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Introduction

This paper describes a small study in which five teachers were interviewed in order to
gain insight into their understanding of combinatorics. Combinatorics is a challenging
mathematical area that provides learners with a basis for a great deal of applied mathematics,
including statistics. Through interviews with teachers, this study sought to investigate how the
teachers solved combinatorics problems, the methods they used, the issues they raised, and the
knowledge they displayed.

In particular, the analysis presented here addresses three questions:

i. how do the methods used when solving combinatorics problems relate to
the mathematical attributes of the question;
ii. how do the methods used when solving combinatorics problems in an
interview differ across teachers;
iii. how does a mathematical problem with unexpected difficulties or
subtleties illuminate the differences among teachers.
In order to address these questions, this paper will first look at the reasons for focusing on this
area of mathematics and will define the specific area that I am addressing. Next, we will look at
existing work on teaching and learning combinatorics, including considering some common
errors and misconceptions.

Following this, the methodology for this study will be described. The methodology
section will describe the line-by-line analysis of the transcripts of the teacher interviews, during
which each participant was asked to solve and discuss a series of combinatorics problems. The
results from this analysis regarding the relationships among teachers, methods, and mathematical

tasks are outlined in detail.
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The subsequent discussion provides both a qualitative look at these first two research
questions and a foundation and justification for addressing the third research question, (7ii) how
does a mathematical problem with unexpected difficulties or subtleties illuminate the differences
among teachers. The discussion shows that the differences among teachers extend beyond which
methods they choose and whether or not the answers to the questions are simply correct or
incorrect, but also include subtleties in how they employ the methods and how they view the

utility of each one.

Literature review

There is room for exploration of teacher knowledge in different mathematical topics.
Remarkable strides have been made in looking at teacher knowledge in arithmetic and algebra
(e.g., Carpenter, Hiebert, & Moser, 1989; Cobb et al., 1991; Hill, Rowan & Ball, 2005; Saxe,
Gearhart, & Nasir, 2001). However, combinatorics remains a relatively untouched area. Since
the breadth of mathematics means that teacher knowledge in arithmetic does not necessarily
imply teacher knowledge in other areas, the research community must undertake examinations of
a wide variety of mathematical areas.

While few studies have looked at teacher knowledge in combinatorics, the topic remains
significant in school mathematics. For instance, an examination of the types of problems given
to students at the middle school level yields simple combinations and permutations, together
referred to as counting, and simple discrete probability (see Connected Mathematics 2, Grades 6,
7, 8; Lappan, Fey, Fitzgerald, Friel, & Phillips, 2006). Combinatorics, including the

combinations and permutations mentioned above, deals with the ordering and grouping of fixed

M. Caddle QP2



ANALYZING SOLUTION METHODS FOR COMBINATORICS PROBLEMS 4

numbers of items. This topic is within the field of discrete mathematics, or the mathematics of
unconnected elements (Rosen, 2003).

This mathematical area is interesting to study for three reasons. First, there are problems
in this field that are confusing and counterintuitive to almost everyone. Our everyday notions of
probability are often in conflict with the mathematical reality (Barnes, 1998). Even when we
attempt to consider the mathematics, small shifts in problem situations create dramatically
different answers, as we will see. All of this results in a complex mathematical landscape that
offers challenges even for teachers who are already proficient in mathematics.

Second, even seemingly simple problems in counting and probability may have multiple
solution strategies and multiple ways to consider what is happening in the situation. This makes
it a ripe ground for considering teacher knowledge. Assessing the breadth of this knowledge
could include looking at a teacher’s use of multiple representations, ability to give different
explanations for a single concept, and ability to evaluate the mathematical validity of solutions
given by others. Since strategies are so varied in this area, a wide range of answers might be
observed.

Third, these concepts are addressed in the middle school curriculum of the Boston Public
Schools (Lappan et al., 2006), and are also part of the grades 7 and 8 curriculum standards for
the state of Massachusetts (Massachusetts Department of Education, 2000), where the study
discussed here took place. In addition, the National Council of Teachers of Mathematics
(NCTM) includes combinatorics in their standards for school mathematics, specifically citing
that students should work with organized lists and tree diagrams, as well as being able to

compute probability (NCTM, 2000). This topic, then, is relevant to teachers and students.
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Defining the Area of Mathematics

Here, I will clarify the types of counting and probability problems that were included in
this study. The purpose of this discussion is to define a small segment of combinatorics for
consideration; this in no way covers the breadth of these mathematical topics. As part of this
purpose, I will outline the relationships and connections among the questions. This is an attempt
at examining the conceptual field of combinatorics (Vergnaud, 1996). Vergnaud had proposed a
theory of conceptual fields based on the need to understand the mathematical area in which
cognition occurs. He defines a conceptual field as, “a set of situations, the mastering of which
requires several interconnected concepts. It is at the same time a set of concepts, with different
properties, the meaning of which is drawn from this variety of situations” (p. 225).

For instance, we can consider questions about permutations and combinations in this
small subset of combinatorics as referring to finite arrays of objects. Within permutations, there
are two initial cases. First, there is the case with n objects, where all » must be arranged. For
example, if we have three different letters, how many ways can we arrange all three of them?
Second, there is the case with n objects where some number less than » must be arranged. For
example, given all 26 letters in the English language alphabet, how many three-letter words can
be formed? A case like this can be furthered by asking for the implications of allowing or
disallowing repeat letters. This, then, leads to the more difficult cases of permutations, in which
there are non-unique objects to be arranged. For example, if we have three letters, but two are
identical and cannot be differentiated, and only the third is unique, how many ways can we
arrange all three of them? This is a potentially more troubling case because it requires the
individual to determine which, of the n! arrangements that would be present for unique items,

would be duplicates in this new structure. This sort of problem can be solved by force (i.e., by
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listing all possible permutations and manually checking for those that appear identical) for small
arrays of items, but even this technique can then be the source for conjecture on determining how
many items would need to be removed.

Combinations follow a similar pattern. In this case, n objects, of which n are selected,
result in one possible combination. This shift from the ordered permutations discussed above to
the unordered groups here can actually be difficult to conceptualize; this first case is not trivial.
From here, cases can progress to choosing an unordered subset of fewer than # items, followed
by consideration of what happens when some of the items are identical. A summary of these
types of items is shown in Table 1. Brute force can solve the problem for small arrays and may
also lead to fruitful discussions. Combinations seem like they should be easier than
permutations, when considered from a non-mathematical standpoint. The complication of
ordering has been removed, which makes it seem as if we should be able to breathe more easily.
However, in the formulaic calculation, in the brute force solution methods, and in the

conceptualization, it can be challenging to mark this distinction.

Permutations Combinations
Given: Determine: Determine:
n unique objects number of arrangements of all | number of groups of all n
n objects objects
n unique objects number of arrangements of m | number of groups of m objects
objects for m <n form<n
n objects, of which some are number of distinguishable number of distinguishable
not unique arrangements of all n objects groups of m objects for m <n

Table 1. Summary of types of simple permutations and combinations.

In working with these types of problems, often the individual needs to judge whether a
permutation or combination is needed. However, by requiring this type of decision as part of the
question, this suggests the use of problems posed in extra-mathematical contexts. This is

because problems stated in mathematical symbols and language, as seen in Table 1, specify
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directly whether they want the number of arrangements or the number of groups. This may be
phrased differently, say by asking for the number of permutations or the number of
combinations, or the number of ordered lists or the number of sets. However, if the reader has
experience with this vocabulary, then the phrasing of the question betrays whether permutations
or combinations are required. As a result, the need to judge which of the two to use is removed
from the problem. Instead, a problem posed in an extra-mathematical context must be used in
which the reader uses their knowledge of extra-mathematical topics to deem whether or not order
matters. For example, a question might ask about the number of possible automobile license
plates given a particular format of four numeric digits followed by two letters. Cultural
knowledge of license plates tells us that the plate /234 PK is not the same as the plate /234 KP.
As a result, someone responding to this question might deduce that a permutation is required to
reach the correct answer, and not a combination.

Several established representations of combinatorics exist, and these are used for both
instruction and understanding. One possibility is a list of all the outcomes. This brute force
method is effective for small sets. Tree diagrams are also commonly used, particularly for
permutations. The slot method is another option, and, of course, there are established
mathematical formulae for problems of this type. One potential area for exploration in teacher
and student understanding in combinatorics would be the relationships between these
representations. In particular, it may occur that the use of one representation leads naturally to
the adoption of another. Representations may also be invented, or they may have been explicitly
taught to an individual.

Probability can be included within this limited look at combinatorics, if only where it

connects to permutations and combinations. That is, if we focus not on large-scale probability,
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but on simple cases of discrete probability, such as determining the probability of an outcome
when it is necessary to use combinatorics to count all possible outcomes. For example, a
permutation can be used to determine the number of possible sequences of raffle winners given a
set pool of entrants. Probability could then be applied to find the likelihood that a particular
person wins a prize.
Existing Work on Learning and Teaching Combinatorics

In considering the developmental aspects of understanding chance, probability, and
combinatorics, Piaget and Inhelder (1975) suggest that children and adolescents’ understanding
progresses through stages that correlate with other, more general developmental stages.
Specifically, they suggest that young children do not appreciate the notion of chance, and instead
seek causal explanations for events, both in the outside world and in the indoor world of dice
games and coin flips. It is only as they reach the formal operations stage (12 to 13 years of age)
that they are able to consider or enumerate a set of all possible outcomes and the likelihood of
these various outcomes. While understanding of the developmental stages that they proposed
may shift with future research, Piaget and Inhelder did specifically find that in creating
permutations of small sets of distinct objects, pre-operational children (before seven years of
age) have no system for creating different arrangements or for considering how many
arrangements are possible. As they grow older and reach the concrete operations stage (between
ages seven and 11) they are able to create the different permutations more readily, but still do not
use a consistent system to do so and often miss items or create the same item more than once. It
was only in the third stage that students used a consistent system to create permutations or could

make a conjecture on how many permutations were possible.

M. Caddle QP2



ANALYZING SOLUTION METHODS FOR COMBINATORICS PROBLEMS 9

Schliemann and Acioly (1989) interviewed bookies with different levels of formal
schooling, including those with no formal schooling at all, who were accustomed to taking bets
that involved the determination of the number of permutations of a fixed set of digits. While the
bookies used tables listing the number of permutations for different scenarios during their work,
the researchers interviewed them about permutations of colored chips and alphabetic characters,
finding that some of the subjects connected this activity to the way that numeric digits are
permuted in their work, while others did not make this connection and even rejected it when it
was suggested. Relating the responses to the stages suggested by Piaget and Inhelder (1975)
described above, they found that the level of schooling was positively and significantly related to
the stage suggested by the response. In addition, while none of the bookies had formal
instruction on probability, those with some formal schooling were more able to make logical
probabilistic arguments.

This work supports the types of reasoning about permutations seen by Piaget and
Inhelder (1975). However, the progression through stages is shown to depend on factors other
than development, such as schooling, work, and cultural factors. Even without the added
element of the bookies’ work, an individual’s level of understanding of combinatorics may be
uneven. In another study, Fischbein and Schnarch (1997) hypothesized that the informal
intuitions and ideas relating to probability would stabilize during the formal operations period in
later adolescence. On the contrary, they found that some misconceptions did grow weaker, but
some actually grew stronger.

Although their analysis is focused on children’s justifications and proofs, rather than the
mathematics of combinatorics, Maher and Martino (1996) show us young children engaged in

simple problems of permutations. As part of a longitudinal study, students in fourth grade were
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asked to build all possible towers of blocks, given the height of the tower and two different
colors of cubes to use in construction. Consistent with Piaget and Inhelder’s (1975) theory
regarding children in the concrete operations stage (between ages seven and 11), students often
did not have a foolproof system for organizing the possible permutations. However, with Maher
and Martino’s emphasis on students proving their answers to an interlocutor, over time some
students felt the need to create organizational schemes. In doing so, students created either
patterns of the colored towers, or categories of the towers. Patterns were organized visually and
often led the students to count the same permutation more than once. Categories, however,
enabled students to prove that they had all possible permutations, as they were able to generate
all the possibilities within a category. For example, one category could be thought of as “towers
three cubes high with exactly two blue cubes”, and students generated all three possibilities
within this category. Aside from this increased organization in thinking about permutations,
students also generated the beginnings of a recursive argument about the number of possible
towers as a function of tower height, recognizing that the number doubled when the height was
increased by one block. Their explanation of this suggests their reasoning is close to the classic
permutation representation of a tree diagram, as they consider each existing tower with a height
of n-1 blocks to branch into two possibilities for the nth block. This example shows the richness
and variety in combinatorial techniques, even for very simple problems.

In addition to the research described above on student understanding, there is some
literature on the actual practice of teaching of combinatorics. This work has emphasized the
difficulties in understanding that are present in this area of mathematics. Borg (1998) suggests
that cognitive conflict must occur in order to change the existing conceptions students already

hold. However, Liu and Thompson (2007) looked at teacher understanding, and found uneven
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conceptual knowledge even within a single teacher. They also found that some teachers could
not verbalize their solutions or think of a strategy to teach the topic. This inability to express
their solution processes ties to Karmiloff-Smith’s (1992) ideas of implicit knowledge, which the
holder cannot make explicit to an external other.

The above studies speak to the challenge in learning and explaining combinatorics. Other
literature has addressed common errors in the field. Some, such as Watson (1996), have looked
at specific mathematical errors, such as double counting of possible cases. However, far more
have considered the difficulties caused by strongly held misconceptions, and the connection
between probability and everyday language and activities. Barnes (1998) refers to a subjective
probability that reflects an individual’s belief regarding the likelihood of an event. The
mathematical truth, when in conflict with this subjective probability, seems unreasonable to the
person. One of the strongest cases for this relates to the independence of events. The classic
example of independence of events is a coin toss where the coin has come up with “tails” ten
times in a row. Mathematically, this has no effect on the 50% chance of getting “tails” on the
next coin toss, but psychologically it seems to a human observer that it is due time to get “heads”
instead. This is directly related to the work of Konold, Pollatsek, Well, Lohmeier, and Lipson
(1993), who found that student answers about successive independent events were inconsistent,
and often varied based on how the problem was posed. Many of these studies suggest that our
everyday language that relates to probability plays a part in our conceptualizations as well; we
may hold ideas that do not connect well to mathematical reality. To counter this, Jones,
Langrall, Thornton, and Mogill (1999) suggest that invented language in the mathematical
setting may help to break some of the connections to the everyday world and overcome

misconceptions.
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Combinatorics often receive short shrift in educational treatment and may be peripheral
to the other mathematics taught within the same school year. There is also little connection
between the literature on teacher knowledge, as mentioned previously, and the literature on
learning and teaching combinatorics. Studies of how teachers deal with combinatorics in the
classroom are absent from the research literature. Nevertheless, the principles of teacher
knowledge and careful examination of the impact on the student should still guide investigation
in this mathematical arena. This exploratory study of how five teachers solve combinatorics
problems, what methods they use, which issues they raise, and what knowledge they display,
contributes to filling the gap in the existing literature. The analysis presented here aims to
provide a basis for future studies that will clarify how the characteristics of teacher knowledge

relate to the practice of teaching and learning combinatorics.

Methodology

Summary of Methodology

In this study, I examined in-service teachers who participated in a two-week course in
mathematics in 2008, the Tufts University Problem Solving and Discrete Mathematics (PSDM)
Workshop. Using individual interviews with the teachers, the goals are to address the following
questions: (i) how do the methods used when solving combinatorics problems relate to the
mathematical attributes of the question; (ii) how do the methods used when solving
combinatorics problems in an interview differ across teachers; (iii) how does a mathematical
problem with unexpected difficulties or subtleties illuminate the differences among teachers.

Background data on the teachers was collected, including data on their work in the

PSDM Workshop, as described below. The main data source for the analysis presented here is
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the interviews with teachers, in which participants were asked to complete mathematics
problems, and also to reflect upon them, explain their solutions, and evaluate alternative
solutions.

The results of the interviews were coded using a catalog of mathematical concepts and
mathematical methods; this coding scheme is described below. Comparisons will be made both
across teachers and across questions for each teacher.

Professional Development Course

The 2008 Tufts University PSDM Workshop was available to teachers who teach
mathematics in grades 5 through 9 in Massachusetts, with preference given to teachers from
districts that are classified by the state as high needs. The 2008 workshop was a seven day
summer workshop, with two full-day follow up sessions in the fall and winter of 2008. Many
teachers who participated in the workshop did not participate in this study, and they were not
required to be part of this study in order to attend the workshop.

The PSDM workshops are primarily focused on teaching mathematical content to
teachers. As part of this content focus, the workshops included a written content assessment that
included solving problems in combinatorics. This assessment was administered on the first day
and last day of the 2008 workshop. The format of the workshop was to have approximately three
hours of instruction per day on mathematical content. During this time, the teachers listened to a
lecturer, completed problems, worked in groups, and asked questions. No teaching methods
were suggested to the participants. The teachers also had additional problems for homework that
could be completed in groups or independently, and they had one to two hours of time during the

workshop day to work on these. The following day, a subset of teachers would explain their
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solutions to completed homework problems to the full group of participants, and they would also
answer any questions.

Even though the main focus was on teaching content, as explained above, teachers did
work in groups on curricular plans and considered how their own students would interact with
the materials. The teachers spent two hours of time each afternoon working in groups to create a
three-day lesson for their own students, covering one of the topics taught in the workshop. Since
no methods of teaching were suggested, and guidance was provided only on the mathematical
content, the time spent on planning lessons can be considered as self-directed time.

The 2008 workshop had four days of content that was directly related to this study: one
day focused on simple counting problems, two days on permutations and combinations, and a
fourth day on probability.

Participants

All teachers in this workshop received a letter at the beginning of the workshop inviting
them to participate and explaining the project. Teachers were asked if their written pre- and
post-assessments could be used as part of the study, and if they would be willing to be
interviewed for the study (see Appendix A). Five teachers participated in this study.

All teachers who attended the PSDM workshop teach at middle or secondary schools
either in Boston, MA, or in an urban rim community. Because the workshops were directed at
teachers of grades five through nine, the attendees all teach either middle school mathematics,
typically grades six through eight in this geographic area, or high school mathematics, typically
grades nine through twelve. The five teachers who consented to participate in this study were all

high school teachers. As a result, these participants in the study may instruct students in grades
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nine through twelve, even though the professional development course only specifically targeted
teachers of grades five through nine.
Measures and Data Collection

Data was collected on the teachers and their schools. A summary of the data types is
shown in Table 2 and an overview given in this introductory paragraph. For the teachers, there
are two sources of data. The first is their written pre- and post- assessments from the PSDM
Workshop; the portion of the assessment related to combinatorics is shown in Appendix B. The
second source is their clinical interview, a template for which is shown in Appendix C. In the
interview, I asked teachers to solve and discuss problems in the subset of combinatorics included

in this study.

Focus Measure Time of Mode Outcome sought
measurement
Teacher Written pre- Summer 2008 | Score and change in | Teacher
assessment / post- score understanding
assessment
Interview Spring 2009 Videotaped interview | Teacher pedagogical
that was subsequently | content knowledge;
transcribed teacher
understanding

Table 2. Data collected.

Written pre-assessment / post-assessment. The staff of the PSDM workshop
developed the written assessment, and the same assessment was given on both the first and last
days of each summer workshop. Because the assessment was designed to cover the range of
topics included in the workshop, while not requiring more than one hour to complete, there are
only two questions on combinatorics (see Appendix B). However, these two questions have a
total of five sub-questions, and within our topics of interest, they cover permutations,
combinations, and discrete probability. This coverage of topics will be summarized in Table 3.

Since there are so few questions, the assessment will not be used for a quantitative comparison of
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teachers. However, both the teachers’ responses on the assessments, and the way that the
responses changed between the beginning and end of the workshop, may illuminate their
common content knowledge. Consequently, these assessments will be examined in concert with
the other, more substantial data source, the interviews described below.

Teacher interview. An interview was carried out and videotaped with each participating
teacher. Each interview was transcribed in full. While interviews were flexible and open-ended,
they had a central goal. This was to discuss mathematical situations and material that are
germane to the combinatorics topic, and to elicit teacher knowledge on these problems. To do
this, the teachers were first given problems to solve. After solving each problem, they were
asked for an explanation. They were then asked for a different way to solve the same problem
and a different explanation. They were then explicitly asked about what they believed their
students would do when working on the same problem. At times, they were also asked to
suggest or evaluate misconceptions held by students related to the problem. This process
repeated for different problems. A template for this discussion can be found in Appendix C.

The interviews were structured in this way, with follow up questions for each
mathematical task, in order to elicit the breadth of teachers’ knowledge. In particular, the
questions sought to address different types of teacher knowledge as outlined by Hill, Ball, and
Schilling (2008). That is, the teacher interview statements might reveal common content
knowledge, specialized content knowledge, knowledge of content and students, and knowledge of
content and teaching. As defined by their research group, the first item, common content
knowledge, referred to as ““common’ knowledge of content” (p. 387) in Hill et al. (2005),
includes functional knowledge or what we might consider to be pure mathematical content; this

is the knowledge of mathematics apart from the need to teach it. The example provided for this
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first area of content knowledge is the solution for x in the expression 10 = 1. The second item is
the specialized content knowledge, or content knowledge that would be useful only to a teacher.
For this area, the example provided requires the teachers to evaluate three methods for
multiplying two digit numbers, and determine which of the methods are always mathematically
valid. The knowledge used in completing an activity of this type has commonalities with
pedagogical content knowledge (Shulman, 1986), in that it requires the teacher to recognize
alternative solution strategies outside the traditional algorithm, and to reflect on the legitimacy of
these mathematically.

The third term, knowledge of content and students (KCS), more specifically includes
“knowledge of how students think about, know, or learn this particular content” (Hill et al., 2008,
p. 375 [italics added]). The intent is to define this area as a measurable domain of knowledge
that is distinct from the specialized content knowledge in that it requires more knowledge of how
students learn. The fourth term, knowledge of content and teaching (KCT), is described by Ball,
Thames, and Phelps (2008) as knowledge connected to what one would do in teaching scenarios.
That is, not just knowing how students think about the content, as seen in KCS, but knowing
what decisions to make as an instructor. While the distinctions between types of teacher
knowledge are not addressed in the present analysis, the interviews were structured with these
knowledge types in mind in order to allow the teachers to exhibit the scope of their
understanding.

In addition to structuring the follow up questions to encompass these types of teacher
knowledge, the combinatorics problems used in the interviews were carefully constructed to
ensure coverage of the mathematical topics (see Table 3). For each of the five teachers, the same

set of seven combinatorics problems (see Appendix D) was presented. Only the first six of these
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will be analyzed, as the duration of the interview meant that most teachers could not complete or

give full consideration to the last problem. The problems completed by teachers covered a broad

range of mathematical situations, as shown in Table 3. This range was chosen in order to be

valuable in evaluating the mathematical landscape.

Workshop | Pre/Post Teacher
Assessment | interviews

Permutations | Given #n unique objects, number of X X

arrangements of all n objects (Question 1)

Given n unique objects, number of X X X

arrangements of m objects for m <n (Question 2)

Given n objects, of which some are X

not unique, number of distinguishable X )

arrangements of all n objects (Question 3)
Combinations | Given n unique objects, number of X

groups of all n objects (Question 4)

Given n unique objects, number of X X

groups of m objects for m <n (Question 4)

Given n objects, of which some are X

not unique, number of distinguishable X X .

groups of m objects for m <n (Question 5)
Probability Calculation not required to find

s X

number of possibilities

Calculation of permutation or X

combination required to find number X X (Question 6)

of possibilities

Table 3. Summary of topics covered by each mathematical question.

Teacher interview mathematical tasks. The mathematical questions presented to the

teachers in interviews, as outlined in Table 3 and displayed in Appendix D, could all be solved

using more than one solution method. Here, the term method refers specifically to the

established technique of solving a combinatorics problem, and the methods referenced are the

formula method, list method, slot method, and tree method. The solutions for the tasks will be

shown here, and for each question I will summarize some notable points of how the methods

relate to the questions. This is done as a mathematical exercise, without regard to what the
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teachers actually did during their interviews; their work will be examined below in the results

and discussion sections.

Question 1: “How many ways can you arrange: 1, 2, 3, 4?”
Formula method: Using the formula for a permutation of k of n objects, denoted P(n,k),
for k less than or equal to n. The formula is P(n,k) =n! / (n-k)!
In this case: P(4,4) =4!/(4-4)! =41 =24
List method: Listing all arrangements. This would take the form 1234, 1243, 1324, 1342,
1423, 1432, 2134, 2143, 2314, 2341, 2413, 2431, 3124, 3142, 3214, 3241, 3412, 3421,
4123,4132,4213,4231,4312,4321. This yields 24 arrangements also.
Slot method: Using one slot for each space in the arrangement, and placing in that slot the
number of possible entries. Since each object appears only once, the number of possible
entries is decremented with each slot, and the product of the possibilities yields the
answer. Inthiscase,4x3x2x1=24
Tree method: From the root, or start, of the tree, the number of branches corresponds to
the number of possibilities for the first item in the arrangement, and the item itself is
marked at the end of the branch. From each of these nodes, the next set of branches
corresponds to the number of possibilities for the second item in the arrangement, and so
on. Here also, since each object appears only once, the number of branches decreases
with each additional item. In this case, the tree looks like this, although other orientations

are possible. For brevity, only the arrangements starting with “1” are fully drawn.
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3 i
2 —4
3<4—2
2 —3
4<3—2

Start

Notable points: For this question, since there are 24 possible arrangements, both the list
method and the tree method may become tedious. However, they also give meaning and
illustration to the final answer. The formula method could also be employed, either with
or without attending to the meaning of the structure of the formula and the sense of the
final answer. The slot method seems to be the most likely choice for this problem, as it
requires far less repetition than either the list or the tree methods, yet one does not have to
recall the details of the formula. The user of the slot method has only to decide how
many spaces there are in the arrangement, and then decide how many possibilities there
are for the first space, how many for the second space, and so on. The user does have to
decide to multiply the numbers in the slots, which implies either that one must recall this
as a procedural requirement, or else understand the underlying reason for the
multiplication.

Question 2: “There is a basket with tickets numbered 1 through 10. How many ways can you

pick 4 tickets if the order you pick them is important?”
Formula method: Using the formula for a permutation of k of n objects, denoted P(n,k),

for k less than or equal to n. The formula is P(n,k) =n! / (n-k)!
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In this case: P(10,4) = 10!/ (10-4)! =10x 9 x 8 x 7= 5040

List method: Listing all arrangements. This would take the form 1234, 1235, 1236, 1237,
.., 1245, 1246, 1247, .... This yields 5040 arrangements also.

Slot method: Using one slot for each space in the arrangement, and placing in that slot the
number of possible entries. Since each object appears only once, the number of possible
entries is decremented with each slot, and the product of the possibilities yields the
answer. In this case, 10 x9x 8 x7=5040

Tree method: As described for Question 1. Here also, since each object appears only
once, the number of branches decreases with each additional item. For brevity, only a

few of the arrangements starting with “1” are fully drawn.
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Notable points: For this question, since there are 5040 possible arrangements, both the
list method and the tree method are arduous beyond reason, despite the fact that they
illustrate the meaning of the final answer. As with question 1, the formula method could
be employed, either with or without attending to the meaning of the structure of the

formula and the sense of the final answer. The slot method seems again to be the most
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likely choice for this problem, as it requires far less repetition than either the list or the
tree methods, yet one does not have to recall the details of the formula. The user of the
slot method has only to decide how many spaces there are in the arrangement, and then
decide how many possibilities there are for the first space, how many for the second
space, and so on. Since this question involves “tickets”, the user needs to decide that the
tickets are not reused in an arrangement, or else they would perhaps decide that each of
the four slots has ten possibilities, yielding an answer of 10,000.

Question 3: “How many ways can you arrange: 1, 3, 3, 4?”
Formula method: Using the formula for a permutation of k of n objects, denoted P(n,k),
for k less than or equal to n. The formula is P(n,k) =n! / (n-k)! After applying this
formula, it is then necessary to divide by the factorial of the number of indistinguishable
objects in the set.
In this case: [P(4,4)] /2! =4!/[(4-4)12!]1=4!/21=12
List method: Listing all arrangements. This would take the form 1334, 1343, 1433, 3134,
3143, 3314, 3341, 3413, 3431, 4133, 4313, 4331. This yields 12 arrangements also.
Slot method: Using one slot for each space in the arrangement, and placing in that slot the
number of possible entries. As with the formula method, it is then necessarily to divide
by the factorial of the number of indistinguishable objects in the set. In this case, 4 x 3 x
2x1=24,then24/2!=12
Tree method: As described for Question 1. However, since two items are identical, the

branching from each node is uneven. The full tree is shown.
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Notable points: For this question, since there are only 12 possible arrangements, neither
the list method nor the tree method are overwhelming in length. However, it is important
to note that constructing the tree or the list is not as straightforward when there are
identical items. While the solutions described above are restricted to moving concisely to
the correct number of arrangements, in reality one might choose to make a list or tree
containing duplicate solutions, and then review the response, crossing out the duplicates.
For this problem, the slot method and the formula method seem straightforward initially,
but one must remember to divide by 2! in order to remove duplicate arrangements.
Because of this complication, and the small number of arrangements, it may be more
intuitive to use a list or tree method.

Question 4: “If you have these 5 items: 1, 2, 3, 4, 5; how many different groups of 5 can you

make? How many different groups of 3 can you make?”
Formula method: Using the formula for a combination of k of n objects, denoted C(n,k),
for k less than or equal to n. The formula is C(n,k) =n! / [k!(n-k)!]

For the first part, groups of 5 objects: C(5,5) = 5!/ [5!(5-5)!]=5!/5!=1
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For the second part, groups of 3 objects: C(5,3) =5!/[3!(5-3)!1=5!/(3!12!)=10

List method: Listing all groups. For the first part, this would be solely the group 12345,
consisting of all five objects. For the second part, this would be the list of groups 123,
124, 125, 134, 135, 145, 234, 235, 245, 345. This yields 10 groups.

Slot method: Using one slot for each space in the group, and placing in that slot the
number of possible entries. However, since doing this alone yields the number of
possible arrangements, not the number of groups, one must divide by the factorial of the
number of items in the group to get the final answer. For the first part of this question,
the solution would be (§ x4 x 3 x2x 1)/ 5! = 1. For the second part of this question, the
solution would be (5§ x4 x 3)/3!=10.

Tree method: As described for Question 1. However, since we are seeking only unique
groups and not the arrangements of elements, the branching from each node is uneven.

The full tree is shown for the second part of this question.
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Notable points: For this question, since there are only 10 possible groups, neither the list
method nor the tree method are overwhelming in length. However, it can be more

difficult to construct a tree or list when looking for groups of items, rather than
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arrangements of items. A more likely scenario could be that individuals would make
either a full or partial list or tree of the arrangements of the items, of which there are 60
possible for the second part of this question, and then remove those arrangements that
represent a duplicate group. Also, when dealing with groups, the slot method may be
difficult for users to employ because they must decide what to do to remove duplicate
groups that would be included if they used only the original slots (e.g., used only 5 x 4 x
3). They may know through recall that they need to divide by the factorial of the number
of items in the group. Conversely, they may be able to determine this logically: for each
group of k items, there are k! arrangements of this group. Thus, to eliminate duplicate
arrangements of each group, one must divide the total number of arrangements by k!
Because of these complications, users may prefer the formula method if they recall it.
The formula method yields the same numerical answer, of course, but also the same
numeric simplification as the slot method. However, it can be applied without having to
work through the reasoning anew with each use. For this reason, it may seem simpler to
users than the list, tree, or slot methods.

Question 5: “If you have these 5 items: 1, 2, 4, 4, 5; how many different groups of 3 can you

make?”
Formula method: Using the formula for a combination of k of n objects, denoted C(n,k),
for k less than or equal to n. The formula is C(n,k) =n! / [k!(n-k)!]
For this problem, there are two identical items. To deal with this using the formula
method is not straightforward, as one must consider cases: the case in which no 4’s

appear in the group, the case in which one 4 appears, and the case in which two 4’s
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appear in the group. The results of these cases must then be added together to get the
total number of possible groups.

For the first case, groups that contain no 4’s, only three objects remain from which to
choose, thus: C(3,3) =3!/[3!(3-3)!]=3!/3!=1

For the second case, groups containing one 4, there are also three objects remaining from
which to choose (since we are barring the second 4 from appearing), but only two spaces
in the group that need to be filled, thus: C(3,2) = 3!/[2!(3-2)!]=3!/2!=3

For the third case, groups containing two 4’s, again there are three objects remaining, but
only one space in the group, thus: C(3,1)=3!/[1!(3-1)!]=3!/2!=3

This yields the final answer of 1 + 3 + 3, or 7 total groups.

List method: Listing all groups. This would give the groups 124, 125, 144, 145, 244,
245, 445. This yields 7 groups.

Slot method: Using one slot for each space in the group, and placing in that slot the
number of possible entries. However, as mentioned in conjunction with question 4, doing
this alone yields the number of possible arrangements and not the number of groups. The
duplicate item in this question presents another problem. Two solutions related to the
slot method are possible. In the first, one could mirror the tactic of examining different
cases, as done in the formula method. In the second, one could first find the number of
arrangements and then divide by the factorial of the number of items in the group, as was
done in question 4. In this case, that would give an answer of (S x4 x 3)/3!=10. At
this point, the intermediate answer of 10 does not take into account the issue with the
duplicate items. To remove the identical groups that are created as a result, then, one

would need to list the 10 groups and remove those that are duplicates. In this case, the
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duplicate groups that would be created are those with only one 4 (124, 145, 245), as these
would be generated twice, once for each four in the set of objects. The trap, then, in
dealing with the slot method is realizing that the groups with no 4’s and the groups with
two 4’s are not generated twice. It is possible that an initial inclination would be to
divide the answer of (5 x 4 x 3) / 3! = 10 by 2!, the factorial of the number of
indistinguishable objects in the set. This is exactly the method that was used in question
3, and as such it is tempting here.

Tree method: As described for Question 1. However, since we are seeking only unique
groups and not the arrangements of elements, and also because there are two identical

items, the branching from each node is uneven. The full tree is shown below.
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Notable points: This question may be particularly challenging for those who customarily
use the numeric approaches of the formula method or the slot method. It can be solved
using either, but it does not lend itself directly to a single application of either.
Particularly tricky may be the idea, mentioned above, that one might be able to divide by
the factorial of the number of indistinguishable objects in order to manage the problem
with two 4’s appearing. This would give an answer of five groups; however, attempting
to list these groups to corroborate this answer would not be successful. For both the tree

and list methods, one can find all seven groups directly. Although there may initially be
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duplicate items on the tree or list, as mentioned in discussing question 4, these could be
removed by examinations. Listing, in fact, may seem to be the most secure method for
this complicated problem.
Question 6: “If you have a bag of candy with 8 gobstoppers, 5 peppermints, and 6 caramels, and
you pull out 3 pieces of candy, how many distinguishable groups of three pieces are possible?
What is the probability of getting 2 caramels and 1 gobstopper?”’
Formula method: Using the formula for a combination of k of n objects, denoted C(n,k),
for k less than or equal to n. The formula is C(n,k) =n! / [k!(n-k)!]. Using the formula
for the first part of this question, finding the number of distinguishable groups, again
requires the use of several cases: the case where there are three identical candies in a
group, the case where there are two identical candies in a group, and the case where there
are no identical candies in a group. Again, the results from these cases would be added
together.
For the first case, three identical candies in a group, since there are three different types
of candy, there are three choices available to make up the composition of the group, or
C(3,1)=3!/[1!(3-1)!]=3!/2!'=3. Note that this is a slightly different use of the
formula in that we are choosing one type of candy to compose the whole group, rather
than choosing individual items to be members of a group.
For the second case, two identical candies in a group, there are three choices available for
the first type of candy, of which there are two in the group, and two choices available for
the third candy in the group, since we are not allowing the case with three identical
candies. This yields C(3,1)*C(2,1) = 3! /[1!3-D!D * 2!/ [112-D!])=@3!/2) * 2!/

1=3%2=6.
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For the third case, no identical candies in a group, we must choose three different candies
out of three different types. Formally, C(3,3) =3!/[3!(3-3)!]=3!/3!=1.

The result for the first part of the problem, then, is 3 + 6 + 1 = 10 distinguishable groups
of three candies.

For the second part of the problem, one must also consider probability. Here, we can
state that the probability of getting 2 caramels and 1 gobstopper is equal to the number of
ways to get this combination divided by the number of ways to get any three pieces of
candy. That is, it is the number of successful outcomes divided by the number of
possible outcomes. The number of successful outcomes can be expressed by taking into
account the number of caramels and gobstoppers present: C(6,2) * C(8,1) = (6! / [2!(6-
2 * 8/ [1N8-D)!)=(6!/[2!4!]) * (8! /7!)=120. The number of total outcomes is
all the possible combinations of three pieces of candy, unique or not: C(19,3) = 19!/
[31(19-3)!]1= 19!/ [3!16!]=969. Thus the probability is 120/9609.

List method: Listing all groups. For the first part of this problem, this list would be PPP,
PPG, PPC, PGG, PGC, PCC, GGG, GGC, GCC, CCC. For the second part of this
problem, there is no practical way to list out all the possible ways to select three candies,
both because of the number of entries and because attempting to make a list would
necessitate distinguishing between the duplicate pieces of the same type in order to
organize the list.

Slot method.: For the first part of this problem, one could use the tactic of combining
different cases, as with the formula method. For the second part of this problem, we can
consider each “slot” as an event of selecting one piece of candy. If we decide that we

will select a caramel, a second caramel, and then a gobstopper, we could multiply 6/19 x
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5/18 x 8/17 =240/ 5814 =40/ 969. However, in considering each piece of candy
separately, we have imposed an order of selection on the results, which was not part of
the original problem. As a result, we need to multiply this result by three, to account for
the other cases we could have encountered. That is, we also need to add in the

probability of other orders of selection, of which there are three: CCG, CGC, and GCC.

The first is shown above, and the second and third are represented by 6/19 x 8/18 x 5/17

=240/5814=40/969 and 8/19 x 6/18 x 5/17 =240/ 5814 =40/ 969. Thus, the actual

probability is 120 / 969.

Tree method: As described for Question 1. However, for the first part of this question,
since we are seeking only unique groups and not the arrangements of elements, and also
because there are three, two, or no identical items in each group, the branching from each

node is uneven. The full tree is shown below.
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For the second part of this question, though, one might consider a different tree. A
weighted tree would include all possibilities for selecting three candies in succession,
even though this would result in showing the same combination more than once. At each

branch, one can note the probability of following that branch, and then multiply the

M. Caddle QP2



ANALYZING SOLUTION METHODS FOR COMBINATORICS PROBLEMS 31

probabilities of the compound events along the branches. One can then add the
probabilities of a// the paths that show the desired outcome. That is, add the probabilities
of all paths showing two caramels and one gobstopper, regardless of the order in which
they are selected. To illustrate, the tree diagram is shown below. The probabilities are
shown for all branches for the selection of the first candy. For clarity, they are then
shown only for those paths that give the desired outcome, and the product for each path is

shown at the end. Thus we again reach the total probability of 120/969.
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Notable points: This question seems to be straightforward, but attempting to use the
formula method or the slot method for the first part of the question results in the need to
examine many cases. For the first part, then, the list method and the tree method seem
both more intuitive and more efficient. For the second part of the question, however, all
methods except for the list method may be employed with relative ease. The formula
method requires the user to remember that they need to calculate the number of ways to
get the desired outcome and divide by the number of ways to get any outcome. The slot
method is straightforward, except that it can be difficult to recall or justify why one must
multiply the initial answer by three. Omitting this step may lead to errors for some
individuals. The tree diagram is somewhat cumbersome, with 27 possible paths, but it
clearly illustrates and justifies the troublesome multiplication by three. Thus it
encourages the user to check all possible orders of selection and include these in the final
answer.
Data Analysis
In order to analyze the teacher interviews, an a priori list of codes was constructed. The intent of
this list was to mark each teacher statement according to the mathematical concept or idea that
the teacher was using to make the statement. The initial list of codes was based on content from
and observation of the teacher workshop. That is, the content from the teacher workshop
suggested concepts such as using tree diagrams, deciding whether order of elements matters, and
applying formulae. Observation of the workshop suggested concepts such as comparing
methods of solving a problem, the use of extra-mathematical contexts, and difficulty knowing

when one had listed all possible solutions.
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However, while coding the interviews, it became useful to divide the codes into two
levels, with the first level for the mathematics method being used or discussed, and the second
level for the mathematics concept. Here, the term method refers specifically to the established
technique of solving a combinatorics problem, and they are the formula method, list method, slot
method, and tree method. The term mathematics concept refers to the different ideas that
teachers used while solving and discussing the problems. Since the concepts are dependent on
the method being used, these are listed in concert with the methods, as shown in Table 4.
Because of this dependency, an additional code for the mathematics method, “N/A”, for not
applicable, was created to allow for codes for concepts that were used by teachers when referring

to the material more generally, without invoking a particular method.

Mathematics - Method Mathematics — Concepts
N/A Arranging numbers versus letters
N/A Assumptions
N/A Comparing methods
N/A Complement
N/A Compound probability
N/A Deciding to address identical items
N/A Deciding whether order matters
N/A Estimation of probability
N/A Extra-mathematical context
N/A Finding probability denominator separately
N/A Language use
N/A Order of introducing methods
N/A Replacement of elements
N/A Testing smaller cases
N/A Using physical objects
N/A Word analogy for identical items
Formula method Deriving formula
Formula method Division by number of identical items versus factorial of number
Formula method Division by number of items in combination versus factorial of
number of items
Formula method Division to remove identical combinations
Formula method Division to remove identical items
Formula method Finding probability denominator
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Formula method Justifying formula

Formula method More than one set of identical items

Formula method Multiplication choice

Formula method Remembering formula

Formula method Removing identical items

List method Knowing when all possibilities are there

List method Removing identical combinations

List method Removing identical items

List method Removing identical permutations

List method Systematic listing

Slot method Division by number of identical items versus factorial of number

Slot method Division by number of items in combination versus factorial of
number of items

Slot method Division to remove identical combinations

Slot method Division to remove identical items

Slot method Finding number of possibilities per slot

Slot method Finding number of slots

Slot method Multiplication choice

Slot method Removing identical items

Tree method

Finding number of branches from a vertex

Tree method

Finding probability on each branch

Tree method

Multiplication choice

Tree method

Removing identical combinations

Tree method

Removing identical items

Table 4. Catalog of codes for classifying statements in teacher interviews

In addition, during the process of coding the interviews, new codes for the mathematics

concepts were created. These were generated based on unanticipated ideas raised by teachers.

For example, one teacher brought up the idea of testing smaller cases when one was unsure of a

solution strategy. These codes were added to the catalog as they arose during the coding process.

Once all interviews had been coded, they were then reviewed using the updated catalog to ensure

that any newer codes would be applied across all interviews.

A single teacher statement could be marked with more than one code. For example,

while solving a problem requiring a combination, the second part of question 4 described above

(“If you have these 5 items: 1, 2, 3, 4, 5; how many different groups of 3 can you make?”), a

teacher said, “So maybe we start from here and say that we can choose five, then we can choose
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four, then we can choose 3 (writing 5, 4, 3 in slots). And we need to divide by... six to get rid of
the duplicates.” Here, the teacher was using the slot method to solve the problem, yet she
alluded to multiple concepts. This single statement, then, was coded as “Slot method — Finding
number of possibilities per slot” and “Slot method — Division to remove identical combinations”.
Each statement was allowed to have as many codes as applicable.

Note that the information shown in Table 4 is both the list used to code the teacher
interviews, as well as the product of the interviews. That is, this table of codes now acts as a
resource for any future work examining the methods and concepts individuals use when solving
problems on these mathematical topics.

Once coding was complete, summaries were built of the codes used according to teacher
and question. That is, we can see all codes used for each teacher, and in which questions they
were used. This information is shown in Appendix E. Building these summaries allows us to
address our first two questions: (i) how do the methods used when solving combinatorics
problems in an interview relate to the individual teacher; and (ii) how do the methods used when
solving combinatorics problems relate to the mathematical attributes of the question.
Comparisons were made between questions for each teacher, and comparisons were also made
for each question, looking at all teachers.

To address the third question, (iii) how does a mathematical problem with unexpected
difficulties or subtleties illuminate the differences among teachers, a qualitative examination of
the questions was done. One question in particular, question 6 as described above, was often
answered incorrectly, yet participants were often confident in their answers. This question will
be described in detail below, for the purpose of exploring ideas about what makes this type of

problem challenging.
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Results
Summary of Participation
Five participants completed the interview for this study. However, because of time
constraints, not all participants answered all questions. In addition, since one recording was
damaged, only two questions were analyzed for one participant, Laura. Though there are uneven
numbers of participants for each question, the questions can still be analyzed using percentages,
as will be shown below. Table 5 shows the summary of the number of participants who

addressed each question.

General Area | Number of participants | Names

Question 1 5 | Anna, Annie, Betsy, Laura, Sarah
Question 2 4 | Anna, Annie, Betsy, Sarah
Question 3 4 | Anna, Annie, Betsy, Sarah
Question 4 5 | Anna, Annie, Betsy, Laura, Sarah
Question 5 3 | Annie, Betsy, Sarah

Question 6 4 | Anna, Annie, Betsy, Sarah

Table 5. Summary of participants for each question.

All five participants are high school teachers, and may instruct students in grades 9 through 12.
Four out of five participants are teachers in public schools in Boston, MA, and the fifth in a
public school in an urban rim community near Boston.

Two of the teachers, Betsy and Anna, primarily instruct students with some learning
disabilities or who need extra assistance in mathematics. The other teachers, Annie, Sarah, and
Laura, teach multi-level mathematics courses which often include students with learning
disabilities. Four out of five participants indicated that they teach combinatorics as part of a
first-year algebra course. These topics are included in their curricula for the course, although
they are often the last unit taught during the school year, and, as such, they often are either

abbreviated or omitted due to time constraints. The fifth teacher, Annie, taught these topics as
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part of a pre-calculus course, although she did indicate that she would have included this unit in
an algebra class, had she been teaching one of those during the school year in question.
Methods Used

In the data below, I show how many participants used certain methods and on which
questions the methods were used. The count includes all instances when a participant used or
discussed a method in relation to the question, even it if it was not the technique they used to
answer the question initially. For example, participants were often asked whether there was a
different way in which they could have solved the problem. If they then brought up another
method and discussed it, this is included in the numbers below, even if the person did not fully
complete the problem using this method. This approach was taken because the intent is to look
at the connections between teacher use of the methods and the connections between questions
and methods, regardless of which order the methods were used in.

To first address our research question on (i) how do the methods used when solving
combinatorics problems in an interview relate to the individual teacher, we can look at the
percentage of questions on which each person discussed a particular method, as shown in Table
6. From this data, we see that some participants displayed strong tendencies to refer to or use a
particular method over others. For example, Betsy used the “list method” on 6 out of 6 questions
she discussed, indicating that she found it relevant to all of these cases. This stands in contrast to
her use of other methods, all of which she used on 50% or fewer of the questions. Conversely,
Sarah used all four methods at least 50% of the time. This is true of Laura as well, although the
fact that only two questions were analyzed for this participant makes this less meaningful.

Anna and Annie both provide examples of intermediate cases, where three out of four

methods were used more than 50% of the time, but the fourth method was not. In both cases,
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they used the “tree method” infrequently, while the “formula method”, “list method”, and “slot

method” all occurred most of the time.

It is worthwhile to note that this data suggests that participants often discussed more than

one method for a particular problem. If only one method had been used per question, on

average, then we would expect the percentages to add to 100% for each participant. However,

the fact that all participants have totals of more than 100% indicates that they were all able to

discuss more than one solution method for at least some of the mathematical problems.

Name Method Total % of questions
Anna Formula method 4 | of 5 questions discussed 80%
List method 5 | of 5 questions discussed 100%
Slot method 4 | of 5 questions discussed 80%
Tree method 1 | of 5 questions discussed 20%
Annie Formula method 6 | of 6 questions discussed 100%
List method 6 | of 6 questions discussed 100%
Slot method 4 | of 6 questions discussed 67%
Tree method 2 | of 6 questions discussed 33%
Betsy Formula method 3 | of 6 questions discussed 50%
List method 6 | of 6 questions discussed 100%
Slot method 3 | of 6 questions discussed 50%
Tree method 0 | of 6 questions discussed 0%
Laura Formula method 1 | of 2 questions discussed 50%
List method 2 | of 2 questions discussed 100%
Slot method 2 | of 2 questions discussed 100%
Tree method 1 | of 2 questions discussed 50%
Sarah Formula method 5 | of 6 questions discussed 83%
List method 4 | of 6 questions discussed 67%
Slot method 6 | of 6 questions discussed 100%
Tree method 3 | of 6 questions discussed 50%

Table 6. Summary of methods used by each participant.

In fact, participants mentioned more than one method on almost all questions answered,

in 24 out of 25 instances. This information, as shown in Table 7, indicates that four out of five

participants referenced multiple methods 100% of the time, while one participant referenced

multiple methods on five out of six questions, or 83%. This is further illuminated by Table 8,

M. Caddle

QP2




ANALYZING SOLUTION METHODS FOR COMBINATORICS PROBLEMS

39

which shows that all participants averaged at least two methods per question discussed, with

three participants all reaching the maximum of an average of three methods per question. This

leads to an overall average of 2.7 methods discussed per question across all interviews.

Name Number of questions where multiple methods mentioned % of questions

Anna 5 | of 5 questions discussed 100%
Annie 6 | of 6 questions discussed 100%
Betsy 5 | of 6 questions discussed 83%
Laura 2 | of 2 questions discussed 100%
Sarah 6 | of 6 questions discussed 100%

Table 7. Number of questions where multiple methods mentioned.

Average number of methods per

Name Number of methods discussed in total question

Anna 14 | of 5 questions discussed 2.8
Annie 18 | of 6 questions discussed 3
Betsy 12 | of 6 questions discussed 2
Laura 6 | of 2 questions discussed 3
Sarah 18 | of 6 questions discussed 3
Total 68 | of 25 questions discussed 2.7

Table 8. Average number of methods discussed per question.

To next address our research question (ii) how do the methods used when solving

combinatorics problems relate to the mathematical attributes of the question, we will look at the

same information in a different way, as shown in Table 9.
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Question | Topic Area Description Method | Total %
Question 1 | Permutations | Given n unique objects, Formula 4 | of 5 participants | 80%

number of arrangements | List 5 | of 5 participants | 100%
of all n objects Slot 5 | of 5 participants | 100%
Tree 3 | of 5 participants | 60%
Question 2 | Permutations | Given n unique objects, Formula 2 | of 4 participants | 50%
number of arrangements | List 4 | of 4 participants | 100%
of m objects for m <n Slot 4 | of 4 participants | 100%
Tree 1 | of 4 participants | 25%
Question 3 | Permutations | Given n objects, of which | Formula 3 | of 4 participants | 75%
some are not unique, List 3 | of 4 participants | 75%
number of distinguishable | S]ot 3 | of 4 participants | 75%
arrangements of all n
objects Tree 1 | of 4 participants | 25%
Question 4 | Combinations | Given n unique objects, Formula 4 | of 5 participants | 80%
number of groups of all #» | List 5 | of 5 participants | 100%
objects; Given n unique Slot 4 | of 5 participants | 80%
objects, number of groups
of m objects for m <n Tree 1 | of 5 participants | 20%
Question 5 | Combinations | Given n objects, of which | Formula 3 | of 3 participants | 100%
some are not unique, List 3 | of 3 participants | 100%
number of distinguishable | S]ot 1 | of 3 participants | 33%
groups of m objects for m
<n Tree 0 | of 3 participants 0%
Question 6 | Probability Calculation of Formula 3 | of 4 participants | 75%
permutation or List 3 | of 4 participants | 75%
combination required to Slot 2 | of 4 participants | 50%
find number of
possibilities Tree 1 | of 4 participants | 25%

Table 9. Summary of methods used for each question.

Using the structure of Table 9, we will first look at those questions where 100% of participants

addressed a particular method. These were question 1 (list method and slot method), question 2
(list method and slot method), question 4 (list method), and question 5 (formula method and list

method). In these cases, the 100% figure suggests an implicit consensus among all participants

that the method could be used for that problem or that the method used may be the most

appropriate, from their point of view, for those specific problems.
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If we refer again to Table 3, we can see that question 1 and question 2 both covered

permutations of n unique objects. In question 1, the question asked for the number of

arrangements of all n objects, and question 2 asked for the number of arrangements of m objects,

for m <n. For both of these questions, participants all discussed both the list method and the slot

method.

Question 4 and question 5 both covered combinations, with question 4 addressing both

the number of groups of all » unique objects and the number of groups of m objects out of n

unique objects, for m < n. Question 5 brought in the case of a group of m objects, for m < n,

where there are n objects, but some of these are not unique. For both of these questions, 100% of

participants discussed the list method. For question 5, 100% of participants also discussed the

formula method.

For questions 3 and 6 there was no unanimous agreement among participants regarding

the methods that were referenced. Question 3 concerned a permutation of all n of n objects, but

some of these were not unique. Question 6 was the only question that explicitly asked the

participants to find the probability of an event.

Topic Area | Method Total % of responses
Permutations | Formula method 9 | of 13 participant responses 69%
List method 12 | of 13 participant responses 92%
Slot method 12 | of 13 participant responses 92%
Tree method 5 | of 13 participant responses 38%
Combinations | Formula method 7 | of 8 participant responses 88%
List method 8 | of 8 participant responses 100%
Slot method 5 | of 8 participant responses 63%
Tree method 1 | of 8 participant responses 13%
Probability Formula method 3 | of 4 participant responses 75%
List method 3 | of 4 participant responses 75%
Slot method 2 | of 4 participant responses 50%
Tree method 1 | of 4 participant responses 25%

Table 10. Summary of methods used according to topic area of the question.
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By condensing the data shown in Table 9, we can look at how frequently methods were used on
all problems within a topic area. That is, we can see how the methods relate to problems that
address permutations, combinations, and probability. This information is shown in Table 10.
For permutations, the list method and slot method remain the most popular, with the tree method
being the least popular by far. For combinations, the list method is the most popular, but the
formula method is only slightly less popular. Here, although the tree method remains the least
popular, the slot method is not as commonly used as it was on the questions using permutations.
For probability, since only question 6 addressed this topic area, the response types are identical
to those shown on the question by question data, where the formula method and list method were
most popular and the tree method least popular, but there was no clear consensus across
participants.

Note that on the 4 out of 6 questions where 100% of participants referred to the same
method, the list method was included on all of these. In fact, as shown in Table 11, the list
method was the one that was most commonly referenced. The formula method and slot method
were both mentioned frequently as well, at 76% of the time. The tree method was by far the
least popular, only mentioned 28% of the time. These percentages were determined by looking
at the total number of questions that were answered by participants. This was determined to be

25 questions, taking into account the number answered by each participant, as shown in Table 5.

Method Total % of questions

Formula method 19 | of 25 possibilities 76%
List method 23 | of 25 possibilities 92%
Slot method 19 | of 25 possibilities 76%
Tree method 7 | of 25 possibilities 28%

Table 11. Total use of each method across questions and participants.
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Discussion
Relationships between Methods and the Mathematical Attributes of the Question

There are three notable elements that will be discussed here relating to how the methods
used related to the mathematical attributes of the questions posed. First, I will discuss the higher
frequency of use of the slot method in solving problems with permutations, in relation to its
diminished frequency when examining problems with combinations. Second, I will discuss the
frequent use across the problems of the list method. Third, I will discuss the infrequent use of
the tree method across all problems.

The slot method was used frequently on problems involving permutations. At 92% of the
time, it was one of the two most common methods, with the other being the list method, as
shown in Table 10. However, the popularity of the slot method dipped on problems involving
combinations, dropping below both the list method and the formula method. This suggests that
there is something particular about a permutation that encourages the use of the slot method.

Some insight may be gained by looking at the language that teachers used when solving
with the slot method. As indicated by the coding scheme shown in Table 4, one concept tied to
the slot method is determining the number of slots. A typical approach to determining the
number of slots for question 2 (“There is a basket with tickets numbered 1 through 10. How
many ways can you pick 4 tickets if the order you pick them is important?”’) is shown in this
quote from Anna. Her associated written work is shown below, in Figure 1.

Anna: Okay. So these are the four slots that I need, the 4 tickets.

o x93 ¢ BT

e

Figure 1. Anna's work for Question 2 - using slot method.
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Anna realized that there were four objects that would be present in the final permutation, and
made one slot for each of the objects in the permutation. Teachers also often labeled the slots to
indicate the position to which they corresponded, as shown by Sarah, who thought of the tickets
as a grand prize and three subsequent prizes. Her written work is also shown below, in Figure 2.
Sarah: Now, let me think about this. If... there are 9 tickets left, that’s our first prize,

second prize, third prize [writes G, 1, 2, 3 under slots].

0 a3 7

G Nl T 2,

Figure 2. Sarah's work for question 2 - using slot method.
In determining the number of slots, the teachers attributed an order to the elements in the slot,
with the first slot corresponding to the first item in the permutation, and so on. This is strongly
suggested by the language that they used in describing their thinking for questions 1 and 2, as is
shown by these two examples:
Sarah, Question 1: So what I’'m going to do, I’'m going to think, all right, how many of
these items can go in the first slot [italics added]. And there’s four unique things, so
there’s four unique items that could go in the first slot, so I’'m going to put a four there.

[...] Sohow many can go in the second slot... [italics added].

Laura, Question 1: they’re pretty good at saying how many choices do I have for the firs¢

one, how many do I have left for the second one, third one, fourth one [italics added].
This language suggests the ties between the order of the slots and the order of the items they are
arranging, which is a strong fit for permutations. However, the strength of this connection, while

helpful in looking at permutations, may be a disadvantage of this method for teachers when
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doing problems with combinations. To this point, if we look at question 4 (“If you have these 5
items: 1, 2, 3, 4, 5; how many different groups of 5 can you make? How many different groups
of 3 can you make?”), although 4 out of 5 participants referenced the slot method, as shown in
Table 9, only 2 out of 5 participants actually solved the question successfully using the slots.
The two participants who solved the problem using the slot method, Laura and Sarah, first found
the number of permutations of objects using the slots and then divided by the factorial of the
number of items in the group, just as described in the solution methods in the previous section.
Of the two participants who mentioned the method but were unable to use it to complete the
problem, one, Anna, used the slot method to calculate the number of permutations of the objects,
but then became confused about the distinction between combinations and permutations. The
other, Annie, drew the slots initially but then preferred to continue with the formula method.

In addition, both Laura and Sarah, using the slot method, questioned what they needed to
divide the number of permutations by in order to obtain the number of combinations. For
example, Laura had an inclination from memory to divide by the factorial of the number of items
in the group:

Laura: I feel like you divide by three factorial. [...] Because there’s... because in one

you divide by the number and one you divide by the factorial!

Conversely, Sarah did not remember what she needed to divide, but instead had to figure this out
on the spot:

Sarah: So what are we going to reduce by, what are we going to divide by? Um... well,

there are three slots, which means that there’s probably three ways that I can use the same

three people, because I can do 123, I can do 213, oh — there might be even more. 213,

could have done 132. I could have done 231, could have done 321 or 312. [...] Because
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I know that it would presumably be the same if we had chosen 3, 4, and 5, there would be

six ways. So we only want one of the six — we want one sixth of the possible answers.

So even for these few slot method answers to the combination problems, the teachers needed to
either use recall of how to divide to obtain the number of combinations, or else needed to
determine on the spot how to do this. No teacher displayed both the knowledge of how to do this
division and the understanding of why it is done. This stands in contrast to the teachers’
performance on the questions on permutations. In those questions, as exhibited by the large
number of teachers using the slot method and by the assuredness in the quotations given above,
the slot method corresponded neatly with the teachers’ understanding of the ordering of elements
in a permutation. Given this correspondence, then, it is not surprising that the slot method was
preferred in problems with permutations but not in those using combinations.

The second element to be examined on how the methods used related to the mathematical
attributes of the questions is the popularity across the problems of the list method. The list
method can be onerous, yet was used at least 75% of the time on every question. The primary
reason for this seems to be that the teachers often considered it to be a safe method, or a reliable
double check. Often, teachers used a different method first but then validated their answers by
making a list. This use of the list as validation or confirmation was echoed in the teachers’
statements about how they taught this topic. Several teachers said that they used the list, and the
pattern of the numbers of permutations found by doing a list, to justify the slot method or
formula method to their students. Betsy exemplifies this:

Betsy: I think with the kids, I’d probably have to have them write it out. But I always

start with two digits, and then show them that way, and then try three. [...] I always try

to show them the easier way, but my inclination is that if I showed them this way
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[pointing to slots] they wouldn’t remember it, so I’d have to try and relate it to the two

ways of doing it.
Conversely, though, on question 5 (“If you have these 5 items: 1, 2, 4, 4, 5; how many different
groups of 3 can you make?”) all three teachers who responded to this question found it necessary
to make a list and then try to use that list to determine how other solution methods would work.
Although none of the teachers interviewed here came to the slot method or formula method
approaches of using cases, as outlined in the section above, all three were able to find the seven
combinations through a list. Their struggles to reconcile their answer through the list method
with their belief that there should be another viable method are shown in these quotes:

Betsy: Yeah... Seven. So. My inclination would be try to think of different ways of how

you get to seven with five. [...] But you really don’t have five different numbers; you

only have four.

Annie: I'm thinking if there’s five items and they’re repeating, you can have sixty
arrangements of them. [...] So I just need to arrange them in groups of three... so it’s
divided by three factorial by my theory from before, so it leaves me with 10. But I only

have seven.

Sarah: So maybe we start from here and say that we can choose five, then we can choose
four, then we can choose 3. And we need to divide by... six to get rid of the duplicates.
[...] So we should look at what those ten groups are. [...] Iactually think it’s going to

be a 2 here /writing 2 in denominator]. [...] So I think we’re going to come up with five
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unique answers. Let’s see if we do. [...] Then I should have gotten rid of two more.

[...] Did I mess something up?

In the case shown here for question 5, teachers actually used the list method to find the correct
answer and then attempted to use the result to find a different method. This is different from the
more common occurrence in other questions, in which they often used the list method to validate
answers they had already found through other means. However, it still confirms the use of the
list method as a safe method, or a way to check an answer. This view likely explains the
ubiquity of the method across problems.

The third element of how the methods related to the mathematical attributes of the
questions is the infrequent use of the tree method across all problems. The tree method, like the
list method, can be time consuming and unwieldy, yet the list method flourished and was used
often, while the tree method languished. It appeared through the teachers’ statements that for
many of them, the tree method was a way to justify other methods, but not a practical method for
use in the long run. This is shown in this quote from Anna:

Anna: And some of the students immediately identified and said, “But Miss, there’s

easier ways to figure that out.” And I didn’t even have to teach! Because in the book,

the counting principle came after that, after the tree diagram.
Here, Anna suggests that after using the tree method for several problems, the students are able
to see the pattern, or justification, behind other methods and they no longer need the tree. This
was echoed by Annie and Laura:

Annie: And we start off with listing them all out, and then do the tree diagram, we can do

the tree diagram for it, and then we came up with the formula, so they can see how many

choices do they have. And I eventually show them the slots.
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Laura: We do this thing with the number trees and we do these all out the long way, and

then we show them if you just multiply the branches, the numbers of branches, it’s much

easier, and we go through that way.
The tree, then, becomes a means to an end for many teachers, rather than a legitimate method. It
is not completely clear why the list method is still frequently used to check or justify answers,
but the tree is not. It is possible that the tree method is simply less convenient to write out, as it
can be hard to know how to space the elements on the first branches to allow enough room for
the later branches. Another possibility may be that some teachers have made the image and
structure of a tree part of their thinking to the extent that they use the tree to construct an ordered
list in the list method, without referring explicitly to the tree method. This possibility is just

speculation.

Relationships between Methods and Teacher

In order to focus the discussion regarding how the methods used varied according to the
individual participant, this section will examine how each participant used the tree method. The
tree method has been selected because it was used relatively infrequently, yet it often illustrates

the reason behind some solutions, as mentioned in the previous section.

Name Total % of questions | Questions using tree

Anna 1 | of 5 questions discussed 20% Question 4
Annie 2 | of 6 questions discussed 33% Questions 1, 2
Betsy 0 | of 6 questions discussed 0% n/a
Laura 1 | of 2 questions discussed 50% Question 1
Sarah 3 | of 6 questions discussed 50% Questions 1, 3, 6

Table 12. Frequency of use of tree method by participant.
The frequency of discussion of the tree method is shown in Table 6, and a subset of this

data is shown again here, in Table 12, so as to provide a closer view of just the tree method, as
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well as to specify those problems for which participants addressed the tree method. It is
important to note also that due to the coding plan described above, questions are included in this
count even if a participant merely addressed the tree method, without necessarily solving the
problem with it or even indicating how to solve the problem with it. For example, Anna, on
question 4, merely mentioned the tree method when she became frustrated with other methods
for solving the problem, saying “Make a tree diagram? I don’t know...” She did not solve
question 4 using a tree diagram, although she did indicate familiarity with the tree method when
discussing her class in general, without reference to a particular interview question, as she stated
that she did show her students this method. However, we do not have any cases of Anna solving
a problem with the tree method or showing how one would solve a problem with the tree
method.

The second teacher, Annie, mentioned the tree method on questions 1 and 2. For
question 1, she initially solved the problem using the slot method, and then mentioned the list
method, formula method, and tree method after being asked both if there were any other methods
she could have used, and what she would do when showing this problem to her students. After
being asked to show how the tree method would be used, she constructed the beginnings of the
tree, as shown in Figure 3, and also narrated her work: “So, 1, 2, 3, 4. And then this one can
only have... 2, 3, and 4. And then, 3 or 4. And then 4. And this one already used the 3, and

then... yeah, this is not as easy. I didn’t use a 2 here... so it’s what didn’t you use.”
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Figure 3. Annie's work for Question 1 - using tree method

Although Annie did not complete the tree for this question, she drew the first piece of it with
agility and indicated how one would go about using this to solve the problem. However, on
question 2, which Annie also initially solved using the slot method, she neither used a tree to
solve the problem nor showed or described how the problem would be done with a tree. Her

"9

only mention of it was to say that, “that would be a very long tree!” We can only say
conclusively, then, that Annie showed how to do a single problem with the tree method; whether
or not she would have produced a correct solution to question 2 using the tree is a matter of
speculation, although her strong use of the tree on question 1 and her recognition that the tree
would be quite long for question 2 suggest that she may have had some understanding of how it
would have been used.

Laura used the tree method on question 1. As with Annie on this same question, Laura
initially used the slot method to find the solution, and then raised the tree method when asked if
there were other ways to do it. Interestingly, she seemed to think that it would be necessary to
consider four separate cases, one for each starting digit in the permutation, rather than making a

single tree with four choices for the initial digit: “I’m trying to think of how you’d make a tree

with this, but you’d have to have four separate trees, depending on what you start with. You
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could start with 2, and then pick 1, 3, or 4. Then from 1 you pick 3 or 4. From 3, 1 or 4. From
4,1 or 3. But then I would need to have another two trees, one starting with 1, one starting with
3, one starting with 4.” She did conclude that she would reach the correct answer of 24
permutations, as each of her miniature trees would yield six options, as shown in Figure 4.
However, she still viewed these as cases, rather than as the unified tree we saw Annie construct.

This suggests that Laura may view the tree method as less appropriate for this type of problem.

Figure 4. Laura's work for Question I - using tree method.

A fourth participant, Sarah, used the tree method on 50% of the questions to which she
responded. This was the highest percentage of all the participants and was matched only by
Laura, although since only two questions were answered by Laura it is difficult to make
comparisons on this issue. Just as with Laura and Annie, Sarah solved question 1 using the slot
method, and then referenced and showed the tree method as an alternative. However, Sarah also
used the tree method on questions 3 and 6. For question 3, she used the tree method to find the
initial solution to the problem: “Well, you have four elements, but two of them have the same
numeral on them. So we have a non-unique option. So... I think for me, with only four items
and three unique items, I would do a tree diagram, because for me that’s the easiest.” It was only
after completing the tree diagram and finding a solution, as shown in Figure 5, that she
addressed using other methods, saying: “So how many ways can I arrange? One, two, three,...

(counting)... 12 ways. So, now I know that we could have figured this out an easier way.
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Probably... well, for me this is the easiest. But if we had had, for example, 50 items, it wouldn’t
be the easiest to do a tree diagram.” She then used the pattern in her tree diagram and the answer

of 12 permutations.

Figure 5. Sarah's work for Question 3 - using tree method.

Similarly, for the second part of question 6 (“What is the probability of getting 2
caramels and 1 gobstopper?”), Sarah actually used a tree to find the probability: “So what I
would do for this problem is that I would actually make the tree diagram and find those multiple
branches that had 2 caramels and 1 gobstopper and figure out what the probability of those were
and then add those.” She then constructed the tree and demonstrated how to use it to find the

answer, as shown in Figure 6.
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Figure 6. Sarah's work for question 6 - using tree method.

What is notable, then, about Sarah’s case is that she actually used the tree method to
solve two of the interview problems, question 3 and question 6. No other teacher used the tree
method to find a solution to a problem; this includes Betsy, the fifth participant, who did not
mention the tree method at all. Mentions of the tree method by other participants ranged from

simple references, as in the case of Anna, to using it to corroborate an answer determined
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through another method, as with Annie and Laura, as well as Sarah’s answer to question 1. This

suggests that differences among participants are not limited to the extent to which they use

different methods, but also include their views on the utility of different methods.
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The interviews we have here do not provide enough information for us to know why
teachers differ on their use and views of different methods. However, both the data on how
frequently teachers mention each method and the closer examination of how the tree method is
used show substantial differences among teachers. While still not speculating on the cause of the
differences, we can still theorize that these differences will have implications for teaching. The
teachers’ comfort with the methods may affect the extent to which they use them in the
classroom or the clarity with which they are presented. In addition, their views on the utility of
the methods, or their discernment of appropriate methods, may in turn affect the students’ views
of the same. For example, as mentioned in the previous section comparing the use of different
methods across all teachers, the tree method was often seen as a justification or explanation, a
gateway through which one could access and justify the slot method or the formula method. In
this section comparing the individual teachers, we see that only one used the tree method to
actually determine solutions to a problem. This could lead us to the conjecture that in the
classroom, students may also be guided to the conclusion that this method is an introductory step
that is no longer needed once other means are accessible.

Additional research would be needed to see how these differences among teachers affect
both teaching and students. However, these interviews show that the differences are present and

strong, even among teachers who work in similar environments and with the same topics.

Case Study of a Particular Question
In order to consider our teacher participants in greater depth, looking at the third research
question, (iii) how does a mathematical problem with unexpected difficulties or subtleties

illuminate the differences among teachers, it is helpful to consider how they addressed particular
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problems. The problem that will be described here is the second part of question 6, “If you have
a bag of candy with 8 gobstoppers, 5 peppermints, and 6 caramels, and you pull out 3 pieces of
candy, what is the probability of getting 2 caramels and 1 gobstopper?”

This problem was selected because, of the four participants who responded, all expressed
that they were comfortable with the problem and some suggested that it was similar to the types
of problems they would use with their students. However, three out of the four participants
responded incorrectly. Three different strategies were employed as the principal means of
solving the problem, and each of those will be described here.

The first strategy, used only by Annie, was to employ the formula method. As described
above when outlining the different solution methods for each problem, the probability of getting
two caramels and one gobstopper is equal to the number of ways to get this combination divided
by the number of ways to get any three pieces of candy. The number of successful outcomes can
be expressed by taking into account the number of caramels and gobstoppers present, choosing
two caramels and one gobstopper: C(6,2) * C(8,1) = 120. The number of total outcomes is all
the possible combinations of three pieces of candy, choosing three of 19 candies: C(19,3) = 969.
Thus the probability is 120/969. Annie referenced the terminology related to this method
correctly, but executed it incorrectly. She first found the denominator, but said, “So the total...
is going to be (writes fraction line) I think... 13 and 6 is 19. 19 choose 3? So 19, 18, 17.” So
while she uses the language of “choosing” that is commonly related to the combination formula,
she did not actually use C(19,3), but instead used only 19 * 18 * 17, giving her a denominator
that is six times as large as it should be. In essence, she had found all possible permutations of
three of the candies. In then working on the numerator, she made a brief digression wondering if

two caramels and one gobstopper was only one possibility, but ultimately decided that the
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multiple ways in which this combination could be selected must be taken into consideration: “So
I can get this more than once. There’s more than one way to get this combination. So I would
need to find out how many... there’s 6 here, there’s 5 here. This is 6 choose 2 and this is 5
choose 1 which is just 5. Oops, 8. So there are 8 ways to get that. And if we’ve already pulled
one out I can’t have another one. So it’s 5 choose... 6 choose... 6 times 5 times 8? But then
these two order doesn’t matter. So it would just be 6 choose 2.” So she ultimately makes her
answer for the numerator C(6,2) * C(8,1) = 120, which is consistent with the use of the formula
method described above. It is difficult to know whether Annie’s error on the denominator is
conceptual or simply in the execution. She used the language “19 choose 3” when discussing the
denominator, and then used this same language again when discussing the numerator, except that
the formulas in the numerator were executed correctly and she specifically mentioned that order
didn’t matter. This suggests that perhaps the error was just born of haste; as may be inferred
from the quotations, as well as the written work shown in Figure 7, Annie worked quickly and
made changes to her stated ideas quickly. However, there is no evidence clear enough to
discount the possibility that she misunderstood either the language or the formula related to

unordered combinations.

Figure 7. Annie's work for question 6 - using formula method.
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The second strategy, employed by Sarah, was to use the tree method. For this particular
problem, a weighted tree would include all possibilities for selecting three candies in succession,
even though this would result in showing the same combination more than once. At each branch,
one can note the probability of following that branch, and then multiply the probabilities of the
compound events along the branches. One can then add the probabilities of a/l the paths that
show the desired outcome. That is, add the probabilities of all paths showing two caramels and
one gobstopper, regardless of the order in which they are selected. As explained in the previous
section, Sarah did exactly this, saying, “So what I would do for this problem is that I would
actually make the tree diagram and find those multiple branches that had 2 caramels and 1
gobstopper and figure out what the probability of those were and then add those.” She then
constructed the tree and demonstrated how to use it to find the answer, as shown in Figure 6.

One advantage of the tree method in this scenario is that one gains a visual display of
what fraction of the probability belongs to each branch at each point of decision. That is, for the
selection of a first candy, one sees that the probabilities of the branches are 6/19, 8/19, and 5/19,
for a total of 1 for all possibilities. This confirmation, or seeing that the total probability of
choosing some type of candy equals one, is repeated at each branching.

The third strategy was employed by both Betsy and Anna, and this was to use the slot
method. As described above, the slot method is perfectly acceptable for a problem of this type.
If we decide that we will select a caramel, a second caramel, and then a gobstopper, we could

multiply 6/19 x 5/18 x 8/17 =240/ 5814 =40/ 969. However, in considering each piece of

candy separately, we have imposed an order of selection on the results, which was not part of the
original problem. As a result, we need to multiply this result by three, to account for the other

cases we could have encountered, so the actual probability is 120 / 969. For both Betsy and
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Anna, this last step is where the problem occurred. Both participants correctly found the
probability of getting one of the ordered permutations of two caramels and a gobstopper, as
shown in Figure 8 and Figure 9. Anna initially did not reduce the numbers in the denominator
or numerator as candies were removed, so the fact that elements were removed and not replaced
was not initially taken into account. However, she corrected this error independently, so both
she and Betsy decremented the denominator properly and also decremented the number of
caramels, since two were being selected.

At the end, though, both participants were asked whether order mattered in this case. The
question posed to Anna was, “What would happen if you were to do it in another order, if you
were to choose the caramels first, because the 8 is the gobstopper, right?” Anna quickly
responded that it would be the same, saying, “But we know in multiplication and addition, the
property that they have, the two of them we can switch the places and it would be the same
answer. I mean, I just wrote it down to show.” So she explained that doing the selection in a
different order would yield the same answer because of the commutative property, and wrote a
second example of the calculation as an example. Betsy’s answer was very similar: “So if I did
it this way, one gobstopper would be... eight out of... Wait, it wouldn’t make a difference,
would it? 19 times... caramel is 6 out of 18 times 5 out of 17. No, it wouldn’t.” She cited the
commutative property as well to justify that the answer would not change: “That brings up a
good point too, because I would say to the kids does it make any difference. And hopefully they
would see that it doesn’t. And I would ask them what property tells you that.”

Both Betsy and Anna identify the commutative property of multiplication and use it as a
justification for their answers, saying that order doesn’t matter. However, they do not contend

with the subtle and confusing distinction between how order doesn’t matter in multiplication
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versus how order doesn’t matter in combinatorics. It seems that they recognize that the order in
which the candies are selected is not important, according to the question. But what is more
difficult is to realize that by using a single case of the slot method, one actually imposes an order
of selection on the candies. As a result, they need to consider three different cases. However,
the juxtaposition of knowing that the order of the candy selection doesn’t matter to the problem,
while simultaneously saying that the order in which we multiply the items in our slots does
matter is extremely complex. So much so, in fact, that I, as the interviewer, became concerned
about what the correct answer actually should be. It was only through justification using the tree
method and the formula method, as described above, that the intricacies of the slot method

became clear. This method is not as straightforward as it seems for this type of problem.

8 %.54%5
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Figure 8. Anna's work for question 6 - using slot method.

s » ¢
N
Figure 9. Betsy's work for question 6 - using slot method.

As we can see, the three different methods used on this question yielded different results.

Only the solution using the tree method, from Sarah, enabled a participant to find the correct

answer. However, it would be unjust to conclude that the tree method is the correct or best way
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to solve this problem, since other methods may have been successful had there been additional
participants. We also do not know whether or not these participants could have solved the
problem correctly with the methods that they did not use. For example, we don’t know if Sarah
would have completed the slot method correctly if she did not have her work with the tree
method for comparison.

We can conclude, however, that even problems that seemed to be straightforward to
participants may be unexpectedly complex. This particular problem also highlights the
importance of phrasing in combinatorics problems. Had the problem read, “If you have a bag of
candy with 8 gobstoppers, 5 peppermints, and 6 caramels, and you pull out 3 pieces of candy,
what is the probability of getting first 2 caramels and then 1 gobstopper?” (as opposed to the
actual phrasing, “[...] what is the probability of getting 2 caramels and 1 gobstopper?”), it is
likely that Anna and Betsy would have still used the slot method and obtained the same answer
as they did here, only the answer would be correct. A phrasing change like this would make the
problem more analogous to situations that teachers may have encountered in their curricula, such
as asking the probability of two successive rolls of a die. While the participants here stated that
the order of selection of the pieces of candy did not matter, they may not have known how to

adjust the slot method to account for this.

Conclusion
The analysis presented here shows that for these participants, the slot method was
frequently used in solving problems with permutations, in relation to its diminished frequency
when examining problems with combinations. In addition, the list method was used frequently

across the problems, while use of the tree method was infrequent across all problems. The
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preferences teachers displayed for particular methods affected their responses during the
interview, although we do not know at this point how they may affect their teaching.

The research presented here helps us to understand the extent to which five teacher
participants used different methods to solve combinatorics problems, as well as some of the
nuances related to how and when they used these methods. The present analysis focuses on their
cognition and their mathematical explanations, with little attention explicitly paid to their roles as
teachers. As a result, there are two suggestions of next steps that would make salient their work
as teachers, rather than simply as participants.

First, the same interview data that is presented here could be analyzed differently to look
for evidence of different types of mathematical knowledge for teaching, as outlined by Hill et al.
(2008). For example, as teachers respond to questions, they may call primarily on common
content knowledge (CCK), but may then use specialized content knowledge (SCK) in order to
evaluate or compare different methods. Similarly, in the ensuing discussions between
interviewer and participant, the teachers often talked about the order in which they introduced
methods, an example of knowledge of content and teaching (KCT), or referred to mistakes that
their students would often make, an example of knowledge of content and students (KCS). If we
were to analyze how the different types of mathematical knowledge for teaching are used in an
interview setting, we may be able to make conjectures about how the different types of
mathematical knowledge are used in a classroom setting.

This leads to the second suggestion for additional research, which is to connect teacher
interviews to actual teaching practice and to actual students. The analysis presented here
provides insight into the conceptual field of combinatorics in general, and an additional analysis

of the same data, as described in the previous paragraph, could illustrate manifestations of
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different types of teacher knowledge. However, obtaining additional data on classroom practices
and on student thought could provide the link between the teacher information presented here
and the question of student learning.

As aresult, I am proposing the collection of three types of data. First, interviews with
teachers should be conducted. These would be similar to the interviews presented here,
following the same style in which mathematical questions are presented and discussion centers
around each of these questions. The mathematical content could vary slightly, if needed, in order
to ensure that the questions reflect the topics that teachers will cover in their classrooms.

Second, classroom observations should be carried out during the time when teachers are covering
these topics in combinatorics. These observations would provide insight into how the teachers’
knowledge is used in the classroom. For example, we could see whether and how knowledge of
content and students that is displayed during an interview is manifested in the classroom. This
would give us a more nuanced view of the teacher knowledge, as well as enabling us to have a
context in which to analyze the third proposed data type, student interviews. Student interviews
should follow a similar pattern as the teacher interviews, so participants would be asked to
complete mathematics problems, and also to reflect upon them, explain their solutions, and
evaluate alternative methods.

The combination of these three types of data, following teacher thought through
classroom practice through student thought, will give a more detailed view of what sort of
teacher knowledge exists, how the teacher knowledge is used in the classroom, and how this is
reflected in student knowledge. While a small sample of this type of data would not lead to
quantifiable conclusions about the impact on students of particular aspects of teacher knowledge,

it is possible that similarities in solution strategies between teachers and their own students
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would be observed. This would suggest that the inclinations of the teacher, in terms of solution
strategies and modes of understanding, might ultimately relate to the ways in which students
might approach and understand problems. Conversely, it may be observed that there are
commonalities across students that do not align with anything seen in the teachers. This could
suggest that there may be other factors, such as prior knowledge or development, that better help
to explain the ways in which students approach problems. Regardless of the outcome, taking a
close qualitative look at students’ and teachers’ approaches to problems will enrich the view we

have of mathematical knowledge in combinatorics.
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Appendix A: Teacher letter and consent form

Spring, 2009

Dear Teachers,

I am a student researcher in Mathematics Education at Tufts University. I am planning to
conduct research on teachers’ insights into how their students think about mathematics problems.
The purpose of the study is to learn about the relationships between mathematical topics learned
in a professional development course, how teachers consider their own and their students’
mathematical thinking, and how their students think about similar mathematics problems.

As a participant in the Tufts University Discrete Math Workshop, I would like to ask for
your consent to use some of your work and possibly to follow up with some of you later. I will
explain all the steps of the project below, but first would like to assure you that participation in
this project is not required. You are not obliged to participate in any section of this project, and
there will be no negative impact on your work in the Tufts University Discrete Math Workshop.

On the consent form on the last page, you will see several items for consent. You are free
to consent to some, all, or none of these. If you are only able to consent to some of the items,
your participation will still be valuable. In addition, as explained in the pages that follow, your
personal information would be kept confidential and would not be associated with the final data.

In this project, the first step is to look at the information from the Participant Entrance
Survey, the pre-assessment, which is made up of math problems, and the post-assessment, which
is also made up of math problems. While everyone will complete these items as part of the Tufts
University Discrete Math Workshop, only those of you who consent will have your answers used
in my project.

The second step of this project is to conduct one-on-one interviews with consenting
teachers. These interviews would take place in Spring 2009, and would be approximately thirty
minutes to one hour long. They would take place at a time and location that is convenient for
you. This can be at your school, or at Tufts University. During the interview, we will look at
mathematics problems similar to the ones you are considering in this workshop, and talk about
solving them and how students solve them.

The third step of this project is to conduct one-on-one interviews with some of your
students. In order to get to this step, the administration at the school where you work would be
contacted for permission to work within your school. If permission is granted, the next step
would be to then seek consent from the students and their parents to conduct interviews with a
small number of the students. This step will be taken in fall 2007, and only following consent of
all parties, starting with you.

Please sign the attached form indicating your level of consent and return it to me at the
Discrete Math Workshop. If you do not consent to any part, it would still be helpful if you could
return the form to me, checking off that you do NOT consent. If you have any questions, do not
hesitate to ask me or to contact me at the number or e-mail address below. Thank you for your
time and interest.

Sincerely,

Mary Caddle

PhD Candidate

Tufts University
mary.caddle@tufts.edu
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Appendix A: Teacher letter and consent form

Relationships between a Mathematics Professional
Development Course and Teachers and Students

Consent Form

Protocol Title: Relationships between a Mathematics Professional Development Course and
Teachers and Students

Principal Investigator: Mary C. Caddle
Faculty Advisor: Barbara M. Brizuela
PURPOSE

I would like permission to enroll you as a participant in a research study. The purpose of the
study is to learn about the relationships between mathematical topics learned in a professional
development course, how teachers consider their own and their students’ mathematical thinking,
and how their students think about similar mathematics problems.

PROCEDURES

If you decide to participate in this study, your Tufts University participant entrance survey, pre-
assessment, and post-assessment will be used in this research. Your name will not be associated
with this information.

If you decide to continue further in the study, you will participate in an interview approximately
thirty minutes to one hour long which will take place at a time and location that is convenient for
you. This can be at your school, or at Tufts University. During the interview, we will look at
mathematics problems and talk about solving them and how students solve them.

COSTS

There are no costs for participating in this research.

RISKS AND DISCOMFORTS

Your participation in this study involves no foreseen risks. The only discomfort is if you were to
become disinterested in the interview portion. If at any time you wish to end the interview, the
interview will end immediately.

BENEFITS

There are no direct benefits to you, however, this study has the potential to benefit society as

learning about mathematical thinking of teachers and students may help us to improve
mathematics education.
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Appendix A: Teacher letter and consent form

ALTERNATIVES

You may choose not to participate in this study. You may also withdraw from this study at any
time. Your participation or withdrawal will not affect your treatment or participation in the Tufts
University Discrete Math Workshop.

CONFIDENTIALITY

If you consent to participate in this research, your personal information will be kept confidential
and will not be released without your written permission, except as described in this paragraph or
as required by law.

Your full name will be kept confidential and will not be kept in the same place with your written
assessments or your interview responses. However, during the interview, we are likely to use
your first name on the videotape. Last names will never be used. When writing about the data,
pseudonyms will be created if you request one.

VOLUNTARY PARTICIPATION IN, AND WITHDRAWAL FROM, THE STUDY

Participation in this study is voluntary. You do not have to participate in this study. Your present
or future benefits if entitled will not be affected should you choose not to participate. If you
decide to participate, you can change your mind and drop out of the study at any time without
affecting your present or future affiliation at the university and any benefits if entitled. In
addition, the researcher in charge of this study may decide to end your participation in this study
at any time after he/she has explained the reasons for doing so.

CONTACTS
If you have any questions about this study, please contact:

Mary C. Caddle
Email: mary.caddle@tufts.edu
Telephone: (617) 627-2934

If during the study or later, you wish to discuss your rights as a research subject, your
participation in the study, and/or concerns about the study, a research-related injury with someone
not directly involved in the study, or if you feel under any pressure to enroll in this study or to
continue to participate in this study, you are asked to contact a representative of the Human
Research Subjects Committee at (617) 627-3417, or at the Research Administration Office at
(617) 627-3417. A copy of this consent form will be given to you to keep.
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Appendix A: Teacher letter and consent form

STATEMENT OF CONSENT

I confirm that the purpose of the research, the study procedures and the possible risks and
discomforts as well as potential benefits that I may experience have been explained to me.
Alternatives to my participation in the study also have been discussed. All my questions have
been answered. I have read this consent form. My signature below indicates my willingness to
participate in this study.

I consent for my participant entrance survey and any written
mathematical assessments I take as part of the Tufts University

Discrete Math Workshop to be used for this project. ~_Yes _ No
I consent to be interviewed for this project. ___Yes __ No
I consent for the interview to be videotaped for this project. ~_Yes _ No
I consent for the interview to be audio-taped for this project. Yes No

I consent for the videotapes to be shown in conferences for
educators and other professionals related to education. Yes No

I consent for any written work I do during the interview to
be used in this study and in any written work about this study. Yes No

I consent to have my first name be used in examples that are shown
or published. [Family names are always kept confidential] Yes No

I would like to have access to the videotapes of my interview. Yes No

I consent to have my school administration contacted about this project,

with the intent of seeking permission to interview a sample of my students

in the 2008-2009 school year. ~_Yes _ No
I would like to be notified of any research article published about the

results of this study. [If yes, please indicate address at bottom] Yes No

Name:

Signature:

Date:

Address
(not required unless you would like to receive publications that result from this study):
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Appendix B: Workshop teacher pre- and post-assessment for content knowledge

4. Twenty raffle tickets, numbered 1,2,3,...20 are sold to twenty different people. There
are 3 prizes in the raffle: acar, a TV and a box of pencils. Once a ticket is drawn, it
cannot be chosen again. How many ways can the prizes be awarded if:

a) there are no restrictions?

b) the person holding ticket number 3 wins the car?

c) the people holding tickets numbered 5 and 12 both win prizes?

5. A pond contains 4 frogs and 3 goldfish. A child reaches in and grabs two critters. Find
the probability that the child ends up with

a) exactly one frog.

b) at least one frog.

Year 1 Content Assessment

Tufts University Institute on Problem Solving and Discrete Mathematics (PSDM)
Copyright 2007 Tufts University. All rights reserved.
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Appendix C: Teacher interview format

The interviews will be in the style of clinical interviews and so content may vary according to the flow of the
conversation. However, the interview will cover (a) the teacher's understanding and comfort with mathematical
topics, (b) the teacher's ability to explain mathematical topics in multiple ways, and (c) the teacher's assessment of
student mathematics work.

Interview script:

Prior to the interview, two mathematical assessment questions will be selected. These will be the same type of
mathematics content questions used in the written assessment. These questions will serve as the basis for the
following interview. The script below will be used to discuss each mathematical question.

What do you think about this question? Is it a good question to ask students?

How would you answer the question?

Is there more than one way to answer this question and still have it be right?

What sort of difficulties do you think students might have working on this problem?

Why do you think that difficulty would exist?

What would you tell a student who had the difficulty you just talked about?

Some students have given (insert alternative answer) this answer to the question. What do you think about
that?

Why do you think students would have given this answer?

What would you tell this student so that they might see why the answer is considered incorrect?
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Appendix D: Teacher interview mathematical questions

Question 1

How many ways can you arrange:

O

Question 2

There is a basket with tickets numbered 1 through 10. How many ways can you pick 4 tickets if
the order you pick them is important?

uestion 3

How many ways can you arrange:

Question 4

If you have these 35 items:

- [ —

How many different groups of 5 can you make?

How many different groups of 3 can you make?
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Appendix D: Teacher interview mathematical questions

Question 5

If you have these 5 items:

olle
olln

How many different groups of 3 can you make?

Question 6

If you have a bag of candy with:
8 gobstoppers
5 peppermints
6 caramels
And you pull out 3 pieces of candy. how many distinguishable groups of 3 pieces are possible?

What is the probability of getting 2 caramels and 1 gobstopper?

Question 7
If you have a class of 20 students, you need to assign 4 jobs each day: one student to pass out

calculators. one student to pass out pencils, and two students to pass out notebooks.
How many different job assignments are possible?
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Appendix E: Full list of codes used for each teacher interview

General Mathematics -

Index | Name Area Method Mathematics - Concepts Total
1 | Anna: Background Formula method Justifying formula 2
2 | Anna: Background General Comparing methods 2
3 | Anna: Background General Extramathematical context 2
4 | Anna: Background General Using physical objects 1
5 | Anna: Background General (blank)

6 | Anna: Background Slot method Finding number of possibilities per slot 7
7 | Anna: Background Slot method Finding number of slots 1
8 | Anna: Background Slot method Multiplication choice 1
9 | Anna: Background Tree method (blank)
10 | Anna: Question 1 Formula method Justifying formula 1
11 | Anna: Question 1 Formula method (blank)
12 | Anna: Question 1 General Comparing methods 4
13 | Anna: Question | General Deciding whether order matters 1
14 | Anna: Question 1 General Language use 1
15 | Anna: Question 1 General Order of introducing methods 1
16 | Anna: Question 1 General Using physical objects 1
17 | Anna: Question 1 General (blank)
18 | Anna: Question 1 List method Knowing when all possibilities are there 2
19 | Anna: Question 1 List method Systematic listing 1
20 | Anna: Question 1 List method (blank)
21 | Anna: Question 1 Slot method Finding number of slots 1
22 | Anna: Question 1 Slot method (blank)
23 | Anna: Question 2 General Deciding whether order matters 1
24 | Anna: Question 2 General Language use 3
25 | Anna: Question 2 General Replacement of elements 2
26 | Anna: Question 2 General (blank)
27 | Anna: Question 2 List method (blank)
28 | Anna: Question 2 Slot method Finding number of possibilities per slot 2
29 | Anna: Question 2 Slot method Finding number of slots 1
30 | Anna: Question 2 Slot method Multiplication choice 2
31 | Anna: Question 3 Formula method Deriving formula 1
32 | Anna: Question 3 Formula method Division to remove identical items 1
33 | Anna: Question 3 Formula method Remembering formula 1
34 | Anna: Question 3 Formula method Removing identical items 1
35 | Anna: Question 3 Formula method (blank)
36 | Anna: Question 3 General Assumptions
37 | Anna: Question 3 General Deciding to address identical items
38 | Anna: Question 3 General (blank)
39 | Anna: Question 3 List method Removing identical permutations 1
40 | Anna: Question 3 Slot method Finding number of possibilities per slot 2
41 | Anna: Question 3 Slot method Finding number of slots 2
42 | Anna: Question 3 Slot method Removing identical items 1
43 | Anna: Question 4 Formula method Division to remove identical combinations 6
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Appendix E: Full list of codes used for each teacher interview

General Mathematics -

Index | Name Area Method Mathematics - Concepts Total
44 | Anna: Question 4 Formula method Remembering formula 1
45 | Anna: Question 4 Formula method (blank)

46 | Anna: Question 4 General Comparing methods 3
47 | Anna: Question 4 General Deciding whether order matters 3
48 | Anna: Question 4 General Language use 1
49 | Anna: Question 4 General Replacement of elements 2
50 | Anna: Question 4 General Testing smaller cases 2
51 | Anna: Question 4 General (blank)

52 | Anna: Question 4 List method Knowing when all possibilities are there 1
53 | Anna: Question 4 List method (blank)

54 | Anna: Question 4 Slot method Division to remove identical combinations 5
55 | Anna: Question 4 Slot method Finding number of possibilities per slot 3
56 | Anna: Question 4 Slot method Finding number of slots 1

Division by number of items in combination

57 | Anna: Question 4 Slot method versus factorial of number of items 1
58 | Anna: Question 4 Tree method (blank)

59 | Anna: Question 6 Formula method Multiplication choice 2
60 [ Anna: Question 6 Formula method (blank)

61 | Anna: Question 6 General Compound probability 3
62 | Anna: Question 6 General Deciding to address identical items 1
63 | Anna: Question 6 General Deciding whether order matters 2
64 | Anna: Question 6 General Language use 3
65 | Anna: Question 6 General Replacement of elements 3
66 | Anna: Question 6 General (blank)

67 | Anna: Question 6 List method Knowing when all possibilities are there 2
68 | Anna: Question 6 List method Removing identical combinations 1
69 | Anna: Question 6 List method (blank)

70 | Anna: Question 7 General Deciding to address identical items 1
71 | Anna: Question 7 General (blank)

72 | Anna: Question 7 Slot method Division to remove identical combinations 3
73 | Anna: Question 7 Slot method Division to remove identical items 1
74 | Anna: Question 7 Slot method Finding number of possibilities per slot 4
75 | Anna: Question 7 Slot method Finding number of slots 4
76 | Anna: Question 7 Slot method Multiplication choice 1
77 | Anna: Question 7 Slot method Removing identical items 1
78 | Annie: Question 1 Formula method Remembering formula 3
79 | Annie: Question 1 General Assumptions 2
80 | Annie: Question 1 General Comparing methods 9
81 | Annie: Question 1 General Deciding whether order matters 2
82 | Annie: Question 1 General Extramathematical context 1
83 | Annie: Question | General Language use 6
84 | Annie: Question 1 General Order of introducing methods 1
85 | Annie: Question 1 General Replacement of elements 3
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ANALYZING SOLUTION METHODS FOR COMBINATORICS PROBLEMS

Appendix E: Full list of codes used for each teacher interview

General Mathematics -

Index | Name Area Method Mathematics - Concepts Total
86 | Annie: Question 1 General Testing smaller cases 1
87 | Annie: Question 1 List method (blank)

88 | Annie: Question 1 Slot method Finding number of possibilities per slot 4
89 | Annie: Question 1 Slot method Finding number of slots 2
90 | Annie: Question 1 Slot method Multiplication choice 10
91 | Annie: Question 1 Tree method (blank)
92 | Annie: Question 2 Formula method Deriving formula 2
93 | Annie: Question 2 Formula method Remembering formula 1
94 | Annie: Question 2 Formula method (blank)
95 | Annie: Question 2 General Assumptions 2
96 | Annie: Question 2 General Comparing methods 4
97 | Annie: Question 2 General Deciding whether order matters 2
98 | Annie: Question 2 General Extramathematical context 4
99 | Annie: Question 2 General Language use 7
100 [ Annie: Question 2 General Replacement of elements 3
101 | Annie: Question 2 List method (blank)
102 | Annie: Question 2 Slot method Finding number of possibilities per slot 3
103 | Annie: Question 2 Slot method Finding number of slots 6
104 [ Annie: Question 2 Slot method Multiplication choice 1
105 | Annie: Question 2 Slot method (blank)
106 [ Annie: Question 2 Tree method (blank)
107 | Annie: Question 3 Formula method Deriving formula 4
Division by number of identical items versus
108 | Annie: Question 3 Formula method factorial of number 1
109 | Annie: Question 3 Formula method Division to remove identical items 6
110 [ Annie: Question 3 Formula method Justifying formula 4
111 | Annie: Question 3 Formula method More than one set of identical items 1
112 | Annie: Question 3 General Comparing methods 2
113 [ Annie: Question 3 General Deciding to address identical items 1
114 | Annie: Question 3 General Word analogy for identical items 5
115 | Annie: Question 3 List method Knowing when all possibilities are there 2
116 [ Annie: Question 3 List method Removing identical items 2
117 | Annie: Question 3 List method Systematic listing 2
118 | Annie: Question 3 List method (blank)
119 | Annie: Question 4 Formula method Deriving formula 1
Division by number of items in combination
120 | Annie: Question 4 Formula method versus factorial of number of items 2
121 | Annie: Question 4 Formula method Division to remove identical combinations 3
122 | Annie: Question 4 Formula method Justifying formula 2
123 | Annie: Question 4 Formula method Remembering formula 1
124 | Annie: Question 4 Formula method (blank)
125 | Annie: Question 4 General Assumptions 3
126 | Annie: Question 4 General Comparing methods 3
127 | Annie: Question 4 General Deciding whether order matters 10
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Appendix E: Full list of codes used for each teacher interview

General Mathematics -

Index | Name Area Method Mathematics - Concepts Total
128 | Annie: Question 4 General Extramathematical context 5
129 | Annie: Question 4 General Language use 5
130 | Annie: Question 4 General Order of introducing methods 1
131 [ Annie: Question 4 General Word analogy for identical items 2
132 | Annie: Question 4 List method Removing identical combinations 1
133 | Annie: Question 4 List method (blank)

134 | Annie: Question 4 Slot method (blank)

135 | Annie: Question 5 Formula method Division to remove identical combinations 3
136 | Annie: Question 5 Formula method Division to remove identical items 4
137 | Annie: Question 5 General Comparing methods 5
138 [ Annie: Question 5 General Deciding to address identical items 1
139 [ Annie: Question 5 General (blank)

140 | Annie: Question 5 List method Knowing when all possibilities are there 4
141 [ Annie: Question 5 List method Removing identical combinations 1
142 | Annie: Question 5 List method Removing identical items 1
143 | Annie: Question 5 List method Systematic listing 2
144 | Annie: Question 6 Formula method Division to remove identical combinations 1
145 [ Annie: Question 6 Formula method Multiplication choice 2
146 | Annie: Question 6 Formula method (blank)

147 | Annie: Question 6 General Comparing methods 3
148 [ Annie: Question 6 General Complement 1
149 | Annie: Question 6 General Deciding to address identical items 3
150 | Annie: Question 6 General Deciding whether order matters 4
151 | Annie: Question 6 General Estimation of probability 3
152 | Annie: Question 6 General Finding probability denominator separately 3
153 | Annie: Question 6 General Language use 1
154 | Annie: Question 6 List method Removing identical combinations 3
155 [ Annie: Question 6 List method Removing identical items 2
156 [ Annie: Question 6 List method (blank)

157 | Annie: Question 6 Slot method Finding number of slots 1
158 | Annie: Question 6 Slot method (blank)

159 [ Annie: Question 7 General Comparing methods 1
160 | Annie: Question 7 General Deciding whether order matters 4
161 | Annie: Question 7 General Extramathematical context 4
162 | Annie: Question 7 General Language use 4
163 [ Annie: Question 7 List method (blank)

164 | Annie: Question 7 Slot method Division to remove identical combinations 1
165 [ Annie: Question 7 Slot method Finding number of slots 1
166 | Betsy: Question 1 Formula method Multiplication choice 1
167 | Betsy: Question 1 General Comparing methods 1
168 [ Betsy: Question 1 General Complement 2
169 | Betsy: Question 1 General Compound probability 1
170 | Betsy: Question | General Deciding whether order matters 1
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Appendix E: Full list of codes used for each teacher interview

General Mathematics -

Index | Name Area Method Mathematics - Concepts Total
171 | Betsy: Question 1 General Extramathematical context 7
172 | Betsy: Question 1 General Language use 1
173 | Betsy: Question | General Order of introducing methods 2
174 | Betsy: Question 1 General Replacement of elements 2
175 | Betsy: Question 1 General Using physical objects 3
176 | Betsy: Question 1 General (blank)

177 | Betsy: Question 1 List method (blank)

178 | Betsy: Question 1 Slot method Finding number of possibilities per slot 1
179 | Betsy: Question 1 Slot method Finding number of slots 1
180 | Betsy: Question 1 Slot method Multiplication choice 1
181 | Betsy: Question 2 General Deciding whether order matters 4
182 | Betsy: Question 2 General Extramathematical context 2
183 | Betsy: Question 2 General Language use 3
184 | Betsy: Question 2 General Replacement of elements 4
185 | Betsy: Question 2 General Using physical objects 2
186 | Betsy: Question 2 General (blank)

187 | Betsy: Question 2 List method Systematic listing 3
188 | Betsy: Question 2 List method (blank)

189 | Betsy: Question 2 Slot method Finding number of possibilities per slot 2
190 | Betsy: Question 2 Slot method Finding number of slots 1
191 | Betsy: Question 2 Slot method (blank)

192 | Betsy: Question 3 General Comparing methods 7
193 | Betsy: Question 3 General Deciding to address identical items 2
194 | Betsy: Question 3 General Order of introducing methods 1
195 | Betsy: Question 3 General Testing smaller cases 3
196 | Betsy: Question 3 List method Removing identical items 1
197 | Betsy: Question 3 List method Systematic listing 1
198 | Betsy: Question 3 List method (blank)

199 | Betsy: Question 3 Slot method Division to remove identical items 5
200 | Betsy: Question 3 Slot method Finding number of possibilities per slot 3
201 | Betsy: Question 3 Slot method (blank)

202 | Betsy: Question 4 General Deciding whether order matters 6
203 | Betsy: Question 4 General Replacement of elements 1
204 | Betsy: Question 4 List method Knowing when all possibilities are there 5
205 | Betsy: Question 4 List method Removing identical combinations 5
206 | Betsy: Question 4 List method Systematic listing 7
207 | Betsy: Question 5 Formula method Deriving formula 4
208 | Betsy: Question 5 General Comparing methods 2
209 | Betsy: Question 5 General Deciding to address identical items 1
210 | Betsy: Question 5 General Deciding whether order matters 1
211 | Betsy: Question 5 General Replacement of elements 2
212 | Betsy: Question 5 List method Knowing when all possibilities are there 4
213 | Betsy: Question 5 List method Removing identical combinations 2

M. Caddle QP2 Appendices - Page 14




ANALYZING SOLUTION METHODS FOR COMBINATORICS PROBLEMS

Appendix E: Full list of codes used for each teacher interview

General Mathematics -

Index | Name Area Method Mathematics - Concepts Total
214 | Betsy: Question 5 List method Removing identical items 1
215 | Betsy: Question 5 List method Systematic listing 2
216 | Betsy: Question 6 Formula method Multiplication choice 1
217 | Betsy: Question 6 General Compound probability 5
218 | Betsy: Question 6 General Deciding whether order matters 5
219 | Betsy: Question 6 General Estimation of probability 3
220 | Betsy: Question 6 General Finding probability denominator separately 3
221 | Betsy: Question 6 General Language use 2
222 | Betsy: Question 6 General Replacement of elements 7
223 | Betsy: Question 6 General (blank)

224 | Betsy: Question 6 List method Knowing when all possibilities are there 2
225 | Betsy: Question 6 List method Removing identical combinations 2
226 | Betsy: Question 6 List method Systematic listing 5
227 | Betsy: Question 7 General Comparing methods 2
228 | Betsy: Question 7 General Deciding to address identical items 1
229 | Betsy: Question 7 General Deciding whether order matters 1
230 | Betsy: Question 7 General Language use 1
231 | Betsy: Question 7 General Order of introducing methods 1
232 | Laura: Question 1 General Comparing methods 6
233 | Laura: Question | General Deciding whether order matters 13
234 | Laura: Question 1 General Extramathematical context 10
235 | Laura: Question 1 General Language use 2
236 | Laura: Question 1 General Replacement of elements 3
237 | Laura: Question 1 General Using physical objects 5
238 | Laura: Question 1 List method (blank)

239 | Laura: Question 1 Slot method Finding number of possibilities per slot 4
240 | Laura: Question | Slot method Finding number of slots 5
241 | Laura: Question 1 Slot method Multiplication choice 2
242 | Laura: Question 1 Slot method (blank)

243 | Laura: Question | Tree method Finding number of branches from a vertex 2
244 | Laura: Question 1 Tree method (blank)

245 | Laura: Question 4 Formula method Division to remove identical combinations 1
246 | Laura: Question 4 Formula method Justifying formula 3
247 | Laura: Question 4 Formula method Remembering formula 2

Division by number of items in combination
248 | Laura: Question 4 Formula method versus factorial of number of items 3
249 | Laura: Question 4 Formula method Deriving formula 1
250 | Laura: Question 4 General Comparing methods 5
251 | Laura: Question 4 General Deciding to address identical items 3
252 | Laura: Question 4 General Deciding whether order matters 8
253 | Laura: Question 4 General Extramathematical context 13
254 | Laura: Question 4 General Language use 11
255 | Laura: Question 4 General Using physical objects 2
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Appendix E: Full list of codes used for each teacher interview

General Mathematics -

Index | Name Area Method Mathematics - Concepts Total
256 | Laura: Question 4 List method Knowing when all possibilities are there 2
257 | Laura: Question 4 List method Removing identical combinations 11
258 | Laura: Question 4 List method Systematic listing 1
259 | Laura: Question 4 Slot method Division to remove identical combinations 1
260 | Laura: Question 4 Slot method Finding number of possibilities per slot 2
261 | Laura: Question 4 Slot method (blank)

Division by number of items in combination

262 | Laura: Question 4 Slot method versus factorial of number of items 2
263 | Sarah: Background General (blank)

264 | Sarah: Question 1 Formula method Justifying formula 3
265 | Sarah: Question 1 Formula method Multiplication choice 2
266 | Sarah: Question 1 Formula method (blank)

267 | Sarah: Question 1 General Comparing methods 2
268 | Sarah: Question | General Deciding whether order matters 1
269 | Sarah: Question 1 General Extramathematical context 3
270 | Sarah: Question 1 General Multiplication choice 4
271 | Sarah: Question | General Order of introducing methods 3
272 | Sarah: Question 1 General Replacement of elements 1
273 | Sarah: Question 1 List method (blank)

274 | Sarah: Question 1 Slot method Finding number of possibilities per slot 3
275 | Sarah: Question 1 Slot method Finding number of slots 1
276 | Sarah: Question 1 Slot method Multiplication choice 4
277 | Sarah: Question 1 Tree method Finding number of branches from a vertex 3
278 | Sarah: Question 1 Tree method (blank)

279 | Sarah: Question 2 Formula method Division to remove identical combinations 3
280 | Sarah: Question 2 Formula method Justifying formula 4
281 | Sarah: Question 2 Formula method Remembering formula 8
282 | Sarah: Question 2 Formula method (blank)

283 | Sarah: Question 2 General Arranging numbers versus letters 5
284 | Sarah: Question 2 General Assumptions 1
285 | Sarah: Question 2 General Comparing methods 6
286 | Sarah: Question 2 General Deciding to address identical items 2
287 | Sarah: Question 2 General Deciding whether order matters 16
288 | Sarah: Question 2 General Extramathematical context 9
289 | Sarah: Question 2 General Language use 12
290 | Sarah: Question 2 General Order of introducing methods 1
291 | Sarah: Question 2 General Replacement of elements 2
292 | Sarah: Question 2 General (blank)

293 | Sarah: Question 2 List method Removing identical combinations 1
294 | Sarah: Question 2 Slot method Finding number of possibilities per slot 1
295 | Sarah: Question 2 Slot method Finding number of slots 1
296 | Sarah: Question 2 Slot method (blank)

297 | Sarah: Question 3 Formula method Remembering formula 1
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Index | Name Area Method Mathematics - Concepts Total
298 | Sarah: Question 3 General Comparing methods 6
299 | Sarah: Question 3 General Compound probability 1
300 | Sarah: Question 3 General Deciding to address identical items 5
301 | Sarah: Question 3 General Extramathematical context 1
302 | Sarah: Question 3 General Language use 2
303 | Sarah: Question 3 General (blank)

Division by number of identical items versus

304 | Sarah: Question 3 Slot method factorial of number 6
305 | Sarah: Question 3 Slot method Division to remove identical items 4
306 | Sarah: Question 3 Slot method Finding number of possibilities per slot 1
307 | Sarah: Question 3 Tree method Finding number of branches from a vertex 10
308 | Sarah: Question 3 Tree method Finding probability on each branch 3
309 | Sarah: Question 3 Tree method Removing identical items 7
310 | Sarah: Question 3 Tree method (blank)

311 | Sarah: Question 4 Formula method Division to remove identical combinations 1
312 | Sarah: Question 4 Formula method Justifying formula 3
313 | Sarah: Question 4 Formula method Remembering formula 3
314 | Sarah: Question 4 Formula method (blank)

315 | Sarah: Question 4 General Arranging numbers versus letters 4
316 | Sarah: Question 4 General Comparing methods 6
317 | Sarah: Question 4 General Deciding to address identical items 2
318 [ Sarah: Question 4 General Deciding whether order matters 15
319 | Sarah: Question 4 General Extramathematical context 10
320 | Sarah: Question 4 General Language use 1
321 [ Sarah: Question 4 General Testing smaller cases 1
322 | Sarah: Question 4 General Using physical objects 4
323 | Sarah: Question 4 General (blank)

324 | Sarah: Question 4 List method Removing identical combinations 2
325 | Sarah: Question 4 List method (blank)

326 | Sarah: Question 4 Slot method Division to remove identical combinations 5
327 | Sarah: Question 4 Slot method Finding number of possibilities per slot 3
328 | Sarah: Question 4 Slot method Finding number of slots 1

Division by number of items in combination

329 | Sarah: Question 4 Slot method versus factorial of number of items 7
330 | Sarah: Question 5 Formula method Division to remove identical combinations 3
331 | Sarah: Question 5 Formula method Division to remove identical items 1
332 | Sarah: Question 5 General Arranging numbers versus letters 1
333 | Sarah: Question 5 General Comparing methods 4
334 | Sarah: Question 5 General Deciding to address identical items 8
335 | Sarah: Question 5 General Deciding whether order matters 3
336 | Sarah: Question 5 General Language use 1
337 | Sarah: Question 5 General Testing smaller cases 4
338 [ Sarah: Question 5 General (blank)

339 | Sarah: Question 5 List method Knowing when all possibilities are there 7
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340 | Sarah: Question 5 List method Removing identical combinations 1
341 | Sarah: Question 5 List method Removing identical items 4
342 | Sarah: Question 5 List method (blank)

343 | Sarah: Question 5 Slot method Division to remove identical combinations 2
344 | Sarah: Question 5 Slot method Division to remove identical items 2
345 | Sarah: Question 5 Slot method Finding number of possibilities per slot 1
346 | Sarah: Question 6 General Comparing methods 3
347 | Sarah: Question 6 General Deciding to address identical items 3
348 | Sarah: Question 6 General Language use 2
349 | Sarah: Question 6 General Replacement of elements 1
350 | Sarah: Question 6 Slot method Division to remove identical combinations 1
351 | Sarah: Question 6 Slot method Finding number of possibilities per slot 2
352 | Sarah: Question 6 Tree method Finding number of branches from a vertex 2
353 [ Sarah: Question 6 Tree method Finding probability on each branch 9
354 | Sarah: Question 6 Tree method (blank)
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