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ABSTRACT

This paper presents Hierarchical Bayesian model updating of a 10-story building model based on the identified modal
parameters. The identified modal parameters are numerically simulated using a frame model (exact model) of the considered
10-story building and then polluted with Gaussian white noise. Stiffness parameters of a simplified shear model -
representing modeling errors - are considered as the updating parameters. In the Hierarchical Bayesian framework, the
stiffness parameters are assumed to follow a probability distribution (e.g., normal) and the parameters of this distribution are
updated as hyperparameters. The error functions are defined as the difference between model-predicted and identified modal
parameters of the first few modes and are also assumed to follow a predefined distribution (e.g., normal) with unknown
parameters (mean and covariance) which will also be estimated as hyperparameters. The Metropolis-Hastings within Gibbs
sampler is employed to estimate the updating parameters and hyperparameters. The uncertainties of structural parameters as
well as error functions are propagated in predicting the modal parameters and response time histories of the building.

Keywords: Hierarchical Bayesian; FE model updating; response prediction; modeling errors; uncertainty quantification and
propagation.

1. Introduction

Finite model (FE) is often used to predict the response of built structural systems; however, even complicated and
detailed FE model cannot provide the same structural response as its measured counterpart. This response prediction
discrepancy can be mitigated and minimized by FE model updating method [1]. FE Model updating method was first applied
in a deterministic manner in which model’s parameters are calibrated to match model-predicted data features with measured
counterparts through an optimization process, then “optimized” model can be obtained. This deterministic model updating
approach has provided many successful applications due to the simple application nature [2-5]. However, effective
parameters (e.g., stiffness, mass) of structural systems, especially for civil structures, have been found to show evident
variability due to the changing in-service environment such as wind excitation, temperature, rain, and human activity [6-8].
This variability in modeling parameters is referred as “inherent variability” in this study and is separated from other sources
of uncertainties such as measurement noise and identification errors. Presence of the inherent variability in structural
parameters conflicts with the concept of a unique solution for the “optimized” model. Therefore, it is preferred to perform
model updating in a probabilistic manner.

Bayesian model updating based on Bayesian inference is one of the most common approaches for probabilistic model
updating. Bayesian approach has many advantages over the deterministic method, including uncertainty quantification of
model parameters, uncertainty propagation in response prediction and model class selection [9, 10]. Some successful
applications of this method for structural model updating can be found in [11-15]. However, many of the previous studies
neglect the inherent variability of structural parameters due to changing ambient and environmental condition (which may or
may not be significant based on the structure and varying conditions) and consider the main sources of uncertainties as
measurement noise and identification errors. The limitations of the classical Bayesian model updating formulations have been
discussed by the authors in [16] and show that the model parameters’ uncertainties can be decreased unlimitedly by feeding
more and more datasets into the process, which is not expected for civil structures. Note that this limitation is specific to civil
structures where the modeling parameters show inherent variability due to changing in-service conditions. The Hierarchical
Bayesian model updating is capable of estimating the structural inherent variability, measurement noise and modeling error
by introducing and updating hyperparameters. Several pioneering applications have been made recently and its advantage



over classical Bayesian approach has been demonstrated [17-22]. FE models calibrated through Hierarchical Bayesian
approach are capable of predicting structural response more accurately by accounting for and propagating the inherent
variability, measurement noise and modeling errors.

This paper presents a Hierarchical Bayesian model updating framework and an application to a numerical 10-story
building model. The inherent variability in structural stiffness parameters are considered as hyperparameters in the
Hierarchical Bayesian model. Metropolis-Hastings (MH) within Gibbs sampling method is used to sample the posterior
conditional probability density functions (PDFs) since the posterior joint PDF cannot be evaluated analytically. A 10-story
frame building model is built and used to generate modal parameters which are used as “identified” datasets for model
updating. Then a simplified 10 degree-of-freedom (DOF) shear building model is created and calibrated using the proposed
model updating strategy. Due to the presence of modeling error in this application, the error function covariance matrix was
overestimated to account for error bias. This prompts a second model updating process with non-zero mean error function.
The modal parameters and displacement/acceleration time history predictions of calibrated model are significantly improved
through the second model updating process.

2. Hierarchical Bayesian model updating framework
2.1 Formulation of Hierarchical Bayesian model updating

The real-world civil structures always show inherent variability in the structural stiffness and mass, due to the changing
in-service environmental conditions, including wind excitation, rain, temperature and human’s activities. In this paper, only
the inherent variability in structural stiffness is considered, but the proposed Hierarchical Bayesian model updating
framework has the capability to estimate the inherent mass variability (mainly due to human activity) as well in a similar
manner.

Fig. 1 presents the proposed Hierarchical Bayesian model. The changing in-service condition causes the variability in
structural stiffness, which in turn causes the uncertainty in identified modal parameters, e.g., natural frequencies and mode
shapes. In addition to this inherent variability, other sources of uncertainties exist in the modal parameters identification
process, including measurement noise and identification error. The changing in-service condition is modeled as
hyperparameters of a representative dynamic model of the real structure. For civil engineering structures, based on past

studies and author’s experience, Gaussian distribution with mean p, and covariance matrix X, is considered as a reasonable
distribution for the stiffness vector 0, of the dynamic model. Error function is defined as the difference between model-

predicted modal parameters with their identified counterparts, and it is assumed to follow a Gaussian distribution with mean
., and covariance matrix X, .
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Fig. 1 Graphical representation of the proposed Hierarchical Bayesian model

If there is no modeling error in the dynamic model, the variability of error function only comes from the noise, then it is
reasonable to assume p, =0, as shown in Eq. (1):



e,
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where e, is the error function for dataset t, including two parts: eigen-frequency error e; and mode shape error e,, , which
are vectors and consist of errors for different modes. The errors for each mode are defined as:
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in which, the subscript m refers to mode number, A (4, =(2zf_)?, where f_ is identified natural frequency in Hz) and
@, are identified eigen-frequency and mode shape in dataset t, 2 (0,)and ®_(0,) are model-predicted counterparts. T'is
called picking matrix, which picks the corresponding components of ®,_(0,) and makes it comparable with (i)[m. a, isa
scaling factor, and defined in Eq. (4). Note that, in the case that modeling error exists, the assumption of p, =0 might be
violated, which can be overcome by a second model updating process with non-zero p, evaluated from the first model

updating process, see the application in Section 3. The reason why p, is not updated with other model parameters is that, it
might cause convergence issue due to the potential compensation effect between p, and p, .

The X, is covariance matrix and assumed to be a diagonal matrix which means no correlation between different error
function components, as shown in Eq. (5):

2 (5)

Note that, the full matrix X, can also be considered and updated in this framework.

Based on Bayes’ theorem, the posterior probability function is proportional to the product of likelihood function and
prior function, Eq. (6) can be derived straightforward:
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Eq. (7) can be derived from Eq. (6) based on the fact that the identified modal parameters only depend on the structural
stiffness 0, and the error function, therefore, the condition on hyperparameters p,, X, can be dropped. Since the structural

stiffness only depend on its hyperparameters, therefore, the condition on X, can be dropped and by assuming p,, X, X, are
independent in their joint prior distribution, Eq. (8) is readily derived from Eq. (7).

In the case that multiple datasets are available, by assuming that all datasets are independent and structural stiffness at
different time instants is independent, Eq. (9) can be derived:
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number of datasets.



To simply the formulation process, uniform prior distribution is used for p, and conjugate prior distributions are used
for £, and X, (o7 ):

p(py) <1 (10)
~ Inverse-Wishart(Z, ,v;) (12)
o, ~ Inverse<x*(v,, o7 ) (12)

in which, X, ,v;, v,,0¢ are parameters of the prior distributions. There are no universal optimal values for them, and should

be adjusted based on specific applications. The posterior distribution function is the compromise of the likelihood function
and prior functions; therefore, these parameters of prior distributions always have impact on the final posterior distribution.
Careful selection and tuning these parameters based on prior knowledge is recommended, and if the total number of datasets
is large enough, the effect of likelihood function should dominate and the impact of prior distribution can be minimized.

The joint posterior distribution can then be derived from Eq. (9) by combining the prior distributions Eq. (10-12) and the
assumed likelihood functions:
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where N is the number of components in stiffness vector 6, N, is the number of components in error function e, which

is equal to (1+N_)N_, and N, and N, denote number of identified modes and number of components in each identified
mode shape, respectively.

2.2 Metropolis-Hastings within Gibbs sampling

The joint posterior probability function Eg. (13) cannot be evaluated analytically, since it is only known to a scaling
factor and needs multiple integrations to obtain the scaling factor. Markov Chain Monte Carlo (MCMC) method is a
stochastic sampling method and can be used to generate samples from Eq. (13). Gibbs sampling method is one of the MCMC
algorithms and is usually more efficient than Metropolis-Hastings (MH) algorithm, due to its high sample acceptance ratio
(100%), but it requires deriving all the posterior conditional PDFs. Posterior conditional PDFs are not always available and
depend on the specific applications. For this study, thanks to the conjugate prior distributions used, the posterior conditional
PDFs are derived and listed below:
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Gibbs sampling method samples only one parameter each step. There are multiple ways to decide the order of parameters
to sample, either random choose one parameter each time, or sample the parameters in turn recurrently. In this study, the
parameters are sampled in order ® —»p, - X, > X, recurrently. The sampling of Eq. (16) requires another MCMC
algorithm since its full analytical expression is unknown and MH algorithm is applied here. The proposal distribution in MH
algorithm is chosen as a normal distribution whose covariance matrix is adjusted to keep the acceptance ratio at a level
recommended by [23]. Eq. (17-19) can be sampled directly since they are standard distributions. Therefore, MH within Gibbs
sampling method is used to sample the derived posterior conditional PDFs in this study. Note that, each sample generated by

MH within Gibbs contains all the updating parameters, i.e., @,p,,%,, %, .

3. Application to a 10-story building model
3.1 Description of the 10-story building model

For the purpose of verification and demonstration, the proposed Hierarchical Bayesian model updating framework is
applied to a 10-story frame building model (the exact model) shown in Fig. 2(a). Blue dots denote the considered
accelerometers, i.e., measurements. The building foundation is constrained in horizontal and vertical direction and has

rotational springs to constrain the rotation. The stiffness of the rotational spring is k, =2x10° kN/m, story height is 3 m
throughout the building, width of the building is 10 m, and the mass of each slab is 4x10° kg . The considered member sizes

and material properties are summarized in Table 1. The Young’s modulus of each structural member is assumed to follow a
Gaussian distribution with means and standard deviations summarized in Table 1. The stiffness of each structural member is
assumed independent, but the stiffness of two columns on the same story is assumed to be equal.

Table 1. Member sizes and material properties of 10-story frame building model

Structural members Cross-section (mxm) Young’s modulus (GPa)
Mean Std
Story (1-3) 0.3x0.3 50 3
Columns Story (4-6) 0.25x0.25 40 2
Story (7-10) 0.2x0.2 30 1
Slabs (all stories) 0.5x0.5 25 1

Based on the assumed Gaussian distribution of material properties, 100 datasets of modal parameters are generated. The
frame model is used to generate the exact modal parameters which are then polluted with Gaussian white noise to simulate
the “identified data™ for the purpose of model updating. The added noise level is 0.5% in coefficient-of-variation. In the
identified data, only first three modes are considered (assuming other modes are not identified), and only the mode shape
components corresponding to the accelerometers (blue dots) are considered, i.e., at stories 2, 4, 6, 8 and 10. Note that, the
accelerometers are assumed to have only horizontal measurement. The histograms of the 100 sets of “identified” natural
frequencies for the first three modes are shown in Fig. 3. The first three mode shapes of the frame building model (all
members at their mean stiffness) are shown in Fig. 4.

A 10 DOF shear building model is considered to represent the building for the purpose of introducing modeling error, as
shown in Fig. 2(b). The base of the shear building is considered as fixed, slabs are assumed to be rigid, and the columns are
grouped into three substructures (story 1-3, 4-6 and 7-10 as shown in Fig. 2(b)), with three updating parameters &, ~ 6,
assigned for the Young’s modulus of the substructures. The grouping strategy or substructuring is often adopted in real
structural applications to reduce the number of parameters and avoid the potential ill-condition of the inverse problem, but it
will introduce additional modeling errors into the problem due to the smearing effect of grouping.
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Fig. 4 First three mode shapes of the 10-story frame building model

3.2 Model updating with p, =0

The proposed Hierarchical Bayesian model updating framework is applied to estimate the stiffness parameters

0=[6, 6, 93]T and the associated hyperparameters of the 10 DOF shear building model using the “identified” modal
parameters. The parameters of prior distributions in Eq. (11-12) are chosen as:
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The proposed MH within Gibbs sampling method is used to sample the derived conditional posterior PDFs Eq. (16-19).
It is found that 20,000 samples are large enough to provide sample statistics with desired precision, and the first 5000
samples are discarded as burn-in samples. Burn-in strategy provides better sample estimate of updating parameters by
discarding the initial few transitional samples. The samples of p, and X, (o-gl) (after burn-in) are shown in Fig. 5. Note that,
for X, only standard deviations o, of each updating parameter is shown here. It can be observed that, the samples are
distributed similar to Gaussian distributions.
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Fig. 5 Samples of p, and X,(c,) (after burn-in)

After the samples are generated, sample statistics (e.g., sample mean, mode, standard deviation) can be derived
accordingly. Note that sample mode is also referred as maximum-a-posteriori (MAP) value. The MAPs are evaluated as the
parameters’ values which maximize the kernel PDFs derived from the samples. The histograms and kernel PDFs of p, are
shown in Fig. 6. Note the kernel PDFs are normalized such that their peaks (MAPs shown as black dots) have the same
height of the highest bins of the histograms. It can be observed that the samples of p, seem to follow a Gaussian distribution.
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Fig. 6 Histograms and kernel PDFs of p, (after burn-in)

The MAPs of p,, X (0, p;), (o, ) are reported in Table 2. For &, , the corresponding component of error function

is shown in parenthesis. 4 refers to the eigen-frequency error component, and ¢ refers to the mode shape error



component, i.e., component i of mode shape j. From Table 2, it can be observed that /4, and &, are smaller than the actual

mean and standard deviations shown in Table 1. This can be due to (a) the smearing effect of grouping strategy which
neglects the independence of members stiffness values resulting in underestimation of &, , and (b) the modeling errors in the

shear building model cause underestimation of /&, . The p; are accurately estimated close to zero. The &, are generally

estimated larger than the added Gaussian white noise level, i.e., 0.5% for &,(4,) and 6,(4;), mainly due to the modeling
error of the shear building model.

Table 2. MAPs of Hierarchical model updating with p, =0 and p, #0 , and evaluated p,

MAPs of updating parameters With p, =0 With p, #0
m 21.85 21.85
f, (GPa) Ay, 23.23 23.31
Ly, 24.72 24.67
6, (GPa) 0.48 0.49
&, (GPa) 0.49 0.50
£,(6,.5,) Gy, fGPa) 0.40 0.36
Po 0.01 -0.12
P 0.10 0.03 p, (Evaluated)
Do 0.11 -0.10 (x107?)
6.(4) 25.1 5.9 -2.36
6.(4) 0.8 7.7 0.01
6.(4,) 55.0 10.0 5.39
G.(d,) 0.8 0.5 -0.02
A, 5.4 2.8 0.47
AT 2.0 2.7 0.08
S.(¢1) 35 2.7 -0.22
AT 2.1 2.2 0.01
%,(6,) . (¢,) 6.3 4.2 0.45
(x10%) AT, 5.9 5.6 -0.21
6.(¢,) 5.4 4.1 0.37
6.(¢4,) 8.1 8.1 -0.06
G.(¢,) 6.2 5.3 0.37
G, (¢5) 21.9 12.7 1.63
6.(¢,5) 5.4 5.1 0.07
6. (¢3) 14.6 7.2 -0.92
6.(¢,3) 12.0 6.4 0.90
AU 9.8 9.5 -0.20

Based on the definition of error function in Eq. (2-3), the model-predicted modal parameters can be evaluated from Eq.
(23-24):

ﬂ"tm = ﬂm (01) + lm (01 )eﬂm‘ (23)
b, _, T®,0) o
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in which, 0, represents the Young’s modulus of the three substructures in the shear building model and follows a normal
distribution @, ~ N(ji,, £,) . Eigen-frequency error e
e, ~N(,L%,).

... and mode shape error e, follow a zero-mean Gaussian distribution

The comparison between the calibrated shear building model prediction of natural frequencies (400 predictions) and
simulated “identified data” is shown in Fig. 7. The black dots correspond to the same 100 data points used in the model
updating process. It can be observed that the calibrated model predicted natural frequencies cover the scatter of actual data

but they provide a much larger variability as shown in the estimated )ie at Table 2. It is also observed that the centers of two

clouds (black vs gray) are not aligned, especially for modes 1 and 3, indicating bias in error function. Based on this
observation, another model updating is performed in the following section where p, =0 is considered and its value is
estimated.
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Fig. 7 Comparison of natural frequencies of calibrated model (p, =0) with data

3.3 Model updating with p, #0

In this section, the model updating process is repeated with p, =0 to account for the observed bias in error functions. p,
is evaluated from Eq. (25):

lle ::___-jzzet (255)

where &, is equal to the error function evaluated from Eq. (2-3) using ﬁt obtained from section 3.2. The calculated p, is
shown in

The model updating with p, =0 follows almost the same process, except for the following minor modification made for
Eq. (14) and (21):

1 1

J., :_E(et —1,) E e, —n,) Before: Eq. (14): J, :—EefZe’le[ (26)
1 N 2 . . 1 . 2

V, :N_E (e, — ) Before: Eq. (21): V, = N > e (27)

t t=1 t t=1

The MAPs of model updating with p, =0 are summarized and compared with previous process in

. It can be seen that, fi, and ¥, do not show significant change. However, £, is reduced for most of the components,
especially for 6,(4,) and 6.(4,), and the values for &,(4, ~ A;) are closer to the added white noise level, i.e., 0.5%. The



comparison between model predicted natural frequencies (400 predictions) from calibrated model (p, #0) with simulated

data is shown in Fig. 8. It can be observed that, the predicted natural frequencies match their counterparts very well and there
is tighter fit compared to Fig. 7.
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Fig. 8 Comparison of natural frequencies of calibrated model (p, = 0) with data

4. Time history predictions

The calibrated shear models are used to predict the dynamic response of the building to a small magnitude earthquake.
The selected ground motion is the record at Antrodoco station during the 2009 L’ Aquila Italy earthquake. The acceleration
record of this earthquake is shown in Fig. 9. The response time history is estimated using modal superposition and the
uncertainty of model parameters (p,,X,)as well as errors (p,,X,) are propagated in the predicted time histories. Note that
only contributions of the first three modes are considered in the predictions which introduces another source of error in
predictions. The modal parameters are obtained using Eq. (23-24), with two cases of error function e, (u, =0 and p, #0).

The error function e, only includes the error for mode shape components at story 2, 4, 6, 8 and 10 (i.e., location of sensors).
For time history predictions at other stories, the maximum value of &,(4 ;) (i=1..5, j=12,3) is selected and used, and
u, =0 is always used for unknown mode shape components. The predicted response is also sensitive to the variability-

uncertainty of modal damping ratios, therefore, a coefficient-of-variation of 30% is assumed for the first three modal
damping with mean values of 2% (for predictions from the exact model, 2% damping ratios without variability is assumed for
all the modes). Note that this variability can be obtained from system identification results from experimental data.

The comparisons of predicted displacement/acceleration time histories from the exact model and calibrated models are
shown in Fig. 10 and Fig. 11 for story 10 and 9, respectively (note that there is sensor on story 10, but no for story 9). The top
and bottom graphs in each figure show the predictions from calibrated model with p, =0 and p, =0, respectively. The red
and blue shaded areas refer to predictions from the calibrated models and exact model, respectively. The shaded areas denote
the 95% confidence interval of predictions. The red and blue center lines in the middle of shaded areas show the median
values of predictions. The variability in the exact model prediction comes from the underlying probability distribution of
material properties (Table 1). From Fig. 10 and Fig. 11, it can be observed that, the predictions from both calibrated models
(p,=0andp, =0) are capable of covering the variability and range of their counterparts from exact model for both

measured location (story 10) and un-measured location (story 9), but predictions from calibrated model with p, =0 show
smaller variability and match the results of exact model better.
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5. Conclusions

This paper presents a Hierarchical Bayesian model updating framework and an application to a 10-story building model.
Hierarchical Bayesian model updating algorithm has the capability of estimating the inherent variability in structural
parameters by introducing hyperparameters in the dynamic model. MH within Gibbs sampling method is used to sample the
posterior conditional PDFs. The application to the 10-story frame building model shows that the calibrated shear building
models are capable of predicting modal parameters and displacement/acceleration time histories even though evident
discrepancies can be observed between estimated parameters and their nominal values due to the modeling errors introduced.
The modal parameters and time history predictions are improved significantly through a second model updating process to
account for the observed bias in error function, i.e., p, #0.
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