigden <= 1.004 ...
& muinc/muden <= 1.004 ...
& Binc/Bden <= 1.004
flag = 1;

end
i = i+1;
end
f = f0;
Err = Errmin;
display('Minima values are');
display(A0);
display(sig0);
display(mu0);
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getmins: functions used in gaussian.m to extract a user-defined number of minima
% Function that finds N minimum values of an array
% % If there are multiple instances of a minimum the
% % function will simply take the first instance.
function [M I J] = getmins(A,N)
% Inputs:
% % A is some matrix
% % N is the desired numbers of minima to find
% Outputs:
% % M is a row vector containing the values of minima
% % I is a row vector containing the row subscript of
% % % each minimum corresponding to M in array A
% % J is a row vector containing the col subscript of
% % % each minimum corresponding to M in array A
M = zeros(N,1);
I = zeros(N,1);
J = zeros(N,1);
sz = size(A);
for i = 1:N
[M(i) ind] = min(A(:));
[I(i) J(i)] = ind2sub(sz,ind);
A(I(i), J(i)) = inf;
end
end
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Appendix B

Instrument User Guide
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Starting the Machine
The 60GHz open resonator system must be warmed up before measurements may
be taken.
1. Start the four DC power supplies
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2. Turn on the frequency counter

3. Turn on the modulator control unit. The modulator selector dial should be
set to “1KHz INTERNAL SQUARE WAVE.” Adjust the “LEVEL
SELECT” knob so that the “POWER LEVEL” indicator light is lit.

4. Turn on the lock-in amplifier
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5. Turn on the signal generator. Use the “up” arrow below the “AMPD”
button to increase the amplitude to +13dB. Use the “up” arrow below the
“FREQUENCY” button to increase frequency to 300MHz. Press the
“AM” button to turn on amplitude modulation. The “INT AM” and “1
KHz” indicator lights should be lit and the modulation index should read
“0%”.

6. When the frequency counter stabilizes (usually around 9,999,992) each of
the two sets of switches at the resonator sources can be switched on. For
each set of switches, both switches should be toggled simultaneously.
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7. The isolation transformer for motor drivers should be turned on.

8. The program “test1.vi” can now be opened with LabView 8.0.

The area in the screen shot below circled in red allows the user to move
the motor from the “Present Reading” to the “Move to Reading” without
stepping. This is useful for moving large distances, but is not always
completely accurate.
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To run this part of the program:
• Enter the desired readings into the boxes
• Click the white arrow in the top pane (circled in yellow in the
screenshot above).
• Click the “GO” button in the red circle
The part of the window in the red square below controls the stepping. The
smallest step size that you can take is 10nm, which reads 0.00001 in the
window. The default step size is set to 0.00050 (50µm). The delay time is
the time between steps in milliseconds. The “Old Reading” box is the
micrometer value at the start. The “Start Reading” box is where the motor
is to start. These two boxes control the initial step that the motor makes
before beginning to step at the desired step size. If the initial step is too
large or is backwards the micrometer movement is inaccurate. Small
forward step sizes are usually fairly accurate. The Step size controls the
size of the motor steps.
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To run this part of the program
• Check the box next to the desired readings
• Type the desired values in the boxes
• Click the white arrow in the top left (circled in yellow)
• Click the circular “RUN” button towards the bottom middle of
the area in the red box
• Click the red stop sign button to the right of the white arrow
when the steps are done
It is important that the program is opened after the motor control isolation
transformer is turned on. Initially the “Motor Controller Initializing” box
should be checked. With this checked it is recommended that at least one
stepped run is made. This is generally inaccurate, but necessary to
initialize the stepping motor controller.
When acquiring high-resolution data it is recommended that the nonstepping movement is used to move larger distances. At this point it is
recommended that a coarse 0.5µm step is used to move to the desired
starting point more accurately. At this point the micrometer readings
should be near the desired start point and the high-resolution steps can be
made. This method is found to reduce human error in reading the
micrometer values.

