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Abstract
The mutual synaptic excitation of neurons belonging to the same local network is
termed recurrent excitation. Understanding the effects of recurrent excitation on
the network’s system and their dependence on network parameters is complex. In
this thesis, we study models of neuronal networks with recurrent excitation and
ask what conditions lead to persistent, reverberating activity, and/or high-frequency
runaway activity. We examine those questions by analyzing the parameters in several
neuronal models, creating surfaces that depict the dependence of firing frequency (f )
on external drive (I) and the strength of recurrent excitation (ge ).
The simplest model generates our first f − I − ge surface, the cusp catastrophe.
From here, we increase the complexity of the models, drawing connections between
each subsequent surface. The single-cell models we use are the self-exciting LIF
neuron, the self-exciting theta neuron, the self-exciting, self-inhibiting LIF neuron,
and the self-exciting, self-inhibiting theta neuron. Sudden transitions from low to
high firing frequency are depicted in our surfaces. These abrupt jumps correspond
to runaway transitions.
Following this, we look at medium-sized networks composed of excitatory reduced Traub-Miles pyramidal neurons and inhibitory Wang-Buzsáki interneurons
with NMDA and AMPA receptor-mediated synapses. We numerically analyze the
strong PING rhythms these networks create, as well as weak PING rhythms, both
deterministically and stochastically driven. For the networks, we add recurrent excitation and relate the simulations to what was seen for the single-cell models.
The goal of these analyses is to put a quantitative measure on real biological
phenomena. Firing fueled by recurrent excitation is thought to be the neuronal
basis of working memory. Changes in the frequencies of this firing may be associated
with schizophrenia. Runaway activity may also be related to the onset of seizures.
Throughout this dissertation, the possible biological significance of our mathematical
findings will be discussed.
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10.5 The parameters are the same as in Figure 10.1, with ĝNMDA = 0.6 . . . 112
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EXCITATION
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Chapter 1
Introduction
The field of modern mathematical neuroscience was initiated in the early 1950s, when
Alan Hodgkin and Andrew Huxley wrote a series of papers describing their experiments on the giant axon of a squid [27–31]. In these papers, Hodgkin and Huxley
described their experiments and theory. The result was a biophysical model of the
ionic mechanisms underlying the behavior of action potentials, electrical pulses that
are central to neuronal communication. Since then, many more models of neurons
and neuronal networks have been developed with the Hodgkin-Huxley formalism
as their basis. As more information about the brain is learned, more details are
incorporated into the models.
We study recurrent excitation, in which excitatory cells in a local neuronal network mutually excite each other. Activity generates recurrent excitation, which in
turn generates more activity, and so on. This can lead to a buildup of activity in the
form of higher firing frequencies for all neurons in the network, leading to interesting
behaviors of the firing patterns.
This dissertation is separated into three parts. The first part covers the background. In Chapter 2, the models that are used in this thesis are described, and the
biological terminology that will be used is introduced. In Chapter 3, the classification of neurons based on their firing frequency behavior is discussed, and examples
of model neurons with said classifications are given.
The second part of the dissertation begins the study of recurrent excitation within
networks. Specifically, we focus on the sudden jumps in frequency observed in models with recurrent excitation. This can be from rest to persistent, “reverberating”
activity, or low-frequency firing to high-frequency firing. This part of the thesis begins with Chapter 4, where the simplest single-cell models send excitation back to
themselves. We choose to study linear integrate-and-fire (LIF) neurons and theta
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neurons, as they can be explicitly analyzed. We begin generating our frequency vs.
external drive. vs. strength of recurrent excitation (f − I − ge ) surfaces here.
Chapter 5 then has these models incorporate self-inhibition, as a way to relate
these simple single cells with the more complex networks, where both excitation and
inhibition are present. This leads into Chapter 6, which show our neuronal network
simulations with more realistic model neurons participating. The results in Chapter
6 are connected to the results seen in our analytical results of Chapters 4 and 5.
Finally, the last chapter of Part II, Chapter 7, summarizes the results of Part II and
connects the results seen to real-world neurophysiological applications, such as the
onset of epileptic seizures. Future directions are put forth as well.
Part III of this thesis focuses on the reverberating activity generated by recurrent
excitation, and the behaviors of reverberating activity when it is incorporated into
networks different than the type seen in Chapter 6. In Chapter 6, the networks are
strong PING rhythms, in which the neurons fire on every cycle. PING stands for
“pyramidal-interneuronal network gamma” [58], and these types of rhythms come
about from the interactions between synaptically connected excitatory (E) and inhibitory (I) cells. Chapters 8 and 9 show what happens when weak PING rhythms,
which have been experimentally observed in the brain, have recurrent excitation at
play. In weak PING rhythms, firing of the excitatory neurons is sparse. Chapter
8 uses a deterministically driven weak PING, and Chapter 9 uses a stochastically
driven weak PING. In both Chapters 8 and 9, abrupt transitions are studied.
In Chapter 10, we study some general behaviors of reverberating activity within
a weak PING network. We look at whether recurrent excitation alone can sustain
a weak gamma rhythm, and we also study what happens when recurrent excitation
is instead replaced, to a certain degree, by external drive. Chapter 11 ends Part III
with a summary of the results, and some future directions. The potential connections
to working memory and gamma rhythms seen in schizophrenia are also discussed.
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Part I

Background
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Chapter 2
Models of neurons and neuronal
networks
The brain is composed of approximately 100 billion neurons and potentially an equal
number of non-neuronal glial cells [2]. Throughout the years, many mathematical
models have been designed to model the mechanisms occurring within the brain.
Our interest lies in modeling the electrical behavior of neurons. This chapter serves
to explain the models that will be referred to throughout this thesis, along with a
brief explanation of the biological aspects of a neuron.
Neurons consist of a main body called the soma. Branches come off of the soma,
with dendrites as branches that receive input from other neurons, and an axon branch
that sends signals to other neurons. Figure 2.1 shows these structures.

Figure 2.1: A neuron: the basic structure of a neuron, showing the central cell body
(the soma), the dendrites (leading into the cell body), and the axon (leading away
from it).
Attribution:
By derivative work:
Notjim (talk) Neurone.png:
Looxix at fr.wikipedia (Neurone.png) [GFDL
(http://www.gnu.org/copyleft/fdl.html) or CC-BY-SA-3.0 (http://creativecommons.org/licenses/by-sa/3.0/)], via Wikimedia Commons

Neurons can send or receive signals, and these cause changes in the cells’ electrical
potential. Sometimes these changes can result in a spike, or action potential. The
electrical potential of a neuron is measured relative to the external environment,
and the voltage difference between the exterior side and the interior side of the
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cell membrane is called the membrane potential. As a result of various different
physical effects (in particular diffusion and electrostatics) finding an equilibrium,
neurons at rest have a negative membrane potential. In addition, large, intracellular
macromolecules, such as proteins, cannot cross the cell membrane and are negatively
charged, and also contribute to the negative resting potential. A more extensive
discussion can be found in [34].
Ions that contribute to the activity of neurons include sodium (N a+ ) and potassium (K + ), with potassium having a high concentration and sodium with a low
concentration inside the neuron relative to the outside. Other ions include chloride
(Cl− ), and calcium (Ca2+ ), which both have lower concentrations inside the neuron
relative to the outside. Chloride is the basis of GABAA receptor-mediated inhibition [6, 17, 37], and calcium is the basis of synaptic plasticity [64]. If the neuron is
activated in some way, this can cause ions to flow across the membrane, which in
turn changes the membrane potential. Should the membrane potential reach some
threshold potential, the neuron will fire an action potential.
Physiologically, when a neuron reaches threshold potential, sodium ions rush into
the neuron via sodium channels, and the neuron’s membrane potential becomes more
positive, or, depolarizes. This is the upward portion of the action potential. Potassium channels open later, and when they do open, potassium rushes out of the cell
through potassium channels, reversing the depolarization. Sodium channels close
around this time, and all of this causes the membrane potential to go back toward
the resting membrane potential (called repolarization), which is around -70 mV. This
is the downward portion of the action potential. The action potential actually overshoots and goes lower than the resting membrane potential, a hyperpolarization due
to the potassium channels taking longer to close. The neuron’s membrane potential
gradually returns to its resting levels as the ion channels return to their equilibrium configurations. In the period of time immediately following a spike, the neuron
cannot be made to spike again. This period of time is called the refractory period.
The following models describe the changes in membrane potential over time and
the dynamics of the action potential. For more detail, see for instance [7].
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2.1

The classical Hodgkin-Huxley ODEs

The classical Hodgkin-Huxley ODEs underlie most of theoretical neuroscience. This
section will go over the model, without going into the history of its development
(which is actually quite interesting). We have a set of equations that describe how
the neuron’s membrane potential, v, measured in millivolts (mV), evolves with time.
The system of ODEs are as follows:

C

dv
= g Na m3 h(vNa − v) + g K n4 (vK − v) + g L (vL − v) + I,
dt
dx x∞ (v) − x
=
for x = m, h, n.
dt
τx (v)

(2.1)
(2.2)

In order to explain Equation 2.1, we write it as

C

dv
= INa + IK + IL + I.
dt

(2.3)

Here C is a constant capacitance, IX = gX (vX − v) with X=Na, K, L, and
gNa = g Na m3 h,

(2.4)

gK = g K n4 ,

(2.5)

gL = g L ,

(2.6)

where g Na , g K , and g L are constant conductances and m, h, and n are time-dependent
dimensionless quantities varying between 0 and 1. We call m, h, and n gating
variables.
The four currents are as follows: a sodium current (INa ), a potassium current
(IK ), a leak current (IL ) carried by chloride and other ions, and an externally applied
current (I).
Given the external and internal concentrations for an ion, there is a nonzero
membrane potential needed to balance diffusional effects with electrostatic effects
in order for the ion flow to reach its equilibrium state. This membrane potential is
called the Nernst potential, and vNa and vK are the Nernst potentials of sodium and
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potassium, respectively. The value vL is a weighted average of the Nernst potentials
of the ions that are part of the leak current, primarily chloride. We refer to vNa , vK ,
and vL as the reversal potentials of their respective flows from now on.
Here, τx is a positive time constant. From Equation 2.2, we see that if v is fixed
in time, x(t) converges to x∞ exponentially with time constant τx . We define x∞
and τx first by noticing that Equation 2.2 can be rewritten as
dx
= αx (v)(1 − x) − βx (v)x.
dt

(2.7)

The relation between αx , βx , and x∞ , τx is

αx =

x∞
,
τx

βx =

1 − x∞
.
τx

Hodgkin and Huxley experimentally found the following formulas for αx and βx ,
measured in ms−1 , as functions of v:

αm (v) =

(v + 45)/10
,
1 − exp(−(v + 45)/10)

βm (v) = 4 exp(−(v + 70)/18),

αh (v) = 0.07 exp(−(v + 70)/20),
αn (v) =

1
,
exp(−(v + 40)/10) + 1
1
βn (v) = exp(−(v + 70)/80).
8
βh (v) =

1
v + 60
,
100 1 − exp(−(v + 60)/10))

Figure 2.2 shows the functions x∞ (v) and τx (v).
We have considered C as capacitance, g Na , g K , and g L as conductances, and
I as a current. If we divide both sides of Equation 2.1 by the total membrane
area, however, we see that we can equivalently consider C, g Na , g K , g L , and I as
capacitance, conductance, and current densities. With this, we now specify the
constants of the model for completeness:

C = 1 µF/cm2 ,

vNa = 45 mV,

g Na = 120 mS/cm2 ,

vK = −82 mV,

g K = 36 mS/cm2 ,

vL = −59 mV,

g L = 0.3 mS/cm2 .
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Figure 2.2: The functions x∞ (v) and τx (v), x = m, h, and n, in the Hodgkin-Huxley
model.
C is the capacitance density with unit µF/cm2 = 10−6 F/cm2 , where F stands for
farad: F = C/V (C is Coulomb, the unit of electric charge, and V is volt, the unit of
electric potential). g X is the conductance density with unit mS/cm2 = 10−3 S/cm2 ,
where S stands for siemens (unit of conductance): S = A/V = C/(sV), and A for ampere (unit of current): A = C/s. Thus, the unit of I, the current density, compatible
with measuring conductance density in mS/cm2 and membrane potential in mV, is
mS/cm2 ×mV=µA/cm2 .
Figure 2.3 shows a voltage trace for the classical Hodgkin-Huxley neuron.
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Figure 2.3: A voltage trace of the classical Hodgkin-Huxley neuron with I =
10 µA/cm2 .
For a detailed explanation behind the development of these ODEs, consult [28].
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2.2

Linear integrate-and-fire (LIF) neurons

With the linear integrate-and-fire neuronal model [39], we assume the ionic conductances, as originally described by the Hodgkin-Huxley ODEs, are constant as long
as the neuron does not fire. A spike is triggered if the membrane potential rises to
a certain threshold voltage, and the process of spike generation is not modeled. The
Hodgkin-Huxley model of Equation 2.1 with constant ionic conductances is

C

dv
= gNa (vNa − v) + gK (vK − v) + gL (vL − v) + I.
dt

(2.8)

If we take
τm =

C
gNa + gK + gL

and
veq =

gNa vNa + gK vK + gL vL
,
gNa + gK + gL

we can rewrite Equation 2.8 as
dv veq − v I
=
+ .
dt
τm
C

(2.9)

This is supplemented by the reset conditions

v(t + 0) = vres if v(t − 0) = vthres .

(2.10)

The reset conditions say that if the left-sided limit of v at t is equal to some threshold
value, the right-sided limit of v at t will be reset to the reset potential.
We shift and scale the voltage in Equation 2.9 to reduce the number of parameters
in the model. v is now a non-dimensionalized membrane potential, where 0 ≤ v ≤ 1.
The reset potential is now 0, and the threshold value is now 1. The model for the
LIF neuron is as follows:
dv
v
=−
+ I,
dt
τm

(2.11)
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v(t + 0) = 0 if v(t − 0) = 1.

(2.12)

When an external current, I, is applied, v(t) will increase until it reaches the threshold voltage of 1 and then reset to 0. In this model, the past is forgotten with
each reset following a spike. Here, τm is the membrane time constant, measured in
milliseconds (ms), and I is measured in reciprocal time.
One reason for using the simplified Equation 2.11 is that it can be solved easily.
If v(t) satisfies Equation 2.11 and v(0) = 0, then

v(t) = (1 − e−t/τm )τm I.

(2.13)

v(t) eventually reaches the threshold voltage of 1 if and only if τm I > 1, that is,
I > 1/τm . We call this value the threshold drive. If I is above threshold drive, the
time it takes for v(t) to reach 1 is

T = τm ln

τm I
.
τm I − 1

(2.14)

Figure 2.4 shows the voltage trace for the linear integrate-and-fire neuron.
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Figure 2.4: A voltage trace of the LIF neuron with τm = 10 ms and I = 0.11 µA/cm2 .

2.3

Theta neurons

The theta neuron is derived from the quadratic integrate-and-fire (QIF) neuron,
which modifies the LIF neuron model so that the subthreshold voltage traces have
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an inflection point. The QIF neuron model is as follows:
dv
v
= − (1 − v) + I,
dt
τm
v(t + 0) = 0 if v(t − 0) = 1.

(2.15)
(2.16)

As with the LIF neuron, v is a non-dimensionalized membrane potential between 0
and 1, t and τm are dimensional times measured in milliseconds, and I is a reciprocal
time.
The right-hand side of Equation 2.15 is positive for all v if and only if I > 1/(4τm ).
We can see this if we set

−

v
(1 − v) + I > 0,
τm

which can be rewritten as

v 2 − v + Iτm > 0.
The left-hand side is simply a parabola with its vertex at ( 12 , − 14 + Iτm ). In order for
− 14 + Iτm to be positive, I must be greater than 1/(4τm ).
Equation 2.15 can be solved explicitly. If I > 1/(4τm ) and v(0) = v0 , then
√
1
v(t) = +
2

√

1
τm I − tan (
4

τm I − 1/4
v0 − 1/2
t + arctan √
).
τm
τm I − 1/4

(2.17)

Notice that Equation 2.17 is the solution to Equation 2.15 for any v0 between −∞
and +∞. In fact,

lim v(t) = −∞ and lim v(t) = +∞,

t→t−

t→t+

where
τm
π
v0 − 1/2
t± = √
( ± − arctan √
).
2
τm I − 1/4
τm I − 1/4

(2.18)
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Although for the QIF neuron, v is between 0 and 1, we modify the reset conditions
(2.16) to be

v(t + 0) = −∞ if v(t − 0) = +∞.

(2.19)

By doing so, we can now use the change of coordinates,

v=

1 1
θ
+ tan ,
2 2
2

(2.20)

to get the theta neuron model, as follows:
cos θ
dθ
=−
+ 2I(1 + cos θ),
dt
τm

(2.21)

θ(t + 0) = −π if θ(t − 0) = π.

(2.22)

This model was first proposed by Ermentrout and Kopell [20], who used τm = 1/2.
Notice that Equation 2.21 is periodic with period 2π, so the discontinuous reset of
Equation 2.22 is unnecessary, and we can solely use Equation 2.21. The simplicity
of the model allows for closed-form solutions and fixed-point analysis.
It is easier to understand the theta neuron by thinking of the unit circle, where
Equation 2.21 describes the motion of a point along the circle. See Figure 2.5. For
I < 1/( 4τ m )

I = 1/( 4τ m )

I > 1/( 4τ m )

Figure 2.5: Motion on the unit circle described by Equation 2.21.
I > 1/(4τm ), the right-hand side of Equation 2.21 is positive for all θ. Thus, the
motion of the point is counter-clockwise on the unit circle, with no fixed points
(right circle in Figure 2.5). For I < 1/(4τm ), the right-hand side of Equation 2.21 is
zero at
θ± = ± arccos

2Iτm
.
1 − 2Iτm
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These are two fixed points, with a stable fixed point at θ− = (cos θ− , sin θ− ) and an
unstable fixed point at θ+ = (cos θ+ , sin θ+ ) (the leftmost circle in Figure 2.5). When
I approaches 1/(4τm ) from below, the two fixed points approach each other and
merge when I = 1/(4τm ). There is then a semi-stable fixed point at (1, 0) (the center
circle of Figure 2.5).
Plotting the quantity 1 − cos θ as a function of time in Figure 2.6, we see fairly
narrow periodic spikes, reaching their maxima when θ = π mod 2π.
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Figure 2.6: Periodic firing of the theta neuron, with τm = 1/2 and I = 0.505.

2.4

Reduced Traub-Miles (RTM) pyramidal neurons

The reduced Traub-Miles neuron is a simplification of the classical Hodgkin-Huxley
model, with different parameter values and different functions αx and βx . Here
we slightly modify the model by Ermentrout and Kopell [21], which in turn was
a simplification of the model by Traub and Miles [57], and is used to describe a
pyramidal excitatory cell. The constants are

C = 1 µF/cm2 ,

vNa = 50 mV,

g Na = 100 mS/cm2 ,

vK = −100 mV,

g K = 80 mS/cm2 ,

vL = −67 mV,

g L = 0.1 mS/cm2 .

The functions αx and βx are

αm (v) =

0.32(v + 54)
,
1 − exp(−(v + 54)/4)

αh (v) = 0.128 exp(−(v + 50)/18),

0.28(v + 27)
,
exp((v + 27)/5) − 1
4
βh (v) =
,
1 + exp(−(v + 27)/5)
βm (v) =

15
0.032(v + 52)
,
1 − exp(−(v + 52)/5))

αn (v) =

βn (v) = 0.5 exp(−(v + 57)/40).

The equations are of the classical Hodgkin-Huxley form, Equations 2.1 to 2.2;
however, since τm is very small compared to other time constants in the model here,
we set m = m∞ (v). Voltages are in mV and the αx and βx are in ms−1 . Figure 2.7
shows the graphs of x∞ and τx for x = m, h, n. Figure 2.8 shows the voltage trace
with I = 1.5 µA/cm2 .
m ∞ (v)

1

0.5

0
−100

−50

0

50

τ h [ms ]

h ∞ (v)

1
0.5

0
−100

−50

0

50

2
−50

0

50

−50

0

50

2

τ n [ms ]

n ∞ (v)

4

0
−100

1
0.5

0
−100

6

−50

0

50

1

0
−100

v [mV]

v [mV]

Figure 2.7: Graphs of x∞ and τx for x = m, h, n.
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Figure 2.8: Voltage trace of the RTM neuron with I = 1.5 µA/cm2 .

2.5

Wang-Buzsáki (WB) inhibitory interneurons

The Wang-Buzsáki model, first described in [63], describes a fast-firing, PV+ inhibitory basket cell. The WB model has the same form as the RTM model, with
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constants

C = 1 µF/cm2 ,

vNa = 55 mV,

g Na = 35 mS/cm2 ,

vK = −90 mV,

g K = 9 mS/cm2 ,

vL = −65 mV,

g L = 0.1 mS/cm2 ,

and functions

αm (v) =

0.1(v + 35)
,
1 − exp(−(v + 35)/10)

βm (v) = 4 exp(−(v + 60)/18),

αh (v) = 0.35 exp(−(v + 58)/20),
αn (v) =

5
,
1 + exp(−0.1(v + 28))

βh (v) =

0.05(v + 34)
,
1 − exp(−0.1(v + 34))

βn (v) = 0.625 exp(−(v + 44)/80).

Figure 2.9 shows the graphs of x∞ and τx for x = m, h, n. Figure 2.10 shows
the voltage trace with I = 0.75 µA/cm2 . Notice that for the Wang-Buzsáki voltage
trace, the hyperpolarization after an action potential is much less pronounced than
the hyperpolarization following an action potential of the RTM neuron. However,
we note that in other experiments, the hyperpolarization in the interneurons is in
fact more pronounced than in the pyramidal cells [55].
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Figure 2.9: Graphs of x∞ and τx for x = m, h, n.
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Figure 2.10: Voltage trace of the WB neuron with I = 0.75 µA/cm2 .

2.6

Synapses

Here, we change direction to discuss the models by which neurons communicate with
each other. The models in this section are in the context of neuronal networks.
In the brain, information from one neuron is transmitted to another neuron across
a synapse, which is a small gap separating the neurons. When two or more neurons
are synaptically connected, we use the terms presynaptic to refer to the neuron that
gives input, and postsynaptic to refer to the neuron that receives the input. When
information is sent from one neuron, an action potential travels down its axon to
the synaptic terminal (the presynaptic neuron’s axonal end). The action potential
triggers the release of vesicles containing neurotransmitters into the synaptic cleft
(the space between the neurons). These neurotransmitters are chemicals that will
attach to receptors located on the postsynaptic neuron’s dendritic end. They can
either excite the postsynaptic neuron so that it will fire its own action potentials
(and continue the cascade of information to another neuron), or inhibit the neuron
and prevent it from firing.
Synaptic current density is represented by a term of the form

Isyn = gsyn (t)(vrev − vpost ),

where gsyn (t) = g syn s(t). vrev is the reversal potential of the synapse, vpost is the
membrane potential of the postsynaptic neuron, g syn is the conductance density,
and s(t) is the synaptic gating variable.
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The synaptic gating variable can be thought of as the fraction of postsynaptic receptors that are activated. We want an s(t) that rises when the presynaptic
neuron spikes (activating the postsynaptic receptors), and decays to zero otherwise. The type of model we use for the synaptic gating variable, as well as the
values for vrev and the time constants associated with s(t), are dependent on the
type of synaptic receptors with which we are working. Synaptic inhibition is often mediated by GABAA and GABAB receptors, and synaptic excitation by AMPA
and NMDA receptors. However, GABAB and NMDA are much slower-acting than
AMPA receptor-mediated synapses, in that the time constants associated with the
kinetics of those receptors are longer. We will specify synaptic receptor types when
appropriate.
All synaptic models in this section are described in more detail in [7].

2.6.1

Nearly instantly rising synapses

For the synaptic gating variable that rises quickly – almost instantaneously – we use
the following model for s:
ds 1 + tanh(v/10) 1 − s s
=
− ,
dt
2
τr
τd

(2.23)

where τr and τd are the rise and decay time constants, respectively, and are both
greater than zero. Equation 2.23 exponentially decays to zero with time constant τd
when v is at low negative values, and is driven toward 1 with time constant τr when
v is at higher positive values.
For AMPA receptor-mediated synapses, the rise and decay time constants are
short, so this type of synaptic model is appropriate. Taking this model of s(t), we
add Isyn = g syn s(t)(vrev − vpost ) to the right-hand side of the equation determining
v(t). Figure 2.11 shows s for an RTM neuron with I = 1 µA/cm2 , τd = 2 ms, and
τr = 0.1 ms (middle), and τr = 1 ms (bottom). Increasing τr results in a smaller peak
value, roughly equivalent to lowering g syn .
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Figure 2.11: Voltage trace of RTM neuron with I = 1 µA/cm2 , τd = 2 ms, and
τr = 0.1 ms (middle), and τr = 1 ms (bottom).

2.6.2

Gradually rising synapses

We now discuss a model that allows a slower rise of s, as might be appropriate for
GABAB and NMDA receptor-mediated synapses, which have longer rise times than
AMPA receptor-mediated synapses. GABAB has about a 100 ms [48] rise time, and
NMDA has about a 5-15 ms rise time [47].
The model for the slower rising synaptic gating variable, proposed in [62], is as
follows:
ds
1−s s
=q
− ,
dt
τr
τd

(2.24)

dq 1 + tanh(v/10) 1 − q
q
=
−
.
dt
2
τr,q
τd,q

(2.25)

where q is

We set τr,q = 0.1ms so that q will rapidly reach peak values close to 1 when the neuron
fires. We can think of q as a dimensionless measure of the amount of neurotransmitter
in the synaptic cleft. When q is near 1, s is driven towards 1. When q is near 0,
s decays with time constant τd . Both s and q are associated with the presynaptic
neuron, and all time constants are greater than zero. τd and τr measure how fast

20
s decays and rises initially, respectively. τd,q measures how long q stays elevated
following a pre-synaptic action potential, and therefore determines how long s rises.
Taking this model of s(t), we add Isyn = g syn s(t)(vrev − vpost ) to the right-hand
side of the equation determining v(t). Figure 2.12 shows q and s for an RTM neuron
with I = 0.12 µA/cm2 , τd = 300 ms, τr = 100 ms, and τd,q = τr . This is reminiscent of
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a GABAB receptor-mediated synapse.
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Figure 2.12: Voltage trace of RTM neuron with I = 0.12 µA/cm2 (top). Trace of q
with τd,q = 100 ms (middle). Trace of s with τd = 300 ms, τr = 100 ms (bottom).
We make a slight modification to the gradually rising synaptic model. Approximately a presynaptic action potential makes q jump to 1. If there is an action
potential at t = 0, then approximately s satisfies
ds
1−s
s
= e−t/τd,q
−
, s(0) = 0.
dt
τr,s
τd,s

(2.26)

We denote by τpeak the time at which Equation 2.26 reaches its maximum. τpeak is
the “time to peak” of s, assuming that s starts at 0, and q starts at 1 and decays
with time constant τd,q . τpeak is a strictly increasing function of τd,q . In our network
simulations, we will choose a τpeak and numerically compute τd,q from it, as the “time
to peak” is intuitively clearer.
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2.6.3

The Jahr-Stevens model of NMDA receptor-mediated synapses

There is an additional term that is needed for synapses mediated by NMDA receptors. This type of receptor can be blocked by magnesium, and depolarization of the
postsynaptic neuron removes this magnesium block. Jahr and Stevens modeled this
in [33]. Instead of

Isyn = g syn s(t)(vrev − vpost ),

we use

Isyn = g syn B(vpost )s(t)(vrev − vpost ),

(2.27)

with

B(vpost ) =

1

,

(2.28)

[Mg]ex
1+
exp(−0.062vpost )
3.57

where [Mg]ex is the magnesium concentration in the extracellular fluid, with units
mM (millimolar). Figure 2.13 shows B as a function of vpost .
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Figure 2.13: The Jahr-Stevens factor, B.

2.7

The PING model of gamma rhythms

Knowing how we can connect two or more neurons via synaptic models, we now look
at populations of excitatory and inhibitory neurons (E- and I-cells, respectively).
These networks of E and I-cells can produce oscillations in neuronal firing, which is
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of great interest. We will focus on gamma oscillations (waves between 25 to 100 Hz),
as it is thought that these types of rhythms play an important role in significant
brain functions, like attention and memory.
When E-cells are activated, they in turn activate I-cells, which in turn cause
E-cells to cease activity for a period of time. When the E-cells resume firing, their
population is closer to firing in a synchronous state, and the process repeats itself.
This effect can be simulated numerically using code that models a neuronal network.
We call this network model a PING model, for pyramidal-interneuronal network
gamma rhythms, an acronym that has been used at least since Traub et al [58].
This section describes the basic setup of the PING simulations that will be used and
modified in later chapters of this thesis.
We simulate a network of RTM neurons (E-cells), and WB neurons (I-cells).
There are about four times more E-cells than I-cells, as this is the approximate ratio
seen in the brain [52]. We denote the amounts by NE and NI . For each neuron,
there is a constant drive I defined, and not every neuron necessarily has the same
drive. For any pair of neurons in the network, parameters associated with a synapse
from the first neuron to the second neuron are defined, as in Section 2.6, depending
on the type of synaptic model used. E and I are added to parameter subscripts to
denote the type of neuron with which they are associated.
For the figure shown in this section, parameters are chosen as follows. The i-th
E-cells receives input drive

IE,i = I E (1 + σE Xi ),

(2.29)

where I E and σE ≥ 0 are fixed values, and the Xi are independent standard Gaussian
random variables. The j-th I-cells receives input drive

II,i = I I (1 + σI Xj ),

where the Yj are independent standard Gaussians.

(2.30)
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The strengths (maximal conductances) of the synaptic connections from E- to
I-cells are set by two parameters, ĝEI ≥ 0 and pEI ∈ (0, 1]. The maximal conductance
associated with the i-th E-cell and the j-th I-cell is then

g syn,EI,ij =

ĝEI ZEI,ij
,
pEI NE

(2.31)

where the ZEI,ij are independent random numbers with

ZEI,ij

⎧
⎪
⎪
⎪
⎪
⎪1 with probability pEI ,
=⎨
⎪
⎪
⎪
⎪
0 otherwise.
⎪
⎩

In this way, the maximal conductance can potentially be zero, so not all possible
connections will necessarily be present. The total number of excitatory synaptic
inputs to the j-th I-cell is
NE

∑ ZEI,ij .

(2.32)

i=1

I-to-E, E-to-E, and I-to-I synaptic strengths are set similarly.
Synaptic time constants and reversal potentials are set to the same values for
all inhibitory synapses. For excitatory synapses, the appropriate values are applied
if we are implementing AMPA or NMDA receptor-mediated excitation. When both
are present, we use two sets of excitatory synapses with appropriate values applied
in order to model both receptor types. Figure 2.14 shows a network simulation,
with values recorded in the figure’s caption. The horizontal axis indicates time
in milliseconds, and the vertical axis indicates the neuronal index. The red dots
indicate spike times of E-cells, and the blue dots indicate spike times of I-cells. A
dot at location (t, i) means that neuron number i fired at time t. Notice that at
the start of the simulation, the E-cells are not in synchrony, but oscillations develop
within about 50 ms.
Many of the network simulations shown later in this thesis will have an initial
high-frequency, strong random stimulation lasting for a time tstoch , where tstoch is

24
250

50

mean(v), E-cells

0

50

100

150

200

100

150

200

50
0
−50
−100
0

50

t [ms]

Figure 2.14: Spike rastergram of a PING network (top), and mean membrane potential of the E-cells (bottom). Spike times of E-cells are indicated in red, and
spike times of I-cells in blue. The parameters are NE = 200, NI = 50, I E = 1.4,
σE = 0.05, I I = 0, ĝEE = 0, ĝEI = 0.25, ĝIE = 0.25, ĝII = 0.25, pEI = 0.5, pIE = 0.5,
pII = 0.5, τr,E = 0.5, τpeak,E = 0.5, τd,E = 3, vrev,E = 0, τr,I = 0.5, τpeak,I = 0.5, τd,I = 9,
vrev,I = −75
chosen to be between 100 to 300 ms. This triggers high-frequency asynchronous
activity in the E-cells, which in turn activates the I-cells, and provides a good initialization for the simulations. The stochastic input is modeled by adding to the
equation for the membrane potential, ve , of each excitatory cell a term of the form

Istoch = gstoch sstoch (vrev − ve ),
dsstoch
sstoch
=−
,
dt
τd,stoch

(2.33)
(2.34)

where gstoch and τd,stoch are constants. At the end of each time step of the simulation,
sstoch resets to 1 with probability
fstoch ∆t
,
1000
where fstoch > 0 is the mean frequency of the stimulation, measured in Hz.
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Chapter 3
f-I curves of type 2 and type 3 model
neurons
We now discuss the frequency f as a function of external drive I. Note that in this
thesis, we also consider the strength of recurrent excitation, ge , and how ge and I
interact with one another. However, in models without recurrent excitation, the f −I
relation and any discontinuities within it are of significance. The behavior seen in
the f − I curves are directly analogous to behaviors seen in f − ge curves. Thus, it
is useful to discuss the following f − I curves as a precedent for studying frequency
dependence on not I, but ge . Figure 3.1 shows an example of an f − I relation for
the classical Hodgkin-Huxley neuron.
To generate the curve, we choose a “left-end” value of I, called IL , low enough
so that there is only a stable equilibrium. We also choose a “right-end” value of I,
IR , that is high enough for periodic firing to be the only possibility. We discretize
the interval [IL , IR ]. For each value of I in the interval, we run a simulation of the
neuron. If, for a value of I, the simulation has a window of 1000ms in which the phase
space variables (in the case of the classical Hodgkin-Huxley neuron, these are v, m,
h, and n) do not change by more than 0.01%, we have reached a steady state, and we
set f = 0. Otherwise, we compute the frequency of periodic firing by tracking when
an action potential occurs. Action potentials are events of brief, positive duration,
so the “time of the action potential” needs a precise definition. Thus, we call the
time when v crosses −20 mV from above (near the end of an action potential) the
spike time, or the time of the action potential. The −20 mV is somewhat arbitrary,
but it is a value safely within the course of the action potentials we will study. As
we are interested in the period of periodic firing, this arbitrary designation of a spike
time does not matter, as long as we are consistent in our definition for each action
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potential. When four spikes have occurred, we set f = 1000/(t4 − t3 ), where t4 and t3
refer to the fourth and third action potential times, respectively. We use these spike
times to account for any initialization effects that may not have dissipated within
the first two action potentials.
In Figure 3.1, there are solid dots and open circles. The solid dots are generated
by the “upward sweep”. We start the simulation for I = Ij in the phase space
location in which we ended the simulation for I = Ij−1 , for j = 1, 2, . . . , N . The
upward sweep begins with IL , whose result will always converge to f = 0 by design.
When IR is reached, we begin the “downward sweep” by starting the simulation for
I = Ij in the point in phase space where the the simulation for I = Ij+1 ended, for
j = N − 1, N − 2, . . . , 0. The open circles are generated by the downward sweep.
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Figure 3.1: Example of an f − I curve of the classical Hodgkin-Huxley model. The
code to generate the figure is taken from [7].
There is often a critical value Ic such that for I < Ic , there is a stable equilibrium,
but for I > Ic , the only stable behavior is periodic firing. In Figure 3.1, Ic is at
approximately 9.66, where the solid dots along f = 0 end. Figure 3.1 also depicts I∗ ,
where for I < I∗ , the only stable behavior is no firing. I∗ here is approximately 6.14,
where the open circles in the downward sweep jump down to f = 0. The critical
values Ic and I∗ are discussed in [34].
For I∗ < I < Ic , there is bistability, where both periodic firing and rest are
possible and stable. When the frequencies of the upward and downward sweeps do
not coincide, we distinguish the branches of the f − I curve by calling the branch of
solid dots the “lower branch” and the branch of open circles the “upper branch”.
We can classify the types of bifurcations that occur at the discontinuous jumps.

27
When I crosses a critical value, we can analyze the stable fixed points and stable
orbits.
In this chapter, we examine model neurons with discontinuous jumps in frequency, classifying them as Type 2 or Type 3 (explanations are below). Type 1
models are classified by having a saddle-node bifurcation on an invariant cycle as
I crosses Ic , with Ic = I∗ . Frequency is a continuous function of I, with no abrupt
changes. Because of this, we do not discuss Type 1 models in depth in this chapter.

3.1

Type 2 model neurons

If the transition that occurs as I crosses Ic from below is a subcritical Hopf bifurcation, we call this a Type 2 neuronal model. With a Hopf bifurcation, a stable
spiral becomes unstable as a bifurcation parameter crosses a critical value, creating
oscillations (and an abrupt jump in frequency). As I crosses I∗ from above, an
unstable cycle and a stable cycle collide and are both eliminated [7]. The classical
Hodgkin-Huxley model is of Type 2, thoroughly described in [23]. The RTM neuron
with an M-current model is also of Type 2, and will be discussed next.

3.1.1

The RTM neuron with an M-current

We described the RTM neuron model in Chapter 2, Section 2.4. Here, we add a
type of adaptation current called the M-current [11]. Adaptation currents are hyperpolarizing, activated when the membrane potential is high, and deactivated when
the membrane is low. An M-current is a depolarization-activated, hyperpolarizing
potassium current, and a build-up of it can decelerate neuronal firing. The model,
originally from [15] and modified in [45], is as follows:

IM = g M w(vK − v),
dw w∞ (v) − w
=
,
dt
τw (v)
1
w∞ (v) =
,
1 + exp(−(v + 35)/10)

(3.1)
(3.2)
(3.3)
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τw (v) =

400
3.3 exp((v + 35)/20) + exp(−(v + 35)/20)

(3.4)

with vK = −100 mV. w∞ and τw are depicted in Figure 3.2.
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Figure 3.2: w∞ and τw as functions of v for the M-current.
With the M-current incorporated into the RTM model, we get the f − I curve
shown in Figure 3.3. Notice the range of bistability where the upward (solid dots)
and downward (open circles) do not coincide.
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Figure 3.3: f − I curve of the RTM neuron with M-current. g M = 0.2 mS/cm2 . The
code to generate the figure is taken from [7].
Solving for the fixed points in the upward sweep and classifying them in the
region where Ic occurs leads to Figure 3.4. Here, we see that as I increases past Ic ,
a stable spiral turns into an unstable spiral, indicating the Hopf bifurcation.

3.1.2

The RTM neuron with an adaptation current

An interesting contrast with the RTM neuron with an M-current is the RTM neuron
with an adaptation current, one analogous to the calcium-dependent AHP current [1].
This type of adaptation is firing-activated, rather than depolarization-activated like
the M-current. For the adaptation current, we have chosen a rise time constant of
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Figure 3.4: Fixed points for the RTM neuron with M-current. g M = 0.2 mS/cm2 .
Red shows a stable spiral, green shows an unstable spiral. The code to generate the
figure is taken from [7].
0.1 ms and a decay time constant of 150 ms to indicate the fast rise and slow decay.
We can think of the following model as an “inhibitory autapse”:

Iadap = gadap a(vK − v),

(3.5)

da 0.5(1 + tanh(v/4))(1 − a)
a
=
−
.
dt
τr,a
τd,a

(3.6)

Figure 3.5 shows the f − I curve. Notice that there is no longer any bistability
or a discontinuous jump in frequency, only a steep increase. In fact, the model is of
Type 1, shown in Figure 3.6. A saddle and a node collide as I reaches Ic .
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Figure 3.5: f − I curve of the RTM neuron with adaptation. gadap = 0.1 mS/cm2 .
Though this adaptation current is hyperpolarizing like the M-current, it does
not make the RTM neuron Type 2. This is because of its activation through firing.
If the neuron does not fire, the current is not switched “on”. The onset of firing
is not affected, since there is no hyperpolarizing current present beforehand. The
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Figure 3.6: Fixed points for the RTM neuron with adaptation. gadap = 0.1 mS/cm2 .
Magenta shows the saddle, black shows the stable node.
M-current, however, is present, as it is not firing, but simply depolarization, that
activates it. Thus, there is a hyperpolarizing current apparent prior to the onset of
firing (and can therefore affect the onset) with the M-current.

3.2

Type 3 model neurons

For a Type 3 model, the loss of stable rest is not a subcritical Hopf bifurcation,
as it is with Type 2. Rather, the bifurcation that occurs at Ic is a saddle-node
collision, which eliminates the stable fixed point. Note that the saddle-node collision
is different from the saddle-node collision of a Type 1 model. The Type 3 collision
is off an invariant cycle, whereas the Type 1 collision is on an invariant cycle. With
Type 3, there is a discontinuous jump in frequency, while in Type 1 frequency is
continuous. Another thing to note about the Type 3 model is that there is a saddlecycle collision at I = I∗ . Izhikevich’s IN a,p − IK model [32] is of Type 3, and we
discuss it now.

3.2.1

The IN a,p − IK model

The persistent sodium and potassium model, or IN a,p − IK model, was developed
by Izhikevich. It is another Hodgkin-Huxley-like model. The difference here is the
sodium current does not inactivate as it does in the classical Hodgkin-Huxley model.
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The model is as follows:

C

dv
= g Na m∞ (vNa − v) + g K n(vK − v) + g L (vL − v) + I,
dt
dn n∞ (v) − n
.
=
dt
τn

(3.7)
(3.8)

with τn =0.15 ms.
The constants are

C = 1 µF/cm2 ,

vNa = 60 mV,

g Na = 20 mS/cm2 ,

vK = −90 mV,

g K = 10 mS/cm2 ,

vL = −80 mV,

g L = 8 mS/cm2 ,

and functions

m∞ (v) =

1
,
1 + exp((−20 − v)/15)

n∞ (v) =

1
.
1 + exp((−25 − v)/5)

As before, the f − I curve and the fixed point diagram are shown (Figures 3.7
and 3.8).
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Figure 3.7: f − I curve of the IN a,p − IK neuron. The code to generate the figure is
taken from [7].
In the fixed point diagram, the saddle (magenta) and the stable node (black)
collide at Ic . In fact, this is a saddle-node collision off an invariant cycle, numerically
shown in [7]. As I falls below I∗ , there is a homoclinic bifurcation [7]. There is no
discontinuity in the upper branch, however, simply a very steep decline to zero
frequency as I crosses I∗ .
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Figure 3.8: Fixed points for the IN a,p − IK neuron. Magenta shows a saddle, black a
stable node, and green an unstable spiral. The code to generate the figure is taken
from [7].
To understand the dependence of f on I as I decreases to I∗ , we look at how
fast the distance between the saddle and the limit cycle approaches zero prior to the
homoclinic bifurcation. The distance, d, is asymptotic to I − I∗ , found numerically
in [7]. For a small d, the time needed to pass the saddle point is asymptotic to
2 ln(1/d). We show this by looking at the analogous system
dx
= x,
dt

dy
= −y,
dt

(3.9)

where (x, y) = (0, 0) is the saddle point.
We use x(0) =  and y(0) = 1 as the initial conditions ( is arbitrarily small. The
1 for the initial value of y is chosen for convenience, though any constant value would
do). The explicit solution is then x(t) = et and y(t) = e−t . The distance between
the curve, which is analogous to the limit cycle, and the saddle point at the origin
√
is d = x(t)2 + y(t)2 .
The curve approaches the saddle point in a homoclinic bifurcation. We want to
find the time t at which d becomes minimal. This equates to minimizing x(t)2 +
y(t)2 = 2 e2t + e−2t . Using y(t) = e−t , we rewrite as 2 y −2 + y 2 . Differentiating this
and setting it equal to 0, we have −22 y −3 + 2y = 0. When we solve for y, we find
√
the value of y needed to minimize the distance, y = . Plugging this value of y into
√
√
d = x(t)2 + y(t)2 , we find the minimum d is 2.
Now we consider the time T at which the solution of the system 3.9 passes the
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saddle at distance d, where x(T ) = 1 and y(T ) = . Using the explicit solutions for
√
x(t) and y(t), T = ln(1/). This is asymptotic to 2 ln(1/ 2), or 2 ln(1/d), where d
is the minimum distance found above.
Thus,

f∼

1000
2 ln(1/(I − I∗ ))

(3.10)

(recall that we measure time in milliseconds). As I approaches I∗ from above, the
frequency tends to zero. The f − I relation is continuous, but extremely steep, at I∗ .
If we rewrite the frequency in terms of I, we find

I − I∗ ∼ exp (

−500
).
f

(3.11)

Now if we take the derivative of 3.11, we find that
d(I − I∗ ) 500
−500
= 2 exp (
).
df
f
f

(3.12)

All derivatives of I − I∗ tend to 0 as f ↘ 0. Relating this back to Equation 3.10,
when I approaches I∗ from above, there is an infinitely steep decline to frequency
zero.

3.2.2

The self-exciting RTM neuron

Later in this thesis, we will discuss some single neuronal models with self-excitation.
Here, we look at the self-exciting RTM neuron. We add the following self-excitation
term to the right-hand side of the differential equation that describes v for the RTM
neuron (see Chapter 2):

Isyn = g syn s(t)(vrev − v).

(3.13)

The synaptic variable, s(t), is modeled by Equations 2.24 and 2.25, the gradually rising synapse as described in Chapter 2. We set values vrev = 0 mV, g syn = 0.1 mS/cm2 ,
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τd = 5 ms, τr = 0.2 ms, and τd,q is calculated from τpeak = 0.6 ms. Figure 3.9 shows the
f − I curve for the self-exciting RTM neuron. Notice the bistable region, I∗ < I < Ic ,
where the upward and downward sweeps do not coincide. Like the IN a,p − IK model,
we can numerically demonstrate the presence of a saddle-node collision at Ic (see
Figure 3.8), making this a Type 3 model.
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Figure 3.9: f − I curve of the self-exciting RTM neuron. τd = 5 ms, τr = 0.2 ms, and
τpeak = 0.6 ms.
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Part II

Sudden transitions
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In this part of our analysis of recurrent excitation within neuronal networks, we
look at sudden transitions in firing frequencies. These can be either from zero to
positive firing, or low to high firing frequencies. We are interested in these sudden
transitions because of their possible relation to epileptic seizure onset, where there
is sudden excessive electrical activity within the brain.
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Chapter 4
A single self-exciting model neuron
To begin analysis of neuronal networks, we first examine a single neuron with recurrent excitation. That is, one excitatory neuron that connects back to and excites
itself. In neuronal networks, E-cells and I-cells connect to and affect each other, but
here we focus only on the E-cells. The idea is to study the single cell as a representation of a perfectly synchronous neuronal network made up of excitatory cells.
Before adding inhibition, we see what information can be discovered in this simplest
case.

4.1

The cusp catastrophe

The simplest model of a network of excitatory cells with recurrent excitation is as
follows:
df
= −f + I + ge tanh(max(f, 0)).
dt

(4.1)

We can think of f as a normalized firing rate of a neuronal population with recurrent excitation. Here, f decays with a time constant of 1, I is the external drive,
and ge tanh(max(f, 0)) is the recurrent excitation. The tanh prevents the recurrent
excitation from becoming too large. The max ensures that the recurrent excitation
term is non-negative.
If we plot the fixed points of Equation 4.1 for various values of I and ge , the result
is Figure 4.1. Stable fixed points are indicated in black, and unstable ones in light
blue. Notice that even in this simplest model, an interesting surface is generated.
We call this f − I − ge surface the cusp catastrophe surface [56].
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Figure 4.1: The cusp catastrophe surface, as modeled by Equation 4.1.
We can solve for the fixed points by setting

df
dt

= 0, which equates to solving

ge tanh(max(f, 0)) = f − I.

(4.2)

Figure 4.2 shows the two sides of Equation 4.2 as functions of f , for ge = 1 and
I = −0.25 (left), and for ge = 2 and I = −0.25 (right).
Recall that the derivative of tanh(x) is sech2 (x), which has a maximum value of
1. When ge ≤ 1, there is exactly one fixed point, as the slope of ge tanh(max(f, 0))
will not exceed that of the graph of f − I (which has slope 1). The graphs intersect
only once (left plot of Figure 4.2). Now assume ge > 1 and we are in a range of values
of I corresponding to the region of overlap in the surface of Figure 4.1. The graph of
ge tanh(max(f, 0)) crosses the graph of f − I in three locations (right plot of Figure
4.2). These are the three fixed points seen in the fold of the surface in Figure 4.1.
We focus on the region with three fixed points. For any value of ge > 1, there is
a range of values of I in which the three fixed points are present (this can be seen
clearly from the surface). We denote this interval as I∗ < I < Ic . Ic here is equal to
0, as any values of I > 0 would give a single fixed point at some positive f > 0 (see
Figure 4.2). We call the interval where I > Ic the above threshold regime. With this
information, we can locate the exact point where the “cusp” of the surface begins.
That is, the point at which the surface of Figure 4.1 beings to fold in on itself. The
point is (I0 , g0 ) = (0, 1).
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Figure 4.2: I = −0.25 for both plots. The bold curve in each subplot plots the left
side of Equation 4.2. The thin curve plots the right side of Equation 4.2.
To find the value of I∗ , look once again at the right plot of Figure 4.2, where
I = −0.25. There are three fixed points, but if I is lowered, the graph of f − I shifts
to the left. At some point, there will be a critical value, I∗ , when the upper two
fixed points collide and annihilate one another. This lowest bound I∗ occurs when
f − I∗ is tangent to the graph of ge tanh f for some f = f∗ > 0. That is,

f∗ − I∗ = ge tanh f∗ ,
1 = ge (1 − tanh2 f∗ ).

(4.3)
(4.4)

We can rewrite Equation 4.4 as
1
= ge ,
1 − tanh2 f∗
and solve for f∗ to find
√
ge − 1
.
ge

(4.5)

ge − 1 √
− ge (ge − 1).
ge

(4.6)

f∗ = arctanh

With Equation 4.3, we can now solve for I∗ :
√
I∗ = arctanh
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From Figure 4.2, we can determine the stability of the three fixed points, fˆ1 < fˆ2 <
fˆ3 . fˆ1 and fˆ3 are stable, as ge tanh(max(f, 0)) (bold black) is greater than f −I (thin
black) to the left of the intersection of the two graphs (indicating a positive derivative
value) and less to the right of the intersection (negative derivative). With similar
reasoning, we see that fˆ2 is unstable. Thus, we have a stable fixed point coexisting
with a lower-valued stable fixed point, a bistable regime. The higher-valued stable
fixed point in this bistable regime corresponds to reverberating activity: sustained,
persistent, neuronal firing at a positive frequency.
When I is lowered below I∗ , fˆ2 and fˆ3 collide and annihilate each other in
a saddle-node collision. When I is raised above Ic , fˆ1 and fˆ2 similarly collide and
annihilate each other. Here, we have analyzed the range of I where there are multiple
fixed points, the f − I curve, where ge is fixed above 1. In fact, we can describe the
interval of bistability by

ge > 1 and I∗ < I < 0,

(4.7)

with I∗ as defined earlier.
However, we can also consider I fixed below 0. Bistability then occurs for a range
of values g∗ < ge . Thus, we can also describe the interval of bistability by

I < 0 and ge > g∗

(4.8)
√

g∗ − 1 √
− g∗ (g∗ − 1).
g∗
Figure 4.3 shows an f − I and an f − ge curve for Equation 4.1. The f − I curve

where g∗ = g∗ (I) > 1 is the unique solution of I = arctanh

plots f as a function of I with a fixed ge , and the f − ge curve plots f as a function
of ge with a fixed I. These two curves give two different perspectives on the region
of bistability.
The cusp catastrophe surface lays the groundwork for this dissertation. Even in
the simplest model, a nontrivial f − I − ge surface arises with a bistable regime that
corresponds to reverberating activity of neurons. Reverberating activity fueled by
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Figure 4.3: f − I and f − ge curves, as modeled by Equation 4.1.
recurrent excitation (rather than only by external stimuli) is believed to be the basis
of working memory [13,40,42,49]. Dysfunction of working memory is associated with
schizophrenia [22]. We will also discuss the closely tied concept of runaway activity,
where, instead of a sustained and persistent neuronal firing frequency, we instead
see high-frequency (> 100 Hz) activity. This runaway activity may be related to the
onset of seizures, like those seen in epilepsy [41, 44].
In Part II of this thesis, we aim to answer questions of when and how bistability
happens in neuronal network models. What are the values of I∗ , Ic , and g∗ , and can
we find their dependence on other parameters? What happens to the fixed points
when our parameter of interest (I or ge ) is lowered or raised past their critical values?
Starting from this cusp catastrophe model, we begin increasing the complexity of
our models to apply this analysis.

4.2

The self-exciting LIF neuron

The population model that generated the cusp catastrophe surface is a good starting
point in our analysis of networks, and we can now look at models that describe
neuronal activity. The LIF neuron, as described in Chapter 2, is the simplest model
to use. We take a single LIF neuron and incorporate self-excitation in the following
way:
v
dv
=−
+ I + ge se (t)
dt
τm

if v < 1,

(4.9)
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dse
se
=−
dt
τe

if v < 1,

(4.10)

v(t + 0) = 0

if v(t − 0) = 1,

(4.11)

se (t + 0) = 1

if v(t − 0) = 1.

(4.12)

where I is the external drive, τm is the membrane time constant, τe > 0 is the decay
time constant of recurrent excitation (se ), and ge is a measure of its strength. The
membrane time constant, τm , is chosen to be 10 ms. The LIF neuron is highly
sensitive to noise if τm ≪ τ , and τm should not be chosen to be much smaller than
the largest period T to avoid this sensitivity. Firing periods are usually on the order
of tens of milliseconds, so 10 ms is the lower end of what τm should be (see the
chapter on LIF neurons in [7]). I is chosen to be greater than or equal to 0. Periodic
firing of the LIF neuron occurs for I > Ic , where Ic = 1/τm is the threshold drive
(see Chapter 2). One other additional condition we put on the above model, which
will be relevant later, is to require that the resets of v and se occur specifically if
v reaches 1 with a positive derivative, i.e.

dv
dt (t

− 0) > 0. Again, although we are

working with a single excitatory neuron, we can view it as a representation of a
perfectly synchronized population of excitatory neurons with recurrent excitation.
Figure 4.4 shows the f − I − ge surface of the LIF neuron with recurrent excitation (a self-exciting LIF neuron). Here, instead of just f , the z-axis indicates
300 tanh(f /300). This is simply in order to read the plot more easily. When ge becomes large, the firing frequencies become very large. The 300 tanh(f /300) creates
an upper bound for the plot at 300. For f ≪ 300, 300 tanh(f /300) is close to f .
Here, τe = 3 and τm = 10.
The first thing to notice about Figure 4.4 is that the unstable fixed points are
not present here as they were for the cusp catastrophe surface. However, there are
qualitative similarities with Figure 4.1: a region of reverberating activity (positive
firing frequency, red dots) coexists with a region of rest (blue dots). In addition, the
region of bistability begins for a ge sufficiently large. As before, we want to learn
about the parameter requirements for bistability. A qualitative indication about
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Figure 4.4: f − I − ge surface of the LIF neuron as described by Equations 4.9-4.12,
with τe = 3. Blue dots indicate stable rest (zero firing frequency), and red dots
indicate stable periodic firing.
the dependence on ge is shown in Figure 4.5, where τe = 100 ms. In this figure,
reverberating activity is possible for all ge > 0 if I is close enough to the firing
threshold Ic .

Figure 4.5: f − I − ge surface of the LIF neuron as described by Equations 4.9-4.12,
with τe = 100.
When I > Ic , only periodic firing occurs. This is of course the case, as even
the LIF neuron without recurrent excitation will fire. For I < I∗ , rest is the only
possibility. The region of bistability is of the form ge > g0 , I∗ (ge ) < I ≤ Ic , for
some g0 ≥ 0. Notice that rest is a possible state for the LIF neuron with recurrent
excitation if and only if it is possible for the LIF neuron without recurrent excitation.
This is because recurrent excitation is dependent on the cell having been activated in
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the first place, and until that happens, the behavior of the self-exciting LIF neuron
is identical to that of the unaltered LIF neuron.
To study when periodic firing and rest can coincide, that is, when periodic firing
is present for I ≤ Ic , recall that the LIF neuron is defined to have fired when v
crosses the threshold value of 1 (in some finite time). By design, LIF neurons have
no “memory” that reaches beyond the most recent action potential, so we can simply
focus on what happens to the membrane potential trace after the neuron has just
fired. Thus, we disregard the resets and rewrite Equations 4.9-4.12 as the following
initial value problem:
v
dv
=−
+ I + ge e−t/τe , v(0) = 0.
dt
τm

(4.13)

If we let t → ∞, the self-excitation term ge e−t/τe goes to zero, and limt→∞ v(t) = τm I
for all ge ≥ 0. Plotting the voltage trace, we see that there is a “bump” (Figure 4.6)
for sufficiently high ge . For both plots in the figure, the trace approaches τm I as t
increases.
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Figure 4.6: Solutions of Equation 4.13. I = 0.05, τm = 10, τe = 3, and ge = 0.2 (left)
and ge = 0.05 (right).
The relevance of the bump in the left plot of Figure 4.6 is as discussed in [51].
For I below the threshold Ic , periodic firing can occur if and only if such a bump
in the voltage trace is present, and the bump is pronounced enough to exceed the
firing threshold v = 1. Thus, we must first find under what conditions the bump in
the voltage trace occurs.
Lemma 4.2.1 Let I ≥ 0, ge > 0, τm > 0, and τe > 0. Let v = v(t) be the solution of
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the initial value problem (4.13).
(a) Exactly one of the following two statements holds:
(i) There is a single bump: v has a single local maximum at some time tmax >
0, with v(t) strictly increasing for 0 ≤ t ≤ tmax , v(tmax ) > τm I, and strictly
decreasing for t ≥ tmax . (Left plot, Figure 4.6.)
(ii) There is no bump: v is strictly increasing for t ≥ 0. (Right plot, Figure 4.6.)
(b) There is a bump if and only if

ge > max (

1
1
−
, 0) τm I.
τe τm

(4.14)

(c) Assuming that there is a bump, with a local maximum value vmax = v(tmax ),

tmax = τe ln

τm ge
.
vmax − τm I

(4.15)

Proof: At a stationary point of v, the right-hand side of Equation 4.13 is zero, so

v = τm I + τm ge e−t/τe .

(4.16)

This implies that if v has a stationary point at time tmax > 0, then v(tmax ) > τm I.
Differentiating both sides of Equation 4.13, we find that at a stationary point,
d2 v
ge
= − e−t/τe < 0.
2
dt
τe

(4.17)

Thus any stationary point is a strict local maximum. This implies (a).
To determine the presence of a bump, we have to decide whether or not v(t) is
above τm I for large t. We do this by solving the initial value problem Equation 4.13
explicitly. For τe ≠ τm ,

v(t) = τm I(1 − e−t/τm ) + ge

e−t/τm − e−t/τe
.
1/τe − 1/τm

(4.18)

Taking the limit as τe → τm using L’Hospital’s rule, we find the solution for when
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τe = τm :

v(t) = τm I(1 − e−t/τm ) + ge te−t/τm .

(4.19)

Consider the case when τe > τm . Then the right-hand side of Equation 4.14 is
zero. We want to prove that there is a bump for any ge > 0 then. For large t,

v(t) ≈ τm I +

ge e−t/τe
1/τm − 1/τe

(4.20)

from Equation 4.18. (The rapidly decaying term, e−t/τm , was dropped. The lessrapidly decaying term, e−t/τe , was kept.) The right-hand side of Equation 4.20 is
greater than τm I. This proves that for τe > τm , there is a bump.
Next, consider the case when τe = τm . The right-hand side of Equation 4.14 is
still zero, so again we want to show that there is a bump for any ge > 0. By Equation
4.19,

v(t) = τm I + (ge t − τm I)e−t/τm ,

(4.21)

which is clearly greater than τm I for large t.
Finally, consider the case when τe < τm . Then, from Equation 4.18,

v(t) ≈ τm I(1 − e−t/τm ) + ge

e−t/τm
1/τe − 1/τm

(4.22)

for large t. This time, the rapidly decaying term, e−t/τe , was dropped, and the
less-rapidly decaying term, e−t/τm , was kept. This is greater than τm I if and only if

τm Ie−t/τm − ge

e−t/τm
< 0,
1/τe − 1/τm

(4.23)

and less than τm I if the reverse inequality holds. Since we assume that τe < τm ,
Equation 4.23 is equivalent to

ge > (

1
1
−
) τm I.
τe τm

(4.24)
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In the borderline case when

τm Ie−t/τm − ge

e−t/τm
= 0,
1/τe − 1/τm

that is, when

ge = (

1
1
−
) τm I,
τe τm

the terms proportional to e−t/τm in Equation 4.18 are equal to zero, so 4.18 becomes

v(t) = τm I − ge

e−t/τe
,
1/τe − 1/τm

(4.25)

which is less than τm I, so there is no bump. This completes the proof of part (b).
Part (c) follows from Equation 4.16.

◻

From Lemma 4.2.1, we now have the conditions for a bump in the voltage trace
to occur. With this, we can state the following properties about the f −I −ge surfaces
in Figures 4.4 and 4.5.
Proposition 4.2.2 Let τm > 0 and τe > 0 be fixed.
(a) For any ge > 0, there is some I∗ with I∗ ≤ Ic such that periodic firing is possible
for the self-exciting LIF neuron if and only if I > I∗ .
(b) I∗ is a decreasing function of ge > 0, with

Ic − ge < I∗ ≤ Ic ,

(4.26)

I∗ = Ic − ge + o(ge ).

(4.27)

and as ge → ∞,

(c) For any I ≤ Ic , there is some g∗ with g∗ ≥ 0 such that periodic firing is possible
for the self-exciting LIF neuron if and only if ge > g∗ .
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(d) g∗ is a decreasing function of I ≤ Ic , and as I → −∞,

g∗ = Ic − I + o(I).

(4.28)

(e) I∗ < Ic if and only if
ge > max (

1
1
−
, 0) .
τe τm

(4.29)

Proof: (a) If, for a given value I = I0 , the self-exciting LIF neuron can fire periodically, then the solution of Equation 4.13 will exceed 1 at a finite time (recall that
the reset condition requires that v reaches 1 with a positive derivative). The same
will hold for values of I in a small neighborhood of I0 , because of the continuous
dependence of Equation 4.13 on I. Thus, the set of all I for which the self-exciting
LIF neuron can fire periodically is open. Clearly, periodic firing is possible for I > I0
if it is possible for I = I0 , and impossible for I < I0 if it is impossible for I = I0 , so
the set of I for which the self-exciting LIF neuron can fire periodically is (I∗ , ∞),
for some I∗ .
(b) The solution of Equation 4.13 increases as ge or I increases. This implies
that I∗ is a decreasing function of ge .
For I > Ic , the self-exciting LIF neuron fires periodically because even the LIF
neuron without the excitatory autapse would fire periodically. Thus, I∗ ≤ Ic . For
I = Ic − ge , the total drive, I + ge e−t/τe , is strictly smaller than Ic for all t > 0. Thus
the solution of Equation 4.13 stays strictly below 1 for all t > 0, and so I∗ > Ic − ge .
This proves Equation 4.26.
To prove Equation 4.27, we show that for any p ∈ ( 21 , 1), sufficiently large ge ,
and I = Ic − ge + ge p , the self-exciting LIF neuron fires periodically, and therefore
I∗ < Ic − ge + ge p . With I = Ic − ge + ge p , Equation 4.13 becomes
dv
v
1
=−
+
+ ge (e−t/τe − 1) + ge p , v(0) = 0.
dt
τm τm

(4.30)
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For sufficiently small t > 0,

ge (e−t/τe − 1) + ge p ≥

ge p
,
2

(4.31)

and therefore the solution of Equation 4.30 is bounded from below by the solution
of
1
ge p
dw
w
+
+
=−
, w(0) = 0.
dt
τm τm
2

(4.32)

We want to show that for p > 1/2 and sufficiently large ge , w exceeds 1 before
inequality 4.31 becomes invalid. w reaches 1 at time

τm ln

1 + τm ge p /2
∼ 2ge−p
τm ge p /2

and inequality 4.31 becomes invalid when
ge p
2
ge p−1
⇔ e−t/τe − 1 + ge p−1 <
2
p−1
ge
⇔ e−t/τe < 1 −
2
ge p−1
τe
⇔ t > −τe ln (1 −
) ∼ ge p−1 ,
2
2

ge (e−t/τe − 1) + ge p <

where “∼” denotes an asymptotic equivalence as ge → ∞. The assertion follows since

2ge −p <

τe p−1
4
ge
⇔ ge 2p−1 >
2
τe

when ge is sufficiently large, p > 1/2.
(c) and (d) follow from (a) and (b).
(e) I∗ < Ic if and only if for I = Ic , periodic firing is possible. For I = Ic , the
solution of Equation 4.13 converges to 1 as t → ∞, and will exceed 1 at a finite time
if and only if there is a bump. Part (e) follows from Lemma 4.2.1, part (b).

◻
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Proposition 4.2.2 tells us that the region of bistability is roughly shaped like a
triangle (Figure 4.7).

Figure 4.7: Bird’s-eye view of the region of bistability for the self-exciting LIF neuron
with parameters as in Figure 4.4. Notice that ge increases from top to bottom. We
denote the lowest value of ge in the region of bistability (the tip of the triangle) as
g0 .
The periodic firing frequency is denoted by f (I, ge ). f is a strictly increasing
continuous function of I > I∗ (ge ) or ge > g∗ (I). For ge > g0 , we define

f∗ (ge ) =

lim
I↘I∗ (ge )

f (I, ge ).

(4.33)

We call f∗ the onset frequency of reverberating activity. The following proposition
implies that f∗ is positive if there is a region of bistability, and that with more
negative I∗ , f∗ is greater. In other words, if the LIF neuron has less external drive
and is harder to activate, the onset frequency of reverberating activity will be greater.
Part (b) of the proposition implies that if there is no interval of bistability, f =
f (I, ge ) is a continuous function of I and ge for ge ≤ g0 .
Proposition 4.2.3 (a) Let τe > 0, τm > 0, ge > 0, and assume I∗ < Ic . Then

f∗ =

1000
ge .
τe ln
Ic − I∗

(4.34)

51
In particular, f∗ > 0. Furthermore, f∗ is an increasing function of ge , with

lim f∗ = ∞.

ge →∞

(4.35)

(b) Let τe > 0, τm > 0, ge > 0, and assume I∗ = Ic . Then

lim f (I) = 0.

I↘I∗

(4.36)

Proof: Suppose τe > 0, τm > 0, and ge > 0 are given, and I∗ < I < Ic . The firing
period is then smaller than tmax , the time at which the solution of Equation 4.13
reaches its maximum value vmax . In the limit as I ↘ I∗ , vmax ↘ 1, and therefore, by
Equation 4.15,

tmax → τe ln

τm ge
ge
= τe ln
.
1 − τm I∗
Ic − I∗

In addition, the time for the solution of Equation 4.13 to reach 1 (that is, the firing
period) becomes equal to tmax , the time it takes for the solution of 4.13 to reach its
maximum, in this limit. This implies Equation 4.34, and along with Equation 4.27,
implies Equation 4.35.
To prove part (b), suppose that I∗ = Ic . Then by Proposition 4.2.2, τe < τm and

ge ≤

1
1
−
.
τe τm

This, along with Equation 4.18, we find that for I > Ic ,

v(t) = τm I(1 − e−t/τm ) +

ge
(e−t/τm − e−t/τe ) ≤
1/τe − 1/τm

τm I(1 − e−t/τm ) + (e−t/τm − e−t/τe ) < τm I − e−t/τe .

Thus, if v(t) = 1, then

τm I − e−t/τe > 1,

(4.37)
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or

t > τe ln

1
1
= τe ln
.
τm I − 1
τm (I − Ic )

Therefore the firing frequency f = f (I) satisfies

f<

1000
→ 0 as I ↘ Ic .
1
τe ln τm (I−I
c)

(4.38)
◻

A result of Proposition 4.2.3(b) is that when there is no bistability (I∗ = Ic ), the
frequency as I ↘ I∗ goes to 0 continuously, with steepness of infinite order. The
proof of part (b) includes

f<

1000
,
1
τe ln τm (I−I
c)

(4.39)

and it is clear that f goes to 0 continuously as I approaches Ic . Rewriting f in terms
of I gives

I ∼ Ic +

C −1000/(f τe )
e
τm

(4.40)

for some constant C. At f = 0, I has all derivatives 0, so I as a function of f has
derivatives 0 at f = 0. Thus f as a function of I is steep to infinite order at f = 0.
Figures 4.8-4.11 are cross-sections of the f − I − ge surfaces from Figures 4.4 and
4.5. When ge is fixed, we have f − I curves. When I is fixed, we have f − ge curves.
These cross-section serve as examples of the results found in Propositions 4.2.2 and
4.2.3.
In summary, for the LIF neuron with recurrent excitation, there is a region of
bistability between reverberating activity and rest if ge exceeds a certain minimum.
In this region of bistability, the onset frequency, found by taking the limit from inside the region toward I∗ , is positive. This means that there is a discontinuous jump
between rest and reverberating activity when bistability begins. The biological relevance here relates to epileptic seizures. Sudden, abrupt transitions to high-frequency
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Figure 4.8: f − I curves cross-sectioned from the f − I − ge surface of Figure 4.4,
where τm = 10 and τe = 3. From Proposition 4.2.2, we know the critical value is
1/τe − 1/τm = 0.233 . . . . For ge = 0.2, we know from Proposition 4.2.3 that the f − I
curve is continuous.
ge =0.03

50

0
0.05

I$

ge =0.01

100

f

f

100

Ic

50

0
0.05

0.12

I$Ic

0.12

Figure 4.9: f − I curves cross-sectioned from the f − I − ge surface of Figure 4.5.
τm = 10 and τe = 100.
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Figure 4.10: f − ge curves cross-sectioned from the f − I − ge surface of Figure 4.4,
where τm = 10 and τe = 3, for two different values of I, below (left) and above (right)
the critical value 1/τm .
firing is thought to correlate to the onset of such seizures.

4.3

The self-exciting theta neuron

The next model we study is the self-exciting theta neuron. The theta neuron is a
more realistic model of a neuron than the LIF neuron model, as it has the benefit
of being periodic with no discontinuous jumps. In order to do analysis on the theta
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Figure 4.11: Like Figure 4.10, but with τe = 100.
neuron model, we will study the quadratic integrate-and-fire (QIF) neuron. The
theta neuron and the QIF neuron are equivalent, up to a change of coordinates.
Both models were discussed in Chapter 2, and we restate the QIF neuron model:
dv
v
= − (1 − v) + I,
dt
τm

(4.41)

v(t + 0) = −∞ if v(t − 0) = +∞.

(4.42)

When v reaches +∞, the QIF neuron fires and is reset to −∞. In Chapter 2, we
found that for I > 1/(4τm ), the right-hand side of Equation 4.41 is always positive.
When I < 1/(4τm ), there are two fixed points of Equation 4.41. They are as follows:
√
v±∗

1
= ±
2

1
− τm I,
4

(4.43)

where v−∗ is stable and v+∗ is unstable. When I rises above 1/(4τm ), the two fixed
points collide and annihilate each other, and for I > 1/(4τm ), there are no fixed
points. For the QIF neuron,

Ic =

1
.
4τm

(4.44)

We include self-excitation to have the self-exciting QIF neuron:
dv
v
= − (1 − v) + I + ge se (t),
dt
τm
dse
se
=− ,
dt
τe

(4.45)
(4.46)
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v(t + 0) = −∞, se (t + 0) = 1

if v(t − 0) = +∞.

(4.47)

ge is the strength of the excitatory autapse, τe its decay time constant, and se is
the excitatory synaptic term. Now we introduce the following change of coordinates
into Equation 4.45:

v=

1 1
θ
+ tan .
2 2
2

(4.48)

Inserting this into Equation 4.45, we find
dθ
1
1
θ
=−
(1 − tan2 ) + ge se + I
θ dt
2
4τ
2
4 cos 2
m
dθ
1
θ
θ
θ
= − ( cos2 − sin2 ) + 4(ge se + I) cos2
⇔
dt
τm
2
2
2
dθ
cos θ
⇔
=−
+ 2(ge se + I)(1 + cos θ).
dt
τm

(4.49)

Equation 4.49 is accompanied by Equation 4.46, with reset conditions

θ(t + 0) = −π, se (t + 0) = 1 if θ(t − 0) = π.

(4.50)

Equations 4.49, 4.46, and 4.50 describe the self-exciting theta neuron. We note that
since the right-hand side of Equation 4.49 is periodic with period 2π, we can omit
the reset of θ in Equation 4.50 and replace Equation 4.50 with

se (t + 0) = 1 if θ(t − 0) = π modulo 2π

(4.51)

For clarity, we write the self-exciting theta neuron model out as follows:
dθ
cos θ
=−
+ 2(ge se + I)(1 + cos θ),
dt
τm
dse
se
=− ,
dt
τe
se (t + 0) = 1 if θ(t − 0) = π modulo 2π.

(4.52)
(4.53)
(4.54)
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We also note that there is another way to write the theta neuron model, as done
by Ermentrout and Kopell in [20]. In their version, τm is set to be 1/2, and Equation
4.52 becomes
dθ
˜ + cos θ),
= 1 − cos θ + I(1
dt

(4.55)

where I˜ is equal to 2(ge se + I) − 1. In this form, the critical value of I˜ where the two
fixed points merge is I˜ = 0.
Figure 4.12 shows the f − I − ge surface of the self-exciting theta neuron for
two different values of τe . Notice the similarities to the surfaces generated for the
self-exciting LIF neuron.

Figure 4.12: f − I − ge surfaces of the self-exciting theta neuron, as modeled in
Equations 4.52-4.54. Left: τe = 3, τm = 1/2. Right: τe = 100, τm = 1/2. Blue
dots indicate rest, and red dots indicate periodic firing. For all ge ≥ 0 and I ≤ Ic =
1/(4τm ) = 0.5, rest is a possibility.

Proposition 4.3.1 Let τm > 0 and τe > 0 be given.
(a) Let B denote the set of pairs (I, ge ), I ≤ Ic = 1/(4τm ) and ge > 0, for which
rest and periodic firing are both possible for the self-exciting theta neuron. Then B
is of the form

B = {(I, ge ) ∶ ge > g0 , I∗ (ge ) < I ≤ Ic },

where g0 > 0, and I∗ (ge ) is a strictly decreasing function of ge > g0 .
(b) The following statements hold:

(4.56)
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(i) Denote by f (I, ge ), ge > g0 , I∗ (ge ) < I ≤ Ic , the positive firing frequency, and
by

f∗ = f∗ (ge ) =

lim
I↘I∗ (ge )

f (I, ge )

(4.57)

the onset frequency of reverberating firing. Then

f∗ (ge ) = 0

(4.58)

τm
,
τe2

(4.59)

for all ge > g0 .
(ii)

g0 = C

where C, rounded to three significant digits, is 1.45.
In order to prove Proposition 4.3.1, we study the self-exciting QIF neuron model
described by Equations 4.45-4.47. We want to understand what happens to the
neuron immediately following a reset at time 0, for t > 0. Thus, we write the resets
of Equation 4.47 as

v(0 + 0) = −∞,

s(0 + 0) = 1,

to reflect this. We make a change of coordinates that removes the time constants
τm and τe in order to do a phase plane analysis on the now non-dimensional system.
The dimensional variables are then brought back so that we can describe our findings
in terms of the original model. The following proof was also discussed in [10]:
Proof: Since −v(1 − v) has its minimum at v = 1/2, it is convenient to write
1
v = ṽ + .
2
We then scale ṽ, se , and t by constant factors: ṽ(t) = Ax(Ct), se (t) = By(Ct).
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Writing τ = Ct, we rewrite the self-exciting QIF neuron model with the scaled
variables:
dx
1
1
(A2 x2 − ) + ge By + I,
=
dτ τm
4
1
dy
= − By,
BC
dτ
τe
1
x(0 + 0) = −∞, y(0 + 0) = .
B
AC

Simplifying gives us
dx
A 2 ge B
I − 1/(4τm )
=
x +
y+
,
dτ Cτm
AC
AC
dy
1
=−
y,
dτ
Cτe
1
x(0 + 0) = −∞, y(0 + 0) = .
B
We want to make the equations as simple as possible, so we choose C = 1/τe , A =
Cτm = τm /τe , and B = AC/ge = τm /(ge τe2 ). The system now becomes
dx
= x2 + y + J,
dτ
dy
= −y,
dτ

(4.60)
(4.61)

x(0 + 0) = −∞, y(0 + 0) = h,

(4.62)

where

J=

1
τe2
(I −
),
τm
4τm

h=

τe2
ge .
τm

Note that h > 0, and the conditions I < 1/(4τm ) and I > 1/(4τm ) translate into J < 0
and J > 0, respectively.
We now have our non-dimensionalized system, and can begin the phase plane
analysis. We are interested in I < Ic = 1/(4τm ), or equivalently, J < 0. Notice that if
we think about Equation 4.60 as a one-dimensional equation where y = 0 and J < 0,
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there would be two fixed points,
√
x∗± = ± −J.

If x starts to the left of the unstable fixed point x∗+ , it converges to the stable fixed
point x∗− as t → ∞. If it starts to the right of x∗+ , it diverges to ∞ in finite time. The
+y term in Equation 4.60 helps x grow, potentially past x∗+ , diverging to ∞ in finite
time. However, y also decays exponentially in our system. We want to see whether
the decay of y is slow enough to allow x to move beyond x∗+ and diverge to ∞.
In our two-dimensional system described by Equations 4.60 and 4.61, for J < 0,
there are two fixed points, (x∗− , 0) and (x∗+ , 0). The Jacobi matrix at a fixed point
(x∗ , 0) is
⎡ ∗
⎤
⎢2x
1 ⎥⎥
⎢
⎢
⎥.
⎢
⎥
⎢ 0 −1⎥
⎣
⎦
The eigenvalues are 2x∗ and −1. Therefore, x∗− , which is negative, is a stable node,
and x∗+ is a saddle. The eigenvectors associated with the eigenvalues 2x∗ and −1 are,
respectively,
⎡ ⎤
⎢ 1 ⎥
⎢ ⎥
e1 = ⎢ ⎥
⎢ ⎥
⎢ 0 ⎥
⎣ ⎦

⎡
⎢
1
⎢
and u = ⎢
⎢
⎢ −2x∗ − 1
⎣

⎤
⎥
⎥
⎥,
⎥
⎥
⎦

Figure 4.13 shows numerically computed phase plane pictures for different values of J. As τ decreases, x(τ ) → −∞ in finite time (by which we mean the nondimensional time τ ) for almost all trajectories because of the quadratic nonlinearity
in Equation 4.60. The heteroclinic trajectory for J < 0 (upper two panels), which
follows the x-axis from the saddle to the stable node is an exception, as well as
the fixed points themselves. Along each trajectory, y is bounded, since it decays
exponentially. Trajectories in red move from x = −∞ to x = +∞ in finite time.
√
For J < 0, trajectories in blue approach the stable node at (− −J, 0) as τ → ∞.
The two types of trajectories are separated by a trajectory (x̂(τ ), ŷ(τ )), shown
as a bold black curve in subplots A and B of Figure 4.13, which follows the stable
√
manifold of the saddle. The trajectory (x̂(τ ), ŷ(τ )) converges to the saddle ( −J, 0)
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Figure 4.13: Phase plane pictures for Equations 4.60, 4.61. Trajectories (x(τ ), y(τ ))
with x(τ ) → ∞ are in red, and trajectories which converge to a fixed point are in
blue. For J < 0 (upper panels), the trajectories reaching the stable node in the fast
direction are in bold blue. The stable manifold of the saddle is in bold black. As
J crosses 0, these two curves coalesce (left lower panel), and then the fixed points
disappear (right lower panel).
as τ → ∞. As J ↗ 0, the stable manifold of the saddle collides with the trajectory
approaching the node in the fast direction (subplot C). For J > 0 (subplot D), all
trajectories move from −∞ to +∞ in finite time.
Observe that the x-nullcline of the system described by Equations 4.60 and 4.61
is the parabola given by

x2 + y + J = 0.

Trajectories move from left to right above this parabola, and from right to left below
it. The trajectory that follows the stable manifold of the saddle, (x̂(τ ), ŷ(τ )), must
stay above the parabola in order to reach the saddle. Thus,

x̂(τ )2 + ŷ(τ ) + J > 0

(4.63)

for all τ . By Equation 4.60, x̂(τ ) is a strictly increasing function of τ . We can
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√
therefore view ŷ as a function of x̂ ∈ (−∞,

−J). Dividing Equation 4.61 by Equation

4.60, ŷ satisfies
dŷ
ŷ
=− 2
.
dx̂
x̂ + ŷ 2 + J

(4.64)

As τ ↘ τ0 for some τ0 > −∞, x̂(τ ) → −∞. We denote the limit of ŷ(τ ) as τ ↘ τ0 , or
equivalently, as x → −∞, by

hc (J) = lim ŷ(x̂).
x̂→−∞

Figure 4.14 plots hc (J) as a function of J.
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Figure 4.14: hc as a function of J.
From standard properties of ordinary differential equations, hc is a strictly decreasing function of J, where J ≤ 0. From Equation 4.63,

hc (J) > −J.

(4.65)

Numerical calculation approximates hc (0) ≈ 1.45 to three significant digits.
Returning to the original time t and dependent variables v and se , we find that
periodic firing is possible if and only if h > hc (J), which for the self-exciting QIF
neuron is

ge > g∗ (I) =

τe2
1
τm
h
(
(I −
)) > 0.
c
2
τe
τm
4τm

Since hc is a decreasing function of J ≤ 0, g∗ is a decreasing function of I ≤ Ic =
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1/(4τm ). For I = Ic ,

g∗ = g0 =

τm
τm
hc (0) ≈ 1.45 2 .
2
τe
τe

Since g∗ is a strictly decreasing function of I, ge > g∗ (I) can be written as

I > I∗ (ge ),

where I∗ (ge ) is the inverse of g∗ (I), a strictly decreasing function of ge .
To see that the onset frequency defined in Equation 4.57 is zero, consider one of
the red trajectories (x(τ ), y(τ )), in subplots A-C of Figure 4.13. Suppose that

x(0 + 0) = −∞, y(0 + 0) = y0 > hc (J).

As y0 ↘ hc (J), the distance at which the trajectory passes the fixed point (x∗+ , 0)
tends to zero, and thus the time it takes for x to move from −∞ to +∞ tends to
infinity. This implies that the onset frequency, f∗ (ge ), equals zero. This finishes the
proof of Proposition 4.3.1.

◻

This proposition tells us that for large τe , g0 is very small, and thus reverberating
activity lost as a result of lowering ge can usually be restored by raising I, while still
keeping it below Ic . For small τe , there is a large range of values ge > 0 for which
reverberating activity is impossible, no matter how much I is raised closer to Ic .
Figure 4.12 illustrates this.
Notice also that the onset frequency of reverberating activity is always zero,
whereas for the previous self-exciting LIF neuron model, it was non-zero. However,
we find that even though the theta model does not have a discontinuous jump in
frequency, the results are still in line with what we found in the LIF neuron model.
This is because f is “steep to infinite order” at I∗ (ge ). That is, the inverse function,
I = I(f ) ≥ I∗ (ge ), f ≥ 0, is “flat to infinite order” at f = 0, where all of its derivatives
at f = 0 are zero.
This statement is equivalent to a statement about Equations 4.60-4.62. Recall
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that periodic firing, where x → ∞ in finite time, is possible if and only if h > hc (J),
where hc is a strictly decreasing, positive function of J ≤ 0. We can also express this
by saying that x → ∞ in finite time if and only if h > hc (0) and J > Jc (h), where
Jc (h) is the inverse of hc (J).
For a fixed h > hc (0), the trajectories (x(τ ), y(τ )) pass the saddle (x∗+ , 0) closer
and closer as J ↘ Jc (h). The distance at which the trajectory passes (x∗+ , 0) is
proportional to J − Jc (h) when J − Jc (h) is small. The time it takes for x to pass
from −∞ to +∞ as the trajectory comes closer and closer to the saddle can be
analyzed by the simplified problem
dy
dx
= x,
= −y.
dt
dt
Notice that this is the system we used in Chapter 3, Section 3.2, to describe the
dependence of f on I in the IN a,p − IK model. The explanation here is exactly the
same for the dependence of f on J. All derivatives of J −Jc (h) tend to zero as f ↘ 0.
That is, as J ↘ Jc (h), there is an infinitely steep decline to frequency zero.
Our model thus far has a discontinuous reset of se to 1 when the neuron fires
(that is, when θ reaches π mod 2π). We now modify the model to make the reset of
se smooth:
dθ
cos θ
=−
+ 2(ge se + I)(1 + cos θ),
dt
τm
dse
se
= − + 10e−5(1+cos θ) (1 − se ).
dt
τe

(4.66)
(4.67)

The term 10e−5(1+cos θ) (1 − se ) is small, but becomes large when θ ≈ π mod 2π. This
drives se toward 1. Making the reset of se smooth is more biologically realistic, and
we now have a model that describes a smooth flow on the cylinder S 1 × R. We call
this model the smoothed self-exciting theta neuron.
Figure 4.15 shows the f −I −ge surface of the smoothed self-exciting theta neuron
as described by Equations 4.66 to 4.67, with τe = 3.
Because the smoothed self-exciting theta neuron defines a flow on the cylinder,
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Figure 4.15: f − I − ge surface of the smoothed self-exciting theta neuron, as modeled
in Equations 4.66-4.67, with τe = 3, τm = 1/2.
we can plot phase plane pictures to clarify the nature of the onset of reverberating
activity. Figure 4.16 shows phase plane pictures for the smoothed self-exciting theta
neuron with τm = 1/2, τe = 3, ge = 0.6, and four different values of I. (A) When
I < I∗ , all trajectories flow into the stable node, except those following the stable
manifold of the saddle. (B) When I = I∗ , some trajectories flow into the stable node
(blue), while others never come to rest (red). The homoclinic trajectory starts and
ends in the saddle, and borders the basin of attraction of the stable node. The (red)
trajectories that never come to rest wrap around the cylinder infinitely many times,
passing the saddle more and more closely and therefore taking more and more time
for each pass around the cylinder. In terms of a firing neuron, each period takes
longer to traverse, so the interspike interval tends to infinity. (C) When I∗ < I < Ic ,
there is a stable limit cycle (bold red). The basin of attraction of the stable node is
bordered by the stable manifold of the saddle. (D) For I > Ic , the stable limit cycle
becomes globally attracting, and no trajectories comes to rest.
As I is lowered below I∗ , the saddle inserts itself into the limit cycle, and the
limit cycle is lost. This is a saddle-cycle collision [56]. As I is raised above Ic , the
two fixed points are lost in a saddle-node collision.
In this section, we have seen with the more realistic self-exciting theta neuron
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Figure 4.16: Phase plane pictures for the smoothed self-exciting theta neuron, as
modeled by Equations 4.66-4.67. τm = 1/2, τe = 3, ge = 0.6, and values of I are
indicated above each subplot. Trajectories are shown in blue if they come to rest in
the stable node as t → ∞, in black if they come to rest in the saddle, and in red if
they do not come to rest.
model that there is no discontinuous jump from rest to firing, unlike with the selfexciting LIF neuron. However, there is no real biological difference between the two
models in terms of transition from zero to positive firing frequency because of how
fast the transition is for the self-exciting theta neuron model.
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Chapter 5
A single self-exciting, self-inhibiting
model neuron
Most neuronal networks are comprised of both excitatory and inhibitory cells that
communicate with one another. Up to this point, we have only been looking at
an excitatory cell. Here, we add a self-inhibitory term to our single cell models
as a simplified representation of a perfectly synchronous network with recurrent
excitation and feedback inhibition.

5.1

The self-exciting, self-inhibiting LIF neuron

We alter the equations for the self-exciting LIF neuron (Equations 4.9-4.12) to get
the following model:
dv
v
=−
+ I + ge se − gi si v
dt
τm
se
dse
=−
dt
τe
dsi
si
=−
dt
τi
v(t + 0) = 0, se (t + 0) = 1, and si (t + 0) = 1

if v < 1,

(5.1)

if v < 1,

(5.2)

if v < 1,

(5.3)

if v(t − 0) = 1,

(5.4)

where τi is the decay time constant of inhibition and gi measures the strength of the
feedback inhibition. Notice that our inhibitory term, −gi si v, has a reversal term,
−v = 0 − v. Strictly speaking, the excitatory term ge se should also be multiplied
by (vrev − v), where vrev ≫ 1 is the reversal potential. However, if we look at
the inhibitory term, 0 − v varies by 100% as v varies from 0 to 1. On the other
hand, the reversal term for the excitatory term would be much higher, vrev = 5, for
instance. In this case, when v varies from 0 to 1, the variation of vrev − v is only
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20%. Thus, dropping the reversal term is better motivated for excitatory synapses
than for inhibitory ones.
Figure 5.1 shows the f − I − ge surface of the model above. We set τm = 10,
τe = 3, τi = 10, and gi = 0.08 in the figure. The values of τe and τi are reminiscent of the approximate decay time constants of AMPA [36] and GABAA [24, 53]
receptor-mediated excitation and inhibition, respectively. As with the self-exciting
LIF neuron, τm is chosen to not be too many times smaller than the longest interspike interval of interest for stability reasons [8]. The value of gi is chosen so that
when there is no recurrent excitation and the inhibitory synapse is at its max, gi is
strong enough to prohibit firing. That is,

−

v
+ I − gi v∣
< 0.
v=1
τm

Note that the expression on the left-hand side of the inequality is what the righthand side of the differential equation in Equation 5.1 becomes when we set ge = 0,
si = 1. Choosing gi = 0.08 ensures that gi > I − 1/τm for a range of values of I.
Notice that while the surface looks similar to the previous f − I − ge surfaces for
the single-cell neurons, there is a new feature here. There is a tear in the surface,
running through the part of the surface that represents the non-zero firing frequencies
(shown in red). This tear shows a discontinuous jump in frequency. In the region
where I is below threshold (the threshold here is I = 0.1), ge has only rest as a
possibility until it reaches a critical value. For ge above the critical value, rest is still
a possible state, but a high (>100 Hz) firing frequency is also possible now. This
behavior is analogous to the LIF autapse for I below threshold. In the region of I
above threshold, there is a jump from low to high firing frequency as ge is raised.
Note that there is also a discontinuous jump if we fix ge and raise I. No such jumps
were seen in our previous models’ f − I − ge surfaces. We refer to this jump from
low, but positive, frequency to a high frequency as a runaway transition. There is
no strict quantitative definition of a runaway transition, and we instead rely on the
discontinuous jump as a criterion.
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Figure 5.1: f − I − ge surface of the self-exciting, self-inhibiting LIF neuron, with
τm = 10, τe = 3, τi = 10, and gi = 0.08. Notice the tear through the non-zero frequency
portion of the plot.
The question that now arises is, when does a runaway transition occur? To
answer this, we must first understand what the voltage trace of the self-exciting,
self-inhibiting LIF neuron looks like. In Figure 5.2, ge and I are fixed. The voltage
trace here does not look unlike the voltage trace for the simple LIF neuron (see
Chapter 2).
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Figure 5.2: Voltage trace of a self-exciting, self-inhibiting LIF neuron. τm = 10,
τe = 3, τi = 10, gi = 0.08, and ge = 0.3.
If we change the values of ge and I to be around the region of the “tear” in
the f − I − ge surface of Figure 5.1, however, the resulting voltage trace takes on
new characteristics. Figure 5.3 shows the traces of v when ge is fixed at 0.36, with
I = 0.112. Notice here that the voltage trace is no longer strictly increasing. The
right plot shows a closeup of the trace. We see that v has a local maximum (the
“bump”) around 9ms, followed by a decrease, and then an increase to firing threshold.
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This is different than the bump seen with the LIF autapse, where there is no increase
in the voltage trace post-bump. This “bump” phenomenon was described in [51], and
discussed in [10] as well as Chapter 4. Here, the excitatory term creates the bump
in the voltage trace. The longer lasting inhibition (τi here is 10 ms, τe is 3 ms) is able
to temporarily lower v if the bump is not sufficient in reaching firing threshold.
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Figure 5.3: Voltage trace of a self-exciting, self-inhibiting LIF neuron. τm = 10,
τe = 3, τi = 10, gi = 0.08, and ge = 0.36. The right plot is a closeup of the plot on the
left.
If we raise I, though, we find that there is a point where an arbitrarily small
increase in I can abruptly shorten the firing period. The slight increase in I is enough
to bring the bump above threshold. Figure 5.4 demonstrates this. Increasing I by
0.0001 increases the firing frequency from about 50 Hz to >100 Hz.
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Figure 5.4: Voltage trace of a self-exciting, self-inhibiting LIF neuron. A small increase in I can cause the subthreshold bump to rise about firing threshold, drastically
shorting the firing period and consequently abruptly raising firing frequency. The
parameter values are the same as in Figure 5.3, except for I.
From the voltage traces, we see that for an abrupt increase in firing frequency to
occur, the presence of a subthreshold bump is needed. We look for the conditions
dv
that create the subthreshold bump. At a local maximum of v,
= 0. We can
dt
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explicitly solve for se and si , and rewrite Equation 5.1 as

0=−

v
+ I + ge e−t/τe − gi e−t/τi v.
τm

(5.5)

Equivalently, we say that at the local maximum (the height of the “bump”)

v=

I + ge e−t/τe
.
1
−t/τi
τm + gi e

(5.6)

Since the presence of a subthreshold bump in the voltage trace can lead to abrupt
transitions, we do not want the local max to be at v ≥ 1, otherwise we would simply
have a spike. v exceeds 1 under the following conditions:
Proposition 5.1.1 There is no subthreshold voltage bump if I >

1
τm ,

ge ≥ gi , and

τe ≥ τi .
We choose I >

1
τm

by design so that the neuron will fire. In addition, a look at

the f − I − ge surface clearly indicates that even for values of ge > gi , τe < τi , a tear is
possible (recall that for Figure 5.1, gi = 0.08). Thus, we make the claim that in order
for a subthreshold bump to be present, τi and τe are the parameters of interest, and
that τe must be less than τi . The following proposition can also be found in [10].
Proposition 5.1.2 Let τm > 0, I > 1/τm , ge > 0, τe > 0, gi > 0, τi > 0, and let
v = v(t) be the solution of
v
dv
=−
+ I + ge e−t/τe − gi e−t/τi v,
dt
τm

(5.7)

with v(0) = 0. Assume that there exists tmax > 0 such that v has a local maximum at
tmax , and v(tmax ) = 1. Then (a) τe < τi , and (b) I < gi + 1/τm .
Proof: Differentiating Equation 5.7 and using that v = 1 and
find
d2 v
gi
ge
(tmax ) = e−tmax /τi − e−tmax /τe .
dt2
τi
τe

dv
dt

= 0 at t = tmax , we
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Because v has a local maximum at tmax ,
gi −tmax /τi ge −tmax /τe
e
≤ 0.
− e
τi
τe

(5.8)

Recall that we choose I > 1/τm . Using Equation 5.7, this implies that at the
height of the “bump” at t = tmax ,

ge e−tmax /τe − gi e−tmax /τi < 0.

Dividing this by τe , we have
ge −tmax /τe gi −tmax /τi
− e
e
< 0.
τe
τe

(5.9)

If we now sum the inequalities 5.8 and 5.9 and simplify, the result is τe < τi , proving
part (a) of the proposition.
Now if we take Equation 5.7 at time t = tmax , we have

−

1
+ I + ge−tmax /τe − gi e−tmax /τi = 0.
τm

Solving for I, we find

I=

1
+ gi e−tmax /τi − ge−tmax /τe ,
τm

which implies

I<

1
+ gi ,
τm

proving part (b) of the proposition.

◻

In fact, it was found that τe < τi is not only necessary, but also sufficient for the
existence of a tear. We first verified this computationally, using a large number of
randomly generated parameter choices. For a proof see [10].
Figure 5.5 shows the surface for the case when τe = 20, all other parameters the

72
same as in Figure 5.1. Note that the tear is no longer present.

Figure 5.5: f − I − ge surface of the self-exciting, self-inhibiting LIF neuron, with
τm = 10, τe = 20, τi = 10, and gi = 0.08.
The self-exciting, self-inhibiting LIF neuron is qualitatively similar to the selfexciting LIF neuron when I is below threshold, where reverberating activity and rest
are both possible states. However, it is in the above-threshold regime where new
behavior arises. Here, we have found the conditions needed to observe a transition
from low-firing frequency to runaway activity. This again may relate to the highfrequency activity seen in epileptic seizures.

5.2

The self-exciting, self-inhibiting theta neuron

Now we turn again to the more realistic theta neuron model. Here, we use the
Ermentrout-Kopell form [20], where τm = 1/2, as described by Equation 4.55 (we
write I instead of I˜ for simplicity). The value of Ic in the following model is now 0.
The author chooses to write the model in this form purely for aesthetic reasons.
A self-inhibitory term is added into the model, to get a self-exciting, self-inhibiting
theta neuron. We modify the excitatory term by having it decay with a time constant
of τe to make things simpler, and similarly, the inhibitory term decays with time constant τi . The inhibitory current here is simply a current, without a reversal potential,
again for simplicity. Both se and si discontinuously reset to 1 if θ(t − 0) = π mod
2π. The coefficients ge and gi are the strengths of recurrent excitation and feedback
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inhibition, respectively.

dθ
= 1 − cos θ + (I + ge se − gi si )(1 + cos θ),
dt
dse
se
=− ,
dt
τe
dsi
si
=− ,
dt
τi

(5.10)
(5.11)
(5.12)

where Equations 5.11 and 5.12 are the equations for t > 0 if there is an action
potential at time 0.
Figure 5.6 shows the f − I − ge surface for the model. We compare the more
biologically realistic theta model here with the analogous self-exciting, self-inhibiting
LIF model. Upon first glance, there seems to be a tear in the surface of this model
as well.

Figure 5.6: f − I − ge surface of the self-exciting, self-inhibiting theta neuron, with
τe = 3, τi = 10, and gi = 0.3.
However, the transitions here are continuous, analogous to the relation between
the self-exciting theta and self-exciting LIF neuron models. We will show this first
by a straightforward proof using the Implicit Function Theorem, and by showing
numerical examples, which give a much better sense of what is happening within the
model. For both these methods, we rewrite Equations 5.10-5.12 as
dθ
= 1 − cos θ + (I + ge e−t/τe − gi e−t/τi )(1 + cos θ),
dt

(5.13)

74
for t > 0 if there is an action potential at time 0, where θ(t + 0) = −π. The behavior
of the neuron is modeled up to the first spike, when θ reaches π. We consider θ as
a function of ge and t, and we let T > 0 denote the time at which θ reached π, so

θ(ge , T ) = π.

(5.14)

Since
∂θ
= 1 − cos π = 2 ≠ 0,
∣
∂t t=T
the equation θ(ge , T ) = π can be locally solved for T in terms of ge , and T is a
continuous function of ge . Similarly, there is no discontinuous dependence on I.
This proves that the period (and thus, the frequency) of the self-exciting, selfinhibiting theta neuron model is continuous with regards to ge , even though there
appears to be a tear in the surface. We now use numerical simulations to get a better
sense of what is happening with θ.
We solve explicitly for the critical points of Equation 5.13, which are as follows:

θ± = ± arccos (

1 + (I + ge e−t/τe − gi e−t/τi )
).
1 − (I + ge e−t/τe − gi e−t/τi )

(5.15)

In the above threshold region where I > 0, we plot θ± , Equation 5.15, against
time, using fixed values of ge and I. We then overlay a trace of θ, observing what
happens to θ in relation to the critical points. As a reminder, the trace of θ is
analogous to the voltage trace of the LIF neuron (where v is tracked), and the theta
neuron is considered to have spiked when θ crosses π. Figure 5.7 demonstrates this.
The value I = 0.03 for Figure 5.7 was chosen because it is above threshold, and
the sudden transition from low to high firing frequency in the f − I − ge surface is
clearly apparent at that value. The sudden transition happens between ge = 0.92
and ge = 0.93. At ge = 0.92 (Figure 5.7 A), the trace of θ has the pronounced “bump”
that has been present in all our models thus far. However, the bump is not high
enough to exceed and remain above the saddle (in red), and the trajectory of θ is
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Figure 5.7: For all subplots, τe = 3, τi = 10, gi = 0.3, and I = 0.03. A) ge = 0.92, B)
ge = 0.927, C) ge = 0.93. θ traces are in black. The stable θ− points are in blue, the
unstable θ+ saddle points are in red.
repelled quickly back down to the stable node (in blue). It is not until the saddle
and node collide and annihilate one another that θ can start moving back toward π
again.
Before discussing subplot B, we look at subplot C in Figure 5.7. Here, with
ge = 0.93, the time it takes for θ to reach firing threshold is drastically shortened
from the time it took in subplot A (shortening from about 40 ms to 16 ms). This
sudden increase in frequency corresponds to where the “tear” in the f − I − ge surface
of Figure 5.6 occurs for I = 0.03. Here, we see that the θ trajectory is able to “outrun”
the saddle point. The trajectory stays on the side of the saddle that allows it to
continue to move toward π without moving back toward the stable node. However,
while the frequency increases abruptly between setting ge = 0.92 and ge = 0.93, this
transition is not discontinuous. We can see this by observing what happens with θ
with values of ge in between 0.92 and 0.93, as seen in subplot B.
In subplot B, ge = 0.927. The θ trajectory here has enough recurrent excitation
so that while it temporarily falls behind the saddle point, it does not get pushed
back quickly to the stable node. The trajectory instead manages to catch back up
and exceed the saddle point when the saddle point begins to move back toward 0.
We call this behavior, where the trajectory follows an unstable fixed point, a canard.
In the region between ge = 0.92 and ge = 0.93, the trajectory of θ follows the
behavior seen in subplot B. That is, the value of θ falls below that of the saddle,
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and is repelled toward the stable node. It then exits the saddle prior to the saddle
colliding with the stable node, reaching firing threshold at a time between the times
seen in subplots A and C. This behavior occurs when the “bump” of the θ trajectory
is high enough to cross the saddle at some threshold that does not push θ back
down to the stable node. Thus, the “bump mechanism”, where the voltage trace of
the model develops a hump that eventually reaches some threshold that abruptly
increases firing frequency, is present in this model as well. Figure 5.8 shows the
critical points and θ trace when ge = 0.7, when the bump is not pronounced.
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Figure 5.8: τe = 3, τi = 10, gi = 0.3, and I = 0.03. Here, ge = 0.7. The θ trace is in
black. The stable fixed points are in blue, the unstable saddles in red.
In the below-threshold region where I < 0, the transition from rest to firing as
ge is increased is continuous as well. The fixed points of se and si are simply 0,
). In the below-threshold regime, the
and θ thus has fixed points at ± arccos ( 1+I
1−I
two fixed points are always present. We check numerically to see if a saddle-cycle
collision occurs, and in fact, the results are completely analogous to the results of
the self-exciting theta neuron. Figure 5.9 plots trajectories for different values of ge
in se , si , and θ space, where I = −0.05. se and si are initialized at 1, θ at −π. Red
curves indicate that the trajectory reaches spiking threshold (θ = π), and blue curves
indicate that the neuron comes to rest in the stable node. The black curve follows
the stable manifold of the saddle. As ge is lowered, the red trajectories come closer
and closer to the black curve, similar to how the limit cycle of the self-exciting theta
neuron approaches the saddle.
As before, the self-exciting, self-inhibiting theta neuron model provides a continuous version of its LIF model counterpart. Bistability between rest and reverberating
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Figure 5.9: Trajectories for different values of ge where I is below threshold, at
I = −0.05 of the self-exciting, self-inhibiting theta neuron. w and u are initialized
at 1, θ at −π. Red indicates trajectories that reach spiking threshold, blue indicates
those that stay at rest. Black goes into the saddle point.
activity, as well as a transition from low-firing frequency to runaway activity are also
seen in the f − I − ge surface of this theta model. The functional difference between
the theta and LIF neuron models are negligible, but serve to reinforce the behavior
we hope to see in the upcoming network simulations.
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Chapter 6
Strong PING with recurrent excitation
We finally arrive at network simulations. Our network model includes both fast and
slow E-E connections (AMPA and NMDA receptor-mediated synapses, respectively).
With this model, we can isolate the effects of the individual receptor types. Our
goal is to see whether the behavior exhibited in the single-cell models can inform us
about what happens in the network models comprised of Hodgkin-Huxley-like neuron
models. We use reduced Traub-Miles neurons for excitatory cells, and Wang-Buzsáki
neurons for inhibitory. In the neuronal network, if I is above the respective firing
thresholds for E- and I-cells, the E- and I-cells will fire periodically. Ic for the
excitatory cells is approximately 0.12, and 0.16 for the inhibitory cells. If I is below
threshold, they will rest.
In our network simulations, drive is only given to the E-cells. For the PING
mechanism, the I-cells should only fire in response to the firing of the E-cells (see
Chapter 2, Section 2.7). We will look at both below- and above-threshold drive, with
the drive to the E-cells, IE , being the same for all the E-cells. Synaptic connectivity,
however, is heterogeneous. The term “Strong PING” refers to the network having all
its neurons fire on each cycle. “Weak PING” will be discussed later in this thesis.

6.1

Bistability between rest and reverberating activity

The equation for the fast AMPA receptor-mediated synapse is as follows:
q
dq 1 + tanh(vE /10) 1 − q
=
−
,
dt
2
0.1
τd,q
dsAMPA
1 − sAMPA
sAMPA
=q
−
,
dt
τr,AMPA
τd,AMPA

(6.1)
(6.2)

and the synaptic current is modeled as IAMPA = g AMPA sAMPA (vrev −v), where g AMPA
is the strength of AMPA receptor-mediated recurrent excitation. Within the Matlab
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code, the value we change is ĝAMPA , so when referring to the strength of recurrent
excitation within this thesis, we will use this notation. Notice that here we use the
gradually rising synaptic model as described in Chapter 2, though AMPA is fast.
This is fine to do, as we have set the parameters appropriately. In this way, we are
able to control the peak time of the AMPA synaptic current.
Figure 6.1 shows a baseline PING network with NE = 200 E-cells, NI = 50 I-cells,
and no E-E connections. IE here is set to 1.4, much higher than firing threshold. For
the first 100 ms, there is high-frequency, strong random stimulation of the E-cells, in
addition to the constant external drive, IE . The strong random stimulation builds
up recurrent excitatory drive when E-E connections are present. E-E connections
are not present in this simulation, but we include the initial stimulation to serve as
a demonstration of what will be seen in following simulations. The strong random
stimulation triggers high-frequency asynchronous activity in the E-cells, which in
turn activates the I-cells. Notice that the decay time constants for AMPA and
NMDA are 3 ms and 100 ms, respectively. The decay time for the feedback inhibition
is τd,I = 9 ms. Refer to Chapter 2 for further description.
After the initial 100 ms, the random stimulation shuts off, and in Figure 6.1, the
network continues on with gamma oscillations at around 50 Hz.
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Figure 6.1: Spike rastergram resulting from simulation of a PING network. Spike
times of E-cells are indicated in red, and spike times of I-cells in blue. The parameters
are NE = 200, NI = 50, IE = 1.4, σE = 0, II = 0, σI = 0, gadap = 0, ĝNMDA = 0,
ĝAMPA = 0, ĝEI = 0.25, ĝIE = 0.5, ĝII = 0.25, pEE = 0.75, pEI = 0.75, pIE = 0.75, pII =
0.75, τr,NMDA = 3, τpeak,NMDA = 3, τd,NMDA = 100, τr,AMPA = 0.5, τpeak,AMPA = 0.5,
τd,AMPA = 3, τr,I = 0.5, τpeak,I = 0.5, τd,I = 9, vrev,I = −75, fstoch = 40, tstoch = 100,
gstoch = 0.25, τd,stoch = 3.
Now we turn on the AMPA current by setting ĝAMPA > 0, and lower IE to be
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below threshold. Recall that in our single cell models, there were regions in the
f − I − ge surface where for I below threshold, not only was rest a stable solution,
but reverberating activity was still possible because of sufficiently strong recurrent
excitation. For the network fueled by AMPA receptor-mediated recurrent excitation,
where AMPA is considered “fast-acting” (we set its decay time constant to be 3 ms),
we search for the transition into the region of bistability. Figure 6.2 shows this.
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Figure 6.2: Transition into the region of bistability between rest and reverberating
activity. This is analogous to the region of bistability in the (I, ge )-plane of the
f − I − ge surfaces of our single-cell models. Parameter values are the same as in
Figure 6.1, except with IE = 0.1 and ĝAMPA = 0.43 (top) and 0.44 (bottom).
In the top subplot of Figure 6.2, the parameters are outside the region of bistability, and after the initial asynchronous initialization, the neurons eventually stop
firing. With a slight increase in ĝAMPA , there is now enough recurrent excitation
to sustain activity. The onset frequency of reverberating activity in the simulation
is about 100 Hz. This sudden transition between rest and high firing frequency is
in line with what was seen in the single-cell LIF and theta neuron models below
threshold.
Keeping the results of the self-exciting, self-inhibiting LIF and theta neurons in
mind, we raise IE above threshold. Figure 6.3 shows the results. Here, we see that
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there is a transition from low-frequency to high-frequency firing. This reflects the
“tear” seen in the f − I − ge surfaces of Figures 5.1 and 5.6.
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Figure 6.3: Parameter values are the same as in Figure 6.2, except with IE = 0.13,
slightly above threshold. The top plot has a mean frequency of about 5 Hz, and the
bottom has a mean frequency of about 111 Hz.
If we instead return ĝAMPA back to 0 and set ĝNMDA to a positive value with
IE below threshold, we see the plots of Figure 6.4. NMDA receptors have a longer
decay time, about 100 ms, and a slower rise to peak (see parameters of Figure 6.1).
The slow NMDA receptor-mediated synapse is modeled like AMPA with a gradually
rising synapse, as described in Chapter 2. τd,q is calculated so that q has its maximum
at τpeak,NMDA :
dq 1 + tanh(vE,presyn /10) 1 − q
q
=
−
,
dt
2
0.1
τd,q
dsNMDA
1 − sNMDA
sNMDA
=q
−
.
dt
τr,NMDA
τd,NMDA

(6.3)
(6.4)

Here, vE,presyn refers to the membrane potential of the presynaptic neuron. In
addition, the NMDA synapse has an extra term, called the Jahr-Stevens factor,
which models the magnesium block of the NMDA receptor [33]. The NMDA synaptic
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current is
INMDA = B(vpost )g NMDA sNMDA (vrev − vpost ),
where vpost refers to the postsynaptic neuron’s membrane potential, and B(vpost ) is
the Jahr-Stevens factor,

B(vpost ) =

1
.
[M g]ex exp(−0.062vpost )
1+
3.57

(6.5)

[M g]ex denotes the extracellular magnesium concentration. We take it to be 1 mM,
as determined by Jahr-Stevens to be a reasonable value.
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Figure 6.4: Parameter values are the same as in Figure 6.1, but with IE = 0.1 and
ĝNMDA as seen in the subplot titles.
Figure 6.4 shows the onset frequency of reverberating activity to be < 7.5 Hz,
which is in line with our single-cell models. That is, the onset of reverberating
activity can be arbitrarily low for slow, NMDA-like, recurrent excitation, with no
subsequent sudden transitions in frequency. In fact the network’s average firing
frequency rises steadily with ĝNMDA . See Figure 6.5. The average firing frequency is
found by taking the number of E-cell spike times after the first 500 ms, and dividing
this value by 200 (as there are 200 E-cells in the network). This is then multiplied by
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1000 ms/(tfinal -500 ms), where tfinal is the ending time for the simulation, to convert
the value into Hz.

f

50

0
0

0.2

0.4

0.6

0.8

1

g^NMDA
Figure 6.5: Frequency vs. NMDA E-E connection strength for IE = 0.1 (below threshold).
When we look at the effects of turning on the NMDA current with an abovethreshold value of IE , we see expected results. As with the f − I − ge surfaces
of the LIF and theta neurons when τe is large, there are no abrupt transitions in
firing frequency. Without NMDA connections, there is low-frequency firing, which
increases in frequency as NMDA connection strength is increased. See Figures 6.6
and 6.7.

I =0.13, g^AMP A =0, g^NMDA =0

250

50
0

200

400

600

800

1000

I =0.13, g^AMP A =0, g^NMDA =0.5

250

50
0

200

400

600

800

1000

t [ms]
Figure 6.6: Same parameters as in Figure 6.1, but with IE = 0.13, ĝNMDA = 0 in the
top plot, and IE = 0.13, ĝNMDA = 0.5 in the bottom plot.
The f − ge curves for below- and above-threshold drives IE for the network with
AMPA receptor-mediated recurrent excitation are shown in Figures 6.8 and 6.9 for
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Figure 6.7: Frequency vs. NMDA E-E connection strength for IE = 0.13 (above
threshold).
comparison.

f

400
200
0
0

0.2

0.4

0.6

0.8

1

g^AMP A
Figure 6.8: Frequency vs. AMPA E-E connection strength for IE = 0.1 (below threshold). There is a sudden transition from rest to high-frequency (>100 Hz) firing.
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Figure 6.9: Frequency vs. AMPA E-E connection strength for IE = 0.13 (above
threshold). While this looks almost identical to Figure 6.8, there is actually a transition from low (about 5 Hz) to high (>100 Hz) firing frequency.
Thus, we have seen with strong PING, fast AMPA connections give analogous
results to the single-cell models with a small τe , and slow NMDA connections give
results in line with τe large. In our networks, we see a sudden transition from rest to
firing with below-threshold drives, and when recurrent excitation is faster than the
feedback inhibition, we see sudden transitions from low-frequency to high-frequency
firing with above-threshold drives.

85

6.2

Bistability between low- and high-frequency firing

If we repeat the simulation that generated the lower subplot of Figure 6.2, but this
time remove the random stimulation initialization, the result is shown in Figure
6.10. With the exact same parameters, there is a new kind of bistability, in that
low-frequency stable firing is also possible. This was not predicted by the singlecell models in earlier chapters. This can be explained if we consider the properties
of the models used. For the self-exciting, self-inhibiting LIF neuron, bistability
between low- and high-frequency firing is impossible, as there is no possibility of
desynchronization. However, in networks, there is the possibility of losing synchrony.
That is, the neurons may not all fire at exactly the same time, which was the big
assumption made in the single-cell models to relate them to networks. One can obtain
nearly synchronous low-frequency activity (as in Figure 6.10), or less organized,
asynchronous high-frequency activity (as in the bottom plot of Figure 6.2).

250

I =0.13, g^AMP A =0.44, g^NMDA =0

50
0

200

400

600

800

1000

t [ms]
Figure 6.10: Same as the lower subplot of Figure 6.2, but with the random stimulation removed.
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Chapter 7
Summary of Part II and its relation to
neurophysiology
It is known that reverberating activity can be sustained by recurrent excitation even
with below-threshold external drive, both when the decay times of the excitatory
synapses are long, and when they are short. We differentiate between long and short
decay times because they relate to the two main classes of excitatory synaptic receptors in the brain: slow-acting NMDA receptors (long decay time), and fast-acting
AMPA receptors (short decay time). If the reverberating activity is sustained by
AMPA receptor-like recurrent excitation, the firing frequencies become extraordinarily high.
In Part II of this thesis, it was found that for linear integrate-and-fire neurons
(LIF neurons), the strength of recurrent excitation needed for reverberating activity
is bounded below by a positive bound when the decay time constant of excitation
(τe ) is short (that is, shorter than the membrane time constant, τm ), not if it is long.
For the theta neuron models, low-frequency reverberating activity can theoretically
be sustained even with a short τe due to a saddle-cycle collision that slows the motion
along the cycle as the saddle and cycle approach each other.
In addition, sudden transitions from low-frequency to high-frequency firing due
to increasing recurrent excitation required that the recurrent excitation be quickly
decaying, and in particular, decaying faster than the feedback inhibition. This was
needed in order to create the necessary “bump” in the voltage trace. We showed this
theoretically for the self-exciting, self-inhibiting LIF neuron, and provided computational results for the self-exciting, self-inhibiting theta neuron model.
Sudden transitions to high-frequency firing are reminiscent of epileptic seizures
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[41, 44]. Experiments have shown that NMDA, not AMPA receptor-mediated excitation, underlay the mechanisms of working memory [60, 61]. However, our results
are in line with studies that show that anti-epileptic drugs should target the fastacting, rapidly decaying AMPA receptors in addition to NMDA receptors [50]. To
further extend this work, one direction is to see whether reverberating activity is
possible with AMPA-like decay time constants at non-high frequencies (< 100 Hz, for
instance) if the activity is asynchronous.
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Part III

Weak reverberating activity

89
In this part of our analysis of recurrent excitation within neuronal networks, we
focus on persistent, reverberating activity and its behavior. We look at reverberating
activity in the form of sparse rhythms (also called weak PING), which have been
experimentally observed in the brain. Recurrent excitation can affect both the frequency and sparsity of these rhythms, giving insight into the potential mechanism of
sparse rhythms. This then leads into studying how varying the strength of recurrent
excitation and/or the level of excitability within a network can create changes in the
persistent firing patterns of reverberating activity. As will be discussed, this may
relate to firing patterns seen in schizophrenia.
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Chapter 8
Deterministic weak PING with recurrent
excitation
Until now, the network simulations have been strong PING simulations, where the Ecells and I-cells fire on every cycle. Now, we consider weak PING. Like strong PING,
there is a persistent rhythm. That is, reverberating activity, in which rhythmic,
synchronized activity in neuronal networks is present. However, instead of both
E- and I-cells firing during each spike volley, the I-cells fire on every cycle, while
the E-cells skip cycles randomly. The overall population frequency will still have a
clear rhythm (we focus on gamma rhythms), but the individual firing of E-cells is
sparse [9]. Thus, we can call the rhythms seen in weak PING “sparse rhythms”. This
type of behavior is experimentally seen in the brain [16], and may be how gamma
rhythms generally occur. For our deterministic weak PING (called deterministic
because there is no random drive), we create weak PING by adding in an inhibitory
current called the adaptation current, similar to what is done in [35] and [38]. With
the adaptation current, the E-cells will fire synchronously within clusters, like in [35]
and [38]. With our deterministic weak PING, we will consider the effects of recurrent
excitation.
Our adaptation current is modeled as

Iadap = gadap a(−100 − v),
a
da 0.5(1 + tanh(v/4))(1 − a)
=
−
dt
τr,adap
τd,adap

(8.1)
(8.2)

where τr,adap and τd,adap are the rise and decay time constants, respectively. This
type of adaptation current is discussed in Chapter 3. The adaptation current is
firing-activated, versus depolarization-activated (like the M-current). This means
that the adaptation current is only turned on if the E-cells actually fire. In the
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model, τr,adap = 0.1 ms and τd,adap = 150 ms, indicating an almost instantaneous
rise and a slow decay. The −100 in Equation 8.1 is motivated by the fact that the
reversal potential for potassium is approximately −100 mV, and adaption currents
are potassium currents.
Figure 8.1 shows a network simulation with the adaptation current and no recurrent E-E connections. We choose gadap = 0.4 in order to create several clusters of the
E-cells, and there is a population frequency of about 50 Hz. As we did with strong
PING, there is an initial high-frequency random stimulation. With our weak PING,
we stimulate for 300 ms. However, here we give the random stimulation a slower
frequency of 10 Hz, as opposed to the 40 Hz used with strong PING. The external
drive, IE , is also not present in the first 300 ms, and is only turned on once the
random stimulation has stopped. We make these changes to prevent the adaptation
current from being strongly activated in all the E-cells simultaneously, and silencing
the network completely as a result.

250

gadap =0.4, g^AMP A =0, g^NMDA =0

50
0

500

1000

1500

t [ms]
Figure 8.1: The parameters are NE = 200, NI = 50, IE = 10, σE = 0, II = 0, σI = 0,
gadap = 0.4, ĝNMDA = 0, ĝAMPA = 0, ĝEI = 1.5, ĝIE = 0.5, ĝII = 0.5, pEE = 0.75,
pEI = 0.75, pIE = 0.75, pII = 0.75, τr,NMDA = 3, τpeak,NMDA = 3, τd,NMDA = 100,
τr,AMPA = 0.5, τpeak,AMPA = 0.5, τd,AMPA = 3, τr,I = 0.5, τpeak,I = 0.5, τd,I = 9,
vrev,I = −75, fstoch = 10, tstoch = 300, gstoch = 0.25, τd,stoch = 3.
Figure 8.2 shows a closeup of the first 20 E-cells in the last 300 ms of the network
simulation from Figure 8.1. The clustering can be seen more clearly, and under the
parameters described in Figure 8.1, there are 4 clusters of E-cells. These 4 clusters
can easily be seen just by observation, but the Matlab kmeans function was used to
automatically count the number of clusters as an extra verification step.
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Figure 8.2: A closeup of the spike times of the first 20 E-cells in Figure 8.1. The
vertical lines indicate “local maxima of the overall E-cell firing rate”.

8.1

Automatic detection of spike clusters using the kmeans++ algorithm

Here we give an explanation on how we employ the clustering algorithm. First, we
record the last spike time of each E-cell. In this way, we are able to isolate one of
every distinct cluster. Then we use the kmeans function in Matlab to partition the
spike times into k clusters. The kmeans function uses the squared Euclidean distance
measure and the k-means++ algorithm for cluster center initialization. We choose
values of k from 1 to 10, to account for the possibility that there are no clusters, or
many distinct clusters. For each of these values of k, a vector is returned that gives
the cluster indices of each spike time.
Now, we apply the Matlab silhouette function for each of the 10 outputs given
by kmeans. The silhouette value for each spike time is a measure of how similar
that spike time is to spike times in its own cluster, when compared to spike times
in other clusters. The silhouette value is as follows, as described in the Matlab
documentation on the silhouette function:

Si =

bi − ai
,
max(ai , bi )

where i is the evaluated point, ai is the average distance from the ith point to the
other points in the same cluster as i, and bi is the minimum average distance from
the ith point to points in a different cluster, minimized over clusters.
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The silhouette values range from −1 to 1, where a high silhouette value means that
the spike time is well-matched to its own cluster, and poorly-matched to neighboring
clusters. Knowing this, we take the average of the silhouette values for each output
given by kmeans. The output vector for some k that has the highest average can
then be said to be the most appropriate clustering solution, and it is this value of k
that we use to state how many clusters are in a given network simulation.
For example, we record the last spike time of each E-cell from the network simulation in Figure 8.1. These spike times are plotted in Figure 8.3. (Although we can
clearly see the clusters here, this would not always be the case for a given simulation.)
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Figure 8.3: Ending spike times for each E-cell from the simulation in Figure 8.1.
We then apply the kmeans function on the spike times using k values ranging
from 1 to 10, and pass each output to the silhouette function. Figure 8.4 shows the
plot of the silhouette values for k = 7. Recall that the kmeans function will have
assigned each spike time a cluster value of 1 through 7. The silhouette plot shows
the silhouette value for each spike time and indicates what cluster that point belongs
to. For k = 7, we can see that some spike times have a negative silhouette value,
meaning they are not well-matched to their cluster. There is also a wide range of
silhouette values within a single cluster, with only cluster 4 having spike times with
consistently high silhouette values.
In comparison, when k = 4, the silhouette values of the spike times within each
assigned cluster are consistently high and near 1 (see Figure 8.5). The average of
the silhouette values for k = 4 is the highest out of the averages for the other values
of k, and thus we claim that 4 is the appropriate number of clusters present.
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Figure 8.4: Silhouette plot for the spike times plotted in Figure 8.3. k here is 7.
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Figure 8.5: Silhouette plot for the spike times plotted in Figure 8.3. k here is 4.
To take this further, instead of only taking the last spike time for each E-cell in
order to count the number of distinct clusters, we can pass all or most of the spike
times of all the E-cells into the kmeans function, adjust the values of k we would
like to use, then follow the same subsequent steps as previously described. This is
useful if we want to count how many spike volleys (the bands of E-cells in a network
simulation) have occurred, and which E-cells are part of which spike volley.
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8.2

The transition to runaway activity with AMPA receptormediated recurrent excitation is abrupt.

Now we look at what happens when the AMPA current is turned on by setting
ĝAMPA > 0. Recall that AMPA is the rapidly decaying type of recurrent excitation.
Figure 8.6 shows the results: the number of clusters decreases from 4 to 3, and
then from 3 to 2. The population frequency decreases as well, from 50 Hz to 40,
then 25. This is surprising, as one would expect an increase in excitation to result
in a corresponding increase in population frequency. The decrease in population
frequency is due to the mechanism by which the clusters decrease: E-cells in one
cluster join E-cells in another cluster as recurrent excitation is increased (this will
be discussed more in the next paragraph).
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Figure 8.6: Same parameters as in Figure 8.1, but with positive values of ĝAMPA .
Top: ĝAMPA = 0.2. Number of clusters has decreased to 3, and population frequency
has decreased to about 40 Hz. Bottom: ĝAMPA = 0.3. Number of clusters has
decreased to 2, and population frequency has decreased to 25 Hz
As the AMPA current is increased, the clusters eventually all disappear, and the
population frequency decreases to 15 Hz. The clusters go away as more and more
E-cells fire in synchrony with other E-cells, leading to a cluster that becomes more
dominant than the others. Eventually, with enough recurrent excitation, all E-cells
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will join the dominant cluster. See Figure 8.7, top plot. An increase in recurrent
excitation strength, therefore, aids E-cells in a weaker cluster to synchronize with
E-cells in a stronger cluster, rather than increasing the firing frequency of every
individual E-cell (which, if that were the case, would increase population frequency
and retain the number of clusters). Upon further increase of ĝAMPA , there is an
abrupt transition to runaway activity. See Figure 8.7, lower plot.
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Figure 8.7: Same parameters as in Figure 8.1, but with positive values of ĝAMPA .
Top: ĝAMPA = 0.86. No clusters, and population frequency has decreased to 15 Hz.
Bottom: ĝAMPA = 0.87, and there is runaway activity.
To understand the sudden jump from very low firing frequency (15 Hz) to highfrequency runaway activity, we plot the voltage trace of an arbitrary E-cell from the
simulations from Figure 8.7 in Figure 8.8. Notice the bump in the voltage trace
in the top plot, similar to the bumps seen in the single neurons discussed in the
previous part of this thesis. Raising ĝAMPA slightly allows the bump to turn into
a spike, which then triggers another spike, etc., leading to runaway activity. This
sudden transition from low to high frequency is in line with our findings for the
single-cell models with a fast decay time for recurrent excitation and a longer decay
time for inhibition.
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Figure 8.8: Voltage trace of an arbitrary E-cell for the network simulations seen in
Figure 8.7.

8.3

There is no abrupt transition with NMDA receptormediated recurrent excitation.

If we instead turn off the AMPA current and focus on the effects of turning on
the NMDA receptor-mediated recurrent excitation, we see different results. Unlike
with AMPA, there is no abrupt transition into high-frequency activity when ĝNMDA is
increased. There is instead a gradual rise in population frequency, with the number of
clusters decreasing as individual E-cells begin firing on every spike volley (rather than
joining a dominant cluster), and a simultaneous gradual transition into asynchrony
(notice the fuzziness that is not apparent in the AMPA-driven simulations). Figure
8.9 demonstrates this. This behavior, where no sudden transitions in frequency
occur, is in line with the results from the earlier NMDA receptor-mediated network
simulations, analogous to the single-cell models with slow recurrent excitation.
With slow-acting NMDA, the lingering excitation after an E-cell has already
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Figure 8.9: Same parameters as in Figure 8.1, but with ĝNMDA = 2.2 (top) and
ĝNMDA = 2.6 (bottom). Notice the decrease in number of clusters, and breakdown of
network synchrony as ĝNMDA is increased. Only the last 500 ms of the simulations
are shown for easy viewing.
spiked allows the cell to reach threshold and fire again sooner, resulting in the increased population frequency and strong PING. This lingering excitation also contributes to the fuzziness of the spike volleys, as the synaptic densities are not all-toall. pEE = 0.75 is especially significant, as it means that most, but not all, E-cells
receive recurrent excitation. With the longer decay time constant of NMDA, the
effects of the synaptic densities are more pronounced, and E-cells that receive excitatory input become out of sync with E-cells that do not receive said input.
As a test to check that it is not the Jahr-Stevens factor that causes these results
with NMDA-receptor mediated recurrent excitation, Figure 8.10 shows what happens
if NMDA were fast-acting like AMPA, with everything else, including the JahrStevens factor, remaining intact. The asynchrony is not present, the clusters remain,
and population frequency is lower. Thus, it is the fact that NMDA is slow-acting
that prevents any abrupt transitions.
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Figure 8.10: The bottom plot is exactly the same as the bottom plot of Figure
8.9. The top plot is exactly the same as the bottom plot, except that the rise and
decay time constants of NMDA (usually 3 ms and 100 ms, respectively) are set to be
AMPA-like (0.5 ms and 3 ms).

8.4

A problem with the deterministic weak PING model

With deterministic weak PING, we see that with the fast-acting AMPA receptormediated recurrent excitation, we can turn weak PING into strong PING by having
the clusters coalesce, as well as decrease the population frequency out of gamma
rhythm regime. With the longer-acting NMDA receptor-mediated recurrent excitation, weak PING becomes strong due to the effects of lingering excitation in the
system, and there is no decrease in population frequency. Instead, a gradual, asynchronous rise in frequency occurs.
However, in our simulations, we have observed a major shortcoming of deterministic weak PING that casts doubt on the deterministic model of sparse rhythms.
Our simulations initialize parameters in a way that appears to resemble something
that might happen in the biological system, but this results in a single dominating
cluster. This is because a strong input (the external drive that comes in at the end of
the stochastic initialization) will cause most E-cells to fire at the same time, creating
the dominant cluster for the rest of the simulation.
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We would prefer to study more equally sized clusters, but it is not clear how
one would initialize the system to create a true sparse gamma rhythm. Nearly equal
sized clustering is not typical with our current initialization. Figures 8.1 and 8.11
illustrate this. In Figure 8.1, gadap = 0.4. There are 4 clusters, and the number of Ecell participants for each cluster is 79, 38, 42, and 41, respectively. In the top subplot
of Figure 8.11, gadap = 0.3 (roughly the minimum strength of adaptation needed to
create a sparse rhythm). There are 2 clusters, with 139 and 61 participating Ecells, respectively. In the bottom subplot of Figure 8.11, gadap = 0.5. The clustering
algorithm reveals that there are 4 clusters. The number of E-cell participants for
each cluster is 77, 62, 35, and 26, respectively. The cluster sizes for each simulation
are not all roughly of equal size, and a dominant cluster is always present. Other
values of gadap give similar results.
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Figure 8.11: Same parameters as Figure 8.1 with different values of gadap as indicated
in the subplot titles.
We know from the previous simulations of this chapter that as long as a cluster with more participating E-cells is present, raising ĝAMPA will cause the E-cells
in weaker clusters to synchronize with the E-cells in the dominant cluster, thereby
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increasing the discrepancy between cluster sizes. One option to combat this unintentional creation of a dominant cluster is to set fixed initialization values in order
to force clusters of equal size, as was done in [35] and [38]. However, the biology
would seem to be unlikely to find the basin of attraction of such a rhythm. Rather
than force equally sized clusters with deterministic weak PING, we instead look to
the other method of creating weak PING, via stochastic drive.
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Chapter 9
Stochastic weak PING with recurrent
excitation
We now generate a weak PING rhythm using a stochastic input pulse. Every Ecell now receives a sequence of brief excitatory synaptic input pulses, arriving on a
Poisson schedule with mean frequency fstoch . This stochastic pulse is modeled almost
identically to the stochastic drive that initiates our earlier network simulations (see
Equations 2.33-2.34), except here it stays on during the entirety of the simulation.
sstoch is modeled as
dsstoch
1 − sstoch
sstoch
= qstoch
−
dt
τr,stoch
τd,stoch

(9.1)

where τr,stoch = 0.5 and τd,stoch = 3. qstoch is modeled as

qstoch
dqstoch
=−
,
dt
τd,qstoch

(9.2)

and the stochastic input to the E-cell is then Istoch = gstoch sstoch (vrev − ve ).
The Poisson schedules for each E-cell are independent of one another. For every
E-cell, the variable qstoch decays in each time step, ∆t, according to the equation
above (we discretize using the midpoint method). τd,qstoch is calculated from τd,qpeak =
0.5 (see Chapter 2, Section 2.6). At the end of every time step, qstoch jumps to 1
with probability
fstoch
∆t,
1000
and this jump in the variables qstoch for different E-cells are independent from one
another.

103
Figure 9.1 shows a spike rastergram of a stochastic weak PING network with no
recurrent excitation. Notice that this method of obtaining a weak PING rhythm does
not create clusters as adding an adaptation current does. The E-cells spike randomly,
rather than as part of a cluster group. We record the overall mean frequency of the
E-cells and the population frequency, 6.2 Hz and 33.9 Hz, respectively. The overall
mean frequency is found by taking the total number of spikes for E-cells and dividing
by the number of E-cells present (NE ). This value is then divided by the total
simulation time (which is in milliseconds), and then multiplied by 1000 to find the
frequency in Hertz.
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Figure 9.1: The parameters are NE = 200, NI = 50, IE = 0.6, σE = 0, II = 0.6, σI = 0,
ĝNMDA = 0, ĝAMPA = 0, ĝEI = 1.25, ĝIE = 1.25, ĝII = 0.4, pEE = 1, pEI = 1, pIE = 1,
pII = 1, τr,NMDA = 3, τpeak,NMDA = 3, τd,NMDA = 100, τr,AMPA = 0.5, τpeak,AMPA = 0.5,
τd,AMPA = 3, τr,I = 0.3, τpeak,I = 0.3, τd,I = 9, vrev,I = −75, fstoch = 40, gstoch = 0.1.
The overall mean frequency of the E-cells is fE = 6.2 Hz. The population frequency
is 33.9 Hz.

9.1

The transition to runaway activity with AMPA receptormediated recurrent excitation is abrupt.

Now we turn on the AMPA E-E connections to see the effects on the PING rhythm.
However, a slight problem arises. Because there is now a fast-acting AMPA drive
and a fast-acting stochastic pulse present, the E-cells send too much excitation to the
I-cells, causing the I-cells to fire in bursts, rather than a steady, persistent rhythm.
See Figure 9.2.
We remedy this by changing the parameters of Figure 9.1 slightly, by decreasing
the external drive, IE , to 0. In this way, we can solely observe the effects of raising
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Figure 9.2: Same parameters as in Figure 9.1, with ĝAMPA = 0.5.
recurrent excitation. Figure 9.3 shows the resulting rastergram, where the overall
mean frequency of the E-cells is about 1.5 Hz. The population frequency is about
26 Hz, the lower end of gamma frequency. (Note: frequencies are calculated after
300 ms, after which point the rhythm has stabilized.) Though much weaker, the
rhythm is still weak PING.
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Figure 9.3: Same parameters as in Figure 9.1, with IE = 0.
Figure 9.4 shows the effects of raising AMPA receptor-mediated recurrent activity, beginning with the parameters of Figure 9.3. As we have seen previously,
the rapidly decaying AMPA receptor-mediated synapses, when present, are capable
of producing an abrupt transition from reverberating to runaway activity. Unlike
the weak PING in the previous chapter, however, there is no merging of the sparse
rhythms, or any significant change in population frequency. Instead, at about 750ms,
we suddenly have runaway activity.
The location of the onset of runaway activity can be explained, however, by
observing that in the top plot of Figure 9.4, the spike volley that correlates to the
onset of runaway activity in the bottom plot clearly has more participating E-cells
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than the other volleys. Had this volley been located earlier or later in the simulation,
the onset of runaway activity when ĝAMPA was raised would have shifted accordingly.
The onset of runaway activity occurs because a threshold dependent on enough Ecells being close to or at firing is reached.
If we look at the spike volleys that occur between 200 ms and 720 ms in both
subplots of Figure 9.4, we can count how many E-cells fired for each spike volley. We
choose this time interval because it begins when a clear gamma rhythm is present,
and ends right before the onset of runaway activity when ĝAMPA = 1.2. We count the
participating E-cells and spike volleys by using the clustering algorithm described in
the previous chapter. Figure 9.5 shows the histograms that plot the number of E-cells
firing in the j-th spike volley for each respective subplot of Figure 9.4. Notice that
for corresponding spike volleys between the two histograms, there is no correlation in
the number of participating E-cells. For the histogram associated with the bottom
subplot of Figure 9.4, there is no ramping up of the number of participating E-cells in
each spike volley prior to the start of runaway activity. Thus, there is no particular
reason for the location of the stronger volley, as it is an effect of the randomness we
use to create the weak rhythm.
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Figure 9.4: Same parameters as in Figure 9.3. In the top plot, the overall mean
frequency of the E-cells is fE = 3.5 Hz, and the population frequency is 27.1 Hz.
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Figure 9.5: Histograms displaying the number of E-cells that fired within each spike
volley occurring between 200 ms and 720 ms. Left: histogram for the top plot of
Figure 9.4. Right: histogram for the bottom plot of Figure 9.4. For both simulations,
there were 14 spike volleys within the observed time interval.

9.2

There is no abrupt transition with NMDA receptormediated recurrent excitation.

If we now turn off the AMPA E-E connections and turn on the NMDA E-E connections, we see expected results. There is a gradual rise in the population frequency,
and the sparse participation of the E-cells become less sparse as ĝNMDA is raised (see
Figure 9.6). As before, this behavior is in line with what we expect with NMDA
receptor-mediated recurrent excitation.
Figure 9.7 shows the number of E-cells that participate in a single spike volley
(a volley that occurs at around 350 ms for each simulation) as ĝNMDA is raised.
Notice the upward trend, indicating a transition from weak to strong PING (in
addition to the increase in population frequency). However, even within a single
simulation where sufficiently strong NMDA receptor-mediated E-E connections are
present, there is an upward trend in the number of participating E-cells for a given
spike volley. See Figure 9.8, where ĝNMDA = 2. The number of E-cells in a spike
volley that occurred within a certain time interval is counted, and is plotted against
the midpoint of the appropriate interval.
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Figure 9.6: Same parameters as in Figure 9.1, except with IE = 0, and the values of
ĝNMDA written above each subplot. In the top plot, the overall mean frequency of the
E-cells is fE = 6.45 Hz, and the population frequency is 32.5 Hz. In the bottom plot,
fE = 23.7 Hz and the population frequency is 57.5 Hz. Frequencies were calculated
after 600 ms, after which the rhythm stabilizes.
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Figure 9.7: As ĝNMDA increases, a transition from weak to strong rhythm occurs.
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Figure 9.8: For ĝNMDA = 2, more E-cells participate in each subsequent spike volley.
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Chapter 10
Characteristics of reverberating activity
as a function of the strength of recurrent
excitation
Previously, we have focused on abrupt transitions in our models with recurrent excitation. In this last chapter, we now study the general effects on the frequency
of reverberating activity in our network simulations when we vary recurrent excitation. We relate the results to experimental findings about gamma rhythms in
schizophrenia.

10.1

NMDA receptor-mediated E-E connections can create a weak gamma rhythm.

Thus far, we have seen expected results for increasing recurrent excitation of the
AMPA or NMDA type in our stochastic weak PING system, though the transitions
in E-cell participation and high-frequency firing are not identical with that seen
with deterministic weak PING. In deterministic weak PING with AMPA receptormediated recurrent excitation, a decrease in the number of clusters as well as the
population frequency occurs before a sudden transition to runaway activity. In
stochastic weak PING with AMPA receptor-mediated recurrent excitation, runaway
activity occurs after a certain threshold is reached, without much change in the
network’s cluster number or population frequency prior to this onset. For both systems, there is no abrupt change when NMDA mediates recurrent excitation, though
in stochastic weak PING, the weak rhythm can transition into strong PING.
We now raise NMDA receptor-mediated recurrent excitation and investigate
whether raising the strength of slow-acting recurrent excitation can bring about
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weak PING on its own, where weak PING would otherwise not be present. As we
already know that raising ĝAMPA can lead to runaway activity and irregular firing patterns, we can predict that weak PING generated solely by AMPA receptor-mediated
recurrent excitation is not possible.
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Figure 10.1: The parameters are NE = 200, NI = 50, IE = −0.2, σE = 0, II = 0, σI = 0,
ĝNMDA = 0, ĝAMPA = 0, ĝEI = 1, ĝIE = 1, ĝII = 0.2, pEE = 0.02, pEI = 1, pIE = 1,
pII = 1, τr,NMDA = 3, τpeak,NMDA = 3, τd,NMDA = 100, τr,AMPA = 0.5, τpeak,AMPA = 0.5,
τd,AMPA = 3, τr,I = 0.3, τpeak,I = 0.3, τd,I = 9, vrev,I = −75, fstoch = 10, gstoch = 0.1.
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Figure 10.2: Same parameters as Figure 10.1 with ĝNMDA = 1. The bottom subplot
shows the power spectrum of the network, peaking around 15 Hz. The overall mean
frequency of the E-cells is about 3.45 Hz, and the population frequency is 15 Hz.
While there is a rhythm, the frequency is too slow to be considered a gamma rhythm.
Frequencies were calculated after 400ms, after which point the rhythm has stabilized.
Figure 10.1 shows a network where there is no rhythm, and very sparse E-cell
firing, brought about by the low-frequency stochastic input. We created this regime
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Figure 10.3: Same parameters as Figure 10.1 with ĝNMDA = 1.5. The bottom subplot
shows the power spectrum of the network, peaking around 35 Hz. The overall mean
frequency of the E-cells is about 11.1 Hz, and the population frequency is 35 Hz.
Frequencies were calculated after 400ms, after which point the rhythm has stabilized.
with no rhythm but altering the parameters IE , II , ĝEI , ĝIE , ĝII , pEE , and fstoch
(compare with Figure 9.1). Using this as our initial setup, we raise ĝNMDA in order
to see whether we can obtain weak PING reverberating activity driven by NMDA
receptor-mediated recurrent excitation alone. Figures 10.2 and 10.3 show the results
of only raising ĝNMDA , in which reverberating activity is now present. As is shown,
a sparse, weak rhythm is produced, and in Figure 10.3, the rhythm is in the gamma
frequency range. The bottom subplots of both Figures 10.2 and 10.3 show the power
spectrum of the network. The power spectrum of a time series (in this case, we track
si , the synaptic term of the inhibitory cells) tells us how much of the signal (the
time series) is at a frequency, ω. “Power” is the average of the signal squared, that
is, the square of the fast Fourier transform’s magnitude.
The significance of this is related to the role of gamma oscillations in working
memory and schizophrenia. Schizophrenia is associated with NMDA receptor hypofunction [3, 14] and loss of working memory [22]. Here, we demonstrate that NMDA
may indeed be able to create persistent gamma rhythms on its own, and when NMDA
E-E connections are no longer present, the weak PING rhythms are lost.
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For comparison, we show the network with AMPA receptor-mediated synapses
turned on. Turning on AMPA does, in fact, bring about a rhythm. However, the level
of strength needed to potentially reach gamma frequency results in bursts within the
I-cells and irregular firing patterns. See Figure 10.4.
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Figure 10.4: Same parameters as Figure 10.1 with ĝAMPA turned on to 0.6 (top)
and 0.9 (bottom). A weak gamma rhythm cannot be reached by raising ĝAMPA , as
irregular firing and bursting occur instead.

10.2

AMPA receptor-mediated E-E connections can aid
NMDA receptor-mediated reverberating activity.

We next consider both AMPA and NMDA receptor-mediated synapses in conjunction. In [61], it was suggested that AMPA receptors may provide background depolarization needed to maintain sustained, persistent firing as a supporting role to the
NMDA receptors by helping relieve the magnesium block within the NMDA receptor. Figures 10.5 and 10.6 show the effect of turning on AMPA E-E connections in a
network with NMDA connections present. A weak gamma rhythm can be obtained
at a much lower value of ĝNMDA if AMPA is also present, whereas without AMPA
(or with only AMPA), there would be no rhythm. The bottom subplots trace the
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Jahr-Stevens factor, B, for an arbitrary E-cell. Recall that the Jahr-Stevens factor accounts for the magnesium block in NMDA receptors. In Figure 10.6, we see
that even below threshold, the AMPA current can raise the Jahr-Stevens factor
briefly (corresponding to the removal of the magnesium block), which in turn raises
the NMDA current. Without AMPA (Figure 10.5), the subthreshold values of the
Jahr-Stevens factor are not as pronounced. The extra excitation that AMPA E-E
connections provide can create a regime with reverberating activity, in line with the
findings of [61].
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Figure 10.5: The parameters are the same as in Figure 10.1, with ĝNMDA = 0.6 and
ĝAMPA = 0. The bottom plot traces the Jahr-Stevens factor, B, for an arbitrary
E-cell.
This is not all too surprising, as we know AMPA receptor-mediated connections
add in more excitatory current. However, we have also shown that too much AMPA
can lead to irregular firing in the network. Thus, it is interesting to see that as long
as there is not too much AMPA current present, the network can be regulated by
the more dominant NMDA current in order to reach a weak gamma rhythm. Figure
10.7 shows an example where the AMPA receptor-mediated E-E connections are
stronger than the NMDA receptor-mediated ones. Reverberating activity at gamma
frequency cannot be reached, as irregular firing and bursting of the I-cells occurs. If

113

g^AMP A =0.4, g^NMDA =0.6

250

50
0

200

400

600

800

1000

200

400

600

800

1000

0.1
0.05
0

t [ms]
Figure 10.6: The parameters are the same as in Figure 10.1, with ĝNMDA = 0.6 and
ĝAMPA = 0.4. The overall mean frequency of the E-cells is about 12.7 Hz, and the
population frequency is about 28.6 Hz. The bottom plot traces the Jahr-Stevens
factor, B, for an arbitrary E-cell.
we weaken the E-I connection strength to address the I-cell bursting, the result looks
similar to the bottom subplot of Figure 10.4. Thus, most of the recurrent excitation
sustaining reverberating activity must be generated by NMDA receptor-mediated
synapses.

10.3

Reverberating activity lost by weakening slow recurrent excitation can be restored at a lower frequency by raising excitability.

The observation of the previous section, where loss of NMDA function can lead to
loss of the weak PING rhythm, naturally leads to the following question: would
raising IE recover the rhythm? It is, after all, another source of excitatory drive.
In [10], this was studied for a strong PING network where the magnesium block
of the NMDA receptors was not modeled. The results showed that if we lower the
strength of slow-acting recurrent excitation such that reverberating activity is lost,
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Figure 10.7: Same as Figure 10.5, with ĝAMPA =0.5 and ĝNMDA = 0 in the top plot
and 0.4 in the bottom.
reverberating activity can in fact be restored by raising external drive, IE . However,
the onset frequency at which it returns by raising IE is lower than the original onset
frequency, prior to recurrent excitation being weakened.
Here, we will see if these results hold for PING networks with carefully modeled
NMDA receptor-mediated synapses which include the Jahr-Stevens factor. First, we
will use a strong PING network in order to compare with the network used in [10].
Then, we will do the same with a stochastic weak PING network. We will mimic
the format of the network simulations in [10].
Figure 10.8 shows a strong PING network, the same used in Figure 6.1, with IE
lowered and ĝNMDA raised. In the top plot, after the stochastic drive initialization,
the network falls silent shortly after 200 ms. Raising IE slightly, however, brings
about reverberating activity. If we now weaken ĝNMDA so that the reverberating
activity is lost, and subsequently raise IE to restore the rhythm, we see the results
in Figure 10.9. The frequency in the lower plot of Figure 10.9 is slower than the
frequency of the lower plot in Figure 10.8. Thus, the results here, with a strong
PING network where slow recurrent excitation is modeled by an NMDA synapse
with the Jahr-Stevens factor, is in line with the simpler model in [10].
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Figure 10.8: Same parameters as Figure 6.1 with ĝNMDA = 0.5, and IE = −0.3 and
−0.1 in the top and bottom plots, respectively. In the top plot, there is not enough
external drive to sustain persistent firing, while in the bottom plot, reverberating
activity is sustained at a frequency of about 24 Hz.
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Figure 10.9: Same parameters as Figure 6.1 with ĝNMDA = 0.25, and IE = 0 and
0.1 in the top and bottom plots, respectively. In the top plot, there is not enough
external drive to sustain persistent firing, while in the bottom plot, reverberating
activity is sustained at a frequency of about 18 Hz.
We take our simulations a step further, and instead of using a strong PING
network, we see if the same behavior occurs in our stochastic weak PING network.
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We use the network seen in Figure 9.1, with some slight parameter changes. II
is lowered to 0.3, giving less drive to the inhibitory cells, and the strength of the
stochastic input pulse, gstoch , is lowered from 0.1 to 0.05. The significance of these
changes is to allow the effects of varying the strength of recurrent excitation to be
more noticeable.
However, we encounter a complication. Since stochastic weak PING has the
stochastic input pulses and an inhibitory external drive, II present, the network
does not fall silent by lowering IE as it does with the strong PING rhythms. Thus,
it is not a simple matter to observe when the onset of reverberating activity occurs,
as some level of activity is always present. In other words, it is difficult to say what
defines an “onset” of reverberating activity.
With this in mind, we instead compare the mean frequency of the E-cells as a way
to determine what happens when recurrent excitation is replaced with excitability.
Figures 10.10 shows two simulations. In the top plot, ĝNMDA = 1. In order for the
population frequency to be around 25 Hz (the lower end of gamma), IE needs to
be equal to 0.02. Here, we are using the population frequency as an anchor for
comparison. Meanwhile, the overall mean firing frequency of the E-cell population is
around 6.24 Hz. Compare this with the bottom plot of Figure 10.10, where ĝNMDA =
0.5. IE must be raised to 0.25 in order to regain a population frequency of 25 Hz.
The mean firing frequency of the E-cells for this network is around 6.43 Hz.
The frequency is very slow for the E-cells in Figure 10.10, and the difference
between the two E-cell frequencies is negligible. Network simulations compared at
higher population frequencies give similar results, where the E-cell firing frequencies
are negligibly different. Our simulations here with weak PING do not appear to
be as conclusive as the simulations with strong PING. However, we make one more
simulation before we commit to this claim. Instead of comparing the mean firing
frequency of the E-cell population, we will start with the parameters that generate
Figure 10.1, where no rhythm is present. We then raise ĝNMDA to see if there is
a threshold where a rhythm is produced. Figure 10.11 shows the results of raising
ĝNMDA to 0.5, beginning from the parameters of Figure 10.1. We see that there is
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Figure 10.10: Same parameters as Figure 9.1 with II lowered to 0.3, and gstoch
lowered to 0.05. Top: mean firing frequency of E-cells is 6.24 Hz. Bottom: mean
firing frequency of E-cells is 6.43 Hz. For both top and bottom plots, the population
frequency is 25 Hz. In the top plot, we show the simulation from 1000 ms to 2000 ms,
where the rhythm has reached a steady state.
enough E-cell activity to trigger an I-cell spike volley. However, the E-cell activity
is so spread out that it is difficult to say whether an onset of persistent rhythm
has occurred. Thus, it is only with strong PING that reverberating activity lost by
weakening slow recurrent excitation can be restored at a lower frequency by raising
excitability.
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Figure 10.11: Same parameters as Figure 10.1 with ĝNMDA = 0.5.
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10.4

Alternative theories of working memory

We have studied how recurrent excitation can sustain persistent firing (what we call
“reverberating activity”), even when external drive is below threshold. This kind
of activity is thought to be the neuronal mechanism underlying working memory
[13,40,42,49], but it is worth noting that there are alternative theories. An overview
of these alternative mechanisms can be found in [5]. As specific examples, in [4]
and [43], transient facilitation of recurrent synaptic connections (synaptic plasticity)
was suggested as a mechanism for working memory; see also [25]. In [12], bistability
of individual cells was suggested. In [46], the roles of AHP currents, h-currents,
D-type potassium currents, and calcium currents are considered. Thus, there are
many more potential mechanisms that we acknowledge.
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Chapter 11
Summary of Part III and its relation to
neurophysiology
We began our discussion on reverberating activity by studying the behavior of
rhythms characterized by individual excitatory cells participating sporadically in
network firing, calling this type of network activity “weak PING”. Instead of firing
during each population cycle, the E-cells fire “sparsely”, allowing for an individual firing frequency to be low, with the population frequency being higher (gamma rhythm,
in this case).
We looked at two methods of producing sparse rhythms, a deterministic method
and a stochastic method. In our deterministic method, we modeled an inhibitory
adaptation current activated by firing, with a slow decay time. The result is a
network with clusters of sparsely participating E-cells. However, the clusters are
highly dependent on the initial configuration of the neurons. The number and size
of the clusters can be easily manipulated, but as a result, are very artificial. Thus, we
conclude that the stochastic weak PING, whereby sparse participation is the result
of randomly fluctuating external drive, is the more natural choice when studying
sparse rhythms.
For both deterministic and stochastic weak PING, we looked at the effects of
increasing recurrent excitation. The behaviors are similar to what has been seen
earlier, where abrupt transitions are dependent on whether the recurrent excitation is AMPA- or NMDA-mediated. Recurrent excitation can make sparse rhythms
transform into non-sparse rhythms, and in the deterministic regime, can lower population frequency, while raising individual cell firing frequency. In addition, stochastic
sparse rhythms can also be enabled by recurrent excitation when excitability would
be too low without recurrent excitation.
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This observation of recurrent excitation restoring rhythms led into the last part
of this thesis: the effects of weakening recurrent excitation and raising excitability.
Rhythms can be restored by raising excitability if the weakened recurrent excitation
is NMDA-mediated (slow-decay), but the rhythm that is restored will be at a lower
frequency than originally seen. We observed this in the simulations with strong
PING, but had inconclusive results with weak PING. The observations seen in strong
PING may relate to schizophrenia, where weakened recurrent excitation and raised
excitability are observed in the pre-frontal cortex [14,19]. Our simulations done with
strong PING are in line with the changes in gamma frequencies found experimentally
in some studies of schizophrenia [54].
There are many directions to take when it comes to studying reverberating activity in general. One could incorporate more biophysical phenomena into the network
models. For instance, synaptic plasticity, the ability of synapses to strengthen or
weaken over time, is present in the brain, yet often is not considered in network simulations. Plasticity is believed to be fundamental in learning and memory [4, 25, 43].
One could observe the changes in network rhythms if plasticity is included.
Another biophysical mechanism that would be interesting to add to the model
is the cleanup of external potassium by astrocytes [18, 26, 59]. One could model the
changes in persistent gamma activity when astrocytic behavior becomes dysfunctional. This is also a potential mechanism that leads to too much excitation within
the brain.
Finally, there is much more work to be done in the study of schizophrenia. In
this dissertation, we only simulated a few different network scenarios. One could
more deeply study the role of synaptic connection strengths in the rhythms of our
current simulations, and potentially find other mechanisms by which breakdowns in
weak PING may occur. Deeper analysis using single-cell models is also something
that could be done. Ideally, collaboration with physicians and neuroscientists with
raw data from patients would lend itself to data analysis and parameter studies of
the network rhythms.
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