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Abstract: 
 
 
Various microwave circuit structures are investigated and shown to support extended 

arrays of cold microplasmas. Non-thermal or cold microplasma has been intensively 

investigated because the gas temperature remains low, even at atmospheric pressure. 

This suggests that atmospheric pressure plasmas may replace arcs and plasma torches 

in temperature-sensitive applications including treatment of polymers and biomaterials. 

This thesis builds on the concept that quarter-wave resonators, in the form of microstrip 

transmission lines, can sustain cold microplasmas. While small linear arrays of such 

resonators were previously shown to sustain up to 24 microplasmas, the intrinsically 

weak coupling between resonators was found to be insufficient for longer, more 

uniform arrays. An electrical connection between each resonator (called a coupling 

strip) is shown to enhance the coupling among resonators, allowing arrays composed of 

at least 72 elements that extend 90 mm in length. In addition to linear microplasma 

arrays, circular-shaped microplasmas have also been demonstrated. Theoretical 

development of an electromagnetic coupling model known as coupled mode theory 

shows good agreement with experimental measurements of microplasma emission 

intensity as well as electromagnetic simulations of these devices. Prospects for scaling 

the microplasma array to greater lengths are described. These findings may allow for 

future low-cost plasma processing using roll-to-roll techniques at pressures of one 

atmosphere.  
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1. Introduction 

1.1 Single microplasma sources 

1.1.1 Plasma background info 

Plasma, known as the fourth state of matter, is typically composed of gases, electrons 

and ionized particles. Plasma can be categorized as thermal and non-thermal plasma for 

different conditions. Electrons are usually much more energetic than both ions and 

neutral gas particles due to their small mass. Plasmas with an electron temperature 

several orders of magnitude larger than the ion temperature and gas temperature are 

referred to as non-thermal or cold plasma; while thermal plasmas feature comparable 

electron, ion and gas temperature. Thermal plasmas, such as arcs, are destructive and 

not suitable for a wide variety of applications such as material processing, surface 

treatment and biomedical sample preparation. On the other hand, non-thermal plasmas 

have caught much attention due to their potential for these applications including, but 

not limited to, integrated circuit fabrication.  
 

 

Plasma research was mostly on low pressure discharges in the past. However, recently 

atmospheric pressure plasma has been a popular research topic because there is no 

longer any need for a vacuum pump. This will allow for the plasma manufacturing at 

lower cost. In addition, the reduced particle mean free path at high pressure makes the 

plasma and thus the plasma source devices much smaller in size, which may be suitable 

for portable applications. Besides the plasma sources that this thesis is going to discuss, 

there are several other prevailing atmospheric pressure plasma sources that are under 

intensive research. A brief introduction will be given for these plasma sources before 

the introduction and detailed analysis of the circular and linear microplasma array. 

1.1.2 DBD plasma source 

DBD plasma source is referred to as dielectric barrier discharge which has been widely 

used in ozone generation at atmospheric pressure and plasma display panels at 

moderate pressure (~500 Torr). The common structures are shown in figure 1.1. There 

are two electrodes known as anode and cathode, and one or two dielectric barriers 
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serving as an insulating layer covering one of the electrodes to prevent plasma from 

directly contacting the electrode. This limits the current passing through the discharge 

to that of the displacement current; these low currents usually prevent arcing of the 

DBD. 

 
As the voltage on the anode increases, the electric field also increases. When the 

electric field reaches the breakdown level, plasma is then initiated. Charges are piled up 

on the dielectric barrier after plasma extinguishes. Ignition may take place at any place 

where the breakdown criterion is met. DBD plasma is usually operated at kHz or RF 

frequency range [2]. 

1.1.3 Plasma jets 

Adapted from the DBD geometry, plasma jets can be created using the schematic 

shown in figure 1.2. 

 
Gas is flowing through the concentric dielectric tube. The strong electric field between 

 

Figure 1.2 Schematic of a typical plasma jet. [After Ref. 3] 

 
Figure 1.1 Common dielectric barrier discharge electrode configurations. [After Ref 1] 
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the high voltage electrode and ground electrode ignites plasma which then extends 

along the gas flow to the region outside the tube. 

Various gases such as nitrogen [4], helium [5], argon, and mixtures of gases [6], have 

been used for plasma jet research. Both its temporal [5, 7] behavior and plasma 

properties using spectroscopic methods [8, 9] have been investigated. High voltage 

pulses of short duration (~nanoseconds) have been found to produce discharges with 

less chance for thermal runaway instabilities [10] and can sustain more stable cold 

plasmas compared with those driven by a continuous sinusoidal power supply [11].   

Some of the microplasma jet applications include surface treatment [12] such as 

thin-film deposition [13] and biomedical sample preparations [14] due to its 

non-thermal nature. However, these characteristics are not just particular to the plasma 

jet source. Other atmospheric non-thermal plasma in some common geometries can 

also be implemented for these applications. So, in this thesis we will introduce two 

plasma array geometries (circular and linear) to generate microplasma at atmospheric 

pressure in argon.  

1.1.4 Other plasma sources 

Some other atmospheric plasma sources are corona discharge and plasma torch [15]. 

Both plasma sources are typically operated at DC, but recently there are cases where RF 

and microwave power supplies are used [16]. Even though the corona discharge is a 

type of cold plasma, it has some non-uniformity drawbacks because the plasma is 

ignited at sharp points on the anode electrode. To avoid the transition to a destructive 

arc, grounded surfaces are placed nowhere near the sharp points. As the spacing 

between the anode and cathode increases, the electron density decreases dramatically. 

So the corona is inherently non-uniform. Although similar in structure as the plasma jet, 

plasma torch is characterized as a thermal plasma source, like arcs, where ion 

temperature and thus gas temperature are comparable with electron temperature. Due to 

this feature, the plasma torch is mostly applied in chemical waste destructions, ceramic 

coating and sintering applications. 

1.2 Plasma arrays 

Plasma sources such as DBD plasma jet are considered to be essentially zero 
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dimensional or known as plasma point source. Higher dimensional plasma arrays could 

be made by placing multiple plasmas point sources close together to form a particular 

geometry. The expanding plasma may contact extended areas making it possible for 

large size processing applications. DC arrays, DBD arrays and plasma jet arrays have 

been investigated [17, 18]. Specifically, a DC microplasma source has been fabricated 

using integrated semiconductor processing techniques. The array consists of 100 

(10x10) 50݉ߤ to 100 ݉ߤ diameter cavities as shown in figure 1.3 with microplasmas. 

In subfigure (a), plasmas in some cavities are not ignited and the close-up subfigure (b) 

illustrates that for all the ignited plasma, the emission intensities and thus plasma 

densities vary from cavity to cavity. This is because the substrate, a layer of intrinsic 

silicon is used as ballast resistor to prevent transition into arc. However, since every 

resistor is a part of and shares the bulk silicon substrate, the resistance to each 

individual cell is hard to control. Hence, the challenge is the ballast resistor design, and 

therefore current DC arrays are usually non-uniform and limited in size.  

 

Plasma jet arrays simply place multiple plasma jets close together to form a 2-D 

geometry as shown in figure 1.4(a). One of the challenges is the jet-jet interaction 

which will disturb individual plasmas causing jet convergence, jet divergence and jet 

extinction as illustrated in figure 1.4(b). The current jet array shown has a 2mm 

separation and the diameter of each plasma jet is also 2mm. It has been found that 

excitation frequency less than 10 kHz could help eliminate jet-jet interaction. So, the 

 
Figure 1.3 Two dimensional 10*10(50ߤm diameter) DC microplasma array in helium at 1000Torr 
[After Ref. 17] 
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operating frequencies of plasma jet type plasma arrays are usually limited between 5 

kHz to 10 kHz to ensure uniformity. However, for large area material processing the 

plasma jet array does not fill all the areas but rather produces seven separated dot 

plasmas. The region between two jets is insufficient of, if not completely absent of 

plasmas. Thus, the so-called uniformity is with respect to each individual plasma jet 

and the prevention of cross talk between any two jets. So, it is typically not appropriate 

for processing large scale uniform surfaces. In addition, the current largest scale for the 

plasma jet array is a circle with 21mm in diameter. Compared with this array, the 

present linear plasma is 90mm long, uniform and suitable especially for roll-to-roll 

coating applications, as well as RF and potentially microwave operation frequencies 

and low power consumption. 

 
The capacitively coupled microplasmas form a two-dimensional plasma ring and a 

plasma line in our study. The present linear plasma is moderate in length but has 

potential for scaling up. These atmospheric pressure microplasma arrays are ignited by 

 

                  (a) 

 
                  (b) 
Figure 1.4 Image of a seven-channel honeycomb spatially extended atmospheric (SEAP) DBD 
plasma jet array in helium flow (a) and a 31-jet SEAP array in helium flow (b) [After Ref. 18] 
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figure, between each of the resonator ends and ground, shown as GND and this gap is 

where microplasma is generated. In the later sections, justifications will be provided for 

why the input node is at the center of the array as well as the function of the direct 

coupling strip which is connecting all the resonators across the input pin horizontally.  

1.4 Research objective 

In recent years, intensive research has been being carried out on atmospheric pressure 

microplasmas. One of the major reasons is that large expensive vacuum systems will no 

longer be needed in generating plasmas that can be operated in one atmosphere. The 

current research on plasma arrays is based on the following objectives. 

1.4.4 Scientific understanding 

We would like to investigate and gain a comprehensive understanding of uniform 

atmospheric pressure microplasma array ignition conditions and the collective behavior 

of multiple discharges, especially in these two particular structures. This work also 

seeks to understand the physics of the power coupling mechanisms and the power 

distribution at RF and microwave frequency ranges, specifically coupling coefficients 

and operation modes. The interaction between the microplasma and the microwave 

circuit, such as plasma instabilities and disturbance brought by the plasma, is also 

important to understand. A good knowledge of the coupling physics and a method to 

distribute power uniformly to the microplasmas on each resonator will guide us to 

develop scaling laws and to fulfill other future work. 

1.4.4 Application perspective  

In order to treat temperature sensitive materials such as plastics and biomedical 

samples, especially without an expensive vacuum pump, a cold microplasma can be 

used at atmospheric pressure to significantly reduce the system cost and power 

consumption. The microplasma is a non-equilibrium discharge, unlike the more 

familiar arc, in which the electrons are hot but the gas remains cooler. Due to its limited 

size, low power consumption and operating frequency range being close to frequency 

bands of portable devices such as cell phones, atmospheric microplasma can also be 

embedded into those portable devices.  
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2. Theory 

In the theory section, we will analyze several models used to predict the behavior of   

arrays of resonators. First of all, a microstrip quarter-wave resonator model will be 

derived to show that maximum electric field can be obtained at the resonator tip. Then, 

the fundamental theory about the power coupling between multiple coupled 

transmission lines will be discussed in detail, for the linear and circular array. Both the 

formalism and solutions to the coupled mode theory (CMT) will be provided before any 

plasma effects are taken into account. Since the CMT representation model for the 

linear array is more straightforward than the circular array, circular array CMT analysis 

will be carried out after the linear array. Finally, the physical model of the coupling 

coefficient between two resonators will be demonstrated. 

2.1 Quarter-wave resonator model 

The original concept of using a microstrip resonator to generate plasma comes from the 

microstrip split-ring resonator (MSRR) microplasma source. [19] The MSRR is a half 

wave resonator in a ring shape as shown in figure 2.1. The voltages on the tips of the 

discharge gap are 180-degrees out of phase. This location is where the electric field 

becomes large enough for most gases to reach breakdown level inside the gap. Using a 

split-ring, less power is needed to start plasma than from a breakdown voltage that is 

simply relative to ground. 
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The split-ring geometry, however, is not easy to fabricate in arrays. A linear microstrip 

resonator is therefore examined next. The theoretical model of the quarter-wave 

resonator is shown in figure 2.2, where ܼ଴ , ܼ௅  and ܼ௜௡  are the characteristic 

impedance, load impedance and input impedance respectively; ߚ ൌ ଶగ
ఒ

 is the wave 

number. The input impedance of this lossy transmission line is given as 

ܼ௜௡ ൌ
ܸሺെ݈ሻ
ሺെ݈ሻܫ ൌ ܼ଴

ܼ௅ ൅ ܼ଴ tanh ݈ߛ
ܼ଴ ൅ ܼ௅ tanh ݈ߛ   ሺ2.1ሻ ሾ20ሿ 

where ߛ ൌ ߙ ൅  ߙ is the complex propagation constant of the transmission line and ߚ݆

represents wave attenuation. Now, if we have an open circuit as the load (ܼ௅ ൌ ∞) 

which applies to our case, equation 2.1 becomes 
 
ܼ௜௡ ൌ ܼ଴ cothሺߙ ൅   ሻ݈ߚ݆

                ൌ ܼ଴
1 ൅ ݆ tan ݈ߚ tanh ݈ߙ
tanh ݈ߙ ൅ ݆ tan ݈ߚ  

                ൌ ܼ଴
tanh ݈ߙ െ ݆ cot ݈ߚ

1 െ ݆ tanh ݈ߙ cot  ݈ߚ

 

Then, we assume small attenuation (tanh ݈ߙ ൎ  and a small deviation from the ,(݈ߙ

resonant frequency (݈ߚ ൌ ߚ ቀఒ
ସ

൅ Δ݈ቁ ൌ గ
ଶ

൅ గ∆ఠ
ଶఠబ

ሻ 

 
Figure 2.1.Photograph of a microstrip 
split-ring resonator (MSRR) plasma source 
with quarter-wavelength matching. [After Ref 
19] 

 
Figure 2.2 Circuit model of the input 
impedance of a lossy transmission line of 
length l, characteristic impedance ܼ଴  and 
wave number  .loaded withܼ௅ ,ߚ
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Then, cot ݈ߚ ൌ cot ቀగ
ଶ

൅ గ∆ఠ
ଶఠబ

ቁ ൌ െ tan గ∆ఠ
ଶఠబ

ൎ െ గ∆ఠ
ଶఠబ

  

Finally giving, ܼ௜௡ ൌ ܼ଴ሺ݈ߙ ൅ ݆ గ∆ఠ
ଶఠబ

ሻ/ሺ1 ൅ ݈ߙ݆ గ∆ఠ
ଶఠబ

ሻ 

 

In the denominator, since |݆݈ߙ గ∆ఠ
ଶఠబ

| ا 1for any small frequency deviation,  

ܼ௜௡ ൌ  ܼ଴ሺ݈ߙ ൅ ݆ గ∆ఠ
ଶఠబ

ሻ. Compared with the RLC series resonant circuit where  

ܼ௜௡ ൌ ܴ ൅ ߱∆ܮ2݆ ൌ ܴ ൅ 2݆ܴܳ ∆ఠ
ఠబ

,  

We can obtain R=ܼ଴݈ߙ; L=గ௓బ
ସఠబ

 and ܥ ൌ ଵ
ఠబ

మ௅
;  ܳ ൌ ఉ

ଶఈ
 for the corresponding lumped 

element series resonator model. 

The single quarter-wavelength microstrip resonator is presented in the following figure 

2.3. The microstrip line is 62mm long and 1mm wide with the end on the right 

connected to the ground plane on the back side of the board and the opposite end 

open-circuited. Input power is delivered by an SMA (Sub-Miniature version A) 

connector through a taper to the quarter-wavelength resonator. The taper position is 

chosen to be close to the short-circuited end for the reason that the overall impedance 

seen by the input connector is matched to the characteristic power source impedance 

(50ohms) to ensure maximum power delivery efficiency. In the case of the MSRR, the 

input impedance presented to the input connector after plasma is initiated follows this 

equation: 

ܼ௜௡ ൌ ܼ଴ ቐ
ܼ଴ ൅ ቀ௓೛

ଶ
ቁ tanhሺ݆݈݇ଵሻ

ሺܼ௣/2ሻ ൅ ܼ଴tanh ሺ݆݈݇ଵሻ ൅
ܼ଴ ൅ ቀ௓೛

ଶ
ቁ tanhሺ݆݈݇ଶሻ

ሺܼ௣/2ሻ ൅ ܼ଴tanh ሺ݆݈݇ଶሻቑ ሾ21ሿ 

݈ଵ and ݈ଶ are the microstrip line length from the input node to the either end and ܼ௣ is 

the microplasma impedance. Adapted from the equation above, the input impedance of 

the single quarter-wavelength resonator is in the form of: 

ܼ௜௡ ൌ ܼ଴ሼ
ܼ଴ ൅ ܼ௣ tanhሺ݆݈݇ଵሻ
ܼ௣ ൅ ܼ଴tanh ሺ݆݈݇ଵሻ ൅ cothሺ݆݈݇ଶሻሽ 

݈ଵ and ݈ଶ denote the microstrip line length from the input node to the open-circuited 

end and short-circuited end respectively. Hence, in the presence of plasma, the input 

impedance ܼ௜௡ will deviate from the pre-matched value ܼ଴ in both real and imaginary 
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components due to the complex form of plasma impedance ܼ௣. Therefore, the quality 

factor Q and reflection coefficient ଵܵଵ will be degraded. More detailed analysis will be 

provided in section 2.8.8 about plasma loading effect. 

 

2.2 Coupled mode theory introduction 

Now that we have seen the structure of both the circular array and linear array, notice 

that in both cases only one input connector is used for power delivery but plasma will 

be present at all resonator tips. Thus, there should be an efficient energy sharing 

mechanism among the resonators which is the essence of these designs. Ideally, we 

would like uniformly distributed power going to each resonator. However, for the 

simplest example where two quarter-wave resonators are in parallel, we observed that 

two of the four ends are open-circuited and the other two are short-circuited. There is 

not much flexibility to design the load impedance such that exactly half of the power is 

coupled from the input resonator to the other. How much power is transmitted from the 

master resonator to the slave resonator is substantially dependent on the coupling 

Figure 2.3 (a) Photograph of quarter-wavelength resonator with a 
piece of ground plane closed placed to the open-circuited end. (b) 
Equivalent circuit of the resonator and voltage magnitude plotted 
along the length. [After Ref 22] 
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strength between them. Therefore, we will now introduce a coupling theory borrowed 

from optics called coupled mode theory (CMT) to help us understand and predict the 

power distribution on these arrays.  

2.2.1 CMT differential equation matrix interpretation  

The coupled mode theory [23] which has been used to model the power distribution 

among resonators at microwave frequency range and higher has the formalism shown 

in the formalism (2.1) below. 

aሶ ୫ሺtሻ ൌ ሺiω୫ െ Γ୫ሻa୫ሺtሻ ൅  ෍ iκ୫୬a୬ሺtሻ ൅ F୫ሺtሻ
୬ஷ୫

              ሺ2.1ሻ 

The variables a୫ሺtሻ are defined such that the power on the resonator m is equal to 

|a୫ሺtሻ|ଶ; ω୫ is the natural resonant frequency of resonator m without coupling effect 

and Γ୫  is the intrinsic decay rate due to radiation and dielectric losses on the 

microstrip line. κ୫୬ ൌ κ୬୫  are the coupling coefficients that describe the rate of 

power transfer between resonator m` and n. F୫ሺtሻ is the driving force, which in our 

case is the input power. Therefore, the linear equations above indicate that the energy 

stored in a resonator will increase due to the forcing function F୫ሺtሻ and coupling from 

neighboring resonators and decrease due to the damping term Γ୫. The numerical value 

of the coupling coefficients between two arbitrary resonators must be determined 

separately for a specific geometry as follows. Two equations can be derived by the 

formalism given in (2.1) for two parallel coupled identical resonators. They could be 

simplified by having F୫ equal zero based on the assumptions that these two resonators 

are at resonance and the solution is at steady state. The solution results in a splitting of 

the single resonant frequency into two resonant frequencies (fLand fH) due to the 

coupling between them. fLis the resonant frequency lower than the natural resonant 

frequency and fH is the one higher. CMT then tells us that the coupling coefficient 

between any two resonators can be determined, by direct measurement or by 

electromagnetic modeling, from half the resonant frequency difference, specifically  

κ ൌ
fL െ fH

2              ሺ2.2ሻ 

2.2.2 Generic CMT linear equation set for 5 resonators  
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As a specific example of CMT, consider the case of five resonators. We restrict the 

response to sinusoidal steady-state and, after some manipulation, the generic matrix 

representation of the CMT equations is listed in equation 2.3 for the homogeneous 

linear equation set. We assume that the natural resonant frequency for all the resonators 

is identical and equal to ω଴ because all the resonators have the same length. 

(2.3) 

κ୫୬ is the coupling coefficient from resonator n to resonator m. So, the ݊௧௛ row in the 

coupling coefficient matrix in 2.3 represents the power coupling from other resonators 

to the ݊௧௛resonator. Once we know the generic representation of CMT, we will show 

the same equation set for the linear array model with some minor modification.  

2.2.3 Linear array CMT matrix representation 

Starting from the generic linear equation matrix representation, we will do some minor 

modification to the linear equation set for the linear array based on the geometric 

condition particular to the array: the coupling coefficients κ୫୬ will be ignored for 

|݉ െ ݊| ൐ 5 . This assumes that we neglect the power coupling effect when two 

resonators are separated far part. With simulation results, we define that coupling of 

resonators with a distance equivalent to more than 5 resonators can be ignored which is 

5.25mm. Therefore, for each resonator there are 8 resonators to couple power from, 4 

on the left and 4 on the right. Exceptions are for the 4 resonators on the left and right 

edges where there are fewer than 4 resonators on one of the two sides. The coupling 

coefficient matrix could be simplified by the fact that the coupling between two 

resonators is the same as long as the separation remains the same regardless of the 

relative position of these two resonators in the linear array. Specifically, it means that 

κଵ,ଶ ൌ κଶ,ଷ ൌ κଷ,ସ ൌ ڮ ൌ κ଻ଵ,଻ଶ  for the coupling of two neighboring resonators; 

⎥
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κଵ,ଷ ൌ κଶ,ସ ൌ κଷ,ହ ൌ ڮ ൌ κ଻଴,଻ଶ for the coupling of every other resonator and etc. As 

assumed in section 2.2.1, the condition that κ୫୬ ൌ κ୬୫ will be applied in solving the 

equation set as well. With these simplifications taken into account, the linear array 

CMT linear equation set is shown in equation 2.4.  

 
To obtain the coupling coefficients ߢଵଶ, ,ଵଷߢ ଵହߢ ଵସ andߢ  which are formulated by 

equation 2.2, simulations have been carried out to calculate the resonant frequencies 

splitting for pairs of resonators separated by distances of 0.25mm, 1.5mm, 2.75mm and 

4mm respectively since each resonator is 1mm wide and the gap between two 

resonators is 0.25mm. Using HFSS (Ansoft Corporation’s High Frequency Structure 

Simulator) to simulate the resonant frequency splitting for pairs of resonators gives the 

results that ߢଵଶ, ,ଵଷߢ  ଵହ are 40MHz, 31MHz, 18MHz, and 9MHz. Thus, weߢ ଵସ andߢ

will use these values to calculate the solution to the linear equation set in 2.4. Now that 

we have the CMT model, the next step is to solve it and get the relative power 

distribution on the array. If the distribution is uniform, it is more likely to create a 

uniform plasma along the array gap. Unfortunately, it will be shown that the coupling is 

not strong enough to transfer power uniformly all the way to the edge of the array, 

which is about 45mm away. So, a direct coupling method will then be introduced to 

enhance power sharing in the later sections. 

 

2.2.4 Linear array equation set solution 

For the time being, all the resonators are assumed to operate at the same resonant 

frequency ω଴ before plasma is ignited. This is the case for the experiment due to the 

identical length strips and thus the uniform damping factor Γ଴, so long as there is not 

too much discrepancy between resonators when fabricating the circuit. After estimating 

0 0 12 13 1

12 0 0 12 2

13 12 0 0 3

0 0 72

i 0 a 0
i 0 a 0

i 0 a 0

0 0 0 i a 0

ω −ω+ Γ κ κ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥κ ω −ω+ Γ κ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
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16 
 

the energy loss term from vector network analyzer measurements of quality factor (Q) 

to be Γ଴~5MHz, we have determined all the parameters and can solve homogeneous 

linear equation set. The way to solve the homogeneous equations is by getting the 

eigenvalues of the coefficient matrix and then finding the eigenvector particular to each 

eigenvalue. According to CMT, every eigenvalue-eigenvector pair is a valid mode for 

the array to operate in. The eigenvector represents one possible energy distribution on 

the resonators of the array. In theory, the number of resonators equals the number of 

resonant frequencies possible for the whole array due to coupling and resonant 

frequency splitting. An additional resonator will add one more mode to the array in 

which the array can resonate. However, as will be discussed in detail later in section 

2.2.9 and verified by simulation and measurement, lower modes corresponding to 

lower resonant frequencies have strong resonance on the reflection coefficient 

spectrum ( ଵܵଵ plot) which means less input power reflection and these modes are more 

recognizable from neighboring modes (resonant frequencies). Higher modes tend to be 

close to each other in frequency and exhibit more reflection, thus these resonant 

frequencies become indiscernible from each other on the power absorption spectrum 

and difficult to investigate experimentally.  

 

In this section, only the relative power distribution in the first mode of the 72-resonator 

array is given in figure 2.4 with circle markers. Higher mode solutions will be analyzed 

in section 2.2.9. The power for each resonator is given in the form of |a୫ሺtሻ|ଶ. From 

the figure, it is easy to tell that the power going to the center resonators is about 10 

times as much as the power delivered to the side ones. This amount of power difference 

is too considerable to ensure uniform plasma. In addition, as will be estimated in the 

circular array, simulations and experiments have also proven that, in the presence of 

microplasma, using CMT alone may cause power to go to the input resonator much 

more than any other resonators and thus result in non-uniformity and sometimes 

instability. [5] Furthermore, this significant power variation can only be alleviated from 

improving the CMT coupling coefficients by moving the resonators closer to each other. 

The practical gains in power uniformity and plasma stability, however, are limited since 
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the practical separation between resonators is restricted to 0.25mm due to the available 

fabrication machine.  

 
 

2.2.5 The improvement of direct coupling strip on the energy distribution 

of the linear array  

The huge center-to-edge power difference from the CMT linear equation set solution 

requires a better mechanism to transmit power to the edges. Thus, a direct coupling path 

has been added to the linear array which intersects the input pin with a connection to 

each resonator as illustrated in figure 1.2. In this new coupling scheme, input power can 

propagate not only vertically along the input resonator, but also horizontally along the 

direct coupling strip path. As will be confirmed by HFSS simulation results of electric 

field distribution in section 3.2, the direct coupling strip has the effect of substantial 

enhancement of coupling among resonators. In terms of the prediction by CMT, for the 

arrays with the same number of resonators, the direct coupling strip reinforces the 

coupling coefficients so that energy on each resonator decays down much more slowly 

towards the edges compared with the structure without the DCS. However, energy still 

decays, eventually to a level that is not sufficient to generate plasma. Therefore, the 

Figure 2.4.Relative power distribution in mode 1(Ο) of the 
72-resonator linear plasma array according to CMT without the direct 
coupling strip effect. 
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improvement from the DCS is not definitive for infinite long array but certainly will 

produce a more uniform plasma for a reasonable scale.  

     

The linear array model has evolved from a simple CMT model to the combination of 

CMT and a direct coupling strip. Later sections will show that the direct coupling strip 

improves the performance of the array significantly in both simulation and experiments. 

Before we show these results, the other CMT model for circular arrays will be analyzed. 

Due to its symmetric physical structure, we will find a symmetric coupling coefficient 

matrix and this effect results in the intrinsically uniform power distribution without the 

addition of any direct coupling path. 

 

2.2.6 Circular array CMT matrix representation 

The homogeneous linear equation set of the circular array is different from that of the 

linear array due to the particular symmetric geometry of the circular array. From figure 

1.1, every resonator sees the same array structure, specifically one resonator every 60 

degrees. Compared with the linear array case where resonators on the two edges can 

only couple power to one side, the circular array breaks down this asymmetry. 

Therefore, the coupling coefficient matrix can be further simplified thanks to the 

symmetry. In particular, if we assume resonator 1 is the one to which the power source 

is connected and resonator 2, 3, 4, 5, 6 are labeled in the counterclockwise direction as 

denoted in figure 1, then κଵଶ, κଵଷ, κଵସ are the coupling coefficients between resonator 1 

and 2; resonator 1 and 3 and resonator 1 and 4 respectively. For the same reason of 

constructing the linear array equation set, we have κଵଶ ൌ κଶଷ ൌ κଷସ ൌ κସହ ൌ κହ଺ . 

Moreover, the symmetry gives κହ଺ ൌ κ଺ଵ which is absent in the linear array matrix. So, 

following the same logic, we define κଵଶ to be the coupling coefficient of every two 

neighboring resonators; κଵଷ to be the coupling coefficient of every other resonators 

separated by 120degrees and κଵସ to be the coupling coefficient of every two resonators 

on the opposite side (180 degrees). Having built up the CMT linear equation set of the 

circular array in equation 2.6 below, we equate the determinant of the coupling 

coefficient matrix to zero to find a non-trivial solution. 
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(2.6) 

The vector ሾ|aଵ|ଶ ڮ |a଺|ଶሿ் is defined to be the power delivered to each resonator. 

Using HFSS to simulate the resonant frequency splitting for pairs of resonators, namely 

resonator 1 and 2; 1 and 3;1 and 4 by modeling these pairs with other resonators absent 

and then applying equation 2.2, we could obtain the coupling coefficients to be 26MHz, 

5MHz and 5MHz for κଵଶ, κଵଷand κଵସrespectively. 

 

2.2.7 Circular array equation set solution 

Applying the coupling coefficients into equation 2.6 for the circular array and equating 

the determinant of the matrix to zero to get eigenvalues and corresponding eigenvectors, 

we find the eigenvectors, and thus power distribution as shown in figure 2.5. In the 

figure, only the first four modes are shown. This is because only four resonant 

frequencies have been observed in both the simulation result and experimental 

measurement for the same reason mentioned in the linear array that higher modes are 

nearly degenerate, have strong reflection and weak resonance, thus they grow so close 

to each other that they overlap and appear as one resonance on the spectrum. Details of 

higher modes will be discussed in the section 2.2.9. From figure 2.5, CMT predicts a 

uniform power distribution on the circular array prior to the ignition of plasma. Mode 1 

corresponds to the eigenvector at the lowest resonant frequency of the system. The 

fourth mode is also a uniform power distribution among the resonators. For mode 2 and 

3, most of the power goes to the first and fourth resonators, namely the input resonator 

and the one that is directly opposite. Hence, it is preferable to generate and operate the 

plasma in the first or fourth mode for uniform power distribution. 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

Γ+ω−ω
Γ+ω−ω

Γ+ω−ω
Γ+ω−ω

Γ+ω−ω
Γ+ω−ω

0
0
0
0
0
0

6a
5a
4a
3a
2a
1a

oio12k13k14k13k12k
12koio12k13k14k13k
13k12koio12k13k14k
14k13k12koio12k13k
13k14k13k12koio12k
12k13k14k13k12koio

 



20 
 

 
Despite the CMT-predicted power distribution uniformity of circular arrays, capacitive 

plasma impedance will result in substantial perturbation to the power distribution. So, it 

is worthwhile to estimate the effect of plasma on the circular array using the CMT 

model. In the following section, the plasma perturbation effect will first be modeled as 

an RC circuit, and modification will be done to the coupling coefficient matrix 

accounting for the plasma effect. Solving the modified equation set will show the new 

power distribution caused by the plasma. Unfortunately, it will be shown that the 

disturbance brought by plasma will eventually cause instability.  

 

2.2.8 CMT estimate of the plasma effect on the circular array 

Previous work [21] has shown that microplasma can be modeled as a resistor 

representing collisional electrons in the bulk plasma. This resistive region is 

sandwiched by two capacitances due to the electron-depleted plasma sheath regions. 

The resulting circuit model for the microplasma is ܼ௣ ൌ ܴ௣ ൅ ݆ܺ௣ . As has been 

experimentally confirmed, once the microplasma is generated, the parasitic capacitive 

loading of a resonator by the microplasma sheath will shift down its resonance 

frequency about 15 MHz below its natural operating frequency ( ଴݂ ൌ  as (ݖܪܯ 473

demonstrated in figure 2.6 [25]. The microplasma’s resistance deteriorates the quality 

factor Q of the resonator represented as more power reflection and shallower and wider 

resonance in the figure (by enhancing the damping factor Γ). Although the exact 

 
Figure 2.5 Relative power distributed on each resonator of the 
circular plasma array for different modes according to CMT. 
[Ref 24] 
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resonant frequency shift varies for different microplasma sizes and geometries, a 

typical value is -20MHz. 

 
 

To investigate the plasma effect on power delivery to each resonator of the circular 

array, one may artificially reduce ωଵ(the resonant frequency of the input resonator) to 

model the presence of plasma on resonator 1. Figure 2.7 shows the solved eigenvectors 

of both mode 1 and 4 with the plasma effect of -20MHz deliberately introduced to the 

first resonator of the circular CMT matrix. In the 1st mode, CMT shows that more 

power is stored in the first resonator and less power is delivered to the other ones, with 

a minimum power appearing on the resonator 4. Until now, the steady-state plasma 

effect has been modeled to be a fixed-value resistor and capacitor in series. However, 

this is not the case for the plasma before stabilization. In particular, this power 

unbalance causes the first resonator to generate more intense plasma in the 1st mode, 

expanding the area of the plasma sheath along the microstrip line, which increases the 

plasma volume and thus the additionally enhances effective capacitance and further 

disrupts the uniform distribution of power among the resonators of the array by letting 

more power go to the first resonator. Therefore, one step leads to the next and this 

process behaves like a positive feedback loop where the power and also the plasma 

 
Figure 2.6.Resonant frequency shifting due to the presence of 
plasma impedance ܼ௣ ൌ ܴ௣ ൅ ݆ܺ௣ ൌ 495 െ ݆910  for a single 
resonator.  
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would go to extremes if no further action is taken to restrict the plasma volume 

expansion. Fortunately, as will be pointed out and discussed in section 4, dielectric 

plasma limiters have been verified to restrict the overlapping electrode area where 

plasma could appear and thus prevent this type of non-uniformity. 

 
 

2.2.9 Higher modes of circular and linear arrays 

According to CMT, the number of resonant frequencies should be equal to the number 

of resonators of the whole system. The lowest resonant frequency is defined to be the 

first mode and next resonant frequency is second mode and etc. That is to say besides 

the first mode, there are higher modes in which the plasma arrays can operate with 

different power distributions and thus different plasma patterns than the first mode. In 

figure 2.5, power distributions to all four modes are presented for the circular array. 

Theoretically, there should be six resonant frequencies but simulation results and 

experimental measurement confirm that there are only four discernible resonant 

frequencies because 5th and 6th mode are either too close to 4th mode to be recognized or 

very small portion of the input power is absorbed and most power is reflected due to 

poor impedance matching particularly for these two modes. In 2nd mode and 3rd mode 

of figure 2.7, power is not uniformly allocated even without plasma effect, so this will 

restrict plasma to be only on resonator 1 and 4 and plasma effect may even make this 

 
Figure 2.7 Power distribution of mode 1 and 4 when the resonant 
frequency of the first resonator is shifted down by 20MHz with 
the other five remaining unaltered [After Ref 24] 
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worse. This is why mode 2 and 3 are not preferable to start the plasma in the circular 

array. 

 

The linear array has the same feature as a circular array: higher modes, especially much 

higher than the 4th mode, are close to each other thus becoming indistinguishable. 

Furthermore, the input impedance in simulations and experiments is tuned to match 50 

ohms at the first mode since the first mode is desired to generate uniform plasma for the 

reasons given below. Therefore, as modes become higher, the impedance mismatch 

grows severely and reflection coefficients at these modes become deteriorated. 

Nevertheless, in section 3, it will be shown that it is in contrary to the case with direct 

coupling strip where the spectrum spacing between every two resonant frequencies 

remains almost constant until considerable impedance mismatch prevails, the reflection 

becomes damped and the array has very weak resonance and no longer behaves like a 

resonator.  

In the linear array, the 2nd and 3rd eigenvectors corresponding to the eigenvalues of 

homogeneous CMT result in the 2nd mode and 3rd mode as illustrated in figure 2.8. The 

2nd mode is in solid black line with two peaks while the 3rd mode is shown as the dotted 

red curve with three maxima. For both 2nd and 3rd mode, the power distribution 

experiences minima at both edges as with the 1st mode, and there are one and two 

minima in the center part respectively. These intrinsic power minima prohibit any 

uniform operation in these higher modes. On the other hand, these higher modes can be 

superimposed with the first mode to sustain more uniform plasma than simply using a 

single mode. [22] With the direct coupling strip, power increases at the edges of the 

array since the particular solution predicts that power increases approaching the edges. 

Therefore, we would expect the combination of power distribution resulting from CMT 

and the direct coupling strip to be CMT-like at the center and a power increase towards 

the ends. This will be demonstrated and verified by simulation and experiment results 

in section 3 and 4. As in CMT with an additional direct coupling strip, the power still 

experiences one or multiple minima in the center part, so single higher mode operation 

is not appropriate for having a uniform plasma. Furthermore, what is hidden in figure 
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2.8 is that the relative power is plotted in |a୫ሺtሻ|ଶ, but a୫ሺtሻ has phase information. 

For example, in mode 2, the left portion of the array is 180 degrees out of phase with the 

right portion and the power minima is located in the position of the phase transition; in 

mode 3, left and right parts are out of phase with the center part. This effect will be 

illustrated using surface current plots from simulations in a following section. 

 

So far, the coupling coefficient has been vague in terms of its physical meaning. So, the 

following section is going to give a physical explanation of the coupling coefficients 

and derive the coupling between two resonators using a simple lumped LC model. 

Although the definition is slightly different from the coupling coefficient in CMT 

because it has the unit of frequency in CMT, the physics behind the model should be the 

same. 

  

2.3 Theoretical magnetic and electric coupling mechanisms and coupling 

coefficient modeling. 

The power coupling between resonators is a key point in generating uniform plasma. It 

is claimed that there are essentially two mechanisms engaged in energy coupling, 

namely the electrical coupling and magnetic coupling. The electric field has its 

maximum at the tips of each resonator; while the magnetic field has its maximum near 

 
Figure 2.8.Relative power distribution in 2nd mode (──) and 3rd mode (----) of 
linear plasma array in normalized magnitude according to CMT without direct 
coupling strip effect. 
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the vias connected to the ground plane where resonator’s current is maximized. Hence, 

it is believed that electric coupling primarily takes place at resonator tips and the vias 

connected to ground give rise to magnetic coupling. As a matter of fact, these two 

fundamental coupling mechanisms have been used in a variety of applications such as 

microwave couplers, filters and etc. [26-32] Theoretically, the detailed analysis of 

couplings between two coupled microwave resonators has been previously studied and 

summarized. [33, 34] In general the physical coupling between two resonating objects 

is due to the electric or magnetic field shared by these two objects. The ratio of coupled 

energy to the energy stored is given as ܭ in the equation 2.7. Although it is also named 

coupling coefficient, it differs from the coupling coefficient in the CMT because ܭ 

accounts for the energy ratio, has an arbitrary unit and is usually used for coupling 

between two or multiple resonators that are driven at resonance individually; while κ 

is particular to the CMT, has a frequency unit and is used for coupling between multiple 

resonators driven at the same single resonant frequency as a system. 

ܭ ൌ
׮ ૚ࡱߝ כ ૛݀߭ࡱ

ඥ׮ ૚|ଶ݀߭ࡱ|ߝ ൈ ׮ ૛|ଶ݀߭ࡱ|ߝ
൅

׮ ૚ࡴߤ כ ૛݀߭ࡴ
ඥ׮ ૚|ଶ݀߭ࡴ|ߤ ൈ ׮ ૛|ଶ݀߭ࡴ|ߤ

         ሺ2.7ሻ 

The equation 2.7 above gives the general formula of the coupling between two 

resonating objects where the volume integrals are in the regions with effective 

permittivity ߝ and permeability ߤ. The first term on the right hand side represents the 

electric coupling and the second term is the magnetic coupling. Suppose the two 

resonators have natural resonant frequencies of ߱଴ଵ and ߱଴ଶ respectively, before they 

are put closely together and any coupling becomes significant. Then the coupling 

coefficients can be determined and represented by four characteristic resonant 

frequencies, ߱଴ଵ, ߱଴ଶ, ߱ଵ and ߱ଶ. The last two are the resonant frequencies when 

the two resonators are close to each other. 
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The two circuit schematics in figure 2.9 are the lumped element model for electric 

coupling and magnetic coupling, characterized by the mutual capacitance and mutual 

inductance denoted as ܥ௠  and ܮ௠  respectively. At resonant frequency, 

impedance/admittance on the left side of the dotted line interface (ܶܶᇱ) should be equal 

to the negative of the impedance /admittance on the right side so that all and reactances 

cancel out. 

 
1

௠ܥ݆߱
൅

ଵܮ݆߱

1 െ ߱ଶܮଵሺܥଵ െ ௠ሻܥ ൅
ଶܮ݆߱

1 െ ߱ଶሺܥଶ െ ௠ሻܥ ൌ 0       ሺ2.8ሻ 

 
1

௠ܮ݆߱
൅

ଵܥ݆߱

1 െ ߱ଶܥଵሺܮଵ െ ௠ሻܮ ൅
ଶܥ݆߱

1 െ ߱ଶሺܮଶ െ ௠ሻܮ ൌ 0      ሺ2.9ሻ 

 

Both equation 2.8 and 2.9 give the same solution: 

߱ଵ,ଶ ൌ ඩሺܮଵܥଵ ൅ ଶሻܥଶܮ േ ටሺܮଵܥଵ െ ଶሻଶܥଶܮ ൅ ௠ܥଶܮଵܮ4
ଶ

2൫ܮଵܮଶܥଵܥଶ െ ௠ܥଶܮଵܮ
ଶ൯

     ሺ2.10ሻ 

 

If we have ߱଴ଵ ൌ ሺܮଵܥଵሻଵ/ଶ and ߱଴ଶ ൌ ሺܮଵܥଵሻଵ/ଶ, then the coupling coefficients are 

Figure 2.9.The lumped circuit model of electrical coupling (on the left) and magnetic coupling (on the 
right) of two closely placed resonators. [After Ref 33] 
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௘ܭ ൌ
௠ܥ

ඥܥଵܥଶ
, ௠ܭ ൌ

௠ܮ

ඥܮଵܮଶ

ൌ േ
1
2 ൬

߱଴ଶ

߱଴ଵ
൅

߱଴ଵ

߱଴ଶ
൰ ඨቆ

߱ଶ
ଶ െ ߱ଵ

ଶ

߱ଶ
ଶ ൅ ߱ଵ

ଶቇ
ଶ

െ ቆ
߱଴ଶ

ଶ െ ߱଴ଵ
ଶ

߱଴ଶ
ଶ ൅ ߱଴ଵ

ଶቇ
ଶ

            ሺ2.11ሻ 

In our case and many other applications, resonator coupling may use both electric and 

magnetic coupling. This model can still be used to derive a universal expression for 

coupling when both coupling mechanisms are present. Equation 2.11 is still valid for 

this combined case. Although the derivation is done in a lumped element model, the 

coupling coefficient also works for distribution parameter systems, such as microstrip 

transmission lines. The expression in equation 2.11 is different from equation 2.2 

because equation 2.2 is particular to the coupled mode theory. What is important for 

determining energy distribution in a multiple-resonator system is the relative ratio of 

those coupling coefficients given in equation 2.2, instead of their absolute values. In 

other words, two set of coupling coefficients with the same relative ratio but different 

absolute values would produce the same energy distribution according to CMT. On the 

contrary, equation 2.11 represents its absolute value and is appropriate for two 

resonator systems such as microwave filter and coupler designs. 

 

To conclude, the power sharing theory among multiple coupled resonators called 

coupled mode theory has been analyzed specifically for linear and circular plasma 

arrays. CMT results in multiple resonances and thus multiple modes for the plasma to 

operate in. However, there is only one desired mode to generate uniform plasma for the 

linear array and only two modes for the circular array. In order to balance the 

considerable center-to-edge power difference of the linear array in the 1st mode, a direct 

coupling strip has been introduced to ameliorate the weak coupling to edge resonators. 

The effect of parasitic plasma impedance has been modeled and estimated for the 

circular array to illustrate a particular plasma instability. Higher modes operation has 

also been discussed to complete the understanding of CMT. Finally, the derivation of 

the critical CMT parameter, the coupling coefficients, has been carried out based on the 

lumped LC model. In the following section, linear and circular arrays will be modeled 
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using a high frequency electromagnetic simulator to illustrate the spectral behavior and 

electric field distribution among the resonators. It will be confirmed that the previous 

analysis of CMT and direct coupling strip are valid and reasonably accurate models. 
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3 Simulation results 

In addition to coupled mode theory for the linear and circular arrays, simulation is still 

necessary in order to find system input impedance and get a measure of the uniformity 

of electric field distribution before building the arrays and performing the experiments. 

In addition, if all the parameters are meticulously defined in accordance with real 

experimental array structures, impedance matching tuning could be mostly done in this 

step to ensure deep resonance and maximum power delivery. The circular array 

simulation results will be presented first before the effect of direct coupling strip on the 

electric field uniformity of the linear array is demonstrated. Higher operation modes 

derived from CMT will also be verified from simulation outcomes. Finally, magnetic 

and electric coupling mechanisms will be explained. 

 

3.2 Circular array  

The simulation results for the circular array are basically S-parameter and electric field 

strength and uniformity illustration. Since no direct coupling strip is necessary for the 

intrinsic uniform electric field distribution at the 1st mode, simulation for the circular 

array is fairly simple and straightforward. 

3.1.1 S-parameter of the circular array 

The S-parameter of the circular array is shown in figure 3.1 where the simulation curve 

is the reflection coefficient Sଵଵ  as a result of using Ansoft Corporation’s High 

Frequency Structure Simulator (HFSS) to solve the Maxwell’s equations for the 3-D 

structure. After analyzing the electromagnetic field through this finite element method 

of using a large number of meshes (typically 100,000 to 250,000), the solver outputs the 

reflection coefficient with respect to frequency. Each reflection coefficient minimum 

denotes a resonance frequency where power is absorbed by the array. According to 

CMT, we would expect six resonant frequencies, but as stated before two pairs of these 

resonances are degenerate and cannot be resolved due to two overlapping resonances. 

This is even more pronounced for the experimental measurement curve where the 3rd 

mode is broadened as compared to the normal single mode, indicating that there could 
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be two resonant frequencies that are too closely overlapping with each other and appear 

as one resonance.  

 
 

3.1.2 E-field and higher modes discussion for the circular array 

The electric field magnitude corresponding to the resonant frequencies of mode 1 and 4 

is illustrated in figure 3.2 (a) and (b) since these two modes are desired for their abilities 

to generate uniform plasma due to their uniform electric field distribution. The electric 

field distribution at the first mode is in agreement with CMT solution. With the same 

scale as the first mode, electric field in the fourth mode (figure 3.2(b)) is significantly 

weaker with the same amount of input power. Another substantial difference is that in 

the first mode, the electric field is mainly from a resonator tip to its two neighboring 

resonator tips; while the field in the fourth mode mainly resides on its own tip and there 

is a minimum in the 0.1mm gap from one tip to its neighboring resonator tips. This 

implies that the 1st mode electric field is uniform among all the resonators, but 4th mode 

is uniform on individual resonator and there will be insufficient electric field in 

between any two resonators to generate plasma. Thus, albeit the 4th mode power 

distribution may be uniform as far as CMT is concerned, the real electric field 

configuration could be entirely different. Not all the electric field configurations are 

 
Figure 3.1 Simulation result and experimental measurement of the 
reflection coefficient of the circular array without plasma
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the 72-resonator linear array was designed and fabricated, attempts have been made for 

shorter arrays starting from 5 resonators [22]. Without the direct coupling strip, 

independent resonators could only sustain uniform plasma on a limited number of 

resonators due to the previously described plasma instability and a lack of power 

delivered to the edges of the array. So, in the simulation analysis of the linear array, 

36-resonator arrays with and without the direct coupling strip will be compared for 

electric field uniformity. The higher modes operation will be demonstrated and 

discussed using a 72-resonator array for the reason that the longer array has more 

modes with discernable resonances in the spectrum. So, the S-parameter profile will be 

illustrated as well as the corresponding higher modes electric field distributions.  

 

3.2.1 E-field and S-parameter without DCS 

Linear plasma arrays composed of 5 and 16 elements have previously been attempted 

both in simulation and experiment [25]. In this work, an array of 36 has been simulated 

to gain a knowledge of the electric field configuration. Several adjustments have been 

made to the structures of the previous arrays, namely the spacing between microstrip 

lines has been shrunk to 0.25mm, which is about one-quarter of the resonator width, in 

order to enhance power coupling; the gap from the each resonator to the ground plane 

has also diminished to a gap of 0.15mm to maximize the electric field in the gap for a 

given voltage at the resonator tip.  

 

For the 36-resonator array without a direct coupling strip, figure 3.3 shows the HFSS 

simulation snapshot of the electric field magnitude in the gap in color scale. In this case, 

the input power is delivered via the 18th resonator from the left. The question as to the 

Figure 3.3 Illustration of simulation result in gray scale of the electric field strength along the gap of 
36-resonator linear array without direct coupling strip in the 1st mode 
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The input power is distributed toward the edge resonators reducing the peak electric 

field in the center of the array. The electric field along the gap can be plotted against 

length as is shown in figure 3.5 where a comparison of the effect of the direct coupling 

strip on field distribution is done. The DCS simulation data was normalized to match 

the field strength in the central region of the array for easier comparison. Given the 

same amount of input power, the total power should be the same in two scenarios 

meaning that the square of the integrated area below the curve should coincide. So, in 

the original case, the concentration of the input power is located on the center 

resonators and most electric field is also in this region; while the latter case distributes 

the power more uniformly among the resonators and this may eventually help generate 

a more uniform linear-plasma. 

 
Because of the improvement brought by the new DCS scheme, efforts have been spent 

on some other innovative methods in order to reinforce the power coupling among the 

resonators and directly deliver power to the edge resonators, such as two or multiple 

direct coupling strips; different strip widths; different strip positions with respect to the 

input node, and even an additional layer of the coupling strip above the plane of the 

array. However, no significant benefit has been witnessed in simulations as a result 

from these new designs. Thus, only the above two device configurations were built and 

 
Figure 3.5 Simulation results of electric field along the gap of 
36-resonator linear plasma arrays with and without direct coupling 
strip 
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tested in the experiments, and these will be compared and discussed in the section 4. 

 

3.2.3 E-field and current patterns of higher modes  

Since the longest array ever tried at this frequency range in the experiment is the 

72-resonator array, which is about 90mm long, the simulation of this array is used to 

demonstrate the higher modes and their electric field and current patterns.  

 

As shown in figure 2.8, and mentioned above, the higher the operating mode is, the 

more the number of the spatial power maxima will be. For instance, in mode 1 there is 

one power maximum at the center and it tails down towards the edges; in mode 2 there 

are two power maxima and the edges still have the minimum power thus there has to be 

a power minima at the center; in mode 3 there are three power maxima and the two 

edges are always minimum power. So, if we follow this logic at the n୲୦ mode there are 

n power maxima and edges still experience the lowest power. This is part of the reason 

why a single higher mode is not suitable for generating uniform plasma. In general, 

only a couple of resonant frequencies may be conspicuous on the spectrum and all 

higher degenerate modes are submerged either due to poor impedance matching at that 

resonant frequency or the suppression resulting from the input power position. 

Specifically, for example, in the 2nd mode the power distribution sees a minimum at the 

center. If power is input to the array at the center resonators, the power will not be 

absorbed by the array in any even mode and thus it acts like there was no resonance at 

that frequency. So, in the previous section dealing with the 36-resonator array 

simulation as well as the present 72-resonator case, the input power is at the center for 

both situations. Doing this causes the 2nd mode and all the rest even number modes to 

be suppressed as illustrated in figure 3.6 below which shows the reflection coefficient 

magnitude( | ଵܵଵ| ) against frequency for the 72-resonator linear array with direct 

coupling strip. Thus, if we wish to operate a plasma using a superposition of the 1st and 

2nd mode, it cannot be done if the input is located at the center. But the feasibility of a 

combination of 1st and 3rd mode is not affected. The reason for the center-input choice is 

to exert no bias on either the left or right side of the array. As will be reported, 
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experimental testing suggests that the 1st mode alone is usually enough to generate 

uniform plasma at the given array length, so usually there is no need for superposition 

of higher modes to control uniformity.  

 

The addition of the direct coupling strip does not change the mode caused by input port 

location because it does not have much effect on the power distribution at the center but 

just helps to deliver power to the edges. However, DCS does make some differences in 

the reflection coefficient profile and the edge electric field strength. Specifically, the 

spacing between two resonant frequencies in figure 3.6 is relatively constant while in 

the case without the direct coupling strip, the higher modes tend to squeeze together and 

overlap with each other and eventually they become degenerate. As a demonstration of 

the field patterns created by higher modes, the electric field magnitude along the gap in 

the 3rd mode and 5th mode of the array with DSC is plotted in figure 3.7. In contrast to 

the CMT prediction for independent resonators, edge resonators always experience 

local minima for the electric field magnitude, the DCS causes higher modes to have 

fairly large electric field at the edges array, even if they are not strictly at maxima.  

 
Figure 3.6 HFSS simulation result of S-parameter in magnitude of a 
72-resonator array with direct coupling strip 
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In the CMT model, the power distribution was plotted in terms of the absolute value of 

a୫ሺtሻ which did not reveal the phase information of the electric field. In fact, the phase 

profile can be best represented by the surface current vector on the array. As figure 3.8 

(a) illustrates, the first mode has the current on all the resonators in the same direction 

(phase) indicating that the electric fields at all of the tips are in phase (although there 

may be a little phase delay from the input resonator at the center to the edge ones). 

Although the 2nd mode is suppressed in this array, if there were a 2nd mode it would 

divide the current pattern into two parts. Current on the right portion of the array would 

be 180 degrees out of phase with the left portion. Effectively, the current would flow 

from left part of the array through the direct coupling strip to the right part. Therefore, 

the electric field of the right and left halves is in the opposite direction. Actually, this 2nd 

mode hypothesis has been verified by simulating arrays with the input power port not 

being at the center resonator position. In the 3rd mode illustrated in figure 3.8 (b), the 

center portion is out of phase with both edge portions which are in phase. And the 

current pattern is from the edge resonators going through the direct coupling strip to the 

center ones. Therefore, the electric field follows the phase profile that center field is out 

of phase with edge fields. Following the logic, in the 5th mode as shown in figure 3.8 (c), 

the array is divided into five portions and every other portion is in phase and two 

Figure 3.7 Simulation electric field results of a 72-resonator array 
with direct coupling strip in mode 3 and mode 5
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neighboring portions are out of phase. These phase observations from the HFSS 

simulations are also predicted by CMT. The direct coupling strip provides a conduction 

path between two neighbor portions. So, surface current is strong and pronounced 

along the horizontal strip in the figures.  

 

 

 

Before we show the experimental arrays in argon plasma, the coupling resulting from 

mutual fields can also be demonstrated using the electromagnetic simulator. So, we will 

give a brief idea of the electric and magnetic mutual fields between only two resonators 

in parallel with no direct conduction path, which is the simplest scenario for analyzing 

the coupling mechanism. 

3.3 Magnetic and electric coupling demonstration 

The coupling between two microstrip lines is believed to be from the mutual and 

interacting electric and magnetic fields. In the section 2.1.4, the mutual electric field is 

 
Figure 3.8 (c) Simulation result of surface current at 5th mode of 72-resonator array 

 
Figure 3.8 (b) Simulation result of surface current at 3rd mode of 72-resonator array 

 
Figure 3.8 (a) Simulation result of surface current at 1st mode of 72-resonator array 



39 
 

modeled as a lumped capacitor and magnetic field as an inductor. For this discussion, 

we take two parallel microstrip lines as an example and define the even mode as the 

mode in which the surface currents are in phase and the odd mode out of phase as 

shown in figure 3.9. Therefore, the voltage at the input point of each resonator satisfies 

ଵܸ ൌ ଶܸ in the even mode and ଵܸ ൌ െ ଶܸ in the odd mode. Any input to these two 

resonators can be modeled as a linear combination of the even mode and odd mode. So, 

in our case we have ଵܸ ൌ ௏೔೙
ଶ

, ଶܸ ൌ ௏೔೙
ଶ

for the even mode and ଵܸ ൌ ௏೔೙
ଶ

, ଶܸ ൌ െ ௏೔೙
ଶ

 for 

odd mode. Considering the addition of these two modes, we get ଵܸ ൌ ௜ܸ௡, ଶܸ ൌ 0 since 

we are only supplying power to one resonator. In both cases, these two coupling 

mechanisms are taking place. In more detail, in the even mode as shown in figure 

3.10(a), although the collective effect of the electric field at the tips are parallel with 

each other going from the conductor to the ground, the individual fringing electric field 

from each resonator is believed to go to the other resonator inducing charges and thus 

coupling energy. In figure 3.11(a), the cross section in parallel with and in between the 

resonators is perpendicularly crossed by mutual magnetic fields resulting from the two 

via currents which is also a means of transferring energy. In the odd mode, it is 

straightforward that electric field goes from one resonator to the other due to the fact 

that the fields are out of phase as illustrated in figure 3.10(b), while the magnetic fields 

parallel with the cross section are interacting in figure 3.11(b) because there is a mutual 

region where magnetic fields from two resonators are present and co-directional. These 

two mutual fields give rise to the energy coupling in both cases.  

 

               
(a)               (b) 

Figure 3.9 Simulation results of surface current density on two coupled microstrip quarter-wave 
resonators at even mode (a) and odd mode (b)
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In summary, this section 3 describes a simulation interpretation of the theory given in 

section 2. It has been verified so far that the simulation results agree with the theory 

prediction. That is to say the supporting theory is a correct and useful model. However, 

when we included the parasitic plasma effects this resulted in unbalanced electric fields 

and might even cause instability due to expanding plasma capacitance. So, we will 

show next the plasma formed by the circular array and the linear array that were just 

shown in simulations. As anticipated, arrays with only indirect coupling result in a 

non-uniform distribution. Nevertheless, this parasitic plasma capacitance effect can be 

reduced by using dielectric limiters. It will also be shown that the direct coupling strip 

is sufficient to sustain uniform plasma along the length of the gap, even without the 

dielectric limiters. 

 

 

 

       
(a)                (b) 

Figure 3.11 Simulation results of magnetic field in the substrate at vias of two coupled microstrip 
quarter-wave resonators at even mode (a) and odd mode (b) 

     
(a)           (b) 

Figure 3.10 Simulation results of electric field at tips of two coupled microstrip quarter-wave 
resonators at even mode (a) and odd mode (b) 
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4 Experimental results 

First, the experimental setup and procedure will be briefly introduced. We will discuss 

the circular array first. The 1st and 4th circular modes which have been showed by CMT 

to form uniform electric fields, will be demonstrated first. Then, we will demonstrate 

that uniform plasma can be generated with the help of dielectric limiters and the 

uniformity of the array will be quantified by measuring the spatial emission intensity of 

the plasma. The same analysis will be applied for linear array of 36-resonator both with 

and without a direct coupling strip. These two cases will be contrasted. The advantage 

gained by the direct coupling strip will be utilized to build the 72-resonator array and 

the emission intensity will also be shown to verify the plasma uniformity. 

  

4.1 Experimental setup and procedure 

An LPKF micro-milling machine is used to fabricate the 6-resonator circular array and 

the various linear arrays on RT/Duroid 6010.2 copper laminate. This is a microwave 

circuit board material with relative dielectric constant of 10.2 and is plated with 17.3µm 

thick copper on both sides. One side of the copper is used as a ground plane for the 

devices and the other side is milled with the array pattern. Input power signal is 

delivered through a subminiature type-A (SMA) connector mounted through a tapered 

port on the side of the circular array which is known as side-port means. The input taper 

is placed to ensure best impedance matching and maximum power delivery. For the 

linear arrays, the input port is soldered from the ground side of the arrays and this is 

known as under port means. The input pin is 12mm away from the short-circuited end 

of the linear array so as to also match the SMA’s 50ohm characteristic impedance. The 

signal generator and power amplifier are an HP 8656A and ENI 525LA respectively. An 

HP 438A power meter and HP 8481A power sensors are used to find the forward and 

reflected power as well as the reflection coefficient (Sଵଵ) of the array simply by taking 

the ratio of the reflected to the forward power. 

To generate plasma in argon, the arrays are placed inside a chamber and all air is 

evacuated by a mechanical pump with base pressure of ~2 Pa before argon is backfilled 
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until atmospheric pressure is reached (750Torr). An MKS piezoelectric transducer (P/N 

100 012 621) and a Granville-Phillips 275 Convectron Gauge with a precision of 1Torr 

(133Pa) and 1mTorr (0.133Pa) respectively are used to measure the pressure inside the 

chamber. 

 

4.2 Circular array 

4.2.1 Side port 1st and 4th modes 

The plasma generated using the circular array at the 1st mode and 4th mode is presented 

in figure 4.1 and figure 4.2. In both pictures the input power is delivered to the bottom 

resonator in the photograph. The plasma in the first mode exhibits the similar behavior 

as given by the electric field in the HFSS simulation in figure 3.1. Recall that the 

electric field is mainly between every two resonator tips in the 1st mode and this is 

where plasma is observed to form. There are still three small tip regions on the 

resonator 3, 4 and 5 that are not completely covered by plasma. In addition to this 

non-uniformity, the plasma extends a little beyond the tip on the bottom resonator. This 

is because of the resonant frequency downshifting due to the plasma sheath capacitance 

causing more power to go to the resonator according to CMT as illustrated in figure 2.6.  

  
In the contrast to the 1st mode, but as expected, the plasma forms from each resonator 

toward the center (rather than between tips) in the 4th mode as seen in figure 4.2. This 

observation is also consistent with what was predicted by the simulated electric field in 

 
Figure 4.1 Photo of a circular argon plasma array in the 
1st mode at 720Torr with input power of 1.8W. 
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circular array is capable of generating a uniform microplasma array. The tendency of 

microplasma sheath capacitances to unbalance the even distribution of power among 

the elements of the array can be overcome by the resonator tips with a 1 mm thick 

dielectric limiter. 

 

4.3 Linear array 

An intermediate step of 60-resonator array has been attempted before the 72-resonator 

array with the same overall effect in terms of stability, uniformity and emission 

intensity. Thus, its description will be omitted here. Although dielectric limiters have 

been used for the 36-resonator linear arrays, it will be shown that the direct coupling 

strip helps a linear array to generate plasma on all resonators in a fairly uniform fashion 

even without the dielectric limiters. Emission intensity along the gap will also be 

measured and plotted to quantify the uniformity of the microplasma.  

4.3.1 First mode uniform plasma with dielectric limiters 

The linear 36-resonator array simulation shown in figure 3.3 and 3.4 demonstrated the 

benefit of the direct coupling strip in increasing plasma uniformity. Figure 4.5 and 4.6 

are presented here to show the actual plasma array without and with a direct coupling 

strip, respectively. As the dielectric limiter has done a good job restricting the plasma 

for the circular array, the same idea is also applied to the linear plasma. This limiter was 

Figure 4.4 Relative plasma emission intensity near each 
resonator of the circular array (full scale=255) 
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attached using the black insulating electric tape in the figures. Figure 4.5 shows the 

plasma array in mode 1 without DCS at 750Torr with 13w total power. The power input 

port is located at the 9th resonator from the right. The reason for placing it at this 

particular position is to allow the possibility for 1st, 2nd and 3rd mode superposition but 

the application of power to the 9th resonator blocks the 4th mode. Simulation has already 

shown strong resonance of the lower modes because of good impedance matching. If 

the input was placed at any other position so that 4th and higher mode can be used, they 

would possibly be too reflective to be useful.  

 

From figure 4.5, even at pressures lower than one atmosphere not all the resonator 

could generate plasma at their tips. Moreover, a brighter plasma is easily observed at 

region about the tip corresponding to the input resonator (#9 from the right) indicating 

that more power is going to that plasma location. This is highly undesired because this 

may cause the transition from cold plasma to a hot arc which is destructive and will 

damage the array. As a result, in the presence of plasma effect weak coupling among 

adjacent resonators alone is not enough to handle the uniform power distribution task. 

Plasma is initially ignited at the input resonator tip and then changes the resonant 

frequency of that resonator by loading it with the plasma capacitive sheath. This leads 

to more power going to that resonator as predicted by CMT. Without any method to 

prevent this positive feedback effect, it will ultimately result in a transition to a plasma 

arc well before the power is sufficient to fully ignite plasma across the array.  

 
Figure 4.5 Linear argon plasma array in mode 1 without direct 
coupling strip generated at 750Torr with input power of 13 
watts. 



47 
 

On the contrary, the DCS does a good job spreading the power more evenly among the 

resonators which can be verified in figure 4.6 where plasma is sustained in the first 

mode at 750Torr with total power of 9watts. In this particular device, the input port is 

also located on the 9th resonator from the right. Plasma is present on all the resonator 

tips at atmospheric pressure with less power consumption than experimental array 

without a DCS. Thus, the arc transition instability is substantially ameliorated. With the 

success of DCS, the concept looks promising to extend to a longer linear array. 

 
The longest array attempted so far is the 72-resonator system. The 72-element array is 

90-mm long and is sustained by an input power of 20.9watts in argon at 750Torr as 

shown in figure 4.7. The plasma is operating in the first mode at 366MHz in the upper 

subfigure without dielectric limiter covers. Even without limiters, though the linear 

plasma array could have plasma on all the resonators ignited, but there is some obvious 

non-uniformity in terms of plasma’s vertical extent along the microstrip. Specifically, 

plasma tends to grow bigger at the areas close to but not right on the edges. This 

phenomenon is possibly particular to argon since no such problem has been observed in 

helium gas. The bottom photograph shows the array operating in argon with limiters. 

This photograph was made without a flash so that the uniformity of plasma emission 

intensity could be measured. The addition of dielectric limiters on both the tips and the 

ground causes the first mode resonant frequency to slightly change to 360MHz. Again, 

there is no parasitic plasma under the limiters and the snapshot has been taken with 

 
Figure 4.6 Linear argon plasma array in mode 1 with direct 
coupling strip generated at 750Torr with total power of 9 watts. 
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4.3.2 Higher modes in comparison with simulations  

In consistency with section 3.2.4, the experimental result of 3rd and 5th mode of the 

72-resonator linear array with DCS and dielectric limiters is shown in figure 4.9. It may 

not be clear from the figure since there is no flash light, but the edge resonators are all 

ignited which agrees with the simulation results shown in figure 3.7. Since the input 

connector is located at the center of the array, the 2nd, 4th and higher even number modes 

are suppressed due to the CMT-predicted power minimum at the center of the array. 

These results are of scientific interest, but the first mode is preferred to generate 

uniform plasma. The 3rd or other higher mode alone is not sufficient to obtain uniform 

plasma. However, superposition of 1st mode and 3rd or 5th mode is feasible to have 

uniform plasma, but no significant uniformity benefit has yet been observed. 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 4.9 Photo of experimental argon plasma in 3rd and 5th mode at 750Torr (1atm) with 
dielectric cap limiters. 
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5 Conclusion and future work 

5.1 Uniform plasma arrays with RF sources at atmospheric pressure 

Atmospheric argon plasma has been demonstrated to operate uniformly in a circular 

and linear fashion by means of coupled resonators. Starting from the straightforward 

idea of a quarter-wave microstrip line resonator to provide large electric field to 

facilitate the plasma ignition at atmospheric pressure, two typical assemblies of 

multiple resonators have been studied and experimentally tested. Coupled mode theory 

has been analyzed and presented in matrix form, and homogeneous and particular 

solutions have been found to show the power distribution without plasma for these two 

arrays. In particular, the linear array has gone through major modification of an 

additional direct coupling strip to ameliorate the inherent drawback predicted by 

coupled mode theory due to the single-sided weak coupling at the array edges. After 

theoretical and simulation verifications, both circular arrays and linear arrays have been 

shown to be able to form uniform argon plasma, especially with the help of dielectric 

limiters that limit undesired parasitic plasma. Higher mode phenomena resulting from 

coupled mode theory have also been illustrated in simulations and experiments.  

Because of their small sizes, low power consumption and operation at atmospheric 

pressure in the absence of any vacuum pump, these arrays can be implemented in 

portable devices. For the circular array in applications, the center region which is 

covered by the limiter would be drilled out to allow materials, liquids and gases to be 

continuously treated by the surrounding plasma. For the linear array, roll-to-roll coating 

can be easily implemented with the sheet to be processed continuously moving above 

the plasma line. If the sheet is some reasonable distance away from the plasma, the 

plasma seen by the sheet will be more uniform than the experimential intensity plot 

since the plasma filaments will be blurred by diffusion. 

5.2 Future work 

5.2.1 Higher frequency operation 

Although both arrays have been successfully designed to operate in the radio frequency 

and UHF range, higher frequency operation will be sought such as microwave 



51 
 

frequency range. For example, desirable frequencies include the cell phone 

communication frequency bands between 850 MHz and 1900 MHz or even higher at 

the typical microwave oven frequency of 2.45 GHz. Higher frequency operation has 

been shown to increase optical emission output and to enhance the electron density. [35] 

Extending the operating frequency range may broaden the applicability of the array 

devices. Another advantage of going to higher frequency is smaller sizes which will 

then be more feasible in some portable embedded systems. 

5.2.2 Increase power level to support larger number of resonators. 

Although the circular plasma array is limited in a closed form, the linear array could be 

expanded to achieve longer plasma lines. The longest array in this work has been shown 

to be 90 mm long which is moderate in length. There are several challenges when 

expanding the array. The top concern is what happens when the length of the plasma 

line becomes comparable to the wavelength at the resonant frequency. It is possible that 

there would be a standing wave carried by the plasma or on the direct coupling strip 

which may cause inevitable non-uniformity and even extinguish the microplasma on 

some of the resonators. 

5.2.3 Instability study 

First of all, it is common for many atmospheric pressure plasmas to transition into an 

arc which will damage the circuit and cause the array to be destroyed permanently. So 

the conditions for arc transition instability will be studied to prevent the array from 

accidentally operating at those conditions. In addition, the dielectric limiters restrict the 

area in which plasma can be sustained. Limited plasma may extend both inward and 

outward with respect to the array. Thus plasma can contact the substrate material which 

will add more uncertainties to the plasma in terms of uniformity such as flickering and 

the introduction of contaminants from the substrate.  
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Appendix A: MATLAB code for CMT model of 72-resonator linear array  
clear;clc; 
%Resonant frequency (in MHz) 
wo=465; 
%Damping (in MHz) 
L=1; 
%First order coupling (in MHz) 
k1=-40; %this coupling frequency comes the freq-splitting simulation of two   

%resonators, separated by 1 mm, using Ensemble 
        %seems to match experiments only if the coupling is negative (180d) 

   % general mxm with 5th order coupling 
m=72; 
k2=-31; 
k3=-18; 
k4=-9; 
%k5=k1*0.1; 
w=450; 
    d=ones(m,1)*wo-w+j*L; 
    f=ones(m-1,1)*k1; 
    g=ones(m-2,1)*k2; 
    h=ones(m-3,1)*k3; 
    p=ones(m-4,1)*k4; 
    %q=ones(m-5,1)*k5;%Ignore effect from the lines that are far away from  

%the one . 
  

M=diag(d,0)+diag(f,1)+diag(f,-1)+diag(g,2)+diag(g,-2)+diag(h,3)+diag(h,-3)+dia
g(p,4)+diag(p,-4); 

    %+diag(q,5)+diag(q,-5); 
x=zeros(m,m);x(1,1)=-50;%x(2,2)=-0;%resonant frequency shift at resonator 

one. 
%M=M+x; 
[V,D]=eig(M); 
eig(M)+w; 
figure 
hold on 
%plot(abs(V(:,1)+0.5*(V(:,2))+0.25*(V(:,3))), 'o')            
%add the three freq 
plot(abs(V(:,1)),'blue-+') 
%plot(abs(V(:,2)),'black-.') 
%plot(abs(V(:,3)),'g-.') 
%plot(abs(V(:,4)),'p') 
% plot((abs(V(:,1))+0.5*abs((V(:,2)))+0.25*abs(V(:,3))), 'r-o')  
 %multiplexing the three frequencies 
% Rt1=0.89; 
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% Rt2=0.11; 
%Rt3=0.03; 
%plot((Rt1*abs(V(:,1))+Rt2*abs(V(:,2))), 'r-o') 
grid on; 
%legend('1st mode', '2nd mode', 'Superposition of the first two modes') 
xlabel('Resonator Number') 
ylabel('Energy Ratio') 
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Appendix B: MATLAB code for CMT model of 72-resonator array with DCS 
clear;clc; 
%Resonant frequency (in MHz) 
wo=525;%465 
%Damping (in MHz) 
L=1; 
%First order coupling (in MHz) 
k1=-40; %this coupling frequency comes the freq-splitting simulation of 

two resonators, separated by 1 mm, using Ensemble 
     %seems to match experiments only if the coupling is negative (180d) 
% general mxm with 5th order coupling 
m=72; 
k2=-31;%%coupling coefficients with respect to the first one 
k3=-18; 
k4=-9;  
w=450; 
    d=ones(m,1)*wo-w+j*L; 
    f=ones(m-1,1)*k1; 
    g=ones(m-2,1)*k2; 
    h=ones(m-3,1)*k3; 
    p=ones(m-4,1)*k4; 
%q=ones(m-5,1)*k5;%%only consider the coupling coefficients of the 

neighboring 3 lines Ignore effect from the lines that are far away from the one . 
M=diag(d,0)+diag(f,1)+diag(f,-1)+diag(g,2)+diag(g,-2)+diag(h,3)+diag(h,-3)
+diag(p,4)+diag(p,-4);%+diag(q,5)+diag(q,-5); 

%M=M+diag(r,6)+diag(r,-6)+diag(s,7)+diag(s,-7)+diag(t,8)+diag(t,-8)+
diag(u,9)+diag(u,-9)+diag(v,10)+diag(v,-10); 

%M=M+diag(w2,11)+diag(w2,-11)+diag(x,12)+diag(x,-12)+diag(y,13)+
diag(y,-13)+diag(z,14)+diag(z,-14)+diag(c,15)+diag(c,-15); 

%x=zeros(m,m);x(6,6)=100;%x(2,2)=-0;%resonant frequency shift at 
resonator one. 

b=-j*[280 70 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 
30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 
30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 70 280]'; 

B=b\M; 
t=1:72;%figure 
%plot(t,abs(B)'); 
[V,D]=eig(M); 
eig(M)+w; 
figure 
hold on 
%plot(abs(V(:,1)+0.5*(V(:,2))+0.25*(V(:,3))), 'o')   %add the three freq 
plot(abs(V(:,1)),'blue-o') 
%ylim([0 0.2]); 
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xlim([1 m]); 
%plot(abs(V(:,2)),'black-.') 
%plot(abs(V(:,3)),'g-.') 
%plot(abs(V(:,4)),'p') 
%plot((abs(V(:,1))+0.5*abs((V(:,2)))+0.25*abs(V(:,3))), 

'r-o')  %multiplexing the three frequencies 
Rt1=0; 
Rt2=1; 
%Rt3=0.03; 
plot((Rt1*abs(V(:,1))+Rt2*abs(B)'), 'r-o') 
grid on; 
%legend('1st mode', '2nd mode', 'Superposition of the first two modes') 
xlabel('Resonator Number') 

ylabel('Energy Ratio') 
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Appendix C: MATLAB code for CMT model of circular array without plasma effect 
clear;clc; 
%Resonant frequency (in MHz) 
wo=1000; 
%Damping (in MHz) 
L=1; 
%First order coupling (in MHz) 
k12=-26; %this coupling frequency comes the freq-splitting simulation of 

two resonators, separated by 1 mm, using Ensemble 
     %seems to match experiments only if the coupling is negative (180d)   
% general mxm with 5th order coupling 
m=6; 
k13=-5; 
k14=-5; 
w=1000; 
    d=ones(m,1)*wo-w+j*L; 
    f=ones(m-1,1)*k12; 
    g=ones(m-2,1)*k13; 
    h=ones(m-3,1)*k14; 
    p=ones(m-4,1)*k13; 
    q=ones(m-5,1)*k12;%%only consider the coupling coefficients of the 

neighboring 3 lines Ignore effect from the lines that are far away from the one . 
  

M=diag(d,0)+diag(f,1)+diag(f,-1)+diag(g,2)+diag(g,-2)+diag(h,3)+diag(
h,-3)+diag(p,4)+diag(p,-4)+diag(q,5)+diag(q,-5); 
%c=zeros(m,1);c(1,1)=-20;N=diag(c);M=M+N; 
[V,D]=eig(M); 
eig(M)+w; 
figure 
hold on 
%plot(abs(V(:,1)+0.5*(V(:,2))+0.25*(V(:,3))), 'o')   %add the three freq 
plot(abs(diag(V(:,1)*transpose(V(:,1)))),'blue o','MarkerSize',14); 
plot(abs(diag(V(:,2)*transpose(V(:,2)))),'black *','MarkerSize',14); 
plot(abs(diag(V(:,3)*transpose(V(:,3)))),'g^','MarkerSize',14); 
plot(abs(diag(V(:,4)*transpose(V(:,4)))),'rx','MarkerSize',14); 
legend('mode 1','mode 2','mode 3','mode 4'); 
xlabel('Resonator Number');ylabel('|a_m|^2'); 
%plot(abs(V(:,5)),'k-.') 
%plot(abs(V(:,6)),'b') 
%grid on 
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Appendix D: MATLAB code for CMT model of circular array with plasma effect 
clear;clc; 
%Resonant frequency (in MHz) 
wo=1000; 
%Damping (in MHz) 
L=1; 
%First order coupling (in MHz) 
k12=-26; %this coupling frequency comes the freq-splitting simulation of 

two resonators, separated by 1 mm, using Ensemble 
     %seems to match experiments only if the coupling is negative (180d)   
% general mxm with 5th order coupling 
m=6; 
k13=-5; 
k14=-5; 
w=1000; 
    d=ones(m,1)*wo-w+j*L; 
    f=ones(m-1,1)*k12; 
    g=ones(m-2,1)*k13; 
    h=ones(m-3,1)*k14; 
    p=ones(m-4,1)*k13; 
    q=ones(m-5,1)*k12;%%only consider the coupling coefficients of the 

neighboring 3 lines Ignore effect from the lines that are far away from the one . 
  

M=diag(d,0)+diag(f,1)+diag(f,-1)+diag(g,2)+diag(g,-2)+diag(h,3)+diag(
h,-3)+diag(p,4)+diag(p,-4)+diag(q,5)+diag(q,-5); 
c=zeros(m,1);c(1,1)=-20;N=diag(c);M=M+N; 
[V,D]=eig(M); 
eig(M)+w; 
figure 
hold on 
%plot(abs(V(:,1)+0.5*(V(:,2))+0.25*(V(:,3))), 'o')   %add the three freq 
plot(abs(diag(V(:,1)*transpose(V(:,1)))),'blue o','MarkerSize',14); 
plot(abs(diag(V(:,2)*transpose(V(:,2)))),'black *','MarkerSize',14); 
plot(abs(diag(V(:,3)*transpose(V(:,3)))),'g^','MarkerSize',14); 
plot(abs(diag(V(:,4)*transpose(V(:,4)))),'rx','MarkerSize',14); 
legend('mode 1','mode 2','mode 3','mode 4'); 
xlabel('Resonator Number');ylabel('|a_m|^2'); 
%plot((abs(V(:,1))+0.5*abs((V(:,2)))+0.25*abs(V(:,3))), 

'r-o')  %multiplexing the three frequencies 
%plot((Rt1*abs(V(:,1))+Rt2*abs(V(:,2))), 'r-o') 
%legend('1st mode', '2nd mode', 'Superposition of the first two modes') 
%xlabel('Resonator Number') 

%ylabel('Energy Ratio') 
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