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Abstract

In the diffusion limit, solutions exist for the temperature and velocity fields when isother-

mal and no-slip boundary conditions, respectively, are imposed on elliptical surfaces on an

otherwise zero-flux plane of a half-space domain containing a far field Dirichlet boundary

condition. We utilize these results to tabulate thermal and hydrodynamic spreading resistances

on half spaces as a function of the aspect ratio of the ellipse and of the aspect ratio of the

ellipse and its orientation, respectively. Then, via computations, we quantitatively assess the

accuracy of these expressions for rectangular isothermal and no-slip surfaces when the square

root of their area is used as a characteristic length scale to nondimensionalize the spreading

resistances. We then provide preliminary numerical results for thermal and hydrodynamic

spreading resistances and apparent slip lengths for elliptical and rectangular surfaces centered

on the base of a square, semi-infinite domain (flux channel).
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1 Introduction

Superhydrophobic (SH) surfaces, exemplified by the lotus leaf, have received a great deal of atten-

tion within the microfluidic community in recent years due to their friction-reducing capabilities.

There are two possible states for a liquid flowing over a micro-structured surface. In the Cassie

state, the liquid contacts the solid only at the tips of the structures, while the remainder of the

roughness is occupied with vapor or a gas-vapor combination1. In the Wenzel state, the liquid fully

occupies the roughness. The state which is exhibited in a particular situation is determined by a

combination of surface structure characteristics, such as structure geometry and chemical compo-

sition, as well as the flow conditions, such as fluid properties and system pressure. The Cassie state

reduces the high-shear rate solid-liquid contact area, introducing in its place a much lower shear

rate liquid-gas contact area. This results in a lubricating effect with many possible applications in

the field of microfluidics [4]. The work presented here assumes liquid flow in the Cassie state with

the necessary criteria provided elsewhere [10].

The additional lubrication as a result of a SH surface can be quantitatively defined by an ap-

parent slip length, subsequently referred to as a slip length, as originally defined in Navier’s slip

boundary condition [12]. Analytical [1, 2, 4, 10, 11, 15, 16], numerical [1, 2, 4, 15] and ex-

perimental [17] studies of varying SH surface configurations have demonstrated the associated

friction-reducing capabilities. Less studied is the thermal behavior of SH surfaces. When a liquid

flows in the Cassie state, the combination of solid-liquid and liquid-gas interfaces creates a mixed

boundary condition in both the hydrodynamic and thermal problems. The solid-liquid boundary,

while causing drag due to the no-slip condition, also provides the main route of heat transfer into

1For brevity we will subsequently refer to this as the “gas”.
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the liquid. Thus it is necessary to quantify the reduction in heat transfer associated with SH sur-

faces in order to justify their benefit in cooling applications. In order to achieve this, an apparent

thermal slip length, subsequently referred to as a thermal slip length, is defined in a similar manner

to the hydrodynamic slip length.

The majority of existing work focuses on SH surfaces composed of ridges oriented parallel or

transverse to the flow direction. There are only a few works which study the problem of a SH

surface composed of a periodic array of pillars [1, 2, 4, 11].

Enright et al. [1] provided analytical predictions and numerical results for hydrodynamic and

thermal slip lengths for flow over square pillar structures. The liquid-gas interface was idealized as

flat, adiabatic, and shear-free. The limit of Stokes flow (Re � 1) near the combined solid-liquid

and liquid-gas interface, or “composite interface” as displayed in Figure 1.1, was considered. Their

work utilized existing solutions for circular Dirichlet contacts on a half-space, derived by Carslaw

and Jaeger [6] for the thermal problem and Lamb [5] for the hydrodynamic problem, in order to

calculate the ratio between the thermal and hydrodynamic half-space spreading resistances. Then

by relating the slip lengths and spreading resistances, this ratio was scaled to provide the ratio

of the two slip length values on a half-space. An approximate analytical solution from Negus

and Yovanovich [13] which provides thermal spreading resistance values for a nearly-isothermal

circular heat source on a circular flux tube as a function of solid fraction is utilized. This solution

is nondimensionalized by the square root of the area of the heat source in a manner consistent with

that laid out by Negus et al. [3] such that it accurately approximates the thermal slip length for a

square contact on a square flux channel. The slip length ratio, calculated in a half-space, is used to

scale this thermal slip length expression such that it represents a hydrodynamic slip length. Enright

et al. [1] provided numerical results in agreement with their analysis.
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Figure 1.1: Composite interface and solid fraction definition for the case of a circular pillar

The finite nature of spreading resistance values in a half-space domain, combined with the

mathematical relations these values hold to slip length quantities, enables the calculation of thermal-

to-hydrodynamic slip length ratios despite the infinite nature of slip lengths in a half-space. As the

domain becomes finite, the hydrodynamic problem becomes untractable analytically, while the

thermal problem can occasionally be solved analytically or semi-analytically depending on the

geometry.

The work by Negus et al.[3] showed similarities in the thermal spreading resistance values

for square and circular heat sources on square and circular flux channels when the square root of

the area of the heat source is used as the characteristic length scale. These nondimensionalized

values were particularly comparable in the limit of low solid fraction. We wish to show the va-

lidity of extending this approach to obtain both hydrodynamic and thermal spreading resistance

approximations for rectangular contacts on a half-space from the analogous solution for an ellipse
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Figure 1.2: Aspect ratio definition for ellipses and rectangles

of equivalent aspect ratio. ε is defined in Figure 1.2.

We also present numerical results for both the thermal and hydrodynamic slip lengths in a flux

channel domain for rectangular and elliptical contacts. The hydrodynamic simulations are limited

to an aspect ratio of unity such that square and circular no-slip contacts are investigated over a

range of solid fractions. The thermal flux channel simulations provide thermal slip length values

for rectangular and elliptical contacts of varying aspect ratio over the same range of solid fraction.

These results are compared to analytical predictions for square pillars from [1].

2 Background

2.1 Apparent Slip

We distinguish between the apparent slip phenomenon associated with superhydrophobic flow and

the concept of molecular slip. Apparent hydrodynamic slip is an encapsulation of the local effects
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of a mixed no-slip and no-shear interface which can be used to describe the flow on a macro scale.

Molecular slip implies that the no-slip condition at the solid-liquid interface can no longer be

assumed. This work deals only with apparent slip and assumes that molecular slip does not occur.

Although the flow liquid is assumed to be zero at the solid-liquid contact, the mean velocity

over the composite interface is non-zero. In order to quantify the contribution to the flow field we

define an apparent hydrodynamic slip length b in accordance with Navier’s slip boundary condition

[12]

ūc = b
dūc
dn

(2.1)

where ūc is the mean velocity over the composite interface and n is the direction normal to the flat

tops of the pillars, directed into the liquid. This slip length can be viewed as the fictitious distance

below the composite interface at which the mean velocity field extrapolates to zero based on the

mean velocity and mean velocity gradient at z = 0. Additionally, the hydrodynamic slip length

represents a downward shift in the velocity field far from the plane of the surface when compared

to a fully no-slip boundary. A shear flow over a flat plate with a shear rate of γ̇ in the x−direction

exhibits a velocity field of u = (γ̇z)x̂ where z is the direction normal to the plate. The same shear

flow over a surface with hydrodynamic slip length b results in a mean velocity field of the form

ū = (γ̇z + bγ̇)x̂.

The mixed boundary condition in the thermal problem is handled in a similar way. The temper-

ature field is considered continuous at the solid-liquid interface such that an isothermal boundary

condition is appropriate. The gas layer which supports the meniscus acts as a thermal buffer such

that for the purposes of this work the mensicus can be considered adiabatic. By analogy to the

hydrodynamic problem, the mean temperature over the composite interface does not equal that of
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the pillar. Therefore, we quantify the effects of the mixed boundary with an apparent thermal slip

length bt defined as

T̄source − T̄c = bt
dT̄c
dn

(2.2)

where T̄source is the mean temperature of the solid-liquid interface and T̄c is the mean temperature

over the entire composite interface. A similar analogy allows the thermal slip length to represent

the fictitious distance below the composite interface at which the mean temperature at the com-

posite interface would extrapolate to the temperature of the solid-liquid contact area based on the

mean temperature gradient at the composite interface.

It is important to notice that a non-zero hydrodynamic slip length represents a contribution

to the flow field relative to a flat boundary whereas a non-zero thermal slip length represents a

reduction in total heat transfer relative to a flat boundary.

2.2 Spreading Resistance

Spreading resistance has been the subject of a considerable amount of work within the field of heat

transfer. When heat conducts into a region of larger cross sectional area than the heat source, a

thermal resistance is encountered in addition to the one-dimensional resistance [19]. This thermal

resistance due to spreading can be modeled in series with the one dimensional thermal resistance

such that

Rtotal = R1D +Rs (2.3)

The most relevant situation to the current work is the case of an isothermal heat source on a

flux channel of larger cross sectional area. In this case, the adiabats become linearized by the adi-

abatic edges of the domain such that the temperature field becomes one dimensional at a sufficient
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distance l from the heat source. The total thermal resistance between the heat source and the z = l

plane is given by

Rtotal =
Tmax,source − T̄z=l

q
(2.4)

where q is the total heat rate from the heat source, Tmax,source is the maximum temperature on the

heat source, and T̄z=l is the average temperature in the z = l plane. This work will deal only with

the case of an isothermal heat source such that Tmax,source = T̄source. It can be shown that

R1D =
l

kAt

=
T̄c − T̄z=l

q
(2.5)

From Eq. 2.3, we can then define our thermal spreading resistance as

Rs =
T̄source − T̄c

q
(2.6)

The resistance attributed to thermal constriction is defined in precisely the same way and occurs in

the situation in which the heat is flowing in the opposite direction.

One may also consider a velocity spreading resistance, which may be defined in an analogous

manner to the thermal spreading resistance [1]. Physically, it represents a resistance to the pro-

pogation of a boundary effect into the flow field due to a change in cross-sectional area. Presently,

a no-slip area with a cross-sectional area smaller than that of the domain is imposed along the

bottom of the domain. The spreading resistance represents the reduced impact of this boundary

condition relative to one which occupies the entire cross section of the domain. Essentially, the ver-

tical propogation of the no-slip boundary is inhibited due to multi-dimensional velocity gradients.
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We define our velocity spreading resistance as

Rs,v =
ūc − ūsl
F

(2.7)

where ūc is the average velocity at the composite interface, ūsl is the average velocity at the solid-

liquid interface, which will always be zero in this work, and F is the force exerted on the no-slip

region by the flow.

3 Half-Space

3.1 Problem Statement

In the limiting case when the solid fraction of the domain tends to zero, our problem becomes

analogous to a half-space. The nature of a half-space domain simplifies many of the boundary

conditions of the problem, yielding it analytically tractable for elliptical contacts.

3.1.1 Hydrodynamic Problem

We consider here the problem of uniform flow in a half-space over a single no-slip contact. The

Reynolds number of the flow based on the length scale of the contact is assumed to be very small

compared to 1; therefore, the creeping flow assumptions can be used and the flow is diffusive. The

relevant forms of the continuity and Navier-Stokes equations then become

∇ · u = 0 (3.1)
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Figure 3.1: Hydrodynamic half space domain and boundary conditions

µ∇2u−∇p = 0 (3.2)

The problem domain and associated boundary conditions are shown in Figure 3.1. In the far-

field, uniform flow in the x-direction with velocity U is considered. The solid-liquid contact area

is considered no-slip while the remainder of the composite interface is considered shear-free.

Since the shape of the pillar structures is one of the variables whose effects are being studied,

the boundary conditions refer to “along pillar” and “outside pillar” when referring to the composite

interface. The boundary conditions for the hydrodynamic problem are

u = v = w = 0 at z = 0 for (x, y) along pillar (3.3)

∂u

∂z
=
∂v

∂z
= w = 0 at z = 0 for (x, y) outside pillar (3.4)

u = U, v = w = 0 as x, y, or z →∞ (3.5)

Eq. 3.5 ensures uniform, unidirectional flow in the far field.
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3.1.2 Thermal Problem

For sufficiently small Re, the heat transport in our domain can be considered purely diffusive as

Pe = RePr → 0 [1]. This result implies that the temperature field is governed by the Laplace

equation and thus the thermal problem can be considered decoupled from the hydrodynamic prob-

lem. The appropriate thermal problem is a single heat source contact on a half-space. The domain

itself is identical to that of the hydrodynamic problem. The governing equation in this case is

∇2T = 0 (3.6)

The heat source for this problem is prescribed as isothermal at Tsource while the remainder of

the composite interface is prescribed adiabatic. We assume a uniform temperature T∞ < Tsource in

the far-field. The resulting boundary conditions are

T = Tsource at z = 0 for (x, y) along pillar (3.7)

∂T

∂z
= 0 at z = 0 for (x, y) outside pillar (3.8)

T = T∞ asx, y, or z →∞ (3.9)

For simplicity, we normalize all temperatures by the temperature at infinity and define θ = T−T∞.

Equations 3.6-3.9 then become

∇2θ = 0 (3.10)

θ = θsource at z = 0 for (x, y) along pillar (3.11)

10



∇2𝜃 = 0 

𝜃 = 𝜃𝑠 
𝜕𝜃

𝜕𝑧
= 0 

𝜃 = 0 

𝜃 = 0 𝜃 = 0 

𝑧 

𝑥 
𝑦 

Figure 3.2: Thermal half space domain and boundary conditions

∂θ

∂z
= 0 at z = 0 for (x, y) outside pillar (3.12)

θ = 0 as x, y, or z →∞ (3.13)

as shown in Figure 3.2.

3.2 Spreading Resistance in a Half-Space

The average heat flux and shear rate across the composite interface will always tend to zero for

an infinite plane which is adiabatic and shear-free outside of the contact area. Due to this, the

concept of a slip length does not provide useful information for a half-space since the slip lengths

tend to infinity. Thus we use an alternative method of quantifying the effects of a mixed boundary

condition on an infinite domain. Enright et al. [1] showed a relationship between slip length

and spreading resistance which allowed them to utilize existing half-space spreading resistance

solutions to obtain an equation for hydrodynamic slip length from a thermal slip length solution.

Spreading resistance is proportional to slip length and remains finite and tractable in a half-space,
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making it a useful parameter.

The temperature profile resulting from a circular isothermal heat source on an otherwise adia-

batic plane in a half-space with isothermal far-field conditions has been analytically solved and the

solution is presented in the appendix [6]. A more general solution which encapsulates the same

situation for elliptical isothermal sources has been given by Yovanovich [9]. It should be noted

that this problem is equivalent to that described in Section 2.2 when the domain becomes infinitely

large relative to the size of the heat source. In a half-space, the one dimensional thermal resistance

is zero since the cross sectional area for heat transfer is infinite. Thus, all thermal resistance can be

attributed to spreading. The key result from [9] is the dimensionless thermal spreading resistance

as a function of the aspect ratio of the ellipse.

R∗s = Rsk
√
Asource = K (ε′)

√
ε

2
√
π

(3.14)

where the aspect ratio ε is as defined in Figure 1, ε′ =
√

1− ε2, with 0 < ε < 1, and K (ε′) is

the complete elliptic integral of the first kind. Importantly, the spreading resistance is nondimen-

sionalized using the square root of the area of the heat source. Since temperature is a scalar, the

temperature field is symmetric such that expectation is ε and 1/ε produce the same result . The

dimensionless wall heat flux is defined as

q∗ =
1

R∗s
=

q√
Asourcekθs

=
2
√
π

K (ε′)
√
ε

(3.15)

The analogous hydrodynamic spreading resistance values can be obtained from a classic solu-

tion by Lamb [5], presented in the appendix, which provides the velocity profile resulting from an
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arbitrarily shaped ellipsoid translating edge-on at a constant speed through a motionless fluid. This

problem considers an ellipsoid defined with axes [a, b, c] in the [x, y, z] directions respectively

such that

x2

a2
+
y2

b2
+
z2

c2
= 1 (3.16)

A change of reference frame represents the equivalent case in which fluid streams past a stationary

ellipsoid at a constant velocity. Flow in the x-direction at a uniform velocity U is considered.

Taking the limiting case in which c→ 0 yields a flat elliptical disk such that the problem represents

a half-space. The surface of the elliptical disk has an imposed no-slip condition while the remainder

of the plane of the ellipse is considered symmetric (no-shear). A constant, uniform velocity field

is imposed in the far field and the force exerted on one side of the ellipse is the quantity of interest.

This represents the equivalent problem to that outlined in Section 2.1 In the case of a half space.

Then, the force exerted on the entire elliptical disk is given by

|F | = 6πµUR (3.17)

where

R =
8

3

abc

χ0 + α0a2
(3.18)

χ0 = abc

ˆ ∞
0

dλ√
(a2 + λ) (b2 + λ)λ

(3.19)

α0 = abc

ˆ ∞
0

dλ

(a2 + λ)
√

(a2 + λ) (b2 + λ)λ
(3.20)
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We define the dimensionless hydrodynamic spreading resistance as

R∗s,v = Rs,vµ
√
Asl =

√
ε

3
√
π
· a
R

(3.21)

The hydrodynamic spreading resistance is nondimensionalized in a similar manner to the thermal

spreading resistance by using the square root of the area of the no-slip region as the characteristic

length scale. We define the dimensionless wall shear stress as

τ ∗ =
1

R∗s,v
=

(F/2)√
AslµU

=
3
√
π√
ε

R

a
(3.22)

Equations 3.14 and 3.21 together provide a complete library of thermal and hydrodynamic

spreading resistance values for elliptical contacts of arbitrary aspect ratio on a half-space. We

may now relate these solutions to the more commonly applied slip length parameters. It can be

shown that the relationships between our defined dimensionless spreading resistance values and

the corresponding slip length values are [7]

b =
Ac

Asl

R∗s,v (3.23)

bt =
Ac

Asource

R∗s (3.24)

These relationships hold over the entire range of solid fractions. In a half-space it is evident that

both individual slip length values will be infinite. The ratio between their values, however, is

tractable. Assuming the area of the no-slip and isothermal regions to be equal, as is valid when
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considering a pillar structure, the ratio of Equations 3.23 and 3.24 is

R∗s,v
R∗s

=
b

bt
=
q∗

τ ∗
= ψ (3.25)

In the simplest case of a circular disk (ε = 1) on a half-space, Equation 3.25 yields [1]

ψ =
3

4
(3.26)

Muzychka [7] tabulated values for τ ∗, q∗, and ψ for elliptic disks with 0.1 < εv < 10 for the

hydrodynamic problem and 0.1 < εt < 1 for the thermal problem, shown in Table 1. We proceed

to show the legitimacy of extending this work to rectangular contacts by applying a technique

suggested by Negus et al. [3]. The numerical results presented in Section 5.3 quantitatively assess

the accuracy of approximating these dimensionless parameters for rectangles using the analytical

result for an ellipse of equivalent aspect ratio.

4 Flux Channels

4.1 Problem Statement

4.1.1 Hydrodynamic

We consider in this section the problem of shear flow over a two-dimensional array of uniform-

pitch pillars. The composite interface for both the thermal and hydrodynamic problems is shown

in Figure 1.

The flow is once again considered diffusive. The relevant forms of the continuity and Navier-
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εv τ ∗ εt q∗ ψ
0.1 3.502 0.1 3.033 0.8662
0.2 3.131 0.2 2.628 0.8394
0.3 3.003 0.3 2.463 0.8202
0.4 2.951 0.4 2.376 0.8049
0.5 2.934 0.5 2.325 0.7923
0.6 2.935 0.6 2.294 0.7815
0.7 2.946 0.7 2.275 0.7721
0.8 2.963 0.8 2.264 0.7639
0.9 2.985 0.9 2.258 0.7566
1 3.009 1 2.257 0.7500
2 3.285 1/2 2.325 0.7077
3 3.543 1/3 2.428 0.6853
4 3.773 1/4 2.531 0.6708
5 3.979 1/5 2.628 0.6606
6 4.165 1/6 2.719 0.6528
7 4.337 1/7 2.805 0.6466
8 4.496 1/8 2.885 0.6416
9 4.646 1/9 2.961 0.6374
10 4.786 1/10 3.033 0.6338

Table 1: Analytic values of dimensionless shear stress and heat flux for elliptic contacts on a half
space

Stokes equations are given by Eq. 3.1 and Eq. 3.2 respectively.

We define our domain such that the solution to flow over a single pillar can be extended to

represent flow over a two-dimensional array of pillars. In order to effectively do this, additional

assumptions need to be made. The height of the domain is assumed much larger than the pitch

of the pillars such that all local effects are allowed to diffuse and the velocity field becomes one-

dimensional before reaching the top of the domain. We assume periodically fully developed Cou-

ette flow.

The domain and associated boundary conditions can be seen in Figure 4.1. The flow is driven

by a constant shear rate at z → ∞ of τ∞. We prescribe reflective symmetry at the transverse

borders of our domain, i.e., v is zero but its gradient with respect to y is non-zero while the u and w
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components of velocity have a zero gradient with respect to y. A periodic flow pattern is prescribed

in the streamwise direction. Patankar and Sparrow [14] provide specific details regarding the

constraints and implementations of periodicity. For Couette flow, only local streamwise (x −

directional) gradients of pressure and velocity are expected such that we expect the pressure and

velocity fields at any particular (x, y, z) location to be equal to those at (x−L, y, z) and (x+L, y, z).

Thus, the representative periodic conditions for the present work impose pressure and velocity

profiles which are the same at both the upstream and downstream boundaries of the domain.

𝑧 

𝑥 
𝑦 

𝐵𝜕𝑢
𝜕𝑧

=𝜎
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𝑦=𝐿 2 

 

𝐵per
𝑥=𝐿 2  
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𝑥=−𝐿 2  

𝐵solid 

𝐵gas 

Figure 4.1: Hydrodynamic flux channel domain and boundary conditions

Formally, the boundary conditions are

u = v = w = 0 at z = 0 for (x, y) along pillar (4.1)
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∂u

∂z
=
∂v

∂z
= w = 0 at z = 0 for (x, y) outside pillar (4.2)

∂u

∂z
=
τ∞
µ

= σ, v = w = 0 as z →∞ for − L

2
< x, y <

L

2
(4.3)

∂u

∂y
= v =

∂w

∂y
= 0 at y = ±L

2
for − L

2
< x <

L

2
, 0 < z < H (4.4)

φ

(
−L

2
, y, z

)
= φ

(
L

2
, y, z

)
, φ = u, v, w, p (4.5)

4.1.2 Thermal

We wish to model the heat transfer characteristics associated with liquid flow in the Cassie state

over a periodic array of pillar structures. In order to do this we again employ the use of mixed

boundary conditions at the composite interface. Having assumed our flow field exists in the creep-

ing limit, the thermal problem can be solved separately from the hydrodynamic problem [1]. The

resulting thermal problem is analogous to a heat source contact on a semi-infinite flux channel.

The domain itself is identical to that of the hydrodynamic problem. The governing equation in this

case is

∇2θ = 0 (4.6)

The pillars for this problem are prescribed as isothermal at θsource while the meniscus is pre-

scribed adiabatic. Similar to the hydrodynamic problem, we expect all transverse temperature

gradients caused by the pillar heat source to be negated by the equal and opposite gradients result-

ing from adjacent pillars on either side. Unlike the hydrodynamic problem, we expect a similar

phenomenon in the streamwise direction since the heat flux is considered purely diffusive. Thus,

all four sides of our domain have a prescribed symmetry condition. This treatment of the problem

neglects the effects of axial conduction. We also assume a uniform temperature in the far-field such
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that θsource > 0. The domain is displayed in Figure 4.2 and the associated boundary conditions are
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Figure 4.2: Thermal flux channel domain and boundary conditions

θ = θsource at z = 0 for (x, y) within pillar (4.7)

∂θ

∂z
= 0 at z = 0 for (x, y) outside pillar (4.8)

θ = 0 as z →∞ for − L

2
< x, y <

L

2
(4.9)

∂θ

∂y
= 0 at y = ±L

2
for − L

2
< x <

L

2
, 0 < z < H (4.10)

∂θ

∂x
= 0 at x = ±L

2
for − L

2
< y <

L

2
, 0 < z < H (4.11)
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5 Numerical Method

5.1 Half-Space

Simulations were conducted in order to test the validity of using the elliptical spreading resistance

solutions to approximate rectangular spreading resistance values in a half-space. All simulations

were conducted using ANSYS FLUENT 14.5, a commercial implementation of the finite-volume

method. Structured tetrahedral meshes were generated using the ANSYS Meshing tool. The mesh

was built such that the mesh density was greatest at the edge of the no-slip and isothermal re-

gions where the largest gradients occur. Additional specific simulation details are presented in the

Appendix in Section 7.2.

The case of an isothermal contact on a half-space was re-created with a domain of cubic shape

with an average contact ratio of about 1900:1 in the plane of the heat source. Boundary conditions

were as described in Eqs. (3.11-3.13) with θsource = 50 K. Each individual simulation differed

only with the shape of the heat source. The domain was modelled as a solid with k = 202.4 W/mK

(aluminum). A second order upwind solver of the energy equation was utilized. Both elliptical

and rectangular heat sources were simulated and the dimensionless spreading resistances were

tabulated and compared to the analytical solutions.

The hydrodynamic case was modelled using a rectangular prism domain which was 100 mm

in the streamwise direction, 40 mm in the transverse direction, and 20 mm normal to the no-slip

region. The plane of the no-slip region, excluding the no-slip region itself, is considered symmetric

such that a no-shear B.C. applies. A constant far field velocity of U = 0.001 m/s is prescribed at

the flow inlet and this same velocity is prescribed on the domain’s edges. This low velocity, along

with a hydraulic diameter of the no-slip region of less than 1 mm, result in 0.0005 < Re < 0.00225
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such that Stokes Flow is an accurate assumption, although FLUENT solves the full Navier-Stokes

equations. Due to the infinite nature of the domain we are reproducing, the Reynolds number

is defined using the streamwise length of the no-slip contact. The domain is large enough such

that the flow disturbances from the no-slip region have fully diffused and the edge B.C.’s do not

effect the natural flow pattern. The thermophysical properties of the liquid were those of water:

µ = 0.894 kg/m-s, ρ = 1000 kg/m3. The built-in SIMPLE pressure-velocity coupling scheme was

used in conjunction with a second-order upwind momentum solver. Both elliptical and rectangular

no-slip areas have been modelled.

Convergence was checked manually and simulations were run in batches of 30,000 iterations

such that our solution algorithms were considered converged when

‖Ji − Ji−30000‖
‖Ji‖

< 105 (5.1)

where J is the relevant parameter for the particular simulation. The heat rate q is of interest for

the thermal half space while force exerted on the no-slip region F is the relevant parameter in the

hydrodynamic half space. Mesh independence was assessed by refining the cells at which large

gradients are observed for converged simulations and running the new mesh until convergence.

This process was repeated until sequential adaptions showed converged behavior, as defined by

Equation 5.1. The mesh was limited by licensing restrictions to contain less than 512, 000 cells.

The results for both the thermal and hydrodynamic problem can be found in the Section 5.3.
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5.2 Flux Channel

Numerical simulations were conducted in order to calculate the thermal slip lengths and slip

lengths for elliptical and rectangular contacts on a flux channel. Details of the software, mesh-

ing, and solution schemes are presented in the appendix in Section 7.2.

All models were designed for a square flux channel domain. The velocity and temperature

fields can be considered reflectively symmetric and symmetric, respectively, across a vertical plane

oriented parallel to the streamwise direction which bisects the no-slip, isothermal region. The re-

flective symmetry boundary condition is defined in Eq. 4.4. Due to this symmetric nature, the

modeller can accurately represent the entire domain by simulating half of it. The cross section of

the flux channel to be modelled is 10 mm by 10 mm with a height of 400 mm. Thus, due to symme-

try, the numerical domain is 10 mm in the streamwise direction, 5 mm in the transverse direction,

and 400 mm in the vertical direction. This ratio of height to pitch allows all multi-dimensional gra-

dients caused by the mixed boundary condition to diffuse such that the temperature and velocity

profiles are one-dimensional near the top of the domain. This 40:1 ratio was specifically chosen to

emulate the flux channel simulations in [1]. The hydrodynamic and thermal domains are depicted

in Figures 4.1 and 4.2 respectively.

The thermal simulation has boundary conditions as described by Eqs. 4.7-4.11 with θsource =

50K. The equivalent hydrodynamic BCs are given by Eqs. 4.1-4.5. The periodicity of the hydro-

dynamic problem is imposed as a 0 pressure gradient periodicity since we are modelling Couette

flow. The constant-shear boundary condition at the top of the domain was modelled instead with a

constant-velocity boundary. Since the velocity profile is allowed to become one-dimensional well

below the top of the domain, these boundary conditions are interchangeable.
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The convergence algorithm described in the previous section was again employed. The con-

vergence parameters for the thermal problem were the heat rate from the source and the average

temperature across the composite interface. For the hydrodynamic problem the force exerted on

the contact and the average velocity across the composite interface were the parameters of interest.

5.3 Numerical Results

5.3.1 Half Space

This section provides numerically calculated results for the dimensionless wall shear stress, defined

in Eq. 3.22, and dimensionless wall heat flux, defined in Eq. 3.15, for elliptical and rectangular

no-slip and isothermal regions, respectively, of varying aspect ratio on a half space. Dimensionless

wall shear stress and heat flux represent the inverse of velocity and thermal spreading resistances,

respectively. These numerical results are compared against the analytical results for elliptical con-

tacts.

The results for a thermal half space are shown in Figure 5.1. The elliptical results show strong

agreement with the analytical solution across the entire range of aspect ratios. The maximum

deviation is 0.73% and 75% of the data points lie within 0.5% of analytical values. The strong

agreement of the elliptical results provides validation of our model, and thus the rectangular results.

The numerical results for rectangular isothermal contacts show a more significant deviation from

the elliptical analytical solution, as would be expected. It is evident from the right graph in Figure

5.1 that for ε < 0.2 the rectangular contacts exhibit lower dimensionless heat flux than the elliptical

contacts with the same aspect ratio. Between ε = 1/6 and ε = 0.2 there is a transition such that the

rectangular contacts begin showing larger values of q∗, as can be seen in the right graph of Figure
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Figure 5.1: Numerical results of q∗ vs. ε for rectangular and elliptical isothermal contacts on a half
space

5.1. This new trend continues for all 0.2 ≤ ε ≤ 1. The error relative to elliptical analytical results

is nearly monotonically increasing in this range of aspect ratio.

Hydrodynamic half space results are presented in Figure 5.2. Dimensionless wall shear stress

(τ ∗) is plotted against aspect ratio for elliptical and rectangular no-slip contacts with aspect ratio

0.1 < ε < 10. As with the thermal case, numerical results for elliptical contacts show strong

agreement to analytically predicted values for the majority of aspect ratios. For the hydrodynamic

case, however, a deviation from analytical results of > 1% to a maximum of 2.3% is seen for the

range 4 ≤ ε ≤ 7. All values of τ ∗in this range are lower than the expected values, indicating a

systematic error. They may be a result of the computational solver linearizing the smooth curve of

an ellipse. The solver is unable to perfectly model a curve and thus makes approximations of the

domain. The effects of this are amplified when the length scale is small and the radius of curvature

is small. Outside of this range of aspect ratios the elliptical results show strong agreement with the

analytical solution, as can be seen in the right graph in Figure 5.2, particularly for ε < 1.

As with the thermal half space results, the rectangular results show segmented behavior for

different ranges of aspect ratio. For 0.1 ≤ ε ≤ 1, when the major axis of the rectangle is oriented
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Figure 5.2: Numerical results of τ ∗ vs. ε for elliptcal and rectangular no-slip contacts on a half
space

parallel to the flow direction, τ ∗ is greater than analytical values for ellipses. At ε = 2 the rect-

angular result aligns with the elliptical results, and for 2 < ε ≤ 10 it can be seen from the left

graph of Figure 5.2 that the rectangular contact exhibits dimensionless shear stress less than that

of an ellipse. In summary, when the major axis of a no-slip contact is oriented parallel to the flow

direction, rectangles exhibit larger τ ∗ . When the major axis is oriented in the transverse direction,

ellipses exhibit larger τ ∗.

The percent error in our numerical results relative to elliptical analytical results is shown for

both the thermal and hydrodynamic cases in Figure 5.3. As previously discussed, the majority of

elliptical results fall within a ±1% error bound. All rectangular results are within ±3% of analy-

ical values. These results provide insight into the behavior of rectangular no-slip and isothermal

contacts on a half-space which has not previously been investigated. Additionally, the accuracy

of approximating rectangular contacts by nondimensionalizing analytical elliptic solutions by the

square root of the area of the contact has been quantitatively assessed.
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Figure 5.3: Percent deviation of numerical results from elliptical analytic values in a half space.

The ratio of the dimensionless wall heat flux and the dimensionless wall shear stress is defined

as ψ in Eq. 3.25. ψ is equivalent to the ratio of the hydrodynamic to thermal dimensionless spread-

ing resistances as well as the ratio of the hydrodynamic to thermal slip lengths. The numerical

results of ψ for both rectangles and ellipses as a function of ε are overlayed with elliptical ana-

lytical results in Figure 5.4. Percent deviation from analytical results can be seen in Figure 5.5.

The deviations of both the thermal and hydrodynamic cases individually can either compound or

counteract each other in the ratio of the two. Elliptical results show a maximum deviation of 2.7%,

a larger deviation than any seen in τ ∗ or q∗. Additionally, elliptical results show strong agreement

(< 1% deviation) only in the range 0.1 ≤ ε ≤ 1. The rectangular results of ψ also show a larger

percent deviation than either individual parameter, reaching a maximum of 3.5%.
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Figure 5.4: Numerical results of ψ vs. ε for elliptcal and rectangular contacts on a half space
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Figure 5.5: Percent deviation of numerical results for ψ from elliptical analytical solution in a half
space

5.3.2 Flux Channel

Hydrodynamic and thermal simulations of no-slip and isothermal contacts of varying shape and

solid fraction on a flux channel have been conducted and the results are presented. The parameters

of interest are the slip length and thermal slip length for the hydrodynamic and thermal simulations

respectively. Slip length is as defined in Eq. 2.1 and thermal slip length is defined in Eq. 2.2. All
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slip length values are nondimensionalized by the pitch of the domain L = 10 mm.

Figure 5.6 presents the slip lengths for circular and square no-slip contacts on a flux channel as

a function of solid fraction. Two separate plotting scales are used in order to visualize the results at

both low and high solid fraction. These results are compared to an analytical expression, Equation

(41) from [1], which was derived from a thermal spreading solution in [13]. Our numerical results

show nearly perfect agreement with the analytical prediction, particularly at lower solid fraction.

1 1.5 2 2.5 3 3.5

φ
-1/2

0

0.2

0.4

0.6

0.8

b
/L

Analytical
Circular Pillar
Square Pillar

0.2 0.4 0.6 0.8 1
φ

10-4

10-2

100

b
/L

Analytical
Circular Pillar
Square Pillar

Figure 5.6: Dimensionless hydrodynamic slip lengths as a function of solid fraction for circular
and square no-slip contacts on a flux channel.

Figure 5.7 presents numerical thermal slip length results for isothermal contacts on a half-space

as a function of solid fraction. Simulations were conducted for both elliptical and rectangular heat

sources with ε = 0.1, 0.2, 0.5 and 1. In order to investigate the effect of solid fraction on thermal

slip length the simulations were run with σ = 0.01, 0.1, 0.25, 0.5, and 0.9. Contacts with large

aspect ratios are geometrically incapable of achieving high solid fraction. The thermal slip length

results are plotted against an analytical thermal slip length expression, Equation (40) in [1], for

circular contacts on a square flux channel.

Precise agreement is shown by the circular and square heat sources. This agreement validates
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the accuracy of our model and thus the results which do not have analytical predictions to compare

against. For σ = 0.01, the results for ellipses and rectangles with ε = 0.1 and ε = 0.2 indicate a

reduction in thermal slip length of nearly 20% relative to a circular or square heat source. As the

solid fraction becomes larger the difference in thermal slip length values for different aspect ratios

significantly diminishes.
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Figure 5.7: Dimensionless thermal slip lengths as a function of solid fraction for elliptical and
rectangular isothermal contacts on a flux channel.

6 Conclusions

A collection of solutions for the thermal and hydrodynamic behaviors in the diffusive limit of

Dirichlet elliptic contacts on a half space has been tabulated and presented. Hydrodynamic and

thermal spreading resistances have been defined and their utility when analyzing half space solu-

tions, particularly with regard to finding the ratio of thermal and hydrodynamic slip lengths, has

been discussed. A methodology for nondimensionalizing elliptical analytical solutions in order to

approximate thermal and hydrodynamic spreading resistance values for rectangular contacts has

been proposed. Numerical simulations have been conducted to assess the validity of the proposed
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method. These simulations found that the proposed technique of nondimensionalizing the elliptical

solution by the square root of the area of the contact accurately predicted the behavior of rectan-

gular contacts to a worst-case bound of ±3% for the range of aspect ratios studied. The validity of

this approach is believed to depend strongly on the diffusive nature of the problem and the limit of

low solid fraction.

Additionally, preliminary numerical simulations have been conducted to tabulate the thermal

and hydrodynamic slip lengths for elliptical and rectangular pillars of varying aspect ratio and solid

fraction in the diffusive limit. Analytical predictions exist only for circular and square pillars in

this context. Our simulations have accurately reproduced these results for both the thermal and

hydrodynamic problems. Thermal slip length results for pillars of varying shape and solid fraction

have been presented. A reduction in thermal slip length by as much as 20% at low solid fractions

has been observed for elliptical and rectangular contact shapes with high aspect ratio as compared

to circular and square contacts.

Future work involves refining the hydrodynamic half space models in order to more accurately

reproduce elliptical analytical results for the entire range of aspect ratio. Additionally, it would be

useful to numerically investigate the hydrodynamic slip length for elliptical and rectangular pillars

of varying aspect ratio and solid fraction. It would be of interest to see how closely the elliptical

and rectangular behaviors resemble each other as the solid fraction of the domain is increased.

Finally, further investigations which consider deviations from the ideal behavior assumed in this

work would provide useful insight into the robustness of this analysis.
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εv τ ∗analytic τ ∗ellipse τ ∗rectangle εt q∗analytic q∗ellipse q∗rectangle ψanalytic ψellipse ψrectangle

0.1 3.502 3.491 3.511 0.1 3.033 3.030 2.977 0.8662 0.868 0.848
0.2 3.131 3.146 3.134 0.2 2.628 2.619 2.648 0.8394 0.832 0.845
0.3 3.003 2.977 3.008 0.3 2.463 2.466 2.503 0.8202 0.828 0.832
0.4 2.951 2.924 2.977 0.4 2.376 2.384 2.400 0.8049 0.815 0.806
0.5 2.934 2.934 2.985 0.5 2.325 2.339 2.371 0.7923 0.797 0.794
0.6 2.935 2.916 2.986 0.6 2.294 2.294 2.353 0.7815 0.786 0.788
0.7 2.946 2.927 3.010 0.7 2.275 2.279 2.312 0.7721 0.778 0.768
0.8 2.963 2.964 3.031 0.8 2.264 2.267 2.305 0.7639 0.765 0.761
0.9 2.985 2.980 3.058 0.9 2.258 2.262 2.309 0.7566 0.759 0.755
1 3.009 3.012 3.105 1 2.257 2.260 2.313 0.7500 0.751 0.745
2 3.285 3.255 3.293 1/2 2.325 2.339 2.371 0.7077 0.719 0.720
3 3.543 3.512 3.464 1/3 2.428 2.440 2.452 0.6853 0.695 0.708
4 3.773 3.686 3.676 1/4 2.531 2.539 2.553 0.6708 0.689 0.694
5 3.979 3.913 3.877 1/5 2.628 2.619 2.648 0.6606 0.669 0.683
6 4.165 4.101 4.055 1/6 2.719 2.708 2.710 0.6528 0.660 0.668
7 4.337 4.288 4.228 1/7 2.805 2.825 2.787 0.6466 0.659 0.659
8 4.496 4.463 4.381 1/8 2.885 2.900 2.835 0.6416 0.650 0.647
9 4.646 4.623 4.527 1/9 2.961 2.98 2.907 0.6374 0.645 0.642

10 4.786 4.758 4.665 1/10 3.033 3.030 2.977 0.6338 0.637 0.638

Table 2: Comparison of analytic values of dimensionless shear stress and heat flux for elliptic con-
tacts on a half space against numerical results obtained for both elliptic and rectangular contacts.

7 Appendix

7.1 Tabulated Half Space Results

7.2 Numerical Simulation Details

7.2.1 Half Space

Mesh

The ANSYS Meshing software is used to construct the meshes for all simulation domains. The

physics and solver preferences are CFD and FLUENT respectively. An advanced sizing function

based on curvature is used and the Relevance Center is set to coarse. The smoothing algorithm is
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set to medium, the transition speed is defined as slow and “span angle center” is set to fine. These

settings result in a minimum edge length of 2× 10−4m. An edge sizing is assigned to the mesh on

the edge of the no slip or isothermal region. The edge sizing defines element sizing of 5× 10−5m

for rectangles and 10−3m for ellipses along their edges with a growth rate of 1.1 into the domain.

The curvature of the elliptical contacts results in an equally dense mesh despite the larger element

size definition.

Solver

ANSYS FLUENT 14.5 3D solver with single precision and serial processing was used for all

numerical models. The problem was considered fully developed so all transient terms are neglected

by the solver. The solver was always pressure based and gravity was neglected. The energy terms

were neglected in all hydrodynamic simulations. The laminar form of the Navier-Stokes equations

are used for the hydrodynamic problems. The discretized solvers captured gradients using a least

squares cell based algorithm and the standard pressure handler was prescribed. Higher order term

relaxation was not used.

The under relaxation factors were as follows: Pressure - 0.3, Density - 1, Body Forces - 1,

Momentum - 0.7, Energy - 1. No automated convergence criterion were implemented, convergence

was defined as in Equation 5.1. The domain was initialized using standard initialization with an

absolute reference frame. All hydrodynamic cases were initialized with a uniform initial velocity of

0.001 m/s in the streamwise direction. The thermal cases were initialized to the mean temperature

of the domain edges, which varied only slightly around 300.01 K.
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7.2.2 Flux Channels

Mesh

The ANSYS Meshing software is used to construct the meshes for all simulation domains. The

physics and solver preferences are CFD and FLUENT respectively. An advanced sizing function

based on curvature is used and the Relevance Center is set to coarse. The smoothing algorithm is

set to medium, the transition speed is defined as slow and “span angle center” is set to fine. These

settings result in a minimum edge length of 2.5×10−3m. An edge sizing is assigned to the mesh on

the edge of the no slip or isothermal region. The edge sizing defines element sizing of 5× 10−5m

for rectangles and 10−3m for ellipses along their edges with a growth rate of 1.1 into the domain.

Additionally, both the thermal and hydrodynamic cases have edge sizing defined at the edges

of the top and bottom of the domain. The element size is defined as 10−3 with a growth rate

of 1.1. The hydrodynamic case requires additional mesh restrictions due to the use of periodic

boundary conditions. The mesh needs to be the same on the inlet and outlet faces in order to apply

the periodic condition appropriately. Additional coordinate systems are defined in the plane of the

inlet and outlet such that Match Control and Mapped Face Meshing can be applied to the two faces.

Solver

The solver details for the flux channels were exactly identical to the half space solver.

7.3 Sample Domains

The figures presented here represent sample mesh configurations and temperature and velocity

contours for each of the four domains modelled.
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Thermal Half Space

Figure 7.1: Thermal half space. Sample mesh configuration (left), sample temperature contours
(right).

Hydrodynamic Half Space

Figure 7.2: Hydrodynamic half space. Sample mesh configuration (left), sample velocity contours
(right).
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Thermal Flux Channel

Figure 7.3: Thermal flux channel. Sample mesh configuration (left), sample temperature contours
(right).

Hydrodynamic Flux Channel

Figure 7.4: Hydrodynamic flux channel. Sample mesh configuration (left), sample velocity con-
tours (right).
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7.4 Isothermal Circular Contact on a Half-Space

This section presents a classic solution for the thermal spreading resistance of an isothermal cir-

cular region on a half-space. We define a as the radius of the heat source, prescribe T = T∞

infinitely far from the source, define θ = T −T∞, and define θs = Tsource−T∞. Under steady-state

conditions and for axisymmetric conduction the domain is governed by

∂2θ

∂r2
+

1

r

∂θ

∂r
+
∂2θ

∂z2
= 0 for 0 < r <∞; 0 < z <∞ (7.1)

Eq.(7.1) is subjected to the following boundary conditions (BC’s 1-4)

At z = 0 : θ = θs for 0 < r < a and
∂θ

∂z
= 0 for r > a (7.2)

As z →∞ : θ = 0 for 0 < r <∞ (7.3)

At r = 0 :
∂θ

∂r
= 0 for z > 0 (7.4)

As r →∞ : θ = 0 for 0 < z <∞ (7.5)

The solution is achievable via the technique of separation of variables. If we assume θ(r, z) =

R(r)Z(z) then Eq.(7.1) becomes

1

Z

d2Z

dz2
= − 1

R

(
d2R

dr2
+

1

r

dR

dr

)
(7.6)

36



Setting both sides equal to a separation constant λ2 yields two ODEs. The solutions for R and Z

are, respectively:

R(r) = C1J0(λr) + C2Y0(λr) (7.7)

Z(z) = C3e
λz + C4e

−λz (7.8)

Where J0 and Y0 are the Bessel functions of the first and second kind respectively. Combining and

simplifying based on prescribed BCs (7.2-7.5) produces

θ(r, z) = CJ0(λr)e
−λz (7.9)

We are able to multiply this governing equation by a function of λ and still satisfy all BCs, resulting

in

θ(r, z) = f(λ)J0(λr)e
−λz (7.10)

Eq.(7.10) is valid for all values of λ and the governing PDE and Eqs. 7.3-7.5 are linear and

homogeneous; therefore Eq.(7.10) is continuous. This allows us to sum solutions using integration:

θ =

ˆ ∞
0

e−λzJ0(λr)f(λ)dλ (7.11)

A key observation from Carslaw and Jaeger [6]:

f(λ) =
2θs
π

sin(λa)

λ
(7.12)
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Results in

θ =
2θs
π

ˆ ∞
0

e−λzJ0(λr)
sin(λa)

λ
dλ (7.13)

It can be seen that the isothermal portion of Eq. 7.2 is satisfied at z = 0:

θz=0 =
2θs
π

ˆ ∞
0

J0(λr)
sin(λa)

λ
dλ = θs for r ≤ a (7.14)

Taking a partial derivative with respect to z we are able to show the adiabatic portion of Eq. 7.2 is

also satisfied. The Leibniz Integration Rule allows

∂θ

∂z
=

2θs
π

ˆ ∞
0

−λe−λzJ0(λr)
sin(λa)

λ
dλ (7.15)

For z = 0 and r > a Eq. (7.15) is equivalently 0, satisfying Eq. 7.2. We are now able to calculate

the rate of heat flow out of the source into the domain:

q = −2πk

ˆ a

0

[
∂θ

∂z

]
z=0rdr (7.16)

q = −2πk
2θs
π

ˆ a

0

{
∂

∂z

[ˆ ∞
0

e−λzJ0(λr)
sin(λa)

λ
dλ

]}
z=0

rdr (7.17)

Another application of the Leibniz Integration Rule allows:

q = −4kθs

ˆ a

0

{[ˆ ∞
0

−λe−λzJ0(λr)
sin(λa)

λ
dλ

]}
z=0

rdr (7.18)

q = −4kθs

ˆ a

0

ˆ ∞
0

J0(λr)sin(λa)dλrdr (7.19)

q = −4kθs

ˆ ∞
0

(ˆ a

0

J0(λr)rdr

)
sin(λa)dλ (7.20)
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Noting that ˆ a

0

J0(λr)rdr =
1

λ
aJ1(λa) (7.21)

We have

q = 4kaθs

ˆ ∞
0

J1(λa)
sin(λa)

λ
dλ (7.22)

Then since ˆ ∞
0

J1(λa)
sin(λa)

λ
dλ = 1 (7.23)

q = 4kaθs (7.24)

Noting that Rs = θs
q

we then arrive at

Rs =
1

4ka
(7.25)

This result was extended by Muzychka to encapsulate elliptic disks of varying aspect ratios.

7.5 Stokes Flow over Flat Circular Disk

The behavior of an isothermal circular heat source into a half-space is compared with the behavior

a flat disk exhibits when travelling edge-on through a stationary fluid. The solution to this problem

has been given in [5]. The presented procedure produces the solution for an arbitrary ellipsoid,

which can easily be adapted to that of a flat disk. The surface of the ellipsoid is given by

x2

a2
+
y2

b2
+
z2

c2
= 1 (7.26)

Where a, b, and c represent the semiaxes in the x, y, and z directions respectively. We are able

to switch reference frames and handle the case where fluid streams past a stationary ellipsoid at a
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constant velocity U in the x direction. Assuming a very low Reynold’s number (Re << 1) the flow

is then governed by the 3-D form of the Navier-Stokes equations for creeping flow

µ∇2u−∇p = 0 (7.27)

The relevant form of the continuity equation is

∇u = 0 (7.28)

Lamb’s solution begins with a solution to Laplace’s equation which, on the surface of the ellip-

soid, reduces to a constant. This is presented in the form of the gravitational potential for a solid

homogeneous ellipsoid of unit density. The derivation of this equation can be found in multiple

references including by Chandrasekhar [18]. Lamb references this as Dirichlet’s formula

Ω = πabc

ˆ ∞
λ

(
x2

a2 + λ
+

y2

b2 + λ
+

z2

c2 + λ
− 1

)
dλ

4
(7.29)

where

4 =
√

(a2 + λ) (b2 + λ) (c2 + λ) (7.30)

The lower limit of integration is defined as the positive root of

x2

a2 + λ
+

y2

b2 + λ
+

z2

c2 + λ
= 1 (7.31)
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It can be shown that

∂Ω

∂x
= 2παx;

∂Ω

∂y
= 2πβy;

∂Ω

∂z
= 2πγz (7.32)

where

α = abc

ˆ ∞
λ

dλ

(a2 + λ)4
(7.33)

β = abc

ˆ ∞
λ

dλ

(b2 + λ)4
(7.34)

γ = abc

ˆ ∞
λ

dλ

(c2 + λ)4
(7.35)

Lamb [5] proceeds in his solution by presenting a second solution to Laplace’s equation represent-

ing the velocity potential for an ellipsoid translating in a frictionless fluid.

∇2χ = 0 is satisfied by χ = abc

ˆ ∞
λ

dλ

4
(7.36)

Assuming the fluid streams with speed U parallel to the x-axis, Oberbeck’s original treatment of

the problem provides us with the velocity profile

u = A
∂2Ω

∂x2
+B

(
x
∂χ

∂x
− χ

)
+ U (7.37)

v = A
∂2Ω

∂x∂y
+Bx

∂χ

∂y
(7.38)

w = A
∂2Ω

∂x∂z
+Bx

∂χ

∂z
(7.39)
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Noting that∇2χ = 0 and∇2Ω = 0 it can be shown that the velocity profile decribed by Eqs. (7.37-

7.39) satisfy continuity (Eq. 7.28). Furthermore, the proper conditions at infinity are satisfied:

u = U v = 0 w = 0 (7.40)

The Laplacians can be shown to be

∇2u = 2B
∂2χ

∂x2
; ∇v = 2B

∂2χ

∂x∂y
; ∇2w = 2B

∂2χ

∂x∂z
(7.41)

therefore Eq. (7.27) is satisfied by taking

p = 2Bµ
∂χ

∂x
+ constant (7.42)

We next establish the values of A and B by imposing the no-slip condition at the surface of the

ellipsoid. The conditions v = 0, w = 0 require

[
2πA

dα

dλ
+B

dχ

dλ

]
λ=0

= 0 ⇒ 2π
A

a2
+B = 0 (7.43)

Using this relation, the condition that u = 0 on the surface reduces to

2πAα0 −Bχ0 + U = 0 (7.44)
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Where the subscript 0 denotes that the lower limit of integrals Eq. (7.33) and Eq. (7.36) are

replaced by zero. Therefore

πA = −1

2
Ba2, B =

U

χ0 + α0a2
(7.45)

At a great distance r from the origin, we have

Ω = −4

3
π
abc

r
, χ = 2

abc

r
(7.46)

Lamb notes that, upon comparison with Stokes’ law for the velocity field produced by movement

of a fluid past a sphere, the disturbance is equivalent to that produced by a sphere of radius R

determined by

3

4
UR = 2abcB or R =

8

3

abc

χ0 + α0a2
(7.47)

The resistance experienced by the ellipsoid is equivalently

6πµRU (7.48)

This leaves only the task of evaluating the integrals

χ0 = abc

ˆ ∞
0

dλ

4
(7.49)

α0 = abc

ˆ ∞
0

dλ

(a2 + λ)4
(7.50)

43



For a circular disk oriented edge-on into the fluid Lamb [5] presents the solution

R =
16

9

a

π
(7.51)

where a is the radius of the disk. Combining this result with Eq. (7.48) leads to

F =
32µaU

3
(7.52)

Redefining Eq. (7.52) as a velocity spreading resistance and noting that the force acting on one

side of the disk is precisely 1/2|F | as per Enright et al. [1] we find

Rs,v =
2U

|F |
=

3

16µa
(7.53)
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